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1. Introduction

Relaxation methods are a general concept for solving problems that lack convexity. There are several such
methods, and we consider three of them: I'-regularization by [3], Young measures by [4], and convex combi-
nations by [2]. For bounded time domains, the comparisons are mostly done by Rousi€ek in [8], considering
different generalizations of Young measures.

We consider the relaxations for unbounded time domains and/or unbounded control sets. We establish
sufficient conditions under which all these three types of relaxations are equivalent to each other. Further-
more, we give an example showing that in some cases the relaxations differ.

The equivalence to the relaxation of the problem via convex combinations is convenient for computa-
tions. This type of formulation does not introduce any new mathematical objects such as Radon measures
or bipolars, but rather involves no more that functions, derivatives, and so on.

In the scenario where two problems (PR;), (PR;) are equivalent, one can establish the existence of an
optimal solution for the first by proving the existence for the other, and vice versa. In the subject “Existence
Theorem for Relaxed Control Problems on Infinite Time Horizon Utilizing Weight Functions” on the confer-
ence (FGS2024, Gijon), we present existence results for relaxed optimal control problems utilizing Young
measures technique. In this manner, one can automatically derive existence results for other equivalent re-
laxations.

In the following, we present only the proofs that are not contained in the cited works, or that need modi-
fication.

Definition 1.1 Let (P,), (P;) be two abstract optimization problems with admissible sets 44, 4, and real
valued objectives /4, J,:

J1(x) — Min P, J2(y) — Min (P,).

s.it. x €A, st. y€A,

We call the problems (P,), (P,) equivalent if there are two mappings 1; : A; — A,,1, : A, = A, with the
property J5(11(x)) < J1(x) (resp. J1(12(y)) < J2(¥) ) forall x € A; (resp. y € 4).

It follows from this definition that the mappings 1, , map minimizing sequences (optimal solution) of J; to
minimizing sequences (optimal solution) of J, and vice versa.

Lemma 1.2 Let the problems (P,), (P;) be equivalent with corresponding mappings i4,1,. Furthermore, let
{x;}ien be a minimizing sequence of J; (x). Then 1, (x;) represents a minimizing sequence of J,(x). Moreover, if
x* is an optimal solution of (P,), then 1,(x™*) forms an optimal solution of (P,).

Proof We denote as y; the images 11 (x;) and assume that there exists y € A, with J,(y) < _iglgjz (y;). We then
L

obtain a contradiction to {x;} being a minimizing sequence because the image 1,(y) is admissible for (P,), i.e.
liesin A4, and
VieN: J1((¥) <200 <200 < J1(x).

The second statement is rather trivial. One consider the existence of an admissible solution y € A, with
J2(9) <J2(12(x")), and we obtain a contradiction to 1 (x") = inf J; (x):
X€A;

J12(1) = J2(0) <J2(u(x) < Ja(x7).
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We relax an optimal control problem of following type:

J(x,u) = Jnr(t,x(t),u(t))dt — Min,

x(t) = f(t,x(t),u(t)) a.e.onQ, x(ty) = xo, (P)
x € W,H(Q,v),
u(t) eU € R™ae.on,

where f(t,&,v) is a Carathéodory function Q x R*"*™ — R", r(t,¢,v) is a real valued normal integrand
Q X R*™™ — R, and U is some closed set of R™. We call a variable v the control variable and ¢ the state
variable. We use weighted Sobolev spaces as a state space, and the weight v and the exponent p are supposed
to be chosen in a way that Wpl’"(ﬂ, v) forms a Banach space and such that for every element x € Wpl'"(Q, V)
there exists an absolutely continuous representativel. In following, we do not distinguish between elements
from x € Wpl’"(ﬂ, v) and their absolute continuous representatives.

2. Preliminaries

Let us start with some definitions from [7] and [3]. Let X be a set from a Euclidean space of finite dimension,
and let 1 € R be an open set. Furthermore we utilize following conventions

sup@ = —oo, inf@ = +oo.
Moreover, we denote the convex hull and the closed convex hull of some set A by co A and co A resp.

Definition 2.1 The function g : Q X X — R is a normal integrand if
1. g(t,") : X » Ris als.c. function for a.a. t € (,

2. there exists a measurable function § : O X X — R such that §(t,-) = g(t,-) fora.a. t € Q.

Definition 2.2 The function g : O X X - Ris a Carathéodory function if
1. g(t,-) : X = Ris a continuous function for a.a. t € Q,

2. there exists a measurable function § : O X X = R such that §(t,-) = g(¢t,-) fora.a. t € Q.

Lemma 2.3 Letg : Ox (R*xRY) = R, (t,&,v) = g(t,&,v) be some normal integrand and x some measurable
mapping QO — R™ Then the function g o x defined as g o x : (t,v) = g(t,x(t),v) is a normal integrand on
Q x R In this sense we can identify

Proof Follows immediately from [7, Cor.2B]. (]

Definition 2.4 Let I : Q — P(X) be some set valued mapping. We call I" measurable if for every closed
set A c X the set
r‘@:={teq|r¢)na=o}

is measurable. We call I" closed-valued if for every t € Q the set I'(t) is closed. Further we define dom I" :=
{teq| @ * 0}

Lemma 2.5 For a measurable closed valued multifunction I" : 0 — P (R™) there exists at least one measur-
able selection, i.e. a function u : dom I' - R™ withu(t) € I'(t) forallt € domI".

Now we introduce the I'-regularization (see [3, p.14]).

Definition 2.6 LetY be a real convex space,and g : ¥ — R. We call a pointwise supremum of continuous

affine functions Y — R, that are everywhere less than g, a I'-regularization g** of g°.

The I'-regularization is always l.s.c. and convex, [3, Prop.3.1.].
Now we cite a sufficient condition for the invariance of a normal integrand property under I'-regularization
([3, p.246, Prop.2.1]).

1See [5, 6].
2As g** we denote a bipolar of g, which for local convex spaces coincides with I'-regularization, [3].

38



ILyAa DIKARIEV AND SABINE PICKENHAIN

Lemma 2.7 Let g(t,&,v) be a normal integrand on Q X R™! and satisfies ®(||v])) < g(t,&,v), where the

function ® : [0,00) — R is convex, increasing, Ls.c. and fulfills lim ¢TZ) = +oo, Then the I'-regularization
Z—00

g™ (t,&,v) is a normal integrand on Q X R™"*! and satisfies ®(||v||) < g**(t, &, V).

Lemma 2.8 The integrand g(t,§,v) is normal iff X, (t) g (t, &, v) is normal for every K € comp({).

Proof One direction of this statement is obvious. For the other one we remark that the supremum g(t,§,v) =
SUp;e, gi(t, &, v) over some countable family | of normal integrands is normal, [7, Prop.2L]. Since R is the union
of countably many compact subsets the statement of the lemma follows immediately. O

3. Equivalence of I'-regularization and Convex combinations

Let us define a relaxation of a problem (P) in the sense of I'-regularization (PRG) and in the sense of convex
combinations (PRC).

Jere)(x) = fﬂg**(t.x(t),fc(t))dt - Min,

gt &n) =inf{rt,&,v) | veEU €S R™ f(t,&,v) =n},
x € WM (Q,v), x(ty) = Xo.

(PRG)

The I'-regularization g** is obtained from g resp. to variable 7. It follows from the definition of g in (PRG)
that the function g(t, x(t), x(t)) takes the value +oo for every t with Vv € U : x(t) # f(t,x(t),v). Thus, we
know that for any admissible solution x, the set

{teQ|vweU:x@) +# f(tx®),v)}

forms a negligible set (set of measure zero).
n+1
Jere (i) = [ 2030, w(@)de - Min
Q=

n+1

x(t) = Z A @) f(E x(t), u;(t)) a.e.on Q, x(ty) = xo,
i=1 (PRC)

x € W (Q,v),

A(t) € E™ := cofeq, ..., ep41} A€ 0N L,

u;(t) U € R™ae.on,

u;, A; - measurable fori =1..n+ 1.

Notice that the set E™ is n-dimensional, being the convex hull of n + 1 points of dimension n.

From now on we define the function W(t,z) : Q x [0,4+) — R as a non-decreasing, convex Ls.c. in z
function with the property

. Y(t2)
lim

Z—00 Z

= +oo uniformly on every K € comp(Q). Q

The integrand r satisfies a growth condition (G) if holds

Y, |IvID = (. $,v) (G)

with W satisfying (C).

Lemma 3.1 We consider the problem (PRG). Let the integrand r(t,&,v) satisfy growth condition (G). Let
the function f be a Carathéodory-function, and U be a closed set. Then the functions g(t,&,n) and its T'-
regularization g**(t,&,m) are normal integrands on Q X R?™,

Proof Let K be some compact subset of Q). We use a variant of Scorza-Dragoni theorem for normal integrands,
[3, Thm.1.1]. We show that

Ve>03K, cK: |[K\ K| < eandg|K RN Ls.c. (3.3)
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Since r is a normal integrand we can establish condition (3.3) for r(t, &, V) restricted to K, X R"*™, instead of
g } i}
We consider some sequence {(t;, &;,1;)} € K.XR?™ converging to (£, €,7) and show g (£, €,7) < lim g(t;, &, m;).

L—00
We only need to show the inequality for the case that the limes inferior is a real number from [0, ). We take
a subsequence, that represents the limes inferior. For simplicity let the sequence be again {(t;, &;,n;)} and we
have

lim g(t;, $i, i) = @ < +oo. (34)
For sufficiently large indexes i we have g(t;, &;,1;) < 400, which means

{rtué&v) | veU ft, & v) =n} = 0.

For every (t;, &;) the level sets of r(t;, &;,+) : U = R are compact since we have ¥ (t;, ||V|)) < r(t;, &;,v) and
the function W(t, ||v|) fulfills (C). Since the function r is Ls.c. in v and the preimage f ~1(t,&,)(n;) is closed we
obtain for every (t;, §é;,1;) a v; € U with

gty &imy) =7t & vi) and f(t, §,v) = 1.

Again in view of (C) we obtain that all of v; lie in some compact subset of U, and finally we obtain a subse-
quence (ti]., fi].,vij) converging to (£, ¢, V) and in view of continuity of f and Ls.c. of r on K, X R™*™ we have

f@&§9) =1,
T(t_f, g' \7) < h_m r(tijifij'vij)'
jooo

From latter inequality and definition of g we obtain

g(f, g' ﬁ) < T(E' g' ‘;) < h_m r(tij' fijt Vl]) = h_m g(tijifij' nij) =a.
j—ooo

]—)OO

The last limes inferior is equal to a because of (3.4). Thus, we obtain that g(t,&,v) is a normal integrand on
QXR™™, Finally, lemma 2.8 together with lemma 2.7 deliver that g**(t, &, v) is a normal integrand on QX R™t™
as well. O

Lemma 3.2 Let the integrand r satisfy growth condition (G). Moreover, letx : 0 - Ry : Q - R" be
measurable. Then there existn + 1 measurable functionsy; : Q - R* i =1..n+1and A : Q - E™ such that
we have for almost every t € Q:

n+1
g7t x(@),y() = Z Ai()g(t, x(8), i (1)), (3:5)
i=1

n+1

y(©) = ) LOWO.
i=1

Proof From lemma 3.1 follows that g**(t,&,n) is a normal integrand on Q X R?™ and corollary [7, Cor.2B]
delivers that g**(t, x(t),n) and g(t, x(t),n) are both normal integrands on Q. X R™, and due to [3, Prop.3.1.] we
obtain representation (3.5). |

Lemma 3.3 Let x be an admissible solution of (PRG), and the integrand r satisfy growth condition (G). Then
there exist functionsu : Q —» U™ and A : Q - E™ such that the triple (x, A, u) is admissible for (PRC) and

Jere) (%) = Jprey (%, 4, w).
Proof From lemma 3.2 we obtain measurable functions 1;(t), y;(t),i = 1..n + 1, which fulfill
n+1
97t x(6),x(1) = Z Ai()g(t, x(t), (),
i=1

n+1

£(6) = ) AONE®).
i=1
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Now we need to define a proper selection u;, for every function Yy, to fulfill the state equation

n+1

£(0) = ) MOF€x(0),u(0)).
i=1

For every y;(t) we define a set valued mapping
L) =={veU|ritx),v) =gt x®), )} (3.6)

The function g(t, x(t),y;(t)) : Q - R is measurable (lemma 2.3) and by [7, Thm.2]] we obtain that I';(t)
are measurable set valued mappings with closed values, and for every t with I';(t) # @ (follows from growth

condition (G) as in proof of lemma 3.1). That is the case for every t € dom I'; because of coercivity of ¥ in
n+1

z (see the proof of lemma 3.1). The set O\ (N dom I; is negligible, because X is an admissible solution with

=1
J(*) < +oo. The same theorem [7, Thm.2]] ldelivers that there exists a measurable selection u;(t) for every i
such that u;(t) € I;(t) and y;(t) = f(t,x(t),u;(t)) forallt € dom I;(t). And finally using (3.6) we get:

n+1
g7 (6, x(1), x(1)) = Z Ai(O)r (L, x (), u (1)), (3.7)
i=1

n+1

£(0) = ) A(OF (0, 1,(0)
i=1

for almost all t € Q. The solution (x,A,u) with A = (A4, ..., Ap41),u = (Uq, ..., Up41) IS then an admissible
solution of (PRC) and, because of (3.7), we have ] iprc)(x, 4, u) = J(prg)- O

Lemma 3.4 Let (x, A, u) be an admissible solution of (PRC) and the integrand r satisfy the growth condition
(G). Then x is an admissible solution of (PRG) and ] (prg) (%) < Jprc)(x, 4, ).

Proof From the definition of function g in (PRG) we obtain
gt x(t), f(t, x(), u; (1)) < r(t, x(t), u(t)) ae

We make use of [3, Lemma 3.3.] and get

n+1 n+1

g7 (6 x(0,5(0) < Y AOg(Ex(O, F(6x(O,w()) < D 2O X, w(0)
i=1 i=1

with A(t) € E™ a.e. on Q. O

Lemmas 3.4 and 3.3 imply immediately the equivalence of problems (PRC) and (PRG) in the sense of defini-
tion 1.1.

4. Equivalence of Young measures and Convex combinations

We first extend the notion of Young measure, as stated in [4], to unbounded domains () and sets U, which are
closed, but not necessarily bounded.

Definition 4.1 We call a family of Radon measures® u = {};cq on U a generalized control and write
U € My if it fulfills:

i) suppp; € U for almostall t € Q,
ii) p; is a probability measure for almostall t € £,

iii) for every g € C.(Q X U) the function

B(t) = (e g (6, V) = fuga, V) (v)

is measurable.

3For the theory of Radon measures we refer to [1].
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Now we are ready to define a relaxation in the sense of Young measures (also known as Gamkrelidze con-
trols):

T G 1) = fn (o7 (t,x(0), V) dt — Min,

x(t) = (ur, f (£, x(¢),v)) ae.onQ, x(tp) = xo, (PRY)
x € W,"M(Q,v),
u e My.

For further explanations we need following two definitions of orientor fields

o
Py (t, &) = {(ﬁ, (;g: ?:3)> | supp /i € U, [i - probability measure;.

The following lemma is a modification of [4, Assertion 2.1.].

Lemma 4.2 Let U be some closed subset of R™, the function g : U — R™ be continuous, and let H* ¢ R™ be
some hyperplane of dimension k, where 1 < k < n. Let the probability measure [i on U be such that supp i
g~ Y(H"). Further, let the point p := (fi, g) lie in H* and not in co P, where P represents the orientor field

P = {g(v) | vV E U}.
Then there exists a hyperplane H*=! of dimension k — 1, such thatp € H*~ and supp fi € g~ *(H*™1).

Proof Since g='(H") contains a support of the probability measure it is not empty. We conclude that co P N H*
is convex and not empty as well. We define a k — 1-dimensional hyperplane, denoted by H*=* < H¥, that
separates the point p and the set co P N H*. Furthermore, p lies in H*~1,

Let X(v) be the characteristic function of the preimage g~*(H"):

1, g(v) e H:?

X(v) := 0 o) & k-1

The preimage g~ *(H¥) is closed, as it is the preimage of a closed set under continuous mapping. Consequently,
the function X : U - Ris u.s.c.
We consider the equation

(Bg(v)=p)=0
from which we deduce

Bg() —p) = (LXMW —P) + {1 A = XW) (V) —p)) = 0.

Let w € H* be a vector orthogonal to H*1, and directed towards co P(t,x) N H¥. By taking a scalar product
with the above equation we obtain

(L, XWT(g(v) = p)) + (2, (1 = X)W (g(v) —p)) = 0. (4.2)

For all v with X(v) = 1, the scalar product w” (g(v) — p) vanishes because the points g(v) and p lie in the
hyperplane H*=1, and the vector w is then orthogonal to g(v) — p. It follows

vv e U XMW (g(v) —p) =0,
and together with (4.2) we conclude
(i, (1 =X@)HW"(g(v) —p)) = 0. (4.3)
Since g(v) € co P, and w is directed toward co P N H¥, for any v € g~*(H* \ H*~') we obtain

wT(g(v) —p) > 0.
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As forv from g~t(H* \ H*=1) the indicator function X is equal zero we conclude
YweU: giv) e HF \ H1 = (1 —x(w))wT(g(v) —p) > 0. (4.4)

Now from equation (4.3) we become
[a-xowrgm-paa= [ a-xmwieem -pa
U g™r(HR)

Since 1 — X(v) is Ls.c, and w' (g(v) — p) is non-negative and continuous on g~*(H*), we deduce that the
functionv = (1 — X)W (g(v) — p) is Ls.c. on g~*(H*). Now we use a proposition [1, Ch.IV, §2(1), Prop.3]
and conclude that the integrand (1 — X(v))wT (g(v) — p) vanishes on supp i. Now, from inequality (4.4) it
follows that supp ji N g~ (H* \ H*™1) = @. As we assumed that supp i lies in g~ (H¥), we get

supp i € g~H(H ™).

O

Lemma 4.3 Letr, f be Carathéodory functions on Q X R™*™, then co P(t,¢) = P (t, &) for almostall t € Q.

Proof Let (t,&) be arbitrary pair from Q X R™ such that (r(t, &), f(E, -))T : U —» R js continuous. The
inclusion P(t, &) € Py (t, &) is obvious. Let’s show Py, (t, &) € P(¢,§).

Let g be a continuous function g : v - (r(t, &), f(t€, V))T. We assume that there exists some probability
measure i with (i, g) = p & co P(t, ). Using lemma 4.2 with the settings k := n + 1, H* := R™*' we obtain
supp A € g~1(H™), where H" is a hyperplane of dimension n, contains the point p, and lies in H™**1,

We now set k := n and utilize the lemma 4.2 once again. After altogether n + 1 repetitions we obtain that
p lies in the hyperplane H® of dimension zero, and supp i € g~*(H®). Since p € H® and dim H° = 0 we obtain

H® = {p}and g~ (H®) = g~*(p).
The measure [i is a probability measure which implies supp i # @. Together with suppfi € g~ 1(p) we
obtain g~1(p) # @, that means that there exists v € U with P(t,§) 2 g(v) = p, and we get a contradiction.
O

Lemma 4.4 Let r,f be Carathéodory functions on Q X R™™ and (x,u) be an admissible solution of (PRY).
Then there exists an admissible solution (x, A, w) of (PRC) with ] pr¢)y(x, 4, u) < Jpry) (%, 1)

Proof Let us define a vector-valued function g : & X R™ — R*", g : (t,v) = (r(t,x(t),v), f(t, x(t),v))T. We
now use lemma 4.3, and for almost all t € Q we obtain

n+2

gt ) = Y Aigltu), 1€E™, uy ni €U. (45)

i=1
Now we prove that we can diminish the dimension of E™*1. We formulate following optimization problem:
cT1 > Min,
st. Al=d,
/T € En+1
where

r(t, x(t),uq) i
ci=| .. , A= (F6x(),uy), o, (6 x(E), Uns2)), d = A4, (4.6)
r(t, x(t), Un+2)

with v; and ifrom (4.5). Since c and A are non-negative, there exists an optimal solution 1* of (4.6). The
constraints of (4.6) define a convex polyhedron, therefore A" lies on its boundary. It means, that there exists at
least one index 1 < k < n + 2 with A}, = 0, and it follows (Aj_; _p12:+x) € E™. We then obtain

n+1 n+2

foraa t€ Q3IAEE™ Z Aig(tuy) < Z Lig(t,u) = (u, g(t,v)). (4.7)
=1 i=1
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Now we define the set-valued mapping

') = {(Aw) € EM x UMY | F(t, 4, u) = (u, f(t, x(t),V)),
Fl (t' l' u) < (”' T(t! X(t), V)) }

n+1 n+1

with F(t,A,u) = ¥ Aif (t,x(t),u;) and Fy(t,A,u) = Y A (t,x(t),u;). F and F; are Carathéodory functions.

=1 =1
The sets I'(t) are Lnot empty for a.a. t € Q because of(l4.7). Theorem [7, Thm.2]] delivers that I is measurable,
and by lemma 2.5 we get functions

A: Q- E™
u:Q-U, i=1,..,n+1

that are measurable and (A(t),u(t)) € I'(t) for a.a. t € Q. Finally, we obtain ] prc)(x, 4, u) < Jpry)(x, ). 0O

Lemma 4.5 Letr be a normal integrand and f be a Carathéodory function on Q X R™™, and let (x, A, w) be an
admissible solution of (PRC). Then, there exists an admissible solution (x, 1) of (PRY) such that ] pryy(x, 1) =

Jprey (%, 4, 0).

Proof The proof is straightforward: define y, := Z?:ll 2;(©)6y,(t), and it can be readily shown that p :=
{ut}teq constitutes a generalized control according to definition 4.1. |

Now, under the more restrictive conditions of lemma 4.4 we obtain the equivalence of problems (PRY) and
(PRQC).

5. Example
We will now provide an example to illustrate how the relaxations differ.

[ee)

J(x,w) =f0 [e™¥*® + x2(t)]e~tdt — Min,

x(t) = Trur 2" (0,0), x(0) =0, (PEX)

x € W,((0,0),e7),
u(t) € R a.e.on (0, o),
u - measurable.

To get the I'-regularization we first calculate the function g according to (PRG).

+o0, n<0,

1
(e 1 +E2et, n>0.

t,&,n) = inf —V2+§2)e—t|veR—1 =n(=
g(t,§,n) = inf) (e ikl

Now we can easily calculate the I'-regularized function according to the definition 2.6:

+00, n <o,

5.1
&2e7t, n=0. (5-1)

grén) = [

We insert this function, g**, into the formulation (PRG) and conclude that the problem

[ee]

Jpre) (%) = J; g™ (t,x(t), x(t))dt - Min,

x € Wt ((0,),e7Y), x(0) = 0,

where the function g** is taken from (5.1), possesses an optimal solution x* = 0 with Jprg)(x™) = 0.
On the other hand, since the integrand r(¢,§,v) = (e -4 £2)et is always greater than zero, for any

probability measure f1, we obtain (£, (e " &2)e~ty > 0. This implies that for any generalized control u, we
have

Jery)y (%, 1) = f (U e + x2(t))e~tdt > 0.
0
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At the same time, the sequence of generalized controls* u;, := {8¢}teq and corresponding solutions
X (t) = % arctan(kt) of the initial value problem of (PEX) form a null sequence J pry) (X, ii)
\/_ T2 koo
— 0

_[2¢2 1 _ A
(e k5 4 = arctanz(kt)> e~tdt < % T

(00

o) (o ) = j (Seee™ +x2(D)etdt = j
0 0

We conclude that there is no optimal solution for either the relaxations of the type of Young measures
or the convex combinations, according to lemma 4.4. Furthermore, because the condition (G) cannot be
satisfied, we are unable to extract any admissible solutions for other types of relaxations discussed here
from I'-regularization.
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“We denote by &, a Dirac-measure, concentrated at the point x.
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