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Lattice structures for the stochastic comparison of
call ratio backspread derivatives with an
application
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Abstract

The comparison of investments in financial derivatives is an appealing topic in the opti-
mization of resources. A relevant derivative is the call ratio backspread. Motivated by the
need to compare investments in such derivatives, a new family of stochastic orders is
introduced. That permits to reach decisions on the allocations of funds in those deriva-
tives under general conditions and without assuming specific probability distributions of
the asset prices. Characterizations of the orders are developed. Special emphasis is
placed on the existence of infima and suprema in such dominance criteria, which leads
to lattice structures on some special spaces and to the reduction of some optimiza-
tion problems with stochastic dominance constraints. The method is illustrated with an
application using real data from financial markets.
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1. Motivation of the study

The aim of this manuscript is to show how the theory of stochastic orders can be used
for reaching decisions on the allocations of funds in call ratio backspread derivatives,
entailing some advantages with respect to other methods.
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A financial derivative is a financial contract with a value derived from the future price
of an underlying asset. Basically, it is an agreement between two parts, a buyer and a
seller, that specifies conditions on the dates, resulting values, definitions of the under-
lying assets, the parties’ contractual obligations, and the amount under which payments
are to be made between the parties. The assets of derivatives can be of a quite different
kind, such as goods and shares, but also indices such as rates of return, rates of interest
or exchange rates.

A relevant derivative in financial markets is the (European) call option. That is an
agreement that gives to the purchaser of the call option the right, but not the obligation, to
buy an agreed quantity of an underlying asset at a specified exercise price, at an exercise
date, while paying a premium for this right. If x is the unit price of the underlying asset
on the due date, p is the unit exercise price and k is the unit premium, the benefit of the
purchaser of the call option per unit of the asset is (x — p)+ — k, where the subscript +
denotes the positive part of a real number. The unit profit of the seller of the call option
isk—(x—p)4.

Some financial derivatives are formed by means of other derivatives, like the call
ratio backspread. Consider the common call ratio backspread, in which two call options
are bought with unit exercise price p», and a call option is sold with unit exercise price
p1, where p; < p», all of them with the same asset and the same exercise date. From
now on, we will refer to it as the call ratio backspread.

The unit benefit of a call ratio backspread is k| — (x— p1) 4+ +2(x — p2)+ — 2k, where
x is the unit price of the asset at the exercise date, p; is the asset unit exercise price of
the sale of the call option, ki its unit premium and p, and k, play the same role in the
purchases of the call options.

In this manuscript, we propose a model to compare investments in call ratio back-
spread derivatives in terms of a family of stochastic orders, which does not need specific
distributions of the asset prices and makes it possible to detect arbitrage options in finan-
cial markets, that is, detecting deals that would lead to a non-zero probability of future
profit. Another advantage of the new method is that when the order is satisfied, the ex-
pected benefits are ordered whatever price p;. Thus, an investor does not need to attain
some particular values of p; to be able to compare investments and find opportunities.
When the order is satisfied and the premiums do not follow the same arrangement for
a particular value of pi, there exist arbitrage opportunities. Moreover, we prove that
there exist an infinum and a supremum of any two random variables with finite means
with respect to any stochastic order of that family. The existence of a supremum and an
infimum is useful in optimization problems with stochastic dominance constraints.

The reader is referred, for instance, to the books Dixit and Pindyck (1994), Co-
hen (2005) and Hull (2015) for an introduction to the field of financial derivatives, and
to Miiller and Stoyan (2002), Shaked and Shanthikumar (2007), Belzunce, Martinez-
Riquelme and Mulero (2016) and Levy (2016) for a comprehensive introduction to the
theory and applications of stochastic orderings. Some references which relate stochastic
dominance criteria and arbitrage opportunities are Levy (2016), Jarrow (1986) and Ng,
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Wong and Xiao (2017), to the best of our knowledge, few manuscripts approach both
topics. An article connecting stochastic orders and financial derivatives is Lopez-Diaz,
Loépez-Diaz and Martinez-Fernandez (2018).

As an application of the proposed model to compare investments in call ratio back-
spread derivatives, in the present manuscript we compare call ratio backspread deriva-
tives whose assets are the weekly returns of Boeing and Procter & Gamble (P&G), com-
panies in the Dow Jones Industrial Average Index. For that purpose, a result which
permits to use statistical inference techniques to test conditions that lead to the call ratio
backspread stochastic order is proved. As a consequence, we obtain that the expected
benefit of a call ratio backspread derivative with asset the unit weekly revaluation of Boe-
ing is greater (not lower) than the corresponding derivative with the asset unit weekly
revaluation of P&G, whatever p; < 1. Then, if for some p; < 1, the premium of the
derivative associated with Boeing is lower than the premium of P&G, an arbitrage op-
portunity exists for those derivatives. Moreover, in case of equality of premiums, an
investor should choose the Boeing derivative instead of the P&G option.

The structure of the paper is as follows. Section 2 contains the preliminaries of the
manuscript. In Section 3, we introduce the mathematical model to analyze the afore-
mentioned problem in terms of a family of stochastic orders and we develop the main
characterizations of those families. Section 4 is devoted to the analysis of the existence
of infimum and supremum in such orderings. The application described above of the
proposed method is developed in Section 5. To conclude, Section 6 contains some final
comments and conclusions about the manuscript.

2. Preliminaries

In this section, preliminary concepts and notations are presented.

Throughout the paper, if a € R, a will stand for max {a,0} and a_ for max {—a,0}.

Given a random variable X, Fxy will represent its distribution function, EX its ex-
pected value and Py the probability induced by X. Moreover, Fx will denote the survival
function of X.

The integrated survival function of a random variable X with finite mean is the
mapping 7y : R — R, with nx(t) = E(X — )4 for any r € R. It is well-known that
ﬂx(l‘) = f(t,+oo) Fx(x) dx.

A stochastic order is a pre-order relation on a set of probabilities. Basically, it aims
to order probabilities in accordance with a criterion.

An integral stochastic order = is defined by the comparison of the integrals of real
measurable mappings in a certain class. Namely, two probabilities P and Q on (R, B)
(B denotes the usual Borel o-field) satisfy P < Q, when

[ rar< [ rao

for any f in that class, such that the integrals exist. That set of mappings is said to be a
generator of the order (see Miiller (1997) for integral stochastic orders).
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If < is a stochastic order on the probabilities on (R, B), and X and ¥ are two random
variables, X <Y will mean Py < Fy.

The following integral stochastic orders will appear in the manuscript.

Let X and Y be random variables, then

i) X is said to be smaller than Y in the usual stochastic ordering (X < Y)if E(f(X)) <
E(f(Y)) for all increasing mappings f : R — R such that the above expectations exist,
equivalently, Fy > Fy,

i) X is said to be smaller than Y in the increasing concave order (X =<, Y) if
E(f(X)) <E(f(Y)) for all increasing concave mappings f : R — R such that the above
expectations exist.

The notation X ~ Y will mean that X and Y have the same distribution.

Given P a probability on (R, B) and T : R — R a measurable mapping, Po T ! will
denote the probability given by PoT~!(B) = P(T~!(B)) for any B € B.

If A C R, 14 will stand for the indicator mapping of the set A.

3. The call ratio backspread stochastic orders

In this section, we introduce the new family of stochastic orders which arises from the
aim to compare call ratio backspread derivatives, providing characterization results of
those orders.

From now on, f,, ,, x Will stand for the mapping fp, », « : R = R, with f,, ,, ¢(x) =
2(x—p2)+ — (x—p1)+ +k for any x € R, with p1, p2,k € R, and p; < p,. This mapping
represents the unit benefit of a call ratio backspread at the expiration date with k equal
to k1 — 2k».

Given p> € R, we will denote by F72 the class of mappings J72 = {f,, ,,« | 1,k €
R, p1 < p2}, that is, the family of mappings which represent the unit benefits of call
ratio backspread derivatives where the unit exercise price of the call option purchases is
a given value pj.

Next, the model to compare call ratio backspread derivatives is introduced.

Definition 3.1. Let X and Y be two random variables. It will be said that X is less than'Y

in the call ratio backspread stochastic order for the unit exercise price of the call option
purchases py, if E(f(X)) < E(f(Y)) for any f € FP? such that the above expectations
exist. This relation will be denoted by X <"* Y

—crb "

Consider two call ratio backsprad derivatives with common exercise prices and ex-
piration dates. Assume now that their premiums are equal to some value k. Let X and
Y stand for the random variables unit prices of the assets of those derivatives at the ex-
piration date. The unit expected benefits of both financial derivatives are E(fp, ,, x(X))
and E(f, p,x(Y)), respectively. The relation X <”2 ¥ means that the expected benefit
of the call ratio backspread derivative associated with Y is greater (not lower) than that
of X, whatever unit exercise price p; of the call option sales and whatever premiums k.
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Thus, if X jffb Y is held and the real premium of the second derivative (that of Y) is
lower than the premium of the first derivative, an option of arbitrage is being offered in
financial markets.

Observe that the model does not assume specific probabilistic distributions of the
prices of the underlying assets, such as Brownian movements.

Next, we state different characterization results of the call ratio backspread stochastic
orders.

Given ps € R, let F2? = {fp, pr.po—p1 | P1 €R, p1 < p2}. Notice that F§* C F72. In
fact, F7” is given by the mappings of the class 72 whose values at the point p, are equal
to 0. Both Sth and FP2 are generators of the stochastic order jfrzb. Observe that any
mapping in F72 is a translation of a map in F7”.

The following result says that the analysis of the family of call ratio backspread
stochastic orders can be performed for the unit exercise price p, = 0.

Proposition 3.2. Let X and Y be random variables. It holds that X jffb Y if and only if
X—p2 =0, Y—ps.

Proof. Suppose that X <2 Y. Let f € F° such that E(f(X — p»)) and E(f(Y — p2))
exist. Let 7 : R — R with 7'(x) = x — p>. We have that

/R F()dPy_p, = /]R Fx)dPgoT ' = /R F(T(x))dPy = /R Flx—pa)dPx.

Since f € F0, f = fpi0k for some p; € R with p; <0 and k € R. It can be seen that
foT = fy 1 ps.pr ks Which belongs to F72. Thus,

/R Flx— pa)dPy < /]R Flx—pa)dPy = /]R Fx)dPy_p,,

which leads to X — p» jgrb Y — p». The converse can be proved in a similar way. [ |

All the results will be developed for the call ratio backspread stochastic order jgrb,
which we will refer to it as the call ratio backspread order. The counterpart for any unit
exercise price p, can be immediately derived by Proposition 3.2.

Observe that the translations of the random variables in Proposition 3.2 can lead to
variables and prices assuming negative values, even in the case that the original variables

were positive.

Proposition 3.3. Let X and Y be random variables with finite means. Then X j(c)rb Y if
and only if

—tFx(t) + E(|X|I10)(X)) < —tFy (t) + E(|Y [y ) (Y)) for any t <O.
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Proof. Assume that X < Y. Lett < 0. Consider the mapping ft.0,—+, which belongs to

—crb

9’8 . The condition X j?rb Y implies that

/ fro(x)dPy < / fros(x)dPy.
R R

Now notice that

/ft,O,—z(x) dPx = —tPx((—oo,t]) + —xdPx + xdPx
R (1,0] (0,+0)

— _tFe(t) + /( . P = —F0) 4 E(X ) ()
[7 oo

which proves one implication.

Conversely, if
—tFx (1) + E(IX |l o) (X)) < —1Fy (1) + E(|Y I ) (Y))

for any r < 0, then E(f; 0 —+(X)) < E(fi0—(Y)) for any ¢ < 0. Notice that the class of
mappings {fi.0— |t <0} is FY, thus, X <0, ¥ [ |

—crb *

The following result provides a characterization of jgrb in terms of integrated sur-
vival functions. It will be key to prove the existence of infimum and supremum in the
order.

Proposition 3.4. Let X and Y be random variables with finite means. We have that
X jgrb Y if and only if

—mx (1) +27x (0) < —my (¢) + 27y (0) forany t <O0.

Proof. Notice that X <, ¥ holds if and only if E(f(X)) < E(f(Y)) for any f € 7,
that is, if and only if E(fp, 0—p, (X)) < E(fp,0,—p, (Y)) for any p; <O0.

Observe that E(f,, 0.—p, (X)) =E(2X+ — (X —p1)+ —p1), and so, X <%, Y is equiv-
alent to 2EX, —E(X — p1)+ <2EY. —E(Y — p;)+ for any p; <0, that is, 27y (0) —
mx (1) < 27y (0) — 7y (¢) for any 7 < 0. [ |

Some consequences of the preceding results are developed below.

Proposition 3.5. Let X and Y be random variables with finite means. If X jg ., Y and
Y <0 X, thenX_ ~y Y_.

Proof. By Proposition 3.4, X jgrb Y andY jgrb X are equivalent to — 7y (1) + 271y (0) =
—my (t) 4+ 2my (0) for any ¢ < 0.
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By the Second Fundamental Theorem of Calculus, Fy = Fy almost everywhere in
(—o0,0). Since distribution functions are right continuous, Fx (t) = Fy(t) for any t < 0,
that is, Fx (—t) = Fy(—t) for any ¢ > 0.

Therefore, (1 — Fx(—1))(0,1w)(t) = (1 = Fy(—1))I(g 40 (t) for any ¢ > 0, hence (1 —
Fx (=17 ))(0,400) (t) = (1 = Fx (=17 ))1(0 +<) () for any t > 0. This is the same as Fx_(t) =
Fy_(t) for any ¢ > 0, thus, X_ ~g Y_. [ |

Corollary 3.6. The relation jgrb is a partial order on the set of a.s. negative random

variables with finite means, where equality is in distribution.

Proof. The reflexive property is obvious. Transitivity follows from Proposition 3.4. The

anti-symmetric property is a consequence of Proposition 3.5. |

The order jgrb is not a partial order on the set of random variables with finite mean,
but a pre-order. Consider the random variables X and Y with P(X =0) =P(X =2)=1/2
and P(Y =1) = 1. Itholds that X <°, Y andY <° X, butX ~ Y is false.

—crb

4. Lattice structures

Throughout this section, we will prove that there exist an infinum and a supremum of
any two random variables with finite means with respect to any call ratio backspread
stochastic order. This permits to construct lattice structures on special partially ordered
sets.

We prove the following result on integrated survival functions to analyze the case of
the infimum.

Proposition 4.1. Let X and Y be random variables with finite means. Let h: R — R
with

h(t) = max {my (t) — 2mx (0), 7y (¢t) — 27y (0) } +2min {mx (0), 7y (0)}

for any t € R. The mapping h is an integrated survival function of a random variable

with finite mean.

Proof. Notice that the mapping # is well-defined since X and Y have finite means.

In accordance with Theorem 1.5.10 in Miiller and Stoyan (2002), the mapping % is
an integrated survival function of a random variable with finite mean if and only if : i) &
is decreasing, ii) h is convex, iii) lim;_, 1 h(t) = 0, and iv) lim,, _ h(t) +1 € R.

In relation to i), since 7y and 7y are integrated survival functions, both are decreas-

ing, and so is A.
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Regarding the second condition, we should prove that for any #;,#, € R and any
A €10,1], it holds that h(At; + (1 — A)tp) < Ah(t;) + (1 — A)h(z2).

Notice that mx and 7y are convex since they are integrated survival functions. Thus,
7[)((/111 + (1 — /1)[2) — 277:)((0)

< Amx(n) + (1 - M)y (1) — 2(Amy (0) + (1 — A) 7y (0))
= A(mx (1) —27x (0)) + (1 — A1) (7x (12) — 27x (0)),

and the same inequality is satisfied with Y. Therefore,

max {7y (At; + (1 — A)t2) — 275 (0), 7ty (Ag + (1 — A)2) — 277 (0)}

< max{l(nx(tl) — 27'5)((0)) + (1 — A)(ﬂx(lz) — Zﬂx(O)),
A(my (1) =27y (0)) + (1 — A) (my (12) — 2717 (0)) }
< lmax{n’x(t]) — 2775)((0),7'6)/([1) — 27'L'y<0)}

—|—(1 — A) max {TEX (l‘z) — 27’[?)((0), iry(l‘z) — 27'Cy(0)},
which leads to the convexity of A.

With respect to iii), lim,_, ;. 7x (1) = 0 and lim,_, 1 7y () = O since my and 7y are
integrated survival functions of random variables with finite means, therefore,

Tim_ () = max {27y (0), ~27y (0)} + 2min {x (0), 7y (0)} = 0

In relation to iv), X and Y have finite means, hence lim,, . 7x () +¢ = EX and
limy_, o 7y (t) +¢ = EY. Thus,

,EIPWh(I) +1
= lim_max {7y (r) — 27 (0), 7y (1) — 277 (0)} + 2min {1y (0), 7y (0)} + 1
= tim max {my (r) + 1 — 275 (0), 7y (r) + 1 — 27y (0) } + 2min {7y (0), 2y (0)}
= max {EX — 27y (0), EY — 2y (0)} + 2min {7 (0), 77 (0)} € R.

Therefore, 4 is an integrated survival function of a random variable with finite mean

[ |
If W is a random variable such that my = A, in accordance with Theorem 1.5.10 in
Miiller and Stoyan (2002), it holds that EW = lim,_,_ A(t) +¢. Thus, EW = max{EX —
2mx (0),EY —2my (0) } + 2min {nx (0), 7y (0)}.
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Proposition 4.2. Let X and Y be random variables with finite means. Let h: R — R,
with

h(t) = max {mx (t) —27x (0), 7y (t) — 27y (0) } + 2 min {7y (0), 7y (0)}

foranyt € R. Let W be a random variable such that my = h. Then, W is an infimum of
X andY in the stochastic order j(c)rb‘

Proof. Proposition 4.1 guarantees the existence of a random variable W with finite mean

in the conditions of the statement. Now, notice that
h(0) = max {—7x (0), =7y (0) } +2min {7 (0), 7y (0) } = min {7 (0), 7y (0) }.
Therefore, we have that
—h(t) +2h(0) = —max {7y (1) — 275 (0), 7y (r) — 27 (0) }
—2min {7y (0), 7y (0)} +2min{my (0), 7y (0) }
= —max {7y (1) — 27x (0), my (1) — 27y (0)}

= min {—7x () + 27 (0), — 7y () + 27¢ (0) }.

Thus,
—h(t) +2h(0) < —7x (1) + 27 (0) and — h(r) +2h(0) < —7y (1) + 27y (0)

for any t < 0. By Proposition 3.4, W <° X andW <°, ¥

—crb —crb *
Let Z be a random variable with finite mean such that Z <%, X and Z <%, Y. In

accordance with Proposition 3.4,
—ﬁz(l) + 271'2(0) < —ﬂx(l) + 271'}((0) and — Ez(l) +27lfz(0) < —ﬂy(l) + 27'L'y(0)

for all t < 0. Thus, —7z() 4+ 27z(0) < —h(t) 4+ 2h(0) for all # < 0, equivalently, Z <°
W, which proves the result. |

Proposition 4.3. Let X and Y be random variables with finite means. Let Z be an
infimum of X and Y in the order jgrb. Then,

l) EZ+ = min{EX+,EY+},

ii) EZ=max{EX —2EX, EY —2EY,}+2min{EX, EY,}.
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Proof. Let W be the infimum of X and Y in jgrb given in Proposition 4.2. Since Z and W
, Zand Z <0 W, thatis, —7z(¢) +272(0) = — 7w (t) + 27w (0)

are infima, then W jgr or
for any r < 0.
The Monotone Convergence Theorem implies that 7z(0) = 7y (0), which is equal to
min{EX,EY. }, and so, we derive i).
On the other hand, we have obtained that mz(r) = mmy () for any ¢ < 0, and so,
EZ= lim mz(t)+t= lim my(t)+1¢
t——oo r—

=max{EX —2EX,EY —2EY, }+2min{EX, ,EY,},

which concludes the proof. |

Proposition 4.4. Let X and Y be random variables with finite means such that X <0 a.s.

Then, the infimum of X and Y with respect to the order j?rb is unique in distribution.

Proof. Let us suppose that W; and W, are two infima of X and Y. Since W; j(c)rb X, we
have that E(f(W;)) < E(f(X)) for any f € ) and any i € {1,2}.

Take the sequence {f_1 0.1 I C 3"8, which is decreasing and whose pointwise con-
vergence is the mapping g(nx) = x4 for any x € R.

The Monotone Convergence Theorem implies that EW; < EX, = 0. Therefore,
W;, =0a.s. andso W; < 0a.s. forany i € {1,2}.

Since W; and W, are infima of X and Y, we obtain that W; -<grb Wy and Wy <0, W;.

— —crb

Corollary 3.6 leads to Wy ~g W;. |

Next we analyze the case of the supremum of two random variables in the call ratio
backspread stochastic order.

Let I be an interval of R with non-empty interior. Let f : / — R be a mapping. We
will denote by vex(f) the mapping vex(f) : I — R, with

vex(f)(t) =sup{g(t) | g is convex and g(x) < f(x) forall x € I'}

for any ¢ € I. This mapping is usually known as the convex hull operator, or the greatest
convex minorant.

Proposition 4.5. Let X and Y be random variables with finite means. Then, there exists
a random variable W with finite mean which is a supremum of X and Y in the stochastic

order jgrb.
Proof. Let us consider the mapping / : (—e0,0] — R, with

l(t) = mln{TCX(t) —2EX+7 EY(I) —ZEY+}+2maX{EX+,EY+}
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for any ¢ < 0. It holds that
[(0) =min{—EX,, —EY; } +2max{EX;,EY,.} = max{EX, ,EY,} > 0.

Define h : (—o0,0] — R, with & = vex(l).

Observe that & is decreasing. Notice that my and 7y are decreasing since they are
integrated survival functions, therefore / is decreasing and so is 4.

Trivially 4 is convex.

Let us see that lim,_, ., h(r) +¢ € R. Notice that the mapping r — h(r) +¢ is convex,
which guarantees the existence of that limit.

We have that for any r < 0 it holds that a(t) +¢ < I(t) +¢. Now

lim [(t) 4+t = tli)l}lwmin{ mx (t) —2EX;, my(t) —2EY, }

1500
+2max{EX;,EY, } +1t
:tgr_rlmmin{nx(t)+t—2EX+, my(t)+t—2EY, }+2max{EX  EY,}
=min{ EX —2EX,EY —2EY, } +2max{EX;,EY,} € R

since X and Y have finite means.

Let [ : R — R given by [(r) = min{ 7y (), 7ty (¢) } for all € R. Define the mapping
h=vex(l).

Clearly [(r) < I(t) when t € (—eo,0]. As a consequence h(r) < h(r) for any ¢ €
(~e0,0]. i

In accordance with Miiller and Scarsini (2006), the function 4 is the integrated sur-

vival function of a random variable with finite expectation. Thus, lim,_, . h(¢) +¢ € R.

Since 1imy_,_oh(f) +1 < limy_,_wh(t) +t < limy_,_o,[(t) +1, we conclude that
lim,,_oh(t)+1 € R.

Consider now any mapping 7 : R — R with ﬁ(t) = h(t) for any 7 < 0 such that n
is continuous, convex, decreasing and with limH+wﬁ(t) = 0. Thus, & is an integrated
survival function of a random variable with finite mean.

The existence of at least one of such mappings can be guaranteed as follows.

Notice that /(0) = max {EX,EY,}. Since the constant mapping max {EX,,EY, }
is convex, and [(¢) > [(0) for any 7 < 0, it holds that 2(0) =(0) = max {EX, ,EY. } > 0.

If 2(0) = O the extension is trivial by taking Z(t) =0forallz > 0.

Let ~(0) > 0. Since h is convex, there exists 4’ (0), the left derivative of 4 at the
point O (see, for instance, Roberts and Varberg (1973)). Moreover, #’_(0) < 0 due to the
decreasing of h.
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If i (0) < 0, consider the mapping g : R — R with g(z) = h(0) +h"_(0)z for all 7 > 0.
This mapping is continuous, convex, strictly decreasing, cuts the x-axis, is tangent to &
at the point 0 and g(0) = h(0).

Thus, it is sufficient to take

h(t) ift <0,
hr)=14 &) ifte(0,—5 3,
h(0)

0 ift> -G

Let us see that 4’ (0) = 0 is not possible.

The condition A2(0) > 0 implies that mx(0) > 0 or 7y (0) > 0. Let us suppose that
7x (0) > 7y (0) and so 0 < 7y (0).

Firstly, consider the case 0 < 7y (0) < 7mx(0).

Since 7y (0) > 0, 7y is convex and lim,_, 1. Tx (f) = 0, we obtain that 7y is strictly
decreasing (when different from 0) and so 7} _(0) < O (left derivative of 7y at the point

0). Moreover,

I(r) = min { 7y (¢), 7y (t) + 2(EX, — EY.) }

for any ¢t <0.
Let 7 < 0 such that 7, _(7) < 0. Such a point exists since 7y is an integrated survival
function. Take o < O satisfying that

i)y (0) < e,

i) mx (0) + ot < 7y (0) +2(7x (0) — 7y (0)), and

iii) o, (1) < a.
Such a value o exists since 7x (0) < 7y (0) +2(7x (0) — 7y (0)).

Define g : (—o0,0] — R with g(¢) = mx (0) + o for any z < 0.

Let us see that g(r) <I(r) for any < 0.

By condition i), g(r) < mx(0) 4+ 7§ _(0)r < mx(¢) for any 7 < 0.

On the other hand, if t € [f,0), condition ii) leads to g(t) < my(0) + 2(7mx(0) —
7y (0)) < 7y (1) + 2(mx (0) — 7y (0)) for any ¢ < 0.

Moreover, if t € (—oo,1), conditions ii) and iii) imply that
g(t) = mx(0) +ar +a(t — 1) < 7y (0) +2(7mx (0) — 7wy (0) + 0x(t — 1)

<y (1) +2(7x (0) — 7y (0) + 7wy (1) (1 —7) < 7y (1) +2(7x (0) — 7y (0)).
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Therefore, g(t)
is convex, g(7)

min{ 7wy (¢), @y (t) + 2(7x (0) — 7y (0)) } = I(¢) for any # < 0. Since g
h(t) for any r < 0. Recall that g(0) = h(0). Thus,

0>a= lig L > i HED i 0

<
<

Therefore, 4’ (0) < 0.

The case 0 < 7y (0) = 7y (0) is immediate since / = min {7y, 7y }. In this case 7 =
vex(l), where [ is defined on the whole real line, satisfies the required conditions.

As a consequence, we have that the mapping T is an integrated survival function of
a random variable with finite mean.

Let W be a random variable whose integrated survival function fulfills my = h.

Let us see that W is a supremum of X and Y in the order <?, .

Lett <0, then

mow (1) — 27w (0)
<min{7my(t) —2EXy, ty(t) —2EY, } + 2max {EX ,EY. } — 2wy (0)
< mx(t) —2EX = mx (1) — 27 (0).
Applying Proposition 3.4, we deduce that X j?_rb W. In the same way we obtain that

Yy <0 w

—crb .

Let Z be a random variable with X <% ZandY <% Z. Foranyt <0

Zcrb Zcrb
7z (t) —2mz(0) < mx(¢t) —2mx (0) and 7mz(t) —2mz(0) < 7y (¢) — 27y (0).
Thus, for any ¢ < 0
7tz (t) —2mz(0) + 2max {EX ,EY, } <I(1).

Notice that 7z(r) — 27m2(0) +2max { EX;,EY, } is convex since 7z is convex, which
implies that for any r < 0

77(1) — 277(0) + 2max {EX, . EY, } < h(t),

which is the same as 7 (¢) — 277(0) < h(r) — 2h(0) for any 7 < 0, equivalently 7, () —
277(0) < mw (t) — 27w (0) for any r < 0, thatis, W < Z. This concludes the proof of

the existence of a supremum in the stochastic order j(c)rb. |

Proposition 4.6. Let X and Y be random variables with finite means. Let Z be a supre-
mum of X and Y in the order <°, . Then, we have that EZ,, = max{EX, ,EY. }.
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Proof. Let W be a random variable which is the supremum of X and Y given in Propo-
sition 4.5. Thus, my (0) = h(0) = max {EX, ,EY, }.

Let Z be another supremum of X and Y in the stochastic order jgrb. Thus, we have
that Z <% W and W <°  Z. By Proposition 3.4 we obtain that —7z(t) + 272(0) =
—mw (t) + 27w (0) for any r < 0. The Monotone Convergence Theorem implies that
7w (0) = 7m£(0), and so we obtain the result. [

Proposition 4.7. Let X and Y be random variables with finite means such that X <0
andY < 0a.s. Then, the supremum of X and Y with respect to the order jgrb is unique

in distribution.

Proof. Let W and Z be two suprema of X and Y in the order jgrb , thus W jgrb Z and
z=0 W

—crb .

Since X <0and Y <0a.s., it holds that EX; = EY, = 0. Applying Proposition 4.6,
we obtain that my (0) = 0 and mz(0) = 0. That is, EW, =0=EZ,, and so W <0 and
Z<O0a.s.

Applying Corollary 3.6 we conclude that Z ~; W. |

Under the assumption of no arbitrage opportunities, the supremum of two variables
corresponds to the price of an asset of the call ratio backspread derivative with greater
expected benefit (not lower) than those of the variables and with the smallest possible
premium. In a similar way, the infimum is a distribution of the price of an asset of
the best call ratio backspread which is cheaper (not more expensive) than those of the
variables.

The existence of a supremum and an infimum is useful in optimization problems with
stochastic dominance constraints (see, for instance, Dentcheva, Lai and Ruszczynski
(2004), Dentcheva and Martinez (2012), Dentcheva and Wolthagen (2016), Singh and
Selvamuthu (2017), Consigli, Dentcheva and Maggioni (2021) and the references therein
for stochastic dominance constraints and Miiller and Scarsini (2006) for lattice of stochas-
tic orders). In the problem

maximize h(X)

subjectto X jgrb W, i=1,....m,

Xel
where € is a set of random variables, & : € — R is a real valued functional, and W;,
with i =1,...,m, are random variables, the stochastic constraint is equivalent to X jgrb
inf{W;, i=1,...,m}, where the infimum is in the stochastic order jgrb. Thus, there is

only one stochastic constraint instead of m. In a similar way, if the stochastic constraints
are subject to W; j(c)rb X, i=1,...,m,thisis equivalent to sup{W;, i=1,...,m} j?rb X,
the supremum being in the order jgrb .
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The order -<Orb isnota part1al order but a pre-order and lattice structures are defined
on partially ordered sets. Let ~ Cr , be the equivalence relation given by jgrb in the usual
way. The following result follows from Proposition 4.2 and Proposition 4.5.

Proposition 4.8. Let M! be the set of random variables with ﬁnite mean and M/ N

be the set of equivalence classes in M with respect to ~° ;. Let 2 = be the relatlon on

crb*

M/ A0 given by [X] =< Srb[ Y] when X <0, Y. The set of equivalence classes M'/ ~°

endowed with —< orb 18 a lattice.

An equivalence class is made up of random variables of unit prices of assets on
the expiration date of call ratio backspread derivatives whose expected benefits are the
same. If X € [Y], X + p» ~2 Y + py, for any ps € R, that is, E(fy, p, k(X + p2)) =
E(fp,,p k(Y +p2)) whatever p; < p; and k € R. An equivalence class can be interpreted
as those assets of call ratio backspread derivatives whose premiums should be equal if
there were not options of arbitrage. If elements of an equivalence class can be bought
with different premiums, opportunity of arbitrage are being offered in financial markets.

5. An application of the method

This section illustrates the method developed for the analysis of call ratio backspread
derivatives. We will compare call ratio backspread derivatives whose assets are the week-
ly returns of Boeing and Procter & Gamble (P&G), companies in the Dow Jones Indus-
trial Average Index.

Let x; stand for the weekly close price of a market value at week 7. Notice that -
is the price at the end of week ¢ of a monetary unit invested in such a value at the end of
week t — 1. The weekly return is defined as = xH — 1, that is, the interest rate during the
corresponding week.

We will consider the share prices of Boeing and P&G during the period 2019-23.
The data of the prices are public and were taken from https://es.finance.yahoo.com/

In Figure 1, we have depicted the daily evolution of such prices during the above
period. Figure 2 shows the evolution of the weekly returns.

Let X be the random variable weekly return of P&G and let Y stand for the variable
associated with the weekly returns of Boeing.

To show empirical evidence of an ordering between the corresponding call ratio
backspread derivatives, we will make use of Proposition 3.4, which reads that X j?rb Y
if and only if —my () +27x (0) < —7y (t) 4 27y (0) for any ¢ < 0.

We have depicted the empirical version of the above quantities, that is, —7x (¢) +
27x (0) and — 7y () 4 27y (0), where 7 (1) = [T Fx (x) dx and Fx stands for the empir-
ical distribution function of the sample associated with the variable X.

Figure 3 contains that representation. The values of ¢ in the graphic cover all the
values of the two samples.
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Figure 1. Evolution of share prices of Boeing and P&G during the years 2019-23. Solid line for
P&G, dashed line for Boeing. Dates in horizontal axis, prices in vertical axis.

Weekly Return

Figure 2. Evolution of the weekly returns of Boeing and P&G during the years 2019-23. Solid

line for P&G, dashed line for Boeing. Dates in horizontal axis, values of the weekly returns in
vertical axis.

Such a representation shows reasonable evidence that X is less that Y in the call ratio
backspread stochastic order.

To draw a conclusion on such a relation, we state the following result.

Proposition 5.1. Let X and Y be random variables with finite means. If EX, < EY, and
X_ <iwY_, then X <0 Y.

—crb

Proof. The condition X_ <., Y_ is equivalent to

/_;Fx(x)dxz /_;Fy(x)dx
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for any 7 € R (see Theorem 4.A.2 in Shaked and Shanthikumar (2007)). Notice that a.e.
Fx (x) = Fx(—x) when x > 0, and Fy_(x) = 0if x < 0. Thus, whent < 0,

t
/ Fx_(x)dx=0,

and if ¢+ > 0, we conclude that

I
\
[«
5
<
—~
o
=

[ Acwar= [ e @ax= [ Fx(-vas

Therefore, for any r > 0,

0 0
Fx(x)dx> | Fy(x)dx,

—t —t
equivalently,

—/IOFX(x)dx < —/IOFy(x)dx

for any 7 < 0. On the other hand, EX; < EY, is mx(0) < 7wy (0), hence,

0 0__
_/[ FX(x)dx—l—TEX(O)S—/t Fy(x)dx+ my(0)

for any ¢ < 0, which is the same as —7mx (1) + 27y (0) < —7;y (t) + 27y (0) for all t < 0,
that is, X jgrb Y. |

Notice that the above result permits to use statistical inference techniques to test
conditions which lead to the call ratio backspread stochastic order.

0,1

0 2
05 04 03 0,2 0,1, 0 0,1 0,2 03 04 05
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m{t) + 2n(0)

03
04
-0,5

0,6
t

Figure 3. Representation of the empirical version of the mappings t — —n(t) + 2n(0) with
t € (—0.5,0.5), solid line for P&G, dashed line for Boeing. Values of t in horizontal axis, values
of the mappings in vertical axis.
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Some tests have been proposed to infer on the increasing convex order (equiva-
lently, the increasing concave order), see for instance, Zardasht (2015), Berrendero and
Cércamo (2011), Scaillet and Topaloglou (2010) or Baringhaus and Griibel (2009). For
our purpose, we took the CX10 test proposed by Berrendero and Cércamo (2011) since
it is quite intuitive, although other tests could be considered.

To apply the corresponding tests, we have divided at random the weekly returns of
the period 2019-23 into two disjoint groups, one for Boeing and one for P&G, avoiding
paired samples.

The classical run test was applied to all the involved samples (those of X, Y, , X
and Y_). The corresponding p-values were greater than the usual level of significance
0.05. Thus, samples can be considered random, assumption needed for the application
of the CX10 test and for the test on the comparison of the expectations of the positive
parts of the variables. Moreover, the normality assumption was rejected for all the above
variables.

Regarding the test with hypothesis

Hy: X_ =<0 Y- versus Hj: Hyis false,

the p-value of the corresponding samples was higher than 0.99. As a consequence, the
null hypothesis is not rejected.
In relation to the test

Hy: EX, <EY, versus H;:EX, >EY,,

the p-value of the corresponding samples was 0.9956.
Making use of Proposition 5.1, we conclude that X jgrb Y.

Observe that by Proposition 3.2, the relation X jgrb Y is equivalent to X + p» jfrzb

Y + p> for any p; € R. Thus, if p, = 1, we obtain that

i <1 i

X1~ Y
where X; and Y; stand for the weekly close prices of P&G and Boeing at week ¢, respec-
tively.

That is, the expected benefit of a call ratio backspread derivative with asset the unit
weekly revaluation of Boeing is greater (not lower) than the corresponding derivative
with the asset unit weekly revaluation of P&G, whatever p; < 1. That shows that if for
some p; < 1, the premium of the derivative associated with Boeing is lower than the
premium of P&G, an arbitrage opportunity exists for those derivatives. Moreover, in

case of equality of premiums, and investor should choose the Boeing derivative instead
of the P&G option.

6. Final comments and conclusions

The present manuscript shows how the theory of stochastic orders can be used for reach-
ing decisions on the allocations of funds in call ratio backspread derivatives. The math-
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ematical model proposed in this article permits to compare investments in the above
financial derivatives by means of a new family of stochastic orders. That allows to de-
tect possible options of arbitrage.

This procedure entails some advantages with respect to other methods. The pro-
posed technique does not require specific analytical equations or formulas of the prices
of the assets, or particular probability distributions of those prices, like Brownian move-
ments, or geometric Brownian movements. Moreover, an advantage of the new method
is that when the order is satisfied, the expected benefits are ordered whatever price p;.
Thus, an investor does not need to attain some particular values of p; to be able to com-
pare investments and find opportunities. Notice that when the order is satisfied and the
premiums do not follow the same arrangement for a particular value of pi, there exist
arbitrage opportunities. On the other hand, we have proved the existence of supremum
and infimum of two variables in the new orders, that brings advantages in optimization
problems with stochastic constraints.
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