Universidad de Oviedo
DOCTORAL THESIS

2-D STRANGE ATTRACTORS

IN UNFOLDINGS OF TANGENCIES OF 3-D DIFFEOMORPHISMS

Author:
Alejandro MARQUES LOBEIRAS

Director:
José Angel RODRIGUEZ MENDEZ

PhD Programme in Mathematics and Statistics






TESIS DOCTORAL
PROGRAMA OFICIAL DE DOCTORADO EN MATEMATICAS Y ESTADISTICA
UNIVERSIDAD DE OVIEDO

Titulo: Atractores extranos bidimensionales en desplieques de tangencias de
difeomorfismos en dimension tres

Autor: Alejandro Marqués Lobeiras

Director: José¢ Angel Rodriguez Méndez

Ano: 2024






FOR-MAT-VOA-010 (Rea.2018)

RESUMEN DEL CONTENIDO DE TESIS DOCTORAL

1.- Titulo de la Tesis

Espafiol: Atractores extrafios bidimensionales | Inglés: 2-D Strange Attractors in Unfoldings of
en despliegues de tangencias de Tangencies of 3-D Diffeomorphisms
difeomorfismos en dimension tres

2.- Autor

Nombre: Alejandro Margués Lobeiras |

Programa de Doctorado: Matematicas y Estadistica

Organo responsable: Centro Internacional de Posgrado

RESUMEN (en espafiol)

El principal objetivo de esta tesis es el estudio de la persistencia de atractores extrafios
bidimensionales en despliegues genéricos de tangencias homoclinicas de difeomorfismos
tridimensionales. Para ello, analizamos la dindmica de la familia cuadratica bidimensional que
se obtiene como la familia limite de las aplicaciones de retorno definidas en un entorno de una
tangencia homoclinica generalizada desplegada genéricamente por familias biparamétricas de
difeomorfismos tridimensionales que tienen un punto de silla disipativo con indice de
estabilidad igual a uno. El principal interés de la dinamica de esta familia radica en la supuesta
existencia de atractores extrafios bidimensionales, tal y como fue observado numéricamente
por Pumarifio y Tatjer en 2007. Puesto que esta observacidon solo es posible si dichos
atractores sobreviven para un conjunto de parametros con medida de Lebesgue positiva, al
menos se puede proclamar numéricamente que son persistentes.

Desde un punto de vista analitico, la prueba la persistencia de atractores extrafios
bidimensionales para la familia cuadratica bidimensional es de momento una tarea muy dificil.
Al igual que en el caso unidimensional, la fuerte contraccion que la 6rbita experimenta cerca de
la recta critica implica una adecuada exclusiéon de parametros de forma que el resto tenga
medida de Lebesgue positiva. Como una aproximacion al problema dentro del marco de las
aplicaciones lineales a trozos, en esta memoria iniciamos el estudio de la dinamica de una
familia biparamétrica de Expanding Baker Maps que generaliza la familia uniparamétrica de
tiendas bidimensionales introducida por Pumarifio, Rodriguez, Tatjer y Vigil en 2014 y cuya
dinamica es una buena aproximacién de la dinamica de la familia cuadratica bidimensional a lo
largo de una cierta curva de parametros.

La dinamica de cada una de estas Expanding Baker Maps consiste en un pliegue, una rotacion
alrededor del origen y una expansion. Se prueba que posee un poligono compacto
estrictamente invariante que contiene un atractor extrafio bidimensional para parametros de
expansividad suficientemente pequefios. Estos atractores reproducen los mismos tipos
topolégicos que los observados numéricamente para la familia cuadratica bidimensional:
atractores extrafios convexos; atractores extrafios conexos, pero no simplemente conexos; y
atractores extrafios no conexos, formados por mdltiples piezas conexas. La ruptura de los
atractores para dar lugar a atractores no conexos con un nimero creciente de piezas se prueba
mediante un proceso de renormalizacién que permite también comprender como el nimero de
atractores se puede duplicar (incluso indefinidamente) en algunos casos.

Muchas de las ideas que se desarrollan en el estudio de la familia biparamétrica de Expanding
Baker Maps son de gran ayuda para entender dinamica de la familia cuadratica bidimensional y
permiten, por ejemplo, construir recintos compactos invariantes donde tratar de probar
analiticamente la persistencia de los posibles atractores extrafios bidimensionales. Sin
embargo, a pesar de las analogias entre los atractores extrafios bidimensionales de ambas
familias, la familia cuadratica bidimensional presenta dinamicas propias que no se observan
para el caso de las Expanding Baker Maps. Entre estas diferencias cabe destacar la presencia
de singularidades no hiperbdlicas y las subsecuentes bifurcaciones locales en el caso de la
familia cuadratica bidimensional. Asi, ademds de atractores extrafios bidimensionales, esta




familia presenta también érbitas periédicas atrayentes, curvas cerradas invariantes atrayentes y
atractores extrafios unidimensionales. En esta memoria se explica cdmo estos ultimos surgen
al colisionar con los tres puntos de una Orbita periédica de tipo silla las curvas cerradas que
emergen de otra Orbita periddica de periodo tres mediante una bifurcacion de Hopf-Neimark-
Sacker. Este hecho permite comprender fendmenos de competencia entre atractores que no
habian sido sefialados numéricamente antes.

RESUMEN (en Inglés)

The main objective of this thesis is the study of the persistence of 2-D strange attractors
in generic unfoldings of homoclinic tangencies of 3-D diffeomorphisms. To that end, we
analize the dynamics of the 2-D quadratic family obtained as the limit family of the return
maps defined in a neighborhood of a generalized homoclinic tangency generically
unfolded by two-parameter families of 3-D diffeomorphisms having a dissipative saddle
fixed point with stability index equal to one. The main interest in the dynamics of this
family lies in the presumed existence of 2-D strange attractors, as numerically observed
by Pumarifio and Tatjer in 2007. Since this observation is only possible if such attractors
survive for parameter regions with positive Lebesgue measure, at least it can be
numerically claimed that they are persistent.

From an analytical point of view, the proof of the persistence of 2-D strange attractors for
the 2-D quadratic family is currently a very difficult task. As in the 1-D case, the strong
contraction that the orbit undergoes near the critical line requires a suitable exclusion of
parameters in such a way that the remaining has positive Lebesgue measure. As an
approach to this problem in the piecewise linear setting, in this memoir we begin the
study of a two-parameter family of Expanding Baker Maps that generalize the one-
parameter family of 2-D tent maps introduced by Pumarifio, Rodriguez, Tatjer and Vigil in
2014 whose dynamics is a good approximation of the dynamics of the 2-D quadratic
family along a certain parameter curve.

The dynamics of each one of these Expanding Baker Maps consists of a fold, a rotation
around the origin, and an expansion. We prove that they display a strictly invariant
compact and convex polygon that contains a 2-D strange attractor for sufficiently small
expansion rates. These strange attractors reproduce the same topological types as those
numerically observed for the 2-D quadratic family: convex strange attractors; non-simply
connected strange attractors; and disconnected strange attractors formed by multiples
pieces. The splitting of these attractors giving rise to other ones formed by an increasing
number of pieces is proved by a renormalization process that also permits to understand
the (even infinite) doubling of attractors in some cases.

Many of the ideas carried out in the study of the two-parameter family of 2-D tent maps
are of great help to understand the dynamics of the 2-D quadratic family and permit, for
instance, to construct invariant compact sets where to prove the persistence of 2-D
strange attractors. However, despite the similarities between the strange attractors of
both families, the 2-D quadratic family exhibits proper dynamics not observed for the
Expanding Baker Maps. Among these differences, it is worth mentioning the presence of
nonhyperbolic singularities and the subsequent local bifurcations in the case of the
former. Thus, besides 2-D strange attractors, the 2-D quadratic family displays attracting
periodic orbits, attracting invariant closed curves, and 1-D strange attractors. We explain
how these last ones emerge by the collision between the three points of a saddle
periodic orbit and the closed curves coming from the other 3-periodic orbit by a Hopf—
Neimark—Sacker bifurcation. This fact permits to understand competitions of attractors
that had not been numerically checked before.
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Introduccion

En palabras del mateméatico René Thom: Toute science est avant tout ’étude d’une phé-
nomenologie'. En tltimo término, la ciencia tiene como objetivo la prediccién o el control
del comportamiento de los procesos que nos rodean. Los modelos matematicos para el es-
tudio de la evolucién de los procesos son los sistemas dindmicos: iteracion de aplicaciones
o difeomorfismos, flujos asociados a campos de vectores o ecuaciones definidas en espacios
de funciones (ecuaciones en derivadas parciales, por ejemplo). Durante la lectura de esta
memoria seréd suficiente restringirse a sistemas de baja dimension: campos, aplicaciones o
difeomorfismos definidos en dimensién menor o igual que cuatro. Incluso en este contexto,
los resultados obtenidos durante el dltimo siglo han producido una revolucién copernicana
en el campo de los sistemas dinamicos.

Antecedentes historicos

Para empezar, consideremos, sin mayor complicacién, un escenario sencillo en dimensién
dos: una familia de difeomorfismos f,, suficientemente regulares definidos sobre una su-
perficie M, todos ellos con un punto fijo hiperbélico P, de tipo silla con valores pro-
pios [A§| <1 < |Mi|. En cada punto P, se intersecan las dos variedades invariantes

W3 (P,) ={Q € M: f(Q) — P, cuando n — oo}
WH(P,) ={Q e M: f,"(Q) — P, cuando n — oo}

denominadas la variedad estable e inestable de P,, respectivamente. Estas variedades son
tangentes en P, a los espacios propios generados por My AL, respectivamente.

A finales del siglo X1X, al tratar de estudiar la estabilidad del sistema solar, Poincaré [51]
advirtié6 que las variedades invariantes de un punto de silla se pueden intersecar en un
punto Q, # P,. Ademas, alert6 de que la existencia de dicho punto, denominado punto
homoclinico, fuerza la existencia de una infinidad de otros puntos homoclinicos, obligando
asi a las variedades a describir una complicada maralla. Un punto homoclinico @, se dird
transversal si las variedades invariantes de P, se intersecan transversalmente en @), es
decir,

TQ W3 (Py) ® T W (P,) = Tg,M

En caso contrario, el punto homoclinico @), se dird tangencial.

Tuvieron que pasar treinta anos para que Birkhoff [7] probara que en un entorno U de
un punto homoclinico transversal existe una infinidad de 6rbitas periddicas de periodos
arbitrariamente grandes. Otros treinta anos mas tarde, Smale [65] probo la existencia en U
de un recinto invariante hiperboélico no trivial para una de las aplicaciones mas célebres en
sistemas dindmicos: la herradura de Smale.

La aplicacién herradura h supuso un hito en el estudio de los sistemas dinamicos. Se
construye expansiva en una direcciéon y contractiva en la otra, de modo que su recinto

L Paraboles et catastrophes : entretiens sur les mathématiques, la science et la philosophie (1983)



compacto invariante {2 es el producto cartesiano de dos conjuntos de Cantor, sobre los
cuales se introducen coordenadas definidas por una sucesién de dos simbolos. Cada punto
de  se corresponde con una bisucesiéon

(...ain...a]izail’aoalaQ...an...)

La imagen de una bisucesion bajo el shift de Bernouilli o es el resultado de correr la coma
un lugar a la derecha. Es bien conocido que la restriccion de h a §2 es topoldgicamen-
te conjugada a o. Es inmediato concluir para o, y por lo tanto para f por conjugacion,
la existencia de puntos peridédicos de cualquier periodo. Méas atn: se prueba también la
existencia de una orbita densa que es expansiva en la direccion de expansién de h. Por
consiguiente, sobre §2, las desviaciones de las condiciones iniciales en la direcciéon de expan-
sidén serdn incrementadas exponencialmente. Esta sensibilidad respecto a las condiciones
inciales fue correctamente entendida como un rasgo de indeterminacion o impredecibilidad.
Por otra parte, los puntos homoclinicos transversales y las aplicaciones herradura asocia-
das son robustos, en el sentido de que contintan existiendo para familias de difeomorfismos
Cl-proximas a f,.

Origen y significado del concepto de atractor extrano

La robustez de los puntos homoclinicos y, consecuentemente, de las aplicaciones herradu-
ra asociadas, asi como la impredecibilidad que estas comportan, hicieron que en mucha
literatura de los anos setenta y posteriores se entendiera como comportamiento cadtico la
presencia de herraduras. Sin embargo, una objecciéon se debe poner a esta interpretacién
debido a que la dindmica interna de €2 no es observable: carece de un conjunto significativo
(abierto o con medida positiva) de condiciones iniciales

We(Q) ={P e M : dist(h"(P), M) — 0 cuando n — oo}

denominado el conjunto estable o recinto de atraccion de €2, cuyas iteraciones converjan
a Q. Esta deficiencia fue resuelta por Smale [65, 66] al construir un difeomorfismo del toro
solido T2 = S! x D? sobre si mismo, llamado el solenoide.

Definiciéon (Atractores). Un atractor de una aplicacion T' definida en una variedad di-
ferenciable M es un conjunto compacto T-invariante que es transitivo y cuyo conjunto
estable

W3 (A) = {P e M : dist(T"(P), A) = 0 cuando n — oo}

tiene interior no vacio.

El solenoide tiene un recinto compacto invariante hiperbodlico €2 cuya estructura local
es homeomorfa al producto cartesiano de un conjunto de Cantor por un intervalo. Su
estructura hiperbélica es también robusta y, en la direccién del intervalo, el solenoide es
expansivo. Por consiguiente, presenta sensibilidad con respecto a las condiciones iniciales.
Puesto que el conjunto estable de € es todo T2, la impredecibilidad de la dinamica es
ahora observable. Recintos compactos invariantes como el del solenoide fueron denominados
atractores extranos y su presencia fue propuesta como paradigma de los comportamientos
cadticos.

El término atractor extrano fue acunado por Ruelle y Takens [63] para referirse a
aquellos atractores que, como el del solenoide, no eran ni puntos ni toros: ni tan siquiera
tenian estructura de variedad diferenciable. Eran localmente el producto de una variedad
por conjunto de Cantor y su dindmica interna era expansiva en alguna direccion: tienen
algin exponente de Liapunov positivo.
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Definiciéon (Atractores extrafios). Un atractor de T' es extrano si contiene una orbita
densa {T"(FPy) : n € N} que presenta algtin exponente de Liapunov positivo: existe un
vector unitario v y una constante ¢ > 0 tal que, para todo n € N,

DT (Ro)vl| = ™

La definicion anterior garantiza la existencia de una direccién expansiva, pero no es-
pecifica cuantas hay. Aunque algunos autores definan los atractores extranos multidimen-
stonales como aquellos que poseen multiples direcciones expansivas, nosotros adoptaremos
una versiéon mas débil.

Definiciéon (Atractores extranos multidimensionales). Un atractor extrano tiene dimen-
ston m si contiene una orbita densa con n exponentes de Liapunov cuya suma es positiva.

La presencia de atractores extranos robustos, como aquellos con estructura hiperbdlica,
fue considerada [63] como una mejor propuesta para explicar la naturaleza de la turbulencia
que aquella dada con anterioridad mediante un crecimiento del ntimero de frecuencias
inconmesurables en un movimiento cuasiperiodico [37].

Definicién (Atractores persistentes). Sea f,: M — M una familia de aplicaciones. Su-
pongase que f,, tiene un atractor Ay para algn po. El atractor Ag es persistente si, para
todo 6 > 0, la aplicacion f,, tiene un atractor para todo valor de p perteneciente a un
conjunto E C B(ug,d) con medida de Lebesgue positiva. El atractor Ag es completamente
persistente si E = B(uo,d) para algan 6 > 0.

Parafraseando a Ruelle y Takens |63, p. 171|: An attractor of the type just described can
therefore not be thrown away as non-generic pathology. El camino para generar en flujos
este tipo de atractores hiperbodlicos tipo solenoide fue propuesto como una concatenaciéon
de bifurcaciones de Hopf |30, Th. 3.4.2] en dimensién mayor o igual que cuatro.

Abundancia de atractores: persistencia de atractores no hiperbdlicos

Un escenario méas simple que el propuesto por Ruelle y Takens [63] para la génesis de
atractores extranos fue dado anteriormente por Lorenz [39] al analizar numéricamente el
campo cuadratico

x’:—a:n+ay
Yy =Bxr—y—xz
Z/

=72+ 2y

con (a, B,7) = (10,28, —8/3). Este sistema surge de un truncamiento de la ecuacion de
Navier-Stokes. Sorprendentemente, bajo pequenas perturbaciones, aparentemente consi-
guié un atractor completamente persistente, pero no estable: los atractores cercanos no
son, en general, topologicamente equivalentes. En un escenario atin méas simple, Hénon [31]
encontro un atractor extrafno posiblemente persistente, pero ciertamente no completamente
persistente, para la familia de Hénon

Ha,b(x7y) = (]‘ - agj2 + v, be)

con a =1.4y b= 0.3. Por consiguiente, ninguno de los dos atractores es robusto y, por lo
tanto, no son hiperbolicos. Pero jexisten realmente atractores extrafios no hiperbolicos?
La primera prueba analitica de la existencia de tales atractores fue dada por Benedicks
y Carleson [5] para H,; para valores positivos y suficientemente pequenos de b y valores
de a en un conjunto con medida de Lebesgue positiva contenido en un intervalo (2 — 4, 2]
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para § > 0 suficientemente pequenio. Para el desarrollo de esta prueba fueron necesarios
resultados previos de dindmica unidimensional.
Para valores positivos de b, la aplicacion H,; puede escribirse facilmente como

Hap(z,y) = (1 — az® + Vby, Vor)

Asi, para todo b > 0 suficientemente pequeno, la familia de Hénon es una pequena pertur-
bacién de
®u(z,y) = (1 — az?,0)

Por lo tanto, la dindmica de ®,, y consecuentemente la dinamica de H,j en el caso limi-
te b = 0, se reduce al estudio de la dindmica de la familia cuadratica

T.(z) =1—az®

La aplicaciéon Ty es un ejemplo paradigméatico de aplicaciéon unimodal con derivada de Sch-
warz negativa. Estas aplicaciones unimodales fueron bien estudiadas. Véase, por ejemplo,
De Melo y Van Strien [15].

Tras varios cambios adecuados de variables y parametros, la familia cuadratica se trans-
forma en

falz) = ax(2 — x)

El intervalo [0,2] es f,-invariante cuando 0 < a < 2. Esta familia fue muy estudiada, no
solo por servir como un modelo del crecimiento de una poblacién, sino también porque
genera una riqueza dindmica que se sigue de un proceso de renormalizacion descubierto
independientemente por Feigenbaum [19, 20] y por Coullet y Tresser [12]. Este proceso
de renormalizacién consiste, esencialmente, en la existencia de una sucesién a,, de valores
del pardmetro a y de una sucesion I,, de intervalos tales que la restriccion del iterado fgn
al intervalo I,, coincide, salvo un reescalado, con la restriccion de f,, , al intervalo I,,_;.
Como una consecuencia de este hecho se sigue el bien conocido fenémeno de duplicacion de
periodo y, en cierta medida, la estructura fractal que se observa en la Figura 01 [15], donde
se representa numéricamente la estructura del atractor de f, para los distintos valores de a.

Existen ventanas de valores de a para los que el atractor es una orbita periddica de
pequeno periodo. Sin embargo, para otros parametros, el atractor luce como una 6rbita
periddica de periodo muy largo o tal vez como un conjunto no finito: un posible atractor
extrano. Tal atractor extrano existe ciertamente cuando a = 2. Mas ain: se prueba que fo
es conjugada a la correspondiente aplicacion para a = 2 de la familia de aplicaciones tienda

ar ifo<z<1
a(2—z) if1<z<2

El intervalo I = [0,2] también es Az-invariante cuando 0 < a < 2. Mas exactamente, el
intervalo Iz = [a(2 — a), a] es estrictamente Ag-invariante con 1 < @ < 2. De hecho, el
intervalo I es un atractor extrano cuando @ > v/2, pues la o6rbita del punto critico z = 1
es densa y expansiva en [3.

Para @ = v/2, comienza un proceso de renormalizacién para la familia {Aa}y ca<y3

Para la sucesion a, = 21/2" existe un intervalo I,, tal que la restriccion del iterado )\%n al
intervalo I, coincide, salvo un reescalado, con la restriccion de Ag,,_, al intervalo I,,_;. Este
proceso de renormalizacion permite concluir que el atractor extrano I; para v2 < a < 2 se
va rompiendo en un atractor extrano de 2" componentes a medida que a cruza los valores
an = 21/2". Mas atn, el proceso de renormalizacion visto para la familia fa aporta una
sucesion a, para los cuales f,, es conjugada a Ag, para todo n. Por consiguiente, para esa
sucesion de valores a,, la aplicacion f,, presenta un atractor extrano con 2™ componentes
conexas.
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La familia Az presenta atractores extranios para 1 < a < 2, que son, por lo tanto,
persistentes. Sin embargo, la existencia de atractores extrafios para la sucesiéon de valores
del pardmetros a, para la familia f, no permite afirmar que sean persistentes. La prueba
de la persistencia fue dada por primera vez por Benedicks y Carleson [5] trabajando con la
familia cuadrética para valores de @ muy préximos a 2. Mas exactamente, para todo é > 0
suficientemente pequeno existe un conjunto E C (2— 4, 2] con medida de Lebesgue positiva
tal que, para todo a € F, la aplicaciéon T, tiene un atractor extrano. Teniendo en mente
el proceso de renormalizacion, esta persistencia se extiende a valores del pardametro a
suficientemente proximos a la sucesion a,.

A diferencia del caso de las aplicaciones tienda Az, la prueba de la persistencia de
los atractores extranos para la familia T, presenta serias dificultades para conseguir la
expansividad de la érbita del punto critico x = 1. Cerca de este punto no hiperbdlico, la
derivada es casi nula y, por consiguiente, cada vez que la érbita retorne cerca de z = 1 puede
perder toda la expansividad acumulada. Se hace entonces necesaria una adecuada exclusiéon
de aquellos parametros para los cuales la contraccion cerca de x = 1 elimine la expansividad
previamente acumulada. Esta exclusiéon permite conservar un conjunto de pardmetros a
con medida de Lebesgue positiva para los cuales la 6rbita tiene exponente de Liapunov
positivo y, ademas, es densa en todo el intervalo [1 — a,1]. Esto permite concluir, para
cada a € E, la existencia de una medida invariante absolutamente continua p, con entropia
positiva [15, Ch. V], tal y como habia sido probado por Jakobson [34] con anterioridad a
Benedicks y Carleson [5]. Frente a la impredecibilidad de la dindmica interna del atractor,
esta medida informa de la distribucién de las 6rbitas. Tiene soporte contenido en el atractor
y es estadisticamente estable: su funcién de densidad depende con continuidad en L' con
respecto al parametro a.

La prueba de la persistencia de los atractores dada por Benedicks y Carleson [5] resulto
ser fundamental para la prueba de la persistencia de atractores extranos [6] para la familia
de Hénon. Como ya se dijo, la dindmica de Ty, es una situaciéon limite de la dinamica de H,
para valores positivos y suficientemente pequenos de b. La familia de Hénon tiene un punto
fijo P de tipo silla cuya variedad inestable se pliega una y otra vez sobre si misma y
permanece arbitrariamente proxima al intervalo [1 —a, 1] sobre el eje z. Es natural suponer
entonces que la dinamica de Hgj, sobre W"(P) semeje la dinamica de T, sobre [1—a, 1]. En
efecto, se prueba que la clausura de W"(P) es el atractor extrano de H,y para todo b > 0
suficientemente pequenio y todo valor de a en un conjunto E C (2 — §,2]. Para ello, se
hace necesaria de nuevo una exclusién de parametros que controle la expansividad cerca de
cada uno de los infinitos pliegues de W"(P). A pesar de que esta exclusion de parametros
es mas complicada y exhaustiva que la exclusién realizada para la familia cuadratica, se
consigue probar que el nuevo conjunto E continta teniendo medida de Lebesgue positiva.
Nos referiremos al paralelismo entre la dindmica de la familia H,; y su familia limite 7,
diciendo que Hgp, es un buen desplieque de T,.

La familia de Hénon es una familia de difeomorfismos que presenta atractores extranos
no hiperbélicos persistentes, pero jcuél es su presencia en el conjunto de los modelos
dindmicos? En otras palabras: jexiste un mecanismo genérico que conduzca a la existencia
de atractores extranos no hiperbodlicos persistentes? En esta direcciéon apuntaba Jacob Palis
cuando conjetur6 que familias uniparamétricas genéricas de difeomorfismos definidos sobre
una superficie que despliegan para cada valor del parametro una tangencia homoclinica
presentan atractores extranos con probabilidad positiva. Por tangencia homoclinica debe
ser entendido un punto homoclinico no transversal entre las variedades invariantes de un
punto periédico del difeomorfismo en cuestion. Esta conjetura fue probada por Mora y

Viana [44].

Teorema ([44, Th. Al). Sea (f,), una familia uniparamétrica suficientemente regular de
difeomorfismos sobre una superficie. Supongase que fo presenta una tangencia homoclinica
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asociada a cierto punto periddico. Entonces, bajo condiciones genéricas (incluso abiertas
y densas), existe un conjunto E de valores de p cerca de p = 0 con medida de Lebesgue
positiva tal que, para todo p € E, el difeomorfismo f, presenta un atractor (o repulsor®)
extrano cerca de la drbita de la tangencia.

La prueba de este resultado comienza considerando las aplicaciones de retorno de la
familia (f,), en un entorno V de la tangencia homoclinica Qo de fy. Sea 1 < r < oo fijo.
Bajo suposiciones genéricas (incluyendo la disipatividad de fp en Pp), se pueden encontrar
renormalizaciones de f, que estdn arbitrariamente C" proximas a la familia ®,. Esto
significa que existen dominios (pequenos) U™ sobre la superficie que convergen al punto Qg
de la orbita de tangencia, intervalos (pequenos) I"™ que convergen a p = 0 en el espacio
de parametros y C" coordenadas n-dependientes en I™ x U™ con la siguiente propiedad: la
expresion de f™[rnyyn en dichas coordenadas converge a la familia @, en la topologia C”
cuando n — co. Véanse los detalles en Palis y Takens [48]. Esta convergencia verifica una
serie de estimaciones dadas en el Teorema 2.1 [44] que son necesarias para poder aplicar las
técnicas de Benedicks y Carleson [6] en la prueba de la existencia de atractores extranos
para la familia f™[rn«yn. Por este motivo, los autores se refieren a f™[nyyn, expresada
en las nuevas coordenadas renormalizadas, como una familia tipo Hénon. En realidad, tal
como ocurre con la familia de Hénon, la familia f™[n«yn» define un buen despliegue de su
familia limite ®,, o, simplemente, de la familia cuadratica.

Los atractores probados por Mora y Viana [44] son infinitesimales en el sentido de que
los dominios de renormalizacién han de estar arbitrariamente cerca del punto detangencia
homoclinica. Otras renormalizaciones sin esta restriccion fueron hechas para la seccién
transversal de una orbita de Shil'nikov en una familia de campos tridimensionales [52].
Después de esta renormalizacion, se obtiene una familia de difeomorfismos

Trap(®,y) = (fra + 3 log(1+ Voy), VB(L + Vby)e sinz)
cuya familia limite es la familia unimodal
Fra(z) = $loga+z + 3 logcosz

donde X queda fijada al fijar el espectro del campo. Para la familia f) , se prueba la existen-
cia de atractores extrafios persistentes [52]. Luego, después de probar que la familia T} 4
es un buen despliegue de la familia f) ,, se aplican las ideas de Benedicks y Carleson [6] y
de Mora y Viana [44] para concluir la existencia de atractores extranos persistentes de f) 4.
Estos atractores no son infinitesimales y definen por suspension atractores extrafios per-
sistentes para la familia de campos tridimensionales. Se muestra adicionalmente que las
ideas de Benedicks y Carleson [6] se pueden extender a cualquier buen despliegue de una
aplicaci6on unimodal diferente de la familia cuadratica.

En busca de atractores extranos bidimensionales: la familia cuadratica
bidimensional

Todos los atractores anteriormente mencionados tienen dimensién uno. Aparecen genéri-
camente al desplegar tangencias homoclinicas que involucran la variedad inestable unidi-
mensional de un punto de silla disipativo. La prueba de su existencia esta principalmente
basada en procesos de renormalizacion definidos en un entorno de un punto de tangen-
cia que son buenos despliegues de familias limite unidimensionales. Para estas familias se
prueba previamente la persistencia de recintos compactos e invariantes que contienen una
orbita densa con un exponente de Liapunov positivo.

2Un repulsor es un atractor de f;l cuando f,, no es disipativo en P
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El camino hacia la prueba de la persistencia de atractores extranos bidimensionales no
sed probablemente muy diferente al seguido en el caso unidimensional, pero el incremento en
la dimensién supondra mayores dificultades y el problema estd completamente abierto. La
familia de difeomorfismos debe estar definida en una variedad de dimensién mayor o igual
que tres. Solo asi para algin valor del parametro el correspondiente difeomorfismo puede
presentar una tangencia homoclinica que involucre un variedad inestable de dimension dos.

Sea f un difeomorfismo definido en una variedad diferenciable M de dimension tres
con un punto de silla P. Supéngase que D f(P) tiene valores propios reales Ag, Acy, Ay tales
que

As| <1< [Acul < A

En este caso, los siguientes hecho son bien conocidos:

1. La variedad inestable fuerte W™ (P) de P yace sobre la variedad inestable de P y
es tangente al espacio propio asociado a Ay en P. Esta variedad es tnica, tiene la
misma regularidad que f y tiene dimensién uno.

2. La variedad inestable de P esta cubierta por las hojas de una foliacion inestable
fuerte F*(P). Toda hoja £"* de F"(P) es transversal al espacio propio asociado
a ey, y W' (P) es una de sus hojas.

3. La variedad centro-estable W (P) de P es una variedad invariante que contiene a la
variedad estable de P y toca el subespacio invariante de TpM asociado a Ag ¥y Acu
en P. Esta variedad es en general de clase C' y no es tinica.

Supoéngase ademés que existen una coordenadas linealizantes (z,y, z) de clase C! para f
en un entorno U de P tales que P = (0,0,0) y

f(xv Y, Z) = ()\Clh AuY, )\SZ)

para todo (z,y,z) € U. En U, las variedades inestable y estable locales de P estan dadas,
respectivamente, por

Wioe(P) = {(,y,0) : |z], ly| < &}

Wioe(P) = {(0,0,2) : [2] < 4}

para 0 > 0 suficientemente pequenio. Més aun, existe la foliacién inestable fuerte local en
la variedad inestable local tal que, para cualquier X = (Z,y,0) € W _(P), la hoja ¢£"*(x)
que contiene a X viene dada por (""(x) = {(z,y,0) : |y| < d0}.

Supoéngase que las variedades invariantes de P tienen una tangencia homoclinica cua-
dratica. Introducimos la definiciéon de un tipo nuevo de bifurcacién homoclinica de co-
dimensién dos, que puede ser vista como una colisién entre una tangencia homoclinica
cuadratica y una transversalidad homoclinica generalizada.

Definicién (Tangencia homoclinica generalizada). Se dice que el difeomorfismo f tiene
una tangencia homoclinica generalizada (de tipo I del Caso B) en un punto

Qe W3(P)NnWY(P)
si se cumplen las siguientes condiciones:
(T1) El punto fijo P es disipativo.

(T9) Las variedades invariantes de P tienen una tangencia cuadrética en (). Mas ain, el
punto () no pertenece a la variedad inestable fuerte de P.
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T3) La variedad estable de P es tangente a la hoja de F"" que contiene a ().
( g ] q

(T4) La variedad centro-estable de P es transversal a la superficie definida por la variedad
inestable de P en Q.

Observacion. Para la tangencia cuadratica Q € M, consideramos la imagen Q = f™(Q)
para ng € N grande. Sea U(Q) el plano que contiene a Q y tal que TQU(@) estd gene-
rado, en coordenadas locales de P, por (8/8:5)@, (8/82)6 € TgM. Notese que, por la

coordenadas linealizantes elegidas, el plano U(Q) en Ta./\/l se corresponde con el fibrado
centro-estable en Q. Asi, la condicion (T4) se puede enunciar como sigue:

(T4) El plano U(Q) y la variedad inestable de P son transversales en Q.

Bajo estas hipotesis, Tatjer probo [67, Prop. 4.5] que existe una familia biparamétrica
de aplicaciones limite de retorno asociadas a la tangencia homoclinica generalizada, que
vienen dadas por

- ey

fap(@9,2) = (Z,a+ by + 27, 9)
Como era de esperar, tal y como ocurre en el despliegue de tangencias bidimensionales, estas
aplicaciones limite de retorno no son lineales. Antes de tratar de probar la existencia de
atractores extrafios para la familia f; ;, nétese que, para cualquier par de parametros (a, b),

todo punto en R3 cae tras una sola iteracion de f5 3 en la superficie

Por lo tanto, la superficie C; ; es f, ;-invariante y es suficiente con estudiar la dindmica de la

aplicacién fal} en CNa ;- Esto es, es suficiente con estudiar la dindmica de los endomorfismos
bidimensionales
-1 _ 7 U S~ Tz, =2
(9710 Fop 0 02p)(E.2) = (2. + b2 + 32)
siendo g ;(7,2) = (Z,a + bz 4+ 22, Z) una parametrizacion de Ci~1 ;- Al aplicar el cambio de
coordenadas
x=Z—-0bx, y=2

la anterior familia de endomorfismos se transforma en la familia cuadrdtica bidimensional:
Top(x,y) = (a+y° x +by)

donde hemos escrito a, b en lugar de a,b para evitar notacién excesiva.

Del mismo modo que el estudio de la familia cuadréatica fue fundamental para la prueba
de la persistencia de atractores extranos unidimensionales, el estudio de la familia cuadrati-
ca bidimensional deberia ser un primer paso hacia la prueba de la persistencia de atractores
extrafios bidimensionales.

Persistencia de atractores extranos bidimensionales en una familia uni-
paramétrica de aplicaciones tienda bidimensionales

Con vistas a probar analiticamente la existencia de atractores extranos bidimensionales
para la familia cuadréatica bidimensional, Pumarino y Tatjer [60] empezaron buscando
valores de los pardmetros para los que existen dominios invariantes.

Las situaciones mas simples surgen para b = 0. En ese caso, el cuadrado

R, = [a,a + a*] x [a,a + d?]
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es estrictamente Ty, g-invariante para todo a € [—2,—1]. Méas atn, el cuadrado R, es un
atractor extranio bidimensional [60, Prop. 3| para valores de a en un conjunto de medida
de Lebesgue positiva contenido en [—2, ag] para un cierto ag > —2.

Aparte del caso b = 0, se construyeron triangulos curvilineos invariantes para valores
de los parametros a lo largo de la curva

G={(—15(s* — 25" +25 = 2), =" +5) : 0 < s < 2}

El punto (—4, —2) pertenece a G para s = 2. Para (a,b) = (—4, —2), el respectivo triangulo
curvilineo es invariante en el sentido estricto y la aplicacion 74 _o es conjugada a la
aplicacion afin a trozos no invertible

’ 2-—z+4+y,2—x—y) if(z,y) €T

definida en el tridngulo 7 = Ty U 77, donde
To={0<2<1,0<y<z} T1i={1<2<2 0<y<2-z}

Como fue senalado [60, §2.3], la aplicaciéon A presenta las mismas buenas propiedades que
la aplicacién tienda A2. En particular, las preimégenes consecutivas del segmento criti-
co {(z,y) € T : x = 1} definen una sucesion de particiones (cuyo didmetro tiende a cero)
de T que llevo a los autores a conjugar A a un shift de Bernouilli de dos simbolos. Ademas,
para todo punto inicial (xo,y0) € T cuya orbita nunca visita la recta critica, el expo-
nente de Liapunov de A a lo largo de la orbita de (xg,yo) es positivo (de hecho, es igual
a 2711og2) en toda direccién no nula. Finalmente, se puede construir con facilidad una
medida invariante absolutamente continua y ergédica. Por conjugacion, todos estos hechos
se verifican para T_4 _o. Estas fueron las principales razones por las que la aplicacion A se
llamoé la aplicacion tienda bidimensional.

Como un primer acercamiento al estudio general de la dinamica de 753 a lo largo de
la curva G, se introdujo [55] la familia de aplicaciones afines a trozos de T dada por

A (.ZL‘ y) _ (t(x+y)7t($_y)> lf (.T},y) 676
e (t2—z+y),t2—z—y) if (z,y) €T

El tridngulo T es As-invariante cuando 0 < ¢ < 1. Noétese que Ay = A. Puesto que el
pardmetro ¢ da esencialmente la expansividad, jugando el mismo papel que el pardmetro a
para la familia Az, la familia A; puede considerarse como una extensién natural de las
aplicaciones tienda cléasicas. Por eso, la familia {A¢}o<¢<1 se llamo la familia de aplicaciones
tienda bidimenstonales.

La dindmica de la familia A; es muy simple para 0 < t < v/2/2. Si t < 1/2/2, entonces
el origen es el tunico punto fijo y es un atractor global de tipo nodo [55, Lem. 5.1|. Para t =
V/2/2, la aplicacion A /22 Preserva el area y tiene un segmento de puntos fijos en 7y, siendo
el resto de puntos de 7y puntos perioédicos de periodo dos.

Sin embargo, para v/2/2 < t < 1, la dindmica de A; es verdaderamente rica. El origen
es un nodo repulsor y aparece con otro punto fijo en 71, que es un foco repulsor. Ademas,
los exponentes de Liapunov de cualquier punto que no pertenezca a ninguna preimagen
del segmento critico es igual a log v/2t en toda direccion no nula, y todas las orbitas perio-
dicas sin puntos criticos son repelentes. Més aun, la familia A; presenta en este intervalo
los mismos tipos topologicos de atractores extranos numéricos que la familia cuadrética
bidimensional a lo largo de la curva G para 0 < s < 2. A saber: atractores extranos con-
vexos (para V/4/2 < t < 1); atractores extrafios conexos, pero no simplemente conexos
(para v/8/2 <t < V/4/2); y atractores extrafios no conexos, formados por miltiples piezas
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conexas (parafor v/2/2 < t < v/8/2). Esto fue lo que verdaderamente motivé el estudio de
la dindmica de la familia A;.

Una primera prueba analitica de la existencia de un atractor extrano convexo para A;
fue dado [56, Th. 1.1] para 7 < t < 1, donde

Y2(14/2)7 ~ 0.882

T

Mas auan, al igual que para A, se prob6é que el atractor soporta una tunica medida de
probabilidad invariante y absolutamente continua para tales t, que ademas es ergdodica.
Por otro lado, la existencia de atractores extranos persistentes de varias piezas se probo a
lo largo de varios trabajos [57, 58, 59|. Dicha prueba es una consecuencia de un proceso
de renormalizaciéon que permite entender como conjuntos compactos invariantes conexos
formados por una tinica pieza puede romperse dando lugar a otros formados por un niimero
creciente de piezas. Entonces, por el Teorema 1.2 [59], se sigue que estos nuevos conjuntos
compactos invariantes no conexos contienen atractores extranos formados por el mismo
numero de piezas. Mas ain, se probo la coexistencia de ntimeros arbitrariamente grandes
de atractores extranos |58, Th. B].

Para 7 < t < 1, es natural preguntarse si p; depende continuamente de la dinamica
de A4, es decir, si A; es estadisticamente estable. En este caso, significa la continuidad de
las densidades de p; con respecto a t en la norma L.

Alves, Pumarino y Vigil dieron condiciones suficientes para la estabilidad estadistica de
aplicaciones expansivas a trozos con distorsion acotada y ramas largas [3, Th. A] y, como
corolario |3, Th. B], probaron la estabilidad estadistica de la familia A;. En realidad, se
prueba que la familia de cierta iterada de A; es estadisticamente estable. Después, Alves y
Pumarino probaron la continuidad de la entropia de ciertas aplicaciones multidimensiona-
les expansivas a trozos que admiten medidas de probabilidad invariantes, absolutamente
continuas y ergodicas |2, Th. F|, y de nuevo dedujeron la continuidad de la entropia para
la familia A; como corolario |2, Th. GJ.

Contribuciones de esta memoria

Como ya hemos avanzado, el objetivo tltimo del proyecto de investigaciéon en el que par-
ticipa esta tesis doctoral es el estudio de la dindmica de la familia cuadratica bidimen-
sional T, ;. Esta familia se obtiene como la familia limite de las aplicaciones de retorno
definidas en un entorno de una de las tangencias homoclinicas genéricas desplegadas por
familias biparamétricas de difeomorfismos tridimensionales [67, Th. 1]. El principal interés
de la dindmica de esta familia radica en la supuesta existencia de atractores extrafios bidi-
mensionales que fueron detectados numéricamente [60, 61|. Ademéas de la prueba analitica
de la persistencia de tales atractores, su génesis también deberia ser entendida, asi como
la de sus atractores extranos unidimensionales numéricos [60].

Para la explicaciéon de la existencia de atractores extrafios unidimensionales, volvere-
mos sobre los antecedentes comentados en esta introduccién y, concretamente, sobre el
resultado de Mora y Viana [44, Th. A] que prueba la persistencia de atractores extranos
unidimensionales en despliegues genéricos de una tangencia homoclinica de difeomorfismos
definidos sobre una superficie. La génesis de tales atractores también se explica a través
de un analisis de las 6rbitas periddicas. En cuanto a la existencia de atractores extranos
bidimensionales, primero tenemos que encontrar recintos compactos e invariantes donde
poder probar la existencia de una 6rbita densa y expansiva. Como una primera aproxi-
macion a este problema, sustituimos la familia cuadratica bidimensional por una familia
biparamétrica general de Expanding Baker Map.

Esta memoria se organiza como sigue. En el Capitulo 1 incluimos més detalle sobre el
teorema principal de Tatjer [67, Th. 1] y el paso al limite de las aplicaciones de retorno
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para obtener la familia 7}, ;. Los resultados originales de este trabajo se encuentran en los
Capitulos 2 y 3.

El Capitulo 2 se dedica al estudio de la familia biparamétrica I'y g9 de Ezpanding Baker
Map, siendo a > 1y 0 < § < w un parametro de expansiéon y un angulo de rotacion,
respectivamente. La familia A; es un caso particular para § = 37/4, y los correspondientes
resultados [56, 57, 58, 59| son de gran ayuda en el caso general, especialmente si /7 es un
numero racional. Como en ese caso, podemos construir recintos compactos estrictamente
invariantes y probar que contienen atractores extrafios bidimensionales adaptando unos
pocos argumentos [59]. Se puede también iniciar un proceso de renormalizacion [57, 58|
para esta familia general, explicando la ruptura e incluso la duplicacion de atractores. Los
resultados estan recogidos en dos publicaciones recientes [42, 43].

El Capitulo 3 se dedica al analisis de la dindmica de la familia 7}, ;. Empezamos con un
estudio de las bifurcaciones locales, para lo que sacaremos provecho del analisis numérico
por Pumarino y Tatjer [61], centrandonos en los puntos fijos y en las orbitas periddicas
de periodos dos y tres. Como fue originalmente probado para familias de campos vecto-
riales [33, 16, 22|, también se espera que toda la dinamica se pueda desplegar a partir de
algunas de sus singularidades no hiperbdlicas. Estas dinamicas seran orbitas periodicas
atrayentes, curvas cerradas invariantes y atractores extrafios unidimensionales. En parti-
cular, para b = —1 se encuentran dos familias de 6rbitas de periodo tres. Una de ellas es
de tipo silla disipativa para valores de a para los que en la otra ocurre una bifurcacién de
Hopf-Neimark-Sacker. El crecimiento de las curvas cerradas que surgen de esta bifurcacién
colisionan con la érbita peridédica de tipo silla generando una tangencia homoclinica. Este
fenémeno ocurre para valores de los parametros para los que también existe una orbita
periédica atrayente. De esta manera se explica en la memoria un proceso que no habfa sido
comprobado: la competencia de més de un atractor extrano.

Atractores extranos bidimensionales en una familia biparamétrica general
de Expanding Baker Map

La dindmica de la aplicacion tienda Az: [0,2] — [0,2] consiste en doblar primero el in-
tervalo [0,2] por la mitad y después estirar el intervalo [0,1] por un factor @ > 1 para
obtener el intervalo [0,a]. Similarmente, la aplicaciéon tienda bidimensional Ay: T — T
puede entenderse como la composicion de la aplicaciéon lineal definida por la matriz

t ot
w0 )

con el pliegue del tridngulo 7 a lo largo del segmento critico
C={(z,y) €T :x=1}

sobre Ty. Este pliegue puede definirse en todo R? por

Feoley) =¥ Hrsd
Y (2—z,y) ifz>1

Si t > /2/2, entonces A; es expansiva. Asi, la familia A; con v/2/2 < t < 1 es un ejemplo
de una clase de aplicaciones lineales a trozos, que llamaremos Fxpanding Baker Map, que
generalizan esta dindmica: plegar un cierto dominio (posiblemente varias veces) y después
expandir la regién doblada resultante. Véase la Secciéon 2.1 para mas detalles.

Recordemos que, para todo ¢t > v/2/2, la aplicacion A; tiene un foco repulsor P en Ty
con coordenadas

2(2t + 1) ot
(l't,yt) = D) ) 519
200 + 2t 4+ 1" 2t + 2t + 1
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Tras el cambio afin de coordenadas

55_33t7 Y:y—yt
1—CCt .%‘t—].

X =

la aplicacién A; se transforma en
Luo=AgpoFco
con a = /2t y 0 = 31 /4, donde

Ay — < acosf —asind )

' asin 6 acosf

En estas coordenadas, el punto fijo P; es el origen y X = 1 es de nuevo la recta critica.
Estudiaremos la familia general {I'; p}q0 con a > 1y 0 < § < m. Notese que la dindmica
de 'y y I'qx parecen unidimensionales, y I, ¢ es conjugada a I', _g para todo —m < 6 < 0.

Primero probaremos la existencia de recintos K compactos estrictamente invariantes
para Iy g y los divideremos en dos clases: de primera clase si Fe,o(K) C K, y de sequnda
clase en caso contrario. Los recintos estrictamente invariantes de primera clase seran un
ejemplo de una clase mayor de conjuntos: los autosemejantes.

Definicién (Recintos autosemejantes). Un recinto K C R? es A, g-autosemejante si
A oK) =K
siendo ICp = K N {x < 1}.

Asi, un primer paso hacia la prueba de la existencia de recintos compactos y estricta-
mente invariantes es probar la existencia de recintos autosemejantes.

Teorema 1 (Existencia de conjuntos autosemejantes). Sea 0 < 6 < 7. Para todo a > 1,
existe un poligono A, g-autosemejante Ky de N + 1 lados con

N =N(a,0) > 1+ [7/0]

que contiene todos los recintos A, g-autosemejantes. Mds ain, existe una sucesion no cre-
ciente a;j de valores de a con las siguientes propiedades:

(a) aj > 1 para todo j € N

(b) Para todo j € N se cumple que aji1 < a; con la igualdad verifcindose si y solo

sia; =1

(c) limj y0a; =1

(d) El conjunto {a;}; es finito si y solo si /7 € Q

(e) La sucesion Nj = N(aj,0) es creciente

(f) Para todo j € N y todo a; < a < aj_1 se cumple que N(a,8) = N;

Puesto que A,y multiplica el area de todo recinto por un factor de a’y Feo alo
sumo lo divide a la mitad, es claro que los recintos compactos y estrictamente invariantes
con interior no vacio solo pueden existir para a < /2. Esta condicién no es suficiente:
existen valores de a < v/2 para los que los poligonos autosemejantes del Teorema 1 no son
estrictamente invariantes. Como dos ejemplos extremos, para § = 27/3, estos poligonos
son unos tridngulos que no son estrictamente invariantes para ningin a > 1, mientras
que, para § = /2, son rectangulos estrictamente invariantes para todo 1 < a < V2. De
acuerdo con el siguiente resultado, excepto para 6 = 27/3, estos poligonos autosemejantes
son estrictamente invariantes para todo a suficientemente préximo a 1.
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Teorema 2 (Existencia de poligonos estrictamente invariantes). Para todo 6 € (0,7) \
{2m/3}, existe ag > 1 tal que el poligono A, g-autosemejante K es estrictamente T'y -
invariante para todo a € (1,ag]. Para § = 2r/3, existe ag > 1 tal que T 5(K2) es un
poligono estrictamente I g-invariante de sequnda clase para todo a € (1,ag] . Consecuen-
temente, para todo 0 < 6 < w y todo a € (1, ag],

Kao = U FZ,G(ICN>
n=1

es un poligono estrictamente I, g-invariante.

Para 6§ = 3m/4, se probo [59] que K49 contiene un atractor extrano bidimensional
que puede o bien coincidir con este (véase [56] para (1 4+ v/2)/2 < a < v/2), o bien ser
un atractor extrano bidimensional que se rompe en miiltiples piezas o incluso contener
un namero arbitrariamente grande de atractores extranios [57, 58]. El siguiente resultado
generaliza el Teorema 1.2 [59] y establece que el poligono K, contiene algtn atractor
extrafno bidimensional para todo 0 < 8 < 7.

Teorema 3. Sea 0 < 6 < 7. Para todo a € (1,ag], existe una familia finita A,y de
atractores extranos bidimensionales deI'q g con interior no vacio que verifican las siguientes
propiedades:

(I) Todo atractor de I'qg en Ky pertenece a Agg.

(II) Para cada A € Aqyg existe una medida de probabilidad pi invariante, absolutamente
continua y ergodica de I'q g soportada en A.

(I1I) Para cada A € A existe un nimero natural b y una descomposicion
A=XpUuXjU---UXq

de A de modo que I'q (X;) = Xji1modb para j =0,...,b—1. La medida j soportada
en A es mixing (de periodo b) y por lo tanto I'C , es topoldgicamente mixing en
todo X;.

(IV) Si A € Aqyp, entonces A atrapa casi todo punto de W*(A). Es decir: para casi todo
P € W*5(A) existe j € N con Fi,e(P) € A. Mds aun, el conjunto UAeAa,b W4(A)
recubre un conjunto de medida de Lebesgue total de KCqp.

(V) Si IC es un recinto compacto y I'y g-invariante con interior no vacio, entonces exis-
te A € Ayp tal que A C K. Mds ain, si K y K' son dos conjuntos compactos y
Iy g-invariantes con interiores no vacios y disjuntos, entonces existen A, A e Aug
tales que ACK y A’ C K.

El Teorema 3 se probara de la misma forma que el Teorema 1.2 [59]. No obstante,
tenemos que incluir ciertas consideraciones cruciales sobre la multiplicidad ponderada que
debe ser comprobada para todo 6. Asimismo, cabe mencionar que la prueba del Teorema 3
se basa principalmente en la existencia de un recinto invariante de I', g, que fue dado en
el Teorema 2, y de ahi la restriccién en el intervalo de parametros.

De ahora en adelante, consideraremos § = 2wp/q € (0,7) con p,q € Ny med(p,q) =
1. Los siguientes resultados muestran coémo para todo a suficientemente proximo a 1, el
poligono invariante /C, o (y, consecuentemente, el atractor que contiene) se rompe en otro
recinto invariante formado por ¢ piezas.

Teorema 4 (Existencia de dominios restrictivos). Sea 0 = 27p/q € (0,7) con p,q € N
y med(p, q) = 1. Se verifican los siguientes enunciados:
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(a) Existen ay = a1(0) > 1 y un conjunto D = D(a,0) C Kqg tales que, para todo a €
(1,a1), se cumple que

(1) I3 o(D)ND =2 paran=1,...,q—1
(I) T3 (D) €D
b) Si q > 4, entonces la restriccion de T? , a D es una Expanding Baker Map de dos
a,0
pliegues.

Un conjunto que verifique las condiciones (I) y (II) se dice un dominio restrictivo
de I'g 9. De acuerdo con el Teorema 4, la aplicacion I'y g presenta un atractor extrano de
al menos g piezas, cada una de ellas contenida en una de las diferentes iteradas disjuntas
de D. Notese que del enunciado (a) se sigue que I'? ,(D) NIy (D) = & siempre que n # m.
Como consecuencia de la prueba del Teorema 4 obtenemos el siguiente resultado.

Corolario 1. Bajo las hipdtesis del Teorema 4, el dominio restrictivo D se puede construir
de modo que todo atractor de I'y g esté contenido en la drbita positiva de D.

Para valores de a < a7 suficientemente proximos a 1, la restriccion de I‘g g @ D tiene

un foco inestable P con valores propios a%e?1i, donde 0; = 27 /q. La traslacion de P al
origen de coordenadas y un adecuado cambio de coordenadas permite expresar FZ g COmMO
la Fxpanding Baker Map de dos pliegues dada por

\I/aﬁ = EBM(Ca Ea,97 Oa Aaq,291)

con
Lqp =y =xcotb + pcsco

donde p = p(a, 0) satisface lim,_,; p(a,d) = 1. Sea Flg’p la familia de Expanding Baker Map
U, = EBM(C, L, O, A7)

verificando las siguientes condiciones:

(R1) C es la recta critica x =1

(R2) Lo, es una recta que interseca C formando un angulo de 0 < ¢ < 27/5 y cuya
distancia a O es igual a o.

(R3) A*(2) = a%e??'z.

AsiW, g9 € Fgﬂl' Consideraremos que EBM(C, O, A*) esta incluido en EBM(C, L,.,,, O, A¥),
puesto que esto se cumple trivialmente si L, , = C 0o L, no interseca un cierto recinto
invariante sobre el que se estudia la dindmica. Entonces, podemos enunciar un primer
enunciado propio de renormalizacién.

Teorema 5 (Primera renormalizacion). Sea 6 = 27p/q € (0,7) conp,q € N ymed(p, q) =
1. 5t q > 4, se verifican los siguientes enunciados:

(a) Si q es impar, entonces existe ay = az(0) € (1,a1) tal que \I’Z’e tiene un dominio
restrictivo D = D(a,0) & D para todo a € (1,a2).

(b) Siq=2v es par, entonces se cumple uno de los siguientes enunciados:

(I) Siv es impar, entonces existe ag = az(0) € (1,a1) tal que WY , tiene un dominio
restrictivo D = ﬁ(a, 0) & D para todo a € (1,a2).
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(II) Siv es par, entonces existe ax = az(0) € (1,a1) tal que V¥ , tiene dos dominios
restrictivos disjuntos D = D*(a,0) ¢ D para todo a € (1,a3). Mds ain, la
restriccion de Wiy a cada uno de estos recintos pertenece a Foap, -

El enunciado (II) de (b) sigue cumpliéndose para \I/Z’/(,2 si v es par, y sucesivamente
para toda potencia ¢ = 2° con s > 2. Por lo tanto, como consecuencia de los teoremas
anteriores y el Teorema B [58] (véase el Lema 2.1.11 en el Capitulo 2), obtenemos el
siguiente resultado.

Corolario 2 (Infinitas duplicaciones de atractores). Sea § = 27p/q € (0,7) con p,q € N
ymed(p,q) = 1. Si ¢ =2° para algin s > 2, entonces existe una sucesion decreciente

ai(0) > az(0) > --- > an(0) > any1(6) >--->1

tal que I'q g presenta 2"=1 atractores extranos simultdneamente para todo an.1(0) < a <
an(0) y todon > 1.

Coexistencia de atractores en la familia cuadratica bidimensional

El comportamiento dindmico de la familia cuadratica bidimensional es mas bien compli-
cado, como fue numéricamente senalado por Pumarino y Tatjer [61]. En la Figura la se
muestra una region P de parametros (ag, by) para los que se detecté numéricamente un
recinto invariante de T, ;,. Esta region esta coloreada segtin un analisis numérico de los
exponentes de Liapunov:

— Region azul: Se corresponde con los valores de los parametros para los que los dos
exponentes de Liapunov son negativos (6rbitas periodicas atrayentes)

— Region verde: Se corresponde con los valores de los pardametros para los que un
exponente de Liapunov es cero (curvas cerradas atrayentes)

— Regioén roja: Se corresponde con los valores de los parametros para los que la suma
y el producto de los dos exponentes de Liapunov son negativos (atractores extranos
unidimensionales)

— Regién negra: Se corresponde con los valores de los parametros para los que la suma
de los dos exponentes de Liapunov es positiva (atractores extranos bidimensionales)

Como senalan los autores, la Figura la no muestra la posible coexistencia de atractores.
Recojemos en la Figura 1b informacién adicional que indica la competicién entre mas de
un atractor extrano, como ocurre con I'y g.

A partir de la Figura 1b construimos la Figura 2 donde incluimos varios puntos signi-
ficativos de P que nos ayudarin a ubicar los enunciados de los siguientes resultados. Asi,
el punto A es un punto de tangencia de las curvas 4a = (b — 1)? y 4a = 1 — 2b — 3b? que
delimitan, junto con la recta 4a = 2b — 3, la region de pardmetros (en azul) para los que
existe un punto fijo atrayente. Este punto fijo sera un foco si 64a + b* — 8b> +8b% < 0 y un
nodo en caso contrario. La curva 64a+b* —8b3 +8b? = 0 interseca la recta 4a = 2b—3 en los
puntos B = (1/4,2) y D = (=7/4,—2). Para B, el tnico punto fijo (1/2,1/2) es una sin-
gularidad de Bogdanov-Takens (véase Broer et al [8]). Para D, el punto fijo (—3/2,—1/2)
tiene un valor propio doble igual a —1. Se prueba que este punto fijo es una singularidad
unipotente de Tg, pero no de Bogdanov-Takens. A lo largo del segmento BD ocurre una
bifurcacién de Hopf-Neimark-Sacker que explica el nacimiento de curvas cerradas atrayen-
tes.

Empezamos el Capitulo 3 con el estudio de los puntos fijos de T} 3, que son los organi-
zadores mas simples de su dindamica.
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Figura 1: (a) Las regiones de parametros originales [61, Fig. 1] coloreadas segun el atractor
numeérico detectado; (b) Aparecen nuevos atractores compitiendo con los encontrados en (a)
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Figura 2: Puntos significativos del plano de parametros (a,b): A = (1/4,0),B =
(1/4,2),Ch = (—2,0),Co = (—4,-2),D = (=7/4,-2),R_1 = (—=5/4,—1), Ry = (—3/4,0)

Teorema 6. Los puntos fijos de la familia cuadrdtica bidimensional
Tup(x.y) = (a+y*,x+by)
verifican los siguientes enunciados:

a) Si 4a > (b—1)2, entonces Tayp no tiene puntos fijos. Mds ain: ninguna orbita es
acotada.

b) Sida= (b—1)?%, entonces T, tiene un tinico punto fijo
PW = (5(1-b)%5(1 b))

con wvalores propios b — 1 y 1. En particular, para (a,b) = (1/4,2), el punto fi-
jo (1/2,—1/2) es una singularidad de Bogdanov-Takens.

¢) Sida < (b—1)?, entonces T, tiene dos puntos fijos diferentes:
POE — (1- by y*),  y =11 -b)=3V/E-17—da
(I) El punto fijo PN~ es un foco si y solo si
64a + b* — 803 + 802 <0, 4a#2b—3

Este foco es atrayente si 4a > 2b — 3 y repelente en otro caso. A lo largo del
segmento

4a = 2b — 3, —2<b<?2
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(1)

el punto fijo PN~ es un centro. Mds ain, una bifurcacion de Hopf-Neimark-
Sacker ocurre en P~ para b # —1,0. La curva 64a + b* — 8b% + 8% = 0
interseca el segmento 4a = 2b—3 en los puntos B = (1/4,2) y D = (—7/4,-2).
Para (a,b) = D, el punto fijo PW= tiene un valor propio doble igual a —1. Es
una singularidad unipotente de T,%, pero no de Bogdanov-Takens.

Si 64a + b* — 8% + 8b2 > 0, entonces P~ es un nodo si y solosib>0 o

da+30*+26—1<0, b<0
Este nodo es atrayente si —2 < b < 2 y repelente en otro caso. Si
da+ 302 +2b—1>0, b<0
entonces PY~ es un punto de silla que es disipativo si y solo si
2b+3 <4a<1-2b
El punto fijo P es un nodo repelente sib <0 o
da+3"+20—1<0, b>0

Si
4a+3b>+2b—1>0, b>0

entonces PO es un punto de silla que es disipativo si y solo si 4a >1—2b y

da<2—3, b>2

b

5.
64a + b* — 8b% 4 82 = 0
a

da+30>+20—1=0

RF

4a=2b—-3

Figura 3: (a) Configuracion de la estabilidad de P1):~ en (a,b): AN (azul): nodo atrayente;
RN (rojo): nodo repelente; AF (cian): foco atrayente; RF (rosa): foco repelente; S (verde):
punto de silla, punteado: disipativo. A lo largo de ¢ = 0 con b < 1, un valor propio es
cero. (b) Configuraciéon de la estabilidad de P>+ en (a,b): RN (rojo): nodo repelente; S
(verde): punto de silla, punteado: disipativo. A lo largo de a = 0 con b > 1, un valor propio
es cero.

A la izquierda del segmento BD, ninguno de los dos puntos fijos es atrayente. Sin
embargo, podemos encontrar subregiones de P para las que se prueba la existencia de
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orbitas periodicas atrayentes. Este es el caso de las region afilada Py en azul que tiene
su vértice Ry en BD. Véase la Figura 2. Ciertamente, el punto Ry, asi como R_i, se
corresponde con valores de los parametros para los que ciertas resonancias impiden la
bifurcacién de Hopf-Neimark-Sacker. Mas aiin, a la derecha de BD existen valores de los
parametros para los que, ademas del punto fijo atrayente, también existen érbitas periodicas
atrayentes, curvas cerradas y atractores extrafios unidimensionales. Esta coexistencia se
puede explicar tras un estudio selectivo de la existencia de orbitas periddicas de periodo
bajo.

Primero estudiaremos la existencia de orbitas 2-peridédicas para concluir que ninguna
es atrayente. Después, probaremos la existencia de 6rbitas 2-periédicas para n > 2 en la
region Py. Mayor interés tendra probar la existencia de orbitas 3-periddicas a lo largo de
la recta b = —1, que corta transversalmente a P a través del punto R_;. Para este caso,
probaremos que dos familias de érbitas 3-periddicas pueden aparecer. Véase la Figura 4.

A partir de una de ellas se originan curvas cerradas atrayentes (véase la Figura 5) que
colisionan con la otra é6rbita de tipo silla dando lugar a una érbita homoclinica, tal y como
fue numéricamente comprobado en la Figura 6. Al desplegar estas tangencia homoclinicas
tiene lugar la formacion de atractores extranos unidimensionales [44]. Las transiciones se
representan en la Figura 7 para b = —1 en un intervalo de valores de a.

Teorema 7. Se cumplen los siguientes enunciados sobre las drbitas peridodicas de la familia
cuadrdtica bidimensional:

1. Eziste una drbita 2-periddica si y solo si
da < 1 —2b— 3b*
En tal caso, es inica. Mds ain, es un nodo repelente si
da < =3 —6b—5b°

Si 4a > —3 — 6b — 5b%, entonces es una drbita periddica de tipo silla que es disipativa
sty solo si
da > —1 — 4b — 4b?

y bien —2 < b < 0 o0 bien 4a < 1 — 4b — 4b°.
2. Sea b = 0. Existe una sucesion decreciente
—2< < <ap < <ag<ag=—3

de valores de a tal que existe una orbita 2™ -periodica atrayente para todo an+1 < a <
an Yy todon > 2.

3. Sea b= —1. Existe una drbita 3-periddica si y solo si a < —1. Mds ain:
(a) Si a = —1 o a = —5/4, entonces existe una unica orbita 3-periddica PO,
Sia = —1, entonces

P(g) = {(07 0)7 (_17 0)7 (_17 _1)}
con valores propios 0 y 1. Si a = —5/4, entonces

73(3) = {(13 %)7 (_17 %)a (_17 -

NI

)}

con valores propios +iv/3.

XIX



da+3b24+20—1=0

S

da +4b2 +4b+1=0

da 4+ 402 4+4b—1=0

PE).- . . .

Figura 4: (a) Configuracion de la estabilidad de la tnica orbita 2-peridédica de Ty p: RN
(rojo): nodo repelente; S (verde): punto de silla, punteado: disipativo. A lo largo de a +
b2 + b = 0, un valor propio es cero. (b) Configuracién de la estabilidad de las dos érbitas
3-periodicas PG+ de Top para b = —1: nodo atrayente (azul); nodo repelente (rojo);
foco atrayente (cian); foco repelente (rosa); punto de silla (verde), punteado: disipativo.
Para a = —5/4, la orbita PB)— colapsa con el punto fijo P~
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(b) Si a € (—oo,—1)\ {~5/4}, entonces existen dos drbitas 3-periddicas PGB+
diferentes.

(I) La drbita PG~ es de tipo silla disipativa si a > —5/4. Eziste ag < —2 tal
que PGB~ es un nodo repelente si a < ag y una orbita periddica de tipo silla
siag < a < —5/4, que es disipativa si y solo sia; < a < —(114++/5)/8 para
algin ag < a1 < —2. Para a = ag, la orbita PG~ tiene un valor propio
wqual a —1.

(II) La érbita PG)* es un nodo atrayente si a > —65/64. Para a < —65/64, la
orbita PGt es un foco si y solo si a # (v/5—11)/8. Este foco es atrayente
si a > (v/5—11)/8 y repelente en otro caso. Para a = (/5 —11)/8, ocurre
una bifurcacion de Hopf-Neimark-Sacker.

4. Para cada n € N, existe un recinto compacto (que depende de a y b) con interior no
vacio que contiene a todas la drbitas periddicas de periodo n.

Antes de tratar de probar la persistencia de atractores extranos bidimensionales, obser-
vamos que la regién en negro parece surgir tanto de C; como de Cy. Asi, primero construire-
mos recintos compactos invariantes con interior no vacio para valores de los parametros en
regiones afiladas con vértices C y Cy, respectivamente. Probaremos el siguiente resultado.

Teorema 8. Cada (a*,b*) € {(—2,0), (—4,—2)} es el vértice de una region afilada V(a*,b*)
tal que, para todo (a,b) € V(a*,b*), existe un recinto compacto y T, p-invariante con interior
N0 Vacio.

Como consecuencia de la prueba del Teorema 8, obtenemos mas informacién sobre la
curva de parametros 2a = b3. Una simulacién numeérica de los atractores a lo largo de
esta curva recuerda a los obtenidos a lo largo de la curva G, aunque conseguimos aiin mas
informacion en este caso.

Teorema 9. Para valores de los pardmetros a lo largo de la curva 2a = b3, se cumplen los
siguientes enunciados:

1) Para b = —2, el tridngulo curvilineo K delimitado por las tres primeras iteradas de
la recta critica es estrictamente T_4 _o-invariante. Mds ain, es un atractor extrano
bidimensional sobre el que la medida de Lebesgue es invariante y ergodica.

Figura 5: El foco 3-periddico repelente en magenta para (a,b) = (—1.1145,—1) da lugar a
tres ciclos limite que se aproximan a la 6rbita 3-peridédica de tipo silla disipativa en verde,
que a su vez se aproxima al foco fijo atrayente en cian
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(b)

Figura 6: Tangencias homoclinicas desplegando atractores extranos unidimensionales pa-
ra (a,b) = (—1.18282, —1). (b) Ampliacion de (a).

-1.25 -1.2 -1.15 -1.1

Figura 7: Diferentes transiciones para b = —1 con a € [-5/4,—1] coloreados como la
Figura 1b
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2) Sib > =2, entonces K es T, p-invariante, pero no en sentido estricto. Ademds, el
tridngulo curvilineo K contiene al pentdgono curvilineo delimitado por las primeras
cinco iteradas de la recta critica, que es estrictamente T, p-invariante para todo —2 <
b < by, para un cierto by > —2.

3) Si b < —2, entonces no existen recintos compactos y estrictamente T4 p-tnvariantes
con interior no vacio.

Para b > by, esperamos que surjan poligonos curvilineos estrictamente invariantes de
un mayor namero de lados.

Tras unos adecuados cambios de variables y pardmetros, la aplicacion T puede escri-
birse como

Fop(z,y) = (y,cx(2 — z) + by)

donde
c=3(1-b—9), §=+/(b—1)2 —4a

Con frecuencia, esta nueva expresion sera mas util para estudiar la dindmica. Més atn, la
familia F7; se puede expresar como la composicién de un difeomorfismo con un pliegue.
Esto permite comparar Fi.; con I' g.

Problemas abiertos

A partir del estudio analitico y geométrico desarrollado a lo largo de esta memoria, surgen
muchas cuestiones abiertas, todas ellas avaladas por la correspondiente experimentacién
numeérica. Aparte de la prueba analitica de la persistencia de atractores extranos bidi-
mensionales, la mayoria de los resultados de renormalizacién obtenidos para I', ¢ sugieren
retos similares para una mejor descripcién de la dinamica de 7, ;. De hecho, un proceso de
renormalizacién completo para las Expanding Baker Map todavia no ha sido desarrollado.
Ademas, algunos resultados sobre estabilidad estadistica verificados por A; tampoco han
sido probados todavia. En esta breve seccién final introductoria tratamos todos estos temas
de investigacion futura.

Minimalidad del dominio poligonal

Si el poligono estrictamente invariante /Cy p es minimal (es decir, no contiene ningtn sub-
conjunto compacto e invariante con interior no vacio aparte de si mismo), entonces es un
atractor por definicion. En tal caso, dicho poligono contiene una oOrbita densa con dos
exponentes de Liapunov positivos y, por lo tanto, es un atractor extrano bidimensional.

Sea IC;O = Ka9 N {x > 1}. Los experimentos numéricos sugieren que K,y es minimal
siy solo si O € ]:C7O(ICZ’9), esto es, si y solo si (2,0) € Ko A medida que a decrece,
el conjunto plegado ]-"cﬂo(lC;g) encoje y existe un valor a* de a tal que O € fc,@(lC;@)
para a =a*y O & Fe,0(K} 5) para todo a < a*.

Conjetura. Sea 0 < 0 < 7. El poligono estrictamente invariante K, 9 es minimal si y solo
st (2,0) € K, -

Para § = 37/4, se prueba [54] que (2,0) € K} 4 si y solo si a > V2. Mas atin, se
prueba [56] que K, ¢ es transitivo para todo (14+/2)'/* < a < /2. La expansividad de T
para estos valores de a garantiza entonces que K, g es un atractor extrano. Para valores de a
ligeramente més pequefios, se mostré numéricamente [54, 55| que el pentagono K, ¢ pierde
su minimalidad para contener otro atractor que es conexo, pero no simplemente conexo:
tiene un agujero alrededor del origen. Este agujero se expande a medida que a decrece hasta
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que el atractor se rompe en ocho piezas conexas para valores de a ligeramente menores
10 . . . .
que a = /2. Esto motiva la sigulente conjetura.

Conjetura. Sea 0 < 0 < w. Sea af, > 1 el minimo de los valores de a para los que (2,0) €
Kap. Entonces, existe ag € [1,aq) tal que, para todo a € [ag,ag), existe un entorno cone-
2o Ugp de O tal que Kqp \ Uy es estrictamente invariante y minimal (por lo tanto, un
atractor extrano conezo, pero no simplemente conexo). Mds ain, se cumple que aj =1 si
y solo si 0/m es un nimero irracional.

Los experimentos numéricos también parecen avalar esta conjetura. Véanse las Figu-
ras 8, 9 y 10. Una aproximaciéon numérica al caso irracional no es posible, por lo que solo
se puede intentar probar analiticamente.

Renormalizaciones superiores: una sucesion de rupturas y duplicaciones
de atractores

En el caso racional, conjeturamos que tiene lugar un proceso de ruptura y/o duplicacion
de atractores para una sucesion de valores de a en (1, a). Esto es de veras una ardua tarea
que requiere controlar un complicado proceso de renormalizacion. Dado 0 = 27p/q € (0, )
con p,q € Ny med(p,q) = 1, hemos probado la existencia de dos rupturas consecutivas del
recinto estrictamente invariante, y por lo tanto del atractor extraiio que contiene, para ¢ > 4
(una sola ruptura para ¢ = 3). Sin embargo, cuando bien ¢ es impar o bien ¢ es par y q/2
impar, para el estudio de una posible tercera renormalizacién es necesario considerar una
Ezxpanding Baker Map de tres pliegues. Entonces, pararece natural preguntarse si el proceso
de ruptura finaliza en algin punto o si se pueden llevar a cabo renormalizaciones superiores
considerando Fxpanding Baker Map de mas pliegues. Un posible incremento en el niimero
de pliegues podria hacer este problema analiticamente intratable.

Después de la prueba del Teorema 5, podemos formular una primera conjetura en los
siguientes términos.

Conjetura. Para cadam € {0,1,...,00}, sea Sy, el m-ésimo nivel del orden de Sarkovskii:

So:3>5>7T>9> -
S1:3X2>5X2> T X2 ---

Sm 1 3x2"M > 5EXx2M > Tx2M > ...

S i 2> >22>22>2p>1
Entonces, se verifican los siguientes enunciados:

(I) Para todo q € S1U Sy \ {3} existe una sucesion infinita de ruptura de atractores.

(1I) Para todo q € Sy, con 2 < m < oo existen m — 1 duplicaciones sequidas de una
sucesion infinita de ruptura de atractores.

(III) Para todo q € S \ {1,2} existe una sucesion infinita de duplicacion de atractores.

Sabemos por el Corolario 2 que el enunciado (III) es cierto. Numéricamente, algunas
simulaciones en la Figura 8 muestran que para ¢ = 7 cada una de las 49 piezas obtenidas
para a = 1.006 se rompen otra vez en otras 7 piezas como se muestra para a = 1.0006.
En la Figura 11 mostramos el caso ¢ = 24 para a = 1.0001 en el que cada una de las 24
piezas del atractor inicial se ha roto en 12 piezas, después en 6, y finalmente en 3. En la
Figura 12 mostramos para ¢ = 8 la coexistencia de dos atractores extranos de 32 piezas
para a = 1.01.
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Figura 8: Simulacién numérica para 6 = 27 /7 y valores decrecientes de a: (a) Un atractor
de 7 piezas para a = 1.05; (b) Ampliacion de una pieza en (a); (¢) Un atractor de 7 piezas
con agujeros para a = 1.02; (d) Ampliacion de una pieza en (c); (e) Evolucion de (d) antes
de la ruptura; (f) Ruptura de (d) para a = 1.006; (g) Ampliaciéon de una pieza en (f); (h)
Ruptura de (g) para a = 1.0006.
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Figura 9: Simulacion numeérica para 6 = 27/6 y valores decrecientes de a: (a) Un atractor
de 6 piezas para a = 1.05; (b) Ampliacion de una pieza en (a); (¢) Ruptura de (b) para a =
1.04; (d) Ampliacion de una pieza en (c).
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Figura 10: Simulaciéon numeérica para § = 27 /8 y valores decrecientes de a: (a) Un atractor
de 8 piezas para a = 1.05; (b) Ampliacion de una pieza en (a); (c) Ruptura de (b) para a =
1.02; (d) Ampliacion de una pieza en (c).
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Figura 11: Simulacion numeérica para § = 27/24 y a = 1.0001: (a) El atractor de 24 x 12 x
6 x 3 piezas; (b) Ampliacion de una pieza en (a); (¢) Ampliacion de una pieza en (b); (d)
Ampliacion de una pieza en (c).
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Figura 12: Coexistencia de atractores para 6 = 27/8: (a) Dos atractores de 32 piezas
para a = 1.01; (b) Ampliaciéon de 4 piezas de los dos atractores en (a).
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Estabilidad estadistica de la familia biparamétrica general de Fxpanding
Baker Map

Fijemos 0 < § < m y tomemos ay del Teorema 2. De la misma definicién de Ky, se seguira
que Ky, 9 es I'y p-invariante para todo 1 < a < ag. Por lo tanto, la familia uniparamétrica
Lag: Kago — Kago con a € (1,ap] esta bien definida y podemos plantearnos cuestiones
como la estabilidad estadistica.

Conjecture. Para todo 0 < 6 < 7, la familia {T'qp}1<a<a, €s estadisticamente estable.

El caso singular ¢ =3

Un estudio sobre todas las cuestiones anteriores, asi como las particulares, deberia llevarse
a cabo para el angulo 6 = 27/3. Véase la Figura 13.

Conjetura. Sea 6 = 27 /3. Entonces, existe a > ag tal que Kqpg es un poligono compacto
sia<aykagp= Fzﬂ(RQ) en caso contrario.

Conjetura. Sea § = 27/3. Entonces, existe una sucesion infinita de ruptura de atractores.

24 . 22

29 037

(c) (d)

Figura 13: Simulaciéon numeérica para 6 = 27 /3 y valores decrecientes de a: (a) Un atractor
de 3 piezas para a = 1.1; (b) Ampliacion de una pieza en (a); (¢) Ruptura de (b) para
a = 1.05; (d) Ampliacién de una pieza en (c).

Calculo de todas las 6rbitas peridédicas de periodo tres

La condiciéon b = 1 simplifica el céalculo de las orbitas periddicas de periodo tres. La
experimentacion numérica confirma que la region de forma parabodlica cuya frontera parece
encajar con uno de los pelos de la regién de parametros P coincide con las region de
existencia de todas dichas oérbitas.
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Conjetura. La curva de la Figura 1b que pasa por (a,b) = (—1,—1) y que coincide con
el pelo mayoritariamente azul delimita la region de existencia de las orbitas periddicas de
periodo tres.

Puntos de densidad de atractores extranos bidimensionales

El estudio de la estabilidad de las 6rbitas periédicas, y muy especialmente la atencién pres-
tada a los casos no hiperbdlicos, permite probar la existencia de tres de los cuatro tipos de
atractores que habian sido detectados numéricamente en la Figura 1, a saber: 6rbitas pe-
ribdicas atrayentes, curvas cerradas y atractores extranos unidimensionales. Sin embargo,
la existencia de atractores extranos bidimensionales como los que fueron numéricamente
detectados en la Figura 1 debe involucrar el caracter no inyectivo de las aplicaciones cuadra-
ticas. Solo asf un recinto K compacto e invariante puede contener a su imagen expandida,
pero doblada. Esto es, la aplicaciéon cuadratica bidimensional no puede ser inyectiva en el
atractor extrano bidimensional. En otras palabras, el recinto K debe intersecar la recta
critica y = 0. Por esta razon, buscaremos aqui recintos R, compactos e invariantes con
interior no vacio que intersequen y = 0. Por supuesto, tales recintos R, no son necesa-
riamente atractores extranos bidimensionales. Es preciso que contengan una 6rbita densa
con dos exponentes de Liapunov cuya suma sea positiva. Ademas, para que tal atractor
extrano bidimensional sea observable, es necesario que sea persistente. Para el inicio de la
prueba de la persistencia de tales atractores nos colocaremos en los puntos C7 = (—2,0)
y Cy = (—4,—2) sobre la frontera de P, que son los vértices de las respectivas regiones
afiladas en negro de valores de los parametros para los que aparentemente existen (véase la
Figura 2). Conjeturamos que estos puntos son puntos de densidad de atractores extranos
bidimensionales persistentes.

Definicién (Puntos de densidad). Un punto de densidad de atractores (extranos) persis-
tentes para una familia f, es un valor u* de p para los que todo entorno de p* tiene un
subconjunto F con medida de Lebesgue positiva que contiene a u* tal que f, presenta un
atractor (extrano) para todo p € E.

Probar que cualquiera de los puntos Cj o C'5 son puntos de densidad de atractores ex-
trafios persistentes es una tarea muy dificil. En esta memoria, nos limitaremos a estudiar
la existencia de posibles recintos compactos e invariantes con interior no vacio para un con-
junto de parametros proximos a C7 y Cy, respectivamente. Si tales recintos son minimales
(es decir, transitivos), entonces seran atractores. Para concluir que son atractores extranos
bidimensionales, es necesario probar la existencia de una 6rbita densa con dos exponentes
de Liapunov cuya suma sea positiva. Este es el escollo principal.

Conjetura. Los puntos de pardmetros C1 y Co son puntos de densidad de atractores ex-
tranos bidimensionales persistentes.
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Introduction

In the words of mathematician René Thom, “Toute science est avant tout 1’étude d’une
phénomenologie®.” Ultimately, science aims at predicting or controlling the behavior of the
processes that surround us. The mathematical models for the evolution of the processes
are the dynamical systems: iterations of maps or diffeomorphisms, or flows associated to
vector fields or equations defined in functional spaces (e.g. partial differential equations.)
For the reading of this memoir it will be enough to restrict to systems of low dimension:
fields, maps, or diffeomorphisms defined in dimension less than or equal to four. Even
in this context, the results obtained over the last century have produced a Copernican
revolution in the field of dynamical systems.

Historical Background

To begin with, let us consider first an easy scenario in dimension two: a family f,, of
smooth diffeomorphisms defined on a surface M, all of which having a hyperbolic saddle
fixed point P, with eigenvalues |[A§| < 1 < |Af|. The two invariant manifolds

W3 (P,) ={Q e M: f(Q) — P, as n — oo}
WP, ={Q e M: f,"(Q) = P, asn — oo}

known as the stable and unstable manifold of P, respectively, intersect at P, for each p.
These manifolds are tangent at P, to the eigenspaces generated by A and A, respectively.

By the end of the XiX century, upon his study of the stability of the solar system,
Poincaré [51] noticed that the invariant manifolds of P, may intersect at a point @, # P,.
Moreover, he noticed that the existence of such point @), called a homoclinic point, implies
the existence of an infinite number of other homoclinic points, thus forcing the invariant
manifolds to describe a complicated mesh. A homoclinic point @, is said to be transversal
if the invariant manifolds of P, intersect transversally at @, that is,

TQM WS(PM) D TQM Wu(PH) = TQNM

Otherwise, the homoclinic point @, is said to be tangential.

It was not until thirty years later that Birkhoff [7] proved that in a neighborhood U of a
transversal homoclinic point there exist infinitely many periodic orbits of arbitrarily large
periods. Thirty years later, Smale [65] proved the existence in U of a nontrivial hyperbolic
invariant set for one of the most well-known maps in dynamical systems: Smale’s horseshoe
map.

The horseshoe map h represented an important milestone in the field of dynamical
systems. It is constructed expansive in one direction and contractive in the other one, in
such a way that its invariant compact set €2 is the Cartesian product of two Cantor sets,

3«Paraboles et catastrophes : entretiens sur les mathématiques, la science et la philosophie” (1983)



on which coordinates defined by a two-symbol sequence are introduced. Each point in
corresponds with a bisequence

("'a_n'"a_Qa/_17a0a1a2"'an"')

The image of this bisequence under the Bernouilli shift o is the bisequence obtained by
moving “,” forward one position. It is well known that the restriction of A to £ is topo-
logically conjugate to o, and it is immediate to conclude for o, and therefore for h by
conjugation, the existence of periodic points of any period. Moreover, it is also proved the
existence of a dense orbit that is expansive in the expanding direction of the horseshoe
map. Therefore, on €2, the deviations of the initial conditions in the expanding direction
will increase exponentially. This sensitivity with respect to the initial conditions was cor-
rectly understood as a sign of uncertainty. On the other hand, the associated transversal
homoclinic points and horseshoe maps are robust, in the sense that they continue to exist
for families of diffeomorphisms C'-close to f,,.

Origins and Meaning of the Concept of Strange Attractor

The robustness of homoclinic points and, consequently, of the associated horseshoe maps,
as well as the uncertainty they entail, made the presence of horseshoes to be understood as a
sign of chaos from the seventies onwards. However, an objection to this interpretation must
be highlighted because the internal dynamics of € is not observable: it lacks a significant
(open or with positive measure) set of initial conditions

W3 (Q) ={P € M : dist(h"(P),M) - 0 as n — oo}

known as the stable set or basin of attraction of (2, whose iterations converge to 2. This
defficiency was overcome by Smale [65, 66] when he constructed a diffeomorphism of the
solid torus T? = S x D? onto itself, called the solenoid.

Definition (Attractors). An attractor for a map T defined on a manifold M is a T-
invariant compact set A that is transitive and whose stable set

W3(A) ={P € M : dist(T"(P), A) — 0 as n — oo}
has nonempty interior.

The solenoid has a hyperbolic invariant compact set {2 whose local structure is homeo-
morphic to the Cartesian product of a Cantor set by an interval. Its hyperbolic structure
is also robust and the solenoid is expansive in the direction of the interval. Therefore, it
exhibits sensitivity with respect to the initial conditions. Since the stable set of Q is T2,
the uncertainty of the dynamics is now observable. Invariant compact sets such as the
solenoid’s were called strange attractors and its presence was proposed as the paradigm of
chaotic behaviors.

The term strange attractor was coined by Ruelle and Takens [63] to refer to those
attractors that, such as the solenoid’s, were neither points nor tori: not even did they have
the structure of a smooth manifold. They were locally the Cartesian product of a manifold
by a Cantor set and their internal dynamics was expansive in some direction: they had
some positive Lyapunov exponent.

Definition (Strange attractors). An attractor for T is strange if it contains a dense or-
bit {T"(Fy) : n € N} with some positive Lyapunov exponent: there exists a unit vector v
and a constant ¢ > 0 such that, for every n € N,

DT (Po)v]| = ™
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The above definition guarantees the existence of one expanding direction, but it does
not specify how many there are. Although some authors define the multidimensional
strange attractors as those having multiple expanding directions, we will adopt a weaker
version.

Definition (Multidimensional strange attractors). A strange attractor is n-dimensional if
it contains a dense orbit with n Lyapunov exponents whose sum is positive.

The presence of robust strange attractors, such as those with a hyperbolic structure,
was considered [63] as a better proposal to explain the nature of turbulence than the one
given earlier by a growth of the number of unmeasurable frequencies in a quasi-periodic
movement [37].

Definition (Persistent attractors). Let f,: M — M be a family of maps. Assume that f,,
has an attractor Ag for some pg. The attractor Ag is persistent if, for every § > 0, the
map f, has an attractor for every p-value belonging to a set E C B(ug,0) with positive
Lebesgue measure. The attractor Ay is fully persistent if E = B(uo,0) for some § > 0.

Quoting Ruelle and Takens [63, p. 171], “An attractor of the type just described can
therefore not be thrown away as non-generic pathology.” The way to generate this type
of solenoid-like hyperbolic attractors in flows was proposed as a concatenation of Hopf
bifurcations |30, Th. 3.4.2] in dimension greater than or equal to four.

Abundance of Attractors: Persistence of Nonhyperbolic Attractors

A simpler scenario than the one proposed by Ruelle and Takens [63] for the genesis of
strange attractors was earlier given by Lorenz [39] by numerically analysing the quadratic
vector field

a:’:—ax+ozy
Y =Br—y—xz
Z/

=vz+ 2y

for (o, 8,7) = (10,28, —8/3). This system comes from the truncation of the Navier—Stokes
equation. Surprisingly, under small perturbations, he seemed to get a fully persistent, but
not stable, attractor: nearby attractors are in general not topologically equivalent. In
an even simpler scenario, Hénon [31] found a possibly persistent (but certainly not fully
persistent) strange attractor for the Hénon family

Ha,b(x7y) = (1 - axQ + Y, b.%')

with @ = 1.4 and b = 0.3. Thus, neither of these attractors is robust and cannot therefore
be hyperbolic. But, do there really exist nonhyperbolic strange attractors?

The first analytical proof of the existence of such attractors was given by Benedicks
and Carleson [5] for H, for sufficiently small b > 0 and a-values belonging to a set with
positive Lebesgue measure contained in an interval (2 — 4, 2] for sufficiently small § > 0.
In order to develop this proof, certain previous results on 1-D dynamics were necessary.

For b > 0, the map H,; can be easily written as

Ha,b(xvy) = (1 - CLCC2 + \/By, \/B'I)
Thus, for sufficiently small b > 0, the Hénon family is a small perturbation of
(Da(m7y) = (1 - axQ,O)
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Therefore, the dynamics of ®,, and consequently the dynamics of H, in the limit case b =
0, reduces to the dynamics of the quadratic family

T.(z) =1— ax®

The map T, is a paradigmatic example of a unimodal map with negative Schwarzian
derivative. These unimodal maps were well studied. See, for instance, De Melo and Van
Strien [15].

After several suitable changes of variable and parameter, the quadratic family trans-
forms into

fule) = ax(2 — )

The interval [0,2] is fo-invariant whenever 0 < a < 2. The family {fs}qej0,2) Was very
well studied because not only does it serve as a model of population growth, but also it
generates a dynamical richness that follows after a renormalization process independently
discovered by Feigenbaum [19, 20] and by Collet and Tresser [12]. This renormalization
process essentially consists of the existence of a sequence of a-values a, and a sequence of
intervals I,, such that the restriction of the iterate fgn to I, coincides with the restriction
of fa, , to I,_1 up to rescaling. As a consequence, the well-known phenomenon of period-
doubling follows, as well as the fractal structure observed in Figure 01 [15], where it is
numerically represented the structure of the attractor for f, for different a-values.

There exist windows of a-values for which the attractor is a periodic orbit of low period.
However, for other parameter values, the attractor looks like a periodic orbit of large period
or perhaps an infinite set: a possible strange attractor. Such attractor certainly exists
for ¢« = 2. Even more: it is proved that fy is conjugate to the map for a = 2 of the
following tent maps family:

Na(2) azx o<z <1
() =
¢ a2—z) f1<z<?

The interval I = [0, 2] is also Az-invariant if 0 < a < 2. More precisely, the interval Iz =
[@(2 —a), a) is strictly Az-invariant for 1 < @ < 2 and is a strange attractor if @ > /2 since
the orbit of x = 1 is dense and expansive in [j.

For @ = v/2, a renormalization process begins for family {Aa}icq<y3- For the sequence

of a-values a,, = 21/2" there exists a interval I,, such that the restriction of the iterate )\C%n
to I, coincides with the restriction of Ag, , to I,—1 up to rescaling. This process of
renormalization allows to conclude that the strange attractor Iz for V2<a<? splits into
a 2"-piece strange attractor as a crosses the a-values a,. Moreover, the renormalization
process seen for family {f,} provides a sequence of a-values a,, for which f,, is conjugate
to Ag for all n. Therefore, for all n € N, the map f,, exhibits a 2™-piece strange attractor.

The tent maps family Az displays strange attractors for 1 < a < 2 and, therefore, these
attractors are persistent. However, the existence of strange attractors for the quadratic
family f, for a sequence of a-values do not imply their persistence. The proof was given for
the first time by Benedicks and Carleson [5] working with family T, for a-values very close
to 2. More precisely, for every 6 > 0 sufficiently small there exists a set E C (2 — ¢, 2] with
positive Lebesgue measure such that T, has a strange attractor for every a € E. Keeping
in mind this process of renormalization, this persistence is extended to a-values sufficiently
close to the sequence a,. Unlike the case for the tent maps Az, the proof of the persistence
of strange attractors for the quadratic family T, shows serious difficulties to obtain the
expansivity of the orbit of the critical point = 1. Close to such nonhyperbolic point, the
derivative almost vanishes and, therefore, every time the orbit returns close to x = 1 it
may lose all the accumulated expansivity. Thus, an appropriate exclusion of parameters
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becomes necessary for which the contraction close to z = 1 eliminates the previously
accumulated expansivity. Such exclusion allows to conserve a set of a-values with positive
Lebesgue measure for which the orbit has a positive Lyapunov exponent and, moreover, is
dense in all the interval [1 — a,1]. This allows to conclude, for each a € E, the existence
of an absolutely continuous invariant measure p, with positive entropy [15, Ch. V]| as
was proved by Jakobson [34] before Benedicks and Carleson [5|. Before the uncertainty
of the internal dynamics of the attractor, such measure informs about the distribution of
the orbits. Its support is contained in the attractor and is statistically stable: its density
depends continuously with respect to a in L'.

The proof of the pesistence of the attractors provided by Benedicks and Carleson [5]
turned out to be seminal for the proof of the persistence of strange attractors [6] for the
Hénon family. As already mentioned, the dynamics of Ty, is a limit situation of the dynamics
of Hg,y for sufficiently small b > 0. The Hénon family has a saddle fixed point P whose
unstable manifold folds onto itself and remains arbitrarily close to the interval [1 —a, 1] on
the z-axis. It is then natural to assume that the dynamics of H,j on W"(P) resembles the
dynamics of T, on [1 — a, 1]. Indeed, it is proved that the closure of W"(P) is the strange
attractor of H, for sufficiently small b and a-values in a set E C (2—6,2]. To that end, then
again an exclusion of parameter becomes necessary to control the expansivity near each one
of the infinitely many folds of W"(P). Even though such exclusion of parameters is more
complicated and exhaustive, they managed to prove that the new set F still has positive
Lebesgue measure. We will refer to the parallelism between the dynamics of family H,
and its limit family T;, by saying that family H, is a good unfolding of family T,.

The Hénon family is a family of diffeomorphisms that exhibits persistent nonhyperbolic
strange attractors, but what presence does it have in the set of the dynamical models? In
other words: does there exists a generic mechanism leading to the existence of persis-
tence nonhyperbolic strange attractors? In this direction did Jacob Palis point when he
conjectured that generic one-parameter families of surface diffeomorphisms unfolding for
any parameter value a homoclinic tangency have strange attractors with positive proba-
bility. By a homoclinic tangency we mean a nontransversal homoclinic point between the
invariant manifolds of a saddle periodic point. This conjecture was proved by Mora and
Viana [44].

Theorem ([44, Th. A|). Let (f.), be a C* one-parameter family of diffeomorphisms on a
surface and suppose that fy has a homoclinic tangency associated to some periodic point py.
Then, under generic (even open and dense) assumptions, there is a positive Lebesque mea-
sure set E of parameter values near p = 0, such that for p € E, the diffeomorphism f,
exhibits a strange attractor, or repeller®, near the orbit of tangency.

The proof of this theorem begins by considering the return maps of family f, in a
neighborhood V of the homoclinic point @, of f,,. Fix 1 < r < oco. Under generic
assumptions (including the dissipativeness of P,), one can find renormalizations of f,
which are arbitrarily C" close to ®,. By this we mean that there are (small) domains U"
on the surface converging to the point @, of the orbit of tangency, (small) intervals 1™
converging to g = 0 in the parameter space and n-dependent C"-coordinates on I™ x
U™ with the property that, as n — oo, the expression of f™[inyyn in these coordinates
converges to @, in the C"-topology. See details in Palis and Takens [48]. This convergence
verifies a sequence of estimates given in Theorem 2.1 [44] which are necessary to apply the
techniques of Benedicks and Carleson [6] in the proof of the existence of strange attractors
for family f"[rnxyn. For this reason, the authors refer to f"[rn«yn, expressed in new
renormalized coordinates, as a Hénon-like family. Actually, as happens for the Hénon

4A repeller is an attractor for f;l when f,, is not dissipative at p.



family, family f™[nxy» defines a good unfolding of its limit family ®,, or simply of the
quadratic family.

The attractors shown by Mora and Viana [44]| are infinitesimal in the sense that the
renormalization domains must be arbitrarily close to the homoclinic tangency point. Other
renormalizations without this restriction were made [52] for the transversal section of a
Shilnikov orbit in a family of vector fields in R3. After this renormalization, the authors
obtained a family of diffeomorphisms

Trap(®,y) = (fra + 3 log(1+ Voy), VB(L + Vby)e sin)
whose limit family is the unimodal family
Ialz) = % loga + = + % log cos

where A is fixed by fixing the spectrum of the field. For family f), it is proved the
existence of persistent strange attractors [52]. Then, after proving that family T o4 is a
good unfolding of family f ,, they applied the ideas by Benedicks and Carleson [6] and
Mora and Viana [44] to conclude the existence of persistent strange attractors for T 4.
Such attractors are not infinitesimal and define by suspension persistent strange attractors
for the family of vector fields. Additionally, it is shown that the ideas by Benedicks and
Carleson [6] can be extended to any good unfolding of a unimodal map other than the
quadratic family.

In Search of 2-D Strange Attractors: the 2-D Quadratic Family

All the above-mentioned attractors have dimension one. They appear generically when
unfolding the homoclinic tangencies that involve the 1-D unstable manifold of a dissipa-
tive saddle fixed point. The proof of their existence is mainly based on renormalization
processes defined in a neighborhood of the tangency point that are good unfoldings of
1-D limit families. For these families it is previously proved the persistence of invariant
compact sets containing a dense orbit with one positive Lyapunov exponent.

The path towards the proof of the persistence of 2-D strange attractors is not likely to
be very different from the one followed in the 1-D case, but the increased dimension entails
bigger difficulties and the problem is completely open. The family of diffeomorphisms must
be defined on a manifold of dimension greater than or equal to three. That is the only way
that, for some parameter value, the corresponding diffeomorphism may have a homoclinic
tangency involving a 2-D unstable manifold of a saddle periodic point.

Let f be a diffeomorphism defined on a smooth 3-D manifold M with a saddle fixed
point P. Assume that D f(P) has real eigenvalues Ag, Acy, Ay satisfying

As| <1< |Acu| < |Aul
In this case, the following facts are well known:

1. The strong unstable manifold W™ (P) of P lies on the unstable manifold of P and is
tangent to the eigenspace associated to Ay at P. This manifold is unique, as smooth
as f and has dimension one.

2. The unstable manifold of P is foliated by leaves of a strong unstable foliation F"*(P).
Every leaf /" of 7" (P) is transverse to the eigenspace associated to Acy, and W"(P)
is one of the leaves.

3. The center-stable manifold W (P) of P is an invariant manifold containing the stable
manifold of P and touching the invariant linear subspace of TpM associated to the
eigenvalues \g and Acy at P. This manifold is (in general) C' smooth and it is not
unique.
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In addition, assume that there exist C! linearizing coordinates (z,y,z) for f on a

neighborhood U of P such that P = (0,0,0) and

f($7yaz) = ()\cux7)\uy7)\sz)

for all (x,y,2z) € U. In U, the local unstable and stable manifolds of P are respectively
given by
Wiee(P) = {(z,y,0) : [z, |y| < ¢}

and
Wibe(P) ={(0,0,2) : |2| < &}

for sufficiently small 6 > 0. Moreover, there exists the local strong unstable C! folia-
tion F""(P) in the local unstable manifold such that, for any x = (z,y,0) € W3 _(P), the
leaf /"(X) containing X is given by ("*(x) = {(z,y,0) : |y| < d}.

Suppose that the invariant manifolds of P have a quadratic homoclinic tangency. We
introduce the definition of a new type of codimension two homoclinic bifurcation, which
may be seen as a collision of a quadratic homoclinic tangency and a generalized homoclinic
transversality.

Definition (Generalized homoclinic tangency). We say that the diffeomorphism f has a
generalized homoclinic tangency (of type I of Case B®) at a point

Qe W3(P)NnW(P)
if the following conditions hold:
(T1) The fixed point P is dissipative.

(T2) The invariant manifolds of P have a quadratic tangency at Q). Moreover, the point Q
does not belong to the strong unstable manifold of P.

(T3) The stable manifold of P is tangent to the leaf of F*"(P) containing ().

(T4) The center-stable manifold of P is transverse to the surface defined by the unstable
manifold of P at Q.

Remark. For the quadratic tangency point Q € M, we consider the forward image Q =
f(Q) for a large ng € N. Let U(Q) be the plane containing @ an such that TQU(Q) is
generated, in local coordinates of P, by (8/9x)g, (0/0z)g € TgM. Note that by the cho-

sen linearizing coordinates on a neighborhood of P, the plane U(Q) in TgM corresponds
to the central-stable bundle at this tangent point. Thus, condition (T4) may be stated as
follows:

(T4) The plane U(Q) and the unstable manifold of P are transverse at Q.

This concept is valid if we replace a fixed point by a periodic orbit.

Under these hypotheses, Tatjer proved |67, Prop. 4.5] that there exists a two-parameter
family of limit return maps associated to the generalized homoclinic tangency, which are
given by

fdj)(:i‘v ga '2) = (5, a-+ bﬂ + 22, g])
As it was expected, as in the unfolding of two-dimensional tangencies, these limit return
maps are not linear. Before any attempt to prove the existence of strange attractors for f&f)’

"There is another case (Case A) of generalized homoclinic tangency when the unstable invariant manifold
if the fixed point has dimension one, but the fixed point is not sectionally dissipative
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note that, for any parameter values (&, b), every point in R3 falls by one iteration of faé
into the surface

Cop = {(%,9,2) e R® 1 j = a+ bz + 7}
TheNrefore, the surface CNa’B is fal;—invariant and it suffices to study the dynamics of fa,é
on C; ;. That is, it suffices to study the dynamics of the 2-D endomorphisms
(95 © fa5°93) (@, 2) = (2,0 + b2 + 7%)
being g, ; (%, 2) = (T,a + bz + #2,%) a parametrization of 5& ;- By performing the change

of coordinates
XxX=2-0b1, y=2

the above family of endomorphisms transforms into the 2-D quadratic family:
Ta,b<x7 y) = (CL + y27 X + by)

where we have written a, b instead of d,l; to avoid excessive notation.

As the study of the quadratic family was seminal for the proof of the persistence of 1-D
strange attractors, the study of the 2-D quadratic family should be a first step towards the
proof of the persistence of 2-D strange attractors.

Persistence of 2-D Strange Attractors in a One-Parameter Family of 2-D
Tent Maps

With a view of analytically proving the existence of 2-D strange attractors for the 2-D
quadratic family, Pumarifio and Tatjer [60] began by searching for parameter values for
which there exist invariant domains.

The most simple situations arise for b = 0. In that case, the square

R, = [a,a + a*] x [a,a + d?]

is strictly T, o-invariant for every a € [—2, —1]. Moreover, the square R, is a 2-D strange
attractor |60, Prop. 3] for a-values in a positive Lebesgue measure set contained in [—2, ag]
for some ag > —2.

Apart from the case b = 0, invariant curvilinear triangles were constructed for param-
eter values along the curve

G={(-1s(s" — 25> +25 - 2),—s* +5): 0 < s <2}

The point (—4, —2) belongs to G for s = 2. For (a,b) = (—4, —2), the respective curvilinear
triangle is invariant in the strict sense and map 7T is conjugate to the non-invertible
piecewise affine map

(+y,2—y) if (z,y) € To
Az, y) = .
(2—:c—|—y,2—x—y) 1f(x7y)€7-1
defined on the triangle 7 = 7o U 71, where
To={0<z<1,0<y<z}, TT={1<x<2 0<y<2-—z}

As was pointed out [60, §2.3], the map A enjoys the same nice properties as Ao. In par-
ticular, the consecutive pre-images of the critical segment {(z,y) € T : © = 1} define a
sequence of partitions (whose diameter tends to zero) of T leading the authors to conju-
gate A to a one-sided shift on two symbols. Moreover, for every initial point (xg,y0) € T
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whose orbit never visits the critical line, the Lyapunov exponent of A along the orbit
of (x0,%0) is positive (in fact, it is equal to 2 'log2) in all nonzero direction. Finally,
an ergodic absolutely continuous invariant measure for A can be easily constructed. By
conjugacy, all of these facts hold for T7_4 _5. These were the main reasons why A was called
the 2-D tent map.

As a first approach to the general study of the dynamics of T, ; along curve G, the
family of piecewise affine maps of T given by

(tz+y) t(z —y)) if (z,y) € To

Ml = {(t(2 —e+y)t2-a—y)) if(zy)eT

was introduced [55]. The triangle 7 is As-invariant if 0 < ¢ < 1 and A; = A. Since the
parameter ¢ essentially gives the expansion rate, playing the same role as the parameter a
does for tent map family Az, then family A; can be considered a natural extension of the
classical tent maps. That is why family A; was called the 2-D tent maps family.

The dynamics of family A; is very simple for 0 < ¢t < v/2/2. If t < v/2/2, then the origin
is the unique fixed point and is a global attractor of node type [55, Lem. 5.1]. For t = v/2/2,
the map A V2/2 is area-preserving and has a segment of fixed points in 7, being the rest
of points in 7 periodic points of period two.

However, for v/2/2 < t < 1, the dynamics of A; is verily rich. The origin is a repelling
node and another fixed point appears in 77, which is a repelling focus. Also, the Lyapunov
exponents of any point which does not belong to any pre-image of the critical segment in
all nonzero direction is equal to log v/2t, and all the periodic orbits with no critical points
are repelling. Moreover, family A; exhibits in this interval the same topological types of
numerical strange attractors as family 7, ; along the curve G for 0 < s < 2. Namely:
convex strange attractors (for \3/41/2 < t < 1); non-simply connected strange attractors
(for v/8/2 < t < +/4/2); and disconnected strange attractors formed by numerous con-
nected pieces (for \/5/2 <t < \"/§/2) This is what truly motivates the study of the
dynamics of the family A;.

A first analytical proof of the existence of a convex strange attractor for the family Ay
was given [56, Th. 1.1] for 7 < t < 1, where

7= 2(14+V2)7 ~ 0.882

Moreover, as was seen for A, it was also proved that the attractor supports a unique
absolutely invariant probability measure u; for all such ¢, which is ergodic. On the other
hand, the existence of persistent strange attractors with several pieces was proved through
several papers [57, 58, 59]. The proof is a consequence of a renormalization procedure that
permits to understand how connected invariant compact sets formed by a unique piece
may split giving rise to other ones formed by an increasing number of pieces. Then, from
Theorem 1.2 [59], it follows that these new disconnected invariant compact sets contain
strange attractors formed by the same number of pieces. Moreover, it was proved the
coexistence of arbitrarily large numbers of strange attractors [58, Th. B|.

For 7 <t <1, it is natural to wonder if u; depends continuously on the dynamics of
the family Ay, i.e. if family A; is statistically stable. In this case, this means continuity of
the densities of y; with respect to t in the L'-norm.

Alves, Pumarino, and Vigil gave sufficient conditions for the statistical stability of
piecewise expanding maps with bounded distortion and long branches [3, Th. A| and, as
a corollary [3, Th. B], they proved the statistical stability of the family A;. Actually, it
is proved that the family of a certain power of the map A; is statistically stable. Then,
Alves and Pumarino proved the continuity of the entropy of certain multidimensional
piecewise expanding maps which admit ergodic absolutely continuous invariant probability
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measures |2, Th. F|, and again deduced the continuity of the entropy for the family A; as
a corollary |2, Th. GJ.

Contributions of This Memoir

As we have already stated, the ultimate goal of the research project this memoir takes part
in is the study of the dynamics of the 2-D quadratic family 7, ;. This family is obtained as
the limit family of the return maps defined in a neighborhood of a type of generic homoclinic
tangency unfolded by two-parameter families of 3-D diffeomorphisms [67, Th. 1]. The
main interest in the dynamics of this family lies in its numerically observed persistent
2-D strange attractors [60, 61]. Besides the analytical proof of the persistence of such
attractors, their genesis should also be understood, as well as that of the numerical 1-D
strange attractors [60].

In order to explain the existence of 1-D strange attractors, we will refer to the back-
ground from this Introduction and, concretely, to Mora and Viana [44, Th. A], which proves
the persistence of 1-D strange attractors in generic unfoldings of a homoclinic tangency
of surface diffeomorphisms. Also, the genesis of such attractors is explained by a periodic
orbit analysis. As for the existence of 2-D strange attractors, we first have to find invariant
compact sets where to prove the existence of an expansive dense orbit. As a first approach
to this problem, we substitute family T, ; for a general two-parameter family of Expanding
Baker Maps.

This memoir is organized as follows. In Chapter 1 we include more details on Tatjer’s
main theorem [67, Th. 1| and the limit step of the family of return maps to obtain the
family 7}, 5. The novel results of this memoir are found in Chapters 2 and 3.

Chapter 2 is devoted to the study of a general family I', p of Expanding Baker Maps,
being ¢ > 1 and 0 < € < 7 an expasion rate and a rotation angle, respectively. The
family A; is a particular case for § = 37 /4, and the respective results [56, 57, 58, 59]
are of help in this general case, especially if /7 is a rational number. As in that case,
we can construct strictly invariant compact sets and prove that they contain 2-D strange
attractors adapting a few arguments [59]. A renormalization process [57, 58| can be started
for this general family as well, explaining the splitting and even the doubling of attractors.
The results are collected in two recent publications [42, 43].

Chapter 3 is devoted to the analysis of the dynamics of the family 75, ;. We begin with
a study of the local bifurcations, for which we will take advantage of the numerical analysis
by Pumarifio and Tatjer [61], and focus on the fixed points and 2- and 3-periodic orbits. As
was originally proved for families of vector fields [33, 16, 22|, it is also expected that all the
dynamics can be unfolded from some of its nonhyperbolic singularities. These dynamics
will be attracting periodic orbits, attracting closed curves, and 1-D strange attractors.
In particular, for b = —1 we find two families of 3-periodic orbits. One of them is of
dissipative saddle type for a-values for which the other one undergoes a Hopf-Neimark—
Sacker bifurcation. The growth of the closed curves originated from this bifurcation collide
with the saddle periodic orbit thus generating a homoclinic tangency. This phenomenon
occurs for parameter values for which an attracting periodic orbit coexists with them.
Thus, we explain in this memoir a process that had not been checked: the competition
between more than one strange attractor.

2-D Strange Attractors for a General Two-Parameter Family of Expand-
ing Baker Maps

The dynamics of the tent map Agz: [0,2] — [0,2] consists of first folding the interval [0, 2]
by the middle and then stretching the interval [0,1] by a factor @ > 1 to obtain the



interval [0, a]. Similarly, the 2-D tent map A;: 7 — 7 can be thought of as the composition
of the linear map defined by the matrix

t ot
w0 )

with the fold of the triangle T along the critical segment
C={(wy eT x=1)
onto To. This fold can be defined in all R? by

Feolwy)=q ot Er=
Y (2—z,y) ifzx>1

Ift > /2/2, then A; is expanding. Thus, the family A; with v/2/2 < ¢ < 1 is an example of
a class of piecewise affine maps, which we will call Expanding Baker Maps, that generalize
this dynamics: folding a certain domain (possibly several times) and then expanding the
folded region. See Section 2.1 for more details.

Recall that, for all v/2/2 < t < 1, the map A; has a repelling focus P; in 77, with
coordinates

2(2t + 1) 2t
(xtv yt) = D) ) D)
2t4 + 2t 4+ 1" 2t + 2t + 1
By performing the affine change of coordinates
x=2-t y_ Y79
1-— Tt Tt — 1

the map A; transforms into
Luo=Agup0Fco

with a = v/2t and 0 = 37 /4, where

A acosf —asind
0=\ 4sinf acosf

In this coordinates, the fixed point P; is the origin and X = 1 is again the critical line.
We will study the general family {I'yp}q0 with @ > 1 and 0 < § < 7. Note that the
dynamics of I'y o and I'y » look like one-dimensional, and I', ¢ is conjugate to I', _g for all
—m <60 <0.

We first prove the existence of strictly invariant compact sets K for I'; g and divide them
into two classes: first-rate if Fe o(K) C K, and second-rate otherwise. First-rate strictly
invariant sets will be a particular case of a larger class, which we will call self-similar sets.

Definition (Self-similar sets). A set K C R? is A, g-self-similar if
A o(Ko) =K
being Ko =K N{z < 1}.

Thus, a first step towards the proof of the existence of strictly invariant compact sets
is the existence of self-similar sets.

Theorem 1 (Existence of self-similar polygons). Let 0 < 6 < w. For every a > 1, there
exists an Ag g-self-similar (N + 1)-sided polygon Kn with

N =N(a,0) > 1+ |r/0]

that contains all A, g-self-similar sets. Moreover, there exists a nonincreasing sequence a;
of a-values with the following properties:
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(a) aj > 1 for every j € N

(b) For any j € N it holds that aj11 < aj with equality holding if and only if a; =1
(¢) limj,0a; =1

(d) The set {a;}; is finite if and only if 0/m € Q

(e) The sequence Nj = N(aj,0) is increasing

(f) For every j € N and for all a; < a < aj_1 it holds that N(a,0) = N;

Since A, ¢ multiplies the area of any set by a factor of a® and Fc,0 at most halves
it, it is clear that strictly invariant compact sets with nonempty interior can only exist
for a < /2. This condition is not sufficient: there exist a-values in (1, \/i] for which the
self-similar polygons given in Theorem 1 are not strictly invariant. As an extreme example,
for & = 27/3, these polygons are triangles that are not strictly invariant for any a > 1,
while, for § = /2, they are strictly invariant rectangles for every 1 < a < v/2. According
to the next result, except for § = 27/3, these self-similar polygons become strictly invariant
for every a sufficiently close to 1.

Theorem 2 (Existence of strictly invariant polygons). For every 6 € (0,7) \ {27/3},
there exists ag > 1 such that the A, g-self-similar polygon Ky s strictly I'y g-invariant for
every a € (1,ag]. For 0 = 2m/3, there exists ag > 1 such that I‘iﬂ(ng) is a second-rate
strictly T'q g-invariant polygon for every a € (1,ag]. Consequently, for every 0 < 8 < 7 and
every a € (1, ag],

Kao = U FZ,QUCN)
n=1

is a strictly I'q g-invariant polygon.

For § = 37 /4, it was proved [59] that K,y contains a 2-D strange attractor that may
coincide with it (see [56] for (14 v/2)/* < a < /2), or it may be a 2-D strange attractor
that splits into multiple pieces or even contain an arbitrarily large number of 2-D strange
attractors [57, 58]. The following result generalizes Theorem 1.2 [59] and establishes that
the set Ky g contains some 2-D strange attractor for any 0 < 0 < 7.

Theorem 3 (Existence of 2-D strange attractors). Let 0 < 6 < w. For every a € (1,ay],
there exists a finite family A, g of 2-D strange attractors for I'q g with nonempty interior
verifying the following properties:

(1) Every attractor for T'gg in Kqg belongs to Ag .

(11) For each A € Ay g there exists an ergodic absolutely continuous invariant measure @
for 'y g supported on A.

(1it) For each A € Ay g there exists a natural number b and a decomposition
A=XUX U ---UX_1

of A in such a way that T'q g(X;) = Xj11modv for j =0,...,0—1. The measure p
supported on A is mizing (up to the eventual period b) and therefore FZ,@ 1s topolog-
ically mizing on every Xj.

(iv) If A € Ayp, then A traps almost every point in W*(A), i.e. for almost every point
P € W*(A), there exists j € N with T o(P) € A. Moreover, the set Uaen,, W*(A)
covers a full Lebesgue measure set of Ky 9.
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(v) If K is a compact 'y g-invariant set with nonempty interior, then there exists A € Aq g
such that A C K. Moreover, if K and K' are two compact T, g-invariant sets with
disjoint nonempty interiors, then there exist A, A" € A, g with A # A’ such that
ACK and A’ C K.

Theorem 3 will be proved in the same way as Theorem 1.2 [59]. Nevertheless, we have
to include certain crucial considerations on the weighted multiplicity which must be checked
for all 8. Also, we point out that the proof of Theorem 3 mainly relies on the existence
of an invariant set for I', , which was given in Theorem 2, namely K,y (which is in fact
strictly invariant), hence the restriction on the parameter interval.

From now on, we will consider § = 27p/q € (0,7) with p,q € N and ged(p, q) = 1. The
following result shows how for a-values sufficiently close to 1 the strictly invariant polygon
(and, consequently, the attractor it contains) splits into another invariant set formed by
q pieces.

Theorem 4 (Existence of restrictive domains). Let § = 27p/q € (0,7) with p,q € N
and ged(p, q) = 1. The following hold:

(a) There exists a1 = a1(0) > 1 and a set D = D(a,l) C Kq9 such that, for every a €
(1,a1), it holds that

(i) Ipy(D)ND =2 forn=1,...,q—1
(ii) T5(D) €D

(b) If ¢ > 4, then the restriction of FZ,G to D is a two-fold Expanding Baker Map.

A set verifying statements (i) and (ii) of (a) is said to be a restrictive domain of T' .
According to Theorem 4, the map I', ¢ displays a strange attractor with at least ¢ pieces,
each of which contained in a different I'? ,(D) with n = 0,1,...,¢ — 1. Note that from
statement (a) it follows that I'” ,(D) N FZ”(;(D) = @ whenever n # m. As a consequence of
the proof of Theorem 4 we obtain the foliowing result.

Corollary 1. Under the hypotheses of Theorem 4, the set D can be constructed in such a
way that every attractor for I'y g is contained in the forward orbit of D.

For values of a < a; sufficiently close to 1, the restriction of I'? , to D has an unstable

focus P with eigenvalues a%??! with §; = 27/q. The translation of P to the origin of
coordinates and a suitable change in coordinates allows to express Fgﬂ as the two-fold
Expanding Baker Map

U, 9 =EBM(C, Ls0,0,Aqa 2,)

with
Lap =y =xcotb + pcscty

where p = p(a, 0) satisfies lim,—,1 p(a,d) = 1. Let Fg’@ be the family of Expanding Baker
Maps
U, ., =EBM(C, Ly, O,A")

satisfying the following conditions:
(R1) C is the critical line x = 1

(R2) L is a line that crosses C at an angle 0 < ¢ < 27/5 and its distance to O is equal
to o.

(R3) A*(2) = a%e??'z.
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Hence W, g € F? , . We will consider EBM(C, O, A*¥) to be included in EBM(C, L, O, A*),
since this trivially holds when £, , = C or L, , does not intersect a certain invariant set on
which the dynamics is studied. Then we can state a first proper result on renormalization:

Theorem 5 (First renormalization). Let 8 = 27p/q € (0, 7) with p,q € N and ged(p, q) =
1. If ¢ > 4, then the following statements hold:

(a) If q is odd, then there exists ap = az(0) € (1,a1) such that W, has a restrictive
domain D = D(a,8) C D for every a € (1,as).

(b) If g = 2v is even, then one of the following statements hold:

(i) If v is odd, there exists ay = as(0) € (1,a1) such that Wy , has a restrictive
domain D = D(a,0) C D for every a € (1,az).
(i) If v is even, there exists az = as(0) € (1,a1) such that Uy 4 has two disjoint

restrictive domains D¥ = DE(a,0) € D for every a € (1,a3). Moreover, the
restriction of Wy » to each one of these domains belongs to Fpq g -

Statement (ii) of (b) still holds for \IJZ; provided that v is even, and successively for
any power q = 2% with s > 2. Therefore, as we have stated above, as a consequence of the
previous Theorems and Theorem B [58]| (see Lemma 2.1.11 in Chapter 2) we obtain the
following result.

Corollary 2 (Infinitely many doublings of attractors). Let @ = 27p/q € (0,7) withp,q € N
and ged(p,q) = 1. If g = 2° for some s > 2, then there exists a decreasing sequence

a1(0) > as(s) > -+ > an(s) > apy1(s) >--->1

such that Ty g exhibits 2"~ strange attractors simultaneously for every an.1(s) < a < ay(s)
and everyn > 1.

Coexistence of Attractors in the 2-D Quadratic Family

The dynamical behavior of the 2-D quadratic family is rather complicated as was numer-
ically pointed out by Pumarifio and Tatjer [61]. In Figure 14a, a region P of parameter
values (ag, bg) for which an invariant domain for T, 4, is numerically detected was plotted.
This region is colored according to a numerical analysis of Lyapunov exponents:

— Blue region: It corresponds to the parameter values for which the two Lyapunov
exponents are negative (attracting periodic orbits)

— Green region: It corresponds to the parameter values for which one Lyapunov expo-
nent is zero (attracting closed curves)

— Red region: It corresponds to the parameter values for which the sum and the product
of the two Lyapunov exponents are negative (1-D strange attractors)

— Black region: It corresponds to the parameter values for which the sum of the two
Lyapunov exponents is positive (2-D strange attractors)

As the authors point out, Figure 14a does not show the possible coexistence of attractors.
In Figure 14b we gather additional information that indicates the competition between
more than one attractor, as happens for Iy g.

From Figure 14b we construct Figure 15 where we include significant points that will
help us locate the statements of the following results. First, the point A is a tangency
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Figure 14: (a) Original parameter regions [61, Fig. 1] colored by the type of the attractor
numerically detected; (b) New attractors appear in competition with those found in (a)
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point of the curves 4a = (b — 1)? and 4a = 1 — 2b — 3b? that limit, together with the
line 4a = 2b — 3, the parameter region for which there exists an attracting fixed point.
In this region, the fixed point will be a focus if 64a + b* — 8b> 4+ 8> < 0 and a node
otherwise. The curve 64a + b* — 8b3 + 80> = 0 intersects the line 4a = 2b — 3 at the
points B = (1/4,2) and D = (—7/4,—2). For B, the unique fixed point (1/2,1/2) is a
Bogdanov-Takens singularity (see Broer et al [8]). For D, the fixed point (—3/2,—1/2)
has double eigenvalue equal to —1. It is proved that it is a unipotent fixed point of Tj%,
but not a Bogdanov-Takens singularity. Along the segment BD, a Hopf-Neimark-Sacker
bifurcation occurs that explains the birth of attracting closed curves.

2r 'B

-2 i | ' - | D | |
-4 -2 0

Figure 15: Significant points in the parameter plane (a,b): A = (1/4,0), B = (1/4,2),C =
(=2,0),Cy = (=4, ~2), D = (=7/4,~2), Ry = (=5/4, 1), Ry = (—3/4,0)

We start Chapter 3 with the study of the fixed points of family 7,5, which are the
simplest organizers of its dynamics. See Figure 16.

Theorem 6. The fixed points of the quadratic family
Toup(X,y) = (a+y?, x +by)
verify the following statements:
a) If 4a > (b—1)2, then Top has no fized points. Moreover, there is no bounded orbit.
b) If 4a = (b —1)%, then T,p has a unique fived point
PO = (31— b2 51— b))

with eigenvalues b—1 and 1. In particular, for (a,b) = (1/4,2), the fized point (1/2,—1/2)
1s a Bogdanov—Takens singularity.
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¢) If 4a < (b —1)%, then T,p has two different fized points:
P(l)d:: ((l_b)yivyi)a yi: %(1_17):‘:% (b_1)2_4a‘
i) The fized point PW= s a focus if and only if
64a +b* — 803 + 80> <0, 4a#2b—3

This focus is attracting if 4a > 2b — 3 and repelling otherwhise. Along the
segment
4a = 2b — 3, —2<b<?2

the fized point P~ is a center. Moreover, a Hopf-Neimark-Sacker bifurcation
occurs at PY~ for b # —1,0. The curve 64a + b* — 8b% + 8b> = 0 intersects
the segment 4a = 2b — 3 at the points B = (1/4,2) and D = (—7/4,-2).
For (a,b) = D, the fixed point PW:= has double eigenvalue equal to —1. It is a
unipotent singularity of Tl%, but not Bogdanov—-Takens.

If 64a + b* — 8b® + 8% > 0, then PV~ is a node if and only if either b >0 or
da+30*+20—-1<0, b<0

This node is attracting if —2 < b < 2 and repelling otherwise. If
da+3v+20—-1>0, b<0

then P~ s a saddle fized point that is dissipative if and only if

2b+3<4a<1-2b
ii) The fized point PWt s a repelling node if either b <0 or

da+3b>+2b—1<0, b>0

If
4a+3b>+2b—1> 0, b>0

then PMt s a saddle fized point that is dissipative if and only if 4a > 1 — 2b
and
4a < 2b— 3, b>2

On the left-hand side of the segment BD, neither of the two fixed points is attracting.
However, we can find subregions in P for which the existence of attracting periodic orbits
is proved. This is the case for the sharp region Py in blue that has its vertex Ry on BD.
See Figure 15. Certainly, the point Ry, as well as R_1, corresponds to parameter values
for which certain resonances prevent the Neimark—Sacker bifurcation. Moreover, on the
right-hand side of BD there exist parameter values for which, besides the attracting fixed
point, there also exist attracting periodic orbits, closed curves, and 1-D strange attractors.
This coexistence will be explained after a selective study on the existence of periodic orbits
of low period for the 2-D quadratic family.

We will first study the existence of 2-periodic orbits to conclude that there are no
attracting ones. Afterwards, we will prove the existence of attracting 2"-periodic orbits
for n > 2 in the region Py, more precisely along the line b = 0. Of greater interest will
be to prove the existence of 3-periodic orbits along the line b = —1, which transversally
cuts P through the point R_;. For this case, we will prove that two families of 3-periodic
orbits appear. See Figure 17.
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5.
64a + b* — 8b% +8b% =0
a

2F RF
n da=2b—3

da+30>+20—-1=0

Figure 16: (a) Stability configuration of the fixed point P(Y~ in (a,b): AN (blue): at-
tracting node; RN (red): repelling node; AF (cyan): attracting focus; RF (pink): repelling
focus; S (green): saddle fixed point, dotted: dissipative. Along a = 0 with b < 1, one
cigenvalue is zero. (b) Stability configuration of the fixed point PM:* in (a,b): RN (red):
repelling node; S (green): saddle fixed point, dotted: dissipative. Along a = 0 with b > 1,
one eigenvalue is zero.

From one of them, attracting closed curves are originated (see Figure 18) that collide
with the other orbit of saddle type giving rise to a homoclinic orbit as numerically checked
in Figure 19. By unfolding these homoclinic tangencies the formation of 1-D strange
attractors will take place [44]|. The transitions are represented in Figure 20 for b = —1 in
an interval of a-values.

Theorem 7. The following statements on the periodic orbits of
Top(x,y) = (a+y? x +by)
hold:
1. There exists a 2-periodic orbit if and only if
4a < 1—2b— 3b
In such case, it is unique. Moreover, it is a repelling node if
da < =3 —6b—5b°

If 4a > —3 — 6b — 5b%, then it is a saddle periodic orbit that is dissipative if and only

if
4a > —1 — 4b — 4b?

and either —2 < b < 0 or 4a < 1 — 4b — 4b°.
2. Let b= 0. There exists a decreasing sequence
—2< < <ap < <ag<ap=—32

of a-values such that there exists an attracting 2"™-periodic orbit for every an+1 < a <
ap and n > 2.
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da+3b2+20—1=

S

da +4b* +4b+1=0
da 4+ 402 4+4b—1=0

a = agp a = ay

Figure 17: (a) Stability configuration of the unique 2-periodic orbit of T ,: RN (red):
repelling node; S (green): saddle fixed point, dotted: dissipative. Along a + b*> +b = 0,
one eigenvalue is zero. (b) Stability configuration of the two 3-periodic orbits PELE of Top
for b = —1: attracting node (blue); repelling node (red); attracting focus (cyan); repelling
focus (pink); saddle fixed point (green), dotted: dissipative. For a = —5/4, the orbit P ()~
collapses to the fixed point P~
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3. Let b= —1. There exists a 3-periodic orbit if and only if a < —1. Moreover:

(a) If a = —1 or a = —5/4, then there exists a unique 3-periodic orbit P®). If a =
—1, then

P(g) = {(070)7 (_170)7 (_17_1)}
with eigenvalues 0 and 1. If a = —5/4, then
P(3) = {(17 %)’ (_17 %)v (_17 _%)}

with eigenvalues +i/3.

(b) Ifa € (—oo, —1)\{—5/4}, then there exist two different 3-periodic orbits PG)+,

i) The orbit PG~ s a dissipative saddle periodic orbit if a > —5/4. There
exists ag < —2 such that P®)~ is a repelling node if a < ag and a saddle
periodic orbit if ag < a < —5/4, which is dissipative if and only if a1 < a <
—(11++/5)/8 for some ag < a1 < —2. For a = ay, the orbit P~ has one
etgenvalue equal to —1.

i) The orbit PGt is an attracting node if a > —65/64. For a < —65/64,
the orbit PG)* is a focus if and only if a # (v/5 — 11)/8. This focus is
attracting if a > (v/5—11)/8 and repelling otherwise. For a = (v/5—11)/8,
a Hopf-Neimark-Sacker bifurcation occurs at PG .

4. For each n € N, there exists a compact set (depending on a and b) with nonempty
interior containing all the n-periodic orbits.

Before trying to prove the persistence of 2-D strange attractors, we observe that the
black region seems to spring from both C; and C3. Thus, we first construct invariant
compact sets with nonempty interior for parameter values in sharp regions with vertices C
and CY, respectively. We will prove the following result.

Theorem 8. Fach (a*,b*) € {(—2,0),(—4,—2)} is the vertex of a sharp region V(a*,b*)
such that, for every (a,b) € V(a*,b*), there exists a T, p-invariant compact set with
nonempty interior.

Figure 18: The repelling 3-periodic focus in magenta for (a,b) = (—1.1145, —1) gives rise
to three limit cycles that get closer to the dissipative saddle 3-periodic orbit in green, closer
itself to the attracting fixed focus in cyan
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(b)

Figure 19: (a) Homoclinic tangencies unfolding 1-D strange attractors for (a,b) =
(—1.18282, —1). (b) Amplification of (a).

\ \ \ \
-1.25 -1.2 -1.15 -1.1

Figure 20: Different transitions for b = —1 with a € [-5/4, —1] colored as Figure 14b
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As a consequence of the proof of Theorem 8 we obtain more information for the param-
eter curve 2a = b3. A numerical simulation of the attractors along this curve reminds of
the ones obtained along curve G, though we get even more information along the former.

Theorem 9. For parameter values along the curve 2a = b3, the following hold:

1) If b = =2, the curvilinear triangle IC limited by the first three iterates of the critical
line s strictly T_4 _o-invariant. Moreover, it is a strange attractor on which the
Lebesgue measure is invariant and ergodic.

2) If b > =2, the triangle K is T, p-invariant, but not in a strict sense. This triangle
contains the curvilinear pentagon limited by the first five iterates of the critical line,
which is strictly T, p-invariant for all =2 < b < by, for some by > —2.

3) If b < =2, then there exists no strictly T, p-invariant compact set with nonempty
nterior.

For b > by, we expect strictly invariant curvilinear polygons of a larger number of sides
to appear.

After performing suitable changes of variables and parameters, the family 7, ; can be
written as

Fc,b(xvy) = (yv C$(2 - x) + by)

where

c=3(1-b—29), §=+/(b—1)2 —4a

Frequently, this new expression will be more useful to study the dynamics. Moreover, the
family Fi.j can be expressed as the composition of a diffeomorphism with a fold. This
allows to compare F,; with I'y g.

Open Problems

From the analytic and geometric study carried out throughout this memoir many open
questions come up, all of which supported by the corresponding numerical experimentation.
Apart from the analytic proof for the persistence of 2-D strange attractors, most of the
renormalization results obtained for I',  suggest similar challenges for a better description
of the dynamics of T}, ;. In fact, a complete renormalization process for the former has not
been developed yet. Also, some results on statistical stability verified for A; have not been
proved yet either. In this brief final introductory section we bring about all these topics
for future research.

Minimality of the Polygonal Domain

If the strictly invariant compact polygon K, ¢ is minimal (i.e. contains no invariant compact
set with nonempty interior different from itself), then it is an attractor by definition. In
that case, such polygon contains a dense orbit with two positive Lyapunov exponents and,
therefore, it will be a 2-D strange attractor.

Let K p = Kqp N {x > 1}. Numerical experiments suggest that /C, ¢ is minimal if and
only if O € Fe,o(K ), that is, if and only if (2,0) € ¥ ,. As a decreases, the folded
set Fe,0(K: ) shrinks and there is an a-value a* such that O € Feo(K,) for a = a*
and O ¢ }"c:o(lC:’e) for all a < a*. 7

Conjecture. Let 0 < 6 < w. The strictly invariant polygon Kse ts minimal if and only
if (2,0) € K-
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For 6 = 3m/4, it is proved [54] that (2,0) € K 4 if and only if a > v/2. Moreover, it is
proved [56] that K g is transitive for all (1 4+ 1/2)/* < a < v/2. The expansivity of Tq g
for these a-values guarantees then that Ky is a strange attractor. For slightly smaller
a-values, it was numerically shown [54, 55| that the pentagon K, ¢ loses its minimality to
contain another attractor that is connected, but not simply connected: a hole around O
appears. This hole expands as a decreases until the attractor splits into eight connected
pieces for a-values slightly smaller than a = %/2. This motivates the following conjecture.

Conjecture. Let 0 < 6 < 7w. Let ay > 1 be the minimum of the a-values for which
(2,0) € Kqp. Then, there exists ag € [1,ap) such that, for every a € [ag,ag), there exists
a connected neighborhood Ug g of O such that Ko g \ Uy,p is strictly invariant and minimal
(hence a non-simply connected strange attractor). Moreover, it holds that aj = 1 if and
only if 0/7 is an irrational number.

Numerical experiments also seem to support this conjecture. See Figures 21, 22, and 23.
A numerical approach to the irrational case is not possible, so that it can only be analyti-
cally tackled.

Further Renormalizations: A Sequence of Splittings and Doublings of
Attractors

In the rational case, we conjecture that a process of splitting and /or doubling of attractors
occurs for a sequence of a-values in (1,a(). This is actually a hard task that requires to
control a complicated process of renormalization. Given 6 = 27p/q € (0,7) with p,q €
N and ged(p,q) = 1, we have proved the existence of two consecutive splittings of the
strictly invariant set, and therefore of the strange attractor it contains, for ¢ > 4 (one
splitting for ¢ = 3.) However, when ¢ is odd or ¢ = 2v with v odd, for the study of
a possible third splitting it is necessary to consider a three-fold Expanding Baker Map.
Then, it seems natural to ask whether the splitting process finishes at that point or further
renormalizations can be carried out considering Expanding Baker Maps of more folds. A
possible increasing number of folds could make this problem analytically unmanageable.
After the proof of Theorem 5, we can formulate a first conjecture in the following terms.

Conjetura. For eachm € {0,1,...,00}, let Sy, be the mth level of the Sarkovskii ordering:

So:3>5>7T>9> ---
S1:3X2>5X2> 7T X2 ---

Sm 13x2"M > E5Xx2M > Tx2M > ...

S i 2> >22>22>2>1
Then, the following hold:
i) For every q € S1USy \ {3} there exists an infinite sequence of splitting of attractors.

ii) For every q € Sy, with 2 < m < oo there exist m — 1 doublings followed by an infinite
sequence of splittings of attractors.

iii) For every q € Se \ {1,2} there exists an infinite sequence of doublings of attractors.

We know by Corollary 2 that statement iii) holds. Numerically, some simulations in
Figure 21 show that for ¢ = 7 each one of the 49 pieces obtained for a = 1.006 split again
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into another 7 pieces as is shown for ¢ = 1.0006. In Figure 24 we show the case ¢ = 24
for a = 1.0001 in which each one of the 24 pieces of the initial attractor has split into 12,
then into 6, and finally into 3. In Figure 25 we show for ¢ = 8 the coexistence of two
32-piece strange attractors for a = 1.01.

Statistical Stability of the General Two-Parameter Family Expanding
Baker Maps

Fix 0 < 8 < m, and take ag from Theorem 2. From the very definition of Ky, it will
follow that KCy, ¢ is I'y p-invariant for all 1 < a < ag. Therefore, the one-parameter family
Lag: Kago — Kaye with a € (1, ap] is well defined and we can consider questions such as
the statistical stability.

Conjecture. For every 0 < 0 < 7, the family {I'q0}1<a<a, is statistically stable.

The Singular Case ¢ = 3

A study on all the previous questions, as well as the particular ones, should be carry out
for the angle 6 = 27/3. See Figure 26.

Conjecture. Let 0 = 2m /3. Then, there exists a > ag such that KCq g is a compact polygon
ifa<aand Ko =T? ,(R?) otherwise.

Conjecture. Let 6 = 27/3. Then, there exists an infinite sequence of splitting of attrac-
tors.

Calculation of All the Three-Periodic Orbits

The assumption b = —1 simplifies the calculation of the 3-periodic orbits. Numerical
experimention confirms that the parabolic-like region whose boundary seems to match one
of the “hairs” of the parameter region P coincides with the region of existence of all such
orbits.

Conjecture. The curve from Figure 14b going through (a,b) = (—1,—1) that matches the
mostly blue “hair” limits the region of existence of the 3-periodic orbits.

Points of Density of 2-D Strange Attractors

The study of the stability of the periodic orbits of Ty ;, and especially the attention paid
to the nonhyperbolic cases, allows to prove the existence of three out of the four types of
attractors that had been numerically detected in Figure 14, namely: attracting periodic
orbits, closed curves, and 1-D strange attractors. However, the existence of 2-D strange
attractors such as the ones numerically detected in Figure 14 must involve the non-injective
character of the quadratic maps. That is the only way an invariant compact set I can
contain its expanded image, yet folded. That is, on the 2-D strange attractor, the map T,
cannot be injective. In other words, the set I must cut the critical line y = 0. For
this reason, here we will search for invariant compact sets R, with nonempty interior
intersecting the critical line y = 0. Of course, such compact set R, is not necessarily a 2-
D strange attractor. It is precise that it contains a dense orbit with two positive Lyapunov
exponents. Moreover, in order that such 2-D strange attractor can be observable, it is
necessary that it be persistent. For the beginning of the proof of the persistence of 2-D
strange attractors we will place ourselves at the points C; = (—2,0) and Cy = (—4,—2)
on the boundary of P, which are vertices of the respective sharp regions of the parameter
values for which 2-D strange attractors seem to appear (see Figure 15). We conjecture
that these points are points of density of persistent 2-D strange attractors.
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Figure 21: Numerical simulation for § = 27/7 and decreasing values of a: (a) 7-piece
attractor for a = 1.05; (b) Amplification of a piece in (a); (c¢) 7-piece attractor for a = 1.02;
(d) Amplification of a not simply connected piece in (¢); (e) Evolution of (d) before the
splitting; (f) Splitting of (d) for a = 1.006; (g) Amplification of a piece in (f); (h) Splitting
of (g) for a = 1.0006.
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Figure 22: Numerical simulation for § = 27 /6 and decreasing values of a: (a) 6-piece
attractor for @ = 1.05; (b) Amplification of a piece in (a); (c) Splitting of (b) for a = 1.04;
(d) Amplification of a piece in (c).
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Figure 23: Numerical simulation for § = 27/8 and decreasing values of a: (a) 8-piece
attractor for a = 1.05; (b) Amplification of a piece in (a); (c¢) Splitting of (b) for a = 1.02;
(d) Amplification of a piece in (c).
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Figure 24: Numerical simulation for § = 27/24 and a = 1.0001: (a) The (24 x 12 x 6 x 3)-
piece attractor; (b) Amplification of a piece in (a); (¢) Amplification of a piece in (b); (d)
Amplification of a piece in (c).
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Figure 25: Coexistence of attractors for § = 27/8: (a) Two 32-piece attractors for a = 1.01;
(b) Amplification of 4 pieces of the two attractors in (a).
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Figure 26: Numerical simulation for § = 27/3 and decreasing values of a: (a) 3-piece
attractor for a = 1.1; (b) Amplification of a piece in (a); (c¢) Splitting of (b) for a = 1.05;
(d) Amplification of a piece in (c).

Definition (Points of density). A point of density of persistent (strange) attractors for
a family f,, of diffeomorphisms is a p-value p* for which every neighborhood of p* has
a subset E containing p* with positive Lebesgue measure such that f, has a (strange)
attractor for every u € E.

Proving that any of the points C] or Cs are points of density of persistent strange
attractors is a very difficult task. In this thesis, we limit ourselves to studying the exis-
tence of possible invariant compact sets R, with nonempty interior for an open set of
parameter values close to both C7 and C5. If these invariant compact sets are minimal
(transitive), then they will be attractors. To conclude that they are 2-D strange attractors,
it is necessary to prove the existence of a dense orbit in R, with two positive Lyapunov
exponents (or at least whose sum is positive). This is the main stumbling block.

Conjecture. The parameter points Cy and Co are points of density of persistent 2-D
strange attractors.
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Chapter 1

The 2-D Quadratic Family as a Limit
Return Maps Family in the

Unfolding of a 3-D Generalized
Homoclinic Tangency

We include this chapter in this memoir to give a proper presentation of the 2-D quadratic
family 75, . We briefly describe Tatjer’s main theorem [67, Th. 1] that explains how to
obtain the two-parameter quadratic family

f&,i)(‘%v ga 2) - (27 & + Z;:l] + 22; g)

as the limit return maps of a two-parameter family of 3-D diffeomorphisms generically
unfolding a certain case of generalized homoclinic tangency.

In Section 1.1 we give a background on the homoclinic scenario in dimension-two,
introducing important notions such as the limit return maps of a family of diffeomorphisms
near a homoclinic orbit. We focus on the three-dimensional case in Section 1.2 reviewing
Tatjer’s work [67] and defining the generalized homoclinic tangency. In Section 1.3 we
introduce the family 7, ;.

1.1 Introduction: 2-D Homoclinic Dynamics

From the time of Poincaré, homoclinic scenarios have been usually identified with the
presence of a rich amount of complicated dynamics. Especially from the sixties to the
present day, a great effort has been done in order to clarify all the possible chaotic behaviors
emerging when a homoclinic tangency is unfolded in the two-dimensional setting. By
this unfolding we mean the creation of homoclinic orbits associated to a periodic saddle
fixed point. More concretely, assume the presence of a periodic saddle fixed point of a
diffeomorphism on a surface whose invariant manifolds intersect at some homoclinic point.
A natural question in this scenario is: How does the existence of this homoclinic point affect
to the dynamics? Or, more precisely: How does the dynamics change after a homoclinic
orbit is created?

1.1.1 Limit Return Maps Near Homoclinic Orbits

Most of the results concerning this problem start at the same point: By using the existence
of limit return maps associated to the unfolding of a two-dimensional homoclinic tangency.



Definition 1.1.1 (Limit return maps). Let {Fj}.cv be a smooth family of diffeomor-
phisms in some d-dimensional manifold M depending on a parameter a € V', where V is
an open subset of R¥. Suppose that for a = ag there exists a homoclinic orbit Oy of some
dissipative fixed point. We say that {F,},cy has a family of limit return maps associated
to the homoclinic orbit Og in the C'-topology if there exist a point of the orbit Q and a
natural number N such that, for any positive integer n > N, there exist reparametrizations

a= My,(a)
and a-dependent coordinate transformations

x =V, 4(7)
satisfying the following properties:

1) For each compact set K in the (a, Z)-space, the images of K under the maps
(@,z) = (Mn(a), Vna(z))
converge in the (a, z)-space to (ag, Q) as n — oo

2) The domains of the maps
(@, %) = (@, (¥ 5 0 Fiy a) © Yna))

converge to all of R™* as n — oo, and the maps converge in the C topology to some
map of the form
(a,2) — (a, Fa(z))

In such case, the map Fj will be called a limit return map and {ﬁ&}aeRk a family of limit
return maps associated to the homoclinic orbit Oy.

In a few words: limit return maps explain the asymptotic behavior of high iterates of
the diffeomorphism when it is restricted to certain neighborhoods of the homoclinic orbit.
Under generic assumptions, in the dissipative case, that is, if the eigenvalues A1, Ao
associated to the homoclinic orbit satisfy |A;A2| < 1, then the family of limit return maps
can be written as
(1,32) — (@ — #1,0)

For a > 1, this family of endomorphisms is completely equivalent to the following one:

F(#1, %) = (1 — a#i,0) (1.1)

This means that a convenient (high) power of F, restricted to certain neighborhood near
the homoclinic point is conjugate to a (small) perturbation of the well-known quadratic
family f,(x) =1 — ax®.

Let us mention that family (1.1) also works as a family of limit return maps in higher-
dimensional settings. For instance, under the assumption of sectionally dissipativeness,
that is, if dimM = d and F,: M — M unfolds a homoclinic tangency associated to a

homoclinic orbit whose eigenvalues A1, Ao, ..., A\g satisfy
Al < [Ae] < .oo < |Ag—1l <1< |Aal, [Aag—1Aal <1
then it is proved that the respective family of limit return maps is given by

Fi(Z1,%9,...,8q) = (1 —ai?,0,...,0)
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1.1.2 Existence of Strange Attractors in Unfoldings of Surface Diffeo-
morphisms

Let M be a two-dimensional manifold and let us consider one-parameter families of dif-
feomorphisms f,: M — M such that f,, has a homoclinic point @, associated to a
hyperbolic saddle P,,. Moreover, for ;1 = pg, we assume that the invariant manifolds
of P,, display a quadratic tangency at @,,. It is said that the family {f,} generically
unfolds the homoclinic tangency if, for y < pg the invariant manifolds of the saddle fixed
point P, (the analytic continuation of P,,) have no intersections and for p > pi, there
exist transverse homoclinic points associated to P,. See Figure 1.1.

2

(a) (b) (c)
Figure 1.1: Unfolding of a quadratic tangency: (a) p < po (b) p = po (¢) p > po

One of the main purposes during the past four decades is to determine the prevalence or
not of hyperbolic dynamics for p > pg. One of the main results in this sense was provided
by Mora and Viana [44]. This result guarantees the existence of physically persistent
(that is, persistent in the sense of probability measure) strange attractors when a generic
homoclinic tangency associated to a dissipative periodic point is unfolded in dimension-two.
In this sense, we point out that a deep study [5, 34| of the chaotic behavior of the quadratic
family f, for a positive Lebesgue measure set of parameters was made and, moreover, the
techniques and results in those papers were extensively used [44].

Theorem ([44, Th. A, adapted]|). Let {f,}, be a generic family of diffeomorphisms on a
surface, unfolding a homoclinic tangency of f,,. Suppose that f,, is area dissipative at the
saddle point involved in the tangency. Then, there exists a positive measure set of p-values
for which f,, has strange attractors of Hénon type.

Recall that the Hénon family is a small perturbation of family (1.1) for sufficiently
small b > 0. This is why the strange attractors from Theorem A [44] are called Hénon-like
attractors: They appear in the dynamics of small perturbations of family (1.1).

We must point out that the above important result, as well as many other interest-
ing ones (e.g. the results by Colli [13|, Newhouse [46], Yorke-Alligood [70], or Palis—
Yoccoz [49]), is strongly based on the existence of families of limit return maps associated
to the unfolding of the homoclinic tangency.

1.2 Limit Return Maps for 3-D Diffeomorphisms

The results by Mora and Viana [44] have been stated in the two-dimensional scenario, and
it is natural to wonder if a similar result prevails in higher dimensions. In particular, we are
especially interested in proving the existence and persistence of two-dimensional strange
attractors when certain classes of 3-D homoclinic tangencies are unfolded. As one can see

3



in [60, 61], numerical evidence shows us that many different strange attractors arise in this
case, to the contrary of the two-dimensional scenario, where only Hénon-like attractors are
expected. Nevertheless, we are going to develop a similar programme as the one needed in
the lower-dimensional case. More precisely, the starting point will be again the existence
of limit return maps associated to the unfolding of these three-dimensional tangencies.

1.2.1 Preliminaries

We begin by stating several elementary dynamical definitions.

Definition 1.2.1 (Fixed points). Let M be an d-dimensional smooth manifold and let
F: M — M be a diffeomorphism. Let P € M be a fixed point of F, and let Aq,...,\g
be the eigenvalues of DF(P). Then:

o We say that P is dissipative if the product of the eigenvalues is less than 1 in absolute
value.

o We say that P is sectionally dissipative is P is dissipative and |\;A;| < 1 for all
i,j =1,...,d such that i # j.

e The index of stability of P is the number of eigenvalues whose absolute values is less
than 1.

o We say that P is a saddle if |A\;| # 1 for all i = 1,...,d and its index of stability is
different from 0 and d.

By the Stable Manifold Theorem [47], given a saddle fixed point, we can consider the
mwvariant manifolds.

Definition 1.2.2 (Invariant manifolds). Let M be a d-dimensional smooth manifold and
let F': M — M be a diffeomorphism. Let P € M be a saddle fixed point of F'. The stable
iwvariant manifold of F' is

W3(F, P) ={Q € M: lim F"(Q) = P}

The unstable invariant manifold is WY(F, P) = WS(F~1, P).

Apart from fixed points, there are other invariant objects we are interested in. Given
a smooth submanifold N of M, we denote by L;(N') the pairs (P, L) of points P € N and
i-dimensional linear subspaces L of TpM such that TpN N L # {0}. Also, denote by E*
(respectively, E) the invariant linear subspace of TpM associated to the eigenvalues Ay
and A3 (respectively, A\1). Let Fi: Li(W®*(P)) — Li(W5(P)) and Fy: Loy(W™(P)) —
Lo(WU(P)) be the maps induced by f on the respective spaces.

It is easy to check that (P, E*) is a fixed point of F} with eigenvalues A1, A2, and
)\2)\Il. Therefore, the corresponding unstable manifold W#(P, E*) has dimension two
since [\1] < [A2| < 1 < [A2A7!|. On the other hand, (P, E) is a fixed point of Fy with
eigenvalues Az and A\j A, 1 so W"(P, E®) has dimension one.

Using these invariant manifolds, we can give the following definitions.

Definition 1.2.3 (Strong invariant manifolds, invariant tangent bundles). Suppose that
f is as before and P is a saddle fixed point.
o If [\]| < |A2] < 1 < |As], the foliation F*(P) induced by W*(P, E*®) is called the
strong stable manifold of P. Moreover, the unstable invariant tangent bundle of P is
the vector bundle W"(P, E").

o If |\1] < 1 < |A2] < |As|, the strong unstable foliation of P, denoted by F"(P) is
the strong stable foliation of P with respect to f~! and the stable invariant tangent
bundle of P is the unstable invariant tangent bundle of P with respect to f~'.
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1.2.2 The Linearization Assumption

The linearization assumption is a generic (open and dense) condition for families of 3-D
diffeomorphisms having saddle fixed points that simplifies the study of families of such
diffeomorphisms.

Definition 1.2.4 (The linearization assumption). Let {fs}aev be a family of 3-D diffeo-
morphisms. Assume that f, has a saddle fixed point P(a) for all @ € V', and the eigenvalues
A1, A2, Az of P(a) satisfy |A1] < || < |A3]. We say that {f,}ecv satisfies the linearization
assumption with respect to the map of fixed points p(a) if there exists an open (unbounded)
set U C R*** and a C* (s > 3) map x: U — M such that:

1. A(U) =U, where
A(ty,t2,t3,a) = (Mit1, Aata, Ast3, a)

for (t1,to,t3,a) € R3*F
2. U is either a neighbourhood of
{(t1,to,t3) : (13 +13)t3 =0} x V
if |A1] <|A2] <1 and |Az| > 1 or a neighbourhood of
{(t1,t2,83) = (85 + t3)t1 = 0} x V/
i ] < 1< ol < [Ng]
3. x(0,0,0,a) =p(a) for alla € V
4. x(Ait1, Aate, Asts, a) = fo(x(t1,t2,t3,a)) for (t1,ta,t3,a) € U

If the family { f,}4ev is linearizable, the invariant manifolds have natural parametriza-
tions. If |A1] < [A2] <1 < |As], then

W(P(a)) = {Q € K : Q = x(t1,12,0, a) for some (t1,t5) € R?}
WHY(P(a)) ={Q € K : Q@ =x(0,0,t3,a) for some t3 € R}

The leaves of the strong stable foliation of P(a) are parametrized by the maps x(¢, t2,0, a)
with ¢ a real parameter small enough and t2 a small constant. Moreover, the fiber of the
unstable tanent vector bundle at a point x(0,0,t3,a) of W"(P(a)) is generated by the
vectors Dax(0,0,t3,a) and D3x(0,0,t3,a), tangent to W"*(P(a)).

On the other hand, if |A1| <1 < |A2| < |A3], the leaves of F*™(P(a)) are parametrized
by x(0, t2,t,a) and the fiber of the stable vector bundle at x(¢1,0, 0, a) is generated by the
vectors D1x(t1,0,0,a) and Dox(¢1,0,0,a).

Remark 1.2.5. Without loss of generality, when we take a family {f,}sev of diffeomor-
phisms satisfying the linearizaton assumption, we can suppose that M = R3 and P(a) = 0
for all a € V. Moreover, consider the sets

X%ZHHMJ@GRSG%H@@:me
(t1,t2,t3) €R®: (3 +t3)t1 =0} x V
(
(

t1,12,0) € R3 : t2 + 13 < 3}

{
{
{(t1,0,0) € R3: |t;| < 3}

The linearization assumption allows us to suppose (via a change of coordinates and a
reparametrization if necessary) that if [A\j| < [Ao| < 1 < |As] (respectively, |\ < 1 <
A2| < |A3]) there exists a C* map (k > 3) x; defined on a neighborhood Uy of A;
(respectively, Ag) such that:



1. if (tl,tg,tg,a) € Uf, then ()\1151,)\2752,)\3153) € Uf and

Ja(xf(t1,t2,t3)) = xp(Ait1, Aato, Asts, a)

2. for some neighborhood Uy ; of By (respectively, By) the map x¢(-,, -, a) restricted
to Uy, y is the identity for all a € V.

1.2.3 Unfolding of 3-D Homoclinic Tangencies: the Generalized Homo-
clinic Tangency

In this subsection we study the unfolding of homoclinic tangencies of 3-D diffeomorphisms
and define the generalized homoclinic tangency. We first give the definition of the generic
unfolding of a quadratic tangecy between a curve and a surface in dimension-three in
order to define a homoclinic quadratic tangency unfolding generically. Then, we state the
generalized transversality between a curve and a foliated surface that defines the generalized
homoclinic transversality. This type of transversality describes the generalized (quadratic)
homoclinic tangency (Definition 1.2.14). In all cases we write the conditions of generic
unfolding that are needed for the proof of Tatjer’s main theorem (see Subsection 1.2.5).

Definition 1.2.6 (Quadratic tangency). Let {Cg}acv be a smooth family of smooth regu-
lar curves C, C R?, and let {S, }4e1 be a smooth family of smooth regular surfaces S, C R3
depending on a parameter a € V C R, where V is an open subset, such that, for a = ag,
the curve C, and the surface S, intersect at a point Py € R?. We say that C, and S,
have a quadratic tangency at Py (or a contact of order 1) which unfolds generically with a
at a = qg if there exists some smooth change of variables such that, in the new variables,

e Py =(0,0,0)

e Sy, ={(x,9,2) €U : 2z =0}, where U is a neighbourhood of 0 € R?

o (, is represented by the parametrized curve v(¢,a) = (z(t,a), y(t,a), 2(t, a))
and the following properties hold:

1. 2(0,a9) =0

2. D12(0,a9) =0

3. D112(0,a0) # 0

4. Dy2(0,ag) # 0

In order to define quadratic tangencies between invariant manifolds (quadratic homo-
clinic tangencies), we will add a generic condition. It concerns the position of an orbit
inside a two-dimensional invariant manifold.

Definition 1.2.7 (General position). Let f be a 3-D diffeomorphism defined on a neigh-
bourhood of a hyperbolic saddle fixed point P, with eigenvalues A1, Ao and Az, which
are supposed to be real and different in absolute value. We denote by A the linear map
A(t1,ta,t3) = (A1t1, Aata, Asts). Let W and W C W be, respectively, the two-dimensional
(stable or unstable) invariant manifolds of P, and the strong stable or unstable manifolds
contained in W. We say that Q € W is in general position if Q ¢ W and there exists some
smooth conjugacy F' between f and A such that the orbit of F'(q), corresponding to the
map A, has at least one point out of the coordinate axes.
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In many cases, the condition for an orbit to be in general position is equivalent to being
in the two-dimensional stable or unstable invariant manifold, but not in the corresponding
strong (stable or unstable) one-dimensional manifold.

Definition 1.2.8 (Quadratic homoclinic tangency). We say that {f,}scv has a quadratic
homoclinic tangency at
Q € W3(P(ao)) N W*(P(ao))

unfolding generically with a at a = ag if the manifolds W"(P(a)) and W95(P(a)) have a
quadratic tangency at Q with unfolds generically at a = ag, and @ is in general position.

Definition 1.2.9 (Foliated surfaces). Let S C R3 be a surface and let ® = {L,}aca,
where A is a set of indices, be a partition of § into disjoint sets called leaves. The partition W
is called a foliation if there is a parametrization x: I x J C R? — R3 of S such that
Lo = x(I x {ca}), where I and J are open intervals, S = x(I x J), and ¢, is a constant
for each o € A. We call the pair (S, ®) a foliated surface.

In order to define the generalized transversality, we take a family of foliated sur-
faces {(Sa, ®,)}, where V' is an open set of R, and a family of vector bundles {Vg}acv
whose zero section is a curve v = (t,a) and with fibers that are tangent planes to the
curve. We can associate to each fiber of the bundle a vector

va(t) = ’U(t, a) S T’ya(t)R3 \ T'ya(t)’}’a

such that v is a smooth map, in such a way that v,(t) and 4(a) generate the fiber. In this
situation, we say that the family of vector fields {v, }qev along the family of curves {4 }acv
is associated to the family of tangent vector bundles {V,}qev .

This definition means that, at the point P of generalized transversality, the correspond-
ing surface and curve have a transversal intersection, and that the fiber of the vector bundle
and the leaf of the foliation at P are tangent. This latter property is lost when we change
the value of the parameter.

Definition 1.2.10 (Generalized transversal intersection). We say that {(Sa, ®4) }aev and
{Va}aev have a generalized transversal intersection at P € Sg, which unfolds generically
with a at @ = ag € V if, in some coordinate system for which the leaves of the foliation are
the straight lines z = 0, y = ¢, the following properties are satisfied:

1. P =~(0,a0)

2. 2(0,a9) =0

3. D12(0,a9) # 0

4. T(t,a) = va(t,a)D12(t,a) — v3(t,a)D1y(t,a) = 0 implies T(0,ap) = 0
5. D12(0,a0)D2T(0,ap) — D22(0,a0)D17T(0,ap) # 0

Here v = (v1,v2,v3) is a family of vector fields associated to the family of vector bundles
and we write y(t,a) = (z(t,a),y(t,a), z(t,a)).

Definition 1.2.11 (Generalized homoclinic transversality). We say that {fs}qcy has a
generalized homoclinic transversality at

Q € W2(P(ag)) N W*(P(ao))

unfolding generically with a at a = ag if:



1. When |\2| < 1, the family of foliated surfaces

{W2(P(a)), F=(P(a)) Yaev

and the family of invariant tangent vector bundles

{WH(P(a)), E“(P(a)) tacv

have a generalized transversal intersection at (), which unfolds generically with «a
at a = ag. Moreover, the point Q € W5(P(ag)) is in general position.

2. When |A\2| < 1, the invariant manifolds of P(a) with respect to the family {f.'}aev
have a generalized homoclinic transversality at ) unfolding generically with a at a =
ag.

As before, we first study a new type of tangency between a two-parameter fam-
ily of foliated surfaces {(Sap; Pap)}(ap)ev; and a two-parameter family of vector bun-
dles {Vap}(a,p)cv having a regular parametrized curve

Ya,b = ’Ya,b(t) = (l’(t, a, b)v y(t’ a, b)a Z(t> a, b))

as a zero section and tangent planes to v,(t) as fibers. Here, V C R? is an open neigh-
bourhood of (a,b) = (ao,bo). Recall that a smooth family of vector fields {vqp}(ap)ev
associated to {Vup}(ap)ev satisfies that, for all ¢,

/Ufhb(t) = (Ul (t7 CL, b)? U2 (t) (17 b)u /U3(t7 CL, b))
and 4,(t) generate the corresponding fiber of Vg .

Definition 1.2.12 (Generalized tangency of type I). We say that {(Sap, Pa,p)}(a,p)cv and
WVap}(ap)ev have a generalized tangency of type I at Py = Yaq by (to) € Sag by, Which unfolds
generically with (a,b) at (ag, bp) if there exist:

(a) a coordinate system (z,y, z) for which S, is the plane z = 0 and the leaves of the
foliation are the straight lines z =0,y = ¢

(b) a two-parameter family of vector fields {vap}(ap)ev associated to {Vap}apev such
that

(a) z(to,a0,bo) = 0, D12(to, ao, bo) = 0, D1y(to, ap,bo) =0
(b) Di11(to, a0, bo) # 0, v3(to, ag, bo) # 0
(¢) The determinant

0 Doz(to, ap,bo)  D3z(to, ao, bo)
Di12(to, ao, bo) Di22(to, ap,bo) Disz(to, ao, bo)
D11y(to, a0, bo) Di2y(to, ao,bo) Disy(to, ao, bo)

is nonzero

(d) Di1y(to, ao, bo)vs(to, ao, bo) — D112(to, ao, bo)va(to, ag, bo) # 0

Definition 1.2.13 (Generalized tangency of type II). We say that {(Sap, Pasb)}(ap)ev
and {Vap}(ap)ev have a generalized tangency of type II at Py = Yaq by (to) € Sag,be, Which
unfolds generically with (a,b) at (ag, bg) if there exist:

(a) a coordinate system (x,y, 2) for which Sy is the plane z = 0 and the leaves of the
foliation are the straight lines z =0,y = ¢

8



(b) a two-parameter family of vector fields {vap}(4p)ey associated to {Vap}(a,p)ev such
that

(a) z(to,ao,bg) = 0, D12(to, ao, bo) = 0, v3(to, ag,bg) = 0
(b) Di11(to, a0, bo) # 0, D1y(to, ao, bo) # 0
(¢) The determinant
0 Daz(to, a0, bo)  D3z(to, ao, bo)
D112(to, ap, bo) Di2z(to, ao,bo) Disgz(to, ao, bo)
Dywv3(to, a0, bo) Daowvs(to,an,bo) Dszvs(to,ao, bo)

is nonzero

(d) D1y(to, ag, bo)D1vs(to, ao, bo) — D112(to, ag, bo)va(to, ao, bo) # 0

Let {fab}(ap)ev, Where V is an open set of R?, be a smooth two-parameter family of
three-dimensional diffeomorphisms having a saddle fixed point p = p(a,b) for (a,b) € V
with real eigenvalues |A\1]| < || < |As].

Definition 1.2.14 (Generalized homoclinic tangency). We say that {fa,b}(a,b)eV has a
generalized (quadratic) homoclinic tangency of type I (respectively, of type II) at

Q@ € W*(P(ao, bo)) N W*(P(ao,bo))
unfolding generically with (a,b) at (a,b) = (ag, bo) if:

1. When |A2| < 1, the family of foliated surfaces

{WS(P(a7 b))7fSS(P(a7b))}(a,b)€V

and the family of invariant tangent vector bundles

{(WH(P(av b))? Ecu(P(av b))}(a,b)eV

have a generalized tangency of type I (respectively, of type II) at @ which unfolds
generically with (a, b) at (a,b) = (ag, bp). Moreover, the point @) is in general position.

2. When |Ag| > 1, the invariant manifolds of P(a,b) with respect to the family { fa_;}(a,b)ev
have a generalized quadratic homoclinic tangency of type I (respectively, of type II)
at @ unfolding generically with (a,b) at (a,b) = (ag, bo).

1.2.4 Bifurcations of periodic points

The Bogdanov—Takens bifurcation will play the role in the third-dimensional case that
the saddle-node bifurcation did in the second-dimensional one. Tatjer’s main theorem is
written in terms of this bifurcation.

Definition 1.2.15. We say that {fu}(pev has a Bogdanov-Takens bifurcation at Py
which unfolds generically with (a,b) at (ag,bp) if via a smooth change of variables and a
reparametrization, we can obtain the family of maps

(u,v) = (u+v,0+ p+u® + v+ Ju) + & + 7 (u,v))

where Py is transformed into (0, 0), u = u(a,b) and v = v(a, b) are the new parameters such
that (u(ap,bo),v(ag,bo)) = (0,0) and |0(u,v)/d(a,b)| is nonzero when (a,b) = (ao, bo),
4 and ¢ are functions of (a,b) such that ¥(ag,by) # 2. Moreover, 73 = 73(u,v,a,b) is a
smooth function whose Taylor expansion around (u,v) = (0,0), for each fixed (a, b), begins
at degree 3.



1.2.5 Tatjer’s Results

Tatjer’s main theorem [67] describes the dynamical behavior of a two-parameter family of
3-D diffeomorphisms having a generalized homoclinic tangency in several situations (see
Subsection 1.2.3), none of which the corresponding fixed point is sectionally dissipative.

Theorem (|67, Th. 1, adapted|). Let {fop}tap be a two-parameter family of 3-D diffeo-
morphisms having a hyperbolic dissipative fized point Py for (a,b) = (0,0) with eigenvalues
A1, Ao and A3. Assume that either of the following cases hold:

o Case A: |>\1| < ‘)\2| <1, |>\3| > 1, |)\1>\3| <1, |)\2>\3| >1
e Case B: ’)\1‘ <1, ‘)\3| > ‘)\2‘ > 1

Moreover, suppose that the invariant manifolds of Py have a generalized homoclinic tan-
gency which unfolds generically and the family fq satisfies the linearization assumption.
Then:

1. For n large enough there are values of the parameter (an,by) for which the map fqp
undergoes a generic n periodic Bogdanov—Takens bifurcation. Moreover, (ay,b,) —
(0,0) when n — oo.

2. There exists a family of limit return maps { fa B}(a b)cr? associated to the generalized
homoclinic tangency, such that:

(a) In Case A,

fap(®.7,2) = (5,b%,a+ 5 + 2°)

or

f&,i)(i‘7 Y, 2) = (07 Z,a+ BZ] + 22)
depending on the type of generalized homoclinic tangency (I or II, respectively).

(b) In Case B,

fal}(i.v gv 2) = (27 d + Bg + 227 g)
3. (a,b) = (0,0) is in the closure of the set of parameter values for which there exist
differentiable invariant circles. In Case A, the circles can be of attracting or saddle

type (attracting or repelling inside the centre manifold), depending on the geometry
of the tangency. In Case B, the circles are always attracting.

4. (a,b) = (0,0) is in the closure of the set of parameter values for which there are
attracting periodic orbits.

5. There is a set E of paremeter values such that its intersection with any neighbourhood
of (0,0) has positive Lebesgue measure, and for (a,b) € E the diffeomorphism fq
exhibits a strange attractor near the orbit of the tangency.

6. There are open sets U C R? arbitrarily near (0,0) such that for a generic (a,b) € U
the map fqp has infinitely many sinks.

Remark 1.2.16. The two quadratic maps from Case A are conjugate if b # 0. When b = 0,
they are not conjugate, but if we restrict the first map to the plane § = 0 and the second
to £ = 0, we obtain the same two-dimensional map. These restrictions are logistic maps
in both cases.
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This result describes in different situations the dynamics of the above family f, ; having
a generalized homoclinic tangency at a point @ when (a,b) = (0,0). Assumed generic
linearization conditions, a suitable renormalization can be used to define return maps
for f,p in a neighbourhood of Q. At first glance, one can see that the limit return maps
from Case A are essentially the Hénon map. The non-invertible quadratic map from Case
B are the natural setting in which topologically two-dimensional strange attractors must
show up.

1.3 The 2-D Quadratic Family

Let {fab}(ap)ev be a family of diffeomorphisms defined in R3, where V is an open subset
of R%. Suppose that P(a,b) is a saddle fixed point of f,p for all (a,b) € V, and the
cigenvalues of D f,p, at P, satisfy [A1] < 1 < |X2| < |A3]. Moreover:

1. The fixed point P(a,b) is dissipative for all (a,b) € V.

2. The invariant manifolds of P, ;, have a generalized homoclinic tangency which un-
folds generically with (a,b). See Subsection 1.2.3.

3. The family {fop}(0p)ev satisfies the linearization assumption (see Subsection 1.2.2).

Theorem 1.2.5 ensures the existence of a family of limit return maps defined by

fap(®0,2) = (Za+bj+ 22,9) (1.2)
associated to {faptap- It is easy to see that every point in R? falls by one iteration of the
map f, ; into the surface

Cop ={(&,9,2) : § = a+bz+ &%}

Therefore, the surface CNaI; is fa j-invariant and it is enough to study the dynamics of these

maps on CNa ;- That is, it is enough to study the dynamics of the 2-D endomorphisms

(g(;% o) f&,l; o gaj))(ii', 2) = (2’ a + bz + 5:2)
being g. ;(Z,2) = (T,a + b3 + #2, %) a parametrization of 5& ;- Lastly, we take that change
of coordinates

in order to write the above family of transformations as
Ta,b(l‘a y) = ((I + y2> T+ by)

As it was expected, as in the unfolding of two-dimensional tangencies, these limit return
maps are not linear. However, for special values of the parameters a = —4 and b = —2,
the respective limit return map is conjugate to a piecewise affine map defined on a certain
triangle. The same holds in the lower-dimensional case, i.e. when dim M = 2, the limit
return map f2(z) = 1—222 is also conjugate to the piecewise affine map Aa(x) = 1—2|x| and
this fact is also useful to obtain [44, Th. A|. Both fs and A2 present sensitivity with respect
to initial conditions: A map f: I — I defined on an interval I is said to have sensitivity
with respect to initial conditions if there exists € > 0 such that for every z € I and for any
neighborhood U of z, there exists y € U and n € N with |f™(z) — f"(y)| > e.

As was pointed out [11, p. 145], the desire to compare maps with sensitivity to simple
maps (piecewise affine maps) has a long history for the diffeomorphisms of the circle. In the
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case of transformations defined on intervals let us firstly recall a result of Milnor—Thurston
which asserts that every continuous piecewise monotone map with positive topological
entropy is semiconjugate to a continuous piecewise linear map with constant slope and
with the same entropy. We refer the reader to a previous result of Parry [50] and [15,
Sec. 8, Ch. II|, where this kind of results are extensively treated. Furthermore, from [11,
Th. 11.7.12], if f,(x) = 1 — az? has no stable periodic orbits and no restrictive central
points, then there exists a’ € (v/2,2] such that f, and Ay (z) = 1 — a/|z| are conjugate.

Hence, one of the main purposes of this thesis is to perform a family of two-dimensional
tent maps playing the same role as A, does for the lower-dimensional case. This family of
two-dimensional tent maps is constructed in Chapter 2. Every one of the members of this
family are Expanding Baker Maps.

Let us finish this chapter by pointing out that the family T}, ; of limit return maps was
earlier introduced in a series of papers by Gonchenko, Shilnikov, and Turaev [25, 26, 27, 28|.
In these papers, the authors studied parameter families X, of dynamical systems unfolding
a homoclinic tangency in any dimension bigger than two. In those cases, they obtained
two-parameter families of limit return maps, but one of the parameters depends on the
multipliers of the involved saddle periodic orbit. However, we are going to deal with two-
parameter families of diffeomorphisms defined in a 3-D manifold unfolding a generalized
homoclinic tangency and, as a consequence, in our case both parameters a and b in the
definition of Tj, ; depend on the geometry of the tangency.

12



Chapter 2

Dynamics of a General
Two-Parameter Family of Expanding
Baker Maps as an Approximation for
the Dynamics of the 2-D Quadratic
Family: Existence of 2-D Strange
Attractors

In this chapter, we prove the existence of 2-D strange attractors for a general two-parameter
family I'; g of Expanding Baker Maps. For any 0 < 6 < m, the map I', ¢ has a strictly invari-
ant polygon K, g for every a sufficiently close to 1. Moreover, the restriction of I'y g to K g
admits finitely many absolutely continuous invariant probability measures g, ..., ttsu
whose supports are 2-D strange attractors. These attractors undergo a process of splitting
and/or doubling as a decreases to 1.

We begin by defining the Expanding Baker Maps and studying their properties in
Section 2.1. Then, we construct the strictly invariant polygon K, in Section 2.2. In
Section 2.3 we prove that the supports of pq,..., putsy are 2-D strange attractors. Finally,
in Sections 2.4 and 2.5 we study the process of splitting and doubling of such attractors.

2.1 Expanding Baker Maps

The dynamics of the Fxzpanding Baker Maps resembles the way a baker kneads bread
dough, folding their domain into itself (possibly several times) and then expanding the
resulting folded region. They consist of a sequence of good folds and a suitable expanding
linear map.

Definition 2.1.1 (Folds). Let K be a set with nonempty interior. Let £ be a line in R?
such that £ NintXC # &. Then, the line £ splits K into two subsets Ky and K; such
that KoUK; =K and KogN Ky =LNK. Let P € Ko\ L. The fold of K with respect to £
onto P is the map given by

Q ifQ €Ky

Frp(Q) = {@ O e Ky

where @ denotes the symmetric point of ) with respect to L.



Definition 2.1.2 (Good folds). A fold Fzp: K — R? is good if Fr p(K) C K, ie.

if fE’P(K) = Ko.
(a) (b)

Figure 2.1: Examples of folds: (a) A good fold; (b) A bad fold

Applying a good fold Fro p: K — Ko allows us to fold K into itself again by folding Ko
with a good fold Fz1 p: Ko — Koo for some line L' such that L' Nint Ky # @ and P ¢ L.
This way, we can successively define a finite sequence of good folds with general term

f£k7p3K(0)k—>,C(0)k+1, k:zO,...,n

where (0)* =0...0 (k times) if £ > 0 and (0)° = @. See Figure 2.2.

- L]

P P P

Frt Fr2 Frs Frn
Ko = 400 - L R = 0
P

Figure 2.2: A sequence of good folds

The final ingredient to define the Expanding Baker Maps is the linear expansion.

Definition 2.1.3 (Expanding linear maps). A linear map A: R? — R? is expanding
if |[det A| > 1.

Definition 2.1.4 (Expanding Baker Maps). An Ezpanding Baker Map on a set K with
nonempty interior is a map I': I — K of the form

F:TPOAOTglOf£n7po"'0.7:.[:0’p

for some finite sequence Fro p,...,Frn p of good folds for K and some expanding linear
map A: R? — R? such that

TpoAo Tlgl(lC(O)nﬂ) cK

being 7p the translation to the point P. The map I is referred to as the Expanding Baker
Map on K associated to the lines £°,..., £, the point P, and the map A, and is denoted
by

I = EBM(K, L°,...,L", P,A)

Ezample 2.1.5 ([55]). For all v/2 < t < 1, the piecewise affine map

A (x y) _ (t(x—i—y),t(x—y)) lf (.fC,y) S 76
e (t2—z+y)t2—z—y) if(z,y) €T

14



Folds Expansion

q #

o P o

\ oL

Figure 2.3: The dynamics of an Expanding Baker Map

defined on the triangle 7 = 7o U 71, where
To={0<z<1,0<y<z}, Th={1<zx<2,0<y<2—uzx}
can be written as the Expanding Baker Map

Ay = EBM(T,C, 0, A,)

t ot
=i )

We will usually take K = R? or K a compact and convex polygonal domain and P as
the origin of coordinates O = (0,0). The linear map A will be of the type

acos —asinb
Aaﬁ_(asin@ aCOw), a>1, 0<f<m (2.1)

where

The following lemma will be useful in Section 2.4 to obtain Expanding Baker Maps of
multiple folds.

Lemma 2.1.6. Let £ be a line in R? not passing through O. Let Iy and I1; be the two
half-planes limited by L, with O € int1ly. Let L_ = A;19(£) Then,

FrooAqp(Q) =Agp0Fr 0(Q)
for all Q € 11y such that Fr_ o(Q) € 1.
Proof. Let gy and Ilp; be the two subsets into which Il is divided by £_ N1ly, with O €

int ITpg. Then, we have that A, ¢(Ilop) C Ip and A, p(I1p1) C II;. For Q € Iy, it holds
that Fr_ 0(Q) = Q and A, ¢(Q) € IIy. Thus,

FrooA.p(Q) =Aup(Q) = Aggo Fr_0(Q)

Now, let @ € Ily; and assume that Fz_ o(Q) € Iy. By definition, the pair of points @
and Fz_ 0(Q) are symmetric with respect to £_, and so are A, 4(Q) and A, g0 Fz_ 0(Q)
with respect to A, g(L£_) = L because of the orthogonality of the rotation matrix a_lAaﬂ.
Since Aq0(Q) € Iy, then

FrooAup(Q) =Au00Fr_ 0(Q) O

Definition 2.1.7 (Restrictive domains). A restrictive domain for a map I': K — K is a
subset D # K with nonempty interior for which there exists a (necessarily unique) natural
number r = (D) > 2 such that
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e T*D)ND=gfork=1,...,r—1
¢ I"(D)CD

Apart from several extensions to higher dimensions (see |4, 23, 40|, among others), the
notion of renormalization comes from the one-dimensional framework: A map f belonging
to some family F (for instance, the family of unimodal maps defined on an interval) is said
to be renormalizable if there exists a restrictive domain D such that the restriction of f”
to D is, up to an affine change of coordinates, a member of F. In this sense, the concept
of renormalizable Expanding Baker Map arises.

Definition 2.1.8 (Renormalization). An Expanding Baker Map I': K — K is renormalizable
if there exists a restrictive domain D for I' such that I'": D — D is an Expanding Baker
Map on K by performing a certain affine change of coordinates Z such that Z(D) = K.

Ezample 2.1.9 (|57, Th. 4.2]). For v/2/2 < t < v/8/2, the Expanding Baker Map A; from
Example 2.1.5 is renormalizable with r = 8.

Definition 2.1.10 (Further renormalizations). An Expanding Baker Map I' =T'y: £ — K
is:

e n times renormalizable (with n € N) if for every k € {1,...,n — 1,n} there exists a
restrictive domain Dy, for I',_1 such that

Iy = sz—l: Dy — Dy, T = T’(’Dk)

is an Expanding Baker Map on I by performing a certain affine change of coordi-
nates Zj such that Zx(Dy) = K.

o infinitely many times renormalizable if it is n times renormalizable for all n € N.
The following result for the map I'g g with 6 = 7/2 will be useful in Sections 2.4 and 2.5.
Lemma 2.1.11 (|58, Lem. 2.2, adapted|). Let 0§ = 7/2. The following statements hold:

(a) For every a € (v/2,v/2], the map Lyo has a strongly topologically mizing strange
attractor with two positive Lyapunov exponents.

(b) For everyn > 2 and every a € (292" 212" the map Lqp is n times renormalizable
and displays 2™ strange attractors with two positive Lyapunov exponents.

2.2 Existence of Strictly Invariant Sets: Proof of Theorems 1

and 2
The aim of this section is to find strictly invariant sets for the general family
T.o = EBM(R?,C,0,A,y), a>1, 0<f<m (2.2)
where C = = = 1 is the critical line and A, is the expanding linear map given by

matrix (2.1). Recall that the attractors of I'y g, provided that they exist, as well as their
respective stable sets and their closure, are strictly I', g-invariant. Moreover, attractors
are compact and minimal (i.e. containing no nonempty compact strictly invariant set
different from themselves), while the closure of their respective stable sets are maximal
(i.e. contained in no strictly invariant set different from themselves).

Since A, ¢ multiplies the area of any set by a factor of a® and Fc,0 at most halves
it, then strictly I'y p-invariant compact sets K with nonempty interior can only exist for
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a < /2. We will distinguish two types of such sets: if Fe.o(K) C K, we will say that K is
first-rate, and second-rate otherwise.

First-rate strictly invariant sets are a particular case of another type of sets, called self-
stmalar sets. We will construct a polygon Ry whose image K is a self-similar polygon,
which becomes (first-rate) strictly invariant for a sufficiently close to 1 for all 6§ # 27/3.
For § = 27/3, we provide some examples of second-rate strictly invariant sets from the
respective polygon.

2.2.1 Existence of Self-Similar Sets: The Polygon Iy

Connected sets intersecting the critical line which are self-similar can be recovered from
their left-hand part by rotation and expansion.

Definition 2.2.1 (Self-similar sets). A set K C R? is A, g-self-similar if
A o(KNIlp) =K
where IIp = {z < 1}.

Arguing by induction, we will prove that every A, g-self-similar set is contained in the
A, g-image of the intersection of the sets

Ry =1,NI,_1N---NIl

constructed from the A, p-iterates II,, of IIp. These are half-planes containing the origin
and limited by the A, g-iterates £,, of the critical line £y = C, implicitly given by

L, =xcosnbd + ysinnf = a" (2.3)

Proposition 2.2.2. Let 0 < 6 < 7. For every a > 1, the sequence of (possibly unbounded)
closed convex polygons inductively defined by

R — Aaﬂ(Rnfl) N HO an >0
" ifn=0

is nonincreasing (with respect to inclusion) and bounded below by the closed unit disc.
Moreover, for any n it holds that R, = Rp+1 if and only if L1 Nint' R, = &.

Remark 2.2.3. If R, = Rp41 for some n, then R,, = R,4; for all j.

Proof. 1t is clear by definition that Ry O Ri. Proceeding by induction, if we assume
that R,,_1 2 Ry, then

Rn - Aa,@(Rn—l) N RO 2 Aa,@(Rn) N RO = Rn—H

and therefore {R,}, is a nonincreasing sequence. Now, let D be the closed unit disc. This
disc is clearly contained in Rg, and Agg(ID) is the closed disc centered at the origin of
radius a > 1. Proceeding again by induction, if we assume that D C R,,, then

D=A,p(D)NDC Aup(Rn) NRo = Rut1

and therefore D C (>2,R,. Now, let n € NU{0}. By construction, it readily follows
that R,, = Rp41 if and only if R,, C I, 41. If £,,41 Nint R, = &, then int R,, is contained
in Il,41 because O € I, 41 NintR,. Since R, is a closed convex set with nonempty
interior, then R, = intR,, C II,,1. Conversely, if R,, C II,,1, then intR, C intIl,
and therefore

[’n—i—l Nint Rn - £n+1 Nint Hn+1 =9 ]
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The next lemma will be used to prove that the sequence R,, is eventually constant from
and provide a lower bound.

Lemma 2.2.4. Let 0 < § < m. Let Ng =1+ |7w/0|, where |-| denotes the floor function.
Then,

(i) 2 < Ny < 27/6 and sin Ngf < 0
(ii)) N9 =min{n € N:0 > n/n}

(1it) R, is bounded

Proof. Immediate from the definition of the floor function since
9§(N9—1)(9§7T<N99§7T+9 O

Theorem 2.2.5. Let 0 < 6 < mw. For every a > 1, the set {n € N : R, = Rpy1} is
nonempty and inductive. Let

N=inf{fn e N: R, =R,41}

Then, it holds that N9 < N < oo and

Ry = ()T, Ky=[)1,

n=0 n=1

are compact and conver (N + 1)-sided polygons. Moreover, the polygon Ky is the mazimal
self-similar set. In particular, if Ky is strictly I'q g-invariant, then Ky is the mazimal
first-rate strictly I, g-invariant set.

Proof. Assume by contradiction that R, 2 R,+1 for all n € N. By Proposition 2.2.2,
for each n € N we can choose a point P, € L,41 N Ry. The sequence {P,}n>n, is
contained in the polygon Ry, because of the monoticity, which is compact by Lemma 2.2.4,
and therefore it has a convergent subsequence {P,, }. Now, for all k¥ € N the distance
between P,, and O is greater than or equal to a™* ! because P, € L, +1, from whence
we deduce that the sequence {P,, } is divergent. We have arrived at a contradiction, and
therefore the set {n : R, = Rp41} is nonempty and its infimum N is a natural number by
the well-ordering principle. Consequently, by Remark 2.2.3 we have that (),", Rn, = Ry

On the other hand, it holds that N > Ny because otherwise Ry, = Ry would be
unbounded, which is a contradiction.

Now,

KnNRy =Rn+1=Rn

and therefore R is contained in Kn. Let K be a A, g-self-similar set, and let o = KNIIy.
It is clear that Iy C IIy. Proceeding by induction, if we assume that Ky C II,,, then

]CO - K C Aa,B(Hn) = Hn-{—l
Thus, we have that Ky C Ry, and therefore I C Ky O
Corollary 2.2.6. Fvery first-rate strictly invariant set is bounded.
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Remark 2.2.7. The definition of the natural number N given in Theorem 2.2.5 can be
extended to the limit case a = 1. It is easy to check that

N(1,0) = inf{n € N: cos(n + 1)§ = 1}

Write 0 = 275, If = p/q € Q with ged(p,q) = 1, then N(1,0) =g —1 and Ry is a
regular ¢g-sided polygon centered at O with one vertex at (1,0). On the other hand, if 3 is
an irrational number, then N(1,6) = co and R is the closed unit disc.

The limit case a = 1 is of little interest to us since Ry is strictly I'y g-invariant for
all 8, but cannot be a strange attractor. However, in the rational case, the natural number
N(1,0) proves to be useful as it is a nontrivial upper bound for N because Ly (1,941 N
int Ry (1,9 = @ for every a > 1.

Ezample 2.2.8. For § = 2x/3, it holds that N = 2 for every a > 1. The self-similar
triangle /Co is strictly invariant if and only if @ = 1. For § = 7/2, it holds that N = 3
for every a > 1. The self-similar rectangle K3 is strictly invariant if and only if a < /2.
For 6 = 37 /4, it holds that
2 ifa>V2
N=<¢4 ifay<a<2
7T ifl<a<as

being as ~ 1.092 the unique real root of v/2a® — a?> — 1. The self-similar polygon Ky is
strictly invariant if and only if a < v/2.

In the following proposition we gather some basic facts about the orbit of the self-similar
polygon Ky.

Proposition 2.2.9. Let 0 < 0 < 7. For every a > 1, the polygon Ky is contained
in Lqo(KKn). In particular, if Ky is not strictly Ty g-invariant, then J,- FZL’@(ICN) is
second-rate strictly I'y g-invariant.

Proof. Immediate from the fact that Ry € Feo(Kn). Since Ky C I (Ky), then the
sequence of the iterates of K is nondecreasing with respect to inclusion. Therefore, it is
clear that | J,—, I ,(Kn) is strictly invariant. If Ky is not strictly invariant, then Ky is
strictly contained in ['40(Kn) and consequently in [ J77 , T7 ,(Kn). As Ky contains all the
first-rate strictly invariant sets, we deduce that | J;2 Fgﬂ(/C ~) is second-rate. O

For each 0 < 0 < 7, let
o0
Kao=JThe(Kn), a>1 (2.4)
n=1

From Proposition 2.2.9 it follows that Iy g is strictly 'y g-invariant for every 6. If Ky is
strictly I'q p-invariant, then trivially K, 9 = K. Otherwise, the set g g is second-rate and
may not be bounded. We will prove that Ky is strictly I', g-invariant for all a sufficiently
close to 1 if § # 27/3. For § = 2m/3, the triangle ICy is not strictly I', g-invariant for
any a > 1 and we will see that /Cy ¢ is a (compact) polygon for every a sufficiently close
to 1.

2.2.2 Geometry of the Polygons Ry and Ky

In order to geometrically deduce the (strict) invariance of Ky, we will introduce now the
following notation on the vertices of R and their orbits.
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Recall that Ry and Ky from Theorem 2.2.5 are the (N + 1)-sided convex polygon
limited by the lines Lo, L1,...,Lx and L1, Lo, ..., Ln11, respectively. The lines £, are
the iterates of the critical line and are given in equation (2.3).

A line £,, is vertical if and only if sinnf = 0. Otherwise, its slope is equal to — cot nf.
In addition, two lines £,, and L,, are parallel if and only if sin(n —m)f = 0. Otherwise,
they intersect at the point

Vn,m = (xmmayn,m) (25)
with
Znm = (" sinnf — a" sinm#P) csc(n — m)6
Yn,m = ("™ cosnb — a" cosml) csc(m — n)0

Note that A{Iﬁ(me) = Vite,m+¢ for every £ > 0 whenever V,, ,,, exists.
We introduce now the following notation on the vertices and their orbits:

) V0+ and V;” denote the upper and lower vertices of Ry on Lo, respectively, see
Figure 2.4.

e n" and n~ denote the unique natural numbers such that VOJr = Vot and Vy- =V .
Note that n* € {1,2,..., N}. Moreover, sinn*0 > 0 and sinn~6 < 0 since yO+ >0
and y, < 0, respectively, see (2.5).

° Var and V) denote the A, g-orbits on Ry of VO+ and V7, respectively. These orbits
lie on the boundary ORy of R and consist of a finite number of points.

e (T and ¢/~ denote the lengths of VJ and V; , respectively. Note that (fe{l1,2,...,N+
1}. Moreover, Vi = Vignt 1 €=0,... 0= -1}

These numbers will play a crucial role in what follows.
Ezample 2.2.10. If N < 27/0, the N + 1 vertices of Ry and Ky are
V0,17 V1,27 ceey VN—l,Na VELN

and
Vigsoo o, VN, Vv, Vi
respectively. Hence nt™ =/~ =1 and n~ = ¢* = N. See Figure 2.4.

The following result describes the dynamics of the vertices of Ry. We will prove it
later.

Proposition 2.2.11. Let 0 < 0 < w. For every a > 1, the N + 1 wvertices of Ry
are VJ‘ UV, . Moreover, exactly one of the following three statements holds:

(a) Ln+1 NORN = @ and Var Ny, =9
(b) Ly NORy ={V;} and V7 UVy =Vy
(¢c) Lys1NORN ={Vy } and Vi UVy =V
According to Proposition 2.2.11, essentially only two scenarios can take place:

(i) If the line Lx41 comes into contact with Ry at either V0+ or V,,~, then the orbit of
the contact vertex V7, with ¢ = + or o = —, is strictly contained in the orbit of the
other one, which therefore runs through all the vertices of Ry .
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Figure 2.4: The polygons Ry and Ky with N =4 for a = 1.25 and 0 = 37/8

ii) If the line £x41 does not intersect Ry at all, then V" or V.~ have disjoint orbits
+ 0 0 ]
whose union consist of all the vertices of R .

Note that, if the line £Ly1 does not intersect Ry, the structure of Ry is persistent
in the sense that the corresponding perturbed polygon Ry .9)(a,0) with @ = a + ¢ for
every sufficiently small |¢| is essentially the same as Ry. In particular, they have the
same number of sides, i.e. N(a,0) = N(a, ). Otherwise, this is not so for € < 0, where a
bifurcation occurs on the boundary of Ry: each and every vertex in the orbit of the contact
vertex V| bifurcates into two new ones giving rise to a polygon with N (a)+¢7(a)+1 sides
(see Figures 2.5 and 2.6). We will carry out a study of this bifurcation process later.

We can first consider the nonexpansive case ¢ = 1 when 6/ is a rational number
in order to understand this process. Assume that § = 27p/q € (0,7) with p,q € N
and ged(p, q) = 1. Then, from Remark 2.2.7 we know that N = ¢ — 1 and Ry is a regular
polygon limited by the lines Lo = Ly, L1, L2, ..., L4—1, which are tangent to the unit circle
at el with §; = 27 /g forn=10,1,...,g—1. Let r,s € {1,...,q—1} be such that r = 6,
mod 27 and sl = 27 — 01 mod 27. If @ = 1+ ¢ with € > 0, then the line £, is the vertical
line z = (1 +¢)? > 1. By considering € small enough in such a way that the abscissa of
the intersection point of £, and Ly is greater than or equal to (1+ ¢)?, then R continues
to be a polygon with ¢ sides limited by the lines Lo, L1, La,...,L4—1. Otherwise, the
polygon Ry has N + 1 < ¢ sides. In fact, the number of sides of R remains constant or
decreases as a increases until Ry becomes a primary polygon according to the following
definition.

Definition 2.2.12 (Primary polygons). A polygon Ry is primary if N = Ny, i.e. if Ry
has Ny + 1 sides.
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VA, N+2
VNt1,N+2

(b)

Figure 2.5: Bifurcation from V;~ for § = 37/8: (a) the polygon R4 for a = 1.074...;

the polygon R5 for a slightly less than 1.074. ..
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Figure 2.6: Bifurcation from V;" for # = 37/8: (a) the polygon Rs for a = 1.031...;

the polygon Rqg for a slightly less than 1.031...
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A primary polygon has the minimum number of sides Ny + 1 and is clearly obtained
for a large enough. As a decreases towards 1, the number of sides N + 1 increases to ¢
if § = 2mp/q or tends to infinity if #/7 is an irrational number.

Fixed 0 < 6 < mw, we will study next the variation of N with respect to a. According
to the construction of Ry it is clear that N = N(a,f) remains constant until a certain
value of a for which the line £y intersects Ry at a vertex V;" (a,0) or Vy (a,0) on the
line L£y. These values of a for which the natural number N changes we will be called the
bifurcation values. Just to clarify these ideas, for each 6 let us consider the map

a € [l,00) — N(a,0) eN (2.6)

We will indirectly prove that this map is nonincreasing and piecewise constant. Of course,
its points of discontinuity will be precisely the bifurcation values associated to 6. We
advance that each bifurcation sequence will be decreasingly convergent to 1 for every 6.
We will meet two different situations:

(i) If 8/7 € Q, then the set of points of discontinuity of map (2.6) is finite. In this case,
the bifurcation sequence is eventually constant equal to 1.

(ii) If 6/m ¢ Q, then the set of points of discontinuity of map (2.6) is countably infinite
and accumulates at 1.

Of course, the irrational case shows much more dynamical richness that the rational one,
nonetheless keeping in mind that map (2.6) is always nonincreasing. In both cases, and
once the value of 0 is fixed, the domain of definition of this map can be decomposed as the
(finite or infinite) disjoint union of intervals on which it will be continuous (i.e. constant).
Our aim is to determine, at once, the bifurcation sequence and the value of map (2.6) on
such intervals.

The proof of Proposition 2.2.11 will be straightforward by the following lemma:

Lemma 2.2.13. Let 0 < 0 < mw. For every a > 1, the following statements hold:
(a) If Vi is a vertex of Ry, then either |n —m| =n"t or |n —m|=n".

(b) If Vi is a vertex of Ry, then Vi1 m41 is a vertex of Ry if and only if xp41,m41 <
1.

(c) X =min{l e N: gy ,+ > 1}.

(d) Vi CV{ if and only if Vit € V.

(e) Vi NV # @ if and only if either Vo7 € Oy or Vy € Of .

(f) Ln+1 NORN # & if and only if either V0+ € LyyrorVy € Lyt
(9) If Vit € Ly, then ViE € V.

(h) If Lny1 NORN = @, then Vi NVy = 2.

Proof. We perform the proof item by item:

(a) Assume, without loss of generality, that n < m. Since Vo n—n = A (Vam), then

Tom—n) _ a " "cosnf a "sinnb Tnm
Y0,m—n —a "sinnf a " cosnb Yn,m
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By Theorem 2.2.5, forall 1 < k < N,

cos k0 a~"cos(n + k)6 k
_ <
(xO,m—nv yO,m—n) <sin kg) (-%'n,ma yn,m) <a_n sin(n + k)9> =4

and therefore Vg ;—n € Ry.

(b) If Vit1,m+1 is a vertex of Ry, then clearly ,41,m4+1 < 1. Conversely, if Zp41my1 <
1, then for V,41m+1 to belong to Ry we need to prove that V11,41 € Iy for
all k€ {1,2,...,N}. Since Vip1,mt1 = Ago(Vm), then

Tpgime1) [ acos® —asind Tn,m
Ynt1,m+1 asin acosf Yn,m

cos k6 acos(k —1)0 i
= <
(Tntt,m 1 Ynt1me1) <sm k:«9> (@n.m> Ynm) <asin(k: - 1)0> =

and therefore

for all k, and therefore V,, 11 m41 € Rn.
(c) This is a direct consequence of statement (b).

(d) Assume that Vi& € VF, i.e. there exists k& € N such that V& = A’Zﬁ(VO:F). Then,
IRy > AL y(ViE) = AE(VF) € Vi
for all 0 < £ < ¢*, and therefore Vi C V7.

(e) There exists a vertex V, ,, of Ry and ¢; # ¢ € N such that V,,,, = A%,e(voﬂ _
AZ,(Vy). If £y < Ly, then Vi' = AZ,%(Vy) € Vy, and therefore Vi C V.
Otherwise, we have that V;” = Ail EKQ(VOJF) € V;, and therefore V; C V.

(f) There exists a vertex Vj, ,,, of Ry with n < m < N such that

Van+1 = Vam = Vi N1

Assume for contradiction that n > 1. Then, since N+1—n < N, it holds that N+1 =
m because Vo n+1—n = Vo,m—n € ORN. This is a contradiction and therefore n = 0
and V;, , is either the upper or lower vertex of Ry on C.

(g) If Voi € Lny1, then Voi = Vngipnt = AZ:;(‘/QN_‘_l_ni), so necessarily Vo yp1_pn+ =
VT because n* > 1 and therefore V& = A’fe(VO;).

(h) Assume by contradiction and without loss of generality that V5~ € Vi, i.e. there
exists £ such that V;, ,- =V} o1 ,,+. Then,

‘/O,n* = ‘/O,Z = ‘/O,Z-‘,-rﬁ

Since Ly 11NORy = &, then /+nT < N, and therefore / = /+n™ and therefore n™ =
0, a contradiction. O

Proof of Proposition 2.2.11. Let V,, ,,, be a vertex of Ry with n < m. Then, either Vg ,,—,, =
VO+ or Vom—n =V , and therefore either V;,,, = A” 9(V0+) or Vpm = A7 4(Vy7), and
therefore V;,, , € VJ UV, . The rest is obvious by Lemma 2.2.13. [l
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2.2.3 The Bifurcation Sequence

For each fixed angle 0 < 6 < 7, the respective bifurcations (if any) occur at those values
aj = a;j(#) for which the line Ly, 1 contains either of the vertices V{ , + or V, - that the
) ) J

polygon Ry, has on the critical line Lo = C. For a slightly less than a;, another polygon

with Njiq1 + 1 sides appears, where N1 = N; + E;r or Njy1 = Nj + Ej_ depending on

whether the contact takes place at Vo,nj or V’nj_, respectively. Recall that €j+ and E;

denote the lengths of the orbits of V{ + and V|, -, respectively. Therefore, in order to
b b J

determine the sequence of bifurcation values a; in an iterative way, we define the 6-tuple

A; = (aj,Nj,nj,nj_,éj,ﬁj_)

that we call a bifurcation stair-step. Each A; is a tag representing a (INj+1)-sided bounded
polygon that becomes a (Nj41 + 1)-sided bounded polygon for a slightly less than a;.

The largest bifurcation value a; is associated to the primary polygon Ry,. For this
polygon it holds that N1 = Ny, nf =/ =1and n| = ﬁf = Ny. See Example 2.2.10.
Therefore, the first bifurcation stair-step is

A = (ala Ny, 1, Ny, Ny, 1)
where a; depends on the sign o; of sin(/Ny + 1)6 in the following way:

o If o1 = 0, then the line Ly,41 is vertical for all @ > 1. Therefore no bifurcation
occurs and a; = 1. Note that o1 = 0 if and only if 6 € {n/2,27/3}.

o If 01 = +1, the upper vertex, see equation (2.5), is
Voa(a1) = (1, (a1 — cos ) csc )
and the line Ly, 11(a1) is given, see equation (2.3), by
2 cos(Ng 4+ 1)0 + ysin(Ny +1)0 = oo ™!
Since Vp,1(a1) € Ln,+1(a1), then

aiVQ‘i’l sinf — ail Sin(Ne -+ 1)9 + sin NQH =0 (27)

o If oy = —1, the lower vertex, see equation (2.5), is
Vo,n, (a1) = (1, (aive — cos Nyb) csc Ngb)
Since Vo v, (a1) € Lny+1(a1), then

aY? ™ sin Ny — al¥® sin(Np + 1)0 + sin 6 = 0 (2.8)

Equations (2.7) and (2.8) can be seen as polynomials of the form

pi(a) = a™ " sinr0 — a sin(ry + 51)0 + sin 516

pl_ (a) — aT1+81

sin $160 — a® sin(r; + s1)0 + sinr6

where 1 = 1 and s; = Ny. In the following lemma we prove that these polynomials
have unique positive roots denoted by af and a; , respectively. Then, it holds that a; =
max{a;,aj }.
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Lemma 2.2.14. Let 0 < 0 < m, and let r,s € N such that sinrf > 0 and sinsf < 0.
Then, the polynomials

pT(a) = a " sinrd — a” sin(r + s)6 + sin s6
p(a)=a"

(a) *5sin s — a® sin(r + s)0 + sinrd

have unique positive roots at and a~, respectively. Moreover, the roots a™ and a~ are
simple and a* -a~ = 1.

Proof. The existence and uniqueness of a™ and a~ are guaranteed by Descartes’ rule of
signs as sinrf > 0 and sinsf < 0. Moreover, since p~(a) is the reciprocal polynomial
of pT(a), then a= = 1/a™ by uniqueness. O

The construction of the bifurcation sequence is iteratively obtained from A; according
to the following result. For each j € N, let us denote by o; the sign of sin(N; + 1)6.

Proposition 2.2.15. For every j € N, given
_ + = gt -
Aj = (aj,Nj,nj NOWNGNS )
the next bifurcation stair-step
_ e
Ajr = (aj1, Njvnnfo g, 67, 65 )
s obtained applying the following rule:

(a) Case oj = +1:

. _ X + + = X - +  _ pt
N]H—N]—I-Ej, nj+1—€j+1—N]+1, N =n;, €j+1—€j

(b) Case oj = —1:

. — . - + _ .t - _p+  _ . - —yT
NJ_H—N]—l—Ej, niq =n;, nj+1—€j+1—Nj—|—1, EjJrl—Ej

(¢) Case oj = 0:
N + ot - - + gt - _ -
Nji1 = N; nig =nj, N =ng, €j+1—€j, Ej—s—l_gj

In order to obtain aji1, if oj41 =0, then aj 1 = 1. Otherwise, the bifurcation value a;i1
1s the unique positive root of the polynomial

v . +o. A
p}:l(a) = oMi+1tlgin n;-:_lQ —a"+sin(Njp1 + 1)6 +sinng, 0

if 0j41 = +1, or of

— Ny +1 . — n. . . +
pjyi(a) =a™ " sinng 10 — a1 sin( Ny +1)0 +sinng, 0

if 0541 = —1, respectively.
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Proof. If o; = 0, then ENjJrl is vertical for all 1 < a < aj_1, and therefore no other
bifurcation occurs. Therefore, all parameters of A; remain constant and a; = 1. If o; # 0,
then from our geometric discussion in the previous subsection we deduce the values of the
entries of Aj41. In this case, if 041 = +1, then the upper vertex, see equation (2.5),

+
Vo' (aj1) = (1, (a;7}" — cosn .

j+1 j+1 0) (2.9)

+
0) csenj

belongs to the line Ly, +1(a;+1), whose equation, see (2.3), is

zcos(Njq1 +1)0 + ysin(Nj1 +1)0 = aj.\jﬁrl“ (2.10)
From a direct substitution of equation (2.9) into (2.10) we obtain pj+1(aj+1) = 0. Similarly,
if 041 = —1, then the lower vertex, see equation (2.5),
_ n;. — _
Vo (aj41) = (1, (a3} —cosny,,0) cseny,0) (2.11)

belongs to the line L, +1(a;+1). From a direct substitution of equation (2.11) into (2.10)
we obtain p;;(a;j+1) = 0. The uniqueness of the positive roots of p;r+1(a) and p; . 4(a) is
due to Lemma 2.2.14.

The result that we prove next contains Theorem 1.

Theorem 2.2.16. For each 0 < 0 < 7 there exists a nonincreasing sequence (a;);, called
the bifurcation sequence, with the following properties:

(a) aj > 1 for every j € N.
(b) 0; =0 if and only if aj =1 for every j € N.
(¢) For any j € N, aj41 < aj with equality holding if and only if a; = 1.
(d) limj_o a; = 1.
(e) {a;} is finite if and only if 0/7 € Q.
(f) The following statements hold for every j € N:

e Foreverya; <a<aj_q,

N(a,0) = Nj, nt(a,d) = nj, n~(a,0) =n;

Moreover,
Viniinei (@) = Vo7 (a5) = Von+1(ay)

o [or every aj;1 < a < aj,

(F(a8) =L, € (a,0)=1(;

Proof. The first five statements hold as we have already discussed (see also Remark 2.2.7).
We prove the last one by induction:

The case 7 = 1 is true by the previous results. Assume that this theorem holds
for j = k and let us prove it for j = k+1. Assume without loss of generality that o, = +1.
As we diminish the value of a from aj to ap41, each point in the A,, g-orbit of V0+(ak)
bifurcates into two new ones, one in the A, y-orbit of V0+(a) and the other in the A, g-orbit
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of V; (a), and this structure persists until the next contact takes place for a = aj41. It is
easily deduced that for every ap+1 < a < ag,

N(a,0) = N(ax,0) + £ (ay, 0) = N + £ = N1
and
n*(a,0) = N(az,0) +1= N +1= nk++1
and
n(a,0) =n; =n;
Now, if a1 < a, then
0*(a,0) = €*(ax,0) = €
and
é_(a,é?) e 5_(6%,«9) = Nk +1= E;

Finally, if o511 # 0, then
0o+ (agy1,0) = ﬁzkﬂ = 7kt

- YE+1
and
—0 _ _ )T O0k+1
7 (akg1,0) = Ny +1 =0, 5 O
21/2 -
1 i i Y Y ]
0 w5 7l w3 72 273 ™

Figure 2.7: The curves of the bifurcation values a;(#) for j =1 (red),2 (green), 3 (cyan), 4
(blue) and 0 € (7/5, )

In Figure 2.7 we show a numerical approximation of the first bifurcation curves. The
concatenation of some of them at certain points are justified by the following analytical
results.

Proposition 2.2.17. For every j € N it holds that o; = —1 on (0,7/(j+1)). In particular,
for every j € N,
0 =0,

forallk > j.

Proof. The result easily follows for j = 1. Assume that it holds for j < k and let us prove
it for j =k+1. Fix 0 € (0,7/(k +2)). Since
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then 0,(0) = —1 for n = 1,2,...,k by the induction hypothesis, and therefore N1 +1 =
Ny + k + 1. Note that Ny > k + 3. Now, since 7/Ng < 0 < w/(Ng — 1) if Ny > k + 3 and
m/Nyg < 0 <7m/(Ng—1) if Ng=k+ 3, then

k+1
7T<7T+(i;_\7)7r<(Nk+1+1)9§7T+
6

(k+2)m

2
Np—1 <27

and therefore oy41(0) = —1. O

2.2.4 Existence of First-rate Strictly Invariant Sets

In Section 2.2.1, for each pair (a,f) we constructed the (N + 1)-sided polygon Ky =
Oy NIy N---N1II; and proved that it is self-similar in Theorem 2.2.5. However, it may
not be strictly invariant. Two particular cases are §# = 7/2 and 6 = 27 /3. For § = 7/2, the
rectangle K3 is strictly invariant if and only if @ < /2. On the other hand, for § = 27/3,
the triangle ICo is strictly invariant if and only if @ = 1. Recall that, for any (a, ), if Ky
is strictly invariant, then a < v/2 because Ky is compact and has nonempty interior.

From the convexity of Ry, it follows that Ky is strictly invariant if and only if Ry
contains the images ‘N/J 41 and ‘7]\7 1 under the fold of the proper vertices Vﬁ 41 and Vg
of K, respectively. Computing the coordinates (2.5) of these vertices and considering the
equations (2.3) of the lines £,,, we obtain the following result:

Proposition 2.2.18. Let 0 < § < w. For any a > 1, the self-similar polygon Ky is strictly
[y g-invariant if and only if

a¥ T sin(n 4+ nt)o — a"+sin(N +1+4+n)f — (a" —2cosnf)sinn™ 6

¥t lsin(n4+n")0 —a™ sin(N +1+n)f — (a" — 2cosnf) sinn™6 >

v
o

form=0,1,...,N.

Proof. Since Ry = Iy N...NII; NIly, then the folded proper vertices 17]3;1 of K belong
to Ry if and only if I~/§+1 € 1Il, forn=0,1,..., N. That is, if and only if

n

(2 = 2+ Ni1) cOs Nl + Yt Nyq SiDNO a

n

<
< a

(2 —2,,- ny1)cosnd + Y~ Nyqsinnl
forn=20,1,..., N, where
Tpt Ny1 = (—a¥*sinn®o + am sin(N + 1)0) cscn™0
Ynt N41 = (™t cos nth — a"* cos(N + 1)) cscn™0

are the coordinates (2.5) of the proper vertices V]i_l of K. Sincesinn™0 > 0and sinn™ 0 <
0, we obtain the inequalities from the statement of this Proposition. O

Remark 2.2.19. It is sufficient to check the inequalities of Proposition 2.2.18 for those n €
{1,..., N} such that cosnf < 0.

The characterization provided by Proposition 2.2.18 of the strict invariance of K has
little practical value when N is large. However, the following corollary allows us to easily
discard those which cannot be strictly invariant from a basic geometric remark.

Proposition 2.2.20. Let 0 < 0 < w. Assume that Ky is strictly I'qg-invariant for
some a > 1. Then, the following statements hold:
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(a) If a is not a bifurcation value, then min{cosn™0,cosn=0} > 0.

(b) If a is a bifurcation value, then

min{cosn ?60,0sin(2n’ + n"7)0} >0

where o is the sign of sin(N + 1)0.

Proof.

(a)

Assume that a is not a bifurcation value. Then, neither VOJr nor Vj~ is a vertex of
Kn and the lines £,,+ and £,- must have non-positive and nonnegative slopes, re-
spectively, because VJ 41 € I+ and 17]\7 41 € II,—. Since these slopes are equal
to —cotn™d, and since sinnt@ > 0 and sinn~@ < 0, then that cosn™@ > 0
and cosn—6 > 0.

Assume that a is a bifurcation value. Then, ‘7]% 11 =Vyy = Vo is a vertex of Ky.

In order that ‘7]\7j:1 € I1,,--, the slope of L, must be no greater than the slope of
Ln+1 (both in absolute value), and line £,-» must be in the same conditions as
before. Therefore, |cot(N + 1)0| > |cot n?8| and cosn™76 > 0.

Applying the fundamental identity of trigonometry, it follows that the first inequality
is equivalent to

sin?n?6 > sin®(N + 1)0

and
0 < sin?n%0 — sin?(N + 1) = —sin(N +n° 4+ 1)8 - sinn~76

Since —o is the sign of sinn~76, we conclude that

osin(2n? +n"7)0 > 0 O

We just obtained a necessary condition for the strict invariance of Ky. In this way,
we say that the self-similar polygon I is a possible strictly invariant polygon if it verifies
either of the conditions in Proposition 2.2.20.

Proposition 2.2.21. Let 6 € (0,7) \ {27/3}. The following statements hold:

(a) There exists a > 1 such that Kn@,0) is a possible strictly I's g-invariant polygon.

(b) If Kna,p) is a possible strictly I'z g-invariant polygon for some a > 1, then Ky (q,0) is

a possible strictly Iy g-invariant polygon for all a € (1,a).

Proof.

(a)

This statement easily follows from Remark 2.2.7. If £ is an irrational number, then
n*(a,0)0 — 0 and n~(a,0)0 — 27 as a — 1. Therefore, statement (a) of Proposi-
tion 2.2.20 is verified. On the other hand, assume that 5 = p/q is a rational number.
For ¢ = 4, the rectangle K3 is strictly invariant for every a < v/2. For ¢ > b5,
statement (a) of Proposition 2.2.20 also holds for a sufficiently close to 1 because the
angles n"(a,0)0 and n~(a, 0)0 lie in the first and fourth quadrants, respectively.
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(b) Let [aj,aj—1) be the interval obtained in Theorem 2.2.16 containing a. Since n*

and n~ remain constant on [a;, a;_1), then cosn™0 > 0 and cosn™6 > 0 for every a €
(aj,aj—1). Assume first that @ > a;. It is trivial that Cn is a possible strictly
invariant polygon for every a € (aj,a). On the other hand, if a = a; then

osin(2n? +n~7)0 = cosn?O|sin(N + 1)8| + |sinn?0| cos(N + 1)8 > 0

because cosnt > 0 and cosn™6 > 0 implies cos(N + 1)6 > 0. Hence KnN(a;0) is a
possible strictly invariant polygon.

By induction we only have to prove that Ky, ) is possibly strictly invariant for a €
(aj4+1,a;5). This is straightforward since on that interval it holds that n? = N; + 1

and n7% = nj_".

Assume now that a = a; and cosn?6 < 0. Since osin(2n? +n~7)0 > 0, then
|sinn?6| cos(N + 1)§ > —cosn?fsin(N + 1)0] > 0

Therefore, we have that cos(N + 1) > 0 and KnN(a,0) 1s possibly strictly invariant
for a € (aj+1, aj). O

Remark 2.2.22. For each 6 € (0,7)\ {27/3}, let @ = a(#) be the supremum of the a-values
for which Ky(4,9) is a possible strictly I'y g-invariant polygon. If @ > 1, then Ky, ) is a
possible strictly I', g-invariant polygon for every 1 < a < a by Proposition 2.2.21. In this
case, note that a is a bifurcation value for 6. Note that the polygon Ky s 9) may not be a
possible strictly invariant polygon.

Now we prove Theorem 2 for § € (0,7) \ {27/3}.

Proof of Theorem 2. Let
Ba:{(:c,y)E]RQ:ya <y<y6r

For every a € (1,a), since KnN(,) is a possible strictly I'q g-invariant polygon by Re-
mark 2.2.22, then both Viﬂ and ‘7]3,[“ belong to B,. On the other hand, the rectangle

Co={(z,y) €B,:0< 2z <1}
is contained in Ry (4,9) by convexity. Therefore, since xﬁ 41—~ 1lasa—1, then
Vi1 € Ca € R(an)

for every a sufficiently close to 1. O

2.2.5 Existence of Second-rate Strictly Invariant Sets

In Section 2.2.4 we have seen that, for every 0 € (0,7) \ {27/3}, the self-similar poly-
gons Ky are (first-rate) strictly invariant for every a sufficiently close to 1. For larger
values of a, these polygons may not be strictly invariant. If not, then Ky is strictly
contained in T'y (Cn). In that case, the consecutive images of Ky under I'yy form a
nondecreasing sequence of sets that converge to a second-rate strictly invariant compact
set, namely the closure of Ky g, provided that K, ¢ is bounded. See Proposition 2.2.9 and
formula (2.4).

Let us illustrate what we have said to the singular angle § = 27 /3. In this case, the self-
similar triangle /Cq is not even a possible strictly invariant polygon for any a > 1. However,
we will see that there exist a-values in (1, v/2] for which K, ¢ is a strictly invariant compact

polygon.
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A first example of a second-rate strictly invariant set is obtained by the union of the
images of R?, which is in fact the maximal strictly invariant set. For § = 27/3, it is easy
to check that this union coincides with I'? ,(R?) because

Feo0 0Tag(R?) = Feo oI 4(R?)

In Figure 2.8a we represent this unbounded strictly invariant set, which can be easily
constructed from £; and the vertical line through V; 2. In Figure 2.8b we represent the
polygon K, ¢, which coincides with Ffw(ng) for every a € (1, ag| for some ag > 1.

In Figure 2.9 it is represented the construction of Iy ¢ for a = 1.27 from the first five
iterates of ICa. See in Figure 2.11a how the attractor numerically obtained for these values
of the parameters adjusts to Ky ¢ thus showing that K, g is a second-rate strictly invariant
minimal set.

In Figure 2.10 it is represented the construction of Ky ¢ for a = 1.19. However, in this
case, see Figure 2.11b, the non-simply connected attractor is strictly contained in Ky ¢ and
therefore KCq ¢ is not minimal.

Another attractor is numerically found for ¢ = 1.12. In this case, as can be seen in
Figure 2.11c, this attractor is formed by three connected components and is again strictly
contained in g 9.

2.2.6 Numerical Simulations

In Figure 2.12 is shown the region of parameters where attractors are numerically detected.
For a pair of parameters (a, ), we consider an initial point Py close to the origin and we
perform 10 iterations. We set 10'° as an upper bound for the norm. If the norm of
the iterated point is less than 10!, then we paint (a,#). Otherwise, we discard (a,6)
since the orbit of Py grows indefinitely and there cannot be an attractor. Recall that, for
any 0 < 6 < m, strictly I', g-invariant compact sets with nonempty interior can only exist

for a < /2.

2.3 Existence of 2-D Strange Attractors: Proof of Theorem 3

Theorem 3 deals with the existence and characterization of the attractors exhibited by the
Expanding Baker Map I'y g in the strictly invariant polygon K, ¢ given in Theorem 2 and
constructed in Section 2.2.1. It is a combination of various results obtained by placing I'y g
in each one of the scenarios presented by Buzzi [10], Saussol [64], and Tsujii [68]. Before
entering into details, let us give a sketch of the proof and explain how they are related to
each other.

Proposition 2.3.15, based on Tsujii [68, Th. 3|, provides a nonempty finite family of
absolutely continuous invariant probability measures for I', 9. As we will see later, the
family announced in the theorem consists of the supports of such measures, from which
statement (ii) obviously follows.

The fact that they are strange attractors follows from Lemma 2.3.22, which is proved
using Proposition 2.3.21, based on several results from Saussol [64]. Lemma 2.3.22 is also
used to prove statements (i), (iv) and (v).

From Proposition 2.3.18, based on Buzzi [10, Main Theorem|, we obtain the decompo-
sition and mixing properties of the attractors announced in statement (iii).

The proof of theorem is almost identical to the proof of Theorem 1.2 [59], and we
reproduce it in this thesis for the sake of completeness. In fact, it would be the same if
we restrict ourselves to the case in which 6/7 is a rational number, since formula (2.16) is
easily obtained in that case without using Buzzi’s geometric estimate [10, p. 700]. See also
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Figure 2.8: Two second-rate strictly invariant sets for 6 = 27/3: (a) The maximal strictly

L'y 27 /3-invariant set 1"2,% /3 (R?); (b) The strictly I' o, /3-invariant polygon I’i’% /3(IC2)
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(e)n=4 f)n=5

Figure 2.9: Construction of the second-rate strictly invariant compact set Ky g for a = 1.27
and 0 = 27/3. For n = 0,1,...,5, the nth iterate of K2 painted in gray and the folded
set Fe,0 © FZﬂ(ng) drawn in red. Note that F¢ o o Fi,e(KZ) = Fc00° Fgﬂ(lQ).
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N
(c)n=2 (d)n=3
(e)n=4 f)n=5

Figure 2.10: Construction of the second-rate strictly invariant compact set Xy ¢ for a = 1.19
and 0 = 27/3. For n = 0,1,...,5, the nth iterate of K2 painted in gray and the folded
set Fe,0 © FZﬂ(ng) drawn in red. Note that F¢ o o Fi,e(KZ) = Fc00° Fgﬂ(lQ).
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(a) (b) ()

Figure 2.11: Numerical attractors for § = 27/3: (a) a = 1.27; (b) a = 1.19; (c¢) a = 1.12.
Note that the first attractor completely fills Ky g, which is therefore minimal, while the
second and third one do not.

Figure 2.12: Numerical detection of attractors of I', g for a < V2and0<f<m

Remark 2.3.20. Let us point out here that formula (2.16) is, as we will see soon, the key
to applying Saussol’s results [64].

2.3.1 Buzzi’s Scenario

By controlling the accumulation of discontinuities under iteration, Buzzi [10] proves that
any expanding piecewise analytic map of the plane, defined with respect to a partition made
of finitely many bounded pieces with a sufficiently smooth piecewise boundary, admits
absolutely continuous invariant probability measures.

Definition 2.3.1 (Analytic pieces). An arc is a one-to-one map v: [0,1] — R? of at least
class C'! such that ||7/(¢)|| > 0 for all € [0,1]. An analytic piece of the plane is a nonempty
bounded open subset of R? whose boundary is a finite union of real-analytic arcs.

Definition 2.3.2 (Piecewise analytic maps of the plane). A piecewise analytic map of the
plane is a map ®: Y — Y verifying the following conditions:

(i) Y =Upep P, being P a finite collection of pairwise disjoint analytic pieces P of R?

(ii) For each P € P, the restriction ®: P — ®(P) can be extended to ®p: U — V, being

®p an analytic diffeomorphism between neighborhoods U of P and V of ®(P)
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The map ® can also be referred to as the triple (), P, ®).

Definition 2.3.3 (Expanding piecewise analytic maps of the plane). A piecewise analytic
map of the plane ®: Y — Y is expanding if

inf min||D®(P)-v| > 1
PeY vest

In order to define the weighted multiplicity of a piecewise analytic map of the plane
and state the geometric estimate, we introduce the notion of circular sector.

Definition 2.3.4 (Circular sectors). A circular sector at a point P € ) is the interior Sp
of any bounded set whose boundary is formed by two different straight segments ¢ and /5
starting at P and of equal length and the circular arc of the circle centered at P joining
their extremes. Given a circular sector Sp, let S p be the set of unit vectors which are in
the cone generated by ¢; and ¢y at P.

The partition P defines at each point P the collection Sp(P) of sectors Sp at P with S
ranging over the connected components of B(P,r) NP for P € P and r > 0 small enough.
Note that these Sp are finitely many well defined sectors because of the analyticity of P.

Definition 2.3.5 (Weighted multiplicity). The local weighted multiplicity of a piecewise
analytic map (), P, ®) of the plane at a point P € ) is

1t(P, ®; P) = spezs;a(P) jac(®p)(P)

where:
e P is the element of P containing Sp
e Jac(®p)(P) = |det Dbp(P)|
¢ A(@] ) =sup, 3, [IDDp(P) o]
The weighted multiplicity of (),P, ®) is

mult (P, ®) = sup mult(P, ®; P)
Pey

Definition 2.3.6 (Iterates of a partition). The nth iterate of P is the partition P(") of
made of the sets P which are given by a finite sequence of nonempty intersections

Pone(PHn...ne e, PP Pl ep

Remark 2.3.7. The partition P is dynamically related to the iterate ®”. In fact, the
triple (), p(™), ®™) is a piecewise analytic map of the plane for every n € N. Therefore, we
may consider the weighted multiplicity of every iterate. When computing A, and jac, let
us take the following notation:

®7 =Ppp10---0Ppiodpo, PP
Finally we can state Buzzi’s geometric estimate [10, §3].

Geometric Estimate. Let (),P,®) be an expanding piecewise real-analytic mapping of
the plane. Then,
limsup 1 logmult(P™ &™) < —log A_(®) < 0

n—o0

where A_(®) = inf pey min e | DO(P) - v||.
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2.3.2 Saussol’s Scenario

Saussol [64] works with a certain class of multidimensional piecewise expanding maps
characterized by five properties, labelled as (PE1)—(PE5).

Definition 2.3.8 (Piecewise expanding maps). Let X C R? be a compact set such that
int X = K and let ®: K — K. Assume that there exist an at most countable family of
disjoint open sets ; C K and V; C R? such that V; D U;, and maps ®;: V; — R? such that
Dy, = Py, for all i. We say that ® is a piecewise expanding map if there exist constants
c,e0 > 0 and 0 < o < 1 such that the following conditions hold:

(PEl) @Z(VZ) 2 B((I)(Z/[i),é‘o) for all 1.

(PE2) ®; € C'(V;), ®; is one-to-one and ®; ' € CV(®;(V;)) for all i. Moreover, for all i
and every € < g9 we have that

|det D®; H(P) — det D®; 1 (Q)] < c|det D®; (R)[*
whenever R € ®;(V;) and P,Q € B(R,g9) N P;(V;).
(PE3) ma(K \ U;Ui) = 0, being my the Lebesgue measure in R2.
(PE4) There exists s = s(®) < 1 such that, for all P,Q € ®(V;) such that dist(P, Q) < «o,
dist(®; ' (P), ®;1(Q)) < s - dist(P, Q)

(PE5) Let G(g,e0) = supp G(g,€0; P), where

oy (0 (B0D(), ) N B(P, (1~ s)e0)
Ceail) = R )

)

and assume that 1 defined by

n(eg) = s* + 2 sup

e<eo e
satisfies sups<., 1(0) < 1.

We introduce now the multiplicity entropy of a partition, as defined by Buzzi, and the
dilatation coefficient.

Definition 2.3.9 (Multiplicity entropy). The multiplicity entropy of a piecewise linear
map ®: K — K is

houtt (P, @) = lim L log sup card{P € P : P € P}

where P = {U;} and P(™) is the nth iterate of P.

Definition 2.3.10 (Dilatation coefficient). The dilatation coefficient of a piecewise linear
map ®: K — K is
§(®) = lim Llog sup [D®"(P)|
oo Pedn(K)
where the norm of the derivative is taken along each smooth branch of &=,

In terms of both quantities, we may show that some iterate of a piecewise expanding
map verifies condition (PE5) even though the map itself does not.

Proposition 2.3.11 ([64, Lem. 2.2]). Let ® be a piecewise invertible C' map with a
partition P into smooth components such that (PE1)-(PES3) hold for some 0 < a < 1.
Suppose that the boundary of the partition is included in a finite number of C* compact
embedded submanifolds. If hyu(P, ®) + d(P) < 0, then some iterate of ¢ satisfies (PE1)-
(PES5).
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2.3.3 Tsujii’s Scenario

Tsujii [68] proves the existence of absolutely continuous invariant measures for expanding
piecewise linear maps defined on bounded polyhedra in arbitrary dimensions. We will put
ourselves in the two-dimensional setting with the following definitions.

Definition 2.3.12 (Polyhedra). A half-plane in R? is each one of the two connected
components of the complement of a straight line in R%2. A polyhedron in R? is a closed
subset of R? that is obtained from closures of half-planes by taking intersections and unions
for finite times.

Definition 2.3.13 (Piecewise linear maps on a polyhedron). Let P be a polyhedron in R?
with nonempty interior. A piecewise linear map on P is a pair (®,P) of a map ®: P — P
and a finite family P = {P¥}{_, of polyhedra satisfying the following conditions:

(i) The interior sets of P!, ... P! are mutually disjoint
(i) P=P'uU-..UP
(iii) The restriction of ® to the interior of P is an affine map for each k

Definition 2.3.14 (Expanding piecewise linear maps on a polyhedron). A piecewise linear
map (®,P) on a polyhedron P in R? is erpanding if there exists p > 1 such that

[ID2(P) - v = pllv]|
for all P € intP* U--- Uint P! and all v € TpR2.
2.3.4 Preliminaries: Buzzi, Saussol, and Tsujii’s Works, and Some Lem-
mas

Fix 0 < 0 < m. By Theorem 2 there exists an a-value ag such that the polygon K, g is
(strictly) I'q g-invariant for every a € (1, ag]. Let

Ko={(z,y) €Kap:a <1}, Ki={(z,y) €Kep:2>1} (2.12)

Taking P = K, and the family P = {P,P!} with P* = Ky and P! = K;, the map
['y9: P — Pis an expanding piecewise linear map on a polyhedron. Indeed, polygons are
a particular case of polyhedra in R?. By definition, it is clear that intP’ NintP' = @
and P = P° UP!. The restriction of I'y¢ to the interior of P° and P! are affine maps since

Fa,@(x> y) = Aaﬂ(xa y)
for all (z,y) € int P, and
Fop(z,y) = Ago(—2,y) + (2acos 0, 2asin 9)

for all (z,y) € intP!. Finally, it holds that p = a > 1. Tsujii [68, Th. 3] provides the
absolutely continuous invariant probability measures for I', y whose supports will be 2-D
strange attractors.

Proposition 2.3.15. Let 0 < 0 < 7. For every a € (1,ay|, there exist finitely many
absolutely continuous ergodic probability measures pu1, ..., pirsy for I'qg. Moreover,

n—1
) 1
basin(u;) = {P € Kap: - 2)5%’9(})) — W weakly}
J:

is an open set modulo sets with null Lebesgue measure fori = 1,...,tsu, and |J;°] basin(u;)
has full Lebesgue measure in K.

40



Remark 2.3.16. We may assume that the basin of each probability measure from Proposi-
tion 2.3.15 is a nonempty open set modulo sets with null Lebesgue measure.

Remark 2.3.17. By Proposition 2.3.15 it is clear that ;=] int basin(y;) has full Lebesgue
measure in Iy g.

In order to prove that the supports of u1,..., sy are 2-D strange attractors, we will
now place I'; g in Buzzi’s and Saussol’s settings.

Let Y = Py UP; and P = {Py,P1} with Py = int Ky and P; = int ;. Note that
Y = Kap. Then, the map I'yp: Y — Y is an expanding piecewise analytic map of the
plane in Buzzi’s sense (see Definition 2.3.2). Indeed: the interior of polygonal domains are
a particular case of analytic pieces of R?. By definition, it is clear that Py N P; = @. The
restriction of I'; g to the interior of PO and P! are invertible affine maps since

Fa,@(x7 y) = Aa,@(:pa y)
for all (z,y) € int P°, and
Foo(x,y) = Ago(—2,y) + (2acos b, 2asinh)

for all (z,y) € int PL. Consequently, both restrictions can be extended to R? as analytic
diffeomorphisms. Moreover, the map I',  is expanding as

inf min||Dlyg(P)-v|| =a > 1
Jof min||DLop(P) - vl =a

Therefore, according to Buzzi [10, Main Theorem|, we have the following result.

Proposition 2.3.18. For every i € {1,...,tsu}, there exist a constant k € (0,1), a
natural number b, and a decomposition

Ai:XQUXIU"'UXb_l

of the support A* of p; with Fap(X;) = Xjpimods for j =0,...,0 =1 such that, for all
Lipschitz functions h,g: A — R and for all n > 0,

h.gol"Z”Qd,u—/ hdp/ gdu‘gcl‘in
Xo ’ Xo Xo

for some C = C(h, g) < oo independent of n.

Remark 2.3.19. It is well-known that Proposition 2.3.18 implies that every p; is mixing
(up to the eventual period b) and consequently the iterate I'® , is topologically mixing on
any Xj. 7

Now, and here is where the differences between the proof of Theorem 3 and Theorem
1.2 [59] arise, the crucial argument is to control the weighted multiplicity of I'qg (see
Definition 2.3.5).

For T', ¢, the partition P defines at each point P € Ky ¢ a collection Sp(P) of at most two
circular sectors: B(P,r)Nint Ky and B(P, r)Nint Iy for r > 0 small enough. (Here we also
consider as a possible circular sector the whole ball B(P,r).) We have Ay (T'p9| Sp) =a
and jac(Tyg)a(P) = a®. Therefore,

2
mult(P,Igg) = — (2.13)
a

because the supremum is achieved at points in the critical set. Now, for each n € N, we
have that A+(FZ;9 ] gp) = a" and jac(I‘ng)(P) = a®" for every P € K, and P € P(").
Therefore, for every n € N, we obtain that

Rn,a,é‘

mult (P(n)a 2,9) = an

(2.14)
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where we have introduced the sequence

Ryap = nax card{P € P : P € P} (2.15)

GKQ,Q

Observe that Ry 49 = 2 and therefore equation (2.13) follows from equation (2.14). Fol-
lowing the Geometric Estimate, we may conclude that

lim sup % log Ry, 40 < loga (2.16)
n—oo
Remark 2.3.20. If §/7 is a rational number, then R, ,4 remains bounded as n goes to
infinity. This is because the slopes of the straight lines forming part of the boundary of
any set in P("™ belong to a finite set of real numbers. Therefore, inequality (2.16) easily
follows without using the Geometric Estimate.

Now, we will check that some iterate of the map I'y ¢ is an piecewise expanding map
in Saussol’s sense and obtain some results. Let K = Ky4. It is clear that int K = K.
Let P = {Up, U1} with Uy = int Ky and U; = int £y, and let Vy and V) be small open
neighborhoods of Ky and K1, respectively. It is clear that Uy NU; = @ and Vy 2 Uy and
V1 D U;. Consider the maps

Po: Vo — R%, @o(z,y) = Agp(z,y)

and
12V - R% Oy(2,y) = Ayg(—2,y) + (2a cos b, 2asin )

The existence of a sufficiently small ¢y > 0 satisfying hypothesis (PE1) is evident. Hy-
pothesis (PE2) is verified for any ¢ > 0 and 0 < a < 1 because ®; are affine maps
and A, is invertible. Finally, hypothesis (PE3) obviously holds as K\ (Uy UU;) consists
of a finite union of segments, namely the boundary of K, ¢ and K49 N C. Therefore, the
map I'y9: I — K verifies conditions (PE1)-(PE3).

Let us now consider the dilatation coefficient of I'y o with ) = Uy UlU;. It is easy to
check that 6(I'y9) = —loga. Therefore, inequality (2.16) translates into

lim. Llog Ry 40+ 6(Fa) <0

This inequality allows us to apply Proposition 2.3.11 to assert that some iterate of the
map I', ¢ satisfies conditions (PE1)—-(PE5). Saussol |64, Prop. 3.4, Th. 5.1(ii), Prop. 5.1]
provides then the following result.

Proposition 2.3.21. For every i € {1,...,tsu}, the interior of A® has p;-measure 1.
Moreover, the measure p; is finite.

We finish this subsection presenting some lemmas that we will use in the proof of Theo-
rem 3. Lemma 2.3.22 is crucial to prove that the supports A’ are attractors. Lemmas 2.3.23
and 2.3.24 will be used to prove that there exists a dense orbit in X, ¢ exhibiting two posi-
tive Lyapunov exponents. Finally, Lemma 2.3.25 is auxiliary in the proof of statement (v).

Lemma 2.3.22 (|59, Lem. 6.1(i)]). For everyi € {1,...,tsu}, the interior of A" traps ev-
ery point in basin(u;), i.e. for every P € basin(u;) there exists j € N such that Ffw(P) €

int A"

Proof. Let P € basin(u;). By definition, we have that v, — u; weakly, where v, =
%Z?;& Op P) for each n € N. In order to apply Portmanteu’s Theorem to the se-
a,f

quence {v,}, and p;, we must check that j; is finite and the interior of A’ is a set of
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continuity of ju;, i.e. pi(0.AY) = 0. Indeed, from Proposition 2.3.21 we know that p; is
finite and p;(int A?) = 1. Thus, by Portmanteau’s Theorem,

n(int AY) = z:thAZ a.0(D))

converges to 1 as n — oo, from where it clearly follows that there exists j € N such
that I/ ,(P) € int A" O

Lemma 2.3.23 (|60, Lem. 4, adapted|). For everyi € {1,...,tsu}, there exists B C Kq g
such that pi;(B) =1 for which every point P € B has a dense orbit in K.

Proof. First, we observe that if & C K, is open a nonempty, then u;(UyZo Ty (U)) > 0.
Let {U"} be a countable open basis of open sets. For each n > 0, let B = (2, Bin,
where B/ = Urz,; Ik U™). Then:

(i) B =T 5(BI=1") C B~ for all j

)
(ii) p;(B™) = p;(B»™) > 0 for all j,n > 0 because the measure is invariant
(i) pi(B™) =1 for all n > 0 because B" is invariant and p; is ergodic

v)

(i

Now, if we define B = (72, B", then obviously B is residual. Moreover, the w-limit set of
every P € B coincides with ;9. Indeed, it is enough to prove that, for all n > 0, there
are infinitely many values m > 0 for which FZ?G(P) e U". But, if P € S, then P € B",

that is
o0 o0
re(U T U™
3=0k=j

B" is residual because B?" is open a dense for all j,n > 0 as Iy is transitive

which means that P € F;’g(u”) for infinitely many values k, and for these values Fl; o(P) €
u". O

Lemma 2.3.24 ([59, Lem. 6.2, adapted]). If an orbit {I'y ,(P) : n > 0} does not visit the
critical line, then
le %logHDFZﬂ(P) -v|| =loga >0

for allv € S'.

Lemma 2.3.25 (|59, Lem. 6.3, adapted|). Let U C Ky be a nonempty open set. Then,
the interior of T'q g(U) is nonempty.

2.3.5 Proof of Theorem 3

Fix 0 < # < 7, and then fix a € (1, ag]. By Proposition 2.3.15 there exists a finite number
of absolutely continuous invariant ergodic probability measures ji1,. .., jigsu for I'y . For
each i =1,...,tsu, let A be the support of ;. The family

Bag={A :i=1,... tsu} (2.17)

is the one announced in Theorem 3. We will first prove that each A’ is a 2-D strange
attractor with nonempty interior and then each one of the statements.

Let i = 1,...,tsu. By definition, the support A’ of y; is compact. Moreover, since fi;
is I'y p-invariant, then A? is (forward) invariant for Iqp. In order to show that I'yg is
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transitive on A, take two nonempty open subsets & and V in A’. It is clear by definition
that p;(U) > 0 and p;(V) > 0. Thus, since p; is ergodic, Birkhoff’s Theorem implies the
existence of some point P € U such that

. 1 n—1 ;
Jim ;XV(FG,Q(P)) =pi(V) >0
Therefore, it is clear that Féﬁ(P) € V for some j € N and consequently Fiﬁ U)nNy =2.
On the other hand, Lemma 2.3.22 implies that basin(u;) € W#(A%), and therefore W*(A?)
has nonempty interior by Remark 2.3.16. Now, it remains to prove the existence of a dense
orbit in A’ exhibiting two positive Lyapunov exponents. To this end, we begin by showing
the existence of a dense orbit not visiting the critical segment C N KCy g of I'y 9. Let

Cap ={P € Kap: Ty y(P) €C for some n € N}

Since the Lebesgue measure of C, g is zero and p; is absolutely continuous, it follows that
1i(Cap) = 0. By Lemmas 2.3.23 and 2.3.24, there exists a dense orbit exhibiting two
Lyapunov exponents, and therefore the attractor A’ is strange.

We will first prove statement (v) of Theorem 3. Let K be a compact I, p-invariant set
with nonempty interior. By Remark 2.3.17 there exists a measure p; such that int /C N
int basin(u;) # @. Therefore, the set int L N basin(p;) must contain an nonempty open
set U. Let P € U. Since U C basin(yu;), by Lemma 2.3.22 there exists a natural number j
such that T} ;(P) € int A*. Let V be a neighborhood of ') ; in A’. Since T/  is continuous,
there exists an open neighborhood Vp of P such that FZﬁ(Vp) C A’. On the other hand,
since K is invariant, we deduce that Fiﬂ (Vp) C K. By Lemma 2.3.25 there exists an open
set U’ contained in K N A", We claim that A’ C K. Indeed, assume for a contradiction
that there exists @ € A’ such that Q ¢ K. Since K is compact, there exists some open
neighborhood Vg of @ such that Vg N K = &. From the fact that I'; g is transitive on A,
by Lemma 2.3.22 there must exist some natural number k such that FZQ(U’) NVg # @.
This contradicts the invariance of K, and therefore A* C K. Now, take two compact Ly0-
invariant set K and K’ with disjoint nonempty interiors. Following the previous arguments,
it holds that there exist two 2-D strange attractors A’ and A; with A C K and A; C K.
These attractors must be different because they have nonempty interior.

To prove statement (i), we observe that if A is an attractor for I'y g, then from Re-
mark 2.3.17 there exists i € {1,...,tsu} such that W#¥(A) N basin(u;) has nonempty
interior. From Lemma 2.3.22 it is evident that A = A’

Statement (ii) is obvious from the definition (2.17) of A, ¢ and Proposition 2.3.15.

Statement (iii) is a direct consequence of the definition (2.17) of A, y, Proposition 2.3.18
and Remark 2.3.19.

To prove statement (iv), let i € {1,...,tsu}. By Lemma 2.3.22, for each P € basin(s;)
there exists 7 € N such that Ffw(P) € int A’. Therefore, the basin of y; is contained in
the stable set of A’. By Proposition 2.3.15, the difference W¥(A?) \ basin(y;) has null
Lebesgue measure. Hence Uf:i W#(A") covers a full Lebesgue measure set of Kq g.

2.4 Splitting of Attractors: Proof of Theorem 4

Recall that I'; g is the composition of the fold along the critical line C = 2 = 1 onto the
origin O and the expanding linear map defined by matrix (2.1).

Let us assume that 0 = 27p/q € (0,7) with p,q € N and ged(p,q) = 1. It is clear
that ¢ > 3 and 2p < ¢q. Let 6 = 27 /q € (0,27/3]. Note that §; = 0 if and only if p = 1.
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For each j € {0,1,...,q— 1}, we will denote by ¥/ the ray that starts from © and extends
indefinitely in the direction of the unit vector (cos j01,sin j601). Thus, the plane is divided
into g regions

RZ=ROU---URT!

where R/ is the region limited by 37 and X/*! for j = 0,1,...,¢ — 1, setting ¢ = 0.
See Figure 2.13. The dynamics of I', 9 on these regions depends on p and the following
inclusion holds:

Too(RIN{x <1}) CRIPP™de (j=0,... ¢-1)

As a consequence, given a point Q € R/N{x < 1} forsome j € {0,1,...,q—1}, if FZ,(,(Q) €
{z <1} forn =1,2,...,q — 1, then 'Y ;(Q) € R’. In order to define D, first we will

construct the set of points @ € RY N {x < 1} such that I,(Q) € {x < 1} for n =
1,2,....q—1.

Zj

T

i+l
Figure 2.13: The regions R/ for § = 27p/q € (0, 7) with p,q € N and ged(p,q) = 1

Let us now fix some notation for what follows. Given a point @) or a set 9, for each n > 0
we will write Q,, = FZﬁ(Q) and Q,, = FZ@(Q). We will denote by Q(Q',Q?,...,Q") the
polygon with consecutive vertices Q',@?,...,Q". Also, the segment joining any pair of
points Q, Q' is denoted by QQ'.

We will divide the proof of Theorem 4 into three cases. First we will prove the result
for ¢ > 5 in order that cos@; > 0 as in Figure 2.13. In this situation, the arguments
of the proof hold regardless of the value of ¢. Then, we will consider the case ¢ = 4,
in which cos6; = 0. Actually, this case was already studied previously and was collected
separately in Lemma 2.1.11 because of its interest for the successive renormalizations given
in Corollary 2. Finally, we will consider the special case ¢ = 3 to which only statement (a)
applies.
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2.4.1 Caseqg>5

Fix ¢ > 5. In this case, the ray X! is contained in the first quadrant. We will construct a
strictly I'? j-invariant polygon from the iterates of M = (1,0).

Lemma 2.4.1. There exists apr > 1 such that M, € {x < 1} form =1,...,q—1 and

every a € (1, apn].

Proof. Assuming that {My,..., M,_1} C {x <1} for any 2 < n < ¢, then
M,, = (a" cosnb,a" sinnf)
Therefore, it suffices to find an a-value aps such that
a" cosnf <1 (2.18)

form=1,...,¢g—1 and every a € (1,aps]. If cosnfd < 0, then inequality (2.18) clearly
holds for all @ > 1. Otherwise, we have that cosnf < 1 because ged(p,q) = 1. Let

ay = min  Vsecnd (2.19)

cosnf>0

Then, we have that ap; > 1 and afj; cosnf < 1, and therefore inequality (2.18) holds for
every a € (1, ap]. O

We will only consider a-values in (1,aps]. Denote by n; the smallest natural number
such that M, € X1 Note that nyp =1 mod ¢. In particular, if p = 1, then ny = 1. It is
straightforward to check that

cosnif = cosfy, sinnif = sinb; (2.20)

and
cos(q —ny)f = cosfy, sin(q—ny1)0 = —sinb; (2.21)

The point M, belongs to the line £, , whose equation can be written by equalities (2.20)
as
Ly, =xcosb +ysinf =a™ (2.22)

Since ¢ > 5, then £,,, intersects XY at the point
K = (a"" sec:,0) (2.23)

In R? we define the polygon
N =Q(0,K,M,,)

On the other hand, since ¢ = 2mp, then £, = x = a? and L, intersects 0 at M, =
(a9,0) € {z > 1}. Moreover, from equalities (2.21) we deduce that

alcosf < a™

Hence M, is on the left-hand side of K. Therefore, the line £, intersects A* at the segment
of extremes M, and
J = (a?,a™ cscby — alcotby) (2.24)

We will prove that the polygon
A=Q(O0,My,J, M) (2.25)
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Figure 2.14: The strictly FZ’Q—invariant polygon A = Q(O, Mg, J, My,)

is strictly I'} j-invariant. If F¢ o is a good fold for A, then
fq@(A) =Q(O,M,H, My,)

where
H = (1,a"" csch; — cot ;) (2.26)

is the intersection point of £,, and C. See Figure 2.14.

Lemma 2.4.2. There exists ay > 1 such that JeA for every a € (1,ay].

Proof. The symmetric point of J, see equation (2.24), with respect to C is

J=(2—-a%a" csch; —alcotb)
In order to prove that Je A, it is sufficient to show that fIq_m belongs to the triangle
Roﬂ{azgl}:{ogmg 1,0<y <axtanb}

For all a € (1,ays] sufficiently close to 1 it holds that a? < 2. Therefore, it only remains
to prove that
a™ cscly —alcot by < (2 —a?)tanb,

or, equivalently,
alcos® 01 — a™ cos 0y + (2 — a?)sin?6; > 0 (2.27)
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since sin ¢y and cos 6y are positive. For a = 1, inequality (2.27) is strictly satisfied:
cos? 0y — cosfy +sin?6; =1 — cosfy > 0

By continuity, there exists a; > 1 such that inequality (2.27) holds and consequently JeA
for every a € (1,ay]. O

Thus,
Al = Q(O, M17 Hla Mn1+l)
According to Lemma 2.4.1, since n; + 1 < ¢, then the points M; and M,,, 11, and there-

fore Hy, belong to {x < 1}. In fact, this is also true for M,, and M, 1, and therefore H,,
whenever n; +n < q. Therefore,

An = Q(O7 Mn’ Hna Mn1+n)
is contained in {x <1} forn=1,...,¢—n; — 1 and
Aq—m = Q((’), Mq—mqu—nuMq)

is contained in RY~!. However, the iterate A,_,, is not contained in {z < 1} since M, €
{x > 1} for all @ > 1. Since Hj € {x <1} for j=1,...,¢ —ny; — 1, then

Hy_pn, = (aa%cot 0y —a? " cscb) (2.28)

Therefore, point (2.28) also belongs to the line x = a9. Moreover, from equalities (2.20)
and formula (2.19) it follows that H, ,, € {y < 0}. Let I,_,, be the intersection point
of C and Hy_p,, My_p,. See Figure 2.14. Note that this segment is contained in L4_,.
If Hy p, € Ag_p,, then

}-C,O(Aqu) = Q(Oa MQ*nl ) qunl > M)

and
Agny+1 = O, My—ny 41, Lg—ny+1, M1)

is contained in RP~! N {x < 1}. In the next lemma we prove that this is the case for all a
sufficiently close to 1.

Lemma 2.4.3. There exists ag > 1 such that ﬁq_nl € Ay—n, for every a € (1,an].

Proof. The symmetric point of H,_p,, see equation (2.28), with respect to C is

Hy n, =2 —a%a%coth; —a? ™ csch)

In order to prove that ﬁq,nl € Ay_n,, it is sufficient to show that ﬁqu belongs to the
triangle
RITIN{z<1}={0<z<1,—ztanb <y <0}

For all a € (1, ays] sufficiently close to 1 it holds that a? < 2. Therefore, it only remains
to prove that
—(2—a%)tanb; < alcotfh; —a? ™ cscb;

or, equivalently,
alcos® 0y — a? ™ cos 0 + (2 — a?)sin?H; > 0 (2.29)

since ¢ > 5 and both sin 6y and cosf; are positive. For a = 1, inequality (2.29) is strictly
satisfied:
cos? 0y — cosfy +sin?6; =1 — cosfy > 0

By continuity, there exists ag > 1 such that inequality (2.29) holds and consequently H,_,,, €
Ay_p, for every a € (1,ap]. O
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Note that aps, a5, ag depend on 6. Denote by ag the minimum of ar,ay, ay.

Proposition 2.4.4. Let § = 2xp/q € (0,7) with p,q € N and ged(p,q) = 1. Assume
that ¢ > 5, and let ag = min{ay,anr,am}. Then, for every 1 < a < ag, the following hold:

(i) Ag = A, i.e. A s strictly I'? -invariant.

(i) ApN{x > 1} =@ for everyn € {1,...,q — 1} \ {¢ — n1}, where ny is the smallest
natural number such that M,, € X1

Proof. Let a € (1, ag]. From the previous discussion we know that the first g—nj —1 iterates
of A are contained in the half-plane {z < 1}, while A,—,,, N {x > 1} # @. Furthermore,
since a < ag < ag, it follows from Lemma 2.4.3 that

Ag—pi+1 = UO, Mg—n, 41, Ig—ni 41, M1)

Now, since a < ap < apr, then the points My and My_p, 41, and therefore I,_,, 11, belong
to {x < 1}. This is also true for M,, and M,_,, +n, and therefore I,_,, 1, whenever q —
ni1 +n < q. Thus,

A, =Q(0, M, I, M,)

—(g—n1)»
is contained in {z < 1} forn = g—n;+1,...,¢—1, which proves statement (ii). For j = ¢,
it turns out that

Ag =0, My, 1y, My,)

Note that I, is the intersection point of £,,, and L,, and therefore I, = J. Hence A, = A
and statement (i) is proved. O

Let us now study the dynamics of the gth power of I';  on A. To that end, we introduce
the line L_q_p,,) = A;(g_nl)(C) given by

L_(4—n) = xcos(q —n1)f —ysin(qg —n1)0 = a™ ™1 (2.30)

We will prove that Fg g on A is the two-fold Expanding Baker Map associated to the
folds Fe 0 and FL (qnp)© and the (expanding) linear map a?l.

Proposition 2.4.5. Let § = 2xp/q € (0,7) with p,q € N and ged(p,q) = 1. Assume
that ¢ > 5, and let ap = min{ay,an,am}. Then, there exists 1 < ag < ag such that, for
every 1 < a < ag,

O, al)

q—n1)>

Fgﬁ A = EBM(A,C,E_(

where ny s the smallest natural number such that M,, € vl
Proof. From Proposition 2.4.4 it follows that

oo = Aglg o Feo 0 Ay o Feo

in A. We will check next that Lemma 2.1.6 can be applied to obtain

Feoo Ay = Alg"' ©Fr ()0
in AN {z <1}, from which
Iig=aloF, . 00Fco (2.31)
in A since A? , = aI because g6 = 27mp. That is, the restriction of qu to A is the

Expanding Baker Map associated to C and L£_(,_,,) and a/I.
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In order to apply Lemma 2.1.6, we need to prove that fﬁ—(q—nl)vo is a good fold
for AN {x <1}. Indeed, line (2.30) can be written by equalities (2.21) as

L_(4—ny) =wcosty +ysinfy =a" ™1 (2.32)

Hence £_(;_,,) is parallel to L,,. Their slope is equal to —cot#; < 0 and both lines are
perpendicular to ¥'. Moreover, since 0 < a™ % < 1 < a™, the line L_(4—n,) has nonempty
intersection with the interior of A, and intersects C at the point

V = (1,a"""%csc; — cotby) (2.33)

forming an angle 61. Then, the fold with respect to £L_,_,,) onto O is

-1

]:l:—(q—m)’(9 = Aaq*"I ,01 © ]:C’O © Aaq_"lﬁl (234)
As a consequence, it is directly verified that the reflection of £, with respect to £L_¢,_,),
which is the line with equation

xcosby +ysinby =a"(2a"1—-1)
intersects C at the point
H) = (1,a™79(2 —a%) csc; — cotb)
Hence Fr_ . |0 is agood fold for AN {z < 1} whenever
a™ ™92 —a?) —cosfh; >0 (2.35)

Since inequality (2.35) trivially holds for @ = 1, by continuity there exists ag > 1 such that
inequality (2.35) holds for every a € (1, ag]. O

Remark 2.4.6. The final argument of continuity in the proof of Proposition 2.4.5 also
guarantees the existence of an a-value a; € (1, ag| for which

a2 —a%) —cosb; > e (2.36)

for some € > 0 and every a € (1,a1]. Let a1 = a1(f) be the supremum of such a-
values and let € > 0 be the supremum of the values for which inequality (2.36) holds for
every a € (1,a1].

Finally, we can prove Theorem 4. Let 1 < a1 < ag and € > 0 from Remark 2.4.6, and
fix 1 < a < a;. Then,
Iig=aloF; o00Fco

is well defined on A. In particular, it is well defined on A° = AN {y > ¢}. Note that
fg_(q_nl),@ oFeo(A) CAN{r <1}
and
A, CAN{y >a%} ¢ &

Hence A" ¢ A is Fg’e—invariant. Moreover, the region A® traps the orbit of every point
in AN {y > 0}. Since A N ¥ = &, then A° and AS are disjoint. Then, the set D = A°
verifies every statement of Theorem 4. The proof is complete for g > 5.

From the fact that D = A® traps the orbit of every point in AN{y > 0}, we can deduce
Corollary 1 straightforwardly.
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O

Figure 2.15: The strictly T j-invariant polygon A = Q(O, My, J, My,)

2.4.2 Case qg=14
Since 2p < 4, then p =1 and 6 = 7/2. Let

A=1[0,a"] x[0,a], l<a<v?2
It is clear that F¢ o(A) = [0,1] x [0,a]. The iterates of A are easily obtained:
Ay = [—a?,0] x [0, ], Ay = [—d?,0] x [-a?, 0], Az =[0,a*] x [—a3,0]

Since Fe,0(A3) = [0,1] x [—a?,0], then Ay = A.
Another fold is necessary to express Fiﬁ restricted to A as an Expanding Baker Map.
Since
Fi}a =A,p0Fcopo A:Zﬁ oFc.o

in A, from Lemma 2.1.6 it follows that
I'hola =EBM(A,C,L_5,0,a'T)

where £_3 =y = 1/a3. Indeed, the fold Fz_, o is a good fold for [0,1] x [0,a] as 2> —a >
0. Now, let

A =10,a"] x [a73¢, d]
with e = 2 —a* € (0,1). It is straightforward to compute the iterates of A° from the
iterates of A and conclude that A is a Fiye—invariant restrictive domain. See Figure 2.16.
Moreover, the fold Fz , o is a good fold for [0,1] x [a 3¢,a] as 2a™2 — a = a~3¢. Thus,
the rectangle D = A® verifies Theorem 4 with a; = v/2.
Remark 2.4.7. From the expression of Fi o as an Expanding Baker Map on A® it is easy to
check that the rectangle 7

A = [a*e, a"] x |ae, d]
is strictly Fi’g—invariant. Moreover, numerical simulations show that A¢ U &El U &52 U ﬁ% is

a 4-piece second-rate strange attractor for all V2<a<a.
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Figure 2.16: The I'? Jo-invariant restrictive domain A% = [0,a%] x [a=3€, a] with ¢ = 2—a*

2.4.3 Case ¢=3
Since 2p < 3, then p =1 and 0 = 27/3. Let M = (1,0) and

A:(l,%ﬁa—i-‘/?g)

be the points of intersection between the critical line C and the ray X° and the line £, = Cy,
respectively. Let
N =Q(O0,M, A, M)

Check Figure 2.17 along our next discussion.
Since A’ C {x < 1} by construction, then A} = Q(O, M1, A1, Ms). It is clear that
A, C {z <0}, and therefore A, = Q(O, Ma, Ay, M3), with
Ay = (d®, —‘/Tga‘q’ - %gaQ)
Since a > 1, then Ay N{x > 1} # &. Thus, to obtain Ay we first need to obtain F¢ o (AS).
Note that
Feo(Ay) € QO,C, Ay, By, M)
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Figure 2.17: The strictly I‘z’%/?’-invariant polygon A = Q(O, Ms, Jg, Bg, As, Bs, M1):

Orbit of A'; (b) Orbit of A” and A
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where By = (1, —2a?v/3/3 — 1/3/3) is the intersection point of C and Lo, and O3 is the
intersection point of ¥2 and the line parallel to £ through the point As. Therefore,

A/3 g Q(O7 037 A37 B37 Ml)

where
Az = (a* + a® — a, —?a‘l + ?ag +V3a)
Now, let A = Q(O, C3, A3, B3, My). We will prove that A is T'3 ao-invariant. Asa corollary,

we deduce that A = A is strictly Faﬁ—mvarlant since Fc,o(A) Fe,o(A"). In fact,
holds that Ky9 = AU A7 U As.

Proposition 2.4.8. Let § = 27/3. Then, there exists ag > 1 such that, for every a €
(1,ag), the following hold:

(1) Ny C A, ie. A s F39 invariant.

(i) N, N{z > 1} =& forn=1,2.

Proof. See Figure 2.17. Note that
fC,O(Aﬂ) = Q(O7 Mv A7 §37 A/37 H37 Ml)

where Hj is the point of intersection between C; and the vertical line through the point Z3.
Thus,
I{ = Q(O, Ml, Al, B4, A4, H4, MQ)

is contained in {x < 0} and
A/é - Q(O7 M27 A27 B57 A57 H57 M3)

where

As = (a® +a® — 22\[6—1—3@ V3a® — V/3a?)

We claim that _
Fe,o(A3) € QO,Cy, Ay, By, M)

and hence A3 C A”. To prove the claim it suffices to show that As € Ay or, equivalently,
that A5 € R?. This holds whenever A5 € {y < v/3z}, that is,

a%+2a® —3a>-3<0

Thus, we have that Ag C A for all 1 < a < ag, where ag ~ 1.17621 is the unique positive
root of a® + 2a® — 3a® — 3. O

As in the previous cases, the proof of statement (a) for ¢ = 3 concludes by taking
D =An{y > e} for e > 0 sufficiently small. However, we cannot write I'3 ) as a two-fold
Expanding Baker Map. In order to show that

I3 gla=Aug0FeooAyoFeo
is the Expanding Baker Map associated to the lines C and
L o= —%x + gy = a2

and the matrix a3I, we need that Feo o A%le = A%le o Fr_, 0. But, unfortunately,
Lemma 2.1.6 cannot be applied because F._, o is not a good fold for F¢ o(A).
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2.5 Renormalization and Coexistence of Attractors: Proof of
Theorem 5 and Corollary 2

Throughout this section we will suppose that I', g satisfies the assumptions in Theorem 4.
In particular, we will assume that inequality (2.36) holds.

Since F?wr /2 is the Cartesian product of two 1-D tent maps, the renormalization for
the case ¢ = 4 follows from Lemma 2.2 [58] and the results were already collected in
Lemma 2.1.11. For ¢ > 5 we cannot take advantage of this fact and we will see how
the construction of the restrictive domains for the successive renormalizations gets more
complicated, depending on whether ¢ is odd or even. In the first case we will obtain a
single restrictive domain as stated in statement (a). In the second case we have ¢ = 2v.
Then, when v is odd, we also obtain a single restrictive domain for a first step in the
renormalization, statement (i) of (b). When v is even, two disjoint restrictive domains are
obtained and the renormalization can be continued, at least one more step, in each of these
domains, statement (ii) of (b). It is clear then that when ¢ is a power of 2 there is a sequence
of renormalizations leading to a sequence of doubling attractors, as stated in Corollary 2.
We emphasize that the results obtained in previous publications [57, 58, 59] correspond to
the case ¢ = 23. For the general case ¢ # 2™, obstructions to the renormalization arise
from the difficulty in defining good folds over the corresponding restrictive domain.

2.5.1 The Family V,, of Expanding Baker Maps

Let 0 = 27p/q € (0,7) with p,q € N and ged(p, q) = 1. Throughout this section we will
assume that ¢ > 5. As we have seen in Proposition 2.4.5, for a sufficiently close to 1, the
restriction Go g of I'? , to the polygon A given in (2.25) can be written as

Ga,0 =a'lo ]:z:,(q,m,o o JrC,O

In other words, the map G, ¢ is the Expanding Baker Map that folds A first along the
critical line C and then along line £_,_,,,), whose equation (2.32) is of the form y = —ax+4
with a = cot 7 > 0 and 8 = a™ "?cscf; > 0. These lines cross each other at the angle 0,
which means that the respective folds are conjugated by A q-ny 9r_g,, that is,

fﬁ*(‘]*"l)’O = Aanliq’el © fcvo ° Aaqinl ,271'791

Therefore, setting A = a™ =%, we have (see Figure 2.18) that

Gg’,g = a’l in Koo
G, _ ) Gag=ae"To Feo 0N le Kot (2.37)
“ Gi’g =allo Fc o in Ko -

Ghl = atre"To Fepo A le™iTo Fo o in Kiy

The differential map of G, g is constant in its four smoothness domains, and we will see
next that it has complex eigenvalues in /17. More concretely, in this case the differential
map is given by the matrix A,q29,. In order to take advantage of this analogy, we will
search for a fixed point P of G, in K11 and then perform a suitable change of variables
in which P is the origin of coordinates.

In K41, the map G, can be written in the complex variable as

Gao(2) = at(2Ae — 2621 4 c2hiz)
Thus, the fixed point of G ¢ is

262011 o 2A691i

* * s %
zZ =X 1 = -
+ Yy 62911 — a4
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Figure 2.18: Smoothness domains of G4 in A = Koo U K1 U K19 U K11

where

. 2a2q —a™(a? — 1) cosf; — alcos 20,

v a4 — 2a4cos 2601 + 1
a™ (14 a?)sinf; — a?sin 26,
* =9 2.38
J a29 — 2a9 cos 201 + 1 ( )
The subregion K11 of A is limited by C, the reflection
LT (4—ny) = (2 —x)cosby +ysindy =a™™? (2.39)
of £_(4—n,) With respect to C, and L,,. Therefore, the fixed point P is an interior point

of ICq1 if and only if

p=z"—1 (2.40)
p2=(2—a")cosb) +y"sinfh; —a" "1

p3 =a"™ —x*cosby — y*sinb,

are positive. Their values are obtained by a straightforward substitution of coordinates (2.38)
in formulas (2.40):

a? —2a" cosbh +1
= -1 2.41
PL= 020 ~ 244 cos 20, +1 (a ) ( )
a™ +a™™9—2cosb; (a? — 1)
a2? — 2a9 cos 201 + 1
a™ + q?t™ — 249 cos 6,

a24 — 2a9 cos 201 + 1

p2 =

ps = (a? - 1)

Since a > 1 and cos 267 < 1, we have the following lemma.

Lemma 2.5.1. The Expanding Baker Map Gap9 has a fized point P in the interior of K11
if and only if the following inequalities hold:
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(i) a? —2a™ cosf; +1>0
(i1) a™ 4+ a™ "9 —2cos6; >0
(iii) a™ + a?t™ — 2a9 cosf > 0

Remark 2.5.2. For any ¢ > 5, the three inequalities of Lemma 2.5.1 hold for all a sufficiently
close to 1. In particular, for all a € (1, ag], being ay given in Proposition 2.4.5. Indeed, by
inequality (2.35), and since 1 < n; < ¢ — 1, we obtain

a? —2a™ cosfy + 1> a? +2a®" (1 — 2a77) + 1
> 1+ 2a® + a972(a® — 4)

where the latter term vanishes for ¢ = 1 and increases as a — co. On the other hand,
a™ +a"" 1 —2cosb; >3a"(1—a"?) >0

and
a™ + a9t —2a%cos by > 3a™ (a? — 1) >0

From Remark 2.5.2 we obtain the following result.

Proposition 2.5.3. Let § = 2np/q € (0,7) with p,q € N and ged(p,q) = 1. Assume
that ¢ > 5 and let a1 from Theorem j. Then, for every a € (1,a1), the Expanding Baker
Map Gap has a fized point P € int K11. Moreover, the differential map of Gq g at P is the
matriz Aqa 20, . In particular,

Ga,@(Q) =P+ Aaq,201 (Q - P)

for all Q € Kq1.

Proof. The existence of the fixed point P € K11 is an immediate consequence of Lemma 2.5.1
and Remark 2.5.2. To calculate the differential of G, ¢ at P, substitute expression (2.37)
in K17 for its differential. Then, we obtain

a?cosf; —alsinb, -1 0 cosf; sinfy -1 0
a?sin 64 a? cos 01 0 1 —sinfy cosb; 01
which is equal to

a?cos260; —asin 264
a?sin 26 a? cos 264

Finally, since Gi’é is a composition of affine maps and fixes P, then it can be written as
in the statement of this Proposition. O

Noting that F¢ o and F¢ p are reversed folds (and so are fg_(q_nl)@ and f[:_(q_nl)’])),
the next lemma is directly obtained from definition of G,9. We will now consider the
folds Fe p and Fp= (genpy P Both folds coincide with the identity on KC17. It also holds that

L a=ny

Fr =Fe,pOFL_(ynyPOFCo (2.42)

“(g-nyP
Lemma 2.5.4. The following statements hold:

(i) Ga,g = Gi’; oFcp in K = {Q € Kot : ./rc’p(Q) IS ICH}.

(i1) Gap = Gill:z o fgj(q pinKjy= {Q €Ki fg*ﬁ(qinl),p(Q> € K11}

—n1)’
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(iii) Gap = Gyyo Frr poFep in Ky ={Q € Koo : Fe.p(Q) € Kip}.

—(g—n1)

Proof.
(i) If @ € K§;, then
GypoFe.r(Q) = ae"To Fepoo X 'e T o Fo oo Fer(Q)
= a9 eI o Feoo0 A_le_eliI(Q)
= Gap(@)
But Ggié(Q) = Gg,0(Q) because Q € Ko1.

(i) If Q € Kjy, then f£i< (Q) € K11. Therefore, by equality (2.42),

q*m)’P

1,1
Ga,e e} Fﬁ*

— a4
P @ =aloFr (00 FcooFe  P(Q)

= a’lo Fc0(Q)
= Gou(@)
with Giig(Q) = G4 0(Q) because Q € Kyp.
(iii) If Q € Ky, then Fe p(Q) € Ky and, according to statement (ii),
Gypo Fei_, poFep(Q) =GapoFepr(Q)

=Gy o Fer(Q)
=Gp(Q)

but Gg:g(@) = G4 0(Q) because Q € Kop. O

Figure 2.19: Intersection of K11 and Gg9(Ki1)

Going back to Lemma 2.5.4 to define £* = K§, U K§; U K11 U Kjy. Then, we obtain
the following result:
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Proposition 2.5.5. For all Q € K*,

Gap(Q) = Gygo Fee,_..poter(@)

771,1)7

Proof. The first equality is trivially verified in K17 because both ng( p and F¢ p

q—n1)’

are the identity map. In F¢ p(K§;), the fold Fp« P coincides with the identity map.
" (a=ny
Therefore, by statement (i) of Lemma 2.5.4,

1,1 1,1
Gap = Gaﬁ oFep= Gaﬁ o J—-.['i(qfnl)’P oFe.p

In K}y, the fold F¢ p is the identity map. Therefore, by statement (ii) of Lemma 2.5.4,

1,1 11
Gop=GogoFee _ p=GCGlgoFre  poFep

q—ny)’
Finally, in K, we directly obtain the expression from the statement of this Proposition by

statement (iii) of Lemma 2.5.4. O

Remark 2.5.6. It is clear that the line y = 0 is invariant for G, ¢ and that every line of the
form y = ¢ > 0 is moved upwards by G 9. Also, every line forming an angle 6; with y =0
located at the right of the origin is moved rightwards. Therefore, it easily follows that the
possible attractors for Fgﬂ on A must be in *.

Since A is an invariant set for Gy g, according to Remark 2.5.6, the study of the
dynamics of Fg g on A reduces to that on K*. We will use the expression of G ¢ given in
Proposition 2.5.5. The composition of F = R with F¢ p takes all £* on K1, which

" a-ny

is the region limited by the lines C and £* (q—n1)° These lines intersect at point (2.33) and
cross each other at an angle ;. The image of V is obtained after rotating around P an
angle 26, and multiplying by a, or directly from G,(V) = Gg’g(V) to obtain 14 = J.
Then, the image G, (K11) of K11 intersects K1 according to Figure 2.19.

Let A= Gg9(A) C K* be a strictly G, g-invariant set. Then,

Ga,G(A) C Ga,G(IC*) = Ga,g(lcll)

and therefore A C K* N Gg9(K11) = Ri. Repeating this process iteratively we have
that A C K* N G p(R1) = Re and in general A C R,, with R, = K* N Gy o(Rn-1).
Hence A C N7 R,. Following the arguments in Section 2.2.1 we can prove that there
exists a natural number N such that R,, = R, for all n > N, and therefore R = ﬂflvlen
is an strictly invariant set. However, we are interested in studying next how this strictly
invariant set can split into several pieces.

We will translate O onto the fixed point P = (z*,y*) of the map G, ¢ given in (2.38).
Afterwards, the change of variables (x,y) — (=%, 125=) turns C into another critical line
whose equation is = 1 in the new coordinates and which will be still denoted by C. The
line L*_(q_m) is turned into the line

Log=y=xcotb + p(a,b)csch
that crosses C at an angle 6; and whose distance to the origin is
(a,0) a"(a? —2a%"™ cosf; + 1)

pla,6) = 250 —
’ p1(a, ) al(a4 — 2a™ cos 0y + 1)

As usual, we will denote by Koo the region limited by C and £, that contains the new
origin. Note that lim, 1 p(a,d) = 1 and lim,— p(a, ) = 0.

After performing these changes of variables, according to Propositions 2.5.3 and 2.5.5,
the dynamics of the restriction of FZ’G to A for a € (1,a1) is equivalent to that of the
family of Expanding Baker Maps

Voo = Agaze, ©Fr,,00FCo (2.43)
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Proposition 2.5.7. Let § = 27wp/q € (0,7) with p,q € N and ged(p,q) = 1. Assume
that ¢ > 5. Then, under an affine change of coordinates, the map Fgﬂ restricted to A
transforms into the map Wq g for all a € (1,a1). In other words, the map I'q g is a renor-
malizable Expanding Baker Map.

2.5.2 Proof of Theorem 5

As at the beginning of Section 2.4, for each j = 0,...,q — 1 let us denote by 37 the ray
that starts from O and extends indefinitely in the direction of (cos jf1,sin jf), and by R/
the region between ¥/ and ¥/t setting X9 = X9, It is clear that

W,0(RINKCop) C RITEmeda

In this section, for each n > 1, we will write B, = V" ,(B) for a given point B and B,, =
U” ,(B) for a given set B. Note that M, € »2nmodq whenever M, € Kgo. In Figure 2.20
we represent the position of the line £, with respect to the regions R, depending on

whether ¢ is odd (Figure 2.20a) or even (Figure 2.20b). We will study each case separately.
2.5.2.1 Caseq=2v+1

The angle ' = 260, € (0,4m/5] verifies the hypotheses of Theorem 4. Note that 0] = 6,
since ged(2,¢) = 1. We will revisit its proof with 6 = a? > 1 instead of a. It is immediate
to check that n; = v + 1.

Since the angle formed by £, ¢ and C is 61, the line £, ¢ is orthogonal to the bisector of
the region R¥~!, which is limited by X! and ¥ (see Figure 2.20a). Let » € N be such
that RV~ = A’ o, (RY). If v is odd, then r = (v — 1)/2, otherwise r = 3v/2. Note that

in the latter case the iterates Aj17291 (RY) with j = 0,...,r describe a full rotation.
Lemma 2.5.8. There exists dp; > 1 such that for all 1 < § = a¥ < &py it holds that:
(i) My, H, € {x <1} form=1,...,q—1
(i) Fr,q0(My) =M, forn=1,...,q—1

(%) Fr,q.0(Hp) = Hy for alln € {1,...,q =1} \{r} and F¢,,0(H;) # H,

Proof. Assuming that {Mj,..., M,_1} C Ky for any 2 < n < g, then
M, = (0" cos 2nby, §" sin 2nb; )
Therefore, it suffices to find a d-value dys such that
0" cos2nb; <1 (2.44)

and
— " cos(2n 4+ 1)0; < p(0) (2.45)

forn=1,...,9g— 1 and every § € (1,dp7]. If cos2nf; < 0, then inequality (2.44) clearly
holds for all § > 1. Otherwise, we have that cos2n#; < 1 because ged(2,q) = 1. Let

Sy = min {/sec2nf

cos 2nf1>0

On the other hand, if cos(2n + 1)6; > 0, then inequality (2.45) clearly holds for all 6 > 0.
Otherwise, we have that cos(2n + 1)0; > —1 because ged(2,q) = 1. Since 6"/p(6) — 1
as 0 — 1, then there exists d, > 1 such that inequality (2.45) holds for all § € (1,d,).
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Figure 2.20: Relative position of £,y with 8 = 27p/q € (0,7): (a) Case ¢ = 2v + 1; (b)
Case ¢ = 2v
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Therefore, it suffices to take dp; the minimum of those values d,, and ¢),. Then, we have
that dps > 1 and inequalities (2.44) and (2.45) hold for every § € (1,dps]. This proves
statement (i). Statement (ii) is a consequence of statement (i). Statement (iii) is proved
proceeding as in statement 2.5.8. It holds that H,, € gy if and only if

" sin(2n 4 1)0; < 6™ sin(2n + 2)0; + p(8) sin 0, (2.46)

Up to reducing &, if necessary, inequality (2.46) holds for all n # r. For n = r, inequal-
ity (2.46) does not hold for any § > 1 because cos 6;/2 < 1. O

Let us take the points M, € ¥*~! and M,,,, € X, respectively. Whether v is even
or odd, the distance from these points to the origin is less than §9. The orthogonal lines
through M, and M, ,, to the respective rays ¥*~! and " intersect each other at the
point H,. According to Lemma 2.5.8, the line £, ¢ intersects the polygon

Q(O’ Mrv H’F7 Mr+n1)

at two points H,” € M, ,, H, and H;" € H.M,. See Figure 2.21.

Before proving statement (a), note that, if the fold Frq,0 does not intervene, the
map ¥,y behaves as I'ga 29,. Therefore, we will try to construct the set D’ from another
polygon A as in (2.25). Then,

fcp(A) =Q(O,M,H, My,)

as in Figure 2.14, and
A]. = Q(O,M]_,H]_,Mn1+]_)

In the case r = (v — 1)/2, we obtain
Ar = O, My, 4r, Hy, My)
Now, in order to obtain A,1, it is necessary to consider the fold FLog,0 that leads to
FLop0(Ar) = UO, My, HY  H, My, 1)
where H," and H, are the points given in Lemma 2.5.8. Then,
A1 = O, My, 1, H g Hyyyy My 1)

and

A, =Q0, M, Hf H,,M,)
See Figure 2.21a and compare with Figure 2.14. Of course, the iterate A, is contained in
I5o(A) =QO0,M,, H,, M)

Note that A, would coincide with FEO(A) if the fold F¢, , 0 had not intervened. After
applying to both A, and FE’Q(A) the fold F¢ o and the iteration \IIZH, we obtain

A, CT(A)=A

In the case r = 3v/2, the fold F,, o does not intervene before the vth iterate and
therefore A, =I'{y(A). See Figure 2.21b. In fact,

Ay =TEMA), n=0,1,...,%
We have that F¢, , 0(A;) C I'f4(A), and therefore
Ay+ngrg‘g”(A), n=0,1,...,m

In conclusion, we obtain for the map W, given in (2.43) the following result, which is
similar to Proposition 2.4.4.
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Figure 2.21: Case ¢ =2v +1: (a) r = (v —1)/2 if v odd; (b) r = 3v/2 if v even
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Proposition 2.5.9. Let § = 2xp/q € (0,7) with p,q € N and ged(p,q) = 1. Assume
that ¢ > 5. If q is odd, then there exists 1 < d1 < dpp such that, for all 1 < § = a? < 4y,
the following hold:

(i) Ag CA, de. Ais \Ilgje—im)ariant.
(i) ApN{x >1} =0 for everyn € {1,...,q— 1} \{(¢ —1)/2}.
(1i1) ]:Ea,e,@(An) = A, for everyn e {1,...,q—1}\ {r}.
As in the proof of Theorem 4, we construct the set
D=N=An{y>e} (2.47)

verifying statement (a) of Theorem 4 for ¥, g, which proves statement (a) of Theorem 5.

Remark 2.5.10. We have seen that each one of the ¢ disjoint pieces D; that contain the
strange attractor for I'y g for 1 < a < a; splits itself into another ¢ pieces D; when 1 < a <
as < ay, thus giving rise to ¢? disjoint pieces that contain the strange attractor for T a,0-

2
When considering the restriction of FZ ¢ on each one of these q® pieces, it is necessary
to take into account the fold Fg, , 0. Then, by applying Lemma 2.1.6 we obtain the

restriction of I’fe as a three-fold Expanding Baker Map.

2.5.2.2 Case q=2v

In this case, the line £, ¢ is orthogonal to the ray ¥¥~! limiting the regions R¥~2 and RV ~!.
See Figure 2.20b. We will distinguish two cases: v odd or even, according to statements (i)
and (ii) of (b) of Theorem 5. If v is odd, by merging two consecutive regions R’ into v
pairs we can proceed similarly to the case ¢ odd. If v is even, we will find two different
restrictive domains whose iterates are contained in the regions of odd and even indices,
respectively.

Case v odd. Assume first that v is odd. Then, we will follow the steps in the proof of
Theorem 4 for map (2.43). Let us take the domains

RI—RIURF, =0, v—1
and R” = R°. Since 0/ = 27 /v, then ny = 1. Therefore,
‘lla,e(ﬁjm,COO)gﬁj+l7 j:07,,.7V—1

We will consider two cases: ¢ > 10 and ¢ = 6, depending on whether 32 is contained in
the first or second quadrant, respectively.

Case v > 5. In RO let us take the strictly I's g-invariant polygon
A =Q(0,(8”,0),J, M)
for all 1 < d < dg. We will find 1 < §; < dg such that A, C A forall 1 < § < 4.
Lemma 2.5.11. There exists dp; > 1 such that for all 1 < 6 = a? < oy it holds that:
(i) My, H, € {x <1} foralln=1,...,q/2—1
(i) Fr,q0(My) = M, forallne{l,...,q/2 -1} \{(q¢—2)/4}
(i11) Fr,qo0(Hp) = Hy foralln € {1,...,q/2 =1} \ {(¢—6)/4,(q¢ — 2)/4}
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According to Lemma 2.5.11, we can proceed as in the proof of Theorem 4 to obtain
A, =Tj(A), nzl,...,”T_?’

Since the line £, ¢ intersects the interior of A(,_3)/2, we have to consider the fold F¢, , 0
to obtain A(,_1)/9. If Fr, , 0 is a good fold for A(,_3) /5, then

Fﬁa,QaO(AUT%) :Q(O MV rv=3, Hu 37 v— 1)

2

where H(/V_3)/2 and M(’V_l)/2 are the intersection points of L4 ¢ with £, _3y /2 and L(,_1) /2,
respectively. Thus,
A(Vfl)/QZQ(O Mu 1 HV v—1, ,,+1)

2
The line £, ¢ also intersects the interior of A(y,l) /2 and consequently we have to consider
the fold Fr, , 0 to obtain A, 1)/9. If Fr,, 0 is a good fold for A(,_1)/5, then

FLa,Qyo(AVT_l) = Q(O Ml/ 1, v—1y /Vil)
2 2

where Hé:/—l)/Q is the intersection point of £, and Asg(Lye). Thus,

A(V+1)/2:Q(O’MVTH’ IU/#, L#)

In the next lemma we prove that this is the case for all § sufficiently close to 1.

Lemma 2.5.12. There exists dg > 1 such that
‘Fﬁa,gvo(HVT_B) € A%%

and

./—"ga(,, ( 1) S AVT—l
for every 6 € (1,6g].

Hence A(,11)/2 C I‘(VH)/Q(A). Since the fold F¢, , 0 does not intervene in the rest of
the iterates of A, we can proceed as in the proof of Theorem 4 to obtain

A, CTp(A), TL:VTH,...,I/

In particular, since I'y ,(A) = A, then A, C A.
Theorem 2.5.13. Let § = 2wp/q € (0,7) with p,q € N and ged(p,q) = 1. Assume that q

is even and q > 10. If q/2 is odd, then there exists d9 > 1 such that for every § € (1, dy],
the following hold:

(i) Dgp €A, de. Ais ‘llg/;—mvam'ant.
(ii)) ApN{x >1} =@ for everyn € {1,...,q/2 — 2}

(i11) Fr,qo0(An) = Ay for everyn € {1,...,q/2 -1} \ {(¢—6)/4,(q — 2)/4}
Therefore, taking again D as in (2.47) we obtain statement (a) of Theorem 4 for ¥, g
or, equivalently, statement (b) of Theorem 5.

Remark 2.5.14. In this case, each one of the ¢ disjoint pieces D; that contain the strange
attractor of I'y g for 1 < a < a; splits now into ¢/2 new pieces 132 when 1 < a < as < ay,
thus giving rise to ¢?/2 disjoint pieces in which the strange attractor of I'y¢ is contained.
When considering the restriction of I'? 9/ on each one of these ¢2/2 pieces, it is necessary
to take into account the fold along the line Frqe,0- 1f this fold intervenes in the dynamics,

then again by Lemma 2.1.6 we know that this restriction Fga/ is a three-fold Expanding
Baker Map.
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Figure 2.22: Case ¢ = 2v with v odd: The ¥} y-invariant polygon A = Q(0O, (6”,0), J, M1)

Since 2p < 6 and ged(p,6) = 1, then p = 1 and # = 7/3. In this case,

Case v = 3.
the line £, ¢ is orthogonal to the ray %2 and parallel to
C1 E—%x—k%gy:é:aﬁ

It is easy to check that § > p for all 6 > 1. Proceeding as in Subsection 2.4, we will

construct a strictly \Ili p-invariant set A from
N =Q(0,M, A, M)

In this case, the fold Fr,, o will intervene in the first and second iterates of both AN
and A. Check Figure 2.23 along our next discussion. Given a point ), we will write Cj

for Fr, 4.0 0 Feo(Q).
By construction, the set A" is contained in {z < 1}. In order that Fr, , o(4) C RY,
we need to impose that J\//.Tl € !, which is equivalent to § < 2p. Then,
o(&) = (0, M,C, A, B, D)

F£a797

where:

e (C is the intersection point of C and the symmetric line of C; with respect to L
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Figure 2.23: The strictly ¥}
Orbit of A'; (b) Orbit of A

3

-invariant polygon A = Q(O, D, Hy, B3, E2, Gy, Mj):
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e B is the intersection point of C and L, ¢
e D is the intersection point of 3! and Lap

Now,

Ay = Q(0, My, Cy, Ay, By, Dy)
It is clear that A} C {z < 0}. Folding A} with respect to L, g, we obtain
Frop0(dy) =0, D, By, By, Ay), F1, Dy)
where:
e [ is the intersection point of £, 9 and A, (L)

e [ is the intersection point of A, g(L, ) and the symmetric line of C; with respect
to L g

Thus,
AIQ = Q<O7D17 E27 B27 A27 F27 DQ)

Now, the iterate A, is not contained in {z < 1}. In order that F¢ o(A,) C R?, we need
to impose that As € R?. In that case,

‘FC,O(AIZ) = Q(O7 D17 H27 EQ; EZ; G27 M)

where Hy is the intersection point of A, ¢(L, ) and the symmetric line of A2a’9(£a79) with
respect to C. Therefore,

's = Q(O, Do, Hs3, B3, E3,G3, M)
The following lemma guarantees that this reasoning applies for all § sufficiently close to 1.
Lemma 2.5.15. There exists g > 1 such that
M € N, C e N, Ay € N,
for every 6 € (1,0m].
In the following proposition we will prove that the set A = Al is strictly \Ilz’e—invariant.

Proposition 2.5.16. Let § = w/3. Then, there exists 09 > 1 such that, for every § €
(1,09), the following hold:

(i) As=A, i.e. A is strictly \I/Zﬁ-mvam‘ant.
(ii) ApN{x > 1} =o.
Proof. Note that F¢ ¢ is a bad fold for A and

fC’O(A) = Q(O, M7 A7 637 E37 -[37 Ml)

where I3 is the intersection point of £1 and the vertical line through Eg. The fold FLo,0
is a bad fold for F¢ o(A) and

Fro,e.0 0 Fco(A)=Q(0,M,C, I3,E3,Gs, A, B, D)

Thus,
Ay =Q(O0,My,Ch, 14, Ey, Gy, A1, B, Dy)
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It is clear that A; C {# < 0}. Hence F¢ 0(A1) = Aq. Now, the fold Fr, , 0 is a bad fold
for Ay and L
‘Fﬁa,ego(Al) = Q(O’ Da E7 B47 A17 G27 E4a 147 Fla Dl)

Then,
AQ = Q(Ov D17E17 B5) A27 G37 E57[57F2, DZ)

Since Fc,0(Az) = Fe,0(4,), then Ag = Ay = A. O

As in the previous cases, the proof of statement (a) of Theorem 4 for v = 3 concludes
by taking D = AN{y > e} for £ > 0 sufficiently small.

Case v even. Finally, let us suppose that v is even. In this case, we construct the
triangles

AT =QO,K,M"), A =Q0,M ,K)

where
M* = (Lcos 0y, £l sinb;)

with 1 < [ < secf; and K = (Isecf;,0). Note that lcosf; < 1 and lsecf; > 1. The
orthogonal lines to the rays ! and ¥?*~! through M T and M ~, respectively, intersect 3°
at K. The critical line C intersects AT at M = (1,0) and

H* = (1, £l csc by F cot 0y)

respectively. See Figure 2.24.
Arguments as in the proofs of Lemma 2.4.1 and Lemma 2.5.8 allows to prove the next
result.

Lemma 2.5.17. There exists §py > 1 such that for all 1 < § = a¥ < oy the following
statements hold:

(i) For j=0,1,...,q/2 — 1, the points M; and MJi belong to the half-plane {x < 1}

(ii) Fe,p0(M}) = M forall j # a/4—1 and Fr, ,0(M, ) # M, |

(i) Fr,o0(M;) =M, forall j#q/4—1 and }—Ea,a,(’)(Mq_/z;) + M),

It is clear that M, € 3", while M;/z e ¥ ! and M:ﬂ_l

distances from these points to the origin are 6*/2, 16*/2, and 16/2~ 1.

€ Y¥~!. The respective

Theorem 2.5.18. Let § = 27p/q € (0,7) with p,q € N and ged(p,q) = 1. Assume that q
is even and q > 8. If q/2 is even, then there exists 81 > 1 such that for every § € (1,d1],
the following hold:

(i) Aﬁ/z C A*, ie. AT are \IIZ/;—mvariant.
(ii) AL N {x > 1} = @ for everyn € {1,...,q/2 — 1}

(11i) Fr,q0(AL) = AL for everyn € {1,...,q¢/2 =1} \ {q/4} and Fr, ,0(A}) = A, for
everyn € {1,...,q/2 =1} \ {¢/4 + 1}.

Proof. Let us first consider the triangle A" to analyse the different iterates Af, under ¥, .
The segment OM returns into X0 after v iterates. According to Lemma 2.5.17, in each
of these iterates it does not undergo any fold and thus returns with a length of §¥ > 1.
On the other hand, the segment OMT also returns into X! after v iterates, but it is
folded by Fr, , 0 in its v/2th iterate. Therefore, the segment OM™* returns into vl with
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Figure 2.24: Case ¢ = 2v with v even: There exist two disjoint restrictive domains respec-
tively contained in AT and A~
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a length of p(a)é”/QH. Therefore, in order that A is contained in AT, it is enough to
take 6” < Isec 6, and pd*/?t1 < I. Since

lim 6" = lim pdzt! =1
a—1 a—1

we conclude that there exists 81 < dps such that A, C AT for all 1 < § = a? < 4.

Let us now consider the triangle A~. The segment OM — returns into ¥2*~1 after v
iterates, but it is folded by Fr, , o in its (v/2+1)th iterate. Therefore, the segment OM~
returns into ¥2*~! with a length of p6”. Therefore, the same value 6; in the previous case
is valid to guarantee that A, C A~ for all 1 < § = a™ < 4;. O

Moreover, the restriction of ¥¥ , to Al is again an Expanding Baker Map of at most
two folds. Taking D' = A} N {y > e} as in (2.47), we conclude that D’ verifies the first
three statements of Theorem 4, and the restriction of ¥¥ , to D’ belongs to the set Fy .
Then again, the restriction of ¥, to A is an Expanding Baker Map of at most two
folds. Taking D' = A, N{y < *5}73,3 in (2.47), we conclude that D’ verifies the first three
statements of Theorem 4, and the restriction of ¥ , to D' belongs to the set F, 9. The
proof of statement (ii) of (b) of Theorem 5 is complete.

2.6 Statistical Properties of the 2-D Tent Maps

In this section we study the statistical properties of one-parameter families of piecewise
expanding maps with bounded distortion and long branches, such as the tent maps family
from Example 2.1.5. We include two improvements for Alves, Pumarifio, and Vigil’s theo-
rems about the continuity of the densities and the entropies of the absolutely continuous
invariant measures of such type of maps.

2.6.1 Preliminaries

We start by giving a brief introduction to measure theory including some elementary
definitions.

Definition 2.6.1 (Measurable spaces). A o-algebra on a set K is a collection B of subsets
of IC with the following properties:

e The set K belongs to B.
o If B€ B, then £\ B €B.
e If B, € B for all n € N, then | J,, B,, € B.
A measurable space is a pair (IC,B) of a set K and a o-algebra B on K.

Definition 2.6.2 (Measures). A measure on a measurable space (K,B) is function pu: B —
[0, +00] with the following properties:

o u(@)=0

o If {B,}, is a family of pairwise disjoint elements of B, then
M(U Bn) = Z M(Bn)

The measure p is a probability measure if u(K) = 1.
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Definition 2.6.3 (Measure spaces). A measure space is a triple (K, B, 1) of a measurable
space (K,B) and a measure p on B. If y is a probability measure, then the triple (K, B, )
is a probability space.

Before defining some properties associated to any measure, first we introduce the notion
of measurable map.

Definition 2.6.4 (Measurable maps). Let (K1,B1) and (K2,B2) two measurable spaces.
A map f: K1 — Ks is measurable if f=(Bs) € By for all By € Bs.

Definition 2.6.5 (Invariant measures). Let (K,B) be a measurable space, and let f: I —
K be a measurable map. A measure p on (K,B) is f-invariant if p(f~1(B)) = u(B) for
all B € B.

Definition 2.6.6 (Absolutely continuous measures). Let p; and ps be two measures on
measurable space (IC,B). The measure py is absolutely continuous with respect to o
if p1(B) = 0 whenever pa(B) = 0.

We will usually take sz as the Lebesgue measure mg on R? and simply say that a
measure p is absolutely continuous if it is absolutely continuous with respect to mg. In
such case, there exists a mgy-integrable nonnegative function p, called the density of p with
respect to mgy and denoted by du/dmyg, such that u(B) = fB pdmyg for all Borel B.

Definition 2.6.7 (Ergodicity). Let (K,B) be a measurable space, and let f: L — K be
a measurable map. An f-invariant probability measure u is ergodic if either pu(B) = 0
or u(B) = 1 whenever f~1(B) = B.

Now, we will define the concept of statistical stability for families of maps. Since we will
work with discrete-time dynamical systems defined in a compact regions of R? for some
d > 1, we will restrict the following definitions to this condition in order to simplify the
notation. From now on, we will denote by my the Lebesgue measure on the Borel sets
of R% and K will be a compact set in R%. For each 1 < p < oo, we denote by LP(K) the
Banach space of functions in LP(mg) with support contained in IC, endowed with the usual
norm ||-|[,. We also denote by Z(v, w) the angle between v and w.

Definition 2.6.8 (Statistical stability). Let {®;}ics a family of maps ®;: K — K indexed
by a metric space I. The family {®;},cr is statistically stable if the following conditions
hold:

(1) For each t € I, the map ®; has an absolutely continuous ®;-invariant probability
measure.

(2) For any t' € I, any choice of a sequence (t,)nen C I converging to ¢’ and any choice
of a sequence of absolutely continuous ®; -invariant probability measures (i, )nen,
then any accumulation point of the sequence of densities dyy, /dmg converges in the
L'-norm to the density of an absolutely continuous ®-invariant probability measure.

Of course, when each ®; has a unique absolutely continuous invariant measure p;, then
statistical stability means that dju/dmg — duy/dmg as t — ¢’ in the L'-norm. This is
precisely the case for the one-parameter 2-D tent maps with I = (7,1]. A strictly weaker
notion of statistical stability may be given if we assume only weak* convergence of the
measures f; to gy when t — ¢,
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2.6.2 Piecewise Expansion, Bounded Variation, and Long Branches

Sufficient conditions for the existence of an absolutely continuous invariant probability
measure for piecewise expanding maps with bounded distortion are given not only for finitely
many domains of smoothness [29], but also for infinitely many domains |1, §5]. In the latter
case, these conditions include the long branches.

Definition 2.6.9 (Piecewise expansion, bounded distortion, long branches). Let ®: K —
K be a map for which there is a (Lebesgue mod 0) partition {/C;} such that:

1. Each K; is a closed domain with piecewise C? boundary of finite (d — 1)-dimensional
measure.

2. The restriction ®; of ® to K; is a C? bijection from the interior of ; onto its image
with a C? extension to K.

We say that:

(P1) The map @ is piecewise expanding if there exists 0 < o < 1 such that, for every i
and P € int ®(K;),
D2 (P < o

(P2) The map ® has bounded distortion if there exists D > 0 such that for every ¢ and for
all P,@Q € int K;

Jo(P)

Jo(Q)

where Jg denotes the Jacobian of ®.

log < Df|@(P) - 2(Q)]

P3) The map ® has long branches if there exist 8, p > 0 and, for each ¢ > 1, there exist
P
a C! unitary vector field X; in 9®(K;) such that:

(a) the segments joining each P € 0®(K;) to P + pX;(P) are pairwise disjoint and
contained in ®(k;), and their union forms a neighborhood of 9®(K;) in ®(k;)

(b) for every P € 0®(K;) and v € Tpo®(K;)\ {0}, the angle Z(v, X;(P)) between v
and X;(P) satisfies |sin Z(v, X;(P))| > 8.

Here we assume that, at the singular points P € 0®(K;) where 0®(K;) is not smooth,
the vector X;(P) is a common C! extension of X; restricted to each (d — 1)-dimensional
smooth component of 0®(K;) having P in its boundary. We also assume that the tangent
space of any such singular point P is the union of the tangent spaces to the (d — 1)-
dimensional smooth components it belongs to.

For d = 1, condition (a) of (P3) is clearly satisfied by taking the sets in the partition
as intervals whose images have sizes uniformly bounded away from zero. Additionally,
condition (b) of (P3) always holds since 0®(K;) is a zero-dimensional manifold and there-
fore Tpo®(IC;) = {0} for any P € ®(K;). In this case, we can even take the optimal
value g = 1.

2.6.3 The Entropy Formula

In this subsection we state the entropy formula obtained for an absolutely continuous
invariant probability measure of a C'! piecewise expanding map ®: K — K.

Definition 2.6.10 (Entropy of a partition). The entropy of a partition P of K with respect
to a measure p is

Hy(P) == u(P)log u(P)

PeP
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Definition 2.6.11 (Entropy of a map). The entropy of ® with respect to p and a parti-
tion P is
— 1 1
h(®,P) = lim L1, (p")

The entropy of ® with respect to u is

hu(®) = sup h,(®,P)
P

Definition 2.6.12 (Entropy formula). Let ®: K — K be a C! piecewise expanding map.
An absolutely continuous invariant measure p with respect to ® satisfies the entropy for-
mula if

hu(®) = /log Jo dp
where Jp = |det D®|.

Some results that guarantee that a measure satisfies the entropy formula assume that
the corresponding partition is quasi-Markovian.

Definition 2.6.13 (Quasi-Markovian partitions). A g mod 0 partition Pg of K is quasi-
Markovian with respect to a measure g if there exists > 0 such that, for p-almost
every P € K,

p(@™(P*(P))) = n

for infinitely many values of n, where P™(P) is the element in P((I)n ) containing P.

Remark 2.6.14. In Definition 2.6.13 we are implicitly assuming that PEDn) is a u mod 0
partition of IC for all n € N.

In order to verify thet quasi-Markovian property, we introduce now the concept of sin-
gular set.

Definition 2.6.15 (The singular set). The singular set of a piecewise expanding map

P: K= Kis
s = |J oP

PEPy

Note that when the partition Pg is finite, then the singular set Sg is a finite union of
(d — 1)-dimensional submanifolds of RY.

Proposition 3.4 [2]| provides a useful criterium for the quasi-Markovian property of the
partition associated to a piecewise expanding map behaving as a power of the distance close
the singular set.

Definition 2.6.16 (Behavior as a power of the distance). A piecewise expanding map
®: K — K behaves as a power of the distance close to the singular set Sg if there exist
B, 3 > 0 such that, for every P,Q € K \ Sg with dist(P, Q) < dist(P, S¢)/2, the following
conditions hold:

(S1) ||ID®(P)|| < B - dist(P,Sg) ™"

IDE(P) Y| 15 dist(PQ)
(82) log 511 < Baipsa)e
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2.6.4 Functions of Bounded Variation

The main ingredient for the proof of Alves, Pumarino, and Vigil’s theorems |1, 3, 2] is
the notion of wariation for functions in multidimensional spaces. We adopt the definition
presented by Giusti [24].

Definition 2.6.17 (Variation). The wvariation of a function f € L'(R?) with compact
support is

V(f) = sup { [ fvgdma: g € CHRYRY and o] < 1}
Rd

where C} (R4, R?) is the set of C! functions from R? to R? with compact support and ||-||
is the supremum norm in C§(R?, RY).

Remark 2.6.18. If f € C*(RY), then V(f) = [pal|Vf| dmq.
The space of bounded variation functions on a bounded set £ C R is

BV(K) = {f € LYK) : V(f) < +o0}

Contrary to the classical one-dimensional definition of bounded variation, a multidimen-
sional bounded variation function need not be bounded. However, by Sobolev’s Inequality,

there is some constant C' > 0, only depending on the dimension d, such that, for ev-
ery f € BV(K),

1
(fipams)" <cvin, v=3

This in particular gives BV(K) C LP(K). We shall use the following properties of bounded
variation functions [24]:

(B1) BV(K) is dense in L}(K).
(B2) If (fau)nen is a sequence in BV(K) converging to f in the L'-norm, then

V(f) <lminf V(f,)

n—oo

(Bs) If (fn)nen is a sequence in BV (LK) such that (|| fr|[1)nen and (V(fr))nen are bounded,
then (f,,)nen has some subsequence converging in the L!-norm to a function in BV(K).

(B4) Given f € BV(R?), there is a sequence (f,,)nen of C* maps such that
i [1f = fuldm =0, tim [IDf, ] dm = V()
n—00 n—00

Let {K!}2°, be the domains of smoothness of ®; with ¢ € I satisfying the assumptions
of Theorem 10, and let ®;; be the restriction of ®; to IC;? for all # > 1. For each t € I, we
consider the Perron-Frobenius operator

P;: LY(K) — LK)
defined for f € L}(K) as
fodr/
Pif = Z’J 3, 1X¢>t(/c)
It is well known that the following two properties hold for each P;:
(P1) [[Peflls < [If]l1 for every f e LY(K).
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(P2) Pyf = f if and only if f is the density of an absolutely continuous ®;-invariant
probability measure.

The following lemma provides a uniform Lasota—Yorke inequality.

Lemma 2.6.19 ([1, Lem. 5.4]). Let ®: K — K be a C? piecewise expanding map with
bounded distortion and long branches. If o(141/8) < 1, then there exists a constant Ko > 0
such that

VP < o1+ DV + ol
for all f € BV(K).

2.6.5 Alves, Pumarino, and Vigil’s Works

Alves, Pumarino, and Vigil [3] gave sufficient conditions for the statistical stability of
piecewise expanding maps with bounded distortion and long branches and, as a corollary,
they proved the statistical stability of the one-parameter two-dimensional tent maps A;
from Example 2.1.5.

Theorem ([3, Th. A, adapted|). Let I be a metric space and (®;)ic; a family of C?
piecewise expanding maps Py : K — K with bounded distortion and long branches. Assume
that there exist 0 < A < 1 and K > 0 such that for each t € I the following hold:

(1) for each continuous f: K — R we have ||f o & — f o ®y|lqg — 0 when t — t'.

(2) Ut(l—Fé) < X and A,ﬁ—ﬁ—k% < K where oy, Ay, ay, By are the constants in (Py)-
(Ps) associated with ®;.

Then, the family (®y)icr is statistically stable.
Theorem ([3, Th. B|). The family {A+},e(71) is statistically stable.

Then, Alves and Pumarino [2] proved the continuity of the entropy of certain multidi-
mensional piecewise expanding maps which admit ergodic absolutely continuous invariant
probability measures, and deduced it for A;. In order to verify that the entropy formula
holds, the following result is used.

Theorem ([2, Cor. E, adapted|). Let ®: K — K be a C' piecewise expanding map with
bounded distortion and large branches that behaves as a power of the distance close to Sg

such that .
cll+-=| <1
(1+5)

where o and [ are the constants given in properties (P;) and (Ps). If logdist(-,Se) €
LY(m) and p is an ergodic absolutely continuous invariant probability measure for ® such
that H,(Pg) < 0o, then the entropy formula holds.

Theorem ([2, Th. F, adapted]|). Let (®;)icr be a family of C? piecewise expanding maps
with bounded distortion and large branches such that each ®; has a unique absolutely con-
tinuous invariant probability measure p; for which H,,(P;) < oo and the entropy formula
holds. Assume that:

(1) There are 0 < A <1 and K > 0 such that, for each t € I,

oy Bt
where 010, At g, 0t g, Bro are the constants such that (P;)—(Pg) hold for ®,.

1 1 A
Jt<1+B>SA, At+7+J§K
t
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(2) fo®; depends continuously on t € I in L4(m) for each continuous f: I — R.
(3) log Jo, € Li(m) for some q > d and log Jo, depends continuously ont € I in L'(m).
Then, the entropy hy,, (®;) depends continuously ont € I.

Theorem (|2, Th. G|). Each A; has a unique absolutely continuous invariant probability
measure j; depending continuously ont € [1,1]. Moreover, the entropy formula holds for
and hy,(A¢) depends continuously on t € [1,1].

2.6.6 Holder Continuity of The Densities and The Entropy

Here we consider the one-parameter family of tent maps from Example 2.1.5. We include
two theorems from a preprint by Alves and Bahsoun that generalize the statistical stability
and the continuity of the entropy of the family A; in a Holder-like way.

Theorem 10. Let {®;}1c; be a family of C? piecewise expanding maps such that each ®;
has a unique absolutely continuous tnvariant probability measure u:, which is mizing. As-
sume that the following hold:

(1) There exist £ € N such that every ®¢ has bounded distortion and large branches.
Moreover, there exist 0 < 0 < 1 and K > 0 such that

1 1 Ay
U7g<1+7>§9, A7g+ + — <K
! 5t,£ ! at,éﬁt,é Bt ¢

for every t € I, where oy, At g, 04, Br e are the constants in (Py), (Ps), and (Ps3)
associated to ®f.

(2) There exists a nonnegative function £: U — R such that, for all s,t € I and all 1,
the following hold:

(a) For all P € K$ and Q € K! with ®5(P) = ®4(Q),

Js(P)
J1(Q)

(b) m(®3; (Ds(K5) \ DN < E(t—5)

Then, there exist C > 0 and 0 < n < 1 such that

SRR

H due d“S < CE(t—s)

for all s,t € I.

Remark 2.6.20. The existence of the measure p; follows from hypothesis (1). Here we
additionally assume uniqueness and mixing.

Theorem 11. Let {®;}1c; be a family of C? piecewise expanding maps such that each ®;
has a unique absolutely continuous invartant probability measure py for which the entropy
formula holds. Assume that the following hold:

(1) There exists £ € N such that every ®f has bounded distortion and large branches.
Moreover, there exist 0 < 8 <1 and K > 0 such that

1
ay Zﬁt V4 Bt 14

Ut,z< /3u><9 Apy+ ———

for every t € I, where o1, At g, 00, Br o are the constants in (Py), (P2), and (Pg3)
associated to ®f.
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(2) There exists a nonnegative function £: U — R such that

lo ﬁ
th

<E(t-s
d

Hdlut 7d,UJs 5(7&*8)

forall s,t € I.

Then, there exists C' > 0 such that
1Py (Pe) = Iy, (Bs) ||y < CE(t — 5)

for all s,t € 1.

For all ¢t € [r,1], from the definition of A; we have that the domains of smoothness
are K = Tp and K! = 7. On the other hand, hypotheses (1) of Theorems 10 and (1)
of Theorem 11 are satisfied for ¢ = 6 [3]. With the next lemma, we will check both
hypotheses (2) of Theorem 10 and (2) of Theorem 11.

Lemma 2.6.21. There exists a nonnegative function £: U — R such that, for all s,t €
[1,1] and for i = 0,1, the following hold:

(1) For all P,Q € T; with A;(P) = A(Q),

Js(P)
Ji(Q)

—1‘§5(t—s)

(2) m(AHAS(T) \ Ae(T2))z < E(t - s)
(3) ||log Js — log Ji|]|2 < E(t — s)

Proof. The tent map A; is piecewise linear with

DA:(P) = ( — )

DA(P) = < _i :i )

for P € 73 \ C. From here we deduce that, for all P € T\ C and all 7 < ¢t < 1, we
have J;(P) = 2t2. This gives, for all 7 < 5,t <1,

for P € 7o\ C, and

2

tz—l\ (s Dls—t] < Zls—¢

Js(P)
J1(Q)

On the other hand, for all ¢t € I,

_1‘

At(%) = At(7-1) = Q(Ov <2t7 0)7 (tvt))

and therefore

m(Ai(To)) = m(A(Th)) =

Thus, for every 7 <t < s <1,
m(As(Ti) \ Ai(Ti)) = (s + 1) (s — 1)
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As the Jacobian of Ay ; is constant and bigger than 1, we easily deduce that
m(AF(AS(T) \ Ma(T0)2 < V2(s —1)2

Now, since the area of T is equal to 1, then

/

By the Mean Value Theorem,

2
dmy = 4(log s — log t)?

lo é
th

llog J, — log Jill> < 2(s — #)

for all 7 <t < s < 1. Therefore, it suffices to take &(u) = 2/72|ul.
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Chapter 3

Dynamics of the 2-D Quadratic
Family: Existence of 1-D and 2-D
Strange Attractors

This chapter is devoted to the 2-D quadratic family
Top(@,y) = (a +y°, x + by) (3.1)

In Section 3.1 we study the existence and the stability of the fixed points and the periodic
points of periods two and three, paying special attention to the loss of hyperbolicity, and
prove Theorems 6 and 7. In Section 3.2 we prove Theorem 8. In the first part of Section 3.3
we prove Theorem 9, while in the second part we numerically check the persistence of
2-D strange attractors for random parameter values in the sharp regions of Theorem 8
for both (—2,0) and (—4, —2). Moreover, we numerically find out that T, ; for parameter
values along the curve 2a = b3 reproduces the same behavior as Iy : splitting of attractors
in several pieces, for example.

3.1 Local Dynamics: Proof of Theorems 6 and 7

We will first search for other expressions of family (3.1) that could be useful to explain its
dynamics from a simple study of the fixed points.
The fixed points of family (3.1) are of the form P(Y) = ((1 — b)e, ¢) with ¢ verifying

A+ b-1c+a=0 (3.2)
These fixed points exist if and only if (b — 1)2 — 4a > 0. In the region of parameters
{(a,b) € R?*: (b—1)? —4a < 0}

the dynamics of family (3.1) is trivial: there is no bounded orbit and, consequently, there
are no attractors.

Proposition 3.1.1. If 4a > (b— 1)%, then every T p-orbit s unbounded.
Proof. Immediate from the fact that
L(Top(x,y)) — L(x,y) =y’ +(b—D)y+a>a—1(b—1)*>>0

for all (x,y) € R?, where L(x,y) =x +y. O



In what follows, we will only consider parameter values in
{(a,b) € R?: (b—1)? —4a >0}
In this region, the solutions of equation (3.2) are
$(1—b+L6), §=+/(b—1)2—4a (3.3)
Note that ¢t = ¢~ if and only if § = 0, in which case
PO = (31~ 1%, 51~ b))
is the unique fixed point. If § > 0, then map (3.1) has two different fixed points
PIE — (1 —b)et, )

After performing the change of variables

r=1-Zdy, y=1-ZJ(x+by) (c5#0) (3.4)
family (3.1) is transformed into

Ffb(x, y) = (y,2¢ x — ¢t + by) (3.5)

Remark 3.1.2. Maps (3.5) can be written as

+ _ 0 1 2 — 22
pren=( 2 1) (¥

These maps can also be written as the composition of the diffeomorphism

n _ 0 1 2 — 22
e =( 2 1) (3

defined on {z < 1} with the fold

Feolny) = (x,y) ifx <1
Y (2—z,y) ifz>1

Remark 3.1.3. All the results obtained for family (3.5) can be translated for family (3.1)
by means of the change of variables (3.4) and the change of parameters (3.3). Thus, the
origin is always a fixed point of F ;tb and corresponds to the fixed point P+ of Top,
respectively. A straightforward relation of the variables a, b, ¢ is given by equation (3.2).

3.1.1 Fixed Point Stability

The first information on the dynamics of family (3.1) is obtained by the study of the stabil-
ity of its fixed points. After performing the changes of variables (3.4) and parameters (3.3),
it is sufficient to study the eigenvalues of the differential of F jb and F_; at O, which are

My=5+3V/(0b—-2)2+45 (3.6)

and

Ao=35+3V/(b—2)2—46 (3.7)
respectively. Since 6 > 0, then O may have complex eigenvalues only for F_,. For that
reason, we will take ¢ = ¢~. Now we prove a result on the stability of the fixed points

of F,., = F_, that is equivalent to Theorem 6 for T, ;. See Figure 3.1. Let us previously
recall the notion of unipotent singularity.
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Definition 3.1.4 (Unipotent singularities). A fixed point of an analytic 2-D diffeomor-
phism f is a unipotent singularity if there exists a smooth change of variables that trans-
forms the fixed point into O for which there exists a neighborhood of O where f can be
expressed as

fEm) =E+n+aln)n+aeEn),  a2&n) =0E+1%)

A Bogdanov—Takens singularity is a unipotent singularity that satisfies the following generic

condition:
%o %o *q %o

€2

(0,0) #0, ——==(0,0) + —=-(0,0) — 6'_52(0’0) #0

0on &2

Figure 3.1: (a) Stability configuration of the fixed point O in (6,b): AN (blue): attracting
node; RN (red): repelling node; AF (cyan): attracting focus; RF (pink): repelling focus;
S (green): saddle fixed point, dashed: dissipative. Along § = 1 — b, one eigenvalue is zero.
(b) Stability configuration of the fixed point Q()t in (6,b): RN (red): repelling node; S
(green): saddle fixed point, dashed: dissipative. Along 6 = b — 1, one eigenvalue is zero.

Theorem 3.1.5 (cf. Th. 6). The fized points of
Fep(w,y) = (y, 2cx — cx® + by)

verify the following statements:

b) If 6 = 0, then F.p has the origin as the unique fized point with eigenvalues b — 1
and 1. In particular, for (¢,b) = (—1/2,2), a Bogdanov-Takens bifurcations occurs
at the origin.

c) If 6 >0, then F, has two fized points:
0=(0,0, QW*=(-2-9
i) The origin is a focus if and only if
46 > (b—2)%, §#2—1b
This focus is attracting if § < 2 — b and repelling otherwise. Along the segment

0=2-0, —2<b<?2
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the origin is a center. Moreover, a Hopf-Neimark—Sacker bifurcation occurs at
the origin for b # —1,0. The parabola 46 = (b— 2)? intersects the line 6 =2 —b
at the points B* = (0,2) and D* = (4,—2). For (6,b) = D*, the origin has
double eigenvalue equal to —1. It is a unipotent singularity of F31/2772, but not
Bogdanov-Takens.

If 46 < (b — 2)2, then the origin is a node if 6 > —2b. This node is attracting
if =2 < b < 2 and repelling otherwise. If § < —2b, then the origin is a saddle
fized point that is dissipative if and only if —0 <b < 2 —4.

ii) The fired point QU is a repelling node if § > 2b. If § < 2b, then QW+ is a
saddle fixed point that is dissipative if and only if d < b < 2+ 9.

Proof. We perform the proof item by item:

b) It is straightforward to check that for 6 = 0 the unique fixed point O of Fi; has
eigenvalues b — 1 and 1. In particular, if b = 2, then ¢ = —1/2 and

DF_(0) = < e )

has double eigenvalue A} 5 = 1. The change of variables x = { + 1, y = { + 2 allows
to write F_ /o5 as

&) e (E+n—3E+n%n+ 3E+n)?)

Taking q1(&,7) = —(£ +1)?/2 and ¢2(€,m) = (€ +n)?/2 in Definition 3.1.4, it then
follows that O is a Bogdanov-Takens singularity for the diffeomorphism ®_; /5 5.

¢) Suppose now that § > 0. It is immediate to obtain the two fixed points O and QW
The eigenvalues of O are given in formula (3.7), and it is also immediate to check
that the eigenvalues of Q) are the ones given in formula (3.6).

i) The eigenvalues Aj, of O are complex if and only if 46 > (b— 2)2. In such case,
it holds that [A] 5] = 1 if and only if § =2 —b. If § <2 —b, then [A\], <1
and O is an attracting focus. If § > 2 — b, then [A\] 5[ > 1 and O is a repelling
focus. The line § = 2 — b intersects the region 46 > (b — 2)? at the segment of
extremes B* = (0,2) and D* = (4, —2). Along this segment, we can write

Ap=e =04 iya-p

Therefore, a Hopf-Neimark—Sacker bifurcation takes place (see [36]), which con-
sists of the birth of attracting closed curves towards the half-plane § > 2 — b,
whenever 6 # 2n/k for k = 1,2,3,4. Since tan?0 = (4 — b%)/b?, this con-
dition is equivalent to b # —2,—1,0,2. For B* = (0,2) it was proved above
that O is a Bogdanov—Takens singularity. For D* = (4, —2), which corresponds
to (¢,b) = (—1/2,—2), it holds that

B 0 1 9 (-1 =2
DFféﬁz(O) = ( 1 o ), DF7%’72(O) = < 9 3 >
The change of variables x = 2¢, y = —2¢ — n allows to express Ffl /2,2 S

(Em) = (E+n+E2n—2en—"1T)
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Therefore, the origin is a unipotent singularity, but not Bogdanov—Takens be-
cause, taking ¢1(&,n) = €2 and ¢2(&, 1) = —26n — 1%/2 in Definition 3.1.4, we
have that 92¢o/0¢2 = 0 and

P g Pg

oeoy o2 oz =0

If 45 < (b — 2)?, then A1 are real and satisfy
bdp—2/<Ay <A <t+1ip-2 (3.8)

If b > 2, then A\, > 1 by inequality (3.8), and therefore O is a repelling node.
Assume that b < 2. Then, from inequality (3.8) it follows that

b—1<A <A <1

Therefore, if b > 0, then O is an attracting node. By formula (3.7), it holds

that
sgn(A, +1) =sgn(b+ 2+ /(b —2)? — 49) (3.9)

From equivalences (3.9) we deduce that A; > —1 only if b > —2, and A\| < —1
only if b < —2. Moreover, from equivalences (3.9) it follows that A; > —1
and A\ < —1ifand only if §4+2b > 0. Therefore, the origin is a node if §4+2b > 0,
which is attracting if —2 < b < 2 and repelling if b < —2. On the other hand,
the origin is a saddle fixed point if § + 2b < 0. Since

ANy =b+d—1

then O is dissipative if and only if 0 < b+ § < 2.

ii) Since ¢ > 0, it readily follows that )\IQ are real and A\j < 1 < Af. It is
immediate to check that )\; < —1 if and only if § — 2b > 0. In that case, the
fixed point Q) is a repelling node. If § —2b > 0, then Q' is a saddle fixed
point. Since

AN =b-5—1
then Q)T is dissipative if and only if 0 < b —§ < 2. O

The equivalence between Theorem 3.1.5 and Theorem 6 is straightforwardly checked
by applying the changes of variables and parameters (3.4) and (3.3) from Remark 3.1.3.

Compare Figures 16 and 3.1. The fixed points O and QW-* are in correspondence
with P and PMW-+ | respectively.

3.1.2 Periodic Orbits

The Hopf-Neimark—Sacker bifurcation given in Theorem 3.1.5 justifies the birth of the
attracting closed curves for parameter regions on the left-hand side of the segment BD,
represented in green in Figure 15. These regions alternate with other ones in blue, such
as Py, for which the periodic attractor must have a period greater than or equal to two,
since for such parameters there are no attracting fixed points.

On the other hand, the existence of periodic orbits can explain the origin of 1-D strange
attractors that appear for parameter values in the regions in red limiting with the ones
in blue and/or green. As already mentioned, these attractors appear generically when a
homoclinic tangency of a dissipative saddle periodic point is unfolded [44]. This homoclinic
tangency can be produced, for instance, when the invariant curve collides with such saddle
periodic point.

85



Let us study, therefore, the existence of periodic points of period n > 2, as well as
their possible dissipative and/or attracting nature. To that end, let us operate with the
expression

Fc,b(xa y) = (ya (Pc(x) + by)
where p.(z) = cx(2 — ). Recall that ¢ < 0 for all @ < 0. Let (z,y) be a n-periodic point
with n > 2. Set 1 =z and s = y, and

85 = gOc(Sj_Q) + ij_l, j=3,....,n+2 (3.10)

Then, it holds that Fg’b(x,y) = (sj41,8j42) for j = 1,...,n. Note that s,{1 = s1
and sp42 = s3. As a consequence of the next proposition, we will prove that all the
periodic orbits of F,} of any given period greater than or equal to two, provided that they
exist, are contained in a closed disk passing through the origin.

Proposition 3.1.6. Let (z,y) be a n-periodic point of F,p with n > 2. Then, the point

(81,82,...,8,) € R"
belongs to the sphere of centre (—6/2¢,...,—d/2¢c) € R™ passing through the origin, i.e.
n 2
sy Mo
i=1

Moreover,
det DFYy (7, y) = 2"c"(s1 — 1)(s2 = 1) -+ (sp — 1)

Proof. Adding up all the members from both sides of the n equations (3.10), we have that
(2434 4+52)+(1-b—2¢)(s14+ 524 +5,)=0
Since d =1 — b — 2¢, we have that
si4ss+ o so+2(sitsat o +s)=0

is the equation of a sphere in R"™ of centre (—d/2¢, ..., —0/2c) € R™ that goes through the
origin. Therefore, such sphere has radius equal to —d+/n/2c. On the other hand, note that
DEZ(z,y) = DFep(Sn, snt1) 0 -+ - 0 DFcp(s2, 83) 0 DF,p(s1, 52)

[

In order to conclude this proof, it is enough to observe that the matrix

0 1
DFep(sjs sj1) = ( 2¢(1—s;) b >

has determinant equal to 2¢(s; — 1) for j =1,...,n. O

Now we will state a result on the existence of periodic orbits for family F.; which
is equivalent to Theorem 7 by means of the change of variables from Remark 3.1.3. See
Figure 3.2.

Theorem 3.1.7 (cf. Th. 7). The following statements on the periodic orbits of
Fc,b(xa y) = (y7 2cr — C‘TQ + by)

hold:
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o~ c=cp c=c

c=1-v2
c=1-$V129
|
o+ c=1-1V3-2/5

Figure 3.2: (a) Stability configuration of the unique 2-periodic orbit of F,;: RN (red):
repelling node; S (green): saddle fixed point, dotted: dissipative. Along 62 = 5b% 4+ 2b + 1,
one eigenvalue is zero. (b) Stability configuration of the two 3-periodic orbits Q)+ of F.p
for b = —1: attracting node (blue); repelling node (red); attracting focus (cyan); repelling
focus (pink); saddle fixed point (green), dotted: dissipative. For ¢ = —1/2, the orbit Q)~
collapses to O, which is a fixed point.
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1. There exists a 2-periodic orbit if and only if |b| < §/2. In such case, it is unique.
Moreover, it is a repelling node if

62 > 4 + 4b + 6b?

If 62 < 44 4b +6b%, then it is a saddle periodic orbit that is dissipative if and only if

62 < 24 2b+ 5b?

and either —2 < b < 0 or 2b + 5b% < 6.

2. Let b= 0. There exists a decreasing sequence

—l< o <epp << <cz<cy=-—%

of c-values such that there exists an attracting 2"™-periodic orbit for every cp+1 < ¢ <
cp and n > 2.

3. Let b= —1. There exists a 3-periodic orbit if and only if ¢ <1 — /2. Moreover:

a) If c =1 — V2 orc= —1/2, then there exists a unique 3-periodic orbit o6,
Ifc=1—+/2, then

9(3) = {(17 1)’ (1’ *\/5)7 (*\/57 1)}

with eigenvalues 0 and 1. If c = —1/2, then

Q(S) = {(27 2)7 (27 _2)7 (_27 2)}

with eigenvalues +iv/3.
b) If c € (—o0,1 —V/2)\ {—1/2}, there exist two different 3-periodic orbits Q)+,

i)

The orbit QB)~ is a dissipative saddle periodic orbit if ¢ > —=1/2. There
exists cop < 1 — V3 such that Q(?’)’* is a repelling node if ¢ < ¢y and a
saddle periodic orbit if co < ¢ < —1/2, which is dissipative if and only
ifag<ce<1l-— \/38—}—2\/5/4 for some ¢y < 1 < 1 —+/3. For ¢ = cy, the
orbit @B~ has one eigenvalue equal to —1.

The orbit QB is an attracting node if and only if ¢ > 1 — V129/8. Oth-
erwise, the orbit QBF is a focus if and only if ¢ # 1 — /38 — 2v/5 /4.
This focus is attracting if and only if ¢ > 1 — /38 — 2v/5/4 and repelling
otherwise. For ¢ =1 — /38 —2v/5/4, a Hopf Neimark-Sacker bifurcation

OCCurs.

4. For each n € N, the closed disk of centre (—0/2¢,—0/2¢) and radius —+/n/2¢c con-

tains all the n-periodic points.

Proof. Statement 4 is a direct consequence of Proposition 3.1.6 by projecting the n sphere
onto the plane (z,y). In the following sections we prove the other three statements of
Theorem 3.1.7.

Period 2: Proof of Statement 1. Any 2-periodic point Q) = (z(?), 4(?)) of F,p must

satisfy the following equations:

x = pc(x) + by (3.11)
Y= e(y) +bx
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If 2 = y, we obtain the fixed points @ and Q)+ from Theorem 3.1.5. Otherwise, sub-
stracting both equations we obtain

z+y=-1(2b+9) (3.12)

Therefore, any 2-periodic orbit must be of the form {(z?),4?)), (y®, ™)} with () # 42
verifying equation (3.12). Combining equations (3.12) and (3.11), we obtain

@ = L(2h—6) £ L1/62 — 412

and y(Z)’i = £(F, Therefore, there exists a 2-periodic orbit Q) which is unique, with
points Q-+ = (:B(Q)’i, x(Z)’jF) if and only if 62 > 4b%. The differential of F,; at each one
of these points is

0 1
DFc,b(Q(Q)i) = < P )

with oF = 2¢(1 — x(2)’i), respectively. Then,
+
2 (0@ _ [ © b
DFc,b(Q ) < b0'+ o~ —|—b2 >
The eigenvalues of Q@) are the roots of the characteristic equation

M (2420 + )N+ (142045 —6%) =0

whose discriminant is
AP =452 — 1207 + 4% + b*

Since 62 > 4b%, then A® > b?(2 + b)2 > 0. Therefore, the two eigenvalues
)\172 = %(2 + 2b + b2) + % A2)

are real. Moreover, since VA®) > |b(2 + b)|, then it is clear that Ay < 1 < A;. On the
other hand, it is easily checked that

sgn(Ay +1) =sgn(3+ (14 b)2 — VA®R) = sgn(4 + 4b + 60> — §?) (3.13)

Therefore, from equation (3.13) we deduce that Q) is a repelling orbit if 62 > 44 4b+ 6b2,
and a saddle periodic orbit if 62 < 4 + 4b + 6b%. In the latter case, since

Mo =1+ 2b+ 5b% — 62
then Q@) is dissipative if and only if

2b + 5b% < 6% < 2+ 2b + 5b>

Period-doubling Cascade: Proof of Statement 2. From statement 1 of Theo-
rem 3.1.7 it follows that family (3.5) does not have 2-periodic attractors, and consequently
neither does family (3.1). The proof of the existence of periodic attractors of greater period
complicates excessively the calculations for b # 0. However, for b = 0, we have that

Feo(z,y) = (4, ¢e(x), Tao(x,y) = (a+y°,%)

Then, we can easily deduce for both families the existence of a period-doubling cascade of
periodic attractors.
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Let f.(y) = a+y?. The following period-doubling process is well-known: for a < 1/4,
the map f, has two fixed points y* with derivatives f(’l(yi) = 1++/1 —4a. The point y+
is always repelling as f/(y™*) > 1 for all a < 1/4. However, for a > —3/4, the point y~ is
attracting. For a < —3/4, the point y~ becomes repelling, and a 2-periodic orbit appears.
Let as = —3/4. The 2-periodic orbit is attracting for ag < a < ag for some az < ag,
loses its stability for a < a3, and an attracting 4-periodic orbit appears. By means of
a renormalization process, we obtain a bounded decreasing sequence {ay}n>2 of a-values
in (-2, —3/4] such that f, has an attracting 2"~ !-periodic orbit for all a,;1 < a < ay.
The existence of attracting 2"-periodic orbits for T o on the left-hand side of BD is a
consequence of the next result.

Lemma 3.1.8. If {fg(yo) :j=0,1,...,m — 1} is an attracting m-periodic orbit of f,
with m > 2, then {Tio(yo,yo) 27 =0,1,...,2m — 1} is an attracting 2m-periodic orbit
Of Ta’().

Proof. The point (yo,yo) is 2m-periodic for Ty o because

T8 (yo,¥0) = (f2'(y0). f"(¥0))

and fI"(yo) = yo. Moreover, the point (yo,yo) is attracting for T, o because the differential
of T 3’61 at (yo,yo) is the diagonal matrix with coefficients equal to the derivative of f"
at yo, which has modulus less than 1 as yq is attracting for f,. O

According to our previous discussion, the map T; ¢ has attracting 2F_periodic orbits
with & > 2 for a < —3/4, that is, on the left-hand side of BD. The attracting nature
persists for small perturbations of b and explains the existence of the blue region Py from
Figure 15 with vertex Ry.

The same arguments employed for f, can be used for .. Since the value a = —3/4
corresponds to the value ¢ = —1/2, we obtain the sequence of c-values from statement 2.

Remark 3.1.9. It is very important to observe that the attracting orbit A™ of period 2"
appears for a = a,_; when an orbit A" 1) of period 27! loses its stability. The or-
bit A1 has —1 as a double eigenvalue (flip bifurcation, Bogdanov—Takens bifurcation
for the double composition) for a = a,_1, and persists as a repelling orbit for a < a,_1.
Therefore, for a, < a < an_1, the attracting orbit A™ of period 2™ coexists with repelling
orbits of period 2F with k=1,...,n — 1.

Period 3: Proof of Statement 3. Any 3-periodic point Q®) = (23, y®) of F.; must
satisfy the following equations:

Tr = (Pc(y) + b%(x) + b2y
Yy = pc(pe(z) + by) + bz

Operating in these expressions, we obtain
bex? + cy® 4 (1 — 2bc)z — (2¢ + b*)y = 0 (3.14)
and
At — 4ctx® — 2bc* 2ty + (2¢ + 4c3)a?
+ 4bc*xy + b2ey® — (42 +b)x + (1 —2bc)y =0 (3.15)

For b = —1, equation (3.14) represents a pair of lines. In this subsection, we take advantage
of this simplification and compute the 3-periodic orbits of F¢ _1, thus proving statement 3
of Theorem 3.1.7.
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Lemma 3.1.10. Let b = —1. For all ¢ < 1 — /2, the map F., has two 3-periodic
orbits QB

Q(()3)7_:(1+0'71+0')7 53)’_:(14‘0’1"'%_0)’ Qgg)’_:(1+%_a’1+0)

with eigenvalues

Ao=30+r) E3r-D)VAr+1
and
B+ _(1-0,1-0), (13),+:(1_J’1+%+0)’ Qg?)),-i—:(l—}—%—ka,l—a)

with eigenvalues

My=30—r)£5(k+1)V1I—4x
where 0 = /(1 —¢)? —2/c and Kk = 2co.

Remark 3.1.11. Both orbits coincide when o = 0, that is, when ¢ = 1 — /2. In that case,
the unique 3-periodic orbit for b = —1 is {(1,1), (1, —v/2), (=v/2,1)}, and its eigenvalues
are 0 and 1.

Remark 3.1.12. As ¢ — —1/2, it holds that 0 — —1 and therefore Q®):~ approaches O,
which is a fixed point of F, 1, until they collapse for ¢ = —1/2. Thus, the only 3-periodic
orbit for ¢ = —1/2 is

Q(S)’—i_ = {(27 2)? (27 _2)7 (_27 2)}

and has eigenvalues +iv/3.
Proof. For b= —1, equations (3.14) and (3.15) are
(cle+y)—(1+2))(y—2) = (3.16)
and
At — 4323 + 222y + (262 + 4¢P) 2P
—Actry+ eyt — (4 — Do+ (1+2c)y=0 (3.17)
respectively. Substituting y =  in equation (3.17), we obtain
Szt 231 - 20)23 + (46 — 262 + )z 4+ (2 + 2¢ — 4Pz =0 (3.18)

The fixed points provide two solutions: z = 0 and x = 2 — 2/c. The other two solutions
are provided by
Ar? -2 +2c4+1=0

which are

2 =150, o=1/01-c2-2 (3.19)
as long as ¢ < 1 — /2. Substituting y = —2 + 2 + 1/c in equation (3.17), we obtain
Art — (4¢® + 2¢%)2% + (4¢® +10c% + 3¢)2® — (12¢* + 10c + 2)z + 2(1 +2¢)* =0 (3.20)
Equation (3.20) can be written as
(Pa? =222 4+ 2c+ 1) (ca? —2(1 4+ )z + 4+ =0
Thus, the abscissa of the 3-periodic points for b = —1 are given by points (3.19) and

), £

et 14144 (3.21)
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as long as ¢ < 1 — /2. In conclusion, there exist six 3-periodic points for b = —1 divided
into the two periodic orbits from the statement of this Lemma. On the other hand, it is
straightforward to check that

3 (HB)h—y _ K 1=k 3 A3y _ —K 1+k
PFes(Q )_<ff(1—fc) 1 ) PFes(@s )_<—/€(1—|—/<a) 1 >

Thus, the respective characteristic equations are
Mo (14 r)A+2:2—k3=0

for 93— and
M—(1-rA+2>+ k=0
for Q)+ By solving those equations, we obtain the announced eigenvalues Al and )‘1+,2

of Q)= and QB)*, respectively. il

Since > 0, the eigenvalues of Q3 are always real, while those of Q)* are real
if and only if kK < 1/4. When k > 1/4, they are complex with modulus kv/k + 2. In the
following lemmas, we study the nature of the 3-periodic orbits Q3)~ and Q).

Lemma 3.1.13. For all & > 0, the eigenvalues A\{, of QB)1~ are real and Al > —1.
Moreover:

i) \{ <1ifand only if k < 1, with equality holding if and only if kK = 1.
ii) Ay <1 if and only if kK > 1, with equality holding if and only if kK = 1.
iii) Ay > —1 if and only if k < Ko, being ko the unique root of

K — 22—k —2=0
in (2,3), with equality holding if and only if kK = Ko.
In particular:

1. The orbit QB is a hyperbolic saddle periodic point if k € (0,r0) \ {1}. This saddle
is dissipative if and only if either k < 1 or k € ((1 ++/5)/2, k1), where k1 € (2, ko)
is the unique positive root of K3 —2k% — 1.

2. If k € {1,Kko}, then 0B~ s nonhyperbolic. In particular, if kK = 1, then F._1
displays a Bogdanov-Takens singularity at @B~ which collapses to the origin.

3. If K > Ko, then QB is a repelling node.

Proof. The eigenvalues of Q®):~ are given in Lemma 3.1.10. It is clear that Alg € R

Moreover, it holds that A\] > —1 is equivalent to 3 + x > (1 — k)v/4x + 1, which holds for
all kK > 0.

i) Al < 1lisequivalent to (1—x)(14++/4k + 1) > 0. Since 1++v/4x+1 > 0, then \| <1
if and only if 1 — x > 0, and equality holds if and only if 1 — x = 0.

ii) Ay <1 is equivalent to (1 — k)(1 — 4k +1) > 0. Since 4k +1 > 1, then A\, <1
if and only if 1 — x < 0, and equality holds if and only if 1 — x = 0.

iii) Ay > —1 is equivalent to 3 + k > (k — 1)v/4k + 1. It is straightforward to check
that the latter inequality holds if and only if x < kg, and equality holds if and only
if kK = Ko. O
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Lemma 3.1.14. The eigenvalues )‘fz of QB are complex with modulus kv/k + 2 if and
only if k > 1/4. Otherwise, it holds that —1 < )\2+ < )\;r < 1, with equality holding if and
only if k = 1/4, for which \] = \J = 3/8. In particular:

1. If 0 < k < 1/4, then QB+ s an attracting node.

2. If k > 1/4, then QBT is a focus if and only if K # (V5 — 1)/2. This focus is
attracting if k < (/5 —1)/2 and repelling otherwise.

3. If k = (V5 —1)/2, then QB)F is a center.

Proof. The eigenvalues of Q®)* are given in Lemma 3.1.10. It is clear that )‘fz are
complex if and only if K > 1/4, and their modulus is equal to kv/k + 2. It is immediate to
check that [T, = 1 if and only if x = (v/5 — 1)/2. Otherwise, it is trivial that A" < A,
and equality holds if and only if 1 —4x = 0. Moreover:

i) A\] < 1is equivalent to /1 — 4k < 1, which trivially holds for all 0 < x < 1/4.
ii) Aj > —1 is equivalent to k3 + 2k% — Kk + 2 > 0, which holds for all 0 < x < 1/4. O

Remark 3.1.15. If b= —1, then ¢ = 1 —/1 — a for all @ < 1. Thus, it holds that ¢ < 1—+/2
if and only if a < —1. In that case, we have that kK = 24/—1 —a and the following
correspondences:

1 —5/4 —1/2
1/4 —65/64 1—+/129/8
(14++5)/2 | —(11++/5)/8 | 1 — /38 +2v/5/4
(V5-1)/2| (WV5—-11)/8 | 1—+/38—2V5/4
Ko.1 —1—Kg1/4 | 1—Vrg, +8/2

With the aid of Remark 3.1.15 and Lemmas 3.1.13 and 3.1.14 we prove statement 3 of
Theorem 3.1.7 straightforwardly: The existence of the 3-periodic orbits of Fr. _1 is proved
in Lemma 3.1.10, providing their expressions and their eigenvalues. Statement a) is proved
in Remarks 3.1.11 and 3.1.12. Statement b) is a direct consequence of the eigenvalue
discussion from Lemmas 3.1.13 and 3.1.14. O

Remark 3.1.16. For —1/2 < ¢ < 1 — /2, the orbit QB)~ is a dissipative saddle peri-
odic orbit that coexists with Q®)F which exhibits a Hopf-Neimark-Sacker bifurcation
for ¢ = 1 — /38 — 2v/5/4 ~ —0.4476. This bifurcation generates closed orbits that collide
with @)~ to give place to a homoclinic cycle. See Figure 3.3. The generation and/or de-
struction of this cycle justifies [44] the existence of strange attractors numerically obtained
for the parameter values in red from Figure 20.

3.2 Global Dynamics: Proof of Theorem 8

This section is devoted to the proof of the existence of the invariant compact sets with
nonempty interior provided by Theorem 8 for sharp regions of parameter values whose
vertice is either (—2,0) or (—4, —2). Although we could translate our results to the original
plane of parameters (a, b) from Figure 14, we will work with family (3.5) from Remark 3.1.2.
It will be useful to observe that these maps transforms horizontal lines y = h into vertical
lines x = h, and these ones into non-vertical lines of slope b.
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Figure 3.3: The repelling 3-periodic focus in magenta for (¢,b) = (—0.464581, —1) gives
rise to three limit cycles that get closer to the dissipative saddle 3-periodic orbit in green,
closer itself to the origin in cyan, which is an attracting fixed focus

3.2.1 A Sharp Parameter Region With Vertex at (—2,0)

We will first consider parameter values (a,b) close to the point C7. We will construct
invariant squares for F,; that transform into invariant quadrilaterals for 77, ;.

Lemma 3.2.1. Let 0 < b < 1. The square
RY, = [hf hf] < [hf.h3),  —1<hf <c<0<hf

where
TR CORCE Y
is F,.p-invariant whenever 0 > a > —2(b — 1)%.
Proof. If a > —2(b — 1)2, then 6 = (b — 1) — 4a < 9(b — 1)2. Therefore, we have
that ¢ > —(1 — b) and, consequently, that h? > —1. We will prove next that R:b is

F. p-invariant. In Figure 3.4 we represent the square R;rb of vertices
E:(hi_7h1~_>7 F = (h;,hf), G= (h;,h;—), H = (hi—vh;)

If hy > 1, then Ly intersects R:b at the points Sy = (1,h) and Qo = (1,h]). Note
that Lo is a good fold for sz since hi + hy < 2 as (h{)? < 1. The images of Sy and Qo
are S; = (hd,c+bhy) and Q; = E, respectively. Since hy >0 > h{ and 0 < b < 1, then
S1 € FG. The images of @)1 and H are

Qo = (R, (1 —b)h +bh))
and Hy = G, respectively. Since 0 < b < 1, it follows that Qo € EH. Thus,
FC7b(R2:b) = Q(Ea Slv Gv QQ)

is contained in R:b.
On the other hand, if h; < 1, then Ly does not intersect R:fb. It still holds that Fq €
EH and H; = G. We have to check that G; € FG and F; € EH. Indeed, the images of '

and G are
Fy = (h{,chy (2 — h3) + bhT) (3.22)
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and

G1 = (hy,chy (2 — h3) + bh3) (3.23)

Since 1 > h;“ >0> hf and ¢ < 0, then Fj is clearly below Fq, and above E because
chy (2 —hy) +bhi > hi

is equivalent to (h; —1)% > 0, which trivially holds. Since 1 > h; >0>hfand0<b<1,
then G is clearly below G, and above F' because the ordinate of GG; is greater than that
of Fy. Thus,

Fc,b(R;b) = Q(F,G1,G, Ey)

is contained in R:b. O

Remark 3.2.2. The square R:b is symmetric with respect to Lg if and only if a = —2(b—1)2,
in which case hf =2 — hf = —1 and (hg,hy) = (3,3) is a fixed point. The square R:b
is strictly invariant if and only if b = 0 and a < —1. By applying the changes of variables
and parameters from Remark 3.1.3, the square sz is transformed into the 7, j-invariant

quadrilateral R(jb of vertices

a’+a(1-b)? a a’?+a(1-b)> a?+a(1-b)(1— a
((l, ﬁ)a (a - (1(1_21[:)37 J(rl_(é)gb) )7 (a+ (1_2(,)27 4(»1_(%,);)) )7 ( + ((11_12))&1 2b)7 ﬂ)

Note that R;O = [a,a+a?] X [a,a+a?]. Also, it is easy to check that h > 1 whenever b >

(1++/5)(1 +a)/2. In particular, this case holds for all parameter values sufficiently close
to (—2,0).

S G=H
I G=H H ‘ ‘o 1
£y : | |
| | |
| I I
| | |
l 1 ! S
Lo l Lo |
: Q2 | :
| | |
| | VL1
| | |
A% | | |
E F \
E=: Qo F

(a) (b)

Figure 3.4: The F, p-invariant square [h],hd] x [h{,hg] for 0 < b < 1: (a) hf < 1; (b)
hy >1

We will now prove a result analogous to Lemma 3.2.1 for —1 < b < 0.

Lemma 3.2.3. Let —1 < b < 0. The square

R, =[h, hy] x [hy hy],  hy <0<2<hy
where
__L% h__2—c
A

is F.p-invariant whenever —2(b+1)? < a < 0.
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Remark 3.2.4. Any square [h, hb] x [h], hb] with b} < h] and kY = 2— 1] is F, p-invariant.
Proof. In Figure 3.5 we represent the square R_, with vertices
E = (hy, hy), F = (hy,h7), G = (hy,hy), H = (hy,hy)

The critical line Lo intersects the boundary of R_, at the points So = (1,hy ) and Qo =
(1,hy). Since hy +hy = 2, then Lo is a good fold for R_;. The image of the segment Qo.So
is the segment Q151 with Q1 = (h7,c+ bhy) and S; = F, and the image of the side EH
is the segment F1H; with

Ey = (hy,chy hy + bhy)

and
H, = (hy ,chi hy + bhy)

Since hy < hy and b < 0, then H; € F'G, and the square R;b is invariant if and only if Fy
is below H, that is,
chi hy +bhy < hy (3.24)

Inequality (3.24) is equivalent to
c(2—2c)(c+2b) +b(1+b)(c+2b) <(1+b)(2—1¢) (3.25)
Since ¢ + bc = ¢ — a, inequality (3.25) transforms into
(1+0b)((2—c)(c—1)+b(c+2b)) < (2—c)a (3.26)
From a direct substitution of
(2—c)(c—1)+blc+2b) =2c(1+b) +2(b> —1) +a
into equation (3.26), we arrive at
(L4+b)(2c(1+b) +2(b*—1)) < (2—c—1-1b)a (3.27)
The left-hand side of inequality (3.27) is equal to
(1+b)(2c(1+b) +2(b* —1)) = (L +b)*(b—1—10)
while the right-hand side is equal to
2—c—1-bla=%1-b-19)

—2
Therefore,
(1+b)*b—1-6) < %(1-b+5)
Since 1 — b+ & > 0, we conclude that a > —2(b+ 1)2. O

Remark 3.2.5. The square R_, is always symmetric with respect to the Lo, and is strictly
invariant if and only if (a,b) = (—2,0). For a = —2(b+ 1)?, we have that F.,((hy,h])) =
(hy,hy).

Proposition 3.2.6. Let (a*,b*) = (—2,0). The curves

@) =1— /=8, (@)= —1+ /-4

(IS

intersect at (a*,b*) and define a sharp region
V={y(a)<b<~T(a):a* <a<0}

such that, for every (a,b) € V, there exists a Ty p-invariant quadrilateral.
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E: |
Q1 |
Lo
| Hl
El :
E Qo F=5

Figure 3.5: The F¢p-invariant square [hy,hy | x [h], hy] for =1 <b <0

The sharp region V for (a*,b*) = (—2,0) intersects the line b = 0. It was proved [60]
that, for the points in V along this line, the square RZO, see Remark 3.2.2, contains a 2-D
strange attractor for a-values in a subset of [-2, —2 + 4], for § > 0 arbitrarily small, with
positive Lebesgue measure [60]. Since the measure of E is null in the plane of parameters,
the persistence of the 2-D strange attractors is still an open problem.

3.2.2 A Sharp Parameter Region With Vertex at (—4,—2)

We will now search for invariant compact sets for parameter values close to Co = (—4, —2).
We will work with family (3.5), for which the critical line is Lo = # = 1. The first and
second images of Ly are

Li=y=c+bx (3.28)

and
Lo = by = —cx? 4+ (b® + 2bc + 2¢*)x — *(2b+¢) (3.29)

respectively. If b < 0, then £; is a line with negative slope and Lo is an upwards parabola.
In Figure 3.6 we represent all these curves. The intersection point of Ly and £y is Vp1 =
(1,c+b), and its first and second images are Vi 2 = (¢ +b,c+ b(c+ b)), and

Vas = (¢, b(c+b),clc+b)(2—c—b) +bc+be+ b))
respectively. The construction of the invariant domain will involve the symmetric line
L1 =y=c+2b—-bz
of £1 with respect to the critical line £y, whose preimage

La=y=F@—-1)7°+1 (3.30)

is a parabola symmetric with respect to Lo with vertex at (1,1) that intersects the lines £
and £ if and only if 2a > b3. In such case, the respective intersection points are

QF = (2%, c+bx7), xizli%$%\/b4—2ab
The image of both points is

Qf:Qf:(x,c—i—Zb—bx), x:C+b+§—% bt — 2ab
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Q+

+
1

V 1

)

Figure 3.6: The F, p-invariant curvilinear triangle (Vp1,Q%, Q™)

Lemma 3.2.7. Let —2 < b < 0. If0 > a > b3/2, then the following hold:

a) The point Q7 = Q7 is below QT and both coincide if and only if (a,b) = (—4,—2). In
such case, the points Q7 = f and QT are equal to (5,5), the fized point of F_1 5.

b) The point Vi o is below the point Q~ if and only if a < —2b — 2b*, and both coincide
if and only if a = —2b — 2b2.

Proof.
a) Since b < 0, the point Q] = f is below QT if and only if
cHb+ 8 0 /bt2ab <12 4 1\/bt —2ab (3.31)
Since ¢ < 0, inequality (3.31) is equivalent to
A+ (b—1)c+ (b+1)(b2 — Vbt —2ab) >0

By equation (3.2), the equivalent inequality

a < (b4 1)(b* — /bt — 2ab)
transforms, by multiplying by b% + v/b* — 2ab > 0, into

a(b? + /bt — 2ab) < 2ab(b+1)

It is sufficient to divide by a < 0 to arrive at

Vbt = 2ab > b(b + 2) (3.32)
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which is equivalent to inequality (3.31). Note that inequality (3.32) always holds
as vb* — 2ab > 0 and b(b+ 2) < 0. Equality holds if and only if a = —4 and b = —2.
In this case, both points coincide with the fixed point (5,5) of Fip with ¢ = —1.

b) Since b < 0, the point Vi 5 is below @~ if and only if
cHb>1+8 1 /bt 2 (3.33)
Since ¢ < 0, inequality (3.33) is equivalent to
A4+ (b—1)e<b?— Vbt —2ab

By equation (3.2), we obtain

Vbt —2ab < —b(b + 2) (3.34)

which is equivalent to inequality (3.33). Since vb* — 2ab > 0, squaring both sides,
we have that inequality (3.34) is equivalent to a < —2b — 2b%. Equality holds if and
only if VLQ =Q". O

Lemma 3.2.8. Let —2 < b< 0. Ifb3/2 < a <0, then the arc Q— Q" of the parabola E_l
does not intersect the arc ‘/172Q1~_ of the parabola Lo whenever a < —2b — 2b2.

Remark 3.2.9. If a = —2b — 2b%, from Lemma 3.2.8 it follows that both arcs intersect only
at Vio = Q. For b= -2, then a = —4 and both arcs coincide.

Proof. Since b > —2, then b/2 > —1, and since ¢ < 0, it follows that bc/2 < —c. Dividing
by b2, we conclude that ¢/2b < —c/b?. Therefore, the parabola £ i is wider than Ls.
Substracting equation (3.29) from equation (3.30) we obtain the distance

d(x) = ﬁ (c(b+ 2)a% — (203 + 4¢? + 6bc)x + (2b 4 ¢)(2¢% + b))

between both parabolas. Since a < —2b—2b?, it follows from Lemma 3.2.7 that the relative
positions of the points @~ and Vi o, and Q1 and Qf, are as represented in Figure 3.6.
Therefore, at the extremes of the interval

I=[ct+bct+b+b(b*— Vbt —2ab)]

determined by the abscissas of Vi 2 and Qf the parabola d is positive. Moreover, since
d" = c¢(b+2)/b% < 0, then d is positive on all I, and therefore the arc VLQQT is strictly
below the arc Q~ Q. O

From Figure 3.6, we obtain the next result.

Proposition 3.2.10. Let —2 < b < 0. Ifb3/2 < a < 0, then the curvilinear trian-
gle (Vo.1,Q~,Q7) is F,p-invariant whenever a < —2b — 202

Remark 3.2.11. It is strictly F,; invariant if and only if (¢,b) = (=1, —2), in which case
<%,17 in Q+> = <(17 _3)7 (_37 5)7 (5’ 5))

Proof. The lines £1 and £ and the parabola £, intersect forming a curvilinear trian-
gle R, of vertices Vp 1, Q~, and Q, which is symmetric with respect to the critical line L.
Therefore, the fold of R.; with respect to Lo is the curvilinear triangle of vertices Vp 1,
Py, and @. The image of R.p; under F,j is another curvilinear triangle, limited by the
lines £, and £1 and the parabola Lo, which intersect at the points Vp 1, Vi 2, and Qf,
respectively. From Lemma 3.2.8 we deduce that F,,(Rcp) C Rep. O
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By applying the changes of variables and parameters from Remark 3.1.3 to the Fi ;-
invariant curvilinear triangle from Proposition 3.2.10, we obtain a T, j-invariant curvilinear
triangle and straighforwardly prove the next result, from which Theorem 8 follows.

Proposition 3.2.12. Let (a*,b*) = (—4,—2). The curves
V(@) = V3a, v (@)=L - V=2
intersect at (a*,b*) and define a sharp region
V={y(a) <b<y"(a):a* <a <0}
such that, for every (a,b) € V, there exists a Ty p-invariant curvilinear triangle.

The existence of 2-D strange attractors was numerically proved [61] for parameter
values (a,b) along the curve G. It can be checked that G, on the right-hand side of a = —4,
is between the curves 2a = b® and a = —2b — 2b®>. The three of them go through the
point (—4,—2) with equal tangent. See Figure 3.7.

Figure 3.7: The sharp regions V(—2,0) and V(—4, —2) and the curve G plotted over the
stability configuration of P()~ from Figure 16a

3.3 Strictly Invariant Sets and Numerical Results

In Section 3.2 we proved the existence of invariant compact sets with nonempty interior
for parameter values (a,b) in sharp regions V whose boundary contains either (—2,0)
or (—4,—2). For the latter point, the sharp region V is limited by the curve 2a = b®. Along
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this curve, the second iterate of the critical line is a parabola symmetric with respect to
it, and the third one is a straight line. This property will make easier the construction in
this section of compact sets R,; with non-empty interior that will be strictly invariant.
Thus, the sets R, will be 2-D strange attractors as long as they are minimal (transitive).
Although we will not analytically prove such minimality here, we will numerically show
that they contain attractors seemingly strange. Also, we will show that these attractors
present processes of splitting and doubling that had been proved for I'; y in Chapter 2.

Possible 2-D strange attractors will also be numerically simulated for random parameter
values in the sharp region V for both (—2,0) and (—4, —2), thus strongly supporting the
conjecture that they are points of density.

3.3.1 Strictly Invariant Sets Along 2a = b*: Proof of Theorem 9

Let us first fix some notation. The image of a given curve C; under Fep (or T, ) is denoted
by Cj+1. The intersection point of two given curves C; and C; is denoted by V; ; for Fi
and by Q;; for T, 5. The segment of extremes P and Q is written as PQ. A curvilinear
polygon of consecutive vertices V1, V2, ..., V" is denoted by (V1 , V2 .. . V"),
Recall that the second iterate (3.29) of the critical line £y is a parabola. The third
iterate of Ly is
L3 = {(C,b¢ + 2cx — cx?) : z € R} (3.35)

where
b2¢ = —ca® 4+ (b° + 2¢(c + b))z — (2 + ¢)

Therefore, the curve L3 is a line if and only if
b3 4 2¢b + 2¢% = 2c¢ (3.36)

In such case,
Ls=y=>b(1+b)x+ 2bc* + ¢ (3.37)

and
Lo =b*y = —cx® +2cx — A(2b+¢)

is symmetric with respect to L. It is easy to check that equation (3.36) is equivalent
to 2a = b3.

Let us take parameter values along the curve 2a = b3. In particular, for (a,b) =
(—4,—2), the point Vj 2 coincide with @, and Va3 coincide with QT and Q] = Q7 (see
Figure 3.6), from which it follows that the curvilinear triangle C of vertices V1 = (1, —3),
Vig = (—3,5), and Va3 = (5,5), represented in Figure 3.8a, is strictly invariant. Moreover,
this triangle is self-similar: it coincides with the image of the triangle Ky of vertices Vj 1,
V1,2, and V2, which is itself the image of K under the fold F.,. The critical line intersects
the parabola Lo at its vertex Voo = (1,1). The preimages of the critical line define
a partition of the triangle K. By performing the changes of variables and parameters
from Remark 3.1.3, the curvilinear triangle C is transformed into (Qo1,Q1,2,@2,3), the
curvilinear triangle represented in Figure 3.8b. This triangle is strictly T4 _o-invariant
and it was constructed a topological conjugation between 7_4 _» and a certain Expanding
Baker Map on it [60]. By means of this conjugation, it was also proved that such triangle is
a 2-D strange attractor that supports an ergodic absolutely continuous invariant measure.

For parameter values (a,b) along 2a = b3 with b > —2, the point V3 does not belong
to the line £;. According to Figure 3.9a, we obtain another curvilinear triangle, limited
by L1, Lo, and L3, which is invariant, but not in a strict sense. Note that, for instance, the
point Vp 1, whose image is V 2, does not belong to (Vi 3, Vi 2, V2 3). In order to construct a
possible strictly invariant compact set contained in such curvilinear triangle, we will study
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\\\ ///,
Ly 2 "/0142 /L3
Lo
Vo : Vig (b)
(a)

Figure 3.8: (a) Strictly F,;-invariant curvilinear triangle for (¢,b) = (—1,2); (b) Strictly
T, p-invariant curvilinear triangle for (a,b) = (-4, —2)

Figure 3.9: (a) Strictly F, p-invariant curvilinear pentagon; (b) Strictly T, p-invariant curvi-
linear pentagon
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the position of the successive images L4, L5, and Lg. We will prove that £4 intersects £
and Lo at V14 and Va4, and that L5 intersects Lo and L3 at Vo5 and V35 for certain
b-values. Then, the pentagon

K= <V1,3; V1,47 V2,47 ‘/'2’5’ ‘/:3,5>

represented in Figure 3.9a is strictly invariant as long as Lg does not intersects it. Moreover,
the pentagon K is F,; self-similar because F¢ (ko) = K, being

Ko = Vi3, Via,Vau, Vo2, Vo3)

The respective curvilinear pentagon for T is represented in Figure 3.9b.

On the other hand, for parameter values (a,b) along the curve 2a = b3 with b < —2,
the line L3 intersects Lo at the point Vp 3 below Vj 1 and there exists no invariant compact
set with nonempty interior. See Figure 3.12.

Remark 3.3.1. Each vertex V; ; is the intersection point between £; and £;, and can be
obtained from the equations of those curves. However, since the expressions of the iterates
of the critical line £y of Fij are generally more complicated than those of the iterates
of the critical line Cy of Tj, it is more convenient to calculate V;; as the images of the
points @; ;j by the change of variables (3.4). For (a,b) = (—4,—2), we have that ¢ = —1
and each vertex @); ; is transformed into V; ;.

We will search for parameter values (a,b) along the curve 2a = b3 for which the curvi-
linear pentagon K is a T3 self-similar set. Then, we will prove that K is strictly invariant
for all those values. We will frequently do all the computations for family (3.1). See
Remark 3.3.1.

Proposition 3.3.2. Let V/ and V' the lesser roots of the polynomials 2+ 2b— 2b3 — b* and
8+8b+8b% +4b* +b° in the interval (—2, —1), respectively. Let by = min{t/,b"}. Then, the
curvilinear pentagon limited by the first five iterates of Co is Ty p-self-similar for all (a,b)
along the curve 2a = b® with —2 < b < by.

Remark 3.3.3. Since
(8 + 8b + 8b% 4 8b% 4 4b* + b°) — 4(2 + 2b — 2% — b?) = b?(8 + 16D + 8b? + b%)

is negative for —2 < b < —1, then ' < b” and therefore by = b'. Actually, it can be
numerically checked that b’ ~ —1.7167 and 0" ~ —1.4619.

Proof. 1If b < —1, then the arc
Co={(a+s%a+bs):a<s<0}
intersects Cp for s = s; = —a/b € [a,0] at the point
2 3 4
QO,Q = (a+ 2770) = (% + vaO)
with b3/2 + b%/4 < 0. This implies that the line C3 intersects C; for s = s1 at the point
2 3 3 4
Qs =(a,a+%)=(%.5+%)

and Cy at the point



and
b o b4\2 b3 bt b8
Qu=(G+(+7) 5 +7+7)
respectively. At the same time, we obtain the points
b3 b3 b5 b8N2 b3 bt B8 b7
Q5 = (G+(G-5-7)5+37-2-7)
b3 b3 bt b5\2 b3 T VR S A
Qs = (G+(G+5+7) 5+ (G+7) " +5+5+7)
as the images of the points Q14 and @24, respectively. In order to conclude that the
points @13, Q1.4, @24, Q25 and Q3 5 are the vertices of a curvilinear pentagon X like the
one shown in Figure 3.9b, we have to check the relative position of these vertices with
respect to the critical line:

e The point @ 3 is above Q1 4, and both belong to the half plane {y < 0} for all —2 <
b < —1. Indeed,
b3 b4 b3 b5 b6
0>5+5T>5 -5 71

trivially holds.

e For all =2 < b < —1, then the ordinate b3/2 + b*/2 — b°/2 — b7 /4 of Qg5 is greater
than the ordinate b3/2 + b*/2 + b°/4 of Q2,4, which is negative. Indeed,

3 4 6 7 3 4 5 5
e U S BRI R PR

and
3 4 5 3
s+ =1+ (1+0)%) <0

Moreover, since b3/2 + b1/2 — 59/2 — b7 /4 > 0 is equivalent to 2 + 2b — 2b> — b* < 0,
we have that Q25 € {y > 0} for all -2 <b < V',

e The point ()3 5 belongs to the half-plane y > 0. Indeed,
3 3 4 4 5 6
E+ G+ +5+5+5 >0

is equivalent to
8 4 8b 4 8b% + 8b% + 4b* +-b° < 0

which is verified for —2 < b < b".

Let Ko = (Qo,2,Q0,3, Q1,3, Q1,4,Q2,4). Then, we have that Tj, ,(Ko) = K, and therefore £
is self-similar. O

The change of variables (3.4) transforms K and Ky from the proof of Proposition 3.3.2
into the curvilinear pentagons

K= Vi3, Vi4,Vou, Vo5, V35), Ko=(Vo2,Vo,3,V13,Via,Vas)

respectively, verifying Fi,(Ko) = K. See Figure 3.9a. In order to conclude that K and its
folded image Fr, o(K) are as shown in Figure 3.9a, and consequently, I ,(K) = K, we
need some previous results.

Lemma 3.3.4. Let 2a = b®. For all =2 < b < by, the line L3 intersects the lines Lo
and L1 at the points

Vos = (1,0 +b%+2bc* + ), Viz= (b%(c —2bc% — &3, (e — 2bc? — 3) + ¢)
respectively. The image under F.p of the segment Vo3V 3 is the arc

ViaVaus = {(s,as® + Bs+7) : 51 <5< 50}
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with
_ C
Q= ")

_2¢(2bc?4-c?) 2
B="tmr et

_ 02b02 +c3 3 C(2bc2 +c3)?
L (b+b2)?

and

s1=3(c(1+b)— 2bc? — &%)
so=b+ b>+2bc% + &3

The arc Vi 4Va 4 is tangent to the line Ly for s = (b— 8)/2« at the point
Vig= (1— L (2b° —20° — %), 1 — L(26° + 2b* — 205 — b7))
and transversal to Lo at the point
Vou = (1—L(20° + 20" +0°),1 — L(2b° + (b° + b*/2)? + 2b* + 2b° +b9))
Remark 3.3.5. Tt holds that v = (1 — s2/(b + b2)?).

Proof. The points Vp 3 and Vj 3 are obtained directly from equations (3.28) and (3.37).
The arc Vj 4V5 4 is an arc of the parabola

Li=y=as’+ s+~ (3.38)

whose equation is obtained directly as the image under F,j, of equation (3.37). The slope of
its tangent line is equal to 2as+ 3, which coincides with the slope b of £; for s = (b—f)/2a.
For this value of s, we obtain the point V4, whose coordinates are obtained directly by
performing the change of variables (3.4) to Q1 4. Likewise, we obtain the coordinates of V5 4
from those of Q2 4. O

Lemma 3.3.6. The tmage under Fiy of the arc Vi 4Va 4 s
Vo5V s = {(as® 4 Bs+7,2cs — cs> + b(as® + Bs+ 7)) : 51 < 5 < 50}

The arc Vo5Vs 5 is tangent to Lo at the point Vo5 = (225, y25) with

and the folded arc
VZ,QVM ={(2— (as* + Bs +7),2cs — cs® + b(as® + Bs+7)) : 51 < 5 < 50}

1s tangent to Lo at the point 17275.

Proof. The arc V3 5V3 5 is an arc of the curve L5, whose parametrization is obtained directly
from equation (3.38). The coordinates of Va5 are obtained from those of Q25 by means of
the change of variables (3.4). Since £4 and £; are tangent at Vi 4, the lines £5 and £, are

tangent at Vo 5. Since Lo is symmetric with respect to Lo, then the folded arc Vo 5V3 5 is
tangent to Lo at Vo 5. ]
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Lemma 3.3.7. For all —2 < b < —1, the points 172,3 and ‘72,5 belong to the parabola Lo.
Moreover: w19 < w24 <2 — 223 <2 —T25.

Proof. The points V53 and Vo5 are found on the parabola Lo by construction. Since Lo
is symmetric with respect to Lo, then both V53 and V3 5 also belong to £L2. We compute
directly the abscissas of all theses points:

1
r12=1-—5

5
roa=1- LB +b'+ 1Y)
~ 3 4
By =1+ 532
Fop =1+ L (0> +b" =10 — )

Thus, the point V; o is on the left of Va4 if and only if 4* > b3 + b* + /2, which holds
whenever —2 < b < —1. On the other hand, the point V5 4 is on the left of V5 3 if and only
if 53(2 + b)? < 0, which holds whenever b < 0. Finally, it is straightforward that Va3 is on

the left of Vo5, since T2 3 < 95 is equivalent to 0 < 2 + b. O

Proposition 3.3.8. For all =2 < b < by, the Fi-self-similar curvilinear pentagon K is
strictly Fep-invariant.

Proof. Let K1 = KN{xz > 1}. It is clear that K1 is contained in Vo2, Vo 3, 17273>. In order to
conclude that Fr(K) = Ko, it is sufficient to notice that the arc V; 4V5 4 does not intersect
the previous curvilinear triangle. This is straightforward from the inequality 24 < 23
from Lemma 3.3.7 and the fact that the arc Vj4V24 is a parabolic arc tangent to £g
at V174. O

From the proof of Proposition 3.3.2 we see that no T, -self-similar pentagon is obtained
for ¥ < b < b’. The curve Cs intersects the pentagon Ky, and so will the curves Cg
and C7. If the points Q5 g8 and (3 g, where Cg intersects the curves Cs and Cs, respectively,
have positive ordinates, then a certain Tj, p-self-similar curvilinear octogon appears. See
Figure 3.11.

The following result proves that there are no strictly invariant compact sets with
nonempty interior for b < —2.

Proposition 3.3.9. Along the parameter curve 2a = b3, the map Tap has no strictly
nvariant compact set with nonempty interior if b < —2.

Proof. In Figure 3.12a, respectively in Figure 3.12b, we show the relative position of the
curves L;, respectively C;, for j = 0,1,2,3, when 2a = b and b < —2. We check
that, indeed, the curve Cs, respectively L3, does not intersect (Qo1,Q@1,2,Qo,2), respec-
tively (Vo.1, Via, Vo2). Since Qo0 = (a+a?/b?,0), it is sufficient to observe that if 2a = b?
and b < —2, then a + a?/b? > 0. If C3 does not intersect (Qo 1, Q1,2, Qo,2), then T, does
not display any strictly invariant set with non-empty interior intersecting the critical line.
We next prove this property holds for any line Cy . = y = —e¢ parallel to the critical line
with 0 < e < —c.

Indeed, the line Cp. and its image C1. = x = a + €2 intersect at the point Qb1 =
(a4 &%, —¢), whose preimage is Q° o = ((b — 1), —¢). The image of C; . is

Coc = {(a+ 5% a+e>+bs) €R?: 5 € R}

which intersects Co ¢ at the point Qf o = (a+ (e24+¢e+a)?/b?, —¢). If 2a = b3 with b < —2,
then it is straightforward to check that

a+ (@ +e+a)’>ate’
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Va3

Figure 3.10: The Fi; self-similar curvilinear pentagon (Vi 3, V35, Va5, Vo4, V1 4) is strictly
F. p-invariant

for all 0 < & < —c. This means that C3 . does not intersect (Qf 1, Q] 5, Q5 o) and, therefore,
there exists no strictly invariant set with nonempty interior intersecting Cp. with 0 <
€ < —c. Since <Q(€],1’ iQ,Qg’z) reduces to the fixed point Q~ for ¢ = —¢, the proof is
complete. O

Proof of Theorem 9. Statement 1) is an immediate consequence of [60, Prop. 3]. The
existence of a strictly invariant pentagon for —2 < b < b; follows from Propositions 3.3.2
and 3.3.8. Statement 3) is equivalent to Proposition 3.1.1. O

3.3.2 Numerical Attractors Along 2a = b3

In this subsection we find numerical attractors along the parameter curve 2a = b for —2 <
b < —1.4 and show similarities between the dynamical behavior of the quadratic family
and the 2-D tent maps, namely the splitting and doubling of attractors analytically proved
for the latter in Chapter 2.

We start our numerical study by recalling that the fixed point P1)— of Top is an
attracting focus for all by < b < —1.4, where by ~ —1.4311 is the Hopf-Neimark—
Sacker bifurcation value. Past b = by, an invariant circle springs and persists for b-
values sufficiently close to by. When this invariant circle reaches the critical line for
some value b ~ —1.52805, a 8-periodic orbit appears. This periodic orbit persists until
one of its points is above a critical line for some value b ~ —1.54473, and an attracting
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Va3

)

Figure 3.11: When the iterate Lg intersects (VLg, V14, V24, Va5, V3,,5> from Figure 3.9a, a
curvilinear octogon appears

Lo

— /L.
£\ Voa ’

Lo

Vo'

Vos

(a)

Figure 3.12: (a) When b < —2, the point Qo3 is below Qo1 = Frp(1,1), and Ly gets
farther away not allowing the existence of a strictly compact set with nonempty interior;
(b) The analogous situation of (a) for T,

invariant circle intersecting the critical line appears. This invariant circle persists in the
interval [—1.55, —1.6], showing sharper features as b diminishes. See Figure 3.13.
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() (f)

Figure 3.13: From an attracting fixed point to an invariant circle through the Hopf-
Neimark—Sacker bifurcation segment: (a) the attracting fixed point for b = —1.4263; (b)
the attracting invariant circle sprung when b = by for b = —1.4526; (c) the invariant
circle of (b) grows until reaching the critical line for b ~ —1.5281; (d) the invariant circle
disintegrates into a 8-periodic orbit for b ~ —1.5342; (e) the invariant circle reappears
for b = —1.5762; (f) the invariant circle keeps growing and has sharper features for b =
—1.6237.
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In the interval [—1.7, —1.6] we find our first 1-D strange attractor. Let us explain how
it is formed. First, the invariant curve from Figure 3.13f continues developing sharper
features as b diminishes, until a 35-periodic attractor appears for b ~ —1.62895. Then, a
Hopf bifurcation occurs and 35 invariant circles spring from this periodic orbit. Afterwards,
a period-doubling occurs: a 27-periodic attractor becomes a 2 x 27-periodic attractor
for b &~ —1.64211. For b ~ —1.64474, a 27-piece 1-D attractor appears. As b diminishes,
the pieces of this attractor sligthly change their form and become closer to each other until
they merge forming our first 2-D strange attractor for b ~ —1.66579. See Figure 3.14.

27 A7
= ) s ?///7
4 (lw(
(a) (b) (c)

Figure 3.14: The 27 pieces of a 1-D strange attractor merge into a 1-piece 2-D strange
attractor with one hole: (a) b = —1.64472; (b) b = —1.64737; (c) b = —1.6658

The attractor from Figure 3.14c is a 1-piece 2-D attractor with one hole, formed by the
merging of the 27 pieces of the former 1-D strange attractor. This 2-D strange attractor
disappears for b ~ —1.6789 with the appearence of a 2 x 11-periodic attractor, which halves
its period for b ~ —1.67632. Then, a Hopf bifurcation occurs and 11 invariant circle spring
from the previous periodic attractor. For b ~ —1.69211 we find a 11-piece 1-D strange
attractor. As b diminishes, the pieces of this attractor become closer until merging into
a l-piece 1-D strange attractor with one hole, which becomes 2-D after several periodic
bifurcations. See Figure 3.15.

As b continues diminishing, the hole of the 1-piece 2-D strange attractor from Fig-
ure 3.15f is filled. For b ~ —1.7868, a 15-periodic attractor appears which becomes a
2 x 1h-piece 1-D strange attractor for b ~ —1.78947. These pieces become closer un-
til merging in a 3-piece 1-D strange attractor for b ~ —1.7921. See Figure 3.16a. This
attractor persists and its pieces become thicker as b diminishes, until a 9-periodic attrac-
tor appears for b ~ —1.82105, which transforms into a 9 x 4-piece 1-D strange attractor
for b &~ —1.82368. Then, the 3-piece 1-D strange attractor from Figure 3.16a reappears
and its pieces become closer until merging into a 1-piece 2-D strange attractor without
hole, which seems to fill the curvilinear pentagon from Proposition 3.3.2. See Figure 3.16.

For b ~ —1.85, a 3-periodic attractor appears and persists until it undergoes a Hopf
bifurcation for b ~ —1.85263. Then, the curvilinear pentagon from Figure 3.16d reap-
pears as a l-piece 2-D strange attractor without hole and persists for almost all b €
(—2,—1.860526). The most remarkable exception is the appearence of a 4-periodic at-
tractor for b ~ —1.93878106. This periodic orbit undergoes a Hopf bifurcation for b ~
—1.942105 and a 16-periodic attractor appears later, which transforms into a 4-piece 2-D
strange attractor for b ~ —1.94072. See Figure 3.17.

3.3.3 Numerical Attractors in the Sharp Parameter Regions

Here we show some examples of numerical attractors for F,; in the invariant domains from
Propositions 3.2.6 and 3.2.12.

Let us begin with (a*,b*) = (—2,0). Figure 3.18 supports the conjecture that this
point is a point of density of strange attractors as the majority of the parameter values
around (a*,b*) are coloured in black. Recall that for b = 0 the square RIO = [a,a + a?] x
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(e) (f)

Figure 3.15: From an 11-periodic attractor to a holed 1-piece 2-D strange attractor: (a)
an attracting 11-periodic orbit for b &~ —1.6763; (b) 11 invariant circle spring after a Hopf
bifurcation for b ~ —1.6868; (c) a 11-piece 1-D strange attractor is formed for b ~ —1.6921;
(d) the 11- pieces in (c) get closer until they merge into a hole 1-piece 1-D strange attractor
for b ~ —1.7026; (e) a holed 1-piece 2-D strange attractor is created from the attractor
of (d) for b~ —1.7237; (f) the hole of the attractor of (e) almost filled for b ~ —1.7816.
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(c) ()

Figure 3.16: From a 3-piece 1-D strange attractor to a 1-piece 2-D strange attractor without
hole: (a) a 3-piece 1-D attractor for b = —1.82895; (b) the 3 pieces of (a) start merging
for b = —1.83684; (c) the merging continues for b = —1.84474; (d) a 2-D strange attractor
that fills the curvilinear pentagon b = —1.89737

(a) (b)

Figure 3.17: A 4-piece 2-D strange attractor for b = —1.94082: (a) the 4 pieces of the
attractor; (b) Amplification of a piece in (a)
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[a,a + a?] is strictly invariant for all =2 < a@ < —1 and contains a 2-D strange attractor
for all a sufficiently close to —2.

o1p

Figure 3.18: The black region predominates around (a*,b*) = (—2,0): (a) Amplification
of Figure 14b around (a*,b*); (b) Amplification of (a)

The evolution of the general 2-D strange attractor for b > 0 is shown in Figure 3.19.
In Figures 3.20 and 3.21 we show other 1-D and 2-D strange attractors numerically found
for parameter values in the sharp region.

For b < 0, the attractors seem to show a symmetry with respect to those found for b > 0.
Compare Figures 3.19 and 3.22.

For the case (a*,b*) = (—4,—2), very close to (a*,b*) we find the curvilinear pentagon
from Figure 3.9a and a similar evolution. See Figure 3.24. Figure 3.23 also supports
the conjecture that this point is a point of density of strange attractors. In Figures 3.25
and 3.26 we show other numerical strange attractors.

113



\h T ———m—
(a) (b) (c)

Figure 3.19: Evolution of the general 2-D strange attractor near (a*, b*) = (—2,0) for b > 0:
(a) (a,b) = (—1.62,0.01); (b) (a,b) = (~1.397,0.01); (c) (a,b) = (—1.3412,0.01)

Figure 3.20: From a 1-piece 1-D strange attractor to a 4-piece 2-D strange attractor for b =
0.176: (a) a = —1.0626; (b) a = —1.0978; (¢) a = —1.1400; (d) a = —1.2525
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Figure 3.21: The 31 pieces of a 1-D strange attractor merge into a 1-piece 2-D strange at-
tractor with one hole: (a) (a,b) = (0.303, —0.97153352); (b) (a,b) = (0.297, —0.98566473)

(a) (b) (c)

Figure 3.22: Evolution of the general 2-D strange attractor near (a*,b*) = (—2,0) for b <
0: (a) (a,b) = (—1.662088, —0.08838); (b) (a,b) = (—1.548977, —0.11994); (c) (a,b) =
(—1.439853, —0.1515)
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Figure 3.23: Amplification of Figure 14b around (a*,b*) = (—4, —2)

MRS

(a) (b) ()
Figure 3.24: Evolution of the general 2-D strange attractor near (a*,b*) = (—4,—2):
(a) (a,b) = (—3.9093,—1.948); (b) (a,b) = (—3.3022,-1.8788); (c) (a,b) =

(—3.8026, —1.8384)

. ' /

(c) (d)

Figure 3.25: Strange attractors of several pieces for V(a*, b*) with (a*,0*) = (-4, —-2): (a)
A 1-D strange attractor for (a,b) = (—2.2,—1.6431); (b) Amplification of a piece in (a);
(c) A 2-D strange attractor for (a,b) = (—2.4, —1.6932); (d) Amplification of a piece in (c)
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Figure 3.26: Strange attractors of one piece for V(a*,b*) with (a*,b*) = (—4,—-2): (a)
(a,b) = (—2.389, —1.702); (b) (a,b) = (—2.4, —1.6937); (c) (a,b) = (—2.2, —1.6422)
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Conclusiones

En esta memoria hemos iniciado el estudio de una familia biparamétrica I'y g de Expanding
Baker Map, dada por una expansividad ¢ > 1 y un éngulo de rotaciéon 0 < 6 < 7, que
parece ser una buena aproximacion de la familia cuadratica bidimensional T, ;. Primero, la
familia I'y, p generaliza la familia uniparamétrica A; de tiendas bidimensionales, correspon-
diente al angulo 6 = 37/4, que se demostro que es la mejor eleccion dentro del marco de las
aplicaciones lineales a trozos para describir la dindmica de T, a lo largo de cierta curva
de parametros |55]. Segundo, para rotaciones de angulos multiplos racionales de 7, hemos
extendido la mayoria de los resultados previamente probados [57, 58, 59| para As. Y ter-
cero, la familia I', y presenta los mismos tipos topolégicos de atractores extranos que Ty .
Mas concretamente, estos son los principales resultados analiticos:

1. Para todo 0 < 6 < m, existe ag > 1 tal que I'y ¢ tiene un poligono estrictamente
invariante K, ¢ para todo 1 < a < ap. Més alin, existe una sucesion no creciente de
valores de a en (1, ag] en los que el nimero de lados de K, g aumenta. Esta sucesion
es finita (eventualmente constante e igual a 1) si y solo si #/7 es un nimero racional.

2. Para todo 0 < 0 < 7, la aplicacion I'y g: Ky 9 — Ky 9 presenta un nimero finito de
atractores extranos bidimensionales persistentes.

3. Sea § =27p/q € (0,m) con p,q € Ny med(p,q) = 1. Si ¢ > 4, entonces I'y y es una
Ezxpanding Baker Map renormalizable para todo a suficientemente préoximo a 1.

4. Sea § = 27p/q € (0,7) con p un numero natural impar y ¢ una potencia de 2.
Entonces, la aplicacion I'yg: Kq9 — Kqp presenta una cascada de duplicacién de
atractores.

En cuanto a la familia cuadratica bidimensional, hemos llevado a cabo un analisis de sus
puntos fijos y orbitas periddicas de periodo dos, asi como uno parcial de las de periodo tres.
Hemos descubierto que no existen érbitas periédicas atrayentes de periodo dos, y algunos
atractores extranos unidimensionales surgen de la colision entre una 6rbita periédica de
periodo tres de tipo silla disipativa y los tres ciclos limite originados a partir de otra érbita
periddica de periodo tres a través de una bifurcacién de Hopf-Neimark-Sacker. Finalmente,
hemos encontrado numéricamente coexistencia de atractores.






Conclusions

In this memoir we have initiated the study of a two-parameter family I', p of Expanding
Baker Maps, given by an expansion rate a > 1 and a rotation angle 0 < 6 < 7, that seems to
be a good approximation of the 2-D quadratic family 7, . First, the family I', y generalizes
the one-parameter family A; of 2-D tent maps, which corresponds to the angle § = 37 /4,
that was proved to be the best choice in the piecewise linear setting to describe the dynamics
of T, along a certain parameter curve [55]. Second, for rotations of angles that are
rational multiples of 7, we have extended most of the results previously proved [57, 58, 59]
for A¢. And third, the family I', g displays the same topological types of numerical strange
attractors as Ty ;. More concretely, these are the main analytical results:

1. For every 0 < 6 < m, there exists ap > 1 such that I', ¢ has a strictly invariant
polygon Ky for every 1 < a < ag. Moreover, there exists a nonincreasing sequence
of a-values in (1, ap] at which the number of sides of K, ¢ increases. This sequence is
finite (eventually constant and equal to 1) if and only if #/7 is a rational number.

2. For all 0 < 0 < 7, the map I'y9: Ky 9 — K,y displays a finite number of persistent
2-D strange attractors.

3. Let 0 = 2np/q € (0,7) with p,¢ € N and ged(p,q) = 1. If ¢ > 4, then 'y g is a
renormalizable Expanding Baker Map for every a sufficiently close to 1.

4. Let 6 = 27p/q € (0, 7) with p an odd natural number and g a power of 2. Then, the
map 'y 9: Ky — Kq9 displays a cascade of doubling of attractors.

As for the 2-D quadratic family, we have carried out a full analysis of the fixed points
and the 2-periodic orbits, and a partial one of the 3-periodic orbits. We have found
out that there are no attracting 2-periodic orbits, and some 1-D strange attractors arise
from the collision between a 3-periodic orbit of dissipative saddle type and the three limit
cycles originated by another 3-periodic orbit through a Hopf—-Neimark—Sacker bifurcation.
Finally, we have numerically found coexistence of attractors.






List of Symbols

EBM(LO,...,L" P, A

hmult (P, (I))
int IC
ICa,Q
Kn
Q")
[*a,@

(@ Q% ...

Ay

the counterclowise rotation of angle 6 by a factor of a
the basin of an invariant measure u

the open ball centered at P with radius r

the critical line z =1

the differential of a map f at a point P

the dilatation coefficient

an Expanding Baker Map

the restriction of a map f to a set K

the fold with respect to a line £ onto a point P ¢ L
the restriction of Fgﬂ to A for ¢ > 5

the Expanding Baker Map associated to C and A, g
the multiplicity entropy

the interior of a set IC

the strictly T'y p-invariant set ;2 T 4(Kn)

the self-similar N-sided polygon (o~ II,

a curvilinear polygon of consecutive vertices Q', Q?,...,Q"

the line —x cosf; + ysinf; = p

the nth iterate of C under A, g or Fr

the 2-D tent maps family

the point (1,0)

the weighted multiplicity

the Lebesgue measure in R?

the natural number 1 + |7/0]

the smallest natural number such that M, € %!
the origin (0, 0)

the polygon of consecutive vertices Q', Q?,..., Q"
the nth iterate of a partition P

the boundary of a set K

the half-plane limited by £,, containing O

the Expanding Baker Map associated to C and L, ¢ and Agq 26,

the nth iterate of a point () under I'; g or W, 9

the nth iterate of a set Q under I'y g or ¥, 9

the segment joining a pair of points Q and Q’

the symmetric point of @) with respect to a line £
the compact and convex N-sided polygon (,—, II,
the sector limited by ¥/ and %/+!

the ray {(scosjbq,ssinjf;):s >0} with j =0,...,g—1

the 2-D quadratic family T, (2, y) = (a + y2, x + by)

the angle 27/q if 6 = 27p/q € (0, 7) with p,q € N and ged(p,q) =1

the intersection point of £,, and L,,
the stable set of an attractor A
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