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Abstract

In this work we are interested in a bi-optimal control problem for a linear elliptic state equation with

homogeneous boundary Dirichlet condition. The two controls variables correspond to the coefficient of

the diffusion term of the equation and the open set where the it is posed. From the practical point of view,

this problem can be interpreted as findingmaterials from themixture of other ones with different diffusion

properties and on optimal shape. We analyze a relaxation process, optimality conditions, and finally we

provide a numerical algorithm and we show some numerical experiments.

1. Introduction

Let Ω be a bounded open set ofℝ𝑁 considered as the domain of reference, a typical optimal design problem

consists in finding the optimal layout of two materials in order to minimize a certain cost functional ( [1],

[11], [14]). In this sense, in the case of two isotropic materials with diffusion constants 0 < 𝛼 < 𝛽 the

problem can be formulated from the mathematical point of view:

min
𝜔⊂Ω measurable

�
𝜔

𝐹(𝑥, 𝑢) 𝑑𝑥

�
−div�(𝛼𝜒𝜔 + 𝛽𝜒Ω∖𝜔)∇𝑢� = 𝑓 in Ω

𝑢 = 0 on 𝜕Ω

(1.1)

where 𝑓 is a given source. The control variable𝜔 ⊂ Ωmeasurable determineswhere thematerial𝛼 is placed.

Another typical problem in optimal design appears whenwe only dispose of onematerial and the control

variable corresponds to the place where thematerial is or not posed, i.e., the control variable determines the

shape of the optimal domain 𝜔 ⊂ Ω with the presence of possible holes. From the mathematical point of

view the problem can written by

min
𝜔⊂Ω open

�
𝜔

𝐹(𝑥, 𝑢) 𝑑𝑥

�
−Δ𝑢 = 𝑓 in 𝜔

𝑢 = 0 on 𝜕𝜔.

(1.2)

In this work we are interested in considering the couple problem where as in (1.1), we look for the op-

timal distribution of two conductive materials and, similarly to (1.2), we search the set where the diffusion

equations is posed. If we consider a constraint on the amounts of the materials used in the mixture, the

problem can be formulated as

min
𝜔𝛼,𝜔𝛽

�
𝜔𝛼∪𝜔𝛽

𝐹(𝑥, 𝑢) 𝑑𝑥

⎧

⎨
⎩

−div�(𝛼𝜒𝜔𝛼 + 𝛽𝜒𝜔𝛽)∇𝑢� = 𝑓 in 𝜔𝛼 ∪ 𝜔𝛽

𝑢 = 0 on 𝜕(𝜔𝛼 ∪ 𝜔𝛽)

𝜔𝛼, 𝜔𝛽 ⊂ Ω measurable, 𝜔𝛼 ∪ 𝜔𝛽 open, |𝜔𝛼| ≤ 𝜅𝛼, |𝜔𝛽| ≤ 𝜅𝛽,

(1.3)

with 𝜅𝛼, 𝜅𝛽 two positive constants.

The lack of classical solutions of (1.1) and (1.2) is well-known ( [10]). In this work, we obtain a relaxed

formulation of (1.3), system of optimality conditions, and we provide a numerical algorithm to solve it. We

show some numerical experiments ( [6]).
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2. Statement of the problem and relaxation

We are interested in the optimal design problems of the kind of (1.3) with Ω ⊂ ℝ𝑁 a bounded open set,

𝑓 ∈ 𝐻−1(Ω), 𝛼, 𝛽, 𝜅𝛼, 𝜅𝛽, four positive constants with 𝛼 < 𝛽, and 𝐹 ∶ Ω × ℝ → ℝ such that

𝐹(⋅, 𝑠) is measurable in Ω, ∀ 𝑠 ∈ ℝ, (2.1)

𝐹(𝑥, ⋅) is continuous inℝ, a.e. 𝑥 ∈ Ω, (2.2)

∃ 𝑟 ∈ 𝐿1(Ω), 𝛾 > 0, such that |𝐹(𝑥, 𝑠)| ≤ 𝑟(𝑥) + 𝛾|𝑠|2, ∀ 𝑠 ∈ ℝ, a.e. 𝑥 ∈ Ω. (2.3)

Since as we said in the introduction the problem has no solution in general, we look for a relaxed formu-

lation, it will be obtained using the homogenization theory. In this way we will use the following classical

result due to S. Spagnolo ( [12]). See also [11].

Theorem 2.1 Let Ω ⊂ ℝ𝑁 be a bounded open set, and 𝐴𝑛 ∈ 𝐿∞(Ω)𝑁×𝑁 a sequence of symmetric matrix func-

tions such that there exist 𝛼, 𝛽 > 0 satisfying

𝛼|𝜉|2 ≤ 𝐴𝑛(𝑥)𝜉 ⋅ 𝜉 ≤ 𝛽|𝜉|2, ∀ 𝜉 ∈ ℝ𝑁, a.e. 𝑥 ∈ Ω. (2.4)

Then, for a subsequence of 𝑛, still denoted by 𝑛, there exists a symmetric matrix function 𝐴 ∈ 𝐿∞(Ω)𝑁×𝑁, which

also satisfies (2.4), such that for every 𝑓 ∈ 𝐻−1(Ω), the solution 𝑢𝑛 of

�
−div(𝐴𝑛∇𝑢𝑛) = 𝑓 in Ω

𝑢𝑛 ∈ 𝐻1
0 (Ω),

satisfies

𝑢𝑛 ⇀ 𝑢 in 𝐻1
0 (Ω), 𝐴𝑛∇𝑢𝑛 ⇀ 𝐴∇𝑢 in 𝐿2(Ω)𝑁,

with 𝑢 the solution of

�
−div(𝐴∇𝑢) = 𝑓 in Ω

𝑢 ∈ 𝐻1
0 (Ω).

We say that 𝐴𝑛 𝐻-converges to 𝐴 and we write 𝐴𝑛
𝐻
⇀ 𝐴.

Weare interested in the casewhere the domains also varies. In this sense it is necessary to recall some results

about capacity.

Definition 2.2 For a bounded open set Ω ⊂ ℝ𝑁 and 𝐸 ⊂ Ω, we define the capacity of 𝐸 in Ω as

Cap(𝐸, Ω) ∶= inf ��
Ω

|∇𝜑|2𝑑𝑥 ∶ 𝜑 ∈ 𝐻1
0 (Ω), 𝜑 ≥ 1 a.e. in a neighbourhood of 𝐸� .

Definition 2.3 A set 𝑈 ⊂ Ω is said to be quasi-open if for every 𝜀 > 0, there exists 𝐺 ⊂ Ω open such that

Cap(𝑈Δ𝐺, Ω) < 𝜀. The complementary in Ω of a quasi-open set 𝑈 is said to be quasi-closed.

We define𝑀0(Ω) as the set of non-negative Borel measures which vanish on the null-capacity sets of Ω and

satisfy

𝜇(𝐸) = inf �𝜇(𝑈) ∶ 𝐸 ⊂ 𝑈, 𝑈 quasi-open�.

It is important to remark that the elements of𝑀0(Ω) are not necessarily Radon measures. They can take a

infinity values in compact subets of Ω. Namely, for every 𝜇 ∈ 𝑀0(Ω), there exists a unique quasi-closed set

that we will note by 𝐶𝜇 such that

𝜇 = ∞𝐶𝜇
in 𝐶𝜇, 𝜇 is 𝜎-finite in Ω ∖ 𝐶𝜇,

where∞𝐶𝜇
is the measure in𝑀0(Ω) defined as

∞𝐶𝜇
(𝐸) = �

∞ if Cap(𝐸 ∩ 𝐶𝜇, Ω) > 0

0 if Cap(𝐸 ∩ 𝐶𝜇, Ω) = 0.

An extension of Theorem 2.1 for the case where the open set Ω also varies is given by the following theorem

due to G. Dal Maso and F. Murat ( [4] ).
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Theorem 2.4 Assume Ω ⊂ ℝ𝑁 a bounded open set, 𝐴𝑛 ∈ 𝐿∞(Ω)𝑁×𝑁 symmetric, which satisfies (2.4) and

𝜇𝑛 ∈ 𝑀0(Ω). Then, for a subsequence of 𝑛 still denoted by 𝑛, there exits a symmetric matrix 𝐴 ∈ 𝐿∞(Ω)𝑁×𝑁 and

a measure 𝜇 ∈ 𝑀0(Ω) such that 𝐴𝑛 𝐻-converges to 𝐴 and for every 𝑓 ∈ 𝐻−1(Ω) the sequence of solutions of

�
−div(𝐴𝑛∇𝑢𝑛) + 𝜇𝑛𝑢𝑛 = 𝑓 in Ω

𝑢𝑛 ∈ 𝐻1
0 (Ω) ∩ 𝐿2𝜇𝑛(Ω),

(2.5)

converges weakly in 𝐻1
0 (Ω) to the unique solution of

�
−div(𝐴∇𝑢) + 𝜇𝑢 = 𝑓 in Ω

𝑢 ∈ 𝐻1
0 (Ω) ∩ 𝐿2𝜇(Ω).

(2.6)

We will write

(𝐴𝑛, 𝜇𝑛)
𝐻𝛾
⇀ (𝐴, 𝜇). (2.7)

Definition 2.5 For 𝑝 ∈ [0, 1], we denote by𝑚−(𝑝) and𝑚+(𝑝) the harmonic and arithmetic mean values of 𝛼

and 𝛽 with proportions 𝑝 and 1 − 𝑝 respectively, i.e.

𝑚−(𝑝) = �
𝑝

𝛼
+
1 − 𝑝

𝛽
�

−1

, 𝑚+(𝑝) = 𝑝𝛼 + (1 − 𝑝)𝛽.

We also define 𝐾(𝑝) as the set of symmetric matrices 𝑀 ∈ ℝ𝑁×𝑁 such that their eigenvalues 𝜆1 ≤ ⋯ ≤ 𝜆𝑁
satisfy

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝑚−(𝑝) ≤ 𝜆𝑖 ≤ 𝑚+(𝑝), 1 ≤ 𝑖 ≤ 𝑁

𝑁

�

𝑖=1

1

𝜆𝑖 − 𝛼
≤

1

𝑚−(𝑝) − 𝛼
+

𝑁 − 1

𝑚+(𝑝) − 𝛼

𝑁

�

𝑖=1

1

𝛽 − 𝜆𝑖
≤

1

𝛽 −𝑚−(𝑝)
+

𝑁 − 1

𝛽 −𝑚+(𝑝)
.

Remark 2.6 The set 𝐾(𝑝) corresponds with the H-closure of two isotropic materials with fixed proportion 𝑝

and 1 − 𝑝, respectively, which was obtained in [13].

Using Theorem 2.4 we have obtained in [6] the following result adapted to problem (1.3).

Theorem 2.7 Assume Ω ⊂ ℝ𝑁 a bounded open set, 𝜇𝑛 ∈ 𝑀0(Ω), 𝜃
𝛼
𝑛 , 𝜃

𝛽
𝑛 ∈ 𝐿∞(Ω; [0, 1]), and 𝐴𝑛 ∈ 𝐿∞(Ω ∖

𝐶𝜇𝑛)
𝑁×𝑁 such that

𝜃𝛼𝑛 + 𝜃
𝛽
𝑛 ≤ 1 a.e. in Ω, 𝜃𝛼𝑛 + 𝜃

𝛽
𝑛 = 1 a.e. in Ω ∖ 𝐶𝜇𝑛 , 𝐴𝑛 ∈ 𝐾(𝜃𝛼𝑛 ) a.e. in Ω ∖ 𝐶𝜇𝑛 . (2.8)

Then, there exist a subsequence of 𝑛, still denoted by 𝑛, 𝜇 ∈ 𝑀0(Ω), 𝜃
𝛼, 𝜃𝛽 ∈ 𝐿∞(Ω, [0, 1]), and 𝐴 ∈ 𝐿∞(Ω ∖

𝐶𝜇)
𝑁×𝑁, satisfying

𝜃𝛼 + 𝜃𝛽 ≤ 1 a.e. in Ω, 𝜃𝛼 + 𝜃𝛽 = 1 a.e. in Ω ∖ 𝐶𝜇, 𝐴 ∈ 𝐾(𝜃𝛼) a.e. in Ω ∖ 𝐶𝜇, (2.9)

such that

𝜃𝛼𝑛
∗
⇀ 𝜃𝛼, 𝜃

𝛽
𝑛

∗
⇀ 𝜃𝛽 in 𝐿∞(Ω), (2.10)

and such that for every 𝑓 ∈ 𝐻−1(Ω), the sequence of solutions 𝑢𝑛 of (2.5) converges weakly in 𝐻1
0 (Ω) to the

solution 𝑢 of (2.6).

From Theorem 2.7 we can obtain the following relaxation version of (1.3).

Theorem 2.8 LetΩ ⊂ ℝ𝑁 be a bounded open set, 𝑓 ∈ 𝐻−1(Ω) and𝐹 satisfying 2.1, 2.2 and 2.3. Then a relaxed

formulation of (1.3) is given by

min�
Ω

𝐹(𝑥, 𝑢)𝑑𝑥

⎧
⎪

⎨
⎪
⎩

−div(𝐴∇𝑢) + 𝜇𝑢 = 𝑓 in Ω, 𝑢 ∈ 𝐻1
0 (Ω) ∩ 𝐿2𝜇(Ω)

𝜇 ∈ 𝑀0(Ω), 𝜃𝛼, 𝜃𝛽 ∈ 𝐿∞(Ω; [0, 1]), 𝐴 ∈ 𝐾(𝜃𝛼) a.e. in Ω ∖ 𝐶𝜇

𝜃𝛼 + 𝜃𝛽 = 1 a.e. in Ω ∖ 𝐶𝜇, 𝜃
𝛼 + 𝜃𝛽 ≤ 1 in Ω, �

Ω

𝜃𝛼𝑑𝑥 ≤ 𝜅𝛼, �
Ω

𝜃𝛽 ≤ 𝜅𝛽.

(2.11)
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Remark 2.9 The set 𝐾(𝜃𝛼) has an explicit but complex identification, in this sense, having in mind that in the

relaxed formulation it is necessary 𝐴∇𝑢 only, we can replace this set by

Sp(𝐴) ⊂ �𝑚−(𝜃𝛼),𝑚+(𝜃𝛼)� a.e. in Ω ∖ 𝐶𝜇.

Then, an alternative formulation of Theorem 2.8 is the following.

min�
Ω

𝐹(𝑥, 𝑢)𝑑𝑥

⎧
⎪

⎨
⎪
⎩

−div(𝐴∇𝑢) + 𝜇𝑢 = 𝑓 in Ω, 𝑢 ∈ 𝐻1
0 (Ω) ∩ 𝐿2𝜇(Ω)

𝜇 ∈ 𝑀0(Ω), 𝜃𝛼 ∈ 𝐿∞(Ω ∖ 𝐶𝜇; [0, 1]), 𝐴 ∈ 𝐿∞(Ω ∖ 𝐶𝜇)
𝑁×𝑁 symmetric

Sp(𝐴) ⊂ [𝑚−(𝜃𝛼),𝑚+(𝜃𝛼)] a.e. in Ω ∖ 𝐶𝜇, |Ω ∖ 𝐶𝜇| − 𝜅𝛽 ≤ �
Ω∖𝐶𝜇

𝜃𝛼𝑑𝑥 ≤ 𝜅𝛼.

(2.12)

3. Numerical Algorithm

Wepropose a numerical algorithm to solve the relaxed problem (2.12). We have two controls in the problem,

the matrix 𝐴 and the measure 𝜇, since it can take the value+∞, in order to get an approximation let us use a

truncation corresponding to take 𝜇 as ameasurable function taking values in [0, 𝑛]with𝑛 a positive constant,

large enough, we could identify the set 𝐶𝜇 with the set {𝜇 = 𝑛}. Then,

�
Ω∖𝐶𝜇

𝜃𝛼𝑑𝑥 ≤ 𝜅𝛼 replaced by �
{𝜇<𝑛}

𝜃𝛼𝑑𝑥 ≤ 𝜅𝛼 ⇔ �
Ω

𝜃𝛼𝜒{[0,𝑛)}(𝜇)𝑑𝑥 ≤ 𝜅𝛼.

However the function (𝑠, 𝜇) ∈ [0, 1] × [0,∞) → 𝑠𝜒{[0,𝑛)}(𝜇) is not convex. Thus, it is more convenient to use

its convex hull given by

(𝑠, 𝜇) ∈ [0, 1] × [0,∞) → �𝑠 −
𝜇

𝑛
�
+

.

Thus, we replace (2.12) by

min�
Ω

𝐹(𝑥, 𝑢)𝑑𝑥

⎧
⎪
⎪

⎨
⎪
⎪
⎩

−div(𝐴∇𝑢) + 𝜇𝑢 = 𝑓 in Ω, 𝑢 ∈ 𝐻1
0 (Ω)

𝜇 ∈ 𝐿∞(Ω; [0, 𝑛]), 𝜃 ∈ 𝐿∞(Ω; [0, 1]), 𝐴 ∈ 𝐿∞(Ω)𝑁×𝑁 symmetric

Sp(𝐴) ⊂ [𝑚−(𝜃),𝑚+(𝜃)] a.e. in Ω

�
Ω

�𝜃 −
𝜇

𝑛
�
+

𝑑𝑥 ≤ 𝜅𝛼, �
Ω

�1 − 𝜃 −
𝜇

𝑛
�
+

𝑑𝑥 ≤ 𝜅𝛽.

(3.1)

The following theorem is proved in [6].

Theorem 3.1 Problem (3.1) has at least one solution for every𝑛 ∈ ℕ. Moreover, for every sequence of solutions

(𝜃𝑛, 𝐴𝑛, 𝜇𝑛) of (3.1), there exist a subsequence, still denoted by 𝑛, and a solution (𝜃̂
𝛼, 𝜃̂𝛽, 𝐴̂, 𝜇̂) of (2.11) such that

denoting by 𝑢𝑛 and 𝑢̂ the solutions of the respective state equations, we have

�

𝑢𝑛 ⇀ 𝑢̂ in 𝐻1
0 (Ω), (𝐴𝑛, 𝜇𝑛)

𝐻𝛾
⇀ (𝐴̂, 𝜇̂)

�𝜃𝑛 −
𝜇𝑛

𝑛
�
+ ∗
⇀ 𝜃̂𝛼, �1 − 𝜃𝑛 −

𝜇𝑛

𝑛
�
+ ∗
⇀ 𝜃̂𝛽 in 𝐿∞(Ω).

(3.2)

Moreover

lim
𝑛→∞

�
Ω

𝐹(𝑥, 𝑢𝑛) 𝑑𝑥 = �
Ω

𝐹(𝑥, 𝑢̂) 𝑑𝑥. (3.3)

Having in mind the convexity of the set of controls, for a given set of controls (𝜃𝑘, 𝐴𝑘, 𝜇𝑘)we search some

new controls

�

𝜃𝑘+1 = 𝜃𝑘 + 𝜀𝑘(𝜃̂ − 𝜃𝑘),

𝐴𝑘+1 = 𝐴𝑘 + 𝜀𝑘(𝐴̂ − 𝐴𝑘),

𝜇𝑘+1 = 𝜇𝑘 + 𝜀𝑘(𝜇̂ − 𝜇𝑘),

(3.4)
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such that the cost function decreases.

We propose to use a gradient descent method where the volume constraints are introduced by Lagrange

multipliers (to determine) in the cost functional, these Lagrange multipliers are obtained using the Uzawa

method. For more details for the algorithm see [6].

We put 𝑢𝑘 the solutin of

�
−div(𝐴𝑘∇𝑢𝑘) + 𝜇𝑘𝑢𝑘 = 𝑓 in Ω

𝑢𝑘 ∈ 𝐻1
0 (Ω).

(3.5)

We introduce the adjoint state 𝑝𝑘 as follow:

�
−div(𝐴𝑘∇𝑝𝑘) + 𝜇𝑘𝑝𝑘 = 𝜕𝑠𝐹(𝑥, 𝑢𝑘) in Ω

𝑝𝑘 ∈ 𝐻1
0 (Ω),

(3.6)

and the functions

⎧
⎪

⎨
⎪
⎩

𝐸+𝑘 =
|∇𝑢𝑘||∇𝑝𝑘| + ∇𝑢𝑘 ⋅ ∇𝑝𝑘

2
,

𝐸−𝑘 =
|∇𝑢𝑘||∇𝑝𝑘| − ∇𝑢𝑘 ⋅ ∇𝑝𝑘

2
.

(3.7)

We fix a number 𝑛 ∈ ℕ, large enough and note 𝐼𝑘 = ∫
Ω
𝐹(𝑥, 𝑢𝑘) 𝑑𝑥. The algorithm is the following:

• Initialization: consider 𝜆0,1, 𝜆0,2 ≥ 0, 𝜃0 ∈ 𝐿∞(Ω; [0, 1]), 𝐴0 ∈ 𝐿∞(Ω)𝑁×𝑁, Sp(𝐴0) ⊂ [𝑚−(𝜃),𝑚+(𝜃)],

𝜇0 ∈ 𝐿∞(Ω; [0, 𝑛]), 𝜌 > 0 small and ̄𝑗 ∈ ℕ.

• for 𝑘 ≥ 0, iterate until convergence as follow:

– We compute the solutions 𝑢𝑘, 𝑝𝑘 of (3.5) and (3.6) respectively, and later 𝐸
+
𝑘 , 𝐸

−
𝑘 defined by (3.7).

– We denote 𝜆0𝑘,1 = 𝜆𝑘,1, 𝜆
0
𝑘,2 = 𝜆𝑘,2, then for 𝑗 ≤ ̄𝑗 − 1, we define (𝜆

𝑗+1
𝑘,1 , 𝜆

𝑗+1
𝑘,2 ) by

⎧
⎪

⎨
⎪
⎩

𝜆
𝑗+1
𝑘,1 = �𝜆

𝑗
𝑘,1 + 𝜌��

Ω

�𝜃
𝑗
𝑘 −

𝜇
𝑗
𝑘

𝑛
�
+

𝑑𝑥 − 𝜅𝛼��

+

𝜆
𝑗+1
𝑘,2 = �𝜆

𝑗
𝑘,2 + 𝜌��

Ω

�1 − 𝜃
𝑗
𝑘 −

𝜇
𝑗
𝑘

𝑛
�
+

𝑑𝑥 − 𝜅𝛽��

+

,

(3.8)

with 𝜃
𝑗
𝑘, 𝜇

𝑗
𝑘 are defined by Proposition 4.2 in [6].

– We take 𝜆𝑘,1 = 𝜆
̄𝑗
𝑘,1, 𝜆𝑘,2 = 𝜆

̄𝑗
𝑘,2, 𝜃̂ = 𝜃

̄𝑗
𝑘, 𝜇̂ = 𝜇

̄𝑗
𝑘 and 𝐴̂ as a symmetricmatrix function in 𝐿∞(Ω)𝑁×𝑁

such that

⎧
⎪

⎨
⎪
⎩

𝐴̂∇𝑢𝑘 =
𝑚+(𝜃̂) + 𝑚−(𝜃̂)

2
∇𝑢𝑘 +

𝑚+(𝜃̂) − 𝑚−(𝜃̂)

2

|∇𝑢𝑘|

|∇𝑝𝑘|
∇𝑝𝑘 a.e. in {∇𝑝𝑘 ≠ 0}

𝐴̂∇𝑝𝑘 =
𝑚+(𝜃̂) + 𝑚−(𝜃̂)

2
∇𝑝𝑘 +

𝑚+(𝜃̂) − 𝑚−(𝜃̂)

2

|∇𝑝𝑘|

|∇𝑢𝑘|
∇𝑢𝑘 a.e. in {∇𝑢𝑘 ≠ 0} .

(3.9)

with Sp(𝐴̂) ⊂ [𝑚−(𝜃̂),𝑚+(𝜃̂)], a.e. in Ω where 𝑚−(𝜃̂) and 𝑚+(𝜃̂) the harmonic and arithmetic

mean values of 𝛼 and 𝛽with proportions 𝜃̂ and 1 − 𝜃̂ respectively.

– For 𝜀𝑘 ∈ (0, 1], we update 𝜃𝑘+1, 𝐴𝑘+1, 𝜇𝑘+1 by (3.4).

• Stop if convergence:
|𝐼𝑘−𝐼𝑘−1|

|𝐼0|
< 𝑡𝑜𝑙, for 𝑡𝑜𝑙 > 0 small.

We finish this section showing somenumerical experiments based in the algorithmsdescribed above. The

computationhasbeen carriedoutusing the free softwareFreeFem++v4.5 ( [8], available inhttp://www.freefem.org).

The figures are obtained using Paraview 5.10.1 (available at https://www.kitware.com/open-source/# par-

aview), which is free also.

We use 𝑃1-Lagrange finite element approximations for 𝑢𝑘 and 𝑝𝑘, solutions of the state and costate equa-

tions respectively, and 𝑃0-Lagrange finite element approximations for control variables, (𝜃𝑘, 𝐴𝑘, 𝜇𝑘). For all

simulations we consider Ω = [0, 1]2, 𝛼 = 1 and 𝛽 = 2.
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Fig. 1 Example 1: 𝜅𝛼 = 𝜅𝛽 =
1

2
: optimal 𝜃.

Example 1. We consider 𝐹(𝑥, 𝑢) = −𝑢, 𝑓 = 1 and 𝜅𝛼 = 𝜅𝛽 = 0.5. This problem has been solved by

several authors in the case where we only optimize the matrix 𝐴 and fixed 𝜇 ≡ 0 ( [1], [5], [7], [9]). We have

considered 𝑛 = 104, and we recover the optimal measure 𝜇 = 0 and (𝜃𝛼, 𝐴) given by the previous works,

see Figure 1.

Example 2. We consider 𝐹(𝑥, 𝑢) =
1

2
�
Ω

|𝑢 − 1|2 𝑑𝑥, 𝑓 = 1 and different values of 𝜅𝛼 and 𝜅𝛽. For the

first simulation we consider 𝜅𝛼 = 0.35 and 𝜅𝛽 = 0.3, in this case there is not enough material to fill out all

the domain Ω, thus we expect that the optimal 𝜇 ≢ 0 defines a smaller domain, see Figure 2.

Fig. 2 Example 2, 𝜅𝛼 = 0.35 and 𝜅𝛽 = 0.3: computed optimal 𝜃 (left), computed optimal 𝜇 (right).

For a second simulation we consider 𝜅𝛼 = 0.43 and 𝜅𝛽 = 0.62. In this case, as we expect all the domain

is filled out using both materials and holes do not appears, and 𝜇 ≡ 0, see Figure 3.

Finally, in Figure 4 we show the convergence of the algorithm for Example 2 in the case 𝜅𝛼 = 0.43 and

𝜅𝛽 = 0.62. For the rest of the numerical simulations the convergence evolution is similar.
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Fig. 3 Example 2, 𝜅𝛼 = 0.43 and 𝜅𝛽 = 0.62: computed optimal 𝜃 (left), computed optimal 𝜇 (right).

Fig. 4 Example 2, 𝜅𝛼 = 0.43 and 𝜅𝛽 = 0.62: cost evolution.
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