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1 Introduction

In this paper we study a particular problem in the context of the gauge/gravity correspon-
dence [1-3]. A family of 1/2 BPS geometries were found and they are dual to a family of
1/2 BPS operators of N=4 SYM, as described in [4-6]. On the gauge side, they can be
described by Schur polynomial operators or Young diagrams. They can also be described
by wavefunctions of multi-body system. A droplet space on the gravity side were found
and the geometries dual to the corresponding operators on the gauge side were mapped [6].
On the gravity side, the geometries can be described by the phase space of multi-body
system and Young diagrams. These spacetime geometries are nontrivial quantum states
on the gravity side.

There are also 1/4 BPS operators and 1/8 BPS operators that are also dual to cor-
responding 1/4 BPS geometries and 1/8 BPS geometries. A general family of 1/4 BPS,
1/8 BPS geometries corresponding to two-charge and three-charge geometries were given
in [9-15], pertaining to their corresponding sectors. The conditions that the S shrinks or
St shrinks smoothly were analyzed in details in e.g. [10, 11, 16].

The careful analysis of the geometries of the gravity side shows that the condition
on the droplet space which characterizes the regular geometries encodes the condition for
having globally well-defined spacetime geometries, as emphasized by [6]. In this paper we
also analyze these conditions and characterize the geometries.

Meanwhile, gauge invariant operators which are dual to geometries have scaling di-
mension of order N2, which means that handling huge combinatoric factors arising from
summing up non-planar diagrams is inevitable. A new observation is that the problem can
be handled systematically with the help of group theory. Following the earlier work [4],
some bases for local gauge invariant operators with two R-charges were given in [17-19].
These bases are labelled by Young diagrams, and the calculations can be performed effi-
ciently by representation theory. See [26-28, 30], for example.

In this paper we study the relation between the droplet space of the two-charge geome-
tries or 1/4 BPS geometries and the dual two-charge operators with the various bases. In
particular we find the relation between the droplet space and the basis built using elements
of the Brauer algebra given in [17]. A class of the BPS operators were obtained at weak
coupling in [29], in which they are labelled by two Young diagrams. We note that the size
of each Young diagram is determined by the R-charge of the fields and an integer. We
will focus on how the Young diagrams show up from the bubbling geometries. Other bases
may also be related to the droplet picture, since these bases can be related by transfor-
mations from each other. There is also a droplet description from other method on the
gauge side by [7].

The Young diagrams are also convenient for describing additional excitations on these
states. In particular, starting from a large dimension BPS operator labelled by Young
diagrams, one can modify the operators by replacing some fields with other fields or multi-
plying some other fields. The presence of those other fields in the operators make the states
to be non-BPS and we can describe those states as new excitations on the BPS states. See
also related discussions on those viewpoints, including e.g. [8, 34-36, 43].



The organization of this paper is as follows. In section 2 and 3, we introduce the general
metric and flux. In section 4, we study the flux integration on the droplet space. In sec-
tion 5, we analyze metric functions and mixings of metric components, for general droplet
configurations. In section 6, we study the large R behavior of the mixings of the metric
components. In section 7, we analyze the configurations on the droplet space and Young
diagrams. In section 8, we discuss more about the operators handled by the Brauer algebra.
In section 9, we analyze the large r asympotics of the geometry. Finally, in section 10, we
briefly discuss our results and conclusions. We also include several appendices.

2 Metric and ansatz

We analyze two-charge geometries with Jq, Jo of two U(1) global symmetries inside SO(6).
General family of solutions have been studied in [9-16]. They have SO(4) xSO(2) symmetry.
The geometries have been studied from various perspectives, see also e.g. [12]-[15]. It was
found [10] that on the droplet space, the S3 shrinks smoothly, or the S! shrinks smoothly,
see also e.g. [11, 16].

They can be written via a Kéahler potential K (z;, Z;;y). We have the 1/4 BPS geometry

in the form,

20,0, K

ds® = —h~2(dt +w)? + h? (dzf + dZide) +yetd03 +ye Cdy?,  (2.1)

1
2
and see appendix A.

We will later analyze asymptotic structure of the geometries. In order to perform the
analysis, it is convenient to make a change of coordinates

y = rcosfy,
z1 = Ry(r)sin 6 cos O 1 (2.2)

z9 = Ro(r)sin b sin 0?2

We also denote 1 = sinfy cos s, po = sinfy sinfy, us = cosfy and r; = Ri(r)u;, i = 1,2.
We often use R? = 77 + r3. We also define

2e'(%i=%1) 9,0, K

Sii = Z+1/2

(2.3)

In the following of this section, we mainly focus on the case that K = K(ry,r2,y).
This means that the S;; is symmetric: S;; = Sj;. Under this condition, with the shift of
the angular variables ¢; — ¢; — t, the geometries can be expressed by

ds* = —h"? (1 + hay My M, — Sp) dt® + b? (3 + S1pi TE + Soop3T5 + 2S10p1 p2Ti Ty dr?
+2h?(S11 R1Thpn + S12Topa Ry — par)dpa dr 207 (Saa ReTopig + S19T1 pi1 Ra — pior) dpadr

1 1 42
2 2 2 2 2 2
FVAR2A02 + 7= (dp2 + Hydp2 + Haydp2) + 2h (5123132 - T) dy s
2
+%dw2 + B 2R (dds + Mydt) (de; + M;dt), (2.4)



where we have defined T; = dR;/dr. We present the details of this calculation in ap-

pendix B.
The metric functions are defined as follows,
2

_opzl+27
A= iy (2:5)

o A+
h2 = T?’, (2.6)

2

H, = VAR <S,-,-R§ - “A> . (2.7)

The mixing between time and angles, which will play an important role to determine the
angular momenta of the geometries, is given by

—Sgw¢1 + N12W¢2

My= -1+ — v (2.8)
—Siw Niow
My = -1+ 39122; N}Z 21 (2.9)
The functions in the angular part are
hi1 = S1, hap =S2, hiz = Nia, (2.10)
and the function in time is
Sy = S1+ 52 + 2N12 + 2wy, + 2wy, , (2.11)
where
Si = h'Surf —w3, =12, (2.12)
Niy = h*Siarire — Wy Wepy - (2.13)

The AdSs x S° can be recovered by plugging A = 1 and Ry = Ry = /2 + r in (2.4):

1

2 _ 2\ 7,2
ds® = — (1+r7)dt T2

3
dr? +12d03 + > (dp? + p2de?) | (2.14)
=1

(2

where the above are written in unit 79 = 1, and we have renamed ) = ¢3.

3 Flux in general form

We start by writing out the metric, in particular by expanding out the fibration over the
time direction:

2
ds3y = —h > (dt + ; (0,0,K) dz' (0:0,K) dz’)

1
Y

2 _ o
+h? (d;ﬁ + Z+18@-6J-Kdz’d23) +y (903 + e “dp?) (3.1)
2



and Z = %tanhG = —%yay(%ﬁyK). The five form, is then given by
Fs = (—d (y*e*C(dt + w)) — y?dw + 2i0;0;, Kdz'dz") A dQs + dual. (3.2)

There are different types of components. We can split them into two types of compo-
nents. The five form here may be written as

Fs = o ANdQl3 + Fy A dip. (33)
The various components of F5 are

F>,=0, (y262G) dt A dy + 0; (y262G) dt A dzt + 9; (y262G) dt A dz’

+ <iy(e2G +1)0:Z — ;—yay (y?e*?) &%K) dz" A dy

— <z’y(e2G +1)0:Z — ;—y@y (erQG) aiayK) dz' A dy (3.4)
1 , - _ , ,

+ 5 (9 (e29) 0,0, Kdz' A d27 — 9; (€*F) 8;0, Kdz" A dZ7)

+ <2i8i(§jK—iy <(€2G+1) (825]8@/() —i—% (& (62G) 5jayK+§j (€2G) 8,,8yK))> dz' NdF .

These components are multiplied by df)s.
We write the full dual field strength for the five form as [20]:

P (wﬁme)y (y%ayaikayél@ -

1—42% +2y0,Z
(1+22)2 2

) @&KaiékK) dz' ANdZ A dzP A dE

o 3. 1,5 T T W 1 G sk s
+8(1+2Z)2 A(@Z(‘?]K@y(y@yakK)dt/\dz ANdZ' NdzZ" — 0;0; K0y (yayakK) dt Ndz’ NdZ¥ N dzZ

(1-22) ~ 1(1722 2 26 ) et €9' 00 K00 KOyO;0, K\ |, 4 i . &
L OO K =~ 0; —9;0,K = dz'AdZINdZFNd
T opre)\ P 8\ T2y 5 (76) - 010K )+ (1— 22)det (8,0, K) FRaEnaE ey

= (1 /(1=2Z= / 5026\ = 2y €9 0,0, K0, 0. K9y0g0; K \ , i i 1
— 0iOK (< | ——0; — 0;0,K = dz" Ndz? NdzT AN d
g <8 ( 2y () - 050, ) T 22)det (00, K) shaenes

L il —22) (aiéjK 2 (ayaiéjf( F e 9,9, K 8,0, K0,0.0; K

i\ g5
yit22)\ 8 1-22\ 16 det (9,0, K) )) Az ndzndy
(3.5)

where these should be multiplied by d.

4 Flux integration

We focus on the droplet space on which the S3 or S' vanishes. These occur at y = 0. The
droplet space is divided into two droplet regions, with one region where Z = —% and the
S3 vanishes, and another region where Z = % and the S' vanishes. The flux integration at
y = 0 involves several different situations, depending on different types of droplets.

We look at the first term in the expression (3.5). We can find the Z = —% small y
behavior of this term and find this term near y = 0, with Z = —% droplet region,

—dz' NdzY A d2? N dE? A do. (4.1)



The flux integration in Z = —% is
/ Fs = / dz* NdZ2 AN dEP AN dZE N dip = 27r/ dzt Nd22 A dEt A dEE (4.2)
Myx St Myx St My

ith
wi 1

—— | dz* AdZ2 AdzE AdE? = N; 4.3
87T3l;‘;/M4Z/\Z/\Z z (4.3)

which are quantized, due to the quantization of the F5 flux. IV, is the flux quantum number
in each region. The volume of ¢ is Vg1 = 2.

For example, for AdSs x S°, when Z = —%, we have 7 = 0, s0 21 = 7o sin 0 cos €1,
29= T sin 6 sin O2e'?2, and

1 2
S dAdAAdE AdE? = Tt (4.4)
4 Jo, 20
1 1 2 -1 _2 7’3
W /M dZ A\ dZ A\ dZ A dZ = FZ?‘; = N, (45)
D 4

where for the ground state, My is the compact region bounded by |21]2 + |22|2 = 12. We
have dz' A dz' A dz? A dZ? = —4dxy A dxg A dxs A dzg, where 21 = 21 + 129, 20 = X3 + iT4.
We may view this as a 4d droplet space.

The flux quantum number would map to the lengths N; of the vertical edges of the
Young diagram operators. Here ¢ denotes the different Z = —% regions at y = 0. Compact
Z = —% droplets correspond to AdSs asymptotics, while non-compact Z = —% droplets
could give rise to other asymptotics.

Now we look at the flux integration in Z = % region. On the other hand, at y = 0,
with Z = % droplet region, the F5 has components

2i67;5ngdzi AdZ A dQs, (4.6)

where K is defined in (A.5) in the appendix, so we have the flux integrations

/ P / 4n%i0,0,Kod= A d, (4.7)

D2><S3 D2

/ Fy = / 47T2iai(§jK0dZi AN dgj, (4.8)
D2X53 DZ

where Vgs = 272, and Ds, Dy are two dimensional domains. We have that

1 - P
(2'71')2[‘%/; ZaiajK[)dZ ANdZ = my, (49)
2
1 - D
2

Here, we have non-contractible two-cycles, so we have several situations.
For AdS5 X 55,

1 1
Ko = 5aR? - 5qlog(aR?). (4.11)



In that case there is no such two-cycles. We have 9101 Kol.,—o = %a, 0202 K020 = %a, SO
the flux components along the z; plane where zo = 0 is constant, and the flux components
along the zo plane where z; = 0 is also constant.

One of the simplest situations is that there are many Z = —% regions on the z; plane
and zo plane. We can form the two-cycles between the Z = —% regions on the z; plane for
D5, and on the 25 plane for Dy. They are the white strips in figure 1. Now we consider
very thin Z = —% regions on top of the Z = % background. See figure 1 for an example
of thin Z = —% regions. In this case, on the Z = % background, away from the very thin
Z = —% regions, 0101 Ko|z,—0, 0202Ko|.,—0 are approximately given by those of the AdS
expression e.g. (4.11).

We now consider the Dy domain of Z = % on z; plane at zo = 0, surrounded by
Z = —% regions, and we have
1/ ’ialélKole A d51 =m; (4 12)
= m,. .
(27T)2lg Do

Similarly D, is the domain of Z = % on zo plane at z; = 0, surrounded by Z =
—% regions, and we have

1

p /D2

According to the BPS operators in [29] expressed by the Brauer basis in [17], the
operators can be labelled by two Young diagrams. These operators are briefly summarized
in section 8. We may identify the flux quantum numbers m; with the size of the horizontal
edges m; of the first Young diagram, and identify the flux quantum number m; with the
size of the horizontal edges m; of the second Young diagram. The two Young diagrams
have total number of boxes m — k and n — k respectively,

> Z myN; = m — k, (4.14)

i =1
7
S meNi=n—k (4.15)
i ir=1
The flux integrations at y = 0 show how the edges of Young diagrams would be mapped,
according to above discussions.

Following the earlier works, we further identify the appropriate variables and functions
to characterize the geometries, and focused on the droplet space which are divided into
two droplet regions, with Z = —% where the S? vanishes and with Z = % where the S*
vanishes. The flux quantum numbers are determined by the flux integrals. The dimension
of the operator is m + n. Note that these are the flux quantization in the small y region.
These are not the same as the flux quantization in the large r region.

Ky plays an important role in these flux integrations that involve the two-cycles in
the Z = % regions. Ky can be solved by the coupled equations (A.7) of Ky, K for these
regions. Figure 1 shows a plot of Ky where there are several thin Z = —% strips.
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Figure 1. On the left side is the droplet configuration on the z; plane. On the right side is the

plot of Ky on the z; plane along the radial axis. Similarly for the z5 plane. There are thin Z = —%

regions. In the limit that the thin black strips go to zero, the function goes to that of the AdS
expression.

5 Droplet space, metric functions and N5, M, M,

5.1 Metric functions

We now study the metric functions in the geometry as well as the metric components
mixing time and angles, as well as components mixing the angles. The expressions in this
section are valid for all possible ranges of z;, z;. In a different section 6, we will study their
large R behaviors, in the large R region. We denote R? = 7?2 + 13, and rq = |21|,72 = |29] .

We expand K in powers of y2. The entire solutions to K are determined by the functions
Ky, K1, Ks, see appendix A. The equations for K are in appendix A.

In this section we study exact expressions in all possible ranges of z;, Z;, but for small
y, since we consider K, K1, Ko in the series expansion in powers of /2.

Near Z = 1/2, we have the expansion

1
K = —ZyQ logy® + Ko+ y° K1 + y Ko + 4% K3 + O(1/®), (5.1)

1
Z=;- 4y Ko — 12y K3 + O(1%). (5.2)

These expressions will be used in the later derivations in this section.
We also use

1
We, = —2—8y(ri8”K) = —n-(‘)n.Kl - 2y2n~6n.K2 + O(y4) (5.3)
Y
The A can be expanded as
2
psl+272
A= 3
r2l1—-27

p3 1= 4y° Ky — 12y K3 4+ O(y°)
r? dy?Ky + 12y K3 + O(yb)
1

K3
= (1 -4’ Ky — 3°—= H. 4
i (1K -9 o) (5.4

Note that y = rus.



Around y = 0 with Z = %, which is approached by ps3 = 0, we may expand it as

2,2
11-558 1 22 ray? ? 6
7 == A - _ 07 U= . .
2 e 2 A T \pia) TOW) (5:5)
r2A
Comparing (5.2), (5.5), we have
K= 0 + 032 (5.6)
ST v '
h? = \JAKs + O(y?). (5.7)

5.2 Mixing components

We study particularly the important functions My, Ma, N2 which are the mixing between
time and the angles, and the mixing between the angles themselves.
We focus on the components of the geometry,
hij

73 (ddi + Midt)(d; + Myde). (5.8)

In particular, there is also a mixing term between the angles,

Nig
2ﬁ(d¢1 + Mydt)(dpa + Madt), (5.9)
where h12 = N12.
My, Ms account for the mixing between t and ¢1, @2 respectively. The function
Nio account for the mixing of angles ¢; and ¢o.
Using the small y expansions presented in section 5.1 and h? = (1/4— Z?%) /y?, one can

expand the S;, Nio in section 2 as

Si = h45’ii’l“i2 — wéi
= 26,07 Ko — (8, K1) + O(y?)

= 5+ 0(y%) (5.10)
and
N12 = h45127’17“2 — We Weo
= 2K28t18t2K0 — (athl)(&QKl) + O(yQ)
= niy + O(y?), (5.11)
where

S1 = 2K267521K0 — (athl)Q
So = 2K28)522K0 - (at2K1)2
nio = 2K26t18t2K0 — (6t1K1)(6t2K1) (5.12)



have been defined. We also have introduced ¢; = logr;.! It is interesting to note that only
the 2nd derivatives of Ky, and 1st derivatives of K1, and no derivative of Ky appears in
the expression.

Hence the mixing functions M; and Ms in (2.8), (2.9) can be expanded as

520y, K1 — n1204, K1

M; = -1+ . + O(y?), (5.13)
5182 — niqy
O, K1 — 120y, K
My = —1 4 2L IEOTL L 632, (5.14)
8182 — niqy

These are exact expressions for any value of 71, 7. The special case of large R?(= r} +13)
will be discussed in section 6.

The mixing function between the angles will be particularly important in our analysis
to make a connection with the gauge theory. In general cases, it is nonzero, nis # 0. But
there are special cases when njs = 0. In this case, the M; becomes simpler. The special
case that nio = 0 correspond to defining NV;:

Ni = M;|n;p=o0. (5.15)

We find that
Ny = -1+ a’*;fﬁ +O0(y?), (5.16)
Ny = -1+ a’*i{l + O(y?). (5.17)

6 Droplet space and analysis of mixing components

We have presented general expressions for small y expansions, in section 5. The geometries
are parameterized by y and z;, z;. We denote R? = r} + r3, where 11 = |z1],72 = |22].
Now we analyze these expressions in the large R region, by expansions in 1/R2?. We find
solutions in series expansion in powers of 1/R2. We will analyze the behavior of the mixing
components Nio, My, My in large R.

The Kéhler potential is given by the Monge-Ampere equation (A.4), and in the small
y expansion, the equation gives a set of equations for Ky and K; [16],

(O, 01, K0) (01,01, K1) + (O, Opy K1) (01,01, Ko) — 2(01, 01, Ko) (01, 01, K1) = 0, (6.1)
(01,0, K0) (01,05, Ko) — (0,04, K0)* = %e%”%eﬂﬁ, (6.2)

where t; = logr;.

Tt would be convenient to use 1

6i(¢>i*¢j)a¢ai _
7 TiT5

04,0,

,10,



This set of the equations have some rescaling transformations:

KO — qKo, (63)
ti = &ty b (i — ebi(r)%),
1 2
Ky — Ki+logg— (& — Dt +bi+ ;logg? ). (6.5)

3
Overall constant shifts in Ky are not important because they appear with derivatives in
the metric. The & = —1 transformation is the inversion transformation in [16], which
exchanges small r; with large r;.
The most general form of solutions representing the AdSs x S° geometry, in a region
with Z = 1/2, is?

Ko — %(a(sr;” +71) = Tlog(a(srt +13)). (6.6)

Using the rescaling transforms, this may be brought to the simplest form Ky = %R2 —
%log R?, where R?> = r% + r%. In our analysis, parameters a, q will be reserved to account
for the possible scaling transformation for R (or z;, z;) and K.

For example, we can have the rescaling transformations:

q
sr% — 7“%, (6.9)

together with constant shifts of K, and rescaling of y.

We are interested in more general solutions. We will first consider from large R point
of view. In the large R, we have that, r* = aR%*(1 + O(1/r%)) + O(y?), so in the region
where R is large, we have that r is also large.

We denote R? = 1% +r3. Note that aR?, ar?, ar? often appear in combinations in their
products, due to that \/a rescales the r; coordinates, as in (6.8).

We find a family of expressions that satisfy the set of the equations, as follows:

Ky is given by

1 1
Ko = 5a32 — 5qlog(aR?) + K&V, (6.10)
2 2 qr% 4
8t1K0 == 2CLT1 1 - aR4 +O(1/T ) 5 (611)
2 2 qr% 4
o, Ko = 2ar3 <1 — o hi +0(1/r )) ; (6.12)
2q7“%r§ qo 4
Ondhu Ko = Z2 (14 25 1 oq/r). (6.13)

2If we consider the following one,
1
Ko = §(a(rf —l—r%)) — glog(a(srf + rg)),

the equations require s = 1.

— 11 —



and K7 is

1 a (aR2 — q) (1)
K = 5 log <R2 +3 LK (6.14)
_ (Iﬁ 4
0, K1 = aR4 (1+—R2(1+m)+0(1/r )), (6.15)
. q7°2 4
Ok = 12 (14 (14 ko) + 0(1/1h) (6.16)
and Ky is
q (1)
Ko=-—39 1K 1
2 4(aR? — q)? T (6.17)
_ 4 q 4
= g (1 + (24 a2) + O(Lr )) . (6.18)

The expressions without K(l),Kg),Kél) is the solution for AdS (see [16] for other
related analysis). Kél) Kfl),K;) are deviations from AdS. The «g, k1, k2, ag are the
effect of turning on K(()l), Kf ), Kél). In the second lines in (6.13), (6.15), (6.16), (6.18), the

large r expansion with the effect of K(()l), K£1), Kél) are given.

From the differential equations, we find a family of K1),

2 d 2 2
K q@( 7“1;467’2 +O(1/r4)>, (6.19)
1) ¢ ((d—e)(r]—r3) 4
K = - i +o(/my), (6.20)

K = aq2 <C st + 6(d —e)(ri — r%)) . 4aq22R4O(1/T4)' (6.21)

We note that three parameters c¢,d,e have come in, and they will be identified with the
three parameters m,n, k of Young diagrams in (8.2).

These solutions give that in (6.13), (6.15), (6.16), (6.18),

6(d —e)(rf —r3)

ag =2(d+e)+

R? ’
ay = ap+c—4(d+e),
K1 = ag — 4d,
Ko = ap — 4de. (6.22)

Now we evaluate the Njg, My, My in the large r region, using the general expres-

— 12 —



sions (5.11), (5.13), (5.14), as follows:

Nio = 2K28t18t2K0 — 8t1K18t2K1 + O(yz)

rr: ¢ 8 2
— a2R8a—R2(a0+a2 — k1 — k2) + O(1/r%) + O(y~)
— qg‘;?‘% k+0(1/r%) + O(y?), (6.23)
M = —1+ 825@5;2—_”;2%?2& +O(y?)
= L (ot )+ O(1/1%) + O?)
= —qr—? +O0(1/r%) + O(y?), (6.24)
and
My — —14 5101, K1 — n120y, K1 i O(yQ)

$182 — Ny
—5 (a2 + m) + O(1/1") + O(y?)
qn

=—3+ O(1/r") + O(y?), (6.25)
where we identify 72 = aR?(1 4+ O(1/72)) + O(y?) and %2 = ﬁ(l +0(1/r%)) + O(y?). We
are making expansions in power series of 4% and 1/r2. More details of the above derivations
are in appendix C.

In the expression of M7, My, we have identified

q(ag — K1) = qgm = q, (6.26)
q (2 — K2) = qn = ¢o. (6.27)

In the large r, we have the quantization of electric charges by

A" = Mdt, (6.28)

Flyy = dMdt = drdt <i§m + O(l/r5)> , (6.29)

Fyy = dMadt = drdt <i§n + 0(1/r5)> : (6.30)

L [ery = m (631
— / +F) = n, (6:32)

where in our coordinates gy g, = q in large r, and where m,n are the two charges. Note
that terms corresponding to O(1/r%) in (6.24), (6.25) will not contribute to the integral.
In the expression of Nja, we have identified

ag+ oy — K1 — kg = k. (633)

The two angles are the angles in the z; plane and zo plane respectively.
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This k will be identified with the k& parameter in the Brauer algebra representation.
In other words, for nonzero k,

2,23
Ny = k“lfgq +O(1/r%). (6.34)

It appears at order 1/7% with coefficients k. For the special case k = 0, it may appear at
only order 1/7%. See appendix C for more details. The difference between M; and Nj is
order k/r* for nonzero k, and 1/75 for zero k.

Plugging these relations (6.26), (6.27), (6.33) into the solutions (6.22), we find

de =k—m=k—q/q,

dd=k—-n=k—q/q,
c=k. (6.35)
Note that in this family of solutions, the coefficients e < 0,d < 0 amount to that
k—m < 0,k —n < 0. Therefore the sign property of e, d, which are either negative or zero,

imposes the constraints k£ < m,n, or equivalently k£ < min(m,n).
In the y expansions, we have, from (6.22),

qoo = qk + 3q1? + 3203 — 2q1 — 2¢o, (6.36)
qaa = 3qp3 + 3qe13 — 1 — g, (6.37)
qr1 = 3qpt + 3qapis — 2q1 — g2, (6.38)
gke = 3qui + 30245 — @1 — 242, (6.39)
where we used that pf +u3 =1—y?/r? =1— O(y?).
There are several equivalent and alternative ways of writing these variables, see ap-
pendix C for more details. For example,

gk = qap — g + q1 + g2 = qap + qag — gR1 — Kz, (6.40)

which will be frequently used in the derivations.

7 Droplets and Young diagram operators

Now we turn to the analysis of the droplet configurations. The solutions in section 6 are the
large R expressions that result from the droplet configurations. The solution in section 6
are in the large R region of the full solution in all the ranges of z;, z;. In this section, we
also provide further duality relation with the operators labelled by Brauer algebra.

We have that from section 6,

1 q @ [((d+e) (d—e)(r?—rd)
Ko= -—aR? - 21 H+ = L2 1/ 1
0 2aR 5 og(aR*) + " < SR + oRA +0(1/r%) (7.1)
in large R, and where
—4d =n — k, (7.2)
—4e = m — k.

— 14 —



As in section 4, e.g. (4.3), the flux quantization requires that the total droplet volume
to be quantized,

/ d?2|d?2h = / > d* 2 = 27r3l§N (7.4)
D D(0)
where D is the total Z = —% droplets. Here we use the notation that d?z1d?zy =
dxidrodrsdry for convenience. D() is the Z = —% configuration such that there is no
any finite Z = § domains or Z = 1 bubbles. In the large R, it was shown [16] that, if we
expand
1 9 2 ~ 1~
Ko=gallsf +|=P) + Ko, K=+ Ry, (75)
1 - ~ -
a(alaiKo + 0205 Ky) = K, (7.6)
MO K1 + 0505 K1 = 0. (7.7)

This means that a general solution to Kq is —1log(alz — AP + alzm — %) with
(21,21,25,25) arbitrary, therefore we can approximately expand K as

Lo 4 2 q 2.0 12 2 2
K0:§aR — Elog(aR ) — 47r3l;§N/Dd 2 d®zylog(a |z — 2|" + a2 — 25]7)
q 2 1 2 2 2 4
TIBEN /p(@)d Ad zplog(alz — 21|+ alz — [) + O(1/RY), (7.8)

Both (7.1), (7.8) satisfy the equations (7.6), (7.7). The droplet configuration in D gives non-
trivially the information of d, e in the large R, when comparing two expressions (7.1), (7.8).

Suppose we consider configurations that only depend on 71,72, and in the case when
d and e are equal, where there are more symmetry in the droplet configuration, we can
expand (7.8),

2 2 2 2
q(Ml[l] - MI[JE)) q(MQ[Q] - M2[2},0) + O(l/R4)

1
Ky = §aR2 4 log(aR?) —

2 ATSIANR2  4mSIANER?
(7.9)
where
Mg Ml = [ edas ] - [ g (7.10)
7 D D(0)
Mg] — Mﬁ]@ = / d2zid225 ’zé’Q —/ d2zid22§ |z§ 2, (7.11)
7 D D(0)

are the second moments along the axis perpendicular to z; plane and z5 plane respectively,
subtracted from those of the configuration without any finite Z = % domains. The crossing
terms z;Z; cancels due to symmetric configuration in z; plane and in 2z plane.

We read off the coefficients that
1

1 ) , , )

27r3ng(M1[1] = M)+ 27731;}N(M2[2] - ME) (7.12)
1q q

=3B m=k)] == (d+e). (7.13)
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If we use the convention ¢ = r = (47TZ§N)1/2 e.g. as from (4.5), and in the unit o = 1,

(M2 Py (2 - M2y = ﬁ[(n — k) + (m—k)]. (7.14)

11 11, 22,0 8

We then identify the second moments in two directions,

(M = MF) = = (n—k), (7.15)
2 a2y T
(M22 - MQQ,@) = g(m - k)? (716)

where we are in the unit ro = 1.
Note that we also have the relation, from section 4,

ZZmN =m —k, (7.17)

1 /=1

> Z myN; = n — k. (7.18)

1 /=1

The change in the potential Ky is negative, when increasing the second moments. It is
analogous to the change of the potential from — log R? to —log(R? + §2), due to increased
second moments. So the signs of d, e are negative or zero in the above expression, that is

d<0, e<O0. (7.19)

This sign property can be understood as that the potential in (7.8) will decrease when the
Z = —% droplets in the droplet space are more outwards. The droplet second moments are
increased from those of the configuration when there is no any finite Z = % domains. The
condition (7.19) is consistent with

2 2 2 2
(M1[1] - Ml[l}(z)) 20, (Mz[z} - M2[2?0) > 0. (7.20)
This amounts to
m—k>0, n—k=>0 (7.21)
or equivalently
k < min(m,n) (7.22)

from the gravity side.

The dual operator has dimension m + n, and the two Young diagrams have m — k and
n — k boxes respectively. The dimension is larger than the total number of boxes by the
amount 2k. The k parameter is identified in the last section as in (6.23), (6.33) as due to
the mixing of two angular directions. The two angles are the angles in the z; plane and
zo plane respectively. We see that 2k measures the energy excess over the total number
of boxes, and is accounted for by the mixing of two angular directions in the situation
described here.
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Figure 2. Illustration of the mapping between Young diagrams and the droplet configurations.

Z = —% are regions where S3 vanishes and are drawn in black, while Z = % are regions where S*

vanishes and are drawn in white. In (c¢), there are black droplets and white droplets in the |z1], |22]
quadrant. Figure (c) determines (a,b), where (c) is projected onto z1, zo planes. The white regions
of (a),(b) map to the horizontal edges of (d),(e). The black regions of (¢) map to the vertical edges of
(d),(e). The outward directions in the droplet planes correspond to the upper-right directions along
the edges of the Young diagrams (d),(e). The flux quantum numbers in corresponding regions map
to the lengths of the edges of the Young diagrams (d),(e). This is an illustration with the example
of relatively few number of circles. More general configurations involve many more circles in z1, 2o
planes. The Young diagrams are filled with boxes which are not shown in the illustration.

The total number of boxes match the calculation from the flux quantum numbers, as
m — k and n — k for two two-planes.

The Brauer algebra provides two Young diagram representations, and each correspond
to droplet configurations in z; and zo planes respectively. For example, for configurations
that have 2[; concentric circles in the droplet plane z1, this configuration maps to the 2[;
edges of the first Young diagram ~,, and the flux quantization numbers on each droplet
region map to the lengths of the edges of the Young diagram ~,. There are also 2l
concentric circles in the droplet plane 25, and this configuration maps to the 2ls edges of
the second Young diagram ~_, and the flux quantization numbers on each droplet region
map to the lengths of the edges of the Young diagram v_. See figure 2. These two Young
diagrams are depicted in figures 2(d), 2(e) in the example.

We can characterize the droplet configuration by three diagrams, for those depending
only on rq, 7. The first two diagrams are concentric ring patterns of alternative Z = % and
Z = —% regions in z1 planes and in zy planes, see figures 2(a), 2(b) for example. The third
diagram is a diagram in the (r1,72) quadrant, see figure 2(c). We first map the corners in
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two Young diagrams to ordered points along 71, ry axis respectively in figure 2(c). Then
we draw diagrams connecting ordered points along 71 axis to those along ro axis, dividing
regions in (r1,72) space into Z = —% (depicted in black) and Z =  (depicted in white).

We can also draw more complicated droplets. In the gravity description, when we
draw the lines, there are extra possibilities for possible lines to go in the middle region
of (r1,72) space. These may correspond to other operators that are superpositions of the
Brauer basis.

For those configurations that depend not only on 1,73, they could be the superposi-
tions of the Young diagram operators in the above discussions. For example, one can add
small ripples on any boundaries of the droplets. See also related discussions, e.g. [21]-[24].
The configurations that correspond to ripples on the droplet boundaries, can be considered
as the superpositions of the Young diagram operators in the above discussions.

In [10], 1/2 BPS geometries were uplifted into the systems of 1/4 and 1/8 BPS geome-
tries, and there are disconnected droplets with various topologies in 4d or 6d droplet space
respectively, and the topology change transitions occurred in [6, 25] uplift to the topology
change transitions in 4d and 6d. In general, in the 4d droplet space we study here, the
topology change transition happens commonly.

The condition (7.22) is consistent with the range of k in Brauer algebra representation.
The droplet information are encoded in the Young diagrams. There is correspondence
between the pair of Young diagrams and the concentric droplet configuration in the two
complex planes. The operators labelled by the Young diagrams of Brauer algebra give a
family of globally well-defined spacetime geometries. Other bases may also be related to the
droplet picture, since they can be related by transformations, and it might be interesting
to see how k is produced in other bases. The system of geometries are dual to the system
of the corresponding operators.

8 Gauge invariant operators by Brauer algebra

Now we will briefly summarize the operators based on the Brauer algebra [17, 28]. See also
related discussion in [37, 38].

We take two complex fields X, Y out of three complex fields and consider gauge
invariant operators constructed from m Xs and n Ys. The U(N) gauge group is considered.
The operators are conveniently expressed in the notation of [17, 28] by

O;{Lz‘j(Xay) = 1mn ( 1in®m ® (YT)®n) ) (8.1)

where Q7 i is given by a linear combination of elements in the Brauer algebra. Irreducible
representations of the Brauer algebra are denoted by -, which are given by two Young
diagrams:

Y= (74”7*)’ (82)

where 74 is a Young diagram with m —k boxes and y_ is a Young diagram with n—k boxes.
k is an integer satisfying 0 < k < min(m,n). A = (R, S) is an irreducible representation of
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Sm X Sy, labelled by two Young diagrams with m and n boxes. ¢, j are multiplicity indices
with respect to the embedding of A into ~.

An advantage of this basis is that the free two-point functions are diagonal. We also
note that non-planar corrections are fully taken into account.

Because the number of boxes in 7 is characterized by k, it is convenient to classify the
operators by the integer k.

The labels can be simplified when k& = 0, because i, j are trivial, and we have v, = R,
v— = S. Hence the operators in k = 0 are labelled by two Young diagrams. Denoting
Prpgs= Qz(’:]: %) the expression in (8.1) becomes

Ors(X,Y) = trm, (PrsX®™ @ (YT)®"). (8.3)

In this sector, the operators have the nice expansion with respect to 1/N, whose leading
term is given by

Ops(X,Y) = Op(X)0g(Y) + - . (8.4)

Here Or(X) is the Schur polynomial built from the X fields labelled by a Young diagram
R with m boxes, and Og(Y") is the Schur polynomial built from the Y fields labelled by a
Young diagram .S with n boxes.

In general, including the case k = 0, the leading term of the operators (8.1) looks
schematically like

OZLU(X, Y) -~ trm,n (O'CkX®m ® (YT)®n> + (85)

where o is an element in S, x S, and C is an operation contracting the upper index of
an X and the upper index of a Y7. Each term in the dots in the above expression (8.5)
contains more contractions. In other words, k£ is the minimum number of contractions
involved in the QZM]. of an operator. Therefore the k£ can be given the intuitive meaning
that it measures the degree of the mixing between the two fields. For example, the k£ = 0
has no mixing in the sense of (8.4). The opposite case is the case k takes the maximum
value. With the condition m = n, operators in kK = m = n are found to be expressed by
operators of the combined matrix XY [38].

In the paper [29], a class of the 1/4 BPS operators were constructed by exploiting alge-
braic properties of the Brauer algebra, where it was shown that the operators Og g(X,Y’)
and > p s O}(WO) (X,Y) are annihilated by the one-loop dilatation operator, for any m,

K1

n and N. Defining P7 =Y, ., Q) ;i for k # 0, the BPS operators are presented by

OV(X,Y) = trp(PYX®™ @ (YT)®™) (8.6)

for both £k = 0 and k # 0. Note that P? is the projector associated with an irreducible
representation v of the Brauer algebra.

It is interesting to find that they are labelled by two Young diagrams with boxes whose
total number depends on the integer k for fixed m and n. In k = 0, the number of boxes
involved in a representation « is equal to the sum of the R-charges. On the other hand,
when k is non-zero, the Young diagrams v = (74, v-) have a smaller number of boxes than
the sum of the R-charges. The number of the deficit boxes in the « is 2k.
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When £k is equal to n for m > n, the operators are labelled by a single Young diagram
with m — &k boxes. A special case happens for £ = m with m = n. The operator does
not have any Young diagrams, but this is different from the case m = n = 0. For a given
m = n, there is only one 1/4 BPS operator labelled by the trivial representation.

We now have a remark on a constraint for representations of the Brauer algebra. The
representations 7 have the constraint ¢i(v4) 4+ ¢1(y—) < N, where ¢; denotes the length
of the first column of the Young diagram. More explanations are provided in [17]. This
constraint is consistent with the identifications in sections 4 and 7.

The Brauer basis can be used in various ways. One of the motivations of constructing
the Brauer basis in [17] was to construct an operator describing a set of D-branes and
anti-D-branes, which is realized as the k = 0 sector. In the application of the Brauer basis
to the su(2) sector, which is relevant for the present work, the k£ = 0 sector realizes natural
operators dual to the objects with two fields. Furthermore the construction of the basis
introduces the operators labelled by k # 0 as well. In the mapping proposed in this paper,
the quantum number k£ has been given a meaning as the mixing between the two angular
directions from the gravity point of view. The use of the Brauer algebra may be rephrased
as the manifestation of such a good quantum number.

On the other hand, the BPS operators may be described by other bases diagonalizing
free two-point functions, as in [18, 19], see also related discussions, [39-43]. Because other
bases respect other quantum numbers, understanding a map between the two sides for
other bases could also be useful for getting a complete duality of this sector.

9 Asymptotics of metric

In this section we analyze the large r asymptotics of the geometry. We start from the
expression (2.4). The large r region includes the large R region of the droplet space. We
first expand in small y, and have Ky, K1, K5. We then expand these functions in powers
of 1/r2. In the large r, we have

1"2 1"2
ng =3 (1+0(1/r%), }722 =u3 (L+0(1/r%), (9.1)
Ry = \}&\/73 +qCy (1+0(1/r%), Ro= \}5\/73 +qCy (1+0(1/r%).  (9.2)

Near y = 0, but large R, from (5.4),

_ 1 2
A= 44K, +0)
a’?R* (24 az) 4 9
=% <1— e +O(/r )> +0(?)
1 20512 — 2 —
= (1 mplc 2 OQ)) +0(1/r") + O(y?)
1 _ 2 2
- (1 L date S q2“2)) +0(1/r*) + O(y?) (9.3)
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where we have used (6.37) and have identified
@C1=q+aq, ¢C2=q+q. (9.4)

We find that A has the same asymptotic form as the two-charge superstar.
The asymptotic form of the metric can be rewritten in the following form

ds* = VAds? + \}stg (9.5)
analogous to the gauged supergravity ansatz. We have that
ds? = — <r2 tq— *(C1pd + Copz — 1 ;042 — 2613 — 2Kop13) n 0(1/r4)> a1
+4 (1 _ aBCuy + 3?;“3 —e=?) 0(1/7"4)) dr? + 12002 (9.6)
and
dsy = dpj + p3dy® + Hy [dpf + 3 (1+ O(1/r")) (dgy + My, dt)?] (9.7)

+H, [dp3 + p3 (14 O(1/rh)) (doo + My, dt)?]

+O(1/r®)dpydr + O(1/r°)dusdr
2
+252(C1 + G+ ag — 4z = 2)(1+ O(1/r?) i padpir dp

+2q2‘£“% (a2 + ag — m1 — k2) (1 + O(1/r%))(dey + My, dt)(ddo + My,dt)
where the M; were calculated in the section 6,
M, = %(—awm) +0(1/r") + O(y?), (9.8)
My = %(—ag 1 ko) + O(1/r%) + O(y?). (9.9)

See appendix D for detailed derivation.
When we use (see section 6 and appendix C, e.g. equation (6.37)),

qr1 = qa2 — q1, (9.10)
qr2 = qO2 — g2, (9.11)
qag = 3q1pt + 3q245 — 1 — g2, (9.12)
for the g and g, we get
( ~BEE L o0y, )> a2
1 @ +q+1
+ <1 —s O(l/r4)> dr? 4 r?dQ3 (9.13)

and we have rescaled 72 — ¢r2. By a rescaling 72> — ¢r2, ¢ appears as an overall factor of
the metric. The metric has the same asymptotic form as two-charge superstar [31, 32], [33].
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When we use
gk = qoo — g2 + q1 + g2 = qa + qae — gr1 — gKa, (9.14)

then the last two terms in ds? becomes

2

e 21(dy + My, dt)(des + My, dt), (9.15)

ré

pip

i
2 .

kedpydpiy + 2

and we have rescaled 2 — ¢r2.

The asymptotic geometry is similar in form to the U(1)? gauged supergravity ansatz.
One of the differences is that we have additional mixing of u1, o, and mixing of ¢1, g9, as
in (9.7) or (9.15). These mixing terms correspond to the k parameter in Brauer algebra.

10 Discussions

We studied the characterization of the droplet configurations of the 1/4 BPS geometries
which are dual to a family of 1/4 BPS operators with large dimensions in N'=4 SYM. We
characterized the 4d droplet configurations underlying the 1/4 BPS geometries, following
early works. The droplet space is enlarged from the 2d droplet space observed in the 1/2
BPS case. The droplet regions are divided into two regions, and we projected the droplet
configuration into two complex planes. We map the concentric circle patterns in the z;
plane and zo plane to two Young diagrams. We identify these two Young diagrams as
the two Young diagrams in the operators of the Brauer basis [17, 29], which have total
number of boxes m — k and n — k. The flux quantum numbers on the droplets map to the
edges of the Young diagrams and the radial directions in the two-planes correspond to the
upper-right directions along the edges of the two Young diagrams.

We simplified the droplet configurations by projecting it to two two-planes, and draw
three diagrams. The first two diagrams are black/white coloring on the two-planes, and
the third diagram is the black/white coloring on the (r1,r2) space. We simplified droplet
configurations in particular by the third diagram. These include general radially symmetric
configurations in two two-planes.

There is also a droplet description from other method on the gauge side by [7]. We
see more consistency suggesting it to be the 4d droplet space related to the multi-body
system. There are some subtleties in this droplet space.

We studied more about the small y expansion of the geometries. In particular, Ky can
be viewed as a potential on the droplet space, and itself is determined by the total droplet
configurations. We also performed the large R analysis in the droplet space, and find their
connections with the large r asymptotics of the geometries. The large R in the droplet
space encodes information of the large r asymptotics. These information are encoded in the
Ky, K1, K5 in the small y expansion. The large R expansion captures the large r expansion.
The asymptotics knows m,n, k, since J; = (m — k) + k, Jo = (n — k) + k. The droplet
configuration captures m — k,n — k, k and the details of all the information of the shapes
of two Young diagrams.
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We identified families of geometries that have mixing between two angular directions
which are the two angles ¢1,¢s in the z; plane and zo plane. The geometries in the
asymptotic region have mixing metric-component in hg, 4, with a family of parameter k.
An interesting observation was given that the parameter k have to satisfy & < min(m,n).
We gave the interpretation that this parameter is identified with the k£ parameter in the
Brauer algebra representations.

Performing a similar analysis for the 1/8 BPS sector would raise an interesting question.
A proper basis using Brauer algebras has not been constructed to deal with 1/8 BPS
operators. One may guess that three integers would be involved as the coefficients of the
mixing among the three angular directions, generalizing the one integer k£ in the present
case. Such analysis may give rise to a hint to apply Brauer algebra for gauge invariant
operators involving more kinds of fields than two.

We mainly provided a mapping for the operators built from the projector of the Brauer
algebra in (8.6). However, this above-mentioned class of expressions do not cover all types of
1/4 BPS operators. In the droplet picture, there are also other more complicated droplet
configurations. It would be nice to understand other types of BPS operators from the
Brauer algebra, as well as in other bases. The droplet configurations on gravity side would
be helpful to get a complete list of the BPS operators manipulated by the Brauer algebra.

We can also study other excitations on these states. One can consider the supergravity
field excitations on them. We can also consider strings excited on them. One can also see
the emergence of the other local excitations on the geometries, e.g. [34-36].

We may view the non-BPS states as the excitation above the BPS states. Starting
from these heavy BPS states, one can add additional non-BPS excitations on them. These
can be done by modifying the operators by adding other fields or multiplying other fields.
These studies will also provide another view on the physical meaning of the parameters of
the bases.
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A Review of gravity ansatz

We review the geometry and the ansatz for the 1/4 BPS configurations. These backgrounds
have an additional S' isometry compared with the 1/8 BPS geometries, and have a ten-

— 23 —



dimensional solution of the form, in the conventions of [9-11],

Nt -
ds?y = —h72(dt + w)? + h? (<Z+2> 20;0;Kdz'dz? + dy2> + y(e¥d2 + e C(dy + A)?),

Fy = {=d[y*¢®“(dt + w)] = y*(dw + nF) + 2i00K } A dQ° + dual,
h™2 = 2ycosh G,

1 1 1
7 = itanhG’ = —§y8y (y(%K) ,

1 |1 = 1 _ _
dw = Qd[yay(f) — 3)[(1 = ;(8¢858yKdzid25 + 05 Zdzdy — 0;Zdz;idy),

2nF = —id0D. (A.1)

K = K(z;, Zi;y), where i = 1,2, is the Kéhler potential for the 4d base, which also varies
with the y direction. D can be set to a constant, if the fibration of the S’ is a direct
product. The volume of the 4d base is constrained by a Monge-Ampere equation, as well

as an equation for function D,
1 1 _
log det h;; = log <Z + 2> +nnlogy + —(2 —nn)9y K + D(2i, Z;), (A.2)
Y
_ 4 _
(14 %4)00D = ?(1 —nn)0OK. (A.3)

In other words,

det 8185_[{ = <Z + ;) ynﬁeim—fm)ayKGD' (A.4)

According to the analysis of [10, 11, 16] a family of geometries have the expansion from
the droplet space as:

1
K= _Zy2 log(y?) + Ko(zi, z) + y° K1 (21, 20) + (V) Ka(2i, ) + Y (y°) K2, %) (A.5)

n=3

for Z =% and

1
K= ZyQ log(y?) + Koz, 2) + y* K1 (2, 2) + () Ka(2i, %) + Y (°)" Kn(2i, %) (A.6)
n=3

for Z = —%, with 9;0;Ko = 0. The last terms above correspond to expansion with higher
order terms (y?)" K, (z;,%). The Ko(z;, z;) is a function defined on the droplet space.

As was shown in [16], all other higher K,, with n > 3, are expressed in terms of
Ky, K1, Ko, and thus the entire solutions to K are given uniquely by Kg, K1, K.

Ky, K1 are determined by the coupled equations on the Z = % droplet region [16]:

(0101 K0) (0205 K1) + (0101 K1)(0205K¢) — 2(0105K¢) (010 K1) = 0,

1 2K
det 9,0;Ko = -e**. (A7)
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For the AdSs x S°

Ko — 2aR2 — sardlog(R?/r}), R? > r} (AS)
sarg, 0< R?<rd
as analyzed in [16], where Z = —5 droplets are in0< R?<rdand Z =1 droplets are in
R? > r3. Here, the Kj is Constant in Z = —% droplets. In the above, R? = |21|? + |22,

this appendix. The plot in figure Z = —5 strlps, and in the limit when these three strlps
go to zero, it recovers the expression (A.8). One can also introduce an overall constant
shift in K, since only its derivatives appear. One can also rescale the above expression by
the rescaling transformations as in section 6.

B Derivation of the metric

In this appendix we derive the general form of the metric, using new variables in the
section 2.

For the situation that the Kahler potential does not depend on the angular coordinates
@1, ¢2, that K = K(r1,r2,y), the metric (2.1) can be expressed by

ds® = —h 72 (dt* + 2(wg, d1 + we,dd2)dt + w3, dpT + w3, dds + 2we, we,dP1des)
+h? (p3dr? + r2dp3 + Su R (dpd + pidei) + Saa R (dps + pades)
+ (S1pETE + Soop3Ts + 28121 p2Th T dr?

+2 (SR Ty + S12Tope Ry — par) dpydr

+2 (S22 RoTo o + S12T1p1 Ry — por) dpadr

+2S12R1 Rodpidpiy + 2512 R1 R pradep1dea)

+yeGdQ§ + ye Cdy?, (B.1)
where we have used w = wg, do1 + wy,dp2 and S;; = Sj;, which are the consequence of the
assumption. We have defined T; = dR;/dr.

Performing the shift of the angular variables ¢; — ¢; —t, ¢ = 1,2, the metric can be
further written to be the form

ds* = —h72 (1 + hopyMo My — S;) dt® + h* (13 + St TE + Soop3Ts + 2S1op1 poT1 To) drr?
—|—2h2(5uR1T1M1 +S19Topig Ry — p17)dpy dr 4202 (Sag ReTopia +S12Th p11 Ra — pior) dpadr

12
VARAOE + ﬁ (dp2 + Hydp? + Hadp2) + 2h° (51231}22 -5 ) dyirdps

2
+%d¢2 + h 2oy (da + Madt)(dey, + Mydt). (B.2)

The more detailed computations are given below.

B.1 Metric functions

We introduce A by the equation
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Then Z and h~2 may be expressed as

1 172A — 2
Z = —tanhG = = ———"13,
g v 27r2A +
QA 2
h™2 = 2ycoshG = w
VA
Eq. (B.4) may be used to give A in terms of Z as
_p3l+2z
Cr?21-27°
B.2 Terms with du;dy;
We first calculate the following,
1 r2A
h2 2d 2 . _— d 2
roaps \/ET2A —|—/.L§ H3
R L (din + padp)?
= —=du3 — —=—5 5 (mdu1 + padpus
VAT VR PA T
1 h?

\/Edﬂg - K(M%dlﬁ% + psdps + 2 padpndps).
Using this, we have

h? (T2dug + Sy R2du? + SopR3dp3 + 2S12R1 Rodpindps)
1

VA

where we have defined

(dp3 + Hydy? + Hadp3) + 2h° (512311%2 . “X”) dpydps,

2
H; = VAh? (SZ-Z-R? - ’;)

for 1 = 1,2. For two-charge superstar, this becomes the H; of the superstar.
When the following condition is satisfied,

12

S1oR1 Ry — A

:O’

the metric does not have the mixing term dujdus. For superstar, this is the case.

B.3 Terms with do¢;d¢;

The relevant terms in the metric (B.1) are

D (—h 22w, dtdg; — h2wE dg? + 1P Siir}dey)
i=1,2

—h™22ws,we,dd1dgs + 2h* S19 Ry Ropy podprdes
= b2 (S1d¢? — 2wy, dtddy + Saddd — 2w, dtdds + 2N12ddrdes)
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where we have defined
Si = h'Surf —w}, (i=1,2), (B.12)
N12 = h4S127’1T2 - w¢1w¢2. (B13)
Making the shift ¢; — ¢; — ¢, (B.11) becomes
h=281d¢T — 2k~ 2(S1 + wy, + Ni2)dtdep:
+h™285d¢% — 202 (Sa + wy, + Nig)dtdps + 20~ 2 N1adprdeps

+h72(S1 + Sa + 2wy, + 2w, + 2N12)dt?
= h™? (S1d¢; + 2Sndtdgs + Sodgs + 2Sxdtdes + 2N1adgrides + Sydt?) . (B.14)

where we have defined

S1t = =51 —wg, — Nia,
Sat = —82 — wg, — Nia,
Sy = 51+ S2 + 2wy, + 2wy, + 2N12. (B.15)

Finally, (B.14) can be written as

S1d¢? + 2Syidtdpy + Sadgs + 2Sadtdgs + 2N1odd1dds + Sidt?

= hij(dp; + Mydt)(de; + M;dt) — hij M; M;dt* + Sydt?, (B.16)
where
hip = 51, haa =S, hi2 = Nig, (B.17)
and
<M1> _ 1 (SZSlt —N1252t>
Mo S1S2 — NZ, \ 8152t — N12Si
= 5152 1— N2, <:§?ZZ; ixizzz? ) ' (B-18)

When his = Nio = 0, the metric does not have the mixing term d¢id¢ps, and M; will
get a simple expression. Defining N; = M;|n,,—0, we have

N; = —1-— S[lw(m

=—1-— . B.19
h45il‘7’i2 — wii ( )

For superstar, N1 = 0, and N; are calculated

@
r?+q;

(B.20)

i =

See appendix D.3 for more details.
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B.4 Terms with du;dr

Here we will analyze the condition under which the mixing terms du;dr vanish.
The mixing terms vanish when the following conditions are satisfied

StuiRiTip + S12Topa Ry = 1,
Soo RoTopio + S19T1 111 Re = 72, (B.Ql)

One can show that these are satisfied for two-charge superstar with the help of the equations
in appendix D.3.
The set of the equations can be summarized as

SR Si12Ripe Ty _ o M (B.22)
S1aRop1 SooRajio T 2

Note that the determinant of the matrix is (511522 — S%Q)Rl Ropuipo = (det S;j)rire. Using

T; = R;,
Ry _ T SaaRopg  —S12R1pg p1
Ry (det Sij)rire \ —S12Rop1 S11Ripu 2
_ r p2(Saa Ropry — S12Ripi2)
(det Sij)rire \ p1(St1Ripe — Si2Rap)

_ T Soa Ry — Ria Ry piopiy! (B.23)
(det Sij) \ S11Ry"' — RiaRy ' papy ! .

It can be further simplified if we use (B.10), which is the equation for vanishing
dpyrdps term. We then have

R\ _ r ([ SeR - xBURu
R}, (det Sij) 511R51 - %R;RIQF‘%

1 h—2H R—lR—2
r 21401 2

= ——— | 2 T . (B.24)
(det Syy) \ Sch 2HiR; 'Ry

where we have used the definition of H; (B.9). Dividing the first equation by the second
equation, we obtain

(log R?)'H; = (log R%)' H, (B.25)

We have that for superstar, (B.25) is equal to 2rHy Haf 1.

C Derivation of the Ny, M;, M in large r

In this appendix, we present the details of the calculations to derive the asymptotic forms
of the mixing functions Nyo, My, M.
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Using (6.13), (6.15), (6.16), (6.18), the expressions (5.12) are evaluated as

nig = 2}{25%16%2l{0 —-6%1}{15%21(1
4 q 1) 207773
s (1+ 5 (2+a2) +O(1/r ) o (1+ 23 s rour M)
q
—r2r3 (aR4) (1+ L1+ r)+01/rh) (14 L1+ ko) + O(1/r))
rirs (@
= 2R R2 (a2+a0—/~£1—/{2)+0(1/1")
3,.2,.2
q°rir
- 3]%131‘7"“0(1/7”8)’ (C.1)
and
S1 = 2K28t21K0 - (8t1K1)2
2
q q(az +2) 2 2qr1r§ L?“% g 2
= 5 (1+GR2 )(2@1"1 +0(1/r%)) - R (1—|—aR2(1+/-€1))
2 2
qry glaz+2)  qr3  qr 4
aR4< TR art ami TOWT)
2
. qry q(az +1) 4
_ <1+ 22 voq ),
2
qr3 q(ag + 1)
= 1 1 2
= 272 (14 22220 oy (©2)
The mixing between time and the angles are given by M;
M= 14 520y K1 — n1226t2K1’ (C.3)
5159 —-n12
K — K
My = —1 4 S0 ”“;8“ L (C.4)
5152 — N9

Since s1, 2,04 K1, 0, K1 = O(1/r?), and nis = O(k/r%), the effect of n?, in the denomi-
nator is to give at most O(1/r®) terms in My, Ms. So the following expressions are up to

O(1/r%),

o, K O, K
My = 14 a2t T206RL L 6 )8y (C.5)
S1 5152
O, K o K
My = —14 2t TU2O0BL L 5 /8y (C.6)
59 5152
where the last terms will be evaluated as
n120;, K1 ¢*r3 6
— = k 1 .
5159 IR0 +O(1/r°), (C.7)
n120;, Ky q2 $ 6
— = k+ O(1 . C.8
LSl - Lk o) (€3)
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In other words, the difference between M;, N, is

O, K

M, — N, = _% +0(1/r®) = ( k qu6 + 0(1/r6)) +0(1/r%),  (C.9)
o K

My — Ny = f% +0(1/r%) = ( k qu6 + 0(1/r6)> +0(1/r%).  (C.10)

The —k(fz;% is one of the O(1/r*) terms in Ny and in My, but it is the only O(1/r*) term

in My — Ny. Therefore M; — N; = O(k/r*), for k # 0; and M; — N; = O(1/r5), for k = 0.
Now we calculate M; in the large 7,

O K1
My =-14+—— S +0(1/rh
1
_ aloa +1) B 1
——1+<1+ R(l—i—m)) <1+ N o(/rYy)  +o@/r
4q 4
= uR (—az + k1) +O(1/r%)
= %(—Oé2+/€1)+0(1/r4). (C.11)
Similarly
My = —1+ —atzKl +0(1/rh)
2
_ g2 + 1) ! 4
——1+(1—|— R(1+/€2)) <1+ 2 o(1/rh +0(1/r%)
q 4
= iR (—az +ro) +O(1/r%)
= 7% (—avz + ko) + O(1/r%). (C.12)
Now we focus on the family of solutions
2 2 2
(1) _ 4 (driters  frir
Ky’ = o ( 7 + ) (C.13)
1. when f =0,
4(e—d
K1 = (]%2)(27“% - 7“%)7
4(d—e
Ko = (R2 )(27‘%—7"3),
4
a0 = 73 (d(QT% —r2) +e(2r3 — T%)) . (C.14)

Note that kK1 = k2 =0, ag # 0 when d = e.

2. when d =e =0,

S
K] = —m(r2 + 13r3rg — 33rir3 + 3r9),
f
Ko = e (r + 13r2r} — 33r3r? 4 3r9),
3f
ag = 7“17“3R2( 1 —6rirf +r3). (C.15)
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Although it is possible to have the third parameter f, we think that it does not have

a relevant physical meaning, and we have chosen f = 0. We have set therefore

f=o.

These are the solutions presented in the text in (6.19)—(6.21), (6.22).
From the expressions of Nyo, M7, Mo,

q (a2 — K1) = gm = qu,
Q(Oéz—@) = qn = q2,

ag+ as — k1 — ko = k.
Plugging these conditions into the solutions (6.22), we find

de =k—-m=k—q/q,
4dd=k—n=k—q/q,
c=k.

and we have k1 — ko = n —m.

(C.16)

(C.17)

(C.18)

There are several equivalent and alternative ways of writing these variables. For ex-

ample,

qo = qog + gk — q1 — g2,
qae = qao — gk + q1 + g2,
qr1 = qa2 — q1 = qao — gk + g2,
qr2 = qag — g2 = qap — gk + q1,
gk = qao — qa2 + q1 + @2 = qap + g — qr1 — gk,
2qap = gr1 + qr2 + @1 + @2,
@1+ g2 = qao — qog + gk = 2qae — qr1 — ka2,
qr1 — gk2 = g2 — 41,

qr1 + g2 = qog + qaa — gk = 2qa — 1 — qo.

D Derivation of asymptotic metric
In this appendix, we present the details of the derivation of (9.6) and (9.7).

D.1 Metric functions

(C.19)

Here we collect equations which would be helpful to calculate the asymptotic form of the

metric.
1
h2 — +0 2 ’
aya oW
_ 1 2
A= ar, TOWY)
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Ky = q <1 + Q<O‘2 + 2)) + 0(1/7“8)

102 R aR?
_ ﬁ (1_26101#?:;(102#%) <1+ (aiJr 2)> Lo
_ 4%4 (1 L alaz+2 - 2q§‘21u% — 2qC2Mz)) o), (D.3)
R = \}m(l +0(1/r%), Ry= \j&m(l +0(1/r?)), (D4)
aR® = a(r] +r3) = r* + qC1pi3 + qCop3 + O(1/r?) — O(y?). (D.5)
Sii = 2%@ = ; 128%K+O( )
- (%4) + 001/ + 0(2), (D.6)
Si> = ;Zif 50n 00 Ko + O()
_ qg"”z (1+ qg‘; +0(1/r)) + O(?). (D.7)
si = q;i <1+ ((ZQH +0(1/r )>
h? = \/4Ks + O(y \;;2 (1 + Q(‘;;];Q)) O/ + 0@2). (D.8)
Comparing with (5.2), (5.5),
Ky = 4732]& (D.9)
Because AdS is given by A = 1, Ka(445) = 1. We also have,
J Gy — E— (D.10)
A(aR? — q)?

for AdS. So we have that for AdS, C; = Cy = 1. Note that R? = r% + r3.

D.2 Calculation of metric
The factor in front of dt? is now calculated. Taking account of M; = O (1/7’2) and Nip =
O (1/r°), we have

h™2 (1 + hay My M, — S;) (D.11)
=h? (1 + SlM12 + 52]\422 + 2N1o M1 My — 51 — Sy — 2wy — 2wy — 2N12)
= h_2 (1 — Sl — SQ — 2w1 — 2wo + 0(1/7“6))
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i 1) qr3 q(as +1)

2 (191 (4 q(ag + _an [y

< ari T TR wrR1 T TR

2 2

qri q(1 + k1) qr3 q(1+ k2) 2
2— 1+ —=— 2—= 1+ —=—= 1
* a < + aR? ) + aR4 < + aR? +0( /T )+ 0

2 2/.2 2

_ 2 q ¢“(1 —a2) | 2¢°(r{k1 + r3k2) 4 2
=V Ar <1+aR2 + poyT + 2RO +0(1/r%) +O0(y?)

C 2 C 2 2 1— 92 2 2 2
:\/E<r2—|—q—q2 1#1:‘ 23 + q ( = 052) + q (:‘ﬂﬂ;;‘ /432/1/2))4_0(1/7“4)_1_0(2/2)‘

We next calculate the factor in front of dr? in large r. We first show

13+ St Ty + SapsTs + 2S12p peTiTs

q q qrira
=13 +a < R24) 3T +a ( R14> HT3 + 2= Ty Ty + O(1/1)

= 13 + apdTE + apsTs — — (rupeTy — ropn T1)* + O(1/r%)

R4
C qCs
= p3 + pi <1— qu) + 143 (1—r) +0(1/r)
2 2
_ g GCun G (D.12)

r2

With the help of (D.1), (D.2) and (D.3), we obtain

h? (u% + S11 T2 4 Sopu3T2 + 281201 211 T )

2 2
— VA4 K, (1 - qcl“lrth?“?) +0(1/r") + O(y?)

= Va5 (1 y doz+2) = 3a(Cuii + OZ“§)> +0(1/r) +0(%).  (D.13)

r

The factor H; is evaluated at large r,

2
H, = VAR (SHR% - ’2)
1 qrs A 2 4 2
=2\l Ar*Kopy | +O(1/r*) + O(y*)
r2>
- e

R? —

q2 2 4 4 2 4 2

UG R 4u1>+0(1/7“)+0(y)
a*R

(r®

2
= %2 ( 1- q;?) r*+qCh) - qm) +0(1/r") + O(y*)
=1+ q(C;Q_l) +0(1/rY + 0@, (D.14)
Hy =1+ Q(Ciz_l) +O0(1/r) + O(y?). (D.15)
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We calculate the factor in front of dujdus in large r:
2h2 <512R1R2 - M1M2)

A
= 72\2/5 (q“f (1 + %‘; + O(1/r4)) RiRs — ul,u24r4K2> 402
= Tgfﬁ (7 (1+ 25 +0(1/") RIS — 42 ) jupz + Oy
- aQLR‘*r?\/Z ( (1+55) 23 - (1 + (ai+2)) + 0(1)) pp + O(y?)
\QFq4 (C1+ Cy+ ag — ag — 2) papa + O(1/r%) + O(y?). (D.16)

In order to calculate the factor in front of du;dr, we calculate

SR T + S12T2M231

= (a — ﬁ +O0(1)r )) RiThp + ( i 2ror )) Topa Ry + O(y?)

=aR Ty — R4 RlTl,Ul +4 R4 T2M2R1 +0(1/r%) + 0(y?)
_ QMW% . 2 2 3 2
=aRiTip + il (—R1T1R5 + RyToRY) + O(1/r°) + O(y?)
2

. q1 by "o | T o2 3 2
=+ R4 (~2B+ZRY) +0(1/r) + O(?)

q M1M2 3 2
=ru; + (C1—C2) 4+ 0(1/r°) + O(y?). (D.17)

Note that R1Ty = r/a + O(1/r3). Therefore, we have
h?(SuRiTip + SioTopa Ry — rpn)

= S0 +0()
= —001/7") + 07, (D.18)

The functions in front of d¢;d¢; will be evaluated. We first calculate the function in

the diagonal part:

h2S;
= \I/L‘%Hi_lrzAsi +O(y?)
_ M (0 (G =) La®RY (0 glaa+2) g} (1 alea+1) " >
_\/Z<1_ 3 >7‘ p 1-— R R 1+ R +0(1/r*)+0(y*)

_ \J/L%Czj (1_(1(0;2—1)> (1_ 9(0;2];2' 2)) (1+ Q(O;2R+1)> O + 0)

_ M2<1+q(3’>< B (0-2_1)>< _q(a2+2)><1+q(ai+1)>+0(1/r) o)

VAT r2 r r2
= j%u? +0(1/r) + O(?). (D.19)
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We next calculate the mixing part:

h2hys
1
= ﬁ\/&hiQng

1 1
~ VA 42K,
1 1a*R* r%r% ¢
VAT2 q a?R8aR?
1 1 q%‘%r%
:ﬁﬁ aR6
_ 1 Puiu
VA o

The metric in the angles is then expressed by

Nio + O(y2)

(ag + ap — K1 — ko) + 0(1/7"6) + O(y2)

(g + ap — K1 — ko) + O(l/r6) + O(y2)

(a2 +ag — K1 — k2) + O(1/r%) + O(y?). (D.20)

VAR 2hay(ddo + My, dt) (dey + My, dt) (b-21)
= Hy [1if (1+O(1/rh)) (déy + My, dt)?]
+Hy [ (1 + O(1/r")) (e + My,dt)?]

2¢°pin3 6
+ T(OQ + g — k1 — K2) + O(1/r°) | (dpr + My, dt)(dpe + My, dt).

D.3 Related formulas

In this appendix, we will summarize some formulas. These formulas are also related to
some useful expressions in [10]. (The conventions here are obtained from the conventions
in [10] by A — (HyHs3)~?/3A, the subscript change (1,2,3 — 3,1,2), p; — R;.) We also
summarize equations which correspond to the two-charge superstar.

2A 2
2T ‘Hﬁs’ (E.1)
VA
2 M2
wy, = —h2EL (=12 E.2
a w2+VAR2H; .
5,y = 2600 20K _ |} P (1=) (E.3)
Z+§ Rf}gjka (i #J)
where H; = 1 + qi/TQ. R1 and Rs obey a set of differential equations:
Ty = rRiHyf ",
Ty = rRoH1 f 71, (E.4)
where f =1+ r2H{Hy and T, = dR;/dr.
For superstar, the S;, N13 and M; (i = 1,2) are evaluated as
h2y2
S; = \/% H;, Nio =0, (E5)
_ qi
M = —-1+H=_ )
i + H; 2t
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Formulas for AdS are available by taking A = 1 and ¢; = 0. The differential equa-

tions (E.4) can be solved to give

Ri =Ry =+vVrs+1. (EG)
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