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A B S T R A C T

In this paper, the authors have adapted existing thermal models for the calculation of conductor temperature
for use in electrical distribution systems for railway applications in multi-train environments. For this purpose,
the authors have used existing standards such as IEEE 738 for overhead lines and have proposed a resolution
methodology based on the difference equation model for cables. The authors have opted for a simplified method
since the priority in this case is the resolution in systems with multiple stations, lines, and trains. For this same
reason, they have chosen to decouple the electrical and thermal calculations so that the electrical variables
calculated through load flows constitute the input to the thermal calculation problem. The paper reviews the
existing formulation and proposes models for specific use in railway applications in a multi-train environment.
A detailed analysis of the results obtained in a real case study is presented as a validation element.
1. Introduction

The current increase in the world population introduces new chal-
lenges to various sectors, including railway systems. There is a need to
create a transportation system capable of carrying enormous quantities
of passengers and commodities while decreasing environmental effects.
Railway transportation emits 3–10 times less CO2 than road or air
travel, and rail uses roughly 3.5 times less land per passenger-kilometer
than vehicles [1]. As a result, railways are considered more sustainable
than other modes of transport. According to [1], in 2030, the length
of high-speed railway networks is expected to triple what it was in
2015, covering the majority of passengers in the intermediate distance.
In 2050, more than half of all products transported by road will be
transported by rail or ship over ranges of more than 300 kilometers [1].
In anticipation of this encouraging scenario, it is essential to design
and study new networks, as well as to expand existing ones. The
thermal behavior of power cables determines the limitation of power
flow through them, which in turn limits the number of trains in a
network. Static thermal analysis produces very reliable results, but
underestimates the true potential of a network. To increase efficiency
and unlock the full potential of exciting networks, dynamic thermal
analysis is necessary. This takes into account many aspects, such as
weather conditions. Accurate identification of conductor thermal pro-
files will provide critical information for network control strategies,
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including operating condition monitoring, lifetime estimation, ampac-
ity assessment, and load forecasting and management. To investigate
thermal analysis in rail traction networks, the thermal behavior of bare
overhead lines and cables is further examined. Numerous studies have
investigated how to calculate the transient temperature of a bare over-
head conductors taking into account various materials and structural
features that impact heat transfer. For instance, researchers in [2–4]
used a thermal circuit model to develop a temperature calculation
model based on the theory of thermal-electrical analogies. This model
incorporates heat transfer analysis into an electrical circuit solution,
enabling a simple and effective understanding of how an overhead
transmission line works while considering the heat transfer proper-
ties of different materials. However, this model does not account for
temperature-dependent features of various conductor properties during
dynamic thermal processes. Other studies, such as [5–7], developed
radial or axial temperature calculation models based on the concept of
thermal equilibrium and constant ambient temperature and humidity.
These models accurately calculate the radial and axial temperature
distributions of a conductor under ideal natural convective heat transfer
conditions. However, transmission lines typically operate in a more
complex environment with forced convective heat transfer scenarios
affected by various factors like wind and solar radiation. Therefore, the
calculation technique based on ideal natural convection circumstances
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cannot fully capture the impact of the ambient environment on the con-
ductor’s temperature. Some studies have used a finite element model to
solve the transient temperature field of conductors [8]. Nevertheless,
the accuracy of this model depends on the grid size and structural divi-
sion, and it requires significant computation time, making it unsuitable
for meeting the timing constraints of power system protection. When
studying the thermal properties of power cables and overhead lines,
analytical and numerical methods are commonly used [9]. Analytical
methods are limited in their ability to account for material homogeneity
and cable architecture [10]. Numerical approaches, such as the Finite
Difference Method (FDM) [11,12], Finite Element Method (FEM) [13–
15], and Thermal-Electrical Equivalent (TEE) [16], are preferred for
calculating temperature distribution within the cable and its external
environment. Both FDM and FEM methods increase solution speed as
the number of points studied decreases, but this comes at the cost of
solution accuracy [11]. In-homogeneous materials can be considered in
both methods, but only FEM allows the modeling of complex scenarios.
Moreover, other numerical approaches are available for more complex
scenarios such as the Volume Element Method, which is used mainly
for charge transport in a cables [17], High-Temperature Supercon-
ducting (HTS) cables [18–22], and Gas-Insulated Lines (GIL) [23].
TEE, as a technique, shares many similarities with FDM [24,25]. It
utilizes the analogies between heat transfer and electrical equations to
model the system. To simulate cables and the surrounding environment,
capacitors, resistors, and generators are used. Thermal resistance is
the ratio of the temperature difference across a material to the rate
of heat transfer per unit area, while thermal capacitance measures a
material’s capacity to store heat. This paper addresses the dynamic
thermal analysis of DC railway traction networks. This analysis will
be applied to all current-carrying conductors, including catenary lines,
feeders, power injection wires, and cross-coupling between catenary
lines. Those conductors could be bare or insulated (cables) whether
underground or in the air. The method used in this paper aims to
accurately get the transient thermal behavior in a faster and simpler
way to be used by railway applications. The purpose of this application
is to utilize the full potential of current railway networks, and help in
the planning process maximizing the hosting capacity. The proposed
model is ready to be used in complex multi-train simulation tools like
the ones proposed by the authors in their previous works [26,27] and
thus, accurately estimate the hosting capacity of the grid considering
the real temperature of all sections and not only steady-state estima-
tions. In order to finalize this introductory part, the authors would like
to emphasize that the contribution of the paper has to do precisely
with the application of the existing thermal models for the specific
application of the calculation of railway distribution systems, and the
proposal of a solving procedure by applying the differential equation
model adapted to a multi-train environment, which has not been done
before. This allows the authors to continue advancing in the line of
research related to the mechanical-electrical decoupled modeling of
railway distribution systems adding the thermal modeling layer.

2. Thermal model of bare overhead conductors

The mathematical model used to analyze bare overhead conductors
is based on the IEEE 738-2023 standard [28]. This standard uses
the modified House and Tuttle method [29] to calculate the current-
temperature relationship of bare overhead conductors. The numerical
thermal model provided in this standard is comprehensive and can be
used for both steady-state and dynamic calculations. All the critical
factors are taken into account in this method without any simplifica-
tions. It is important to state that the mathematical model presented
by this standard is used directly in the developed thermal calculation
methodology without modification. In this section, the authors provide
a brief explanation of the IEEE 738 standard’s model. The temperature
of the conductor is dependent on various factors, including the electri-
cal resistivity and heat capacity of the conductor, the diameter of the
2
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conductor, the emissivity and absorptivity of the conductor surface, the
weather conditions (such as air temperature, solar heating, wind speed,
and wind direction), and the current flowing through the conductor. In
order to get the change in temperature at each time instant, the heat
balance (1) for the conductor must be solved.

𝑞𝑐 + 𝑞𝑟 + 𝑚 ⋅ 𝐶𝑝 ⋅
𝑑𝑇𝑐
𝑑𝑡

= 𝑞𝑠 + 𝐼2 ⋅ 𝑅(𝑇𝑐 )

𝑑𝑇𝑐
𝑑𝑡

= 1
𝑚 ⋅ 𝐶𝑝

⋅ [𝐼2 ⋅ 𝑅(𝑇𝑐 ) + 𝑞𝑠 − 𝑞𝑐 − 𝑞𝑟]
(1)

here 𝑇𝑐 is the conductor temperature, 𝑑𝑇𝑐
𝑑𝑡 is the change of conductor

temperature with time. The convective heat loss rate is represented
by 𝑞𝑐 , the radiated heat loss rate is represented by 𝑞𝑟, and the solar
heat gain rate is represented by 𝑞𝑠. The thermal heat capacity of
the conductor is represented by 𝑚 ⋅ 𝐶𝑝, where 𝑚 is the mass of the
conductor and 𝐶𝑝 is the specific heat capacity of the conductor. The
current passing through the conductor is represented by 𝐼 , and the
temperature-dependent resistance of the conductor is represented by
𝑅(𝑇𝑐 ). The methods of calculating each variable in the heat balance
equation presented above and the required inputs will be discussed
briefly in the next paragraphs. More details on the implementation are
found in [28].

2.1. Convective heat loss rate (𝑞𝑐)

Heat loss through convection can be classified as either natural
convection or forced convection. The magnitude of convective heat loss
is determined by a dimensionless parameter known as the Reynolds
number, which is given in (2):

𝑁𝑅𝑒 =
𝐷0 ⋅ 𝜌𝑓 ⋅ 𝑉𝑤

𝜇𝑓
(2)

Reynolds number is a function of air density 𝜌𝑓 , the dynamic viscosity
of air 𝜇𝑓 , conductor diameter 𝐷0, and wind velocity 𝑉𝑤. The method
of calculating each of the aforementioned quantities is explained exten-
sively in [28]. It is recommended for calculating the convection heat
loss to calculate both the natural and forced convection heat loss. The
natural convection 𝑞𝑐 can be calculated using (3).

𝑞𝑐𝑛 = 3.645 ⋅ (𝜌𝑓 )0.5 ⋅ (𝐷0)0.75 ⋅ (𝑇𝑐 − 𝑇𝑎)1.25 (3)

here are two equations to calculate the forced convection heat loss as
an be seen in (4) and (5). (4) is accurate at low wind speeds, but it
oses this accuracy at high wind speeds. Oppositely, (5) is accurate at
igh wind speeds and not accurate at low wind speeds.

𝑐1 = 𝐾𝑎𝑛𝑔𝑙𝑒 ⋅
[

1.01 + 1.35 ⋅ (𝑁𝑅𝑒)0.52
]

⋅ 𝑘𝑓 ⋅ (𝑇𝑐 − 𝑇𝑎) (4)

𝑐2 = 𝐾𝑎𝑛𝑔𝑙𝑒 ⋅ 0.754 ⋅ (𝑁𝑅𝑒)0.6 ⋅ 𝑘𝑓 ⋅ (𝑇𝑐 − 𝑇𝑎) (5)

𝑎𝑛𝑔𝑙𝑒 is the wind direction factor, and 𝑇𝑎 is the ambient temperature.
6) shows the method of calculating 𝐾𝑎𝑛𝑔𝑙𝑒. where 𝜙 is the angle
etween the conductor axis and the wind direction. Its value ranges
etween 0◦ (parallel) and 90◦ (perpendicular).

𝑎𝑛𝑔𝑙𝑒 = 1.194 − cos (𝜙) + 0.194 ⋅ cos (2𝜙) + 0.368 ⋅ sin (2𝜙) (6)

EEE 738 standard recommends calculating the rate of heat loss due to
orced convection using both equations and selecting the higher value.
hen, the convective heat loss rate 𝑞𝑐 will be the highest between nature
nd forced convection. In a nutshell, 𝑞𝑐 = 𝑀𝐴𝑋(𝑞𝑐𝑛, 𝑞𝑐1, 𝑞𝑐2).

.2. Radiated heat loss rate (𝑞𝑟)

The radiated heat loss rate is calculated by using (7).

𝑟 = 17.8 ⋅𝐷0 ⋅ 𝜖 ⋅
[

(
𝑇𝑐 + 273

100
)4 − (

𝑇𝑎 + 273
100

)4
]

(7)

here 𝜖 is the emissivity of the conductor. It ranges between (0.23
o 0.91) and it changes with time. The constant value (17.8) contains
tefan–Boltzmann constant [30] and a conversion factor to get the
esult in (W∕m).
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Table 1
Electro-thermal analogy [32].

Electrical Symbol Thermal Symbol

Resistance R[Ω] Resistance T[m K∕W]
Current I[A] Heat flow Wloss[W∕m]
Capacitance Ce[F] Capacity C[J∕(m K)]
voltage U[V] Temperature 𝜃[K]

2.3. Rate of solar heat gain (𝑞𝑠)

The rate of solar heat gain can be calculated using (8).

𝑠 = 𝛼 ⋅𝑄𝑠𝑒 ⋅ sin(𝜃) ⋅ 𝐴′ (8)

here 𝛼 is the absorptivity of the conductor’s surface, which ranges
etween (0.23 to 0.91), 𝑄𝑠𝑒 is total heat flux density, 𝐴′ is the pro-
ected area, and 𝜃 is the effective angle of incidence of the sun’s rays.
he method of calculating each of the aforementioned quantities is
xplained extensively in [28]. It is worth mentioning that 𝑄𝑠𝑒 counts
or both, the elevation of the conductor from sea level and the amount
f atmospheric attenuation (pollution, cloud cover, and moisture). It is
he result of the multiplication of solar heat intensity 𝑄𝑠 and solar flux
levation correction 𝐾𝑠𝑜𝑙𝑎𝑟 as follows:

𝑠𝑒 = 𝑄𝑠 ⋅𝐾𝑠𝑜𝑙𝑎𝑟 (9)

.4. Conductor electrical resistance (𝑅(𝑇𝑐 ))

Conductor electrical resistance is found by linear interpolation ac-
ording to (10). Where 𝑅(𝑇ℎ𝑖𝑔ℎ) and 𝑅(𝑇𝑙𝑜𝑤) represent the higher and

lower resistance values of the conductor.

𝑅(𝑇𝑐 ) =
𝑅(𝑇ℎ𝑖𝑔ℎ) − 𝑅(𝑇𝑙𝑜𝑤)

𝑇ℎ𝑖𝑔ℎ − 𝑇𝑙𝑜𝑤
⋅ [𝑇𝑐 − 𝑇𝑙𝑜𝑤] + 𝑅(𝑇𝑙𝑜𝑤) (10)

.5. Conductor heat capacity (𝑚 ⋅ 𝐶𝑝)

This quantity is important in the thermal modeling of power cables
nd overhead lines since it determines the amount of heat required to
ncrease the temperature of the conductor by a certain amount. The
eat capacity per unit length is calculated by multiplying the specific
eat of the conductor material by the mass per unit length. If the
onductor is made up of multiple materials, the heat capacity is the
um of the heat capacities of all the individual materials as in (11).
his value is crucial in accurately predicting the temperature response
f a cable or overhead line to changing environmental and operational
onditions.

⋅ 𝐶𝑝 =
∑

𝑚𝑖 ⋅ 𝐶𝑝𝑖 (11)

. Thermal model of insulated wires (Cables)

The Thermal-Electrical Equivalent (TEE) method is a popular choice
or analyzing cable systems due to its ability to handle complex cable
esigns in a convenient manner [31]. This approach, uses an electrical
ircuit as an analogy to represent the thermal circuit, where heat flow is
nalogous to electrical current and temperature is analogous to voltage.
f the thermal parameters are independent of temperature, the electrical
ircuit is linear. The superposition principle is used to address heat
ransfer problems using this method [31]. The standard thermal models
f cables are developed using the thermal-electrical analogy presented
n Table 1.

The temperature of the system is represented by the electric po-
ential at different nodes, and the heat flows are calculated using
n RC circuit. Typically, the length of the cable is considered to be
ubstantially longer than its diameter [16]. Moreover, there are no axial
luctuations, and the heat flux is distributed exclusively in the radial
3

irection [16]. Furthermore, when the heat source is placed on the
Fig. 1. Thermo-electric equivalent (TEE) of a DC cable.

conductor’s outer portion, the thermal resistance of the conductor is
ignored.

The TEE model that will be used in this paper is adapted from [31]
and used by [24,25,33–37]. These authors have used a model consid-
ering AC cables with insulation and sheath losses. Other publications
have studied the effects of DC cables as in [38,39] or combined AC
and DC cables such as the authors of [40]. In contrast to AC cables, DC
cables do not experience dielectric or screen loss, because there is no
current circulation in the insulating dielectric and metallic screen while
transmitting direct current [34]. Therefore, a simplified unarmored DC
cable model is shown in Fig. 1.

The figure includes various parameters that denote different aspects
of the thermal behavior of the cable. 𝐶𝑐 represents the thermal ca-
pacitance of the conductor, 𝐶𝑖 represents that of the insulation, 𝐶𝑠
represents that of the screen, 𝐶𝑗 represents that of the jacket, and 𝐶𝑚
represents that of the medium surrounding the cable. The Joule’s loss in
the conductor is represented by 𝑊𝑐 . 𝑇1 represents the thermal resistance
per unit length between the conductor and the sheath, 𝑇3 represents the
thermal resistance per unit length of the external serving or jacket, and
𝑇4 represents the thermal resistance per unit length between the cable
surface and the surrounding medium. The Van Wormer coefficient is
represented by 𝑝, and its significance is explained in later sections.
The temperature of the conductor, screen, jacket, and ambient are
represented by 𝜃𝑐 , 𝜃𝑠, 𝜃𝑗 , and 𝜃𝑎, respectively. The equation provides
a comprehensive representation of the thermal behavior of cables and
their surroundings. The voltage at any point of an electric circuit is
measured or calculated as a difference from a known reference point
(usually the ground is considered the reference). Thus, the temperature
at any point should be calculated in regard to a reference temperature,
which will be the ambient temperature 𝜃𝑎 in this model. The lumped
parameter network model of the cable system is used to develop
both steady-state and transient rating equations. However, there are
significant differences between these two equations [31].

3.1. Internal thermal resistances

The internal thermal resistances and capacitances of a cable are
properties that depend on the construction of that cable. It can be
assumed, that these quantities are constant and independent of the
component temperature according to [31] without loss of accuracy.
The calculation method of thermal resistances is taken from the second
part of IEC 60287 standard [41]. According to this standard, and to be
consistent with TEE of Fig. 1, metallic tapes are treated as a part of
the conductor or sheath in thermal calculations when screening layers
are present. Oppositely, semi-conducting layers (including metalized
carbon paper tapes) are treated as a part of the insulation. The relevant
component dimensions must be updated as a result.

The scope of this model considers only single-core cables that are
directly buried in soil, exposed to air, or inside a duct. Thus, the
discussion of thermal resistances will be limited to those scenarios. [41]
provides the calculation methods of various cable constructions and
installations.
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3.1.1. Thermal resistance between conductor and sheath 𝑇1
The thermal resistance of the insulation dielectric between the

conductor and sheath can be calculated using the following formula:

𝑇1 =
𝜌𝑖
2𝜋

ln
(

𝑑𝑖
𝑑𝑐

)

(12)

𝑐 and 𝑑𝑖 are the outer and inner diameters of the insulation layer,
espectively. 𝜌𝑖 is the thermal resistivity of insulation.

.1.2. Thermal resistance of outer covering (Jacket) 𝑇3
The thermal resistance of the jacket is calculated from:

3 =
𝜌𝑗
2𝜋

ln
(

𝐷𝑒
𝑑𝑠

)

(13)

here 𝜌𝑗 is the thermal resistivity of the jacket, and 𝑑𝑠 is the outer
iameter of the sheath.

.2. External thermal resistance

The thermal resistance of the material surrounding the cable, de-
oted as 𝑇4, plays a crucial role in determining the current-carrying
apacity of cables. When cables are buried underground, 𝑇4 contributes
o more than 70% of the temperature rise in the conductor. The ex-
ernal thermal resistance in underground installations is influenced by
everal factors, including the cable diameter, depth of laying, method of
nstallation, heat produced by adjacent cables, and thermal properties
f the soil. In aerial cables, the impact of external thermal resistance on
able rating is lower than that of underground cables. The installation
onditions (such as indoor or outdoor placement, and proximity to
alls or other cables) significantly affect the calculation of external

hermal resistance for aerial cables. These observations were made by
nders in [31].

.2.1. Cables in air protected from direct solar radiation
The external thermal resistance (𝑇4) of a cable in the air not exposed

o sunlight is given by:

4 =
1

𝜋 ⋅𝐷𝑒 ⋅ ℎ ⋅ (𝛥𝜃𝑧)1∕4
(14)

Where ℎ is the heat dissipation coefficient, that is obtained for single
core cable from:

ℎ = 0.21
(𝐷𝑒)0.6

+ 3.94 (15)

𝜃𝑧 is the excess of cable surface temperature above 𝜃𝑎. It can be
alculated using the iterative technique of (16), where the initial value
s (𝛥𝜃𝑧)1∕4 = 2 and iteration process continues until (𝛥𝜃𝑧)

1∕4
𝑛+1−(𝛥𝜃𝑧)

1∕4
𝑛 ≤

.001.

𝛥𝜃𝑧)
1∕4
𝑛+1 =

(

𝛥𝜃𝑐
1 +𝐾𝑎 ⋅ (𝛥𝜃𝑧)

1∕4
𝑛

)0.25

(16)

Where:

𝐾𝑎 = 𝜋 ⋅𝐷𝑒 ⋅ ℎ ⋅
(

𝑇1
𝑛

+ 𝑇2 + 𝑇3

)

(17)

3.2.2. Cables in air directly exposed to solar radiation
The external thermal resistance 𝑇 ∗

4 of a cable directly exposed to
solar radiation is computed from (14). The only difference is in the
calculation method of (𝛥𝜃𝑧)1∕4 as shown:

(𝛥𝜃𝑧)
1∕4
𝑛+1 =

(

𝛥𝜃𝑐 + 𝛥𝜃𝑠𝑜𝑙𝑎𝑟
1 +𝐾𝑎 ⋅ (𝛥𝜃𝑧)

1∕4
𝑛

)0.25

(18)

Where:

𝛥𝜃𝑠𝑜𝑙𝑎𝑟 = 𝜎 ⋅𝐷𝑒 ⋅𝐻𝑠𝑜𝑙𝑎𝑟 ⋅
(

𝑇1 + 𝑇2 + 𝑇3

)

(19)
4

𝑛 v
.2.3. Single isolated buried cable
The external thermal resistances of cables directly buried in the soil

s obtained from:

4 =
𝜌𝑠𝑜𝑖𝑙
2𝜋

ln
(

𝑢 +
√

𝑢2 − 1
)

(20)

𝑢 = 2 ⋅ 𝐿
𝐷𝑒

(21)

The distance between the cable surface and the surrounding medium
is represented by 𝐿. The thermal resistivity of the soil is denoted by
𝜌𝑠𝑜𝑖𝑙. When the value of the dimensionless parameter 𝑢 exceeds 10, the
following equation provides a reasonable estimate for 𝑇4:

𝑇4 =
𝜌𝑠𝑜𝑖𝑙
2𝜋

ln
(

2 ⋅ 𝑢
)

(22)

3.2.4. Cables in ducts or pipes
The thermal resistance outside a cable installed in a duct is cate-

gorized into three components. The initial component is the thermal
resistance due to the air gap between the cable’s surface and the interior
surface of the duct or pipe (𝑇 ′

4). This component can be computed using
the following formula:

𝑇 ′
4 = 𝑈

1 + 0.1 ⋅ (𝑉 + 𝑌 ⋅ 𝜃𝑚) ⋅𝐷𝑒
(23)

𝑈 , 𝑉 , and 𝑌 are coefficients that are determined by the installation
method, and their values can be found in [41]. To compute the thermal
resistance between the cable and the duct, an initial value for the
average temperature of the medium 𝜃𝑚 must be assumed, and the
calculation may need to be iterated with a revised value if necessary.

The second component of the external thermal resistance of a cable
is the thermal resistance of the duct or pipe. It is calculated in the same
way as the insulation and jacket, as shown below, according to [41]:

𝑇 ′′
4 =

𝜌𝑑𝑢𝑐𝑡
2𝜋

ln
(

𝑑𝑑𝑒
𝑑𝑑𝑖

)

(24)

Where 𝜌𝑑𝑢𝑐𝑡 is the thermal resistivity of duct material, 𝑑𝑑𝑒 is the duct
external diameter, and 𝑑𝑑𝑖 is the duct internal diameter. For metal ducts
or pipes, 𝜌𝑑𝑢𝑐𝑡 can be considered as zero and the thermal resistance of
the duct itself (𝑇 ′′

4 ) is negligible [41].
The last part is the external thermal resistance of the duct or pipe

(𝑇 ′′′
4 ). It is calculated depending on duct (or pipe) installation whether

above ground or underground. Eqs. (14) and (20) are used, but with
replacing the external diameter of a cable 𝐷𝑒 with the external diameter
of the duct or pipe 𝑑𝑑𝑒. Finally, The external thermal resistance of a
able in a duct or pipe is:

4 = 𝑇 ′
4 + 𝑇 ′′

4 + 𝑇 ′′′
4 (25)

.3. Mathematical modeling

A mathematical model is needed to solve the differential equations
f the TEE circuit in all cases. The ‘‘Difference Equation’’ methodology
s utilized by this paper. A description of the methodology that starts
rom the thermal circuit to the difference equation is explained in this
ection.

.3.1. State-space representation
A system that changes in time following a fixed rule is called a

ynamic system. Many systems, including the system proposed, are
overned by a set of first-order differential equations in the form of
26) [42].

̇ = 𝑑𝑥
𝑑𝑡

= 𝑓 (𝑥(𝑡), 𝑢(𝑡)) (26)

n a control system, the state vector 𝑥(𝑡) is a set of variables that
escribes the system’s state or configuration at a given time 𝑡. The
ector 𝑢(𝑡) represents the external inputs to the system at that time,
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and the function 𝑓 calculates the time derivative of the state vector at
a specific time.

By integrating (26), according to [42], knowing the starting state
𝑥(𝑡0) and the inputs’ time history (𝑢(𝑡)) between 𝑡0 and 𝑡1 allows us to
accurately calculate the state vector at any given moment (𝑥(𝑡1)). To
capture the behavior of a given system (solve the state equations), a
minimum number of state variables (𝑛) is necessary. The dimensionality
of the state space is determined by 𝑛, which is referred to as the system
order. In the proposed model, the system order corresponds to the
number of non-parallel capacitors, for example, in Fig. 1 the system
order is 𝑛 = 4. For continuous linear time-invariant (LTI) systems with
[system order = 𝑛, number of inputs = 𝑝, number of outputs = 𝑞], the
standard state-space representation is given by [42]:

�̇� = 𝐴𝐱 + 𝐵𝐮 (27)

𝐲 = 𝐶𝐱 +𝐷𝐮 (28)

In the given equation, 𝐱 denotes a vector comprising 𝑛 state variables
with dimensions of 𝑛 × 1. The time derivative of the state vector is
represented by �̇�, which is also an 𝑛 × 1 vector. 𝐮 is a vector with
dimensions of 𝑝 × 1, representing external input to the system. 𝐲 is
a vector of output with dimensions of 𝑞 × 1. The system matrix is
represented by 𝐴, which is an 𝑛 × 𝑛 matrix. 𝐵 is the input matrix with
dimensions of 𝑛 × 𝑝. 𝐶 is the output matrix with dimensions of 𝑞 × 𝑛,
and 𝐷 is the feed-forward matrix with dimensions of 𝑞 × 𝑝. 𝐶 is used
to choose which state variables are required as an output, which in
our case is only the conductor temperature. 𝐷 is non-zero if outputs
are related directly to inputs, which is not our case, where outputs are
related to inputs through state variables not directly.

3.3.2. Transfer function representation
According to [42], it is possible to use the Laplace transform to

transform the time-domain description of a system into a frequency-
domain representation of input/output, called the transfer function. It
also simplifies the analysis and evaluation of the governing differential
equation by converting it to an algebraic equation. A general form of
a transfer function is shown below:

𝐺(𝑠) =
𝑌 (𝑠)
𝑈 (𝑠)

=
𝑏𝑚𝑠𝑚 + 𝑏𝑚−1𝑠𝑚−1 +⋯ + 𝑏1𝑠 + 𝑏0
𝑎𝑘𝑠𝑘 + 𝑎𝑘−1𝑠𝑘−1 +⋯ + 𝑎1𝑠 + 𝑎0

(29)

The coefficients of the numerator and denominator polynomials of the
transfer function, denoted as 𝑏0, 𝑏1,… , 𝑏𝑚 and 𝑎0, 𝑎1,… , 𝑎𝑘 respectively,
can be used to compute the Laplace transform of the input 𝑢(𝑡) to the
output 𝑦(𝑡) using the Laplace transforms 𝑈 (𝑠) and 𝑌 (𝑠). The transfer
function can also be obtained from the state-space representation using
the given equation:

𝐺(𝑠) =
𝑌 (𝑠)
𝑈 (𝑠)

= 𝐶(𝑠𝐈 − 𝐴)−1𝐵 +𝐷 (30)

The transfer function using the Laplace transform can be transformed
to a discrete form in z-transform by replacing the Laplace operator with
[𝑠 ⟶ (𝑧 − 1)∕(𝑧 + 1)]. A general form of a transfer function using z-
transform for the case of the thermal circuit with [system order = 𝑛] is
shown below:

𝐻(𝑧) =
𝑌 (𝑧)
𝑈 (𝑧)

=
𝑏𝑛𝑧𝑛 + 𝑏𝑛−1𝑧𝑛−1 +⋯ + 𝑏0
𝑎𝑛𝑧𝑛 + 𝑎𝑛−1𝑧𝑛−1 +⋯ + 𝑎0

=
𝑏𝑛 + 𝑏𝑛−1𝑧−1 +⋯ + 𝑏0𝑧−𝑛

𝑎𝑛 + 𝑎𝑛−1𝑧−1 +⋯ + 𝑎0𝑧−𝑛

(31)

3.3.3. Difference equation representation
The difference equation describes the relationship between an input

signal 𝑢[𝑘] and an output signal 𝑦[𝑘] over discrete time periods, where
𝑘 is the sample index [42]. 𝑦[𝑘] reflects the value of the output at time
𝑘𝑡𝑠, where 𝑡𝑠 is a constant sample time (in this model 𝑡𝑠 = 1 s). Using
the difference equation, the output signal 𝑦[𝑘] is calculated using the
5

Fig. 2. The division of soil into layers of equal distance [24].

present and past values of the input (𝑢[0] to 𝑢[𝑘]), and past values of
the output (𝑦[0] to 𝑦[𝑘 − 1]) [42]. The difference equation is obtained
from the discrete transfer function after transforming it back to the time
domain. In time-domain, 𝑧−𝑚 means the value before 𝑚 sample times
(𝑚𝑡𝑠). For example, 𝑌 (𝑧) ⋅ 𝑧−1 → 𝑦[𝑘 − 1], 𝑌 (𝑧) ⋅ 𝑧−𝑛 → 𝑦[𝑘 − 𝑛]. The
difference equation that is used in this model and obtained from the
transfer function in (31) is:

𝑦[𝑘] =

(

−
𝑛
∑

𝑚=1
𝑎𝑛−𝑚 ⋅ 𝑦[𝑘 − 𝑚]

+
𝑛
∑

𝑚=0
𝑏𝑛−𝑚 ⋅ 𝑢[𝑘 − 𝑚]

)

⋅𝑎−1𝑛

(32)

This method is simple and creative because all the previous steps
should be done only once for a given system to get the coefficients
[𝑎0, 𝑎1,… 𝑎𝑛 and 𝑏0, 𝑏1,… 𝑏𝑛]. As mentioned before, those coefficients
relate the output at any sample time with the outputs at previous sam-
ples and the input at current and past samples. Since system parameters
are constant, then the temperature profile of the cable can be calculated
very easily and fast using (32) instead of the differential equations
system represented by Eqs. (27) and (28).

3.4. Model of cables directly buried in soil

The presented approach has the intrinsic feature of improving model
accuracy at the cost of longer computation times. A more precise
assessment of the temperature profile may be obtained by splitting
the individual non-conducting layers (especially soil) into multiple
sections [24,25,31,33,43]. The distance from the ground surface to
the cable surface is divided into layers with equal distance from each
other as shown in Fig. 2, where the soil is divided into 3 layers for
simplicity. In reality, thermal inertia is uniformly distributed across
the medium, so temperature changes gradually and reaches a steady
state. To accurately model this, a minimum number of layers are
necessary to distribute the thermal inertia of the soil and achieve
precise dynamic results. This feature is advantageous because it allows
the user to choose a suitable level of accuracy while maintaining fast
computational speed. Fig. 3 shows the thermal circuit model of a DC
cable buried directly in soil with multiple soil layers.

The thermal capacitance of each internal layer of the cable is
calculated as shown in these equations:

𝐶𝑐 =
𝜋
4
⋅ 𝑑2𝑐 ⋅ 𝑐𝑝𝑐 (33)

𝐶𝑖 =
𝜋
4
(𝑑2𝑖 − 𝑑2𝑐 )𝑐𝑝𝑖 (34)

𝐶𝑠 =
𝜋
4
(𝑑2𝑠 − 𝑑2𝑖 )𝑐𝑝𝑠 (35)

𝐶 = 𝜋 (𝐷2 − 𝑑2)𝑐 (36)
𝑗 4 𝑒 𝑠 𝑝𝑗
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Fig. 3. Thermal circuit of a DC cable directly buried in soil with multiple soil layers.

he volumetric specific heat of the conductor, insulation, sheath, and
acket are denoted by 𝑐𝑝𝑐 , 𝑐𝑝𝑖, 𝑐𝑝𝑠, and 𝑐𝑝𝑗 , respectively. Van Wormer
uggested a technique for distributing the thermal capacity of the
nsulation between the conductor and the sheath to represent all the
eat stored in the insulation. This technique has been found to increase
he accuracy of the approximation. The Van Wormer coefficient 𝑝 is

calculated as:

𝑝 = 1

2𝑙𝑛
(

𝑑𝑖
𝑑𝑐

) − 1
(

𝑑𝑖
𝑑𝑐

)2
− 1

(37)

The thermal capacitance of the soil is represented by a cylinder with a
radius equal to the laying depth and centered at the center of the cable
in the model. In practice, heat will mostly move toward the surface
of the ground, but in the model, heat is assumed to be distributed
symmetrically away from the cable. This difference in assumptions
means that the cylindrical approximation of the thermal capacitance
of the soil will overestimate the actual thermal capacitance [24]. For a
model with multiple soil layers, the thermal capacitance and resistance
of any layer 𝑘 (1 ≤ 𝑘 ≤ 𝑆𝐿) can be calculated using the following
equations:

𝑇4,𝑘 =
𝜌𝑠𝑜𝑖𝑙
2𝜋

(

ln
(

𝑟𝑒𝑥𝑡
𝑟𝑖𝑛𝑡

)

+
ln(2)
𝑆𝐿

)

(38)

𝐶𝑠𝑜𝑖𝑙(𝑘) =𝜋 ⋅ 𝑐𝑝𝑠𝑜𝑖𝑙 ⋅ (𝑟2𝑒𝑥𝑡 − 𝑟2𝑖𝑛𝑡) (39)

Even if all soil layers have the same thickness, their thermal resistances,
and capacitances will not be equal. The thermal resistance and capac-
itance of a soil layer 𝑘 (1 ≤ 𝑘 ≤ 𝑆𝐿) can be calculated using the
volumetric specific heat of soil, the external and internal radii of the
layer, and the number of soil layers. It worth noticing that summing
all the thermal resistances (∑𝑆𝐿

𝑘=1 𝑇4,𝑘) will give the same result as (22).
In order to solve the circuit of Fig. 3 mathematically, the system is

represented by the following set of differential equations:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

�̇�𝑐 =
1
𝐶1

(

𝑊𝑐 −
𝜃𝑐−𝜃𝑠
𝑇1

)

�̇�𝑠 =
1
𝐶3

(

𝜃𝑐−𝜃𝑠
𝑇1

− 𝜃𝑠−𝜃𝑗
𝑇3

)

�̇�𝑗 =
1

𝐶𝑠𝑜𝑖𝑙(1)

( 𝜃𝑠−𝜃𝑗
𝑇3

− 𝜃𝑗−𝜃𝑠𝑜𝑖𝑙(1)
𝑇4,1

)

�̇�𝑠𝑜𝑖𝑙(1) =
1

𝐶𝑠𝑜𝑖𝑙(2)

( 𝜃𝑗−𝜃𝑠𝑜𝑖𝑙(1)
𝑇4,1

− 𝜃𝑠𝑜𝑖𝑙(1)−𝜃𝑠𝑜𝑖𝑙(2)
𝑇4,2

)

⋮

�̇�𝑠𝑜𝑖𝑙(𝑆𝐿−1) =
1

𝐶𝑠𝑜𝑖𝑙(𝑆𝐿)

( 𝜃𝑠𝑜𝑖𝑙(𝑆𝐿−2)−𝜃𝑠𝑜𝑖𝑙(𝑆𝐿−1)
𝑇4,𝑆𝐿−1

− 𝜃𝑠𝑜𝑖𝑙(𝑆𝐿−1)
𝑇4,𝑆𝐿

)

(40)

The parallel thermal capacitances are added together such that 𝐶1 =
𝐶𝑐 +𝑝 𝐶𝑖 and 𝐶3 = 𝐶𝑠+(1−𝑝)𝐶𝑖+𝐶𝑗 . The system of (40) can be written
in state-space representation and then the difference equation of the
system will be obtained. For the simplest case where there is only one
soil layer (as in Fig. 1), the state-space representation of the system
after substituting in (27) and (28) will be:

⎡

⎢

⎢

⎣

�̇�𝑐
�̇�𝑠
�̇�𝑗

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

− 1
𝐶1𝑇1

1
𝐶1𝑇1

0
1

𝐶3𝑇1
−
(

1
𝐶3𝑇1

+ 1
𝐶3𝑇3

)

1
𝐶3𝑇3

0 1
𝐶4𝑇3

−
(

1
𝐶4𝑇4

+ 1
𝐶4𝑇3

)

⎤

⎥

⎥

⎥

⎥

⎦

⋅
⎡

⎢

⎢

⎣

𝜃𝑐
𝜃𝑠
𝜃

⎤

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

1
𝐶1
0

⎤

⎥

⎥

⎥

⋅
[

𝑊𝑐
]

(41)
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Fig. 4. Thermal circuit of a DC cable in air.

𝐲 =
[

1 0 0
]

⋅
⎡

⎢

⎢

⎣

𝜃𝑐
𝜃𝑠
𝜃𝑗

⎤

⎥

⎥

⎦

+
[

0
]

⋅
[

𝑊𝑐
]

(42)

Where 𝐶4 = 𝐶𝑠𝑜𝑖𝑙. (42) presents the case where the only wanted output
is the conductor temperature.

3.5. Cables in air

There are some changes in the thermal circuit in the case of cables
in the air. Since the capacitance of open air is very large, it can be
ignored so 𝐶𝑚 = 0. In addition, solar heat is considered a second input
to the system. The thermal circuit of a DC cable in the air is shown in
Fig. 4. If the cable is in shade then 𝑊𝑠𝑜𝑙𝑎𝑟 = 0. Unlike cables installed
underground, the thermal resistance of above-ground cables (𝑇 ∗

4 ) is
resented by only one layer.

In order to solve the circuit of Fig. 4 mathematically, the system is
epresented by the following set of differential equations:

⎧

⎪

⎨

⎪

⎩

�̇�𝑐 =
1
𝐶1

(

𝑊𝑐 −
𝜃𝑐−𝜃𝑠
𝑇1

)

�̇�𝑠 =
1
𝐶3

(

𝜃𝑐−𝜃𝑠
𝑇1

− 𝜃𝑠
𝑇3+𝑇 ∗

4
+

𝑇 ∗
4

𝑇3+𝑇 ∗
4
𝑊𝑠𝑜𝑙𝑎𝑟

) (43)

he state-space representation of this system when the only wanted
utput is conductor temperature:

�̇�𝑐
�̇�𝑠

]

=
⎡

⎢

⎢

⎣

− 1
𝐶1𝑇1

1
𝐶1𝑇1

1
𝐶3𝑇1

−
(

1
𝐶3𝑇1

+ 1
𝐶3(𝑇3+𝑇 ∗

4 )

)

⎤

⎥

⎥

⎦

⋅
[

𝜃𝑐
𝜃𝑠

]

+
⎡

⎢

⎢

⎣

1
𝐶1

0

0
𝑇 ∗
4

𝐶3(𝑇3+𝑇 ∗
4 )

⎤

⎥

⎥

⎦

⋅
[

𝑊𝑐
𝑊𝑠𝑜𝑙𝑎𝑟

]

(44)

=
[

1 0 0
]

⋅
⎡

⎢

⎢

⎣

𝜃𝑐
𝜃𝑠
𝜃𝑗

⎤

⎥

⎥

⎦

+
[

0 0
]

⋅
[

𝑊𝑐
𝑊𝑠𝑜𝑙𝑎𝑟

]

(45)

.6. Cables in ducts or pipes

In the case of cables in ducts or pipes, two extra layers will be
dded to the general cable TEE of Fig. 1. Those layers are for the air
etween the cable and duct (or pipe), and the duct (or pipe) itself. As
entioned previously, if the duct is metal, its thermal resistivity can

e ignored (𝑇 ′′
4 = 0). Fig. 5 shows a schematic of the thermal circuit

f a DC cable in a duct (or pipe) either installed underground or in
he air. For the sake of simplicity, only one soil layer is presented,
ut similar to the directly buried cable case, the soil layer can be
ivided into multiple layers. The difference equation can be obtained
sing the same procedure as section 4.3.2. The simplest case when
he duct is installed underground will have five state-space variables
=

[

𝜃𝑐 𝜃𝑠 𝜃𝑗 𝜃𝑎𝑖𝑟 𝜃𝑑𝑢𝑐𝑡
]𝑇 . Nevertheless, if the duct is installed

bove ground, the model will always have four state-space variables
=
[

𝜃𝑐 𝜃𝑠 𝜃𝑗 𝜃𝑎𝑖𝑟
]𝑇 .

. Model testing and result analysis

In this section, the developed thermal model for the traction net-
ork will be tested. This model is built using MATLAB. Since there are

wo different models incorporated into the proposed thermal mode, two

ypes of tests are required; bare overhead lines and cables.
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Fig. 5. Thermal circuit of a DC cable inside a duct or pipe located: (a) Underground,
(b) Above ground.

Table 2
Bare overhead model test system parameters.

Parameter Value Unit

Current step 1200 A
Duration of current step 15 minutes
calculation time interval 60 seconds
Ambient temperature 40 ◦C
Initial conductor temperature 55.7 ◦C
Wind speed 0.61 m/s
Angle between wind and conductor 90 degree
Conductor diameter 28.12 mm
Minimum conductor temperature 25 ◦C
Maximum conductor temperature 75 ◦C
Minimum conductor resistance 0.07284 Ω/km
Maximum conductor temperature 0.08689 Ω/km
Number of conductor materials 2 –
Heat capacity of core material 243 J/m ◦C
Heat capacity of outer material 1066 J/m ◦C
Conductor emissivity 0.5 –
Solar absorptivity 0.5 –
Elevation of conductor above sea level 0 m
Azimuth of conductor from North 45 degree
Conductor latitude 43 degree
Solar hour 12 –
Day of year 161 –
Air clarity Clear –

4.1. Bare overhead line model

To test the implemented MATLAB model of the bare overhead line,
a numerical example of dynamic analysis of a bare overhead line is
found in Annex D of IEEE 738 standard [44]. This example is chosen
because the model implemented is acquired from the standard without
any added contribution from the authors. The conductor type is (400
mm2 DRAKE 26/7 ACSR), and the inputs are listed in Table 2.

A comparison of the step response of the developed MATLAB model
and IEEE 738 standard results is illustrated in Fig. 6. The error between
them is shown in Fig. 7. From this curve, the maximum difference is
0.175 ◦C (0.17% error), which is a very small difference. Thus, IEEE
738 model is accurately implemented in the proposed thermal model.

In addition, a simulation has been done in Railenos software, which
is a solver for railway traction networks developed by LEMUR Research
Group at the University of Oviedo. A varying current from this simula-
tion is given as input to the model to test its outcome. Other parameters
are kept similar to the previous test. The current and conductor’s
temperature are plotted in Fig. 8. The response seems reasonable and
expected. When there are spikes in the current, the temperature tends
to increase at a rate that depends on the magnitude and width of the
spike.

4.2. Underground cable system

In this section, the accuracy of the proposed model using difference
equation methodology is tested. In addition, the effects of adding more
7

Fig. 6. Comparison of the conductor temperature between the implemented MATLAB
model and IEEE 738 example.

Fig. 7. Error between MATLAB model and IEEE 738 Standard for a step current input.

Fig. 8. Temperature profile for a varying current.

soil and insulation layers are investigated. All the tests are done using
‘‘Cable Number 1’’ from [43], and the model inputs that relate to the
cable and its environment are listed in Table 3. The methods that are
used to confirm the accuracy of the proposed model are; ‘‘Simulink’’,
and ‘‘lsim tool’’ in MATLAB. The circuits discussed in the previous
sections have been built in Simulink to test the response of the system
to a given input. Moreover, from the state-space representation of those
circuits, the lsim tool can produce the time response of a dynamic
system to arbitrary inputs. The Simulink response is trusted to be very
accurate, thus it is used as a reference to observe the errors of the other
two methods.

4.2.1. Step response
A current step of 950 A is given as an input to the model of Fig. 3

considering the simplest case of one soil layer. The results are shown in
Fig. 9. It is obvious that the proposed method produces very accurate
results in the case of a step response. The errors of the difference
equation method and lsim tool are illustrated in Fig. 10, considering
Simulink response as a reference. It is clear from the figure that the
error of both methods is extremely small (less than 0.005 ◦C).

4.2.2. Varying current
A varying load current taken from a simulation in Railneos is used as
an input to the same models. The current profile is shown previously in
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Fig. 9. Response of three models of a cable installed directly in soil to a step current
of 950 A.

Fig. 10. Errors of the results from the response shown in (Fig. 9) compared to Simulink
odel.

Table 3
Cable model test system parameters.

Parameter Value Unit

Thermal resistivity of insulation 3.5 K m∕W
Thermal resistivity of jacket 5 K m∕W
Thermal resistivity of soil 1 K m∕W
Volumetric specific heat of conductor 3.35 MJ∕K m3

Volumetric specific heat of insulation 2 MJ∕K m3

Volumetric specific heat of sheath 1.47 MJ∕K m3

Volumetric specific heat of jacket 1.7 MJ∕K m3

Volumetric specific heat of soil 2 MJ∕K m3

Diameter of conductor 20.5 mm
Diameter of insulation 30.1 mm
Diameter of sheath 31.4 mm
Diameter of jacket 35.8 mm
Ground distance to the cable axis 1 m
Cross-sectional area of conductor 300 mm2

Thermal coefficient at 20 ◦C 0.00393 1∕◦C
Electric resistivity of conductor 1.724/108 Ω m
Maximum conductor temperature 90 ◦C
Intensity of solar radiation 1000 W∕m2

Absorption coefficient of cable surface 0.6 –
Ambient temperature 15 ◦C
Initial conductor temperature 15 ◦C
Time step 1 second rule

Fig. 8. The results are shown in Fig. 11. It is obvious that the proposed
method produces very accurate results in the case of variable loading
as well. The errors of the difference equation method and lsim tool are
illustrated in Fig. 12, considering Simulink response as a reference. It is
clear from the figure that the difference equation method performance
is even better than the lsim tool, however, the latter method still
provides a very good response with a maximum error of less than 0.06
◦C.

.2.3. Effects of multiple soil layers
Since the accuracy of the proposed method and lsim tool is proven,

or the sake of this part, the proposed method will not be used. Instead,
sim and Simulink will be used as they are easier and faster to simulate
ultiple models. The simulations are done for a current step of 950 A

n three models; single layer, 5 layers, and 50 layers. The outcomes
8

Fig. 11. Response of a cable installed directly in soil to a variable current profile.

Fig. 12. Errors of the results from the response shown in (Fig. 11) compared to
Simulink model.

Fig. 13. Effect of multiple numbers of soil layers on dynamic time response to a step
current of 950 A.

are presented in Fig. 13. It can be concluded that dividing the soil
into multiple layers has major effects on the shape and magnitude of
the resulting time response, and the more layers the more accurate
the simulation will be. It is proven again that the lsim tool is reliable
in simulating dynamic systems. Since the scope of this paper is only
concerned with railways, then it is more important to test the effects
of multiple soil layers on Railneos variable current signal. For better
visualization, the lsim tool only is used to simulate the model at 1, 10,
50, 100, and 200 layers. The results are shown in Fig. 14. It can be
noticed that the differences are not as huge as it was in the case of the
current step. However, both tests show that the temperature profile is
higher in magnitude when more layers are used. This concludes that
using only one layer of soil underestimates the true thermal behavior.
The errors produced when using less than 200 layers compared to the
200 layers response are plotted in Fig. 15. This figure demonstrates the
flexibility of the TEE method. Depending on the application intended,
the TEE approach can give accuracy that satisfies the requirements and
within simulation time lesser than FEM and other TEE applications with
more layers.
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Fig. 14. Effect of multiple numbers of soil layers on dynamic time response to a
variable current.

Fig. 15. Temperature errors produced when simulating less than 200 layers compared
o 200 layers’ results.

Fig. 16. Effect of multiple numbers of insulation layers on dynamic time response to
a variable current.

4.2.4. Effects of multiple insulation layers
Some researchers in the literature have divided the insulation layer

into multiple layers to increase the accuracy, such as the model pre-
sented in [25]. Using the lsim tool, a simulation has been done with
1, 5, and 10 layers under variable loading as seen in Fig. 16. The
difference between a single layer and 5 layers is small (the maximum
difference is around 0.2 ◦C). Adding more than 5 layers will result in
he same response, for example, a simulation with 200 layers has been
one and the results are approximately equal to the result of 5 layers.
his concludes that adding more insulation layers increases simulation
ime without major effects on the response.

.3. Above-ground cable system

In cable systems installed in the air either exposed or inside a duct,
olar radiation plays an important role in shaping the temperature
radient. In addition, the way temperature dissipated to air is different
rom the case of ground. Thus, it is expected that the response of the
ame cable will differ. In this section, the circuit of Fig. 4 is simulated
o see those effects and to confirm the accuracy of the proposed model.
9

Fig. 17. Response of three models of a cable in air not exposed to the sun to a step
current of 950 A.

Fig. 18. Response to a variable current of three models of a cable in air not exposed
to the sun.

Fig. 19. Errors of the results from the response shown in (Fig. 18) compared to
Simulink model.

4.3.1. Cables not exposed to the sun
The test simulations have been run when 𝑊𝑠𝑜𝑙𝑎𝑟 = 0 by using the

proposed method, slim tool, and Simulink circuit. The time response to
a step current of 950 A is plotted in Fig. 17, while the time response
to a variable Railneos current is shown in Fig. 18. Comparing Fig. 17
with Fig. 9, and Fig. 18 with Fig. 11, it is obvious that there are
differences in the shape of response and magnitude of temperature. This
is mainly because the dominant heat dissipation method is conduction
for underground installations, whereas, it is convection and radiation
in above-ground installations. From Figs. 17 and 18, the accuracy of the
proposed difference equation method and lsim tool is confirmed. The
error of both methods in the case of varying current is illustrated in
Fig. 19, considering Simulink response as a reference. From this figure,
It is clear that the difference equation method performance is far better
than the lsim tool, however, the latter method still provides a very good
response with a maximum error of less than 0.06 ◦C.

4.3.2. Cables exposed to the sun
The system is simulated when 𝑊𝑠𝑜𝑙𝑎𝑟 ≠ 0 under varying current

extended to 3 h to get the maximum error. Fig. 20 shows the response
of the difference equation method, lsim tool, and Simulink model to
this varying current. The response is quite similar, however, Simulink’s
response is a little bit greater in magnitude. Fig. 21 illustrates the
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Fig. 20. Response to a variable current of three models of a cable in air exposed to
the sun.

Fig. 21. Errors of the results from the response shown in (Fig. 20) compared to
Simulink model.

differences in magnitude between Simulink response and the other
methods. The error, in this case, is greater than in all the previous
cases. However, the maximum error reached is 0.5 ◦C, which is not very
significant for most of the applications. It is worth mentioning that the
difference equation method response is more stable than lsim as seen
from the fluctuation in Fig. 12, Fig. 19 and Fig. 21.

5. Conclusion

Dynamic thermal analysis helps to utilize electrical conductors to
their actual potential and avoids conductor overloading, thus increasing
the reliability of electric networks. This work is focused on the conduc-
tors of a DC traction network. Out of many procedures and methods
of calculating the temperature profile of conductors, the most accurate
and efficient methods have been chosen to be implemented in this pa-
per. For bare overhead lines, IEEE 738 standard technique is modeled.
The numerical thermal model presented in this standard is very general.
It is applicable for steady-state or dynamic calculations. In this method,
all important factors are considered without simplifications. The model
is tested using a case study in the same standard. For insulated cables,
another method is used called thermo-electric equivalents (TEEs), also
denoted as lumped parameters model. Its accuracy can be as good as
FEM, and its simulation speed is as fast as analytical calculations. The
‘‘Difference Equation’’ methodology is utilized to transfer complicated
differential equations into simpler linear equations. The model has been
verified using a thermal circuit modeled in Simulink and a MATLAB
tool called ‘‘lsim’’, and the results were accurate.

6. Future directions

The models developed in this paper are all verified using other
simulation tools. Thus, the accuracy of these models should be tested
further by using experimental measurements or at least compared
to FEM-based software, such as ANSYS or COSOL Multiphysics. In
addition, the simulation speed and accuracy of the models could be
enhanced by using new methods or developing the proposed ones.
Distributing computing could be a very promising technique to use in
the development of thermal models, and it might increase the scope,
simulation speed, and accuracy.
10
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