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the space of fuzzy sets and other metric spaces. In particular, we show that this convergence is
preserved when we take the closed convex hull, the maximum, the minimum, the product and
the quotient. Moreover, it is preserved when we apply some functionals, such as the value or the
ambiguity. Finally, we show some results regarding convergence in distribution with respect to
the metric d,.

1. Introduction

Convergence in distribution, defined as weak convergence of random elements in the space of fuzzy sets endowed with the metric
d,, has been shown to behave well, since it is preserved under some operations, such as taking the sum of fuzzy random variables or
the product of a fuzzy random variable and a real random variable (see [4]). It also verifies some usual convergence theorems, such
as dominated convergence theorem (see [1] and [3]) and continuous mapping theorem (see [1]).

Functional of fuzzy sets, such as weighted averaging based on levels or value are used in the context of defuzzification (see [9]),
hypothesis testing, ranking (see [19]) or approximation (see [11]).

In [4], we showed that convergence in distribution of k-tuples of fuzzy random variables, that is (X1, ..., X)) where X is a fuzzy
random variable for every i € {1, ...,n}, is equivalent to convergence in distribution of their product in a space of fuzzy sets of higher
dimension. Taking advantage of this result, we will show that if we build a fuzzy random variable as a result of an application of
operations between two random variables, the result is also a fuzzy random variable and convergence in distribution is preserved. In
particular, we will consider the lattice operation of taking the convex hull of the union of fuzzy sets, the maximum and minimum of
fuzzy random variables and the product and quotient of fuzzy random variables taking positive values.

In [2], we proved the equivalence between convergence in distribution of a trapezoidal fuzzy random variable with respect to
the metric d,, and convergence in distribution of the four points that identify it as a random vector. Now, we will improve this result
showing that convergence of this random vector implies convergence in distribution of the fuzzy random vector in the metric d,.

In another result in [2], we showed the equivalence of convergence in distribution of a sequence of fuzzy random variables in
d, and convergence in distribution of their support functions as random elements of the Banach space where support functions are
defined. In this paper we will prove similar results for the d, metric, focusing on convergence by a-cuts, which are not verified when
d, is taken.
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We will finish the article pointing out that convergence in distribution of fuzzy random variables in d, implies convergence in
distribution of every a-cut in the Hausdorff metric.

2. Preliminaries

Denote by (E, ) a topological space and by (E,d) a metric space. Denote by (€2, .4, P) a probability space and by By the Borel
o-algebra of (E, 7), i.e., the o-algebra generated by its open sets. A Borel measurable mapping with values in E will be called a random
element of E. Let A be a subset of E. Then its convex hull (that is, the smallest convex set which contains A) will be denoted by co A
and its closure (the smallest closed set that contains A) by cl A. The Lebesgue measure in [0, 1] will be denoted by #.

Let (E,d) be a metric space and let X,, X be random elements in E. Then X, converges weakly to X if E[f(X,)] = E[f(X)] for
every continuous bounded function f : E - R, where E[f(X)] and E[f(X,)] denote the expectation of the random variables f(X)
and f(X,), respectively.

The space (E, 7) is Polish if 7 is generated by a complete separable metric. A Lusin space is the image of a Polish space under a
continuous bijective mapping and a Suslin space is the image of a Polish space under a continuous surjective mapping.

Lemma 2.1. [10, Theorem 1] Let 7;, 7, be two Suslin topologies on a set E. Then 13| = I3,, where I3; denotes the Borel c-algebra generated
by z;, if and only if the supremum topology of 7, and 7,, that is, the topology generated by the union of 7, and 7,, is a Suslin topology on E.

Denote by KC(R?) the space of non-empty compact subsets of R? and by F(R?) the space of all upper semicontinuous functions
U : R? - [0,1] such that
U,={xeR!:U(X) >a)
belong to K(R?) for every a € (0, 1] and

Uy=cl{xeR? : U(x)> 0}
is compact. For each a € [0, 1], U, will be called a-cut of U.

Denote by FC(R") the space of upper semicontinuous functions U : R — [0, 1] such that U, belong to ICC(IR"), i.e. the subset of
K(R?) which contains the convex sets, for every a € [0, 1] and by f’al (R) the set of all upper semicontinuous functions U : R — [0, 1]
with U, € K£.(R) and

/ dy (U, {0}da < co.
©,1]

The elements of the space F,(R) will be called fuzzy numbers.

The Hausdorff metric between two compact convex sets K and L is

dy (K, L) =max{sup inf ||x — y||,sup inf ||x — y||}.
xeK YEL yeL xek

The norm of a compact convex set K is

1Kl = dp (K, {0}).
Next, let us introduce the following metrics between fuzzy sets, which will be used in this paper.
For any U € F,(R?), denote by end U its endograph, i.e.,
endU = {(x,a) eRY x[0,1] : U(x) > a}.
Then the endograph metric between U,V € F,(R?) is defined by

denqU,V)=dy(endU,end V).
It is known that d,,4 is weaker than d,, defined as
1/p
d,U, V)= / (dyU. V) da|
0.1]
where p € [1, ), and the d,-metrics are weaker than d, given by

d,(U,V)= sup dy(U,

V)
agl0,1]

For recent results related to the well-definedness of the d, metrics in the space of fuzzy sets, the reader is referred to [14] and
[15].
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Notice that the mapping d; defines a metric in the space 7/50’ 1(R).
Finally, the metric p, is equivalent to d,,, which has the expression
1/p
supU, —supV,|? inf U, —inf V|?
P, U V)= /—l PUq — sup ¥yl da+/—| Vol

2 2
[0.1] [0.1]

for pe[1,).
Each U € PC([R‘I) is uniquely determined by its support function, given by

sy STTIx[0,11 - R
U — sy(r,a) =sup(r,a).
Let @ € [0, 1]. Denote by
L, : (F.(RY).d,) > (K (RY),dp)
UwU,.

Then L, is measurable in d, and continuous in d,. Denote by o, the smallest o-algebra which makes all mappings L, continuous.
Next, we will need some characterizations of convergence of sequences of fuzzy sets given, in a more general setting, in [13].

Lemma 2.2. [13, Theorem 6.4, (i) < (ii)] Let U,,U € Fc([Rd). Then dy(endU,endU,) — 0 if and only if d iy (U,, (U,),) — O for almost
every a € (0, 1).

Lemma 2.3. [13, Theorem 6.5] Let U,,,U € F.(R?) such that |2, (U,,), is bounded. If d g (endU ,end U,) — 0, then d,(U,,U)— 0.
Lemma 2.4. [13, Theorem 6.6] Let U,,U € Pc(Rd). If d,u,,U)— 0, then dyy(endU,,endU) — 0.

Thank to these lemmas, we are allowed to establish the following result.
Lemma 2.5. Let U,,,U € F(R?) such that | J2.,(U,), is bounded. Then dg(endU,endU,) — 0 if and only ifd,U,,U)—0.

Let U,V,U’,V' € F.(R%). Denote by

dIN(U, V), U, V")) = max{deg(U, U"), depg(V, VY,
d7(U, V), (U, V") =max{d,(U,U").,d,(V.V")}

for p€[1,00) and
AU, V), (U, V") =max{d(U,U"),d,(V,V")}.

We will consider some operations between fuzzy numbers given in [7]. The first of them is the maximum of a pair of fuzzy
numbers

max : (Fo(R) X Fe(R),d ™) = (F(R), deng)
U, V)~ max(U, V)
where
(max(U,V)), = max{U,,V,} = [max{inf U,,inf V, },max{sup U,,sup V, }]
Analogously, the minimum of two fuzzy numbers is given by
min : (Fo(R) X Fo(R), d™™) = (F,(R), deng)
(U, V) min(U,V)
where
(min(U, V), = min{U,,V,} = [min{inf U,,inf V, }, min{sup U, sup V, }]

The product and quotient of fuzzy sets can be expressed via its a-cuts when the fuzzy sets involved take on only positive values.

prod : (F,((0,00)) X F,((0,00)), d™™) = (F,((0, 0)), deng)
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U,V) - prod(U,V)
where
(prod(U,V)), =linf U, - inf V,,supU, - sup V,]
quot : (F((0,00)) X F.((0,00)), d"™) = (F.((0, 00)), deng)
(U, V) quot(U, V)
where
(quot(U, V), = [inf U,/ sup V,,,sup U, /inf V]

An element of £.(R), that is, a compact interval K = [k, k,], can be characterized via its infimum inf K = k; and supremum

sup K = k5, or by its midpoint mid K = b1tk and spread spr K = kz;k‘ .

We will consider four functionals on fuzzy numbers used in [6] and [12], the value

Val 1 (F,(R),d,) > R

U ValiU) = / a(supU, +infU,)da =2 / amidU, da,
[0,1] [0,1]
the ambiguity

Amb : (F,(R).d,) = R

U~ Amb(U) = / a(supU, —infU,)da =2 / asprU,da,
[0,1] [0,1]

the weighted averaging based on levels
wabl : (F.(R),d,) = R

U - wabl(U) = / midU,da,
[0,1]
and the width

width : (F,(R),d,) - R

U +— width(U) = /(sup U,—infUy)da=2 / sprU,da.
[0,1] [0,1]

A random set is a measurable mapping X : (Q, A, P) — K.(R?) with respect to the Borel s-algebra generated by the Hausdorff
metric. If d = 1, then X will be called random interval. A fuzzy random variable is a mapping X : (Q, A, P) » F.(R?) such that for
every a €[0,1], X, : (Q, A, P)— ICC(R"), given by X ,(w) = X(w),, is a random set. The following characterization in [16, Theorem
6.6.(1)] allows us to identify fuzzy random variables with measurable mappings with respect to the Borel c-algebra generated by d,,
which will be denoted by de.

Proposition 2.6. (Kritschmer) Let p € [1, c0). A mapping X : Q — F.(R?) is a fuzzy random variable if and only if it is a random element
of the space (F.(RY),d,)).

A sequence {X,}, of fuzzy random variables converges in distribution in d, to a fuzzy random variable X if X, — X weakly as
random elements of the space (F.(R?),d ). Analogously, it converges in distribution in d, to X if X, — X weakly as random elements
of the space (T’C(Rd), dy).

Sequences of fuzzy random variables satisfy the continuous mapping theorem, as stated in [1, Theorem 3.5] and [4].

Lemma 2.7. Let (E,d) be a metric space. Let X, and X be fuzzy random variables such that X, — X in distribution in d,. If f :
(PC(R"), d)—Eisa Py -almost surely continuous function, then f(X,) — f(X) in distribution in d.

Moreover, Dudley’s version of Skorokhod representation theorem for separable spaces (see [8, Theorem 3]) holds for fuzzy
random variables. Notice that it can be applied to the Cartesian product of fuzzy random variables.

4
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Lemma 2.8. Let p € [1,00). Let P,, P be probability measures on oy, such that P, — P in distribution. Then there exist fuzzy random
variables X, X : (@, A’, P') > (F.(RY),d,), such that

(a) The distributions of X, and X are P, and P, respectively.
(b) X,(0") = X(w') in d, for every o' € Q.

We will also need this lemma from Proposition 2 in [2], which is a consequence of continuous mapping theorem.

Lemma 2.9. Let X,,, X be fuzzy random variables such that X, — X in distribution in d,,. Then aX, — aX in distribution in d,, for every
aeR.

Set
Py 1 (FLRY)XFRT),d™™) > (F(R¥*), d )
u,v)y-UxV,
where
(U xV)(x)=min{U(x),V(x,)} €[0,1]

for every x = (x;,x,) € R4+’ with x; € R? and x, € R?". We will denote by ¢, the inverse mapping of @y, which is well defined
(see Lemma 2.10 below).
The following lemmas from [4] are useful when dealing with Cartesian products of fuzzy random variables.

Lemma 2.10. The mapping ¢, is an homeomorphism onto its image and ¢, (F,(RY) x F.(R?")) is a measurable subset of F,(R*4"),

Lemma 2.11. Let { X, }, and {Y,,}, be sequences of fuzzy random variables and let X and Y be fuzzy random variables. Then (X,,Y,) —
(X,Y) in distribution in d;,“‘“ if and only if X, XY, — X XY in distribution in d,,.

Lemma 2.12. Let {X,}, and {Y,}, be sequences of fuzzy random variables, let X be a fuzzy random variable and let U € F,(RY). If
X, = X and Y, — U in distribution in d s then (X,,Y,) = (X, U) as random elements in the space F, (R x F. (R?).

Denote by ¢, the union between fuzzy sets.
by P FRYHXFRY,d™) — (FRY),d,)
U, V)»UUV =max{U(x),V(x)},
which is
wuv),=U0,uV,

for every a € [0, 1].
In [4, Lemma 5.3], we showed that ¢, is continuous in d,,.
Denote by ¢,, the operation given by

by FRDXF (R, dy™) - (F(R),d,)
U,V)m=coUUV),

where co(U U V) is the convex hull of U UV, given by
(coUUV)),=co((UuV),)=coU,UV,),

for every a € [0, 1].
We define a trapezoidal random fuzzy set Tra(&;,&,,&3,€,) as

0 ifx<§1(w)

X@)(x)=11 if Sp(@) < x <&5(@)
s o <xzi
0 ifx>r§4(w)-
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As shown in [2, Theorem 2], convergence in distribution of a trapezoidal random fuzzy set in the metric d,, for p € [1, c0) is equivalent
to convergence in distribution of (£,,&,,&;,£,) as a random vector in R*.

Lemma 2.13. Let {U, }, be a sequence of trapezoidal fuzzy numbers converging to some U € f’c, 1(R) ind,. Then {||(U,)ll}, is bounded.

Corollary 2.14. Let {U,}, be a convergent sequence of trapezoidal fuzzy numbers. Denote by U its limit. Then d,,y(U,,U) — 0 if and only
if d,(U,,U) — 0 for every p €[1,c0).

Proof. It is a consequence of Lemmas 2.5 and 2.13. []
3. Operations between fuzzy random variables

The main objective of this section is to show that the operations between fuzzy sets defined before preserve convergence in
distribution.
The first operation considered is ¢,,.

Lemma 3.1. The function ¢, is continuous in d,,.

Proof. Let {(U,,V,)}, be a convergent sequence to (U, V) in d;"a". Then, by [4], d,(U,uV),UuV) -0 and since d,(co(U, U
V).co(U uV)) <d, (U, UV,),(U UV)), the sequence {co(U, UV,)}, converges to coU UV) ind,. []

Proposition 3.2. Let { X, }, and {Y,,}, be sequences of random variables in R? such that {(X 2 Y,)}, converges in distribution to (X,Y) in
d;“a". Then co(X, UY,,) converges in distribution in d, to co(X UY).

Proof. First, recall that { X, XY, }, converges in distribution in d, to X XY (Lemma 2.11) and by definition of ¢,, and ¢,

coUUV)=¢,U.V)=dy(@«U xV)) = (¢, 0, )U X V).

Since ¢, and ¢, are continuous by Lemmas 3.1 and 2.10, their composition is continuous. Therefore, by the continuous mapping
theorem (Lemma 2.7), {(¢,0¢)(X,,Y,)}, converges in distribution in d p 10 (Pyod, )X, Y). [

To show that max, min, prod and quot are fuzzy random variables, we will need this lemma.

Lemma 3.3. Let X : Q — F,.(R?). Then the following statements are equivalent:

« X is a fuzzy random variable
X is measurable in the endograph topology.

Proof. First, recall that by [1, Proposition 5.4], (F‘.(Rd ).d,) is a Lusin space for every p € [1,00), hence a Suslin space. Since
(T’C(Rd), d..q) is the continuous image of a Suslin space (via the identity mapping i : (FC(R" ).dy) = (F. (RY), dqng)), it is also Suslin.
And it is clear that the supremum of both topologies is T4, the topology generated by d,,. Then, by Lemma 2.1 and Proposition 2.6,
By, =B;. O

P

end —

Lemma 3.4. The function max is continuous in d .

Proof. Let {(U,.V,)}, € F.(R) X F.(R) be a sequence such that
A" (U, V), (U, V) = Max{degg(Uy U), den(V, V) = 0.

Then, by Lemma 2.2, for almost every a € [0, 1] it follows that d; ((U,,),.U,) — 0 and dy((V,,)
[0, 1] which contains every « fulfilling both conditions. Let @ € C. Then

V,) — 0. Denote by C the subset of

@

dy(max(U,, V,),.max(U,V),) = dy(max((U,) 4. (V) ), max(Uy, V,))
=max{| max{inf(U,),,inf (V}),} — max{inf U,,inf V, }|,
| max{sup(U,),,sup(V,),} —max{supU,,supV,}|} =0,

since

max{inf(U,),.inf(V,),} = max{inf U, inf V, }
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and

max{sup(U,),,sup(V,), } = max{supU,,supV,}

for every @ € C. Therefore

dy (Max(U,, V,))y, Max(U,V),) — 0

for almost every a € [0, 1], yielding

depg(max(U,,

v,

n

),max(U,V)) - 0,

using Lemma 2.2 again. []
Lemma 3.5. Let X,Y be fuzzy random variables. Then max(X,Y) is also a fuzzy random variable.

Proof. Since max is continuous in d,y (Lemma 3.4), it is measurable in d,. Then max(X,Y) is a random element in (F,(R),d,),
which is equivalent to being a fuzzy random variable (Proposition 2.6). []

Theorem 3.6. Let (X,,,Y,) — (X,Y) in distribution in d;““" and let M > 0 be such that max{|[(X,)oll, [(Y;,)oll, I Xoll. | Ypll} < M. Then

max(X,,Y,) - max(X,Y)

in distribution in d,,.
Proof. By Dudley’s version of Skorokhod representation theorem (Lemma 2.8), there exist pairs of fuzzy random variables
XY, (XY 1 (@, AL P) = (F(R) X F(R),d™™) such that (X}, Y,)(@) = (X", Y')(@) in d™* for every o’ € ', £(x1 y1, =
Pix,y, and Ply, ) = Py y)-
First of all, we have to show that these variables given by Skorokhod’s theorem are bounded. Set
A={UEeF.M): ||Upll < M} =Ly ((—o0, M]).

Then, since L is a measurable function, 2 € de. Denote

H=AXAEB, OB, ,

since the product of measurable sets is measurable. Next,

P'({0’ € Q1 I(X), Y@l S M}) = Py yr)(9) = Px y)(H)
=P({oeQ: ||(Xg, Yp) @) <M})=1.

Analogously, (X ;l s Yn’ )(@') is bounded by the constant M for almost every w’. Let D be a measurable null set which contains

{(X).Y)eDHIU <U{((X;>o,<Y;)o)es§}>.

neN

Then [|(Xg, Y@l < M and [[((X])g, (Y,)p)(@")]| < M for each o’ & D.
Moreover, max(X},Y;) and max(X’,Y”) are fuzzy random variables by Lemma 3.5. Let us show that max(X/,Y,) has the same
distribution as max(X,,,Y,). Let B € By . Then

P! )(B)=P’({a)’ e Q' : max(X!,Y)(w') € B})

max(X),,Y,
=P'({0/ €Q : (X, Y))emax '(B)))=P(weQ: (X,Y,)(w)emax (B))
= P({w € Q : Max(X,.Y,)(®) € B}) = Pazx v,(B).

where max ! (B) because of the measurability of max (Lemma 3.5).
It remains to show that for every o’ & D, max(X),Y,)(w’) = max(X’,Y")(@') in d,. By the continuity of Max in dg,q,

depa(MAX(X!, Y/ )@ ), max(X', Y )(@')) = 0

for each w € Q'. Moreover, if o’ ¢ D, ||(X',Y0')(a)’)||, ||((X",)0,(Yn’)0)(w')|| < M, yielding ||max(X’,Y")(@)ll, ||r?133/((X",, Yn’)(w')()” <
M. Then by Lemma 2.5,

d,(max(X,, Y, )w"), max(X",Y")(@)) = 0,
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for every o’ & D. Therefore, the sequence of pairs of fuzzy random variables {max(X/,Y/)}
max(X’,Y"). In conclusion, {max(X,,Y,)}, converges in distribution in d,, to max(X,Y). [J

. converges almost sure in d, to

Corollary 3.7. Let (X,,,Y,) — (X,Y) in distribution in d;“‘”‘ and let M > 0 be such that max{||(X,)oll, X )oll. | Xoll, 1 Y1} < M. Then

min(X,,Y,) —» min(X,Y)

in distribution in d,,.

Proof. Let us check that min(U, V) = (- 1)max(~U, —V). Since
max(—U,-V), = max(-U,,-V,)
= [max{—supU,,—supV, },max{—inf U,,—inf V_}]
=[—min{supU,,supV,}, —min{inf U,,inf V}],

then

(~D)max(~U, =V), = [min{inf U,,inf V, },min{sup U, sup V, }] = min(U, V),.

If (X,.Y,) = (X,Y) in distribution in d}‘,"ﬂ", by Lemma 2.11, X, XY, - X XY in distribution in d e Then by the continuous mapping
theorem —(X,, xXY,) = —(X XY) in distribution in d, that is, (—X,) X (-Y,) = (—X)X(=Y). Therefore, by Lemma 2.11, (-X,,-Y,) =
(=X,=Y). Next, by Theorem 3.6, max(—X,,-Y,) — max(—X,-Y) in distribution in d,. And by Lemma 2.9, —max(-X,,-Y,) -
—Max(—X,~Y), that is, min(X,,, ¥,) - min(X,Y) in distribution in d,. []

max

Lemma 3.8. The function prod is continuous in d 7.

Proof. Let {(U,.V,)}, C F.((0,)) X F,((0, o)) be a convergent sequence to (U, V) in d,,,,. Let C C [0, 1] be the set of a’s such that
dy((U)g.Uy) = 0 and dy ((V,),.V,) — 0. Then

dp (prod(U,,, V,))y, prod(U, V),)
=dy([inf(U,), - inf(V,),,sup(U,), - sup(V,), ], [inf U, - inf V,,supU, - sup V,])
=max{|inf(U,), - inf(V,), —inf U, -inf V,|, | sup(U,,), - sup(V,)), —sup U, - supV,|} = 0,
since
|inf(U,), - inf(V,), —inf U, - inf V| - 0
and
| sup(U,), - sup(V,), —supU, -supV,| =0
for each @ € C. Then by Lemma 2.2,
depg(prod(U,,, V,),prod(U,V)) = 0,

that is, prod is a continuous function in dJ5*. [

Lemma 3.9. Let X and Y be fuzzy random variables. Then prod(X,Y) is a fuzzy random variable.

Theorem 3.10. Let (X,,,Y,) = (X,Y) in distribution in d‘;m and let M, m > 0 be such that sup(X,),,sup Xy, sup(Y,)y,sup Yy < M and
inf (X))o, inf X,inf(Y;)g,inf Yy, > m for every n € N. Then

prod(X,,Y,) — prod(X,Y)
in distribution in d,.
Proof. Like in the proof of Theorem 3.6, denote by (X ”,, Yn’ ) and (X’,Y’) the pairs of fuzzy random variables given by Lemma 2.8.
Notice that the set

B={UeF.(R):inf Uy>m,supU, <M}

is measurable, since sup and inf are measurable functions in d,,. Denote

8
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3=%><236de®de‘
Then
P'({o' € Q' :inf X((@") > m,sup Xj(@') < M,inf Y (@') > m,sup ¥, (@) < M })
=P({w e Q : inf Xy(w) > m,sup Xy(w) < M, inf Yy(@) > m,supYy(w) < M })=1.
Analogously, for every n € N,
P'({0' € Q' 1 inf(X))y(@') > m,sup(X))y(@') < M,inf (Y, )y(w") > m,sup(Y))g(@') < M}) =1.
Denote by ® a null measurable set of Q' which contains

(X, YD EFIU <U (X () € 3}> :

neN
As in Theorem 3.6, for every o' ¢ ® and n €N, it holds that sup(X))y(), supX(’)(w’), sup(Y,))o('), squO’(w’) < M and

inf(X))y(@"),inf X, (’)(w’), inf(Y))o("), inf YO’ (@) > m. Next, we have to show that prod(X/,Y,) and prod(X,,,Y,) have the same distri-
bution. For B € de,

/ _ p/ / 'y v ’
PEmNd(X,’T,Yn’)(B)_ P{o e : prod(Xn,Yn)(w )€ B})

=P({0 €Q : (X, Y)@)€prod  (B)))=P({w€Q: (X,.Y,)w) € prod  (B)})

= P((w €Q: prod(X,,.Y,)(@) € B)) = Pogyiy (B,

by the measurability of prod.
Let o’ ¢ . By the continuity of prod with respect to di, it holds that

deng(prod(X;,Y)(@"), prod(X',Y")(@')) —» 0
for every o' € Q'. Furthermore, for every o' € ®, |(X/ ,YO’)(w’ Yol £ M, yielding |sup Xy(w') - sup Yo(@')| < M?, that is,
lprod(X’,Y")(@")o|| < M. Analogously, llprod(X}, Y )@ )l < M? for every n € N. Consequently,

v v/ N v v/ ’
d,(prod(X,.Y, ) @), prod(X",Y")(@")) — 0
for every ' & ®, that is, prod(X),Y,) converges almost surely in d, to prod(X’,Y’). In conclusion, prod(X,,Y,) converges in
distribution in d ,» to prod(X,Y). [

Lemma 3.11. The function quot is continuous in dias.

Proof. Let {(U,,V,)}, € F.((0,)) X F.((0,©)) be a convergent sequence, denote by (U, V') its limit. Set
C={a€[0,1] : max{dy((U,)y,Up), dg((V;))g, V;)} = 0}
Then
d g (qUOt(U,. V,,)o- quot(U, V),)
=dg([inf(U,),/ sup(V,).sup(U,),/inf(V,), 1, [inf U, /sup V,,sup U,/ inf V,])
=max{|inf(U,),/sup(V,), —inf U,/ supV,|,|sup(U,),/inf(V,), —supU,/inf V. |} —= O,
since
|inf(U,),/ sup(V,), —inf U, /supV,| = 0
and
| sup(U,),/ inf(V,)), —supU,/inf V| = 0
for every @« € C. Then

d.,q(quot(U,, V,),quot(U, V)) — 0.

In conclusion, quot is a continuous function in d 7. [
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The proof of the following result is analogous to that of Theorem 3.10.
Proposition 3.12. In the conditions of Theorem 3.10, quot(X,,Y, e Y,) = quot(X,Y) in distribution in d,
We finally obtain a Slutski type theorem for fuzzy random variables under the d, metrics.

Corollary 3.13. Let {X,}, and {Y,}, be sequences of fuzzy random variables which converge in distribution in d, to a fuzzy random
variable X and a fuzzy set U, respectively.

(@) co(X, UY,) converges in distribution in d, to co(X, U U).
®) If (X, )oll, 1Y, )oll and || Xl are bounded by a constant M for each n € N, then max(X,,Y,) converges in distribution in d, to

max(X,U) and min(X,,Y, > Yy) converges in distribution in d,, to min(X,U).
(c) If there exist m > 0 and M > 0 such that sup(X,, )0, sup Xo,sup(Y )o <M and inf(X )y, inf X, inf(Y,) > m for every n € N, then
prod(X,,,Y,) converges in distribution in d, to prod(X U) and quot(X,,, Y,) converges in distribution in d,, to quot(X, U).

n> n

Proof. For part (a), we have to apply Lemma 2.12 and Proposition 3.2 to obtain co(X, UY,) — co(X,, U U) in distribution in d,,.
Part (b) is a combination of Lemma 2.12 and Propositions 3.6 and 3.7 and part (c) is analogous. []

4. Functionals of fuzzy random variables

We start this section showing that the functionals of fuzzy sets considered in page 5 are Lipschitz (and hence continuous) with
respect to the metric p,.

Lemma 4.1. The mappings Val, Amb, wabl and width are Lipschitz when F,(R?) is endowed with the metric p;.

Proof. Let U,V € F,.(R). Then

|wabl(U)—wab1(V)|=|/midUada—/midVada|

[0,1] [0,1]
supU, +inf U, supV, +inf V,
=] ——da— —da
2 2
[0,1] [0,1]
supU, —su infU, —inf V,
_|/ pU, pV, supU, —supVy +/ o “ 4l
2
[0,1] [0,1]
supU supV inf U, —inf V,
< +| | ——5——da|
[0.1] [0.1]
supU, —supV, infU, —inf V,
S/Wda_i_/%da:pl((],y).
[0,1] [0,1]
Next,
|width(U)—width(V)|=|2/sprUada—Z/sprVada|
[0,1] [0,1]
=| /(supUa—infUa)da—/(supVa—iana)dal
[0,1] [0,1]
=] /(supUa—supVa)da+/(iana—infUa)dal
[0,1] [0,1]
<| /(supUa—supVa)da|+| /(iana—infUa)dal
[0,1] [0,1]
S/lsupUa—supValda+/|iana—infUa|da=2p1(U,V),
[0,1] [0,1]
Next,

10
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|Va1(U)—Va1(V)|=|2/ amidU,da —2 / amidV, da|
[0,1] [0,1]

=| / a(supU, +inf U )da — / a(supV, +inf V,)da|
[0.1] [0.1]

=|/a(supUa—supVa)da+/a(infUa—iana)dal

[0,1] [0,1]
<| / a(supU, —supV,)da| + | / a(inf U, —inf V,)da|
[0,1] [0,1]

s/alsupUa—supValda+/alinfUa—ianalda

[0,1] [0,1]
5/|supUa—supVa|da+/|infUa—iana|da=2p1(U,V).
[0,1] [0,1]

Finally,
| Amb(U) — Amb(V)| = |2 / asprU,da —2 / asprV,da|
[0,1] [0,1]

=] / a(supU, —inf U )da — / a(sup V, —inf V,)da|
[0.1] [0.1]

=| / a(supU, —supV)da + / a(inf V, —inf U, )da|

[0,1] [0,1]
<| / a(supU, —supV,)da| + | / a(inf V, —inf U, )da|
[0,1] [0,1]

s/alsupUa—supValda+/aliana—infUald(x
[0,1] [0,1]

S/lsupUa—supValda+/|infUa—ianalda=2p1(U,V), O
[0,1] [0,1]

Lemma 4.2. Let X be a fuzzy random variable. Then Val(X ), Amb(X ), wabl(X) and width(X) are random variables.

Proof. Since these mappings are Lipschitz by Lemma 4.1, they are measurable in p; and d,, hence the composition with a fuzzy
random variable is measurable too. []

Proposition 4.3. Let { X}, be a sequence of fuzzy random variables which converges in distribution in d, to X. Then
« Val(X,) — Val(X),
-+ Amb(X,) - Amb(X),
+ wabl(X,,) — wabl(X),
+ width(X,,) — width(X)
in distribution.
Proof. By Lemma 4.1, these mappings are continuous and the continuous mapping theorem (Lemma 2.7) can be applied. []

5. Convergence in d

Our proof of the equivalence between convergence in distribution of a trapezoidal fuzzy random variable and convergence in
distribution of the random vectors that characterize it in [2, Theorem 2] relied on the boundedness of the 0-cuts of a convergent
sequence of trapezoidal fuzzy numbers (see [4, Lemma 3.6] for the detailed proof of this fact). Now, we will strengthen this result
via the continuity of the mapping which identifies a 4-dimensional vector with a trapezoidal fuzzy set with respect to the metric d .

11
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Lemma 5.1. Let A= {(u,uy,us,uy) € R* : u; <u, <us <uy). Then the mapping

@ (A dpay) = (F(R),d,)
(uy,uy, Uz, uy) = Trauy,uy, us, uy),

where
ax (U, U, Uz, ug), (U], 03,03, 04)) = max{|u; — v, |uy — v, luz — v3], lug — v4l},
is injective and Lipschitz.

Proof. Clearly, ¢ is injective. Let (u,uy,us,uy), (v}, vy, 03,04) € R*. Denote by U the trapezoidal fuzzy number Tra(u,,u,,us,uy)
and by V the trapezoidal fuzzy number Tra(v;,v,,v3,v,). Let a € [0, 1],

dyU,,V,)=max{|inf U, —inf V,|,|supU, —sup V, |}

=max{|(1 —a)inf Uy + ainf U; — (1 — &) inf V;; — ainf V],

lasupU; + (1 —a)supUy —asupV; — (1 —a)sup V| }

=max{|(1 —a)(u; — v1) + aluy — V)|, lauz — v3) + (1 — )y — vy)|}

<max{|u; — v, luy — vy, lug — v3], [y — V4| } = dax (U, Us, s, Uy), (U], Uy, 03, 04)).

Therefore

do (U, V)= sup dyU,,Vy) S (g, up,uz,uy), (1, 02,03, 04)). [
a€l0,1]

Since d, <d, for p € [1, ), we get the following result.
Corollary 5.2. The mapping ¢ is Lipschitz when F(R) is endowed with the metric d,,.
Proposition 5.3. Let p € [1, o) and let X, ~ Tra(é, ' ,.5"2,5”3,5,, 4) and X ~Tra(&,&,,¢&3,&,) be random trapezoidal fuzzy sets. Then

1. If X,, > X in distribution in d, then (§n1,§n2,§n3,§n4) = (&1,&,,&3.¢,) in distribution.
2. If(g‘,,] ,6,,2,5,,3,5"4) — (&1,&,,&,¢&,) in distribution, then X,, — X in distribution in d .

Proof. 1. It is the first implication in [2, Theorem 2].
2. By Skorokhod representation theorem [17], there exist random vectors (1, 1,%,25Mn3>Mn4)s (115125 13,14) such that

f(nn_lxﬂnvzmjynﬂ) = P(En.lyfnlv‘fnjvénA)’ f(m,nzwwm) = }’(51’52,53,54) and (1, 1,125 1,35 Mln.4) CONVerges pointwise to (1y,1,,13,14)- Let Y, =
Tra(n,,l ,nnz,nng,nm) and Y =Tra(n,1,.13.14). We have to show that Y, (1) - Y (¢) in d, for each ¢ € [0, 1]. Then, using Lemma 5.1,

oo (V,)(0, Y (1)) < diax (1,1 O): 1,20 1, 38, 1, 4 (0))s (11 (0), 12 (1), 13.(8), 14 (1))
for every 1 € [0,1]. Finally, let B € Br ) q_)-

£y (B)=¢({t€[0,1]: Y,() € BN =L({t €0, 1] : (1,1, 4)(1) € @~ (B)})

=P(0€Q: (€1 )@ €™ (B)) = P((w €Q : X,(0) € B) = Py (B).
that is, ¥, and X, have the same distribution. Analogously, ¢y (B) = Py (B) for every Borel set B C 7.(R). In conclusion, X, = X in
distribution in d . [

As a result, for any sequence of random trapezoidal fuzzy sets, we obtain the equivalence between convergence in distribution
in the metrics d, and d,. In particular, any convergent sequence of trapezoidal fuzzy numbers with respect to the metric d, is
convergent in d, which implies that the sequence of 0-cuts is bounded.

Proposition 5.4. Let X, X be fuzzy random variables such that X,, — X weakly in d . Then s x,(r-@) = sx(r, @) weakly for every r € R4
and for every a € [0, 1].

Proof. By Skorokhod’s representation theorem [18, Proposition 10], there exist fuzzy random variables Y,,Y such that Y, (1) - Y (¢)
for each ¢ € [0, 1]. Then (Y,), — Y, in dj for each a €[0,1].
Then, since

dH((Yn)a’ Ya) = Ssup ”SYn(rs (1) - SY(rs a)”7

resd-1

12
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it follows that for every £ > 0 there exists ny € N such that

sup |Isy, (r,@) — sy (r,0)|| <e.
resd-1
Therefore, for each r € S?~!, ¢ €[0,1] and 1 € [0, 1], ||sYn(r, a)—sy(r,a)|| <e.
Thus, for fixed a €[0,1] and r € S471, Sy, (rs @) = Sy (r, @) for each t € [0, 1].

Now, let us show that Py = st(,)(r,a)- Let a € R and s =max,cy, (r,x) be a function.

PSX<.)(r’a)((—oo, a)=P{oweQ: SX(‘)(I‘, a)La})

=P{weQ: rr)l(a)(& )(r,x) <a)=Plowel: X, (0)E s_l((—oo,a])})

Pt €011 : Y, () €5~ ((—00,aD D) = Py, )((—00,a)).

Analogously, PSX G = fsy )" In conclusion, Sx, (r,a) = sy(r,a) weakly. []

Remark 5.1. Notice that if we try to generalize the previous result to convergence in d,, we will obtain that for every 7 € [0, 1] there
is a subset of a-cuts converging, but it may be different for each ¢.

Corollary 5.5. Let X,,, X be fuzzy random variables such that X,, — X in probability in d,. Then sy (r,a) — sx(r, @) in probability for
every r € RY and a € [0, 1].

Proof. Let {X,,}, be any subsequence of { X, }, and let { X, }, be a subsequence of {X,,}, which converges almost sure to X. Rea-
soning as in the proof of Proposition 5.4, for fixed « € [0,1] and r € sd-1 X 0y @) = 8 x () (r, @) for each @ € Q. Therefore every
subsequence {s X, )" a)}, of {sx (r,@)}, has a further subsequence {s X, ()" @)}, which converges almost surely to sy (r, a).

In conclusion, s X, (r,a) = sy (r,@) in probability for every r € R? and for every a €[0,1]. [

Proposition 5.6. Let X,, X be d_, -Borel measurable fuzzy random variables such that X, — X in d,. Then for every a € [0,1], (X,), —
X, in distribution in d .

Proof. Let us show that E[f((X,),)] = E[f(X,)] for every continuous and bounded mapping f : ICC(Rd) — R. First, recall that for
every a € [0, 1], the mapping L, is continuous. Next, let f : ICC(R“' ) = R be any continuous and bounded mapping. Then f(X,)=
Sf(L (X)) =(foL,)(X), where foL, : FC(R") — R is a continuous and bounded function. Then, by hypothesis, E[foL, (X,)] =
E[foL,(X)], thatis, E[f((X,),)] = E[f(X,)], yielding (X,), = X, in distribution in dyy. []

Corollary 5.7. Let X, X be d,-Borel measurable fuzzy random variables in R such that X,, — X in d,. Then for every a € [0, 1]

+ inf(X,), — inf X,

* Sup(Xn)a — sup X{l’
* mid(X,), —» mid X,
* spr(X,), = spr X,

in distribution.

Proof. Fix any a € [0, 1]. Then, by Proposition 5.6, (X,), = X, in distribution in d;. Since inf, sup, mid and spr are continuous in
dy , convergence in distribution is preserved. []

6. Concluding remarks

Throughout this paper, we have studied the compatibility of the definition of convergence in distribution of fuzzy random
variables with respect to the metric d, with some common operations between fuzzy sets. Moreover, we have shown how the
relationship between convergence in L? metrics and the endograph metric can be used to obtain new results related to convergence
of fuzzy random variables.

As a future line of research, it would be interesting to study if convergence in distribution of fuzzy random variables with respect
to L*® metrics behaves well with the structure of spaces of fuzzy sets. For the compatibility of convergence in distribution with
functionals of fuzzy sets, we may consider showing whether those in [5], [6], [11] or [20] preserve convergence in distribution.
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