
Department of Electrical, Electronics, Communications and
Systems Engineering

PhD Thesis

Stability Analysis and Control Methods to

Mitigate Low-Frequency Oscillation in

High-Speed Trains

by

Paul Alejandro Frutos Galarza

PhD Program in Energy and Process Control
Electrical Energy Conversion and Power Systems Research Line

December 2023





Department of Electrical, Electronics, Communications and
Systems Engineering

PhD Thesis

Stability Analysis and Control Methods to

Mitigate Low-Frequency Oscillation in

High-Speed Trains

by

Paul Alejandro Frutos Galarza

Dissertation submitted in fulfillment of the requirements for the degree of
Doctor of Philosophy in the Energy and Process Control PhD program at

the University of Oviedo

Supervisor: PhD. Prof. Fernando Briz.
Supervisor: PhD. Prof. Juan Manuel Guerrero.

December 2023
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Resumen

La electrificación se ha convertido hoy en d́ıa en un tema destacado dentro del sec-
tor del transporte, cuyo objetivo principal es reducir las emisiones de gases de efecto
invernadero y mitigar el impacto del cambio climático en nuestro planeta. La elec-
trificación del transporte implica la sustitución gradual de veh́ıculos propulsados por
combustibles fósiles por homólogos eléctricos, abarcando diversos modos de transporte,
como veh́ıculos de carretera, sistemas ferroviarios, aviones y barcos. Los ferrocar-
riles eléctricos, en particular, ofrecen varias ventajas relevantes sobre otros medios de
transporte, incluida una eficiencia energética muy alta y, en consecuencia, menores
emisiones, aśı como menores costos operativos. Además, los ferrocarriles eléctricos
pueden incorporar fácilmente sistemas de frenado regenerativo que convierten la en-
erǵıa cinética del tren nuevamente en electricidad, devolviéndola a la red eléctrica para
que la utilicen otros trenes o la red pública. A diferencia de las locomotoras a diésel, los
ferrocarriles eléctricos tienen la flexibilidad de funcionar con una variedad de fuentes
de enerǵıa, incluida la enerǵıa renovable.

Los convertidores electrónicos de potencia son los elementos fundamentales para la
integración de múltiples fuentes de enerǵıa, elementos de tracción y equipos auxiliares.
Si bien la presencia de una gran cantidad de convertidores electrónicos de potencia
puede resultar beneficiosa en términos de eficiencia y controlabilidad, pueden ocurrir
fenómenos inesperados debido a sus interacciones. Entre estos está el fenómeno de
oscilación de baja frecuencia, que puede provocar un corte de enerǵıa en la subestación
del sistema ferroviario y, en consecuencia, la interrupción del tráfico.

Esta tesis está dirigida al modelado, análisis y comprensión del fenómeno de os-
cilación de baja frecuencia (LFO) en sistemas ferroviarios alimentados por catenaria.
Las herramientas desarrolladas y utilizadas en este trabajo incluyen: análisis en el do-
minio de la frecuencia, identificación de valores propios, modelos de pequeña señal y
simulaciones en el dominio del tiempo.

Se estudiará la influencia de los elementos constructivos y los parámetros de control
en la aparición de LFO. Estos incluyen la longitud y las caracteŕısticas de la ĺınea de
contacto, elementos pasivos de la unidad de tracción como la inductancia de fuga
del transformador y la capacitancia del enlace DC, el diseño y anchos de banda del
control, y los sistemas de sincronización. Se explorará la sintonización adecuada de los
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controladores de trenes para evitar este tipo de inestabilidad.

Además, se ha desarrollado un nuevo modelo anaĺıtico de pequeña señal de la ad-
mitancia de entrada del tren. Para ello se obtiene el modelo de pequeña señal de cada
elemento dinámico de los lazos de control, incluido el cálculo y modelado del integrador
generalizado de segundo orden (SOGI) en el marco de referencia śıncrono. Se utilizan
métodos numéricos para la validación de los modelos. El concepto de la transformación
en pequeña señal de vectores desde el marco de referencia dq al marco de referencia

estimado d̂q se presenta para modelar la dinámica debida a errores en la rotación de
coordenadas. Las debidas herramientas matemáticas fueron desarrolladas para esta
tarea. A partir de este modelo, se realiza un análisis de estabilidad del sistema fer-
roviario en diferentes condiciones de operación, confirmando la capacidad del modelo
para predecir la inestabilidad de baja frecuencia.

Adicionalmente, se considerarán y compararán dos estrategias de control destinadas
a mitigar el fenómeno LFO. El principio de dichos métodos se basa en el control de la
oscilación del enlace de DC y la utilización de una impedancia virtual, respectivamente.

Finalmente, se realiza la réplica experimental del fenómeno LFO. Realizar exper-
imentos en la red ferroviaria no es fácil, ni siquiera viable. Alternativamente, la red
ferroviaria puede ser emulada utilizando un convertidor electrónico de potencia, que
alimentaŕıa el convertidor de potencia del tren sometido a prueba. Para este fin, se
requiere un emulador de tipo Power-Hardware-in-the-loop (PHIL). En esta tesis, se
realiza el diseño y construcción de un PHIL reducido a escala capaz de reproducir el
comportamiento dinámico de la red real a bajas frecuencias. Se demostrará que el
diseño y ajuste del control PHIL no es trivial. El diseño y la verificación del control
PHIL se explican en detalle.



Abstract

Electrification has become a prominent topic within the transportation sector to-
day, primarily aimed at reducing greenhouse gas emissions and mitigating the impact
of climate change on our planet. Transportation electrification involves the gradual
replacement of fossil fuel-powered vehicles with electric counterparts, encompassing
various modes of transportation such as on-road and off-road vehicles, rail systems, air-
planes, and ships. Electric railways, in particular, offer several relevant advantages over
other means of transportation, including very high energy efficiency and consequently
reduced emissions, as well as lower operational costs. Moreover, electric railways can
easily incorporate regenerative braking systems that convert the train’s kinetic energy
back into electricity, returning it to the power grid for use by other trains or the utility
grid. Additionally, electric railways have the flexibility to be powered by a variety of
energy sources, including renewable energy, as opposed to diesel locomotives.

Electronic power converters are the pivotal elements for the integration of multiple
energy sources, traction drives, and auxiliary equipment. While the presence of a
large number of power electronic converters can be beneficial in terms of efficiency and
controllability, unexpected phenomena can occur due to their interactions. Specifically,
low-frequency oscillation of the contact-line voltage can lead to a power outage of the
traction substation and, consequently, to the shutdown of train traffic.

The thesis is aimed towards the modeling, analysis, and understanding of low-
frequency oscillation (LFO) in catenary-fed railway systems. Tools developed and used
in this work include frequency-domain analysis, eigenvalue identification, small-signal
models, and time-domain simulations.

The influence of constructive elements and control parameters in the appearance
of LFO will be studied. These include contact-line length and characteristics, traction
unit passive elements such as transformer leakage inductance, DC-link capacitance,
control design and bandwidths, and synchronization systems. Proper tuning of train
controllers will be explored in order to avoid low-frequency instability.

Furthermore, a new analytical small-signal model of the train input admittance has
been developed. For this purpose, small-signal models of each dynamic element in the
control loops are obtained, including the calculation of the second-order generalized
integrator (SOGI) model in the synchronous frame. Numerical methods are used for
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the validation of the models. The concept of the small-signal vector transformation

from the actual dq-frame to the estimated d̂q-frame is presented to model the dynamics
due to errors in the coordinate rotation; the mathematical tool was developed for this
task. Based on this model, a stability analysis of the railway system is performed
in different operating conditions, confirming the ability of the model to predict low-
frequency instability.

Additionally, two control strategies aimed to mitigate LFO will be considered and
compared. Their principle of operation is based on DC-link oscillation control and by
means of a virtual impedance, respectively.

Experimental replication of the LFO phenomenon is finally addressed. Running
experiments in the actual railway network is not easy, or even viable. Alternatively, the
railway network can be emulated using a power electronic converter, which would feed
the train power converter under test. A power-hardware-in-the-loop (PHIL) emulator
is required for this purpose. The design of a down-scaled PHIL able to reproduce the
dynamic behavior of the actual network at low frequencies was addressed in this thesis.
It will be shown that PHIL control design and tuning are not trivial. PHIL control
design and verification are explained in detail.



Nomenclature

Variable names
vs Substation voltage
is Catenary-line current
vc Catenary-line voltage at PCC
vn 4QC input voltage
v̂n Estimated 4QC input voltage
in Leakage inductance current

în Estimated leakage inductance current
vt 4QC terminal voltage
vdc DC-link voltage
idc DC-link current
iL Load current
θ Catenary-line voltage phase angle

θ̂ Estimated Catenary-line voltage phase angle

θ̃ Angle estimation error
Pac Instantaneous power at PCC
Pdc Instantaneous power at DC-side
PL Load power
f0 Fundamental frequency (Hz)
ω0 Fundamental frequency (rad/s)
fsw Switching frequency (Hz)
fs Sample frequency (Hz)

Domain transformations
v Generic variable in the time domain
V Variable in the Laplace domain
V (jω) Variable in the frequency domain
v = [vd, vq]

T Real space vector in the time domain
in the synchronous dq-frame

V = [Vd, Vq]
T Real space vector in the Laplace domain

in the synchronous dq-frame
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Reference frame transformations

ve Superscript indicating matrices, transfer functions,
vectors, and vector components in the synchronous
true reference frame

vê Superscript indicating matrices, transfer functions,
vectors and vector components in the estimated
synchronous reference frame

vs Superscript indicating matrices and vectors
in the stationary reference frame

vx = [vxd , v
x
q ]

T Real space vector in the time domain
in a generic reference frame x ϵ {e, ê}

vx
dq = vxd + jvxq Complex space vector in the time domain

in a generic reference frame x ϵ {e, ê}
Vx = [V x

d , V
x
q ]T Real space vector in the Laplace domain

in a generic reference frame x ϵ {e, ê}
V x
dq = V x

d + jV x
q Complex space vector in the Laplace domain

in a generic reference frame x ϵ {e, ê}
vs = [vα, vβ ]

T Real space vector in the time domain
in the stationary reference frame

vs
αβ = vα + jvβ Complex space vector in the time

in the stationary reference frame
Vs = [Vα, Vβ ]

T Real space vector in the Laplace
in the stationary reference frame

V s
αβ = Vα + jVβ Complex space vector in the Laplace

in the stationary reference frame

Systems
g(t) Impulse response in the time domain
G(s) Transfer function in the Laplace domain



Acronyms

LFO Low-Frequency Oscillation.
PCC Point of Common Coupling.
SOGI Second-Order Generalized Integrator.
PLL Phase-Locked Loop.
VSC Voltage Source Converter.
4QC Four Quadrature Converter.
QSG Quadrature Signal Generator.
PWM Pulse-Width Modulation.
FLL Frequency Locked Loop.
AC Alternating Current.
DC Direct Current.
PI Proportional Integral (controller).
PD Proportional Derivative (controller).
PID Proportional Integral Derivative (controller).
RES Resonant (controller).
LPF Low-Pass Filter.
IEEE Institute of Electrical and Electronics Engineers.
ESC Electrical System Compatibility.
SLC Stability Limit Curve.
SIL Software-In-The-Loop.
HIL Hardware-In-The-Loop.
PHIL Power-Hardware-In-The-Loop.
SRF Synchronous Reference Frame.
IGBT Insulated-Gate Bipolar Transistor.
DG Distributed Generation.
PLC Power Line Communications.
ESR Equivalent Series Resistance.
UUT Unit Under Test.
POD Power Oscillation Damping.
SISO Single-Input Single-Output.
MIMO Multiple-Input Multiple-Output.
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Chapter 1

Introduction

1.1 Background

Electric rail vehicles, such as trains and trams, have a distinctive characteristic
of being constantly connected to a power supply system while in operation. This is
different from other modes of transportation like electric cars, buses, aircraft, and ships,
which carry the necessary energy onboard.

The constant connection to the power supply system allows rail vehicles to receive
a continuous and reliable source of electric power, which is crucial for their operation
over long distances. However, it also means that rail vehicles are more dependent on
the railway infrastructure for their power supply.

Modern rail vehicles that operate in the railway system include a large number
of power electronic converters aimed to improve performance and efficiency. Despite
the benefits, complex dynamic interactions between the power supply network and the
controlled power converters can produce undesired phenomena, which might result in
power system instability.

Achieving harmonious operation of all active and passive electric elements to en-
sure stable operation of railway system can be challenging. This is often referred to
as electrical system compatibility (ESC), which encompasses the smooth interaction of
electric components within the railway system such as electric rail vehicles, power sup-
ply infrastructure, electrical telecommunication, interlocking, signaling infrastructure
and others [3].

Phenomenon affecting the regular operation of railway system due to the inter-
action between off-board and on-board elements is often classified into three different
groups: Harmonic resonance [4,5], Electrical resonance instability [6] and low-frequency
oscillations (LFOs). [2, 7–13].
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Harmonic resonance is due to switching voltages and associated high-frequency
currents of line-side converters in the traction machine, which may be amplified by
electrical resonances in the power supply system (i.e. resonances of LC elements of the
catenary-line). Usually, the range of these frequencies is three times the fundamental
frequency and above [5]. This phenomenon leads to the degradation of catenary-line
voltage and current. Possible consequences include interference in communication lines
and the rail signaling system, overheating, and malfunction in the electric protection
systems [14].

Electrical resonance instability is due to resonances in the railway system caused by
feedback loop effects between the line-side converter controllers and the power supply
system. The range of frequency is a few hundred Hz up to a few thousand Hz [15]. The
main difference between resonant stability and harmonic resonance is that the second
involves dynamic effects due to the interaction with the control of the power converters.
Electrical resonance can result in over-voltages and associated over-currents at the train
location but also at other locations along the power supply network; electromagnetic
interference issues have also been reported [16].

The LFO phenomenon occurs due to dynamic interaction at low frequencies between
the power supply system and electric vehicles. It has been reported worldwide for dif-
ferent types of railway networks under different operating conditions, including the
15 kV/16.7 Hz power system supplied from rotary converters [2], the 12 kV/25 Hz sys-
tem with static frequency converters [9], and 25 kV/50 Hz power systems supplied from
the public grid such as the case observed in the sector of Thionville in France [1], shown
in Figure 1.1. Table 1.1 shows a summary of the reported events. LFO phenomenon
can cause a number of serious issues, such as the malfunction of the protection system,
over-voltage, and over-current, which could damage the electrical/electronic equipment
and cause transportation delays [12].

In the 15 kV/16.7 Hz railway system, LFOs have been produced mainly due to a
lack of damping in rotary converters [17]. In the 25 kV/50 Hz infrastructure, there are
two specific scenarios in which the LFO phenomenon has been identified:

1. Multiple trains in the depot (i.e. all the vehicles located at the same place) [10]

2. A train operating at a very long distance from a substation [7]

From the point of view of the stability analysis, these two scenarios are equivalent,
as is explained in [1, 11, 18]. This thesis will focus on the study of LFO in the AC
25 kV/50 Hz infrastructure.

When LFO occurs, an amplitude modulation of contact-line (i.e. catenary-line)
voltage and current is produced. An example of this is shown in Figure 1.1, with
fosc being the oscillation frequency of the voltage and current envelopes. This is seen
in the frequency spectra of catenary voltage and current as a fundamental frequency
component at f0 along with two side-band components at (f0±fosc) as explained in [21].
It is observed from the events reported in Table 1.1 that the oscillation frequencies
reached values up to 7 Hz.
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Table 1.1: Reported LFO cases.

N º Case f0 (Hz) fosc (Hz) Year

1 Zürich, Switzerland [11] 16.7 5 1995
2 Norway [2, 8] 16.7 1.6 2007
3 Washington, USA [19,20] 25 3 2006
4 Siemens test, Germany [7] 50 7 2006
5 Thionville, France [1] 50 5 2008
6 Hudong Depot, China [12] 50 2-4 2008
7 Shanhaiguan Hub, China [12] 50 6-7 2011
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Figure 1.1: Contact-line voltage and current supplied by the substation. AC 25 kV/50 Hz
electric power supply. Measured in Thionville, France [1].
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1.2 Electric railway system

In this thesis, Electric railway system refers to all the components used for the
generation, conversion, transmission, and consumption of energy for electric railway
transport, including the control elements. It can be divided into two main blocks: the
power supply network (from generation to transmission) and the traction vehicle. Both
are described next.

1.2.1 Power supply network

The appearance of the AC 16.7 Hz electrification system is linked to the fact that at
the beginning of the 20th century, the technology did not allow the construction of trac-
tion motors using 50 Hz power. Therefore, the supply frequency was reduced to avoid
switching problems [22]. As the electricity supply is specific, the railway network has
its own production or frequency conversion plants. The supply of the railway system is
carried out from the three-phase public network by means of synchronous-synchronous
rotating groups. It therefore implies a rigid coupling between the frequency of the
industrial network and the frequency of the railway network. The frequency of the
railway network is then equal to one-third of the industrial frequency 50/3 = 16.7 Hz.
Such is the case of electrification in Sweden and Norway [23].

Further technological developments in power electronics and electric motor drives
in electric vehicles made it possible to change the network frequency to supply the
energy directly from the public network at grid-frequency f0 = 50 Hz. In this case,
the high-voltage network is connected through a substation to provide a catenary volt-
age of 25 kV. The substations in the 25 kV/50 Hz power system are very simple in
comparison with rotary converters in the 15 kV/16.7 Hz system because they don’t
need a mechanical transformation of the energy, power transformers feed directly the
contact-line (i.e. catenary-line), as shown in Figure 1.2.

Each substation feeds the catenaries on both sides of a sectioning station. In other
words, halfway between the two substations, there is a sectioning station that electri-
cally separates two adjacent sectors. The network is thus divided into sectors whose
power supply is independent of the adjacent sectors, a train passing from one to another
during its journey, as shown in Figure 1.2.

Depending on the power involved and the location, the substation can be fed be-
tween 63 kV and 400 kV (e.g., 250 kV). The spacing between substations can vary
from 30 km to 90 km depending on the traffic and the profile of the line. This system
is deployed in France, Denmark, Spain, Luxembourg, and Italy as well as worldwide
in the main railway networks such as Russia, China and India [23].
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Figure 1.2: Contact-line voltage and current supplied by the substation. AC 25 kV/50 Hz
electric power supply.

1.2.2 Electric vehicle (Train)

Figure 1.3 shows a typical layout of a modern electric train. The DC-link connects
the line-side and motor-side converters. The line-side converter connects the vehicle
with the power system through a step-down transformer. The line-side converter is
a single-phase voltage source converter (VSC), also called a four-quadrant converter
(4QC). Its task is to supply the DC-link capacitor from the overhead contact-line and
includes the required control loops to keep the DC-link voltage constant. The three-
phase voltage source inverter (VSI) feeding the traction motors are connected to the
DC-link. Induction motors are the preferred solution for traction drives.

Figure 1.3: Electric vehicle (Train) with one traction chain

The line-side converter can operate in all four quadrants, independently controlling
active and reactive power. This enables regenerative braking as well as controllability
of the reactive power in the AC catenary [23].

Figure 1.3 shows a train with only one traction chain. However, a train could have
connected in parallel several traction chains. In this thesis, the number of traction
chains in a train will be specified for each case study.
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1.2.3 Railway system model for LFO study

Due to the nature of LFO phenomenon subject of this thesis, it is possible to
introduce some simplifications in the power supply system shown in Figure 1.2 and in
the train model shown in Figure 1.3.

The power supply network will be modeled as an ideal voltage source at a fixed
frequency, the upstream grid impedance Zug, the substation impedance Zsst, and the
contact-line (i.e. transmission-line) impedance. For the study of LFO, an equiva-
lent circuit of the transmission-line based only on resistance and inductance is widely
used [7, 11, 12, 21], as line capacitive effects can be safely neglected at low frequency.
Therefore, the transmission-line impedance can be expressed as Zcl = d × Z ′

cl, which
depends on the distance (d) between the traction unit and the substation (i.e. contact-
line length). Then, the total power supply network impedance (Zs) is given by (1.1),
where Rs is the total network resistance and Ls is the total network inductance.

Zs = Lss+Rs = 2× Zug + Zsst + d× Z ′
cl (1.1)

This simplified RL model is also supported by the experience reported in [11], and
also is considered in the European standard document for the compatibility of rolling
stock and infrastructure EN-50388-2.

On the other hand, switching harmonics of the machine-side inverter will not affect
the low-frequency dynamics involved in the LFO phenomenon [17,24]. Therefore, It is
safe to replace the traction drives with an equivalent linear load, enormously simplifying
analysis and simulations.

Two different train designs will be considered in the thesis, namely Train-A and
Train-B. Both are described in the following.

1.2.3.1 Railway system model - Train-A

Figure 1.4 shows the main elements of the simplified railway traction system model
using Train-A for LFO study, where vs is the substation voltage, vc is the catenary-line
voltage at the point of common coupling (PCC), and is is the catenary-line current.
Here the voltage at the secondary of the transformer is defined as the input voltage vn;
in is the AC-side current and the 4QC terminal voltage is vt.

A cascaded control structure consisting of an outer voltage control loop and an
inner current control loop is seen in Figure 1.4, the details are shown in Figure 1.5. In
this control system, the DC-link voltage vdc is regulated through the AC-side current
in. The 4QC control shown in Figure 1.4 operates in dq coordinates, aligning the d-axis
with the catenary voltage vc. Current controller was tuned using zero-pole cancellation
[25], the gains being obtained as shown by (1.2)-(1.3), with ωbcc = 2π·BWcc, andBWcc
being the desired bandwidth in Hz. Typically, the current control bandwidth is in a
range of 50 to 120 Hz.
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Figure 1.4: Railway control system model. Train-A.

Figure 1.5: Control system elements. (a) Current controller (b) Voltage SOGI (c) DC-link
Voltage Controller (d) Phase-locked loop
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kpCC = Ln · ωbcc (1.2)

kiCC = Rn · ωbcc (1.3)

The DC-link voltage controller was tuned with a bandwidth BWvc according to [25]
(1.4)-(1.5), being ωbvc = 2π·BWvc and Cd the DC link capacitor. Typically, the voltage
control bandwidth is in a range of 5 to 12 Hz.

kpV C = Cd · ωbvc (1.4)

kiV C = Cd ·
ω2
bvc

4
(1.5)

A phase-lock loop (PLL) is used to estimate the grid voltage phase angle θ̂, which is
required for the coordinate transformations into the synchronous reference frame [13].
The PLL was designed and tuned as described in [26], where the selection of the pro-
portional gain kPLL involves a trade-off between PLL filtering capability and dynamic
response, and the integral gain is chosen as kiPLL = k2PLL/2. A second-order general-
ized integrator (SOGI) is used as a filter and as a quadrature signal generator (QSG).
The gain kvs of the second order generalized integrator (SOGI) was chosen as described
in [7].

1.2.3.2 Railway system model - Train-B

Figure 1.6: Railway control system model. Train-B.

Figure 1.6 shows the railway traction system model using Train-B. Two cascaded
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loops regulate the voltage of the DC-link (slow dynamics) and the 4QC current (fast
dynamics) using proportional-integral (PI) regulators. The inner current control loop
is an instantaneous waveform control involving a sinusoidal reference obtained, after
modulation, from the current set-points in the d- and q- axes [27]. This inner loop
is improved with a feedforward estimator that anticipates the voltage drop across the
input transformer impedance [27]. To achieve unit power factor, system synchroniza-

tion is performed using the estimated contact-line voltage phase angle (θ̂), which is
calculated using a PLL based on zero crossing detection [27], called in this document
Z-PLL. The estimated angle is used for coordinate transformation between the station-
ary reference frame and the synchronous reference frame (i.e. dq frame). In order to
obtain the desired current control bandwidth BWcc, controllers were tuned using (1.6)
and (1.7) with ωbcc = 2π ·BWcc, as described in [27].

kpCC = Ln · ωbcc (1.6)

kiCC =
Ln · ω2

bcc

π
(1.7)

To obtain the desired voltage control bandwidth BWvc, voltage controller gains
were tuned using (1.8) and (1.9) [27], with ωbvc = 2π ·BWvc.

kpV C = Cd · ωbvc (1.8)

kiV C =
Cd · ω2

bvc

π
(1.9)

1.3 General and specific objectives

The main objective of this thesis is to support Ingeteam R&D department in the un-
derstanding and knowledge acquisition of the LFO phenomenon in the AC 25 kV/50 Hz
electrical railway power supply network. This comprises comprehension of the mecha-
nism affecting the LFO phenomenon, the development of tools to analyze the influence
of train electrical and control elements, and the development of tuning methodologies
and other possible remedial actions to guarantee the system’s resilience against LFO.

The specific objectives of this thesis are:

• Understanding of the different types of instability phenomena reported in the
railway systems.

• Replication of the LFO phenomenon by simulations using MATLAB/Simulink in
the scenarios and conditions where they have occurred. This implies an adequate
modeling of the power supply system and the train, considering all the dynamic
elements that contribute to the LFO.
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• Selection, development, and implementation of the methods and techniques to
perform the stability analysis of the railway system.

• Analysis of the influence of system constructive and operational parameters to the
low-frequency instability, including contact-line impedance, consumed power on
the DC-link that supplies the three-phase motor drives, the bandwidth of current
and voltage controllers, transformer leakage inductance, DC-link capacitance,
synchronization system, quadrature signal generation system, and feedforward
signals.

• Development of a detailed analytical small-signal model of the four-quadrant
converter control system, which allows to analyze the dynamic behavior of the
interconnection between the power supply network and the train. It is required
that this model can find the stability limits (i.e. maximum number of traction
units or maximum distance from the substation) to predict the appearance of
LFO.

• Implementation of the different control options of the four-quadrant AC/DC
converter that is the main element on the train which interacts with the catenary-
line dynamics.

• Implementation of control strategies specifically for the mitigation of LFO and
imbalances caused by connecting several trains in the catenary interacting with
each other.

• Designing and building a scaled test bench that emulates the catenary-line dy-
namics using a power electronic converter, which would feed a scaled version of
the train four-quadrant converter in order to reproduce the LFO phenomenon.

1.4 Outline of the document

The outline of the document is as follows:

• Chapter 1 introduces the research line of this dissertation. Background of
low-frequency stability phenomenon is provided. The electric railway system is
introduced as well as the system models used for the study of LFO. The objectives
of this thesis are established. Finally, an outline of the report is presented.

• Chapter 2 describes the study of LFO phenomenon using frequency-domain
analysis. This chapter uses the output impedance of the power supply combined
with the estimation of the train input admittance in the dq-frame to predict
the stability limit. Validation of the model implies time domain simulation.
Furthermore, this chapter presents an extended stability analysis for multiple
trains in multiple locations of the catenary-line.
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• Chapter 3 presents the use of small-signal analytical models to study the LFO.
Calculation of the small-signal model of the train input admittance is described.
For this purpose, models of current control, DC-link control, PLL, and SOGI
are developed. The main contributions in this chapter are the development of
QSG-SOGI in the actual dq-frame as well as the dynamics due to errors in the
coordinate rotations.

• Chapter 4 presents the eigenvalue identification method to characterize the
system dynamic behavior when LFO occurs. This method allows to understand
the impact of the system parameters (e.g., current and voltage controller band-
widths) which can influence the appearance of LFO. Eigenvalue migration will
be shown to be a powerful tool to assess the risk of instability.

• Chapter 5 describes and compares two control strategies aimed to mitigate
LFO applied to the 4QC, namely power oscillation damping (POD) and the
virtual-impedance-based suppression method.

• Chapter 6 presents the design of a catenary emulator aimed to reproduce the
power supply network dynamics at low frequencies. A test bench implementation
is described. Experimental results are provided in this chapter.

• Chapter 7 summarizes the main conclusions and the results achieved during
the development of this dissertation. Furthermore, ideas for future research are
presented.

• Appendix A shows a detailed calculation of dynamics elements that influence
the LFO. 1.- QSG-SOGI transfer function in synchronous dq-frame. 2.- Frame
transformation of single-phase AC-side filter.

• Appendix B shows the journals and conference publications derived from
this dissertation.





Chapter 2

Analysis in frequency domain

This chapter presents a stability analysis of the LFO phenomenon in the frequency
domain. Stability criteria are applied over the impedance-based small-signal model
of the railway traction system [2, 6, 11, 28]. The case of multiple trains located at a
specific place in the power supply network (e.g. trains at the depot) and the case of
a train operating at a very long distance from a substation will be considered. It will
be shown that for stability analysis, both scenarios are equivalent. Stability study can
be reduced therefore to an equivalent case that only takes into account the interaction
between the power supply impedance and a single traction chain.

Train-B described in Section 1.2.3 will be used in this chapter. Constructive and
operational parameters that contribute to low-frequency instability analyzed in this
chapter include: contact-line length (i.e. distance from the substation); power con-
sumed by traction drives; bandwidth of current and voltage controllers; transformer
leakage inductance; DC-link capacitance; synchronization method; and feedforward
signals. Since the trains have independent control of active and reactive power, it is
advantageous to perform the stability study in the frequency domain using a dq syn-
chronous reference frame [18,27]. The train input admittance in the dq-frame required
for the stability analysis is obtained using a frequency response test as described in [10].
Nyquist and Bode diagrams are used to determine the system stability limit, which cor-
responds to either the maximum distance from a substation at which a traction unit
can operate safely, or the maximum number of traction chains connected in parallel on
a specific contact-line sector. This ability to predict the stability limit allows for ob-
taining the Stability Limit Curve (SLC) in the complex impedance plane (Rs, Xs) [18].
This curve is a characteristic of each traction chain, and it is useful to find the stability
limit of the traction chain in any network. The methods for stability analysis discussed
in this chapter are validated by means of time-domain simulations.
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2.1 Stability theory for LFO

Finding the limits for stability of a railway system (distance from the train to the
substation or number of trains located in a section operating simultaneously) can be
performed using tools for linear systems if models compatible with these methods (i.e.
transfer functions or frequency response) are available.

The train-network connection can be represented using the model in (2.1), where
Vs is the supply voltage at the substation, Vc is the contact-line voltage where the train
is connected, and Is is the contact-line current.

Vs = Zs(jω)Is + Vc (2.1)

However, a number of non-linear elements can be seen in Figures 1.4 and 1.6, which
will affect to Vc. The analysis of LFO can be performed by using linearized models at a
given operating point (Vs0, Is0, Vc0) as described by (2.2), where the delta symbol (δ)
refers to the small variations of the voltages and currents around the specific operating
point at which the analysis will be performed.

Vs0 + δVs = Zs(jω)
(
Is0 + δIs

)
+
(
Vc0 + δVc

)
(2.2)

The network impedance, Zs(jω), is an RL circuit, which is linear and does not
depend therefore on the operating point. The train behaves as a current source with
a corresponding parallel input admittance, which determines the catenary current [2],
see Figure 2.1. Train admittance defined by (2.3) depends on the operating point. Line
impedance and train admittance are considered time-invariant in the analysis.

YT (jω) =
δIs
δVc

(2.3)

Figure 2.1: Railway system modelling for stability studies [2]

The train input admittance could be obtained by modeling analytically the electric
drives and controls. However, this is not trivial. Alternatively, the input admittance
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can be obtained using a frequency sweep as will be explained in Section 2.1.3. The
train in such case is considered as a black box. This second approach is especially
appealing as the train manufacturers do not often share specific information about the
control design.

The railway system model from (2.2) can be separated into a steady circuit at the
operating point (2.4) and the small signal model in (2.5), that is further explained in
Section 2.1.1.

Vs0 = Zs(jω)Is0 + Vc0 (2.4)

δVs = Zs(jω)δIs + δVc (2.5)

The stability analysis only remains valid near the operating point, and the results
must be analyzed with caution when it is extended to more general operating condi-
tions.

2.1.1 Impedance-based small-signal model

The small-signal model of the traction railway system in the frequency domain,
developed and presented in [2,6,11,28], is shown in Figure 2.2(a), where Zb(jω) is the
base network impedance and n is a scaling factor of base impedance, its meaning will
be defined for each case being analyzed. For instance, it could be the impedance of an
electric sector, the impedance at the stability limit, or the impedance per distance (if
the substation impedance can be neglected). The total network impedance is (2.6).

Zs(jω) = n · Zb(jω) (2.6)

The input admittance of a single traction chain is Yt(jω). The total input admit-
tance is given by (2.7), m being the number of traction chains.

YT (jω) = m · Yt(jω) (2.7)

Figure 2.2 shows that the railway traction small-signal model can be represented as
a closed-loop system, whose transfer function is given by (2.8). Equation (2.9) defines
the open loop transfer function.

δIs
δVs

=
mYt(jω)

1 + nmYt(jω)Zb(jω)
=

YT (jω)

1 + YT (jω)Zs(jω)
(2.8)

D(jω) = YT (jω)Zs(jω) (2.9)

The denominator of (2.8) is the characteristic equation [29,30]. To guarantee system
stability, it must not be equal to zero for any frequency [29,30]. From the point of view
of the stability analysis, the factor n multiplying the base impedance and the number
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(a) (b)

Figure 2.2: Closed loop system equivalence of small-signal model for n network impedance
units and m traction chains. (a) Railway traction system small-signal model, (b) Equivalent
closed loop system.

of traction chains m are interchangeable, meaning that m ·n will be a critical coefficient
of the characteristic equation. Therefore, a system composed of a number of identical
traction chains can be equivalent to a system with a single traction chain fed through
a multiple of the power base impedance.

2.1.2 Network impedance in dq reference frame

As explained in Section 1.2.3, the control of the train is implemented in a dq ref-
erence frame with the d-axis aligned to the contact-line voltage. This allows indepen-
dent control of active and reactive power using the currents ind and inq respectively.
Therefore, the power supply and the train form a multiple-input and multiple-output
(MIMO) system in the dq reference frame.

The network impedance matrix in the dq reference frame is given by (2.10) [28,31],
where, ω0 = 2πf0 is the fundamental angular frequency.

Zs(jω) =

[
Zs−dd(jω) Zs−dq(jω)
Zs−qd(jω) Zs−qq(jω)

]
=

[
Rs + jωLs −ω0Ls

ω0Ls Rs + jωLs

]
(2.10)

2.1.3 Train admittance in the dq-frame and frequency scanning
algorithm

A method to obtain the train input admittance in the dq-frame is described in this
subsection. This method is valid for any vehicle since it considers the train as a black
box, presenting the advantage that it is not necessary to know the details of electric
and control system parameters.

To measure the train input admittance, superimposition of a low-frequency small
signal to the train’s input voltage is required; see Figure 2.3. This method, commonly
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Figure 2.3: Test to measure the train input admittance by imposing perturbations in the
train input voltage at different frequencies.

used in perturbation theory [10], involves setting the machine’s operating point to its
nominal voltage and subsequently adding small fluctuations in the amplitude of the
contact-line voltage at a low frequency. By measuring the frequency response of the
train’s current and calculating the amplitude and phase shift of both the current and
voltage signals, the Bode diagram of the train admittance can be obtained.

The input admittance matrix of the train in the synchronous frame is defined as
(2.11), where small-signal variations in the d→ cos(ω0t) and q → sin(ω0t) components
of the contact-line voltage, ∆Vcd and ∆Vcq, are applied to the train at a certain per-
turbation angular frequency, ω, see (2.12). The terms with sub-index ”0” stand for the
steady state voltage. As mentioned in Section 1.1, LFOs have been reported to reach
values up to 7 Hz. Therefore, for this study, the perturbation frequencies are in a range
up to 20 Hz.

YT(jω) =

[
YT−dd(jω) YT−dq(jω)
YT−qd(jω) YT−qq(jω)

]

=




∆Isd∠ϕd

∆Vcd

∣∣∣
∆Vcq=0

∆Isd∠ϕd

∆Vcq

∣∣∣
∆Vcd=0

∆Isq∠ϕq

∆Vcd

∣∣∣
∆Vcq=0

∆Isq∠ϕq

∆Vcq

∣∣∣
∆Vcd=0




(2.11)

vc0 +∆vc =
(
Vcd0 +∆Vcd sin(ωt)

)
cos(ω0t)

+
(
Vcq0 +∆Vcq sin(ωt)

)
sin(ω0t)

(2.12)

is0 +∆is =
(
Isd0 +∆Isd sin(ωt+ ϕd)

)
cos(ω0t)

+
(
Isq0 +∆Isq sin(ωt+ ϕq)

)
sin(ω0t)

(2.13)

The current components from (2.13), (∆Id,∠ϕd) and (∆Iq,∠ϕq), related to each
perturbation frequency, can be extracted from the measured current [10,28] using any
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optimization method that minimize the error between the measured current and the
theoretical one [10,28]. In this work, lsqnonlin function from MATLAB, which applies
least squares identification [32], was used.

Examples of measured dq admittance matrices for specific traction chains are shown
in Sections 2.2.1 and 2.2.6.

2.1.4 Stability criteria in frequency domain

A train connected to an ideal voltage source (i.e. Zs(jω) = 0) is a stable system [33].
The impedance of the railway power supply network is a passive element (i.e. RL
element), which implies it is also stable. Therefore, these two elements are stable in
open loop. Stability criteria for the interconnection of these two elements in a closed-
loop system are presented in this section for the study of the LFO phenomenon.

A factorization of the system open loop transfer function D(jω) is given by (2.14),
where Λ(jω) (2.15) is the eigenvalue matrix and P is the eigenvector matrix [28,34].

D(jω) = YT(jω)Zs(jω) = PΛ(jω)P−1 (2.14)

Λ(jω) =

[
λ1(jω) 0

0 λ2(jω)

]
(2.15)

Representing Λ(jω) as a diagonal matrix allows to study the stability of the eigen-
values λ1(jω) and λ2(jω) as two decoupled single-input single-output (SISO) systems.

Rever criterion applied in a Bode diagram [18] and Nyquist criterion [29] are widely
used to analyze the stability of SISO systems in the frequency domain. Both criteria
are equivalent, and either one is used at convenience in this thesis. These criteria
have been selected since they are trusted and verified, and have been employed in
previous studies of low-frequency stability; e.g. Rever criterion was selected for the
study performed in [28,34], while the Nyquist criterion was used in [11,31,35].

The stability criterion in the Bode diagram specifies that the closed-loop system
is stable if, at the phase crossover frequency fc (i.e., where the phase of eigenvalues
λ1,2 reaches −180°), the magnitude of the open loop transfer function is less than 1 in
absolute units (i.e. less than 0 decibels) [18]. Similarly, the Nyquist criterion establishes
that the closed loop system is stable if the eigenvalues do not encircle (1,−180°) in the
complex plane [29].

The gain margin is defined as GM = 1/ |λ1,2(j2πfc)|. Therefore, stability is ensured
for a gain margin larger than 1 using a linear scale (i.e. positive values in dB). At point
|λ1,2| = 1, the phase margin is defined as PM = ∠λ1,2 − (−180°) [29].
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2.2 Influence of infrastructure and traction chain pa-
rameters

This section illustrates how to use stability criteria developed in Section 2.1 in a
particular scenario. The railway system with train-B shown in Figure 1.6 was chosen
for this analysis. Section 2.2.1 presents the traction chain used in this study. Sec-
tion 2.2.2 studies the influence of contact-line length; three different cases are studied.
Validation of the analysis is performed by means of time simulations. Section 2.2.3
deals with the impact of the power consumption on the DC link, stability and its limits
are calculated for a specific contact-line. Section 2.2.4 addresses the combined effect of
transformer leakage inductance and current controller parameters. Section 2.2.5 deals
with the influence of the DC-link capacitor and the voltage controller bandwidth. Sec-
tion 2.2.6 studies the characteristics of the phase-locked loop (PLL) and the impact of
the feedforward signal, and four combined cases are considered. Finally, conclusions
are drawn in Section 2.4.

2.2.1 Traction chain input admittance
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Figure 2.4: Traction-chain input admittance. Frequency range: 1 - 20 Hz

The dq input admittance of the traction chain is presented in Figure 2.4. It was
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obtained using the frequency scanning algorithm presented in Section 2.1.3. The elec-
trical and control parameters of the traction chain are found in Table 2.1. Note that the
real part of the admittance components Yt−dd and Yt−dq at low frequency are negative.
This is important to keep in mind since a negative admittance may cause instability.

Table 2.1: Traction chain parameters

Symbol Description Value

Vc RMS Contact-Line Voltage 25 kV
f0 Fundamental frequency 50 Hz
Ln Leakage inductance 1 mH
Cd DC-link Capacitor 16 mF

BWV C Voltage control bandwidth 8 Hz
BWCC Current control bandwidth 100 Hz
PDC Power at DC-link 100 kW

2.2.2 Influence of contact-line length

In this section, a train connected to a contact-line with different lengths (i.e. dif-
ferent network impedance) is analyzed. Only one traction chain per train is considered
(i.e. m = 1). The study presents three different cases: a stable system, a system at
its stability limit, and an unstable system. Time-domain simulations will be used to
verify the stability analysis performed in the frequency domain.

2.2.2.1 Network impedance

The components of the network impedance Zs are the upstream grid impedance
Zug, the substation impedance Zsst, and the contact-line impedance Zcl = d × Z ′

cl,
which depends on the distance (d) between the traction unit and the substation (i.e.
contact-line length) [28]. See (1.1).

The parameters used in this study are the following [27]:

• Zug = (0.5 Ω; 80°)

• Zsst = (5.5 Ω; 80°)

• Z ′
cl = (0.5 Ω/km; 80°)

The total network line impedance Zs = nZb is used for each case of study,
where the base impedance corresponds to the impedance at the stability limit,
Zb = (448.1 Ω; 80°), which occurs at a distance of 883.3 km. A value n = 1 corre-
sponds to the stability limit case; n = 0.5 and n = 1.5 will be used as examples for the
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stable and unstable cases. Notice that the distance to reach the stability limit is theo-
retical [28], and it is much higher than the typical length of a sector (around 50 km).
Theoretical distances are used to facilitate the stability study (i.e. to find the stability
limit) if only one traction chain is being considered [34], so, for a unit equipped with
more than one traction chain, the distance limit is reduced according to the equivalence
between n and m, as explained in Section 2.1.1. For example, considering 50 km as
the maximum length of a sector in a 25 kV/50 Hz power supply system and vehicles
equipped with four traction chains, the stability limit equivalence occurs when 3.55
vehicles are operating at the end of the sector line.

2.2.2.2 Stability analysis

Using the traction chain input admittance matrix and the network impedance ma-
trix, the system eigenvalues of the open-loop transfer function for the three study cases
are calculated from (2.14); they are shown in Figure 2.5, Bode diagrams and Nyquist
plots are provided. The marked dots in the Bode diagram indicate the gain and phase
margins.

It is seen from Figure 2.5 that increasing the contact-line length increases the mag-
nitude of the total network impedance, but the phase remains unaffected. Therefore,
the variation of contact-line length modifies only the magnitude of the eigenvalues λ1
and λ2 as shown in Figure 2.5(a). Furthermore, it is seen that the phase of eigen-
value λ2 never intersects −180° at any frequency, which means that this eigenvalue is
not causing instability. This applies to the three study cases. The same conclusion is
reached using the Nyquist stability criterion in Figure 2.5(b) since λ2 never encloses
−1.

From Figure 2.5(a), it is seen that for the stable case (red curve), the eigenvalue λ1 at
phase crossover frequency fc = 4.75 Hz (i.e. crossing phase at −180°) has a magnitude
lower than 1, which fulfills the stability criterion explained in Section 2.1.4. Increasing
the power supply impedance by a factor of two (i.e. from n = 0.5 to n = 1) will move
the eigenvalue from λ1(j2πfc) = (0.5,−180°) to λ1(j2πfc) = (1,−180°), causing the
system to reach the stability limit (blue curve). Similarly, when the network impedance
is increased by a factor n = 1.5, the eigenvalue will go to λ1(j2πfc) = (1.5,−180°), see
the yellow curve in Figure 2.5(a); thus, the system is not fulfilling the stability criterion
anymore and it becomes unstable. It is essential to observe that the crossover frequency
for n = 1 corresponds to the oscillation frequency at the stability limit.

The same analysis can be done using the Nyquist plot from Figure 2.5(b). For the
stable case, the eigenvalue λ1 does not enclose −1, which fulfills the Nyquist stability
criterion; however, the eigenvalue λ1 intersects the negative real axis; which means, a
risk of instability is present when the gain is increased (i.e. increasing the power supply
impedance or the number of traction chains, see the equivalence of n and m explained
in Section 2.1.1). For n = 1, the eigenvalue curve λ1 intersects the -1 (limit case); for
n = 1.5, the curve λ1 encircle −1, and the system becomes unstable.
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(a)

(b)

Figure 2.5: System eigenvalues (λ1, λ2) of the three study cases. Stable case (red):
gain margin = 2 at 4.75 Hz; stability limit case (blue): gain margin = 1 at 4.75 Hz; unstable
case (yellow): gain margin = 0.667 at 4.75 Hz. (a) Bode Diagram, (b) Nyquist Diagram.
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The gain margin indicates the number of network impedance units or traction chains
that are needed for the system to reach the stability limit. As already explained for
the network impedance, the base impedance was chosen such that n = 1 corresponds
to the limit case. Under this assumption, the gain margin is 1/n. For the cases of
n = 1.5 and n = 0.5 being considered, the gain margin will be 2/3 when the system is
unstable and 2 for the stable case, see Figure 2.5.

Finally, notice that in the Bode diagram, a negative phase margin is associated with
a stable system. This fact arises from the negative component of the traction chain
admittance (see Figure 2.4). When the traction chain is integrated into the power
supply network, this negative component leads to positive feedback in the closed-loop
system.

2.2.2.3 Simulation results

Time-domain simulations were performed to verify the stability analysis developed
in the previous section. Figure 2.6 shows the simulation for the operating point of
each study case. DC-link voltage, contact-line voltage, and traction chain current are
presented. Initially, the system is operating at a stable state close to the substation;
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Figure 2.6: Time-domain simulations. From top to bottom: DC-link voltage, contact-line
voltage, and train current. Step changes of power supply impedance are consecutively applied
during the simulation time. The stable case, stability limit case, and unstable case are found
at times t = 5 s, t = 6 s and t = 8 s, respectively.
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then, the power supply impedance is increased in three steps. The first step change
of 0.5 · Zb occurs at t = 5 s; here, the system experiences a small oscillation that is
damped quickly, and the system returns to the steady state (i.e. stable case). A second
step change of 0.5 ·Zb in the power supply impedance occurs at t = 6 s, where the time
response is oscillatory and no damping is present, but the system is still stable; the
oscillation frequencies of the DC-link voltage, the envelope of the contact-line voltage
and the current correspond to the oscillation frequency predicted by the impedance-
based stability analysis; a frequency around 4.75 Hz can be seen in Figure 2.6. Finally,
following a further increase of the power supply impedance at t = 8 s, the system
becomes unstable.

2.2.2.4 Stability limit curve in the network reactance (Xs) and resistance
(Rs) complex plane

As shown in Section 2.2.2.2, the stability limit of the system can be predicted using
the network impedance and the traction chain admittance. Thus, for a specific train
with an associated total input admittance YT, a set of values of network reactance
Xs and network resistance Rs can be tested to find a curve Xs = Xs(Rs) in the
complex impedance plane that takes the system to the stability limit [28]. This curve
can be obtained based on an iterative process using three nested repetitive loops (e.g.
’for’-loop). The first loop is used to modify the value of Rs, the next loop modifies
the inductance Ls, and the third loop checks fulfillment of the critical condition of
stability by the eigenvalues. This iterative process is performed using discrete steps,
the following thresholds are defined for the eigenvalues that reach the stability limit:

• −180° < ∠λ1,2 < −178°

• 0.98 < |λ1,2| < 1

Figure 2.7 shows the stability limit curve of the traction chain in the network
reactance (Xs) and resistance (Rs) complex plane with an additional dimension to
show the oscillation frequency. The stability limit curve separates the stable region
and the unstable region.

From this figure, it can be seen that to go from the unstable region to the stable
region, the network resistance must be increased, which suggests that this resistance
works as a damping mechanism. On the other hand, for larger values of the reactance,
the railway traction power system becomes unstable.

Two different types of contact-lines with different ratios of reactance and resistance
(i.e. different phase) are considered in the figure to locate the stability limit. The
contact-line impedance grows linearly with the distance (as a parametric variable)
until reaching the stability limit, which is the crossing point between the SLC and the
impedance linear curve. Figure 2.7 shows the operating point of the three study cases
when the traction chain is located at a different distance from the substation.
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Figure 2.7: Stability limit curve of the traction chain in the network reactance (Xs) and
resistance (Rs) complex plane with the corresponding oscillation frequencies. At PDC =
100 kW. Power supply system: 25 kV/50 Hz.

2.2.3 Influence of power absorbed at the DC-link

For this study, the case at stability limit from Section 2.2.2 is considered as a refer-
ence (i.e. base case). System stability is studied for variations in power consumption at
the DC link. For this purpose, the traction chain input admittance matrix is calculated
for different power levels and stability is checked using the network base impedance
(Zs = Zb) from the last section.

Since the eigenvalue λ2 has no risk of instability, it is neither considered nor plotted.
The Bode diagram of the eigenvalue λ1 is shown in Figure 2.8, where the evolution of the
gain margin and the phase margin are determined as a function of power consumption
from 100 kW to 1.2 MW. Increasing the power from 100 to 500 kW increases the gain
margin while it reduces the oscillation frequency; thus, the system stability is improved,
and the limit distance increases as well. This is also seen in Figure 2.9, which shows
the stability limit curve plotted for different levels of power. The intersection point of
each stability limit curve with the network impedance gives the distance limit and the
maximum network impedance that ensures stability for each power level. It is noted
that for power levels greater than 500 kW, the phase of the eigenvalue λ1 is always
below the limit −180° (cf. Figure 2.8), so the gain margin becomes infinite and there
is no risk of instability at any distance for this specific contact-line. This also can be
appreciated from Figure 2.9, where the stability limit curves for power levels of 600 kW
and 700 kW never cross the network impedance curve.

Figure 2.9 shows that the slope of SLC increases with power, which means that for
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Figure 2.8: Bode diagram of system eigenvalue λ1 for different levels of power consumption.
Network Impedance: Zs = Zb.
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Figure 2.9: Stability limit curve of traction chain in the network reactance (Xs) and resis-
tance (Rs) complex plane. Different levels of power consumption.
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higher power consumption, less damping (i.e. network resistance) is needed to maintain
system stability.

As mentioned in Section 2.2.2.2, a negative phase margin is associated with a stable
system since the negative component of the input admittance leads to positive feed-
back in the train-network closed-loop system. Interestingly, it is seen from Figure 2.8
that starting from low power levels, the phase margin decreases (i.e. system stability
improves) as the power increases up to a certain value. However, for very high powers
the phase margin starts to increase getting closer to zero; in other words, the phase at
crossover frequency starts to increase getting closer to −180° at very low frequencies.
Therefore, the risk of instability due to LFO needs to be checked both at very high
powers as well as for low power.

2.2.4 Influence of 4QC current controller bandwidth and trans-
former leakage inductance

This section discusses the impact that the inner current controller can have on LFO
formation, as well as the influence of leakage inductance of the traction chain trans-
former. Stability analysis is performed using the network impedance at the stability
limit (Zs = Zb) discussed in Section 2.2.2. The power consumed at the DC link is set
to PDC = 100 kW.

2.2.4.1 Influence of 4QC current controller bandwidth with fixed trans-
former leakage inductance

The input admittance of a traction chain was calculated for different values of the
current controller bandwidth (ωbcc = 2π · BWcc), so kpCC and kiCC were modified
and tuned using (1.6) and (1.7), the rest of electrical and control parameter remaining
constant.

According to Figure 2.10, increasing the current controller bandwidth leads to a rise
in the gain margin, which improves system stability and increases the distance limit.
Moreover, it is noticed that the oscillation frequency at the stability limit (i.e. phase
crossover frequency) increases as well.

It is seen in Figure 2.11 that the stability limit curve shifts parallel to the base
case at BWcc = 100 Hz and proportionally to the increase of the bandwidth. This
characteristic suggests a linear relationship among the current control bandwidth, the
gain margin, and the maximum distance from the substation that a traction chain can
reach (or the maximum number of traction units in the line, see Section 2.1.1).
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Figure 2.10: Bode diagram of the system eigenvalue λ1. Variation of current controller
bandwidth with fixed transformer leakage inductance.
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Figure 2.11: Stability limit curve of a traction chain in the network reactance (Xs) and
resistant (Rs) complex plane. Variation of current controller bandwidth with fixed transformer
leakage inductance.
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Figure 2.12: Bode diagram of the system eigenvalue λ1. Variation of leakage inductance
with fixed current controller parameters.
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Figure 2.13: Stability limit curve of a traction chain in the network reactance (Xs) and
resistance (Rs) complex plane. Variation of leakage inductance with fixed current controller
parameters.
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2.2.4.2 Influence of the transformer leakage inductance with fixed current
controller gains

Figure 2.12 shows the Bode diagram of eigenvalue λ1 when the transformer leak-
age inductance Ln varies from 50% to 150% of its base value (1 mH). The rest of
the electrical and control parameters are kept constant, including current controller
gains (i.e. kpCC ,kiCC). From Figure 2.12, it is seen that larger values of the leakage
inductance are seen to improve LFO stability, while the phase crossover frequency is
reduced. Furthermore, Figure 2.13 shows that for larger values of leakage inductance,
the stability limit curve shifts up parallel to the reference curve. From these figures,
a linear relation seems to exist among the transformer leakage inductance, the gain
margin, and the distance limit.

It is important to notice that increasing the leakage inductance, while current con-
troller gains (i.e. kpCC , kiCC) remain constant, provokes current control mistuning.
It results in a decrease of the current control bandwidth (BWcc), which should de-
crease the stability limit according to results found in Section 2.2.4.1. Therefore, two
effects are happening at the same time in this analysis, and they are opposite. The
next section deals with this issue to determine the real effect of leakage inductance
variations.

2.2.4.3 Influence of the transformer leakage inductance variation with
fixed current controller bandwidth

In this section, variations in the leakage inductance are made while the control
parameters kpCC and kiCC are adjusted to maintain the current regulator bandwidth
constant at 100 Hz.

Figure 2.14 shows the eigenvalue λ1 and the gain margin for different values of the
inductance, from 50% to 150% of the base value (1 mH). It can be seen that increasing
Ln increases the gain margin; thus, the stability is improved. This is also confirmed by
the results shown in Figure 2.15, where stability limit curves resulting from inductance
variations are parallel to the reference case. From this figure, a linear relation between
the inductance variation and the limit distance is also suggested.

2.2.4.4 Summary and Discussion

Table 2.2 summarizes the results from the analysis performed in this section. A
linear relationship among leakage inductance, current controller bandwidth, and the
gain margin was found in this study.

The variation of the current controller bandwidth as described in Section 2.2.4.1
results in a proportional variation of the gain margin. According to Section 2.2.4.3,
when the controllers are adjusted to keep the bandwidth constant, the independent
effect of the leakage inductance variation provokes proportional variations in the gain
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Figure 2.14: Bode diagram of the system eigenvalue λ1. Variation of leakage inductance
while keeping the current controller bandwidth at 100 Hz.
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Figure 2.15: Stability limit curve of a traction chain in the network reactance (Xs) and
resistant (Rs) complex plane. Variation of leakage inductance while keeping the current
controller bandwidth at 100 Hz.
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margin as well. On the other hand, from Section 2.2.4.2, it is known that the variation
of only the leakage inductance implies the opposite effect on the bandwidth; therefore, a
coupled effect that cancels the action of the inductance variation is presented; thus, the
gain margin variation results in the superposition of the first two independent effects
as shown in the table.

Comparing Figures 2.13 and 2.15, it is clear that the effect of leakage inductance
variations while keeping constant the current control bandwidth has a larger impact
compared to the case where only leakage inductance is modified.

Table 2.2: Impact of current controller and transformer leakage inductance in LFO stability.
Arrows ↑ stands for increments and ↓ stands for decrements.

Ln kpCC & kiCC Adjusted BWcc Stability margins
- YES ↑ ↑ ↑
↑ YES - ↑ ↑ ↑
↑ NO ↓ ↑ ↑ ↑+ ↓↓= ↑

2.2.5 Influence of voltage controller bandwidth and DC-link
capacitance

This section discusses the impact that the voltage controller can have on LFO
stability, as well as the influence of the DC-link capacitance. Stability analysis is
performed using the network impedance at the stability limit of the reference case
(Zs = Zb) presented in Section 2.2.2. The power consumed at the DC link is PDC =
100 kW.

2.2.5.1 Influence of voltage controller bandwidth with fixed DC link ca-
pacitor

The input admittance of the traction chain was calculated for different values of
the voltage controller bandwidth (ωbvc = 2π ·BWvc), with kpV C and kiV C being tuned
using (1.8) and (1.9). The remaining electrical and control parameters have been kept
constant.

According to Figures 2.16 and 2.17, decreasing the voltage controller bandwidth
increases the gain margin, which improves system stability and increases the distance
limit. Furthermore, it is observed that this action provokes the oscillation frequency de-
creases. From Figure 2.17, smaller values of voltage controller bandwidth have stability
limit curves with larger slopes, which means that less damping (i.e. network resistance)
is needed to maintain system stability when the network inductance increases.
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Figure 2.16: Bode diagram of the system eigenvalue λ1 for different values of voltage con-
troller bandwidth with fixed DC link capacitor.
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Figure 2.17: Stability limit curve of a traction chain in the network reactance (Xs) and
resistant (Rs) complex plane. Variation of voltage controller bandwidth with fixed DC link
capacitor.



34 Analysis in frequency domain

2.2.5.2 Influence of DC-link capacitor with fixed voltage controller gains

Figure 2.18 shows the Bode diagram of the critical eigenvalue λ1 for different values
of the DC-link capacitance, from 50% to 200% of its base value (16 mF). The rest of
the electrical and control parameters are kept constant.

Figure 2.18: Bode diagram of the system eigenvalue λ1. Variation of DC-link capacitance
with fixed voltage controller gains.

In this study, the variation of DC-link capacitance has a non-linear impact on LFO
stability. Figure 2.18 shows the gain margin decreases for values of Cd from 50% to
150% its base value (16 mF). However, for values greater than 150% of the base value,
the gain margin increases. Therefore, increasing Cd leads to an unstable system, but
at some point, this action is reversed. This means the existence of a capacitance that
minimized the gain margin, which should be avoided.

Similar behavior is also observed in Figure 2.19, which shows that decreasing capac-
itance by half has a considerable improvement in the stability limit curve. Increasing
capacitance slightly decreases the stability limit, but when the capacitance reaches
200% of its base value, the limit is the same as the reference case.

Increasing Cd always provokes decrements in the phase crossover frequency (i.e.
oscillation frequency).

This section considers the scenario in which capacitors age over time, losing the
ability to store electric charges. Figure 2.18 shows the degradation of the capacitance
benefits the traction chain low-frequency stability.

It is important to note that the variation in DC-link capacitance, while voltage
controller gains (i.e. kpV C , kiV C) remain constant, will affect the voltage controller
bandwidth. The next section deals with this issue.
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Figure 2.19: Stability limit curve of a traction chain in the network reactance (Xs) and
resistant (Rs) complex plane. Variation of DC-link capacitance with fixed voltage controller
gains.

2.2.5.3 Influence of DC-link capacitor with fixed voltage controller band-
width

In this section, variations in the DC-link capacitance are made while the control
parameters kpV C and kiV C are adjusted in order to maintain a constant bandwidth of
8 Hz according to (1.8) and (1.9).

Figure 2.20 shows the eigenvalue λ1 and the gain margin evolution for different
values of the capacitance, from 50% to 200% of its nominal value (16 mF).

Decreasing Cd raises monotonously (i.e. non-linear increments) the gain margin;
thus, stability is improved. Notice that the gain margin seems to improve faster at
lower values of Cd. In other words, the system is more sensitive at lower values of Cd.
Variations at high values of Cd produce very small changes in the gain margin/stability
limit.

Decreasing the value of the capacitance is an advantage since bigger capacitors are
bulky and expensive; however, it will imply losing filter capabilities (i.e. increment of
voltage ripple) and system controllability. Therefore, trade-off analysis is required to
obtain the best design.

2.2.5.4 Discussion

Although the study for the variation of voltage controller bandwidth and DC-link
capacitance shows a non-linear relationship among these parameters and the stability



36 Analysis in frequency domain

Figure 2.20: Bode diagram of the system eigenvalue λ1. Variation of DC-link capacitance
while keeping the voltage controller bandwidth at 8 Hz.
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Figure 2.21: Stability limit curve of a traction chain in the network reactance (Xs) and
resistant (Rs) complex plane. Variation of DC-link capacitance while keeping the voltage
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margins, lower voltage control loop bandwidths and lower values of DC-link capacitance
always improve the LFO stability in the range of values considered in this study.

A linear behavior was found only in a very small variation range (around 10% of
nominal values). Table 2.3 summarizes the relationships between the variation of the
parameters and the stability margins for this small variation range. Three events are
identified. First, decreasing the voltage controller bandwidth increases the stability
margins. Second, the variation of DC-link capacitance, while the voltage controller
bandwidth is kept constant, is inversely proportional to the variation of the stability
margins. Finally, decreasing only the DC-link capacitance implies the superposition of
the first two events.

Table 2.3: Impact of very small variations of voltage controller and DC-link capacitance on
LFO stability. Arrows ↑ stands for increments and ↓ stands for decrements.

Cd kpV C & kiV C Adjusted BWvc Stability margins

- YES ↓ ↑↑
↓ YES - ↑↑↑
↓ NO ↑ ↑↑↑+ ↓↓= ↑

2.2.6 Impact of synchronization system and feedforward signal

In this section, the influence of the synchronization system and the feedforward
signal vff are studied.

Two PLL options are considered: PLL #1 is the synchronization method described
in [27], called Z-PLL, which achieves the synchronization by determining the zero-
crossing of contact-line voltage, see Figure 1.6. PLL #1 is the synchronization system
used in the stability studies already performed in Subsections 2.2.2 to 2.2.5. PLL #2
is described in [26, 36] and it consists of a phase detector in a feedback loop; this
option uses a second-order generalized integrator to generate the quadrature signal,
see Figure 1.5(d).

Figure 2.22 shows the estimated frequency time response for both PLLs when a step
occurs in the frequency of the contact-line voltage. Both PLLs provide zero steady state
error, being PLL #2 faster than PLL #1.

The feedforward signal vff is shown in the control diagram of Figure 1.6, it is
used to improve the response of the current control to disturbances. Two different
configurations are considered for the generation of the feedforward signal. First, using
the feedforward estimator block, as shown in the control diagram in Figure 1.6; second,
the signal vff can also be generated directly from the output of the contact-line voltage
filter, being vff = v̂n.

Four different cases are therefore studied and compared when PLL and feedforward
signal are considered together, as summarized in Table 2.4. Figure 2.23 shows the
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Figure 2.22: Estimated frequency step response of two different phase-locked loops. At
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traction chain input admittance, and Figure 2.24 shows the critical system eigenvalue
λ1 using Bode and Nyquist plots for the four study cases.

Table 2.4: Study Cases: influence of the PLL and the feedforward (FF)

PLL #1 PLL #2 Estimated FF Direct FF Stability Ranking

Case 1 X X LOW
Case 2 X X HIGH
Case 3 X X HIGH
Case 4 X X HIGH

Case 1, using the PLL #1 and the feedforward estimator, is the reference case at
the stability limit (GM = 1), see Figure 2.24. The replacement of only the PLL (i.e.
case 2) improves the stability margin by a factor larger than 2. With case 3, only
the generation of the feedforward signal is modified, and the stability is improved by
at least a factor of 2. In summary, replacing only the PLL or only the feedforward
estimator improves stability. In case 4, both the PLL and feedforward are modified; as
expected, system stability improves, but the improvement is not the addition of each
individual effect of cases 2 and 3, see Figure 2.24.

The stability analysis of cases 1 and 2 might suggest that PLL #1 is the main
source of instabilities. However, the stability margin of case 3, that is using PLL #1,
would not support this assumption. For cases 3 and 4, the feedforward signal is taken
directly from the contact-line voltage filter, which means that no dynamic influence
of the synchronization system (i.e. PLL) exists in the generation of the feedforward
signal. Thus, the impact of the PLL can really be noticed when the estimator block
is used to generate the feedforward signal such as in cases 1 and 2. Since the main
difference between PLL #1 and PLL #2 is the system delay in the transient state as
shown in Figure 2.22, this suggests that the delay in the feedforward signal has an
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important influence on LFO stability.

In summary, large stability margins are presented in cases 3 and 4 since only a small
delay of the contact-line voltage filter influences the feedforward signal dynamics. In
case 2, the feedforward signal delay comes from the voltage filter and PLL #2, which is a
fast synchronization system, resulting in a small signal delay. In case 1, the feedforward
signal delay comes from the voltage filter and PLL #1, which presents slow dynamics,
resulting in a large feedforward signal delay.
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(a)

(b)

Figure 2.24: System eigenvalue λ1. Influence of the PLL and the feedforward. (a) Bode
diagram, (b) Nyquist diagram.
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2.2.6.1 Influence of the contact-line voltage filter in the feedforward signal

For this study, the feedforward signal is the output of the contact-line voltage filter
(i.e. direct feedforward), being vff = v̂n. Three different contact-line voltage filters
will be tested. The PLL #2 is being used.

The Filter #1 is the contact-line voltage filter used in the stability studies already
performed in Subsections 2.2.2 to 2.2.5. Filter #2 is a band-pass filter with a slower
response, and Filter #3 is a first-order high bandwidth low-pass filter with a very fast
response. The contact-line voltage filter is in charge of filtering the third and fifth
voltage harmonics; however, the goal of this study was not the rejection of harmonics,
but rather a sinusoidal contact-line voltage waveform with no harmonics is considered;
therefore, the criterion for choosing the voltage filter was based on the speed of the
dynamic response that minimizes delays. Figure 2.25 shows the step response of the
d-axis component of the estimated contact-line voltage to test the filter dynamics and
to check the feedforward signal delay. Filter #3 is closer to the case of having no filter
since almost no delays are present.

Figure 2.26 shows the traction chain input admittance, and Figure 2.27 shows
the critical system eigenvalue λ1 using Bode and Nyquist plots for the three different
filters, the reference case at stability limit (with PLL #1, estimated feedforward, and
Filter #1) is also plotted. As expected, the stability margin is proportional to the
filter delay. From Figure 2.27, it is clear that the system with the fastest filter (i.e.
Filter #3) has the largest gain margin.

Figure 2.26 shows that for the cases with better stability margins, the phase of the
input admittance Yqq gets closer to 0° at very low frequencies (i.e. the gain margin is
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Figure 2.25: Contact-line voltage filters test. Time response of the estimated contact-
line voltage (d-axis component). The contact-line voltage is measured at the secondary of
transformer, which means that v̂c = k · v̂n, being k = 25.5 the transformer turn ratio.
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proportional to the phase of the input admittance Yqq at very low frequencies).
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Figure 2.26: Traction chain input admittance. Frequency range: 1–20 Hz. Contact-line
voltage filter influence.
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(a)

(b)

Figure 2.27: System eigenvalue λ1. Influence of contact-line voltage filter. (a) Bode diagram,
(b) Nyquist diagram.



44 Analysis in frequency domain

2.3 Stability Analysis for Multiple Trains at Differ-
ent Locations

In this section, the LFO stability analysis of the railway system is study when
multiple trains are operating at different locations in the catenary network. Figure
2.28 shows the linearized railway system model. The catenary network is seen to be
divided in n sections.

Figure 2.28: Linearized railway system: Multiples trains at multiples locations

The new admittance matrix YT in the dq-frame can be obtained from (2.16). It
is seen to be a diagonal matrix consisting of the input admittance of each train. The
network impedance matrix Zs in the dq-frame, which is obtained from (2.17), is seen
to be a full-filled matrix. The dimension of both matrices is 2n × 2n. The stability
analysis is performed in the same way as explained in Section 2.1. Therefore; the
eigenvalues of the open-loop transfer function, YTZs, which is a MIMO system, are
calculated according to (2.14). Bode and Nyquist diagrams are used to predict the
system stability limit. Time-domain simulations are used for verification.

δIs = YTδVc

δIs1
...
δIsn


 =




YT1 0 0
0 ... 0
0 0 YTn





δVc1

...
δVcn


 (2.16)




δIs1d
δIs1q
...
...

δIsnd
δIsnq




=




YT1−dd YT1−dq 0 0 0 0
YT1−qd YT1−qq 0 0 0 0

0 0 ... ... 0 0
0 0 ... ... 0 0
0 0 0 0 YTn−dd YTn−dq

0 0 0 0 YTn−qd YTn−qq







δVc1d
δVc1q
...
...

δVcnd
δVcnq
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δVc = −ZsδIs

δVc1

...
δVcn


 = −




Zs1 ... Zs1

... ... ...
Zs1 ...

∑n
i=1 Zsi





δIs1
...
δIsn


 (2.17)




δVc1d
δVc1q
...
...

δVcnd
δVcnq




= −




Zs1−dd Zs1−dq ... ... Zs1−dd Zs1−dq

Zs1−qd Zs1−qq ... ... Zs1−qd Zs1−qq

... ... ... ... ... ...

... ... ... ... ... ...
Zs1−dd Zs1−dq ... ...

∑n
i=1 Zsi−dd

∑n
i=1 Zsi−dq

Zs1−qd Zs1−qq ... ...
∑n

i=1 Zsi−qd

∑n
i=1 Zsi−qq







δIs1d
δIs1q
...
...

δIsnd
δIsnq




2.3.1 Catenary network with two sections

In this subsection, stability of railway system is analyzed for trains located in two
different locations. In this case, the total input admittance YT, and the network
impedance Zs are described by (2.18) and (2.19), respectively.

YT =




YT1−dd YT1−dq 0 0
YT1−qd YT1−qq 0 0

0 0 YT2−dd YT2−dq

0 0 YT2−qd YT2−qq







δVc1d
δVc1q
δVc2d
δVc2q


 (2.18)

Zs =




Zs1−dd Zs1−dq Zs1−dd Zs1−dq

Zs1−qd Zs1−qq Zs1−qd Zs1−qq

Zs1−dd Zs1−dq Zs1−dd + Zs2−dd Zs1−dq + Zs2−dq

Zs1−qd Zs1−qq Zs1−qd + Zs2−qd Zs1−qq + Zs2−qq


 (2.19)

The single-phase impedance of both network sections, Zs1 and Zs2, are defined by
(2.20) and (2.21). The distance from substation to location #1 is d1, and dT = d1+d2
is distance from substation to location #2, being d2 the distance between location #1
and location #2.

Zs1 = 2× Zug + Zsst + d1 × Z ′
cl (2.20)

Zs2 = d2 × Z ′
cl (2.21)

Impedance of the first section Zs1 in seen to include the upstream grid impedance
Zug, the substation impedance Zsst, and the contact-line impedance per km Z ′

cl.
Impedance of the second section Zs2 only considers the contact-line impedance per
km. The same values used in Section 2.2.2.1 will be used in the analysis following.
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Two different scenarios are analyzed. The first one, considers a railway system
that have trains in the depot and a single train running far from substation, only one
train model is employed for this analysis. The second scenario considers different train
models running far from the substation.

2.3.1.1 Multiple trains at depot and single train running

In this study case, the stability of the railway system is tested when 10 trains are
connected to the network in the depot near to the substation (distance d1 = 2 km) and
a train is operating far from the substation at low-power consumption. Distance d2 at
which this train is operating is increased until the system reaches the stability limit.

The train model used for this test is the train-B described by Figure 1.6, with four
traction chains connected in parallel. The train input admittance is YTB = 4Yt, being
Yt the traction chain admittance. The traction chain control and electrical parameters
are the same used in Section 2.2.1, they are described in Table 2.1. This admittance
is shown in Figure 2.4. Since only one train model is used, the total input admittance
matrix is described by (2.22). Power consumption at the DC-link of each traction chain
is 100 kW.

YT =

[
10YTB 0

0 YTB

]
(2.22)

Figure 2.29(a) and (b) shows the Bode and Nyquist diagrams of the eigenvalues
when the system operates at its stability limit, which occurs for distance d2 = 71 km.
From Bode diagram, the gain and phase margins of the critical eigenvalue λ1 are seen
to be zero, the crossover frequency (i.e. oscillation frequency) is 4.75 Hz. Since only
one train model is employed eigenvalues λ1 and λ3 share the same phase, this also
occurs for eigenvalues λ2 and λ4. Nyquist plot shows that eigenvalue λ1 intersects −1.

Figure 2.30 shows the time domain simulation with signals measured in the train
running far from substation. Initially, the train is operating in the steady state at
distance d2 = 31 km. At t = 6 s, step change in the distance is applied, reaching
d2 = 51 km, at this point some oscillations are seen but the system is stable. At
t = 7 s, distance increases to d2 = 71 km (i.e. dT = 73 km) reaching the stability limit,
the oscillation frequency is fosc=4.75 Hz, which agrees with the value obtained from
the frequency-domain analysis in Figure 2.29. Finally, at t = 9 s distance increases to
d2 = 91 km making the system unstable.
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(a)

(b)

Figure 2.29: System eigenvalues (λ1, λ2, λ3, λ4 ) for the stability limit case. Oscillation
frequency at 4.75 Hz. (a) Bode Diagram, (b) Nyquist Diagram.
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Figure 2.30: Time-domain simulations. From top to bottom: DC-link voltage, contact-line
voltage, and traction chain current. Step changes of distance d2 are consecutively applied
during the simulation time. The stable system, stability limit, and unstable case are found at
times t = 6 s, t = 7 s and t = 9 s, respectively.

2.3.1.2 Different trains in the contact-line

This scenario considers two trains with different input admittance operating in
different locations. Both trains used train-B control configuration shown in Figure 1.6,
and have four traction chains connected in parallel. Traction chain parameters from
Table 2.1 are used; however, the current and voltage control bandwidths are different for
each model, as well as the synchronization system, as shown in Table 2.5 (for description
of synchronization systems see Section 1.2.3). Figure 2.31 shows the traction chain
input admittance of models B1 and B2. The power consumption at the DC-link of
each traction chain is 100 kW.

Description Model-B1 Model-B2

Voltage Control Bandwidth 8 Hz 7 Hz
Current Control Bandwidth 100 Hz 70 Hz
Synchronization system Z-PLL PLL

Table 2.5: Traction chain parameters (Comparison)

For this study case, train-B1 is operating at distance d1 = 45 km from the substa-
tion, the distance d2 for train-B2 being increased until the stability limit is reached.
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Figure 2.32(a) and (b) shows the Bode and Nyquist diagram of the eigenvalues when
the system reaches its stability limit. This occurs when the train-B2 is at distance
d2 = 64 km. For that reason, the gain margin and phase margin of the eigenvalue λ1
are GM=0 db and PM=0°, respectively. The crossover frequency is 4.5 Hz. Nyquist
plot shows that eigenvalue λ1 intersects −1.
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Figure 2.31: Traction-chain input admittance of models B1 and B2. Frequency range: 1 -
20 Hz

Figure 2.33 shows the results obtained by means of time domain simulation, the
signals were measured in a traction chain of train model-B2. Initially, train-B2 is
operating at distance d2 = 24 km. At t = 6 s, step change in the distance is applied,
reaching d2 = 44 km, at this point some oscillations are seen but the railway system
remains stable. At t = 7 s, the distance increases to d2 = 64 km (i.e. dT = 109 km)
reaching the stability limit. The oscillating frequency is fosc=4.5 Hz. Finally, at t = 9 s
the distance increases to d2 = 84 km, what makes the system unstable.
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(a)

(b)

Figure 2.32: System eigenvalues (λ1, λ2, λ3, λ4 ) of the stability limit case. Oscillation
frequency at 4.5 Hz. (a) Bode Diagram, (b) Nyquist Diagram.
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Figure 2.33: Time-domain simulations. From top to bottom: DC-link voltage, contact-line
voltage, and traction chain current (Train-B2). Step changes of distance d2 are consecutively
applied during the simulation time. The stable system, stability limit, and unstable case are
found at times t = 6 s, t = 7 s and t = 9 s, respectively.

2.4 Conclusions

In this chapter, impedance-based stability analysis techniques in the frequency do-
main have been used to study the impact of electrical and control parameters in the
appearance of LFO, including contact-line length (i.e. distance from the substation),
consumed power, the bandwidth of current and voltage controllers, leakage inductance
of the transformer, DC-link capacitor, synchronization system, and feedforward signal.
Time-domain simulations were further used to validate the results of the analysis.

The influence of the contact-line length and number of traction chains on LFO
has been widely reported. The study of the impact of power consumption shows that
the worst case for instability is operation at low power. The stability limit curve for
different power consumption levels was presented showing similar results.

Increments of current control bandwidth with fixed leakage inductance lineally in-
crease the stability limit. Similar linear behavior applies for the case of the increments
of leakage inductance with or without adjusting the control bandwidth. The incre-
ment of the current control bandwidth is limited due to sample/switching frequency.
Although increasing the value of the transformer inductance is advantageous for LFO
phenomenon and for filtering the AC-side current, it limits the power transfer capabil-
ity. Therefore, trade-off analysis is required to obtain the optimal value of inductance.
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Decreasing voltage controller bandwidth with fixed DC-link capacitor always in-
creases the gain margin. However, this action compromises controllability.

On the other hand, the variation of DC-link capacitance with fixed voltage controller
gains showed a non-linear relationship with the stability margins. Increasing Cd leads
to an unstable system, but at some point, this action is reversed. This means the
existence of a capacitance that minimized the gain margin, which should be avoided.

Decreasing Cd with fixed voltage controller bandwidth increases monotonously sta-
bility margins, which seem to improve faster at lower values of Cd. However, decreasing
the value of the capacitor will imply losing filter capabilities (i.e. increment of voltage
ripple) and system controllability. Therefore, trade-off analysis is required to obtain
the best design.

Delays of the feedforward signal were observed to increase the risks of LFO. If the
feedforward signal depends on PLL dynamics, a faster PLL dynamics improves the
low-frequency stability.

The stability study of the railway system was performed for multiple trains oper-
ating at different locations using Nyquist and Bode criteria. This method haven been
proven with time domain simulations showing that it is accurate enough to predict the
stability limit.



Chapter 3

Analysis using small-signal
models

The system resulting from the connection of two or more dynamic systems (e.g. grid
and power converters) will be stable if all the elements are passive [37]. The passivity
of a system is ensured when the differential input admittance, also referred to as input
admittance [38], has a non-negative real part (i.e. non-negative conductance). Usually,
the grid (i.e. power supply network) is considered a passive system, since it consists of
R, L, and C elements; however, controlled power electronics converters are not.

The differential input admittance of power converters can be calculated using small-
signal models, or it can be obtained using frequency sweep methods as the one described
in Section 2.1.3. Different small-signal models to calculate the input admittance in both
single-phase and three-phase voltage source converters (VSCs) have been presented in
the literature [17,37,39]. However, most of these works focus on specific elements (e.g.
current control) but do not include all the dynamic elements affecting to LFO. Another
relevant aspect to consider is that AC catenaries are single-phase systems. Therefore,
extrapolation of analysis and results developed for three-phase systems might not be
straightforward. On one hand, contrary to a three-phase system, single-phase systems
cannot transfer continuous power. Furthermore, one or more quadrature signal gen-
erator (QSG) systems [40] are often needed for the control of single-phase systems.
Finally, the design of the PLL is also different. QSGs and PLL will be shown to have
a significant influence on the appearance of LFO.

In [13] and [6] a small-signal model of 4QC input admittance was developed to study
railway system instability phenomena, including resonant instability and LFO; how-
ever, the model fails to accurately calculate the train admittance in the low-frequency
range.

In [38], the input admittance of a three-phase VSC was calculated including all



54 Analysis using small-signal models

the dynamic elements (i.e. synchronization system, feedforward filter, etc). However,
that work focused on a three-phase balanced system (i.e. symmetric dynamic transfer
function), and does not include elements which can be relevant for single-phase systems
with asymmetrical transfer functions as the QSG.

It often happens that there are elements in the system which are insensitive to
errors in the coordinate rotations, while other elements will be affected. Modeling this
phenomenon will require the use of multiple reference frames. Three different reference
frames are used for the study presented in this Chapter: stationary reference frame;
true synchronous reference frame, which is aligned with the fundamental component
of the catenary voltage; and estimated synchronous reference frame, which is the one
used by the control, but which will be subjected to errors. Small-signal vector transfor-
mation from the actual synchronous frame to the estimated synchronous frame will be
shown to be key for the development of accurate analytical models of the train-network
interactions.

This chapter presents the calculation of the analytical small-signal model of train-
A input admittance. Only one traction chain (single 4QC converter) is considered
without loss of generality in the conclusions. Dynamic elements considered for the
analysis include:

• DC-link voltage controller.

• Inner current controller.

• Phase-locked loop (PLL) used for synchronization.

• Second-order generalized integrator (SOGI) used for filtering and quadrature sig-
nal generation.

• Delays due to discrete implementation of the control and to the PWM.

Verification of the analytical model is performed by means of full system simulation
model of the catenary and 4QC converter.

The chapter is organized as follows: Notation and reference frames used in this
chapter are first defined in Section 3.1. Section 3.2 deals with modeling the small-signal
4QC input admittance; Section 3.3 presents stability analysis of the railway system
for several trains operating at the depot under different operating points; sensitivity
analysis of train electrical and control parameter is developed in Section 3.4; finally,
conclusions are drawn in Section 3.5.

3.1 Notation and reference frames

This section is aimed to complement the Nomenclature at the beginning of this
document, especially regarding the reference frames that will be used throughout the
chapter. Both complex vector [41] and matrix notation [42] will be used.
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3.1.1 Equivalence between complex vector and matrix notation

The use of complex vector notation is convenient for dynamic analysis of symmet-
ric three-phase systems (e.g. balanced impedance) [43,44]. However, for asymmetrical
systems, it is necessary to use matrix notation with the corresponding real space vec-
tors. Using matrix notation, models in the time domain will be of the form shown in
(3.1), where ge and ge are time transfer functions.

ve = geie

[
ved
veq

]
=

[
gedd gedq
geqd geqq

] [
ied
ieq

]
(3.1)

An example of the equivalence between matrix notation and complex numbers for
symmetric systems (i.e. gedd = geqq and gedq = −geqd) is shown in equations (3.2)-(3.4).

ve =

[
ved
veq

]
←→ ve

dq = ved + jveq (3.2)

ie =

[
ied
ieq

]
←→ iedq = ved + jveq (3.3)

ve =

[
gedd gedq
geqd geqq

]
ie ←→ ve

dq = (gedd − jgedq)iedq (3.4)

Transforming (3.4) to Laplace domain, (3.5) is obtained. Transfer functions in the
Laplace domain are represented using uppercase letters.

Ve =

[
Ge

dd(s) Ge
dq(s)

Ge
qd(s) Ge

qq(s)

]
Ie ←→ V e

dq =
(
Ge

dd(s)− jGe
dq(s)

)
Ie
dq (3.5)

3.1.2 Reference Frames

In the analysis presented in this chapter three different reference frames are consid-
ered:

• Actual synchronous dq-frame

• Estimated synchronous d̂q-frame

• Stationary αβ-frame

Matrices, vectors, and vector components are denoted with the superscript ‘e’ to
make reference to the actual dq-frame; on the other hand, the superscript ‘ê’ is used to

refer to the estimated d̂q-frame. Therefore, the variables of the railway system model
from Figure 1.4 are renamed according to this special notation as shown in Figure 3.1.
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Variables (i.e. vector components) in the stationary αβ-frame are insensitive to errors
in the coordinate rotations, not requiring therefore a superscript. However, matrices
and vectors in the stationary reference frame are identified by the superscript ‘s’.

Figure 3.1: Railway control system model. Superscript ‘e’ refers to variables in the actual
grid dq-frame. Superscript ‘ê’ refers to variables in the estimated grid dq-frame.

The AC voltages and currents in the single-phase railway system shown in Fig-
ure 3.1 are treated as vectors in the stationary reference frame by considering a virtual
quadrature component [45]. These quantities are transformed to the actual dq-frame
aligned with the fundamental component of the catenary voltage vc. The angle of
rotation θ is defined by (3.6), where ω0 is the power supply fundamental frequency
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imposed by the substation.
dθ/dt = ω0 (3.6)

In order to implement the current controller in the estimated synchronous reference
frame, the PLL estimates the catenary voltage phase angle θ̂. This angle defines the

estimated d̂q-frame, which ideally coincides with the actual dq-frame.

Vector transformations from the actual dq− and estimated d̂q-frames to the station-
ary reference frame are given by (3.7) and (3.8), respectively. Therefore, the relation

between vectors in the actual and estimated d̂q-frames is given by (3.9), where θ̃ is the
angle estimation error (3.10) (see Figure 3.2).

Figure 3.2: Stationary reference frame and dq-frames

vs
αβ = ejθve

dq (3.7)

vs
αβ = ejθ̂vê

dq (3.8)

vê
dq = e−jθ̃ve

dq (3.9)

θ̃ = θ̂ − θ (3.10)

Due to the integral action of the PLL, the error angle θ̃ is zero in the steady state.
However, PLL dynamics will result in transient errors which must be included in the
model as they can contribute to the LFO phenomenon.

In the Laplace domain, and using matrix notation, the vector transformation in

(3.9) can be expressed by (3.11) using the dq/d̂q transformation matrix Tθ̃. In the
steady state, transformation matrix Tθ̃ is equivalent to the identity matrix.

Vê = Tθ̃V
e (3.11)
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3.2 Train input admittance small-signal model in the
dq-frame

The train admittance in the actual dq-frame is defined as the ratio between the
differential catenary current vector δIes and the differential catenary voltage vector
δVe

s . However, for ease of modeling and calculations, it can be expressed in terms of
the differential 4QC input voltage vector δVe

n, and the differential 4QC input current
vector δIen, as shown in (3.12), where k is the transformer turns ratio.

Yt =
δIes
δVe

c

=
1

k2
δIen
δVe

n

(3.12)

Small-signal models of the elements relevant to LFO analysis are presented in this
section. These include errors in coordinate rotations, QSG-SOGI, PLL, current con-
troller, and DC-link voltage controller.

3.2.1 Error angle θ̃ influence on the small-signal dq/d̂q vector
transformation

As explained in Section 3.1.2, the error angle θ̃ only appears during transients and
can be assumed to be small. A linear approximation of vector transformation (3.9)
is obtained by taking partial derivatives (3.13), where θ̃0 and ve

dq0 are steady state
quantities.

δvê
dq =

∂
(
e−jθ̃ve

dq

)

∂ve
dq

∣∣∣∣∣∣
0

δve
dq +

∂
(
e−jθ̃ve

dq

)

∂θ̃

∣∣∣∣∣∣
0

δθ̃

= e−jθ̃0δve
dq − je−jθ̃0ve

dq0δθ̃

(3.13)

In steady state, actual and estimated d̂q-frames are aligned; therefore, θ̃0 = 0.
Consequently vectors in actual and estimated dq frames are equal (i.e. vdq0 ≡ ve

dq0 =

vê
dq0 = vd0 + jvq0), which yields (3.14).

δvê
dq = δve

dq − jvdq0δθ̃ (3.14)

Applying the Laplace transform to (3.14), (3.15) is obtained.

δV ê
dq = δV e

dq − jvdq0δΘ̃ (3.15)

Using matrix notation (3.15) can be rewritten as (3.16). Notice that the steady
state complex vector vdq0 is now written as the real space vector V0.
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δVê = δVe −
[

0 −1
1 0

]
V0δΘ̃

[
δV ê

d

δV ê
q

]
=

[
δV e

d

δV e
q

]
−
[

0 −1
1 0

] [
vd0
vq0

]
δΘ̃(s)

(3.16)

Equation (3.16) provides the small-signal vector transformation dq/d̂q in the
Laplace domain. It is observed from these derivations that the small-signal behav-
ior of any vector in the estimated dq reference frame is a function of the small-signal
behavior of the vector in the actual dq reference frame as well as of the small-signal
behavior of the angle estimation error θ̃.

3.2.2 QSG-SOGI and PLL influence on the small-signal dq/d̂q
vector transformation

The small-signal model of the single-phase four quadrature converter depends on
PLL and QSG-SOGI dynamics. In this section, first both elements are independently
modeled and later merged to produce a combined small-signal model.

3.2.2.1 QSG-SOGI

The QSG-SOGI structure is commonly used in single-phase systems, such as AC
catenaries, due to its simple implementation, filtering properties, and capability to
provide the quadrature signal [36,46]. The structure of the QSG-SOGI is presented in
Figure 3.1(c). The input voltage Vn is applied to the QSG-SOGI system, generating

the estimated input voltage signal V̂nα and creating the estimated virtual quadrature
component V̂nβ . These filtered signals are used for synchronization and as feedforward
to the current control loop.

Defining Vnα = Vn, and considering that Vnβ is an ideal virtual quadrature com-
ponent of the input voltage, using matrix notation the QSG-SOGI transfer function
can be expressed as (3.17). The transfer functions of the second-order band-pass filter
and QSG are given by (3.18) and (3.19) respectively. The corresponding frequency
response is shown in Figure 3.3.

V̂s
n = Hs

vsV
s
n[

V̂nα
V̂nβ

]
=

[
Hvα(s) 0
Hvβ(s) 0

] [
Vnα
Vnβ

]
(3.17)
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Hvα(s) =
V̂nα
Vn

=
kvsω0s

s2 + kvsω0s+ ω2
0

(3.18)

Hvβ(s) =
V̂nβ
Vn

=
kvsω

2
0

s2 + kvsω0s+ ω2
0

(3.19)
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Figure 3.3: Frequency response in the stationary reference frame of Hvα(s) (SOGI-Filter)
& Hvβ(s) (quadrature signal generator)

The Laplace-domain equation in the αβ reference frame (3.17) becomes a convolu-
tion in the time domain as shown in (3.20), with hvα(t) and hvβ(t) being the impulse
response of (3.18) and (3.19) respectively.

[
v̂nα
v̂nβ

]
=

[
hvα(t) 0
hvβ(t) 0

]
∗
[
vnα
vnβ

]
(3.20)

Transformation to the actual dq reference frame is given by (3.21).

[
v̂end
v̂enq

]
=tθ

([
hvα(t) 0
hvβ(t) 0

]
∗ t−1

θ

[
vend
venq

])

tθ =

[
cosω0t sinω0t
− sinω0t cosω0t

] (3.21)

Solving the convolution and taking the Laplace transform of (3.21) (see Ap-
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pendix A.1), (3.22)-(3.26) are obtained.

V̂e
n ≊ He

vsV
e
n[

V̂ e
nd

V̂ e
nq

]
≊

[
He

vs−dd(s) He
vs−dq(s)

He
vs−qd(s) He

vs−qq(s)

] [
V e
nd

V e
nq

]
(3.22)

He
vs−dd(s) = He

vs−qq(s) (3.23)

He
vs−qd(s) = −He

vs−dq(s) (3.24)

He
vs−dd(s) =

1

4

(
Hvα(s+ jω0) +Hvα(s− jω0)

)

+
j

4

(
Hvβ(s+ jω0)−Hvβ(s− jω0)

) (3.25)

He
vs−qd(s) =

1

4

(
Hvβ(s+ jω0) +Hvβ(s− jω0)

)

− j

4

(
Hvα(s+ jω0)−Hvα(s− jω0)

) (3.26)

It is noted that since (3.17) is not a symmetric system, frequency components around
2ω0 can appear in the synchronous reference frame [42]. This is discussed in Ap-
pendix A.1. Since this study is focused on LFO, frequency components around 2ω0

are not expected to affect, and will not be further discussed. Consequently, He
vs is the

approximated QSG-SOGI transfer function that relates the actual input voltage Ve
n

and the estimated input voltage V̂e
n, both in the actual dq-frame.

Figure 3.4: (a) QSG-SOGI in αβ-frame and the park transformation to the estimated d̂q-

frame. (b) αβ − dq − d̂q decomposition & QSG-SOGI in actual dq-frame
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Figure 3.5: Frequency response: SOGI transfer function (He
vs) in the actual dq-frame.

Analytical low-frequency model vs. frequency sweep of simulation model.

Figure 3.4(a) shows the voltage QSG-SOGI block diagram and the park transforma-

tion into the estimated d̂q-frame. Figure 3.4(b) shows; first, αβ−dq−d̂q decomposition

(i.e. rotation action, performed by the estimated angle θ̂, is decomposed in cascade
rotations performed by θ and θ̃) in to order to obtain the estimated input voltage in

the actual dq-frame V̂e
n; second, the QSG-SOGI transformation from stationary frame

to the actual dq-frame. Finally, the QSG-SOGI frequency response can be obtained
from the relationship between the input voltage and the estimated input voltage, both
in the actual dq-frame.

Figure 3.5 shows the frequency response obtained from both, using the analytical
model of the SOGI (3.22), and from simulation using the dynamic model shown in
Figure 3.4(b), the agreement being remarkable. Notice that SOGI diagonal transfer
functions He

vs−dd(s) and H
e
vs−dd(s) work as first order low-pass filters.

The current QSG-SOGI has the same structure as the voltage QSG-SOGI shown in
Figure 3.1(c), but the gain now is kcs. Consequently, the preceding methodology and
discussion to obtain the current QSG-SOGI transfer function in the actual dq-frame
He

cs also apply in this case.
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3.2.2.2 Phase-Locked Loop

The PLL structure in dq-frame is shown in Figure 3.6. The controller transfer
function is (3.27). Selection of the proportional gain kPLL involves a trade-off be-
tween filtering capability and dynamic response, and the integral gain was chosen as
kiPLL=k

2
PLL/2 [26].

FPLL(s) = kPLL +
kiPLL

s
(3.27)

Figure 3.6: Phase locked loop in dq-frame

The linear relationship between the error angle θ̃ and the estimated input q-axis
voltage in the estimated frame v̂ênq is readily observed from the figure. It is therefore
straightforward to obtain the small-signal transfer function (3.28).

δΘ̃ =
FPLL(s)

s
δV̂ ê

nq (3.28)

By applying the small-signal transformation (3.15) to the estimated input voltage

complex vector V̂ ê
ndq, (3.29) is derived.

δV̂ ê
ndq = δV̂ e

ndq − jvndq0δΘ̃

δV̂ ê
nd + jδV̂ ê

nq =
(
δV̂ e

nd + jδV̂ e
nq

)
− j (vnd0 + jvnq0) δΘ̃

(3.29)

Where vndq0 is defined by (3.30) because in the steady state, estimated and real
values of input voltage in both dq-frames are equal.

vndq0 ≡ v̂ê
ndq0 = v̂e

ndq0 = vê
ndq0 = ve

ndq0. (3.30)

Equation (3.31) is obtained by taking only the imaginary part of (3.29). Notice that
in steady state vnq0 = 0 since the d-axis is aligned with the fundamental component
of the input voltage.
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δV̂ ê
nq = δV̂ e

nq − vnd0δΘ̃ (3.31)

Replacing (3.31) in (3.28), the small-signal model of the error angle is given by
(3.32).

δΘ̃ =
FPLL(s)

s+ vnd0FPLL(s)︸ ︷︷ ︸
Gpll(s)

δV̂ e
nq (3.32)

Equation (3.32) shows that small variations of the error angle θ̃ depend on the small
variations of the q-axis component of the estimated input voltage v̂enq, which means it
depends implicitly on the SOGI dynamics. This is further analyzed in the following
section.

3.2.2.3 Combined effect of QSG-SOGI and PLL in the small-signal dq/d̂q
vector transformation

So far PLL and SOGI have been analyzed independently. However, the small-signal
vector transformation depends on both elements.

To include the PLL influence, (3.32) is used to replace the differential error angle
in (3.16), obtaining (3.33).

δVê = δVe −
[

0 −1
1 0

]
V0Gpll(s)δV̂

e
nq (3.33)

Equation (3.33) can be written as a function of the differential estimated input

voltage vector δV̂e
n instead of using only its q-axis component δV̂ e

nq. This is shown by
(3.34).

δVê = δVe −
[

0 −1
1 0

]
V0

[
0 Gpll(s)

]
[
δV̂ e

nd

δV̂ e
nq

]
(3.34)

Defining the matrix GPLL(V0) (3.35), which is a function of the operating point
voltage vector V0, and using it in (3.34), yields (3.36).

GPLL(V0) =

[
0 −1
1 0

]
V0

[
0 Gpll(s)

]
(3.35)

δVê = δVe −GPLL(V0)δV̂
e
n (3.36)
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Finally, using (3.22) in (3.36) to add explicitly the SOGI dynamics, the small-signal

dq/d̂q vector transformation (3.37) is obtained. Notice that this transformation is a
function of the differential input voltage vector in the actual dq-frame δVe

n, same as
the input admittance (3.12).

δVê = δVe −GPLL(V0)H
e
vsδV

e
n (3.37)

A similar expression to (3.37) using a different derivation method was presented
in [38]. However, that solution didn’t include SOGI dynamics and it was presented
for the particular case of the input voltage and input current vectors. The derivation
presented in this thesis is more general, as for any vector (e.g. input voltage, estimated
input voltage, input current, estimated input current, reference input current, 4QC
terminal voltage, and so on).

Equation (3.37) will be used to obtain the small-signal current control model in
Section 3.2.3 and the DC-link control in Section 3.2.4.

3.2.3 Current Control

The AC-side 4QC model in Figure 3.1(a) is defined by the LR system in (3.38),
being vt the voltage in the 4QC terminals.

vn = Ln
din
dt

+Rnin + vt (3.38)

Assuming that ideal orthogonal components for voltage and current signals in (3.38)
are available, and transforming the equivalent αβ system to the actual dq-frame, the
model (3.39)-(3.40) in Laplace domain is obtained. See Appendix A.2 for a detailed
calculation of the transformation.

Ve
n = Ze

nI
e
n +Ve

t (3.39)

Ze
n =

[
Lns+Rn −ω0Ln

ω0Ln Lns+Rn

]
(3.40)

Figure 3.7 shows the current control system in the estimated d̂q-frame, as well as
the subsequent transformation to the actual reference frame, when there are errors in
the angle estimation.

The current controller transfer function matrix Gê
cc in the estimated d̂q-frame is

shown in (3.41), where the PI current controller transfer function is given by (3.42).

Gê
cc =

[
Gê

cc(s) 0
0 Gê

cc(s)

]
(3.41)
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Gê
cc(s) = kpCC +

kiCC

s
(3.42)

Cross-coupling decoupling is achieved using (3.43).

Gê
ω0Ln

=

[
0 −ω0Ln

ω0Ln 0

]
(3.43)

The voltage command V∗ê
t generated by the controller is obtained using (3.44),

where V̂ê
n is the estimated input voltage in the estimated d̂q-frame (3.45), Îên is the

estimated inductance current in the estimated d̂q-frame (3.46), and I∗ên is the current

reference in the estimated d̂q-frame. The dq/d̂q transformation matrix Tθ̃ was already
defined in Section 3.1.2.

Figure 3.7: Current control system in actual and estimated dq frames. AC-side dynamics
and controller dynamics

V∗ê
t = V̂ê

n −Gê
cc

(
I∗ên − Îên

)
−Gê

ω0Ln
Îên (3.44)

V̂ê
n = Tθ̃H

e
vsV

e
n (3.45)

Îên = Tθ̃H
e
csI

e
n (3.46)

Control delays can affect significantly the performance of the current regulator. The
delay is modeled as (3.47). The total time delay Td = 1.5Ts accounts for computation
time (i.e. Ts) and zero-order hold (i.e. 0.5Ts) [47], where Ts = 1/fs is the control
sampling time, which is the inverse of the sampling frequency fs.

Ge
d(s) = e−Tds (3.47)
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Finally, the terminal voltage vector Ve
t in the actual dq-frame is defined by (3.48)-

(3.49), where I is the identity matrix.

Ge
d = Ge

d(s)I (3.48)

Ve
t = Ge

dT
−1

θ̃
V∗ê

t (3.49)

Using (3.39)-(3.49) the closed-loop current control system that corresponds to the
block diagram in Figure 3.7 is defined by (3.50)-(3.51).

Ien = Z−1
f (I−Ge

dH
e
vs)V

e
n + Z−1

f Ge
dT

−1

θ̃
Gê

ccI
∗ê
n (3.50)

Zf = Ze
n +Ge

dT
−1

θ̃
Gê

ccTθ̃H
e
cs −Ge

dT
−1

θ̃
Gê

ω0Ln
Tθ̃H

e
cs (3.51)

One inconvenience of (3.50)-(3.51) is that it includes vectors and transfer functions
in two different reference frames. By transforming all terms to the actual synchronous
reference frame using (3.52)-(3.54), (3.55)-(3.56) are obtained.

I∗ên = Tθ̃I
∗e
n (3.52)

Ge
cc = T−1

θ̃
Gê

ccTθ̃ (3.53)

Ge
ω0Ln

= T−1

θ̃
Gê

ω0Ln
Tθ̃ (3.54)

Ien = Z−1
f (I−Ge

dH
e
vs)V

e
n + Z−1

f Ge
dG

e
ccI

∗e
n (3.55)

Zf = Ze
n +Ge

dG
e
ccH

e
cs −Ge

dG
e
ω0Ln

He
cs (3.56)

It is important to mention that the reference frame transformation of a system
produces a frequency displacement in the corresponding transfer function. The effect
of an error between estimated and actual frequencies therefore implies a change in
the Laplace operator s −→ s + jω̃, where ω̃ = dθ̃/dt is the frequency error. In the

steady state, actual and estimated dq frames are aligned (i.e. ω̃ = 0 and θ̃ = 0). On

the other hand, during transients, these frames are not aligned anymore (i.e. θ̃ ̸= 0);
however, the frequency error ω̃ is always very small compared to ω0 [38], and can be
safely neglected. Therefore, although the angles of both synchronous frames could be
different, it is considered that both dq-frames are rotating at the same frequency, and
(3.57) can be assumed.

Ge = T−1

θ̃
GêTθ̃ ≊ Gê (3.57)

Using (3.57), the transfer functions Ge
cc and Ge

ω0Ln
can be approximated by (3.58)
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and (3.59), respectively.

Ge
cc ≊ Gê

cc (3.58)

Ge
ω0Ln

≊ Gê
ω0Ln

(3.59)

The small-signal model of (3.55) is given by (3.60)

δIen = Z−1
f (I−Ge

dH
e
vs)δV

e
n + Z−1

f Ge
dG

e
ccδI

∗e
n (3.60)

Using the small-signal vector transformation (3.37), and considering that in the steady
state the reference current and the 4QC current are equal in both dq-frames (i.e. In0 ≡
I∗ên0 = I∗en0 = Iên0 = Ien0), the differential reference current vector δI

∗e
n is given by (3.61).

δI∗en = δI∗ên +GPLL(In0)H
e
vsδV

e
n (3.61)

where Gpll(In0) =

[
0 −inq0Gpll(s)
0 −ind0Gpll(s)

]

Replacing (3.61) in (3.60), the small-signal closed-loop current control system model
(3.62) is obtained, the corresponding block diagram is represented in Figure 3.8.

δIen =Z−1
f (I−Ge

dH
e
vs)δV

e
n + Z−1

f Ge
dG

e
cc(δI

∗ê
n +Gpll(In0)H

e
vsδV

e
n) (3.62)

Figure 3.8: Small-signal model of current control in dq-frame. AC-side dynamics and
controller dynamics

Rearranging (3.62), the small-signal closed-loop current control system model is
expressed by (3.63).

δIen = GciδI
∗ê
n +YciδV

e
n (3.63)

where Gci = Z−1
f Ge

dG
e
cc

and Yci = Z−1
f (I−Ge

dH
e
vs +Ge

dG
e
ccGpll(In0)H

e
vs)
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3.2.4 DC-Link Voltage Control

3.2.4.1 DC-Link Voltage Dynamics

Since the impedance of the 4QC is mainly inductive (Rn ≈ 0), associated Joule
losses can be safely neglected. Commutation losses in the converter are neglected as
well due to LFO occurring at low power consumption [24]. Under these assumptions,
power conservation between the converter AC-side and DC-side can be assumed (3.64).

vdcidc︸ ︷︷ ︸
Pdc

≊ vendi
e
nd + venqi

e
nq︸ ︷︷ ︸

Pac

(3.64)

Taking partial derivatives in (3.64), the small-signal variation in the DC-side current
is obtained (3.65), with subscript ”0” indicating operating point values.

δidc =
vnd0
vdc0

δiend +
ind0
vdc0

δvend +
vnq0
vdc0

δienq

+
inq0
vdc0

δvenq −
vnd0ind0 + vnq0inq0

v2dc0
δvdc

(3.65)

Performing the Laplace transform and considering that in the steady state, the train
operates with unity power factor (i.e. inq0 = 0), the input voltage vector is aligned
with the synchronous frame (i.e. vnq0 = 0), and Pdc0 ≊ Pac0 = vnd0ind0, (3.66) is
obtained.

δIdc =
vnd0
vdc0

δIend +
ind0
vdc0

δV e
nd −

vnd0ind0
v2dc0

δVdc (3.66)

Loads connected to the DC-link include traction converters and auxiliary loads.
For LFO analysis they can be modeled as an equivalent resistor [11,17] as explained in
Section 1.2.3. The small-signal model of the 4QC DC-side coincides in this case with
the transfer function of the RC circuit (3.67), as seen in Figure 3.1(a).

δVdc =

(
RL

RLCds+ 1

)
δIdc (3.67)

Finally, combining (3.67) and (3.66), (3.68) is obtained, where (3.69) and (3.70)
relate small variation of DC-link voltage with the d-axis component of input voltage
and 4QC inductance current.

δVdc = Giv(s)δI
e
nd +Gvv(s)δV

e
nd (3.68)
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Giv(s) =
vnd0
vdc0

1

Cds+ 2/RL
(3.69)

Gvv(s) =
ind0
vdc0

1

Cds+ 2/RL
(3.70)

3.2.4.2 Voltage Controller

The voltage controller is shown in Figure 3.1(d). It is modeled as (3.71), with
kd (3.72) being the gain relating AC and DC quantities. The PI controller transfer
function is given by (3.73).

I∗ênd = kdGvc(s) (V
∗
dc − Vdc) (3.71)

kd =
ind0
idc0

=
vdc0
vnd0

(3.72)

Gvc(s) = kpV C +
kiV C

s
(3.73)

Considering that the DC-link voltage command V ∗
dc in (3.71) is constant, the small-

signal model in (3.74) is obtained.

δI∗ênd = −kdGvc(s)δVdc (3.74)

Replacing the differential DC-link voltage in (3.74) by the expression in (3.68)
yields:

δI∗ênd = −kdGvc(s)Giv(s)δI
e
nd(s)− kdGvc(s)Gvv(s)δV

e
nd (3.75)

Transforming (3.75) to use matrix notation, the relationship between the input
voltage, the train current, and the reference current is obtained (3.76), where Gvc,
Giv and Gvv are defined by (3.77), (3.78) and (3.79) respectively.

δI∗ên = −kdGvcGivδI
e
n + kdGvcGvvδV

e
n (3.76)

Ge
vc = Ge

vc(s)I (3.77)

Giv =

[
Giv(s) 0

0 0

]
(3.78)

Gvv =

[
Gvv(s) 0

0 0

]
(3.79)
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3.2.5 Train input admittance

Combining the DC-link voltage small-signal dynamics given by (3.76) and the
closed-loop current control dynamics given by (3.63), the small-signal input admit-
tance of the train seen by the secondary of the traction transformer (i.e. ratio between
differential input voltage vector and differential 4QC current vector) is obtained as
(3.80). The corresponding block diagram is shown in Figure 3.9.

Ytn =
δIen
δVe

n

=
I−Ge

dH
e
vs − kdGe

dG
e
ccGvcGvv +Ge

dG
e
ccGpll(In0)H

e
vs

Ze
n +Ge

dG
e
ccH

e
cs −Ge

dG
e
ω0Ln

He
cs + kdGe

dG
e
ccGvcGiv

(3.80)

For the sake of clarity, the process followed to obtain matrices and parameters
involved in the calculation of the input admittance Ytn is listed below.

1. Obtain matrix Ze
n (3.40)

2. Obtain matrix He
cs and He

vs (3.22)

3. Gains of current controller, obtain matrix Ge
cc ≊ Gê

cc (3.41)

4. Cross-coupling decoupling, obtain matrix Ge
ω0Ln

≊ Gê
ω0Ln

(3.43)

5. Gains of voltage controller, obtain matrix Ge
d = Ge

d(s)I (3.47)

6. Obtain matrix Gpll(In0) (3.61)

7. Gains of voltage controller, obtain matrix Ge
vc = Ge

vc(s)I (3.73)

8. Obtain matrix Giv and Gvv from (3.78) and (3.79)

Finally, the train admittance seen from the catenary line is given by (3.81).

Yt =
1

k2
Ytn (3.81)

Correctness of (3.81) was confirmed by means of simulation using the frequency
sweep method described in 2.1.3. Train and control parameters used in the calculation
and simulation are shown in Table 3.1. The results are presented in Figure 3.10, the
level of agreement being remarkable.
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Figure 3.9: Block diagram of the 4QC (train) input admittance in the actual dq-frame Ytn

Symbol Description Value

Vc RMS Catenary Voltage 25 kV
f0 Catenary frequency 50 Hz
Vdc Nominal DC-link Voltage 3600 V

k Transformer Ratio 14.12
Ln 4QC Inductance 3 mH
Rn 4QC Resistance 10 mΩ
Cd DC-link Capacitance 10 mF

BWvc Voltage Control Bandwidth 5 Hz
BWcc Current Control Bandwidth 50 Hz
kvs Voltage SOGI Gain 0.80
kcs Current SOGI Gain 1
kpll Phase-Locked Loop Gain 6

fsw Switching Frequency 700 Hz
fs Sampling Frequency 1400 Hz

Pdc DC link Load 50 kW

Table 3.1: Train parameters
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Figure 3.10: Train input admittance in the actual dq-frame obtained from the analytical
small-signal model vs frequency swept of complete simulation model

3.3 Stability Analysis

In this section, the stability criteria described in Section 2.1 are applied to analyze
the case of multiple trains in depot. The effect of increasing the power consumption in
the DC-link is also studied.

3.3.1 Stability analysis for the case of multiple trains on depot

For the sake of simplicity, in this analysis it is considered that all the trains in
the depot are identical (i.e. they have the same electrical and control parameters)
and operating at the same base power of 50 kW; therefore, they have the same input
admittance. The analysis for the case of different input admittance would follow the
same methodology, the equivalent admittance would be the sum of the individual
admittances [1].

Being m the number of identical trains, three different cases are presented: stable
system (m = 17), system at its stability limit (m = 27), and unstable system (m = 37).
Time-domain simulations are used to verify the analysis.

The specific train admittance used for the analysis is shown in Figure 3.10, which
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corresponds to the train parameters in Table 3.1. The components of the network
impedance Zs are the upstream grid impedance Zug, and the substation impedance
Zsst as seen in (3.82). This equation does not consider the transmission line impedance
per km since it is assumed that the trains are parked very close to the substation.

Zs = 2× Zug + Zsst (3.82)

The following impedance parameters at fundamental frequency ω0 are used in this
study [28]:

|Zug| = 0.5Ω,∠Zug = 80° ; |Zsst| = 5.5Ω,∠Zsst = 80°

Once the train admittance matrix, network impedance matrix, and number of trains
are defined, the eigenvalues of the system in the range of frequencies of interest are
calculated using (2.14).

Nyquist plots and the Bode diagrams for the three cases are shown in Figure 3.11(a)
and Figure 3.11(b) respectively. The gain margin is marked with filled circles in the
Bode plots. The frequency response obtained using the simulation model is also shown
to assess the accuracy of the analytical small-signal model. From Figure 3.11(b) it is
seen that increasing the number of trains at the depot, only increases the magnitude
of eigenvalues λ1 and λ2, the phase remaining constant. As noticed in Figure 3.11(b),
the phase of the eigenvalue λ2 never intersects 180°, therefore it is not causing any in-
stability. This applies to the three examined cases. Nyquist stability criterion confirms
the same result since λ2 never encloses −1.

It is observed from the Nyquist plot in Figure 3.11(a) that form = 17, the eigenvalue
λ1 (green curve) does not enclose −1, which fulfills the Nyquist stability criterion. For
m = 27, the eigenvalue λ1 (blue curve) almost crosses −1, meaning that the system is
at the stability limit. For m = 37 trains, the red curve encloses −1; thus, the system
is not fulfilling the stability criterion anymore and the system becomes unstable.

Similarly, it is observed from Bode plots in Figure 3.11(b) that for m = 17 (stable
case), |λ1| at phase crossover frequency fc is less than 0 dB (i.e. positive gain margin),
which fulfills the stability criterion. At the system stability limit for m = 27, |λ1| at
the crossover frequency is 0 dB, in this case, the crossover frequency fc will define the
oscillation frequency, that is 4.5 Hz. If there are more than 27 trains connected to
the power supply network, |λ1| at the crossover frequency will take positive values (i.e.
negative gain margin) and the system will become unstable.

Time domain simulations of the three cases are shown in Figure 3.12. Catenary
voltage, DC-link voltage, and inductor current per train are shown. Initially, the
system is operating with m = 7 trains at the depot; here the system is in steady state;
at t = 5 s, ten more trains are connected to the network as a step change (i.e. m = 17);
here, the system experiences small oscillations that are damped quickly, and the system
remains stable. A second step change in the number of trains (i.e. m = 27) occurs at
t = 6 s. Time response in this case is pure oscillatory. The negligible damping indicates
that the system is at the stability limit. The frequency of the oscillations observed in
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Figure 3.11: System eigenvalues using the small-signal analytical model (continuous line),
for different number of trains m in the depot (DC-link power consumption 50 kW). m = 17
(stable), m = 27 (limit of stability) and m = 37 (unstable). System eigenvalues obtained from
frequency swept using complete simulation model are indicate with marks (λ1 → ∗, λ2 → ♢).
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(limit case), m = 37 at t = 8 s (unstable case).

all the signals ≈ 4.5 Hz, which is seen to be in good agreement with the frequency
predicted from the small-signal-based analysis. Finally, following a third step change
in the number of trains (i.e. m = 37) at t = 8 s, the system becomes unstable.

3.3.2 Influence of power consumption at the DC-link

This subsection analyzes the influence of the power consumption. The number of
trains and the rest of the electrical and control parameters remain the same as in
the previous subsection. The base point for this study is the limit of stability (i.e.
GM=0 dB) reached with m = 27 identical trains on depot operating at 50 kW each.

As discussed in Section 3.3.1, the eigenvalue λ2 doesn’t pose any risk of instability;
therefore, it is not shown. Nyquist plot and Bode diagram of system eigenvalue λ1 are
shown in Figure 3.13 for four different levels of power consumption at the DC-link.

Since the trains are operating at the depot, only auxiliary systems are drawing
power. Consequently, the increments of power are relatively small. Figure 3.13(a)
shows that increasing the dc-link power consumption improves the system stability.
Similarly, Figure 3.13(b) shows that going from 50 kW to 100 kW increases the gain
margin, which means the system moves away from the stability limit becoming more
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stable while it reduces the oscillation frequency. At 150 kW and 200 kW the phase of
the eigenvalue λ1 is below 180°, which means that it never intersects the 180° line at
any low frequency, having no risk of LFO instability. The fact that increasing the power
increases system stability is in agreement with the results reported in [11,13,17,28].

3.4 Sensitivity Analysis

In this section, the sensitivity analysis of the system stability to train electrical
and control parameters using the small-signal model is performed. As in the previous
sections, identical trains connected at the depot are considered.

The reference operating point for this analysis is the stability limit case presented in
Section 3.3.1 withm = 27 trains connected at the depot, operating at a power of 50 kW
each. For the sensitivity analysis, variation of the critical eigenvalue λ1 with incremen-
tal variation of a given parameter is obtained, with the rest of the system parameters
remaining constant. The range of variation of the parameters being considered is 0.8
to 1.2 from its base value.

Figure 3.14(a) and (b) show the gain margin and oscillation frequency (i.e. phase
crossover frequency) as a function of the per unit value of different electrical or con-
trol parameter of the train, respectively. At the stability limit operating with nominal
values, the gain margin is GM = 1 (i.e. 0 dB), and the oscillation frequency is 4.5 Hz.
The slope of each curve gives the sensitivity of the gain margin and oscillation fre-
quency. Positive slopes in Figure 3.14(a) indicate that the system becomes more stable
as the parameter being considered increases, the contrary occurs for negative slopes.
According to the magnitude of slopes in Figure 3.14(a) LFO shows high sensitivity to
Ln, current and voltage control bandwidths, medium sensitivity to current and volt-
age SOGI, while sensitivity to Cd is low, practically no sensitivity to PLL tuning is
observed. Table. 3.2 summarizes the results shown in Figure 3.14.

It is observed that increasing the voltage-control bandwidth (BWvc) decreases the
gain margin of the system while increasing the current-control bandwidth (BWcc)
increases the gain margin. This strongly suggests that the spectral separation between
current and voltage controller bandwidths improves LFO stability and it will play a
critical role in the occurrence of LFO.

Figure 3.14 shows that increasing voltage-SOGI gain increases the gain margin. This
result agrees with the analysis presented in Section 2.2.6.1. The voltage-SOGI generates
the feedforward signal; therefore, increasing voltage-SOGI gain implies an increase in
the voltage filter bandwidth, which decreases feedforward signal delays, improving the
system stability. On the hand, increasing the current-SOGI gain increases the gain
margin and improves stability because it decreases delays in the current control loop.

Larger values of transformer inductance significantly improve stability, while larger
values of capacitance bring the system closer to the stability limit by a small step.
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Gain Margin (GM) Oscillation Frequency

BWvc ↓↓↓ ↑↑↑
BWcc ↑↑↑↑ ↓
Ln ↑↑↑↑↑ ↓↓↓
Cd ↓ ↑
kvs ↑↑ ↑↑
kcs ↑↑ ↓↓
kpll - -

Table 3.2: Sensitivity of low-frequency stability to train parameters. ↑ and ↓ stands for
positive sensitivity and negative sensitivity. Number of arrows show the degree of sensitivity.

Finally, it is noted that the trajectories shown in Figure 3.14 are not necessarily
straight lines. This is due to the non-linear nature of the system. This suggests that
parameter sensitivity when more than one parameter changes might not agree with
the results obtained from simple superposition of the effects of changing parameters
individually.

3.5 Conclusions

An accurate train small-signal input admittance model was developed and presented
in this chapter. The small-signal model was developed in the synchronous frame, and
its frequency response matched with the frequency sweep of the simulation of the
complete (non-linear) model of the train. Consequently, the small-signal model enables
the analysis of the impact of key design and operation parameters on LFO by means
of analytical functions. An approximated small-signal model of the QSG-SOGI in the
synchronous frame valid in the low-frequency range was calculated and included in the
system along with the PLL to model the dynamics due to errors in the coordinate
rotation. Models of current and DC-link voltage control systems were also developed.

A stability analysis of the railway system was performed and checked with numerical
methods. The different cases were analyzed for different numbers of trains operating at
the depot, showing that increasing the number of trains increases the risk of instability.

The train small-signal input admittance model combined with power network
impedance was able to predict the appearance of low-frequency oscillation when trains
are operating at low power consumption with only auxiliary systems energized.

Finally, using the small-signal model, the sensitivity analysis of the system stabil-
ity to train electrical and control parameters was presented, showing high sensitivity
to the leakage inductance and control bandwidths, medium sensitivity to SOGI, low
sensitivity to DC-link capacitance, and practically no sensitivity to PLL.



Chapter 4

Analysis using eigenvalues
identification

In this chapter, eigenmodes are used to characterize the system dynamic behavior
when the LFO phenomenon occurs. Time-domain simulations of the train-network
system are performed to obtain the system dynamics in different scenarios. Then,
associated eigenvalues are calculated by means of numerical estimation techniques.
System parameters considered for the analysis presented in this chapter include: cate-
nary length; power consumption; characteristics of on-board catenary side converter:
current and dc voltage control bandwidths, SOGI, PLL; leakage inductance of the
transformer; and DC-link capacitor. The sensitivity of LFO stability to the variation
of these parameters is discussed.

The railway system model with train-A from Figure 1.4 is used to perform this
analysis. A vehicle with six traction chains is considered. The system parameters are
shown in Table 4.1. The power consumed by the vehicle was only 300 kW (low power
condition).
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Symbol Description Value

Vc RMS Catenary Voltage 25 kV
f0 Catenary frequency 50 Hz
Vdc Nominal DC-link Voltage 3600 V

k Transformer Ratio 14.12
Ln 4QC Inductance 6 mH
Rn 4QC Resistance 10 mΩ
Cd DC-link Capacitance 10 mF

BWvc Voltage Control Bandwidth 10 Hz
BWcc Current Control Bandwidth 100 Hz
kvs Voltage SOGI Gain 0.80
kcs Current SOGI Gain 1
kpll Phase-Locked Loop Gain 6

fsw Switching Frequency 1000 Hz
fs Sampling Frequency 2000 Hz

PT Total Power Consumption 300 kW

Table 4.1: Railway system parameters.

4.1 Eigenvalue migration due to catenary-line length

Using time-domain simulations of the train-network system Figure 4.1 is obtained.
It shows the transient response to a disturbance of the DC-link voltage, for differ-
ent lengths of catenary-line. Degradation of DC-link voltage control as the distance
increases is readily observed, eventually leading to instability. Transient responses
shown in Figure 4.1 can be modeled as a set of complex conjugated eigenvalues as
shown in Figure 4.2. The following terms are defined from Figure 4.2: ωn is the natu-
ral frequency, σ is the attenuation constant, and θ is the eigenvalue angle. Using these
last two terms, the damping ratio ζ, is defined by (4.1) [48], and the settling time Ts,
is defined by (4.2) as the time required by the response to reach and steady within a
specified range of 2% of the final value [48]. Notice that the damping ratio is zero when
θ = π/2, which is the stability limit.

The trajectory followed by the eigenvalues as the catenary length increases shows
a decreasing damping coefficient and slowing dynamics, which results in a degradation
of the system behavior, eventually becoming unstable.

ζ =
σ

ωn
= cos (θ) (4.1)
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Figure 4.1: DC-link time response for variations in catenary-line length

-50 -45 -40 -35 -30 -25 -20 -15 -10 -5 0

Real [rad/s]

-150

-100

-50

0

50

100

150

Im
a
g
 [
ra

d
/s

]

20 km

40 km

60 km

80 km

100 km

120 km

140 km

n

Figure 4.2: Eigenvalue migration as a function of catenary-line length.



84 Analysis using eigenvalues identification

Ts =
ln(0.02)

σ
(4.2)

4.2 Eigenvalue migration with catenary length and
consumed power

Eigenvalue migration with load power is shown in Figure 4.3 for three different
catenary lengths, short line (20 km), medium line (60 km), and long line (120 km).
It is interesting to note that the overall shape of the eigenvalue trajectory is similar
for all three cases. Lower power consumption results in lower damping, i.e. higher
instability risk. A closer analysis also reveals that long catenaries combined with low
power consumption, lead to the highest risk of instability, which is consistent with the
behavior reported in Chapters 2 and 3.
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Figure 4.3: Eigenvalue migration for variations in load power. Cases: short line (20 km),
medium line (60 km) and long line (120 km).

4.3 Eigenvalue migration with DC-link voltage and
current control bandwidths

The influence of the 4QC voltage and current control closed-loop bandwidths is
discussed in this section. For the sake of simplicity, four scenarios are considered for
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catenary length and power consumption: 1) low distance - low power; 2) low distance
- high power; 3) high distance - low power; 4) high distance - high power.

Figure 4.4 shows the eigenvalues for different current-control and voltage-control
bandwidths for the long-distance catenary - low power consumption case. The general
trend is that for a given current control bandwidth, higher voltage-control bandwidths
result in eigenvalue angle θ (as defined in Figure 4.2) closer to π/2 which means shorter
damping ratio and larger settling times (σ decreases) and larger natural frequency. On
the other hand, it is observed that for a given voltage control bandwidth, larger current-
control bandwidths result in a larger damping ratio, shorter settling times (σ increases),
and larger natural frequencies.

From Figure 4.4 it can also be noticed that eigenvalue migration due to simultaneous
variation in voltage-control bandwidths and voltage-control bandwidth in this region
are close to being orthogonal. It is concluded from Figure 4.4 that rather than the
bandwidth of the current and voltage control loops, the ratio BWcc/BWvc will be
critical for system stability.
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Figure 4.4: Eigenvalue migration as a function of DC-link voltage and current control
bandwidths, for the case of a long catenary and low power consumption. BWcc and BWvc
stand for current and voltage control bandwidths.

Figure 4.5 to 4.7 shows the damping ratio, settling time, and natural frequency, as a
function of BWcc and BWvc, for two different values of the current control bandwidth
and the four scenarios discussed at the beginning of this section are considered: 1) low
distance - low power; 2) low distance - high power; 3) high distance - low power; 4)
high distance - high power. The following conclusions are reached:

• It is observed from Figure 4.5 that the damping ratio (i.e. system stability) always
increases as the BWcc/BWvc ratio increases. Low values of the BWcc/BWvc
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ratio will jeopardize system stability for any operation mode. This trend is inde-
pendent of the catenary distance and load power.

• From Figure 4.5, it is observed that high distance - low power scenario shows the
highest risk of instability (lower damping ratio). The damping ratio is seen to
change linearly with BWcc/BWvc, independent of BWcc.

• The damping ratio increases when the load power level increases and decreases
when the catenary-line increases. This behavior is consistent with previous stud-
ies [13].

• It is observed from Figure 4.6 that the settling time of the oscillations decreases
as BWcc/BWvc increases. Low BWcc/BWvc ratios in the high distance - low
power scenario values result in significant settling times, i.e. DC-link voltage
oscillation can persist for seconds.

• The natural frequency shown in Figure 4.7 decreases as the BWcc/BWvc ratio
increases in most cases, but differences by a factor of 2 can be observed depending
on the scenario.
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4.4 Eigenvalue migration due to the leakage induc-
tance of transformer and DC-link capacitor

In this section, variations in the leakage inductance are introduced while the control
gains kpCC and kiCC are re-tuned according to (1.2) and (1.3) to maintain the current
regulator bandwidth constant at a value of 100 Hz. Similarly, variations in the DC-link
capacitance are introduced while the voltage control gains kpV C and kiV C are re-tuned
to maintain a constant bandwidth of 10 Hz according to (1.4) and (1.5).

The analysis is performed for the case of a catenary length of 120 km and a power
consumption of 300 kW. In this operating conditions the system is close to the stability
limit.

Figure 4.8 shows the eigenvalue migration as a function of the transformer leakage
inductance and the DC-link capacitance. Range of variation of the leakage inductance
and capacitance are indicated in the caption.

It is observed that larger values of inductance improve stability against LFO, while
larger values of the capacitance move the system towards to the stability limit. The
eigenvalue migration due to inductance changes is seen to be highly linear. On the other
hand, eigenvalue migration due to capacitance changes is monotonic (the variations
of eigenvalues decreases as the capacitance increases). Furthermore, it is seen that
variations of inductance and capacitance do not interfere with each other when control
bandwidths are maintained constant.

Figure 4.9 shows a zoomed view of eigenvalue migration due to the DC-link capac-
itance variations at Ln = 6 mH. Here, the capacitance range of variation is wider than
before (from 0.4 to 1.6 its nominal value). The figure is showing how the sensitivity
of eigenvalues decreases as the capacitance increases, for instance, it is very difficult
to note changes in the system dynamics for capacitance values over 150% its nominal
value. Similar behavior was reported in Section 2.2.5.3. In conclusion, Figure 4.9 shows
the sensitivity of the system for small capacitance is high, around the operational point
(O.P.) is low, and it is very low for larger capacitances. Details of sensitivity analysis
is performed in Section 4.7.

Although greater values of inductance improve stability, designing a transformer
to get a larger value of leakage inductance could limit the power transfer capability.
Smaller values of capacitance improve the low-frequency stability, which is an advantage
since bigger capacitors are bulky and expensive; however, the DC-link capacitance has
to be big enough to ensure the correct operation of the 4QC (i.e. system controllability)
and to filter the voltage ripple.
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Figure 4.8: Eigenvalue migration as a function of leakage inductance and DC-link ca-
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4.5 Eigenvalue migration with SOGI tuning

In addition to the control bandwidths discussed previously, other elements involved
in the control are the voltage and current SOGI. The transfer function of the SOGI
acting as a filter is given by (3.18), and its transfer function acting as a quadrature
signal generator is given by (3.19).

Figure 4.10 shows the eigenvalue migration for variations in gains kvs and kcs of
voltage and current SOGI. Increasing either voltage or current SOGI gain migrates
the eigenvalues away from the stability limit (i.e., larger damping ratio). However,
increasing SOGI gain implies an increase in the bandwidth, which could compromise
the SOGI low-pass filter characteristic. It is concluded that a trade-off is required.

These results agree with the analysis presented in Section 2.2.6.1. The voltage-SOGI
generates the feedforward signal; therefore, increasing SOGI gain decreases feedforward
signal delays, which improves stability. On the other hand, increasing the current-SOGI
gain decreases delays in the current control loop, which is better for the system stability.

Sensitivity analysis of SOGI is performed in Section 4.7.
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Figure 4.10: Eigenvalue migration for variations in gains kvs and kcs correspond to voltage
and current SOGI. The gains are varied within a range of 0.7 to 1.3 of their nominal values,
kvs=0.8 and kcs=1.

4.6 Eigenvalue migration with PLL tuning

Figure 4.11 shows eigenvalue migration for variations in the proportional gain kPLL.
As mentioned in Section 1.2.3.1, the integral gain was chosen as kiPLL=k

2
PLL/2.

Increasing kPLL by a factor as large as ten is seen to have a marginal effect on the
migration of eigenvalues. A sensitivity of PLL is performed in Section 4.7.
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Figure 4.11: Eigenvalue migration for variations in gain kPLL

4.7 Sensitivity analysis

An approach to analyze the sensitivity to system parameters discussed in the previ-
ous subsections is to obtain the variation of the eigenvalues to an incremental variation
of a given parameter, with the rest of system parameters remain constant.
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Figure 4.12: Damping ratio as a function of p.u. parameter variation

Figure 4.12 to 4.14 show the variation of damping ratio, settling time, and natural
frequency, which results from this analysis. The analysis is performed for the case of
a catenary length of 120 km and a power consumption of 300 kW. The system is in
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this case close to the stability limit. System parameters being considered are changed
within a range of 0.8 to 1.2 from their base value.

From Figures 4.12 to 4.14 the magnitude of the slope of each curve at the opera-
tional point (O.P) gives the sensitivity of the damping ratio, settling time, and natural
frequency to per-unit (p.u.) variation of each parameter being considered with respect
to its base value. For the damping ratio, positive slopes indicate that the system be-
comes more stable as the parameter being considered increases, the contrary occurs for
negative slopes. Natural frequency is related to oscillation frequency at the stability
limit, positive slopes indicate faster oscillations.
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Figure 4.13: Settling time as a function of p.u. parameter variation

Table 4.2 summarizes the results shown in Figure 4.12 to 4.14. It is observed
that for the operating point being considered, LFOs show high sensitivity to Ln and
control bandwidths, while sensitivity to SOGI parameters and Cd is low, practically
no sensitivity to PLL tuning is observed.

Increasing the voltage-control bandwidth decreases the damping of the system,
while increasing the current-control bandwidth, increases the damping of the system.
Rather than the absolute values of the current and voltage control bandwidths, the
system response is primarily given by the ratio BWcc/BWvc. This is in accordance with
the analysis presented in Section 4.3. It is concluded that lower values of BWcc/BWvc
significantly increase the risk of LFO.

Finally, it is noted that the trajectories shown in Figure 4.12 to 4.14 are not neces-
sarily straight lines. This is due to the non-linear nature of the system. This suggests
that parameter sensitivity will depend on the operating point. Same conclusion was
achieved in Chapter 3 from the study using small-signal models.
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Figure 4.14: Natural Frequency as a function of p.u. parameter variation

Table 4.2: Sensitivity of dynamic system characteristics at O.P. Arrows ↑ and ↓ stands for
positive sensitivity and negative sensitivity. The number of arrows indicates the degree of
sensitivity.

Damping R.(ζ) Settling T.(Ts) Natural Freq. (ωn)

BWvc ↓↓↓ ↑↑↑ ↑↑↑
BWcc ↑↑↑ ↓↓↓ ↑↑↑↑
Ln ↑↑↑ ↓↓↓ ↑↑↑↑
Cd ↓ ↑ ↓
kvs ↑↑ ↓↓ ↓↓
kcs ↑↑ ↓↓ ↑
kPLL - - -
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4.8 Conclusions

Time-domain simulation combined with eigenvalue migration analysis is proposed
in this chapter for the analysis of LFO phenomenon in AC railway systems. The
proposed method allows an insightful visualization of the sensitivity of LFO to catenary
and train parameters, and consequently identifying critical modes of operation, as well
as to propose remedial actions.

It is concluded from the analysis performed in this chapter that the worst sce-
nario for LFO stability occurs for the case of trains operating far from substation and
with low-power consumption. Catenary inductance (i.e. infrastructure parameter) and
BWcc/BWvc ratio (i.e. AFE control parameters) are the main two factors affecting to
system stability.

Larger values of transformer inductance improve stability against LFO, while larger
values of the the capacitance take the system closer to the stability limit. The eigen-
value migration due to inductance increments is linear. On the other hand, migration
due to capacitance is monotonic (the variations of eigenvalues decreases as the capac-
itance increases). Finally, variations of inductance and capacitance do not interfere
with each other when control gains are adapted to keep the bandwidths constant.

Increasing SOGI gain, increases the filter bandwidth, which decreases system delays
(i.e. faster dynamics). This action improves LFO stability.



Chapter 5

4QC control strategies for
LFO mitigation

LFO mitigation can be addressed by either improving the power supply systems
or the onboard systems. Among the first, [49] and [50] proposed either the installa-
tion of voltage stabilizers in the substations or the capacity upgrade of the traction
transformer. However, a replacement or modification of substations of which the vast
majority still have many years of useful lifetime places obvious cost concerns [51]. Im-
proving the onboard systems is therefore a more appealing option. Two approaches
can be followed.

• Improve 4QC converter control tuning in order to increase the stability limit (i.e.
maximum number of trains or distance). This action can be performed according
to the results obtained in parameter variation studies from Chapters 2 and 4.

• Adding supplementary controllers to the actual 4QC control system.

This chapter addresses the second option. More specifically, it describes the im-
plementation of two controllers in the train aimed specifically to mitigate the LFO
phenomenon: Power oscillation damping (POD), which is presented in Section 5.1, and
the Virtual-impedance-based control method presented in Section 5.2. For this study,
train-A with the parameters presented in Table 3.1 from Section 3.2.5 is employed.

5.1 Power oscillation damping (POD)

The power oscillation damping method is a technique used in electrical power sys-
tems to stabilize the system and mitigate the effects of power oscillations [52–56].
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The POD control continuously monitors the electrical parameters of the power
grid, such as voltage and current. It detects the presence of power oscillations. These
oscillations are often characterized by fluctuations in voltage or power flow, and they
can occur due to various factors, including sudden changes in load or the integration
of renewable energy sources. Upon detecting oscillations, the control system activates
specialized devices within the grid. These devices are capable of injecting or absorbing
active and/or reactive power [52,56].

This method is particularly valuable in power grids with a high penetration of re-
newable energy sources (such as wind or solar). These sources can introduce variability
and uncertainty, leading to power oscillations that need to be controlled [52]. Further-
more, POD control has been employed in large and interconnected power grids where
the oscillations can propagate over long distances and affect the entire network [52,54].

In [8] and [53] POD was implemented in a controlled rectifier connected to a weak
grid. In this case, the POD control system consists of an external loop connected to the
converter DC-link control system. The RMS value of the PCC voltage is used as the
input signal of the control structure to detect the oscillations. In this chapter, a similar
POD structure is implemented; however, the d-axis of the PCC voltage will be used
instead of its RMS value, improving computational time and taking advantage of having
the converter controllers in the dq-frame. Before describing the control method, the
concepts of constant power operation and power conservation in the 4QC are described
below.

5.1.1 Constant input power operation

From the Train-A system, see Figure 1.4, the train input power is defined in the
RMS domain and in the dq-frame by (5.1) and (5.2), respectively.

Pac = vnRMS inRMS cosφ (5.1)

Pac = vndind + vnqinq (5.2)

Since the controller will force the input voltage vector to be aligned with the d-axis
of the synchronous frame, then vnq = 0; furthermore, it is assumed that in the steady
state, the train operates with unity power factor (i.e. cosφ = 1 and inq0 = 0). There-
fore, the input active power can be expressed by (5.3).

Pac = vnRMSinRMS = vndind (5.3)

The input active power can be obtained using the RMS value of AC quantities, or
using dq quantities (5.3), the last option was chosen in this chapter.

In order to study the small-signal dynamics of the input power Pac, (5.4) is obtained
using partial derivation.

δPac = ind0δvnd + vnd0δind (5.4)
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An important factor that influence instability of railway systems is constant power
operation. Considering the train controllers are in charge of maintaining the input
power Pac constant, consequently δPac = 0. Solving (5.4) under this condition, the
input admittance is shown to be negative (5.5), which means that under constant power
operation, the railway system may be unstable [17,38].

Yt =
δin
δvn

= − ind0
vnd0

(5.5)

Equation (5.5) shows that input admittance at specific power depends on input
voltage and input current operating point (vnd0, ind0). Notice that the value of vnd0 is
positive by definition, while ind0 is positive if the train is demanding power and negative
if it is returning energy to the supply network (i.e. regenerative braking). Therefore,
negative admittance (risk of instability) appears only when the vehicle demands energy.

5.1.2 Power conservation

As explained in Section 3.2.4.1, the AC-side filter impedance of the 4QC is mainly
inductive (Rn ≈ 0); furthermore, commutation loses in the converter are neglected.
Then, power conservation between the converter AC-side and DC-side can be assumed
according to (5.6).

Pdc ≊ Pac (5.6)

Considering the active power in the DC-link capacitor is zero due to its voltage being
controlled; then, the traction load power PL ≊ Pdc, and (5.7) can be assumed.

PL ≊ Pac = vndind (5.7)

If the traction motor at DC-link operates as a constant power element, the input
power Pac will try to be a constant value due to power conservation.

Equation (5.7) can be expressed in terms of DC-link voltage and load current as
shown by (5.8). For a constant current demand (i.e. load is a constant current source),
and taking into account the voltage controller forces the DC-link voltage to be constant,
the input power will try to be constant as well.

vdciL ≊ Pac = vndind (5.8)

Finally, considering the traction load as a resistance, (5.9) can be used. In this case,
for a constant load RL, and considering the DC-link voltage will try to be constant
due to the control action, the input power will also become constant.

v2dc
RL

≊ Pac = vndind (5.9)
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In conclusion, independent that the traction load is modeled as a constant power
element, constant current source, or resistive element, the controllers will force DC-
link voltage vdc to reach the voltage reference v∗dc = cte, which provokes constant
power operation. For the study of LFO, the dynamic of traction load is not really an
influencing factor in comparison with dynamics of 4QC inner current controller and
outer voltage controller [6,13]. In this study, the traction load is modeled as a resistive
element.

5.1.3 POD control system action

Figure 5.1: Power oscillation damping control system by modulation of the DC-link voltage

Figure 5.1 shows a train using the power oscillation damping control system based
on modulation of the DC-link voltage. This control structure uses the estimated value
of the d-axis input voltage v̂nd that oscillates in phase with the RMS catenary-line
voltage. As shown in Figure 5.1, the DC-part of the estimated input voltage is removed,
keeping only the oscillations (i.e. ∆v̂nd), which are scaled by the gain kpm to finally
being added to the DC-link voltage reference v∗dc.

The working principle of POD can be explained in terms of constant power opera-
tion. When the LFO phenomenon occurs, input voltage oscillation and input current
oscillation are opposite, which means that if the input voltage vn increases, the input
current in decreases. Conversely, if the input voltage decreases, the input current in-
creases. This is equivalent to say that the train has a negative input admittance as
already explained in Section 5.1.1. The POD control system modifies the constant
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power dynamics: if now the input voltage increases, the DC-link reference voltage
will increase as well, and hence the input current reference will also increase, and vice
versa. Therefore, the system is trying to compensate the constant power characteristic,
leading to the real part of train admittance being zero or positive.

5.1.4 POD simulation results

Simulation results using POD control are shown in Figure 5.2. This test is per-
formed when the train is operating far from the substation during coasting (i.e. moving
under its own momentum, with the motor demanding very low-power or not at all).

Initially, the system is in a steady state when the train is located at 130 km away
from the substation. Train power consumption is 300 kW (i.e. low power condition).
At t = 4 s, a step change in the distance is applied in order to reach the stability
limit at 150 km. At this point, low-frequency oscillations around 6 Hz appear in the
railway system. Note that oscillations in the input voltage vnd and the input current
ind are out of phase nearly 180° (i.e. when the input voltage increases, the input current
decreases, and vice versa), which means that at this point of operation (vnd1, ind1) the
train presents a negative input admittance as already explained.

Until now, the voltage controller is trying to keep a constant DC-link voltage. When
POD control is turned on at t = 6 s, modulation of DC-link voltage reference by POD
starts. The DC-link voltage reference is seen to follow the input voltage oscillations,
which stops train controllers from forcing constant power operation as explained in
Section 5.1.3.

The POD control takes less than 0.5 s to stabilize the system, reaching a new steady
state. Notice that although the input power is the same, the train is operating at a
different input voltage and input current operating point (vnd2, ind2) due to a change in
catenary-length impedance. The operating point in DC-link voltage and load current
is still the same.

At t = 9 s, POD control is turned off, and the train-network system becomes
unstable again.
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Figure 5.2: Power oscillation damping control test. Power consumption 300 kW. Distance
increases (step change) from 130 km to 150 km at t = 4 s. POD control is turned on at t = 6 s
and turned off at t = 9 s.
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5.2 Virtual-impedance-based control method

Virtual-impedance-based control is a strategy used in power systems and electronics
to manage the interactions between various components, such as inverters, converters,
and loads. This technique is used to regulate power flow [57, 58], improve stability
[59–61], and enhance the overall performance of these systems [62–64]. In this section,
this control method consists of creating by software a virtual impedance, which is
connected in series with the train input port as shown by Figure 5.3(a) to increase the
system damping. The series virtual impedance is implemented based on the feedback
of the current as explained below.

5.2.1 Virtual impedance calculation

Initially, the AC-side 4QC dynamics of the converter corresponds to an RL system,
shown by (5.10)

Vn = ZnIn +Vt (5.10)

The 4QC terminal voltage vector Vt is given by (5.11), where Gd = Gd(s)I is the delay
transfer function matrix (i.e. computation time and zero-order hold delays) already
defined by (3.47) and (3.48) in Section 3.2, and V∗

t is the voltage command generated
by the controllers.

Vt = GdV
∗
t

= Gd(V
∗
t1 +V∗

t2)
(5.11)

V∗
t1 = Gω0LnIn −Gcc(I

∗
n − In) + V̂n (5.12)

V∗
t2 = GvirIn (5.13)

The voltage command V∗
t comes from two controllers. The first one, V∗

t1 (5.12),

comes from the current controller and feedforward voltage V̂n. The second command
V∗

t2 (5.13), is generated by the controller Gvir, which emulates the dynamics of the
virtual admittance Zvir defined by (5.14).

Zvir = GdGvir (5.14)

Using (5.11) to (5.14) in (5.10), results in the dynamic equation (5.15) that models
the 4QC AC-side LR circuit in series with the virtual impedance as shown in Figure
5.3(a).

Vn = ZnIn + ZvirIn +GdV
∗
t1 (5.15)

Figure 5.3(b) shows the schematics of the current control system including the
virtual-admittance-based control. The current controller transfer function matrix Gcc
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using PI controllers, was already defined in (3.41) in Section 3.2, as well as the cross-
coupling decoupling matrix Gω0Ln (3.43).

Figure 5.3: Diagrams of virtual-impedance-based control method. (a) Railway system with
a series virtual impedance in the AC-side of the 4QC (b) Schematics of the closed-loop con-
trol system with input admittance control (c) Detailed PI current controller with PD+filter
controller to generate virtual impedance dynamics.

The transfer function matrix Gvir was chosen to be a proportional derivative con-
troller (5.16), the reason will be explained later, being kpV R the proportional gain, and
kdV R the derivative gain.
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Gvir =

[
kpV R + kdV Rs

ωc

s+ωc
0

0 kpV R + kdV Rs
ωc

s+ωc

]
(5.16)

To avoid the sensitivity to noise of the PD controller due to the increase of the
gain with frequency, a low-pass filter is added, where ωc is the cut-off frequency. As
characteristic harmonics of the 4QC are around 2f0, the cut-off frequency of the low
pass filter should be set below this frequency, in this case, 80 Hz was chosen. In the
low-frequency range, the low-pass filter does not influence the compensation effect, and
the delay transfer function is considered Gd(s) ≊ 1. Therefore, at low frequencies, the
virtual impedance can be approximated by (5.17).

Zvir(s) = Gd(s)Gvir(s) = Rvir + Lvirs ≊ kpV R + kdV Rs (5.17)

The last equation shows that the proportional gain of the controller simulates a
virtual resistance meanwhile the derivative gain simulates a virtual inductance.

Figure 5.3(c) shows in detail the PI current controller with the PD controller and
its filter in the dq reference frame.

5.2.2 Simulation results of virtual-impedance-based control

Adding resistance to a series impedance implies adding damping to the system.
Parameter variation and sensitivity analysis performed in Sections 2.2.4 and 3.4, re-
spectively, showed that increasing the 4QC inductance improves system instability.
Therefore, the virtual-impedance-based control test is considering the following cases:

a) kpV R = 0.150 & kdV R = 0.012 - Virtual resistance and inductance

b) kpV R = 0.150 & kdV R = 0.000 - Only virtual resistance

c) kpV R = 0.000 & kdV R = 0.012 - Only virtual inductance

Case a) considers virtual admittance with resistance and inductive parts, in case b)
only virtual resistance is used and in case c) only virtual inductance is applied.

This test is shown in Figure 5.4, it is performed when the train is operating far from
the substation during coasting, demanding only 300 kW, which are the same conditions
in the POD test shown in Subsection 5.1.4. Same as in the POD test, the system is
in the steady state when the train is located at 130 km away from the substation. At
t = 4 s, a step change in the distance is applied in order to reach the stability limit at
150 km. At this point, low-frequency oscillations around 6 Hz appear in the railway
system.



104 4QC control strategies for LFO mitigation

Figure 5.4: Virtual-impedance-based control test. Power oscillation damping control test.
Power consumption 300 kW. Distance increases (step change) from 130 km to 150 km at
t = 4 s. POD control is turned on at t = 6 s and off at t = 9 s.



5.3 POD vs Virtual-impedance-based control 105

The virtual-impedance-based control is turned on at t = 6 s, introducing additional
damping to the system and making the system stable again. In Case (a) the control
action takes less than 0.5 s to stabilize the system, case (b) takes around 0.6 s and
case (c) takes more than 1 s. Therefore, a virtual impedance with restive and induc-
tive elements seems to be the best option. Different values of virtual resistance and
inductance could be considered for testing; however, this could be a matter of future
work.

After the system reaches a new steady state, the operating point of input voltage
and input current is different than before due to catenary-line change.

At t = 9 s, the control action is turned off, and the train-network system becomes
unstable again.

Figure 5.5 shows the controller output signals v∗t2d and v∗t2q of the simulation test to
obtain the operational point at steady state. An additional case considering half of the
proportional gain was added. As noticed, when the controller is activated (between
t = 8 s and t = 9 s), the operational point depends on the proportional gain. The
influence of the derivative gain can be seen on transients.
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Figure 5.5: Virtual-impedance-based control test. Controller output signals v∗t2d and v∗t2q

5.3 POD vs Virtual-impedance-based control

Figure 5.6 shows the comparison of the tests performed for the POD and virtual-
impedance-based control systems already presented in Section 5.1.4 and Section 5.2.2,
respectively. Only the case with virtual resistance and inductance was considered for
the comparison.
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Figure 5.6: POD vs virtual-impedance-based control (kpV R = 0.150, kdV R = 0.012). Power
consumption 300 kW. Distance increases (step change) from 130 km to 150 km at t = 4 s.
POD control is turned on at t = 6 s and off at t = 9 s.
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Although both controllers are able to mitigate the LFO phenomenon the POD
control seems to be faster and its transient is smooth in comparison with the virtual-
impedance-based control.

When the controllers are turned off, the system that was using POD control takes
longer to show visible instability than the virtual-impedance-based control. The reason
is POD is an external controller that provides DC-link voltage reference variation ∆v∗dc
around v∗dc = 3600; therefore, controller output at the steady state produce very small
values around zero that do not represent a sudden change at the moment of turning
off the controller.

On the other hand, a virtual-impedance-based controller provides control action in
an internal loop, which manages part of the generation of the voltage command v∗t .
When this controller is turned off, the other internal controllers try to compensate for
the output of the controller action creating a sudden disturbance that takes the system
faster to instability.

5.4 Conclusions

The two control methods presented in this chapter showed a good performance
to mitigate low-frequency oscillations when a single train is operating far from the
substation during coasting (i.e. operating at low power conditions).

Meanwhile, the POD control action modifies the external voltage control loop to
avoid constant power operation, the virtual-impedance-based control is acting in the
internal current control loop adding damping to the system in the form of virtual
resistance and inductance.





Chapter 6

LFO Emulation Using Power
Hardware in the Loop

Testing the LFO phenomenon in a railway traction network is not easy, as the
results would only be valid for that specific network, also it could affect other users
operating in the catenary-line [11]. Alternatively, train-network interactions can be
studied by means of simulations. Available approaches for this purpose would include
offline simulations, real-time simulation platforms such as software-in-the-loop (SIL),
hardware-in-the-loop (HIL), and power-hardware-in-the-loop (PHIL), each having ad-
vantages and disadvantages. Off-line simulations are commonly used during the initial
analysis. However, real-time simulations are required at further development stages to
properly evaluate the performance of the control.

SIL simulation integrates the compiled source control code into a time-domain simu-
lation. In HIL solutions, the source code is implemented on the actual control platform;
different options exist in this case, mainly related to time resolution, e.g., depending on
whether switching events are reproduced or only the average behavior over a switch-
ing period is considered [65–67]. Independently of the implementation being used, no
physical power flow occurs.

Finally, PHIL usually is made up of two parts: the emulator, and the unit under
test (UUT). The emulator consists of an electronic power converter and associated
real-time control, which interacts with the UUT, involving power exchange [68–70].
This allows testing of UUT parts such as power semiconductor devices, transformers,
capacitors, and inductors under close-to-real-world operating conditions before their
integration into the real system.

The aim of this chapter is to design, model, and build an emulator prototype of the
railway traction network, able to reproduce the low-frequency oscillation phenomenon.
In this study, the UUT consists of a four-quadrant power converter, which is responsible
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for generating the DC-link feeding all onboard systems. The interactions between the
emulator and the 4QC should reliably reproduce the LFO phenomenon occurring in
the real railway traction system. The emulator will be used to validate the response of
the 4QC in adverse scenarios regarding LFO, and redesign train voltage and current
controllers if needed.

The chapter is organized as follows: Section 6.1 discusses different design options for
the emulator; Section 6.2 presents the filter design for the train-emulator connection;
simulation results are presented in Section 6.3; Section 6.4 deals with the test bench
construction and experimental results; finally, conclusions are drawn in Section 6.5.

It is finally noted that the prototype shown in this chapter is intended as a proof
of concept and was designed for downscale power and voltage values (10 kW AC 200
V/50 Hz), which are significantly smaller than the actual full-rated system values (n-
hundred kW AC 25 kV/50 Hz). Still, the experience acquired during the development
of this prototype is considered useful for the future design of a full-rated emulator.

6.1 Traction Network Emulator Design

This section discusses different approaches for the design of the railway traction
network emulator aimed to reproduce the LFO phenomenon. In order to perform
this task, the emulator should be able to simulate the railway system dynamics. This
implies changing the network resistance Rs and inductance Ls with the desired distance
from the train to the substation.

6.1.1 System description

As discussed in Section 1.2, the two main elements of the railway system model are
the power supply network (i.e. ideal voltage source and distance depending impedance)
and the train, see Figure 6.1(a). The emulator replaces the power supply network
feeding the train as shown in Figures 6.1(b), 6.1(c) and 6.1(d).

The emulator consists of two main structures:

• Real-time simulator. It reproduces the dynamic behavior of the power supply
network in real time, its output being the catenary voltage reference, v∗c . Its
design is discussed in Subsection 6.1.2.

• Single-phase voltage source inverter (VSI) operating in a grid-forming mode. It
supplies the desired catenary voltage vc to the train, it is described in Subsec-
tion 6.1.3.

It is noted that in the railway system model from Figure 1.4 in Section 1.2.3.1,
the power supply network current is and the train current in are different due to the
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(a) Railway system model (b) Emulator model option 1 (Open loop) - Resistive
load Rv

L

(c) Emulator model option 2 (Closed loop) - Con-
trolled current source

(d) Emulator model option 3 (PHIL)

Figure 6.1: Railway system model and emulator models. Superscript ”v” indicates virtual
variables.
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step-down transformer present in the traction unit. For the analysis in this chapter,
the transformer will not be considered, therefore is = in as shown in Figure 6.1(a).
However, it was preferred to keep both current in the schematics to visualize the actual
physics of the system.

6.1.2 Real-Time Simulator

The design of the real-time simulator is not trivial. Three different options will
be discussed, which correspond to different stages of this research, i.e. later options
improve the limitations found in the preceding ones. The reason to include earlier
designs is to highlight those aspects which will play a relevant role in the accurate
emulation of the LFO phenomenon occurring in the railway system.

For the discussion following, variables that exist only in the simulator, i.e. virtual
variables, will be indicated by a superscript “v”. There are variables that coincide both
in the virtual domain and in the physical domain. Such variables do not include the
“v” superscript.

6.1.2.1 Option 1: Open-Loop

In this option, the simulator generates the catenary voltage reference, v∗c , simulating
the complete railway system. The configuration is shown in Figure 6.1(b). The simu-
lator includes a virtual power supply network and a virtual train. The load connected
to the virtual DC-link is a constant resistance Rv

L. A concern for this option is that it
requires previous knowledge of train parameters as it runs in parallel with the physical
train (i.e., real train). Furthermore, there is no feedback from the physical train to the
emulator. Consequently, this option works properly only for constant values of train
load RL, since in this case, Rv

L = RL. However, if a change in load RL is desired, the
change should occur simultaneously with the change of Rv

L in the virtual domain. This
can be problematic due to the lack of communication between the emulator and the
physical train. Option 2 overcomes this drawback, as will be discussed following.

6.1.2.2 Option 2: Closed-Loop

This option is shown in Figure 6.1(c), and it is conceived to overcome the limitations
observed in Option 1. Rv

L is now replaced by a controlled current source as a virtual
load. By doing this, the load current in the simulator will track the measured load
current iL which circulates through the real load RL. Therefore, this option allows
emulation with varying loads.

Regardless of this improvement, a drawback of both options 1 and 2 is that they
require precise knowledge of control design and tuning of the UUT to emulate catenary
voltage dynamics. This knowledge is not often available. The approach discussed next
is aimed at overcoming this drawback.
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6.1.2.3 Option 3: PHIL

This option is shown in Figure 6.1(d). A virtual RL circuit is used to obtain the

estimated catenary voltage V̂c(s). From the railway system model in Figure 6.1(a), the
equation defining the catenary voltage Vc(s) is given by (6.1).

Vc(s) = Vs(s)− (Lss+Rs) Is(s) (6.1)

Since this equation is a non-causal system, it cannot be used for estimation purposes.
A low-pass filter is added for real-time implementation, see (6.2) and Figure 6.2. A
time constant of τ = 31.8 µs was selected, corresponding to a cut-off frequency of 5
kHz. This is the maximum frequency complying with the Nyquist-Shannon criteria
considering 10 kHz as the sampling frequency of the grid-forming VSI [29].

V̂c(s) = Vs(s)−
(Lss+Rs)

τs+ 1
In(s) (6.2)

Figure 6.2: Real-time simulator block diagram in the PHIL system.

A simplified representation of a PHIL system is shown in Figure 6.2. Here, the
closed-loop configuration that the real-time simulator creates between the grid-forming
VSI and the train is easily seen. An appealing characteristic of this option is that it does
not require previous knowledge of train characteristics. The train can be considered
a black box, the emulator behaving as a power supply network whose properties are
independent of the load (i.e. train). This option also allows the implementation and
testing of control strategies aimed to mitigate LFO such as Power-Oscillation-Damping
[8] and Virtual-Impedance-Based Suppression Method [71].

6.1.3 Grid-forming VSI

The block diagram of the single-phase VSI is shown in Figure 6.3. It consists of a
two-level single-phase converter (H-bridge), which is fed from a voltage source on the
DC-side, and has an LC filter connected to its AC side. Unipolar modulation is used
in this study.
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Figure 6.3: Grid-forming single-phase VSI. (a) Overall block diagram, (b) Current controller,
(c) Voltage controller.

The cascaded control shown in Figure 6.3 is used. The inner loop controls the
inductor current ie, while the outer loop controls the capacitor voltage vc (i.e. catenary
voltage), to which the traction unit is connected.

Current control is performed in a stationary reference frame using a proportional-
resonant (PR) controller as shown in Figure 6.3(b). The corresponding transfer func-
tion is given by (6.3), where kpCC−e and krCC−e are the gains to be tuned to obtain the
desired closed loop current control bandwidth BWcc−e [72], see (6.4) and (6.5). The
basic concept of the PR controller is to provide an infinite gain at a selected resonant
frequency, as this will guarantee zero steady-state error at that frequency [73]. The
resonant controller can be seen therefore as a generalization of the PI controller, in
which the infinite gain occurs not at DC, but at the desired frequency. In this case,
the resonance frequency is the fundamental frequency f0. The coefficient Kf in (6.5)
adjusts the bandpass of the transfer function (6.3), it takes values from 0.25 to 1 [72].
Furthermore, in Figure 6.3(b), the measured train current in is added to the current
command as a feedforward term to improve the dynamic response of the voltage control
loop [25].
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PR(s) = 2kpCC−e
s2 + s (krCC−e/kpCC−e) + (2πf0)

2

s2 + (2πf0)
2 (6.3)

kpCC−e =
√
2 (2πBWcc−e)Le (6.4)

krCC−e = Kf (2πBWcc−e)
2
Le (6.5)

The catenary voltage control is performed in a synchronous reference frame using
a PI controller as shown in Figure 6.3(c), where the proportional gain and the integral
gain are given by (6.6) and (6.7) as function of the desired voltage control bandwidth
BWvc−e.

kpV C−e =
√
2 (2πBWvc−e)Ce (6.6)

kiV C−e = (2πBWvc−e)
2
Ce (6.7)

A virtual quadrature component of the catenary voltage is obtained by delaying 90°
the alpha component. The filter in (6.8) is used for this purpose. Feedforward terms
are used in the voltage controller to eliminate cross-coupling between d− and q−axes,
see Figure 6.3(c).

GDelay−90(s) =
2πf0 − s
s+ 2πf0

(6.8)

6.1.4 Extension to Multiple Trains Case

From Subsections 6.1.3 to 6.1.1, it is noted that the emulator is aimed to replace
the traction network. In the case when multiple trains are in the depot (i.e. located
at the same place), it does not modify the network topology since all the trains are
connected in parallel. Therefore, only one train with an equivalent input admittance
can be used.

On the other hand, for the case of multiple trains operating in the same power
supply section at different locations, the network topology must be modified to include
additional connection nodes, therefore, the virtual network in the real-time simulator
must be modified, but the proposed methodology would still apply. Also, additional
virtual trains can be added.

These analyses are not included in this thesis, but it is worth it to mention them
for future work.
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6.2 Inverters and Filter Design

The design of inverters and passive elements of the downscale prototype is addressed
in this section. As observed in Figures 6.1(b), 6.1(c) and 6.1(d), grid-forming VSI and
4QC are connected through LC+L filters. The inductance Ln corresponds to the 4QC
inductance. It should be large enough to filter the current harmonics, but realizing
that excessively large values will limit power transfer capability. Therefore, a trade-off
is required. For simulations and test bench, a DC-link voltage Vdc = 300 V has been
selected for the inverters, with a catenary peak voltage of Vc = 200 V. These voltages
were chosen to provide a large safety margin with respect to power devices and DC-link
capacitor voltage limits, as some of the experiments reproducing LFO might produce
large excursions of the voltages. Nominal power of 10 kW, with a current ripple < 4%
of the train nominal current have been defined as design targets.

The maximum transfer power with a unity power factor between train and network
is given by (6.9) [51]. From this equation, a value of Ln = 7.1 mH is obtained to transfer
the targeted power Pn = 10 kW. Due to availability issues, a value of Ln = 6 mH was
selected.

Pn =

√
V 2
c V

2
dc − V 4

c

2Xn
(6.9)

Current ripple can be approached using (6.10), where load angle ψ is the phase
difference between catenary voltage vc and the 4QC terminal voltage vt [51].

∆i(%) =
π
√
2Vc (1− (Vt/Vdc) cos(ψ))

(fsw/f0)XnIn
100 (6.10)

For the targeted current ripple limit of 4 % and the selected value of Ln, the
switching frequency provided by (6.10) is fsw = 7.5 kHz. A slightly larger value,
fsw = 10 kHz, was finally chosen.

Once Ln is selected, there would be two degrees of freedom for the design of the
catenary emulator LC filter [74]. An option in this case is to analyze the LC+L
filters as an equivalent LCL filter. It is advantageous for the design of LCL filters
to have the same values for both inductances, as this minimizes the size of the filter
components [75].

Assumed that the inductances have been selected such that Le = Ln = L, and
neglecting the resistive terms of inductances and capacitors, the transfer function be-
tween the capacitor voltage at the point of coupling (i.e. vc) and the voltage is applied
by any of the two inverters (i.e. vt, ve) is given by (6.11). The filter behaves as a
second-order system, a resonance occurring at the cut-off frequency ωc which is given
by (6.12).
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Vc(s)

V(s)
=

1

s2LCe + 2
(6.11)

ωc =

√
2

LCe
(6.12)

Capacitor Ce was chosen to get a cut-off frequency around 600 Hz, which is much
higher than the fundamental frequency but far enough from the switching frequency.
The parameters of 4QC and VSI filters are presented in Tables 6.1 and 6.2 respectively.
Figure 6.4 shows the resulting Bode diagram from (6.11). It is observed that the
attenuation at the switching frequency is larger than −50 dB.
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Figure 6.4: Bode diagram of capacitor vs. inverter voltage. Vc(jω)/V (jω).

Any topology able to produce a single-phase AC voltage with a fundamental fre-
quency of 50 Hz would be suitable for the grid-forming VSI. Two issues should be
considered. First, since the LFO will occur when the active power is flowing from the
emulator to 4QC, the grid-forming converter will not be required to absorb power.
Second, to reduce the effects of switching harmonics produced by the grid-forming
inverter and ease the design of the LC filter at the output of the emulator, high switch-
ing frequencies and/or multilevel topologies (e.g., NPC) are preferable. However, cost
and control complexity must be also considered. A two-level full bridge has been used
for the downscaled prototype developed in this chapter. The same topology has been
considered for the 4QC.
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Symbol Description Value

Power supply network
Ls Line Inductance (Limit) 10 mH
Rs Line Resistance (Limit) 150 mΩ
Vs Supply Voltage Amplitude 200 V
f0 Fundamental Frequency 50 Hz

Train (4QC)
Ln 4QC Inductance 6 mH
Rn 4QC Resistance 10 mΩ
fsw Switching Frequency 10 kHz

BWvc Voltage Control Bandwidth 10 Hz
BWcc Current Control Bandwidth 100 Hz
RL Resistive Load 200Ω
Vdc DC-link Voltage 300 V

Table 6.1: Train-Network parameters.

Symbol Description Value

Le Emulator Inductance 6 mH
Re Emulator Resistance 10 mΩ
Ce Emulator Capacitance 24 mF
fsw Switching Frequency 10 kHz

BWvc−e Voltage Control Bandwidth 50 Hz / 100 Hz
BWcc−e Current Control Bandwidth 500 Hz / 1000 Hz

Table 6.2: Network emulator parameters.
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6.3 Simulation Results

In this section, time-domain simulations of the emulation methods proposed in
Section 6.1 (see Figure 6.1) are carried out to test their performance.

The behavior of the railway system model in Figure 6.1(a) will be first simulated
in Subsection 6.3.1 to be later used as a reference to assess the performance of the
different methods. Power supply network parameters and train control parameters are
shown in Table 6.1.

Regarding the catenary emulator, it has been observed during this work that the
bandwidths of the voltage and current controllers of the grid-forming VSI will strongly
affect the emulator capability to accurately reproduce LFO. To illustrate this, the
behavior of the different emulator designs was tested for two different sets of con-
trol bandwidths; set #1 is (BWvc−e = 50 Hz, BWcc−e = 500 Hz), and set #2 is
(BWvc−e = 100 Hz, BWcc−e = 1000 Hz). Emulator parameters are shown in Ta-
ble 6.2. On the other hand, train voltage and current control bandwidths, BWvc and
BWcc, were kept constants for all the cases.

6.3.1 LFO using railway system model

Figure 6.5 shows the DC-link voltage, catenary voltage, and train current using
the railway system model shown in Figure 6.1(a), when step-like changes occur in
the network impedance. Such changes would reproduce the effect of increasing the
transmission line length from the substation transformer to the traction unit. It is
noted that while step-like changes will not occur in the real system, still they are a
useful excitation to obtain relevant parameters of the system as the damping ratio,
settling time, oscillation frequency, and eigenvalues. Indeed, step-like changes have
been frequently used for LFO and stability studies [7, 11, 17]. As shown in Figure 6.5,
LFOs progressively develop when the impedance increases, the stability limit occurring
at Ls = 10 mH and Rs = 150 mΩ. ,

Since increasing the network impedance decreases system damping and increases
the settling time, it is inferred that critical system eigenvalues move from the negative
real side of the complex plane (i.e. stable region) to the right (i.e. unstable region). At
the stability limit, the real component of critical eigenvalues is zero, and the imaginary
component can be identified from the oscillation frequency, which is fosc ≈ 9 Hz.

6.3.2 LFO using open-loop emulator (Option 1)

Figure 6.6 shows LFO when network inductance and resistance increase using option
1 of the emulator in Figure 6.1(b). Only the results for set #1 of voltage and current
control bandwidths are presented, as no significant differences were found for this
particular case using set #2.
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Figure 6.5: Simulation results. LFO when line inductance and resistance increase from
Ls = 4 mH - Rs = 60 mΩ to Ls = 10 mH - Rs = 150 mΩ in steps of ∆Ls = 2 mH and
∆Rs = 30 mΩ at t=0.2 s, t=1 s, and t=2.5 s.

The DC-link voltage response of the real railway system model is also shown in
Figure 6.6 for comparison purposes. A good agreement is observed between real and
emulated systems. However, simulations using this option are only possible if the
load RL is constant, and the precise knowledge of train control design is available as
discussed in Subsection 6.3.6, which might not be always possible.

6.3.3 LFO using closed-loop emulator (Option 2)

Time-domain simulation results using the emulator model option 2 are shown in
Figure 6.7 for the two different sets of controller bandwidths. As shown in Figure 6.7(a),
the system becomes unstable when the change in line impedance is applied. Increasing
VSI control bandwidth slightly reduces the rate of increase of the oscillations, but still,
the system is unstable as shown in Figure 6.7(b). These results suggest that this option
is not advisable as it fails to reproduce the LFO phenomenon of interest.
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Figure 6.6: Simulation results. Response to line impedance changes using option 1 for
the emulator. Line impedance increases from Ls = 8 mH, Rs = 120 mΩ to Ls = 10 mH,
Rs = 150 mΩ at t = 0.2 s. From top to bottom: DC-link Voltage, catenary voltage, and train
current. BWcc−e = 500 Hz, BWvc−e = 50 Hz.

6.3.4 LFO using PHIL emulator (Option 3)

Time-domain simulations using the PHIL-Emulator are shown in Figure 6.8. The
case for bandwidths set #1 is shown in Figure 6.8(a). The response is seen to be more
damped compared to the actual power system response, LFO also occurring at lower
frequencies (8 Hz for the emulator vs. 9 Hz for the actual railway system model).
The improvement when VSI controllers bandwidths are increased can be observed in
Figure 6.8(b), but oscillations are seen still to be slightly damped and occur at a slightly
lower frequency compared to the actual railway system case.

6.3.5 Response to load changes

Time-domain simulations showing the response to a step change in the load us-
ing the emulator model options 1 and 3 are shown in Figure 6.9. Option 2 was not
considered for this test since its performance has already been found to be inferior in
Subsection 6.3.3.

From Figure 6.9 it is observed that in steady-state the emulated system and the
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Figure 6.7: Simulation results. Response to line impedance changes using option 2 for
the emulator. Line impedance increases from Ls = 8 mH, Rs = 120 mΩ to Ls = 10 mH,
Rs = 150 mΩ at t = 0.2 s. From top to bottom: DC-link Voltage, catenary voltage and train
current.
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Figure 6.8: Simulation results. Response to line impedance changes using option 3 for
the emulator. Line impedance increases from Ls = 8 mH, Rs = 120 mΩ to Ls = 10 mH,
Rs = 150 mΩ at t = 0.2 s. From top to bottom: DC-link Voltage, catenary voltage, and train
current.
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railway system behave similarly. However, they are seen to show different dynamics.
Emulator option 1 fails to reproduce the railway system dynamics. On the contrary,
option 3 achieves a remarkable level of similarity.
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Figure 6.9: Simulation results. Response to load changes using network emulator options 1
and 3. Line impedance Ls = 8 mH, Rs = 120 mΩ. Load step change from RL = 100 mΩ to
RL = 200 mΩ at t = 0.2 s. Control bandwidths: BWcc−e = 1000 Hz, BWvc−e = 100 Hz.

6.3.6 Summary

It is concluded from the simulations presented in this section that high accuracy in
reproducing LFO would be obtained using Option 1 for the emulator. However, this
option implies that current and voltage control structures and tuning are the same for
emulator and actual train, which might be difficult to achieve or even impossible in
practice. It is interesting to note although the simulation for this option was performed
in real-time, this is not actually required, as there is no feedback from the real train
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to the emulator. Therefore, it would be perfectly possible to simulate the train behav-
ior off-line and use the catenary voltage resulting from the simulation to provide the
reference signal to emulator v∗c , see Figure 6.1(b).

In contrast with option 1, option 2 includes a feedback mechanism as it uses the train
load current iL to feed the emulator. However, this method still requires knowledge of
train controllers. Furthermore, it is observed from simulation results that this option
has the worst accuracy in reproducing the behavior of the actual power system.

Finally, option 3 shows good accuracy in reproducing LFO, and doesn’t require
knowledge of train control, making it especially appealing.

6.3.7 Discussion

As already explained, low-frequency oscillations are produced by the dynamic in-
teraction between the power supply network and the train (i.e. 4QC) [13]. For option 1
of the emulation; the dynamic interaction which provokes LFO, happens entirely in the
simulator between the virtual power supply and the virtual train. In this option, the
physical train doesn’t contribute to LFO formation due to the open-loop configuration.

For option 2, the dynamic of the physical train is now in the closed loop, and it
participates in the LFO formation. This implies repeated elements in the loop. For in-
stance, the dynamics of the 4QC voltage and current controllers affect the system twice
(due to the physical train and the virtual train). Although these repeated elements
do not affect the steady-state response, they add delays, which impact the transient
response and the system dynamics. System delays were already reported to influence
LFO instability [1], and would explain the inaccuracy of this option to reproduce the
LFO phenomenon.

Using the third option (PHIL-Emulator), LFO are the result of the interaction be-
tween the virtual power supply network and the physical train. Although the dynamic
of grid-forming VSI is in between, large values of voltage and current control band-
widths, which make this system fast enough, allow accurate replication of the LFO
phenomenon.

In conclusion, high control bandwidths would be desirable, as this would reduce
control delays which can severely affect emulator performance. The maximum band-
width that can be achieved would be limited by the Nyquist sampling theorem in the
first place. A second concern for the selection of the bandwidths would be the noise
mainly coming from sensors, during implementation this was found to be indeed the
main limiting factor for the selection of the gains of the controllers, see Section 6.4.
Further, it is noted that although all the preceding discussion on the tuning of the con-
trollers has focused on the concept of bandwidth, other design aspects, such as natural
frequency or settling time, could be used instead for the same purpose since they also
contain information about system delays. The detailed impact of additional indices,
e.g., damping coefficient, might also need to be considered. A thorough analysis of
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the influence of controller design and tuning on emulator performance is a matter of
ongoing research.

Finally, in terms of implementation in the micro-controller, option 3 requires less
computational effort than the other two options, in which relatively complex electronic
power converters have to be simulated in real time.

6.4 Experimental Results

This section presents the experimental results obtained using Option 3 (PHIL-
Emulator) discussed in Subsection 6.1.2.3. The other two options were disregarded
for experimental verification as they were concluded to be inferior. The test bench is
shown in Figures 6.10 and 6.11. Its design was already discussed in Section 6.2. Power
supply parameters, train parameters and emulator parameters are the same as for the
simulation results in Section 6.3 (see Tables 6.1 and 6.2).

Figure 6.10: Experimental test bench.

Current control and voltage control bandwidths of BWvc−e = 50 Hz and
BWcc−e = 500 Hz, respectively, have been used in the test bench. It was discussed
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(a) 4QC

(b) Emulator

Figure 6.11: Experimental test bench. Interior view of 4QC and Emulator
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in Section 6.3.4 the relevance of emulator control bandwidths for the accurate repro-
duction of LFO. Unfortunately, signal noise content in the real system made unfeasible
the use of the higher bandwidths.
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Figure 6.12: Experimental results. Catenary voltage step response. From Vc = 150 V to
Vc = 200 V at t=0.45 s.
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(b) Ls = 6 → 8 mH, Rs = 90 → 120 mΩ
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(c) Ls = 8 → 10 mH, Rs = 120 → 150 mΩ

Figure 6.13: Experimental results. System response to step-like changes in power network
impedance as indicated in the corresponding captions. Changes occur at t=0.2 s. For each
case, from top to bottom: DC-link voltage, catenary voltage, and train current. Simulation
results are shown for comparison.
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Figure 6.12 shows the catenary voltage step response to test the control action of
grid-forming VSI.

Figure 6.13 shows the system response to changes in the virtual catenary impedance.
LFO are seen to develop as the virtual network impedance increases, eventually reach-
ing the stability limit in Figure 6.13(c). Oscillation frequency at the stability limit
occurs at around 8 Hz, which is in good agreement with the simulation results from
Figure 6.8(a). The limit values of power network impedance also agree with the values
obtained in the simulation. This confirms the correctness of the proposed approach.

6.5 Conclusions

The design of a network emulator able to reproduce the dynamic behavior of a
railway traction network, including LFO, has been discussed in this chapter. The
emulator allows evaluating the response of the 4QC power converter in the event of
LFO in a test bench, avoiding expensive or even non-viable on-track tests.

Three different options for the catenary emulator were considered: open-loop,
closed-loop and PHIL. Simulation was used for preliminary verification. It was shown
that due to the lack of feedback from the train, the first option can reproduce the LFO
only when the virtual and actual traction loads are equal and constant. Additionally,
the first two options require precise knowledge of the train controller parameters, which
might not be available. PHIL option was shown to overcome these limitations.

The study also showed that the bandwidth of the voltage and current controllers
of the grid-forming VSI emulator strongly affect its capability to reproduce LFO. It
was concluded that, despite the low-frequency nature of LFO events being targeted,
relatively high bandwidths and proper spectral separation between voltage and current
control loops bandwidths are required.

The proposed methods were tested in a test bench consisting of a grid-forming
inverter and the 4QC connected through an LCL filter. Experimental results were
found to be in good agreement with simulation results. Due to noise, the higher control
bandwidth values used in the simulation couldn’t be achieved in the test bench.

It is noted finally that the work shown in this chapter is a concept validation with
a downscale system rated for 10 kW. The design of a full-scale test bench is a future
work.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis, low-frequency stability in the 25 kV/50 Hz electric traction power
system has been studied. The main conclusions made during the development of this
dissertation are:

• The LFO phenomenon occurs due to feedback loop effects between the line-side
converter controllers and the power supply system. The train controllers force
the train input admittance components to be negative at low frequencies (i.e.
phase in the range of 90° to 270°). This happens due to the DC-link voltage
controller trying to maintain constant input power operation and due to control
system delays.

• While the railway system operates on a single-phase basis, it is required to con-
duct LFO stability analysis within the dq reference frame (MIMO system). Al-
though time-domain simulations are a valuable tool for assessing stability yielding
consistent results, their practicality is limited to scenarios with only a few trac-
tion chains. Consequently, the dq method is the preferred approach, as it can
be applied effectively to much more complex railway systems involving multiple
trains at various locations.

• The study of the impact of power consumption shows that the worst case for
instability is operation at low power. Therefore, it is required to optimize the 4QC
converter control tuning in order to increase the stability limit (i.e. maximum
number of trains or distance). This action can be performed according to the
results obtained in parameter variations studies from Chapters 2 and 4. Another
approach is adding supplementary controllers to the actual 4QC control system.
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• Stability of two trains with different controllers was analyzed, showing that in
each case, increasing the DC-link voltage-control bandwidth (BWvc) decreases
the gain margin of the system while increasing the current-control bandwidth
(BWcc) increases the gain margin. This strongly suggests that the spectral
separation between current and voltage controller bandwidths plays a critical
role in the occurrence of LFO.

• Increments of transformer leakage inductance with fixed current controlled band-
width increase lineally the stability limit. This is advantageous for LFO stability
and for filtering the AC-side current, however, it limits the power transfer ca-
pability. On the other hand, decreasing DC-link capacitance with fixed voltage
controller bandwidth increases monotonously the stability limit, which improves
faster at lower values of DC-link capacitance. However, decreasing the value of
the capacitor will imply losing filter capabilities (i.e. increment of voltage ripple)
and system controllability. It was found that variations of inductance and capac-
itance do not interfere with each other when control bandwidths are maintained
constant.

• Delays of the feedforward signal were observed to increase the risks of LFO. If the
feedforward signal depends on PLL dynamics, a faster PLL dynamics improves
the low-frequency stability.

• The train small-signal admittance model was developed in the synchronous refer-
ence frame, and its frequency response matched with the frequency sweep of the
simulation of the complete (non-linear) model of the train. The models of the cur-
rent control, DC-link voltage control, PLL, and QSG-SOGI were included. The
analytical input admittance combined with the power network impedance was
able to predict the appearance of low-frequency oscillation when several trains in
the depot are operating at low power consumption with only auxiliary systems
energized.

• The sensitivity analysis of the system stability to train electrical and control
parameters was presented. It shows that LFO stability is very sensible to changes
in leakage inductance, voltage control bandwidth and current control bandwidths.
Due to the non-linear nature of the system, the sensitivity changes according to
the operational point.

7.2 Contributions

The main contributions made during the development of this dissertation are:

• The analysis of the influence of the constructive elements and control param-
eters that contribute to the low-frequency instability using frequency-domain
techniques.
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• The analysis of the influence of the constructive elements and control parameters
that contribute to the low-frequency instability using time-domain simulation
along with eigenvalue identification.

• A comparative analysis of two types of synchronization systems and two methods
to generate the feedforward signal (direct and indirect). This reveals that delays
of the feedforward signal were observed to increase the risks of LFO. This behavior
was further validated by testing three contact-line voltage filters with varying
dynamics, showing that the fastest filter (i.e. producing the smallest delays)
results in a system with the largest gain margin.

• Development of novel train admittance small-signal model. Here, the main con-
tribution is modeling the dynamics due to errors in the coordinate rotations of
the single-phase 4QC control system. This system employs the use of asymmet-
ric transfer functions to generate virtual quadrature components. Furthermore,
the analytical model of QSG-SOGI transfer function in the synchronous dq-frame
was developed. As mentioned in Chapter 3, the QSG-SOGI is an asymmetrical
system in charge of filtering the input voltage and creating the quadrature sig-
nal; it originally operates in the alpha-beta frame; however, the analytical model
of this system was required in the dq-frame to be included in train admittance
model. Finally, combining both models allows deriving the small-signal vector

transformation between the actual dq-frame and the estimated d̂q-frame.

• Comparative study of two control actions to mitigate LFO. First, power oscilla-
tion damping was used as an external loop to the DC-link control system. Second,
the virtual impedance-based suppression method in the internal current loop was
used.

• The design and implementation of a catenary emulator able to reproduce the
dynamic behavior of the railway traction network, including LFO. The emulator
allows evaluating the response of the 4QC power converter in the event of LFO
in a test bench, avoiding expensive or even non-viable on-track tests.
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https://doi.org/10.3390/electronics11101593
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7.3 Future Work

There are several points that could be addressed in the future in order to continue
the research line of this dissertation:

• Designing and modelling the small-signal input admittance model of the 4QC
using a current controller in the alpha-beta reference frame. This would allow to
compare its performance with the dq-frame current controller.

• Modelling different types of synchronization systems and quadrature signal gen-
erator systems, such as the adaptive SOGI, in order to study its influence in the
railway system stability.

• Designing different control methods to mitigate Low frequency oscillations, and
comparing with the methods presented in this document.

• Exploring different methods to measure the input admittance of single phase
system in the dq-frame. An option could be using the Hilbert transform to
calculate orthogonal components. This is a mathematical tool that shifts every
input signal component 90° lagging relative to the component’s own frequency.
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Chapter 8

Conclusiones y Trabajo Futuro

8.1 Conclusiones

En esta tesis se ha estudiado la estabilidad de baja frecuencia en el sistema fer-
roviario de tracción eléctrica de 25 kV/50 Hz. Las principales conclusiones extráıdas
durante el desarrollo de esta tesis son:

• El fenómeno LFO se produce debido a los efectos de la interconexión en lazo
cerrado entre el sistema de control del convertidor de ĺınea del veh́ıculo y la red
ferroviaria de suministro de eléctrico. Los controladores del tren fuerzan a que los
componentes de admitancia de entrada del tren sean negativos a bajas frecuencias
(i.e. admitancia en el rango de -90° a 90°). Esto sucede principalmente debido
a la acción del controlador de voltaje DC, que provoca que el que tren intente
mantener la potencia de entrada constante, y también debido a los retrasos en el
sistema de control.

• Si bien el sistema ferroviario es monofásico, para el estudio del fenómeno LFO,
es necesario realizar un análisis de estabilidad en el marco de referencia dq (sis-
tema MIMO). Aunque las simulaciones en el dominio del tiempo son una her-
ramienta valiosa para evaluar la estabilidad y producen resultados consistentes,
su practicidad se limita a escenarios con solo unas pocas cadenas de tracción.
En consecuencia, el método de análisis en dq es el enfoque idóneo para utilizar,
ya que se puede aplicar eficazmente a sistemas ferroviarios mucho más complejos
que involucran múltiples trenes en varias ubicaciones.

• El estudio del impacto del consumo de enerǵıa muestra que el peor caso de estabil-
idad es el funcionamiento con baja potencia. Por lo tanto, es necesario optimizar
la configuración de control del convertidor 4QC para aumentar el ĺımite de es-
tabilidad (es decir, el número máximo de trenes o distancia). Esta acción se
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podrá realizar de acuerdo a los resultados obtenidos en los estudios de variación
de parámetros de los Caṕıtulos 2 y 4. Otro enfoque para mitigar la inestabilidad
es añadir controladores suplementarios al sistema de control del 4QC.

• Se analizó la estabilidad de dos trenes con diferentes controladores, mostrando
que ambos casos, aumentar el ancho de banda de control de voltaje del enlace DC
(BWvc) disminuye el margen de ganancia del sistema, mientras que aumentar el
ancho de banda de control de corriente (BWcc) aumenta. el margen de ganancia.
Esto sugiere fuertemente que la separación espectral entre los anchos de banda
del controlador de corriente y voltaje juega un papel cŕıtico en la aparición del
LFO.

• Los incrementos de la inductancia de fuga del transformador mientras se
mantienen fijo el ancho de banda del controlado de corriente aumenta linealmente
el ĺımite de estabilidad. Esto es ventajoso para las LFOs y para filtrar la corriente;
sin embargo, limita la capacidad de transferencia de potencia. Por otro lado, la
disminución de la capacitancia del enlace DC mientras se mantiene constante el
ancho de banda del controlador de voltaje aumenta monótonamente el ĺımite de
estabilidad, el cual mejora más rápidamente a valores más bajos del capacitor.
Sin embargo, disminuir el valor del capacitor implicará perder la capacidad de
filtrado (i.e. incrementa el rizado de voltaje) y también la controlabilidad del sis-
tema. Se encontró que las variaciones de inductancia y capacitancia no interfieren
entre śı cuando los anchos de banda de control se mantienen constantes.

• Se observó que los retrasos en la señal de feedforward aumentan los riesgos de
LFO. Si la señal feedforward depende de la dinámica del PLL, una dinámica de
PLL más rápida mejora la estabilidad de bajas frecuencias.

• Se desarrolló el modelo de pequeña señal de la admitancia de entrada del tren
en el marco de referencia śıncrono y se comparó con el barrido de frecuencia
de la simulación del modelo completo (no lineal) del tren, obteniendo un alto
grado de coincidencia. Para esta tarea, se obtuvieron los modelos del control
de corriente, control de tensión del enlace DC, PLL y QSG-SOGI. La admitan-
cia de entrada anaĺıtica combinada con la impedancia de la red de alimentación
de tracción fue capaz de predecir la aparición de oscilaciones de baja frecuencia
cuando varios trenes en el depósito operan con bajo consumo de enerǵıa, funcio-
nando únicamente los sistemas auxiliares.

• Se presentó el análisis de sensibilidad de la estabilidad del sistema de los
parámetros eléctricos y de control. El estudio muestra que la estabilidad LFO
es muy sensible a los cambios en la inductancia de fuga, el ancho de banda de
control de voltaje y corriente. Debido a la naturaleza no lineal del sistema, la
sensibilidad cambia según el punto de operación.
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8.2 Contribuciones

Los principales aportes realizados durante el desarrollo de esta tesis son:

• El análisis de la influencia de los elementos constructivos y parámetros de control
que contribuyen a la inestabilidad de baja frecuencia utilizando técnicas en el
dominio de la frecuencia.

• El análisis de la influencia de los elementos constructivos y parámetros de control
que contribuyen a la inestabilidad de baja frecuencia mediante simulación en el
dominio del tiempo junto con la identificación de valores propios.

• Un análisis comparativo de dos tipos del sistema de sincronización y dos métodos
para generar la señal de feedforward (i.e. método directo e indirecto). Este
análisis observó que los retrasos en la señal de feedforward aumenta los riesgos
de LFO. Este comportamiento se validó aún más probando tres filtros diferentes
del voltaje de catenaria, que demostró que el filtro más rápido (es decir, el que
produce los retrasos más pequeños) da como resultado un sistema con mayor
margen de ganancia.

• El desarrollo de un nuevo modelo de pequeña señal de la admitancia de entrada
del tren. Aqúı el principal aporte es modelar la dinámica debido a los errores en
la rotación de coordenadas del sistema de control del 4QC, el cual, emplea el uso
de funciones de transferencia asimétricas para generar componentes virtuales en
cuadratura. Además, se desarrolló el modelo anaĺıtico de la función de transfer-
encia QSG-SOGI en el marco sincrónico dq. Como se mencionó en el Caṕıtulo 3,
el QSG-SOGI es un sistema asimétrico encargado de filtrar el voltaje de entrada
y crear la señal en cuadratura; originalmente opera en el marco alfa-beta; sin
embargo, se requeŕıa el modelo anaĺıtico de este sistema en el marco dq. Final-
mente, la combinación de ambos modelos permite derivar la transformación de

pequeña señal de vectores el marco dq real y el marco d̂q estimado.

• El estudio comparativo de dos acciones de control para mitigar el fenómeno LFO.
La primera acción consiste se la conoce como POD y se utiliza como un bloque de
control externo al sistema de control del voltaje DC. En segundo lugar, se utilizó
el método de la impedancia virtual, el cual se consiste en añadir un controlador
adicional en lazo interno de control de corriente.

• El diseño e implementación de un emulador de catenaria capaz de reproducir el
comportamiento dinámico de la red de tracción ferroviaria, incluido el fenómeno
LFO. El emulador permite evaluar la respuesta del convertidor de potencia 4QC
en caso de LFO en un banco de pruebas, evitando aśı las pruebas en la catenaria
que podŕıan llegar a ser muy costosas o incluso inviables.
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vol. 10, pp. 87374-87386, 2022. https://doi.org/10.1109/ACCESS.2022.3198945.
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F. Briz, “Low-Frequency Oscillations Analysis in AC Railway Networks
Using Eigenmode Identification,” 2021 IEEE Energy Conversion Congress
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8.2.3 Publicaciones en Revisión

• P. Frutos, J. M. Guerrero, I. Muniategui, A. Endemaño, D. Ortega and F. Briz,
” Low frequency oscillations in AC railway traction power systems: Train input-
admittance calculation and stability analysis,” International Journal of Electrical
Power & Energy Systems

8.3 Trabajo Futuro

• Obtener el modelo de pequeña señal de la admitancia de entrada del 4QC uti-
lizando un controlador de corriente en el marco de referencia alfa-beta. Esto
permitiŕıa comparar su rendimiento con el controlador en el marco de referencia
dq.

• Modeladar diferentes tipos de sistemas de sincronización y de generación del
componente en quadratura con el fin de estudiar su influencia en la estabilidad
del sistema ferroviario.

• Diseñar diferentes métodos de control para mitigar las oscilaciones de baja fre-
cuencia y compararlos con los métodos presentados en este documento.

• Explorar diferentes métodos para medir la admitancia de entrada de un sistema
monofásico en el marco dq. Una opción podŕıa ser utilizar la transformada
de Hilbert para calcular componentes ortogonales. Esta es una herramienta
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matemática que desplaza cada componente de la señal de entrada 90° con re-
specto a la propia frecuencia de la componente.

8.4 Financiación

Este trabajo esta financiado en parte por el Gobierno del Principado de Asturias
en el marco del proyecto AYUD/2021/50988.
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Appendix A

Calculation of transfer
functions in the synchronous
dq-frame

The single-phase 4QC control system requires the construction of virtual orthog-
onal components to operate in the synchronous dq-frame. Therefore, it is required
to combine single-phase transfer functions (i.e. SISO transfer functions) to treat the
control model as a MIMO system that employs both, symmetrical and asymmetrical
transfer functions.

In this appendix, the modelling and calculation in the synchronous dq-frame of
some relevant transfer functions that are part of the 4QC control system is performed.

A.1 QSG-SOGI transfer function

In this section the calculation of the QSG-SOGI transfer function in synchronous dq-frame
is performed.

A.1.1 Nomenclature

Being the Laplace transform of a variable denoted as F (s) = L{f(t)}, the following
transformation are defined based on shifting properties of Laplace transform [30]:

• F+ = F (s− jω0) = L
{
ejω0tf(t)

}
• F− = F (s+ jω0) = L

{
e−jω0tf(t)

}
• F++ = F (s− j2ω0) = L

{
ej2ω0tf(t)

}
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• F−− = F (s+ j2ω0) = L
{
e−j2ω0tf(t)

}
Furthermore, using the inverse Euler’s formula:

• cosω0t = (ejω0t + e−jω0t)/2

• sinω0t = (ejω0t − e−jω0t)/2j

A.1.2 Calculation

The QSG-SOGI transfer function can be expressed as (A.1.1) using matrix notation.[
V̂nα

V̂nβ

]
=

[
Hvα(s) 0
Hvβ(s) 0

] [
Vnα

Vnβ

]
(A.1.1)

Hvα(s) =
V̂nα

Vn
=

kvsω0s

s2 + kvsω0s+ ω2
0

(A.1.2)

Hvβ(s) =
V̂nβ

Vn
=

kvsω
2
0

s2 + kvsω0s+ ω2
0

(A.1.3)

The Laplace-domain equation in the αβ reference frame (A.1.1) becomes a convolution in the
time domain as shown in (A.1.4), with hvα(t) and hvβ(t) being the impulse response of (A.1.2)
and (A.1.3) respectively. [

v̂nα

v̂nβ

]
=

[
hvα(t) 0
hvβ(t) 0

]
∗
[

vnα

vnβ

]
(A.1.4)

Transformation to the actual dq reference frame is given by (A.1.5).[
v̂end

v̂enq

]
=tθ

([
hvα(t) 0
hvβ(t) 0

]
∗ t−1

θ

[
vend

venq

])
tθ =

[
cosω0t sinω0t
− sinω0t cosω0t

] (A.1.5)

which yields (A.1.6).[
v̂end

v̂enq

]
=

[
cosω0t sinω0t
− sinω0t cosω0t

] [
hvα(t) ∗ (vend cosω0t− venq sinω0t)
hvβ(t) ∗ (vend cosω0t− venq sinω0t)

]
(A.1.6)

The expansion of the matrix multiplication is shown in (A.1.7)

 v̂end

v̂enq

 =


cosω0t

(
hvα(t) ∗ (vend cosω0t− venq sinω0t)

)
+sinω0t

(
hvβ(t) ∗ (vend cosω0t− venq sinω0t)

)
− sinω0t

(
hvα(t) ∗ (vend cosω0t− venq sinω0t)

)
+cosω0t

(
hvβ(t) ∗ (vend cosω0t− venq sinω0t)

)

 (A.1.7)
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Using the definitions from Appendix A.1.1, it is possible to express the convolutions in (A.1.7)
as:

hvα(t) ∗ (vend cosω0t− venq sinω0t) = hvα(t) ∗
(
vend

ejω0t + e−jω0t

2
− venq

ejω0t − e−jω0t

2j

)
= L−1

{
Hvα(s)

(
V e+
nd + V e−

nd

2
−

V e+
nq − V e−

nq

2j

)}
(A.1.8)

hvβ(t) ∗ (vend cosω0t− venq sinω0t) = hvβ(t) ∗
(
vend

ejω0t + e−jω0t

2
− venq

ejω0t − e−jω0t

2j

)
= L−1

{
Hvβ(s)

(
V e+
nd + V e−

nd

2
−

V e+
nq − V e−

nq

2j

)}
(A.1.9)

Replacing (A.1.8) and (A.1.9) in (A.1.7), the following equation is obtained:

 v̂end

v̂enq

 =



(cosω0t)L−1

{
Hvα(s)

(
V e+
nd

+V e−
nd

2
− V e+

nq −V e−
nq

2j

)}
+(sinω0t)L−1

{
Hvβ(s)

(
V e+
nd

+V e−
nd

2
− V e+

nq −V e−
nq

2j

)}

− (sinω0t)L−1

{
Hvα(s)

(
V e+
nd

+V e−
nd

2
− V e+

nq −V e−
nq

2j

)}
+(cosω0t)L−1

{
Hvβ(s)

(
V e+
nd

+V e−
nd

2
− V e+

nq −V e−
nq

2j

)}


(A.1.10)

Applying Laplace transform to (A.1.10) yields:

V̂ e
nd =H+

vα

(
V e++
nd + V e

nd

4
−

V e++
nq − V e

nq

4j

)
+H−

vα

(
V e
nd + V e−−

nd

4
−

V e
nq − V e−−

nq

4j

)
+H+

vβ

(
V e++
nd + V e

nd

4j
+

V e++
nq − V e

nq

4

)
−H−

vβ

(
V e
nd + V e−−

nd

4j
+

V e
nq − V e−−

nq

4

)
(A.1.11)

V̂ e
nq =H−

vα

(
V e
nd + V e−−

nd

4j
+

V e
nq − V e−−

nq

4

)
−H+

vα

(
V e++
nd + V e

nd

4j
+

V e++
nq − V e

nq

4

)
+H+

vβ

(
V e++
nd + V e

nd

4
−

V e++
nq − V e

nq

4j

)
+H−

vβ

(
V e
nd + V e−−

nd

4
−

V e
nq − V e−−

nq

4j

)
(A.1.12)

From (A.1.11) and (A.1.12) is seen that in the dq-frame, an input voltage of a given
frequency ω0 will produced an output voltage at the same frequency, as well as a component
at a frequency 2ω0. For the LFO phenomenon, oscillation frequencies have reported to be
no larger than 7 Hz in dq-frame [17]. Frequency components at 2ω0 can be therefore safely
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disregarded, (A.1.11) - (A.1.12) being simplified to (A.1.13)-(A.1.13).—————

V̂ e
nd ≊ V e

nd

4

(
H−

vα +H+
vα

)
+ j

V e
nd

4

(
H−

vβ −H+
vβ

)
−

V e
nq

4

(
H−

vβ +H+
vβ

)
+ j

V e
nq

4

(
H−

vα −H+
vα

)
(A.1.13)

V̂ e
nq ≊ V e

nd

4

(
H−

vβ +H+
vβ

)
− j

V e
nd

4

(
H−

vα −H+
vα

)
+

V e
nq

4

(
H−

vα +H+
vα

)
+ j

V e
nq

4

(
H−

vβ −H+
vβ

)
(A.1.14)

Equations (A.1.13) and (A.1.14) can be expressed using matrix notation as (A.1.15)-
(A.1.17) [

V̂ e
nd

V̂ e
nq

]
≊

[
He

vs−dd(s) He
vs−dq(s)

He
vs−qd(s) He

vs−qq(s)

] [
V e
nd

V e
nq

]
(A.1.15)

He
vs−dd(s) = He

vs−qq(s) =
1

4

(
H−

vα +H+
vα

)
+

j

4

(
H−

vβ −H+
vβ

)
(A.1.16)

He
vs−qd(s) = −He

vs−dq(s) =
1

4

(
H−

vβ +H+
vβ

)
− j

4

(
H−

vα −H+
vα

)
(A.1.17)

Equations (A.1.16)-(A.1.17) are presented with abbreviate notation defined in Appendix
A.1.1. Using the expanded notation yields:

He
vs−dd(s) =

1

4

(
Hvα(s+ jω0) +Hvα(s− jω0)

)
+

j

4

(
Hvβ(s+ jω0)−Hvβ(s− jω0)

) (A.1.18)

He
vs−qd(s) =

1

4

(
Hvβ(s+ jω0) +Hvβ(s− jω0)

)
− j

4

(
Hvα(s+ jω0)−Hvα(s− jω0)

) (A.1.19)

A.2 4QC AC-side dynamics coordinate transforma-
tion

The 4QC AC-side dynamics corresponds to a RL element and can be defined by (A.2.1).

vn = Ln
din
dt

+Rnin + vt (A.2.1)

Assuming that the α voltage and current components coincide with the actual physical single-
phase components and that the β signals are perfectly orthogonal, (A.2.1) can be written in
αβ coordinates as:

vnαβ = Rninαβ + Ln
dinαβ

dt
+ vtαβ (A.2.2)
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Multiplying both sides of (A.2.2) by e−jω0t, then:

e−jω0tvnαβ = e−jω0tRninαβ + e−jω0tLn
dinαβ

dt
+ e−jω0tvtαβ (A.2.3)

Transforming (A.2.3) to the synchronous reference frame, (A.2.4) is obtained. [41]:

ve
ndq = Rni

e
ndq + e−jω0tLn

d

dt

(
ejω0tiendq

)
+ ve

tdq (A.2.4)

Using product rule for derivatives:

ve
ndq = Rni

e
ndq + e−jω0tLne

jω0t d

dt

(
iendq

)
+ e−jω0tLni

e
ndq

d

dt

(
ejω0t

)
+ ve

tdq (A.2.5)

which can be simplified as:

ve
ndq = Rni

e
ndq + Ln

diendq

dt
+ jω0Lni

e
ndq + ve

tdq (A.2.6)

and re-writen in the Laplace domain as:

V e
ndq = (Rn + Lns+ jω0Ln) I

e
ndq + V e

tdq (A.2.7)

Using matrix notation, the model (A.2.8) is obtained

Ve
n =

[
Rn + Lns −ω0Ln

ω0Ln Rn + Lns

]
Ien +Ve

t (A.2.8)

where the dq-impedance matrix Ze
n is defined by (A.2.9).

Ze
n =

[
Lns+Rn −ω0Ln

ω0Ln Lns+Rn

]
(A.2.9)
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Abstract: Dynamic interactions between AC railway electrification systems and traction unit power
converters can result in low frequency oscillation (LFO) of the contact-line voltage amplitude, which
can lead to a power outage of the traction substation and the shutdown of train traffic. Several
system parameters can influence the low frequency stability of the railway traction power system,
including contact-line length and traction unit parameters such as transformer leakage inductance,
DC-link capacitance, control bandwidths and synchronization systems. This paper focuses on the
influence of these parameters on the LFO. The methodology is based on a frequency-domain analysis.
Nyquist and Bode diagrams are used to determine the stability limit. The validation of the method is
performed through the use of time-domain simulations.

Keywords: low frequency stability; low frequency oscillations; railway traction system; traction
power supply; nyquist stability criteria; input admittance; resonant stability

1. Introduction
1.1. Review of LFO Events

Modern rail vehicles that operate in the railway system include a large number of
power electronic converters aimed to improve performance and efficiency. Despite the
benefits, complex dynamic interactions between the railway network and the controlled
power converters can produce undesired phenomena, which might result in power system
instability, including the LFO phenomenon [1–8], harmonic resonance [8] and electrical
resonant instability [9]. The LFO phenomenon has been reported worldwide for different
types of railway networks under different operating conditions; see Table 1.

Table 1. LFO reported cases.

Nº Case f0 (Hz) fosc (Hz) Time (Year)

1 Zürich, Switzerland [1] 16.7 5 1995

2 Norway [2,3] 16.7 1.6 2007

3 Washington, USA [4] 25 3 2006

4 Thionville, France [5] 50 5 2008

5 Siemens test, Germany [6] 50 7 2006

6 Hudong Depot, China [7] 50 2–4 2008

7 Shanhaiguan Hub, China [8] 50 6–7 2011

Electronics 2022, 11, 1593. https://doi.org/10.3390/electronics11101593 https://www.mdpi.com/journal/electronics
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Reported events include a 15 kV/16.7 Hz power system supplied from rotary convert-
ers [2], a 12 kV/25 Hz system with static frequency converters [4], and 25 kV/50 Hz power
systems supplied from the public grid such as the case observed in the sector of Thionville
in France [5], shown in Figure 1.
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Figure 1. Contact-line voltage and current supplied by the substation. AC 25 kV/50 Hz electric
power supply. Measured in Thionville, France. Reprinted with permission from Ref. [5]. Copyright
2014 IEEE.

When LFO occurs, an amplitude modulation of contact-line voltage and current is
produced, i.e., the oscillation frequency fosc is presented in the envelope of the signal
waveforms, see Figure 1. This is seen in the frequency spectra of voltage and current as a
fundamental frequency component at f0 along with two sideband components at ( f0− fosc)
and ( f0 + fosc) as explained in [10]. From the events reported in Table 1, the oscillation
frequencies reached values up to 7 Hz (i.e., 43–57 Hz in the stationary reference frame). This
phenomenon has caused a number of serious issues, such as the malfunction of the protec-
tion system, over-voltage and over-current, which could damage the electrical/electronic
equipment and cause transportation delays [7].

In the railway system, two specific scenarios in which the LFO phenomenon has been
reported are: first, multiple trains in the depot (i.e., all the vehicles located at the same
place) [5]; second, a train operating at a very long distance from a substation [3]. From
the point of view of the stability analysis, these two scenarios are equivalent, as will be
explained in Section 3.1, using the impedance-based small-signal model [6,11,12]. The
study presented is applicable to both scenarios. An analysis for multiple trains in different
positions of the contact-line is out of the scope of this article, but it should be taken into
account for further research. The 25 kV/50 Hz power supply system is considered.

1.2. Content and Contribution

This paper analyzes the influence of some constructive and operational parameters
that may contribute to low frequency instability, including contact-line length (i.e., distance
from the substation), consumed power on the DC link that supplies the three-phase motor
drives, the bandwidth of current and voltage controllers, transformer leakage inductance,
DC-link capacitance, synchronization systems and feedforward signals. Since perturbation
frequencies are present around f0, a stability study is performed using an impedance-based
analysis in the frequency-domain on the dq synchronous reference frame [11,13]. The train
input admittance in the dq frame required for the stability analysis is obtained using a
frequency response test as in [5]. Alternatively, the admittance could be obtained from
analytical models as in [7,8]; however, these models have been reported to be not accurate
enough [14]. Nyquist and Bode diagrams are used to determine the system stability limit,
which is defined as the maximum distance from a substation at which a traction unit can
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operate safely, or the maximum numbers of traction chains connected in parallel on a
specific contact-line sector. This capacity of predicting the stability limit allows to obtain
the stability limit curve (SLC) in the complex impedance plane (R, X) [11]. This curve is
plotted for a specific traction chain, and it is useful to find the stability limit in any railway
traction system. The method for stability analysis used in this article is validated with the
use of time-domain simulations. PLECS Blockset software along with MATLAB/Simulink
were used for the frequency-domain analysis and for time-domain simulations.

This type of study using frequency-domain stability analysis has not been reported in
the literature before; a similar approach of parameter variations study has been performed
partially by [4,10] but using eigenvalue migration. Furthermore, in this paper, different
types of synchronization systems and some methods to generate the feedforward signal
have been considered in a comparison study, which results in a new contribution in the
field of low frequency stability.

1.3. Organization

The paper is organized as follows. Section 2 describes the railway traction system
model and the control system. Section 3 presents the stability analysis in the frequency-
domain for the study of the LFO phenomenon. Section 4 studies the influence of contact-line
length; three different cases are studied, and validation of the analysis is performed through
simulations. Section 5 deals with the impact of the power consumption on the DC link, sta-
bility and limits are calculated for a specific contact-line. Section 6 addresses the combined
effect of transformer leakage inductance and current controller parameters. Section 7 deals
with the influence of the DC-link capacitor and the voltage controller bandwidth. Section 8
studies the characteristics of the phase-locked loop (PLL) and the impact of the feedforward
signal, and four combined cases are considered. Finally, conclusions are drawn in Section 9.

2. Railway Traction System Model for LFO Phenomenon Study

A schematic representation of the railway traction system is shown in Figure 2a. It
consists of two main blocks: the power supply network and the traction unit that consists
of one or more traction chains [15]. The power supply network is composed of an ideal
voltage source at a fixed frequency, the impedance of the substation transformer and the
impedance of the contact-line (i.e., transmission line).

An analytical calculation of contact-line impedance performed in [16] using transmis-
sion line equations shows that at frequencies around the fundamental frequency f0 = 50 Hz,
the contact-line can be approached by an inductive-resistive (RL) element. Capacitive ef-
fects would only appear at high frequencies, and could be therefore safely neglected. The
simplified RL model is also supported by the experience reported in [1,6,7,12,16], and also
is considered in the European standard document for the compatibility of rolling stock and
infrastructure EN-50388-2 [17]. Consistently with the previous discussion, Figure 2b shows
the main elements of the simplified railway traction system model used for this study,
which consists of a single traction chain and an equivalent circuit of the power supply that
only considers a resistance (R) and an inductance (L).

The main elements in the traction chain are: an input transformer with its leakage
inductance (Ltr) and winding resistance (Rtr); a single-phase four-quadrant power converter
(4QC); a DC-link capacitor (Cd); and traction drives consisting of inverters and motors. In
this study, traction drives are modeled as an equivalent current source.

Figure 2c shows the traction chain control system. Two cascaded loops regulate the
voltage of the DC link (slow regulation) and the absorbed current at the contact-line (fast
regulation) using proportional-integral (PI) regulators [13]. This inner loop is improved
with a feedforward estimator that anticipates the voltage drop across the input transformer
impedance [13]. To guarantee a power factor close to unity, system synchronization is
performed using the estimated contact-line voltage phase angle (θ̂), which is calculated
using a PLL. This angle is used for coordinate transformation between the stationary
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reference frame and the synchronous reference frame (i.e., dq frame). Independent control
of active and reactive power using the currents Id and Iq can be achieved.

(a)

(b)

(c)

Figure 2. Railway system model and control. (a) Railway traction power system, (b) Simplified
railway system model for the study of LFO. (c) Traction chain control system.

In order to obtain the desired current control bandwidth (ωbcc) and voltage control
bandwidth (ωbvc), controllers (i.e., kpcc, kicc, kpvc, kivc) were tuned using Equations (1) and (2)
as described in [13].

kpcc = Ltr ·ωbcc , kicc =
Ltr ·ω2

bcc
π

, (1)

kpvc = Cd ·ωbvc , kivc =
Cd ·ω2

bvc
π

(2)

3. Impedance-Based Stability Analysis for the Study of the Low Frequency
Oscillations Phenomenon

This section describes the use of the frequency-domain stability criteria applied to the
impedance-based small-signal model of the railway traction system, aimed to determine the
risk of LFO instability. This small-signal model covers the study of the LFO phenomenon
reported for multiple trains located at the same place (e.g., trains at depot) and for the
case of a train operating at a very long distance from a substation. For both scenarios, the
stability study could be performed considering an equivalent case that only takes into
account the interaction between a multiple value of the power supply base impedance and
a single traction chain.
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3.1. Impedance-Based Small-Signal Model

The small-signal model of the traction railway system in the frequency-domain, de-
veloped and presented in [2,6,9,12], is shown in Figure 3a, where Us is the no-load voltage
at the substation, U is the contact-line voltage, I is the contact-line current, Zs is the base
network impedance, n is a multiplicative factor of base impedance, Yt is the admittance of a
traction chain, and m is the number of traction chains. Additionally, it is important to define
Z = nZs as the total network impedance (i.e., power supply impedance) that includes the
upstream grid impedance, the substation impedance and the contact-line impedance. The
total input admittance is Y = mYt. The delta symbol (∆) refers to the small variations of
the variables around a specific operating point at which the small-signal analysis will be
performed. Figure 3 shows that the railway traction small-signal model can be represented
as a closed-loop system, whose transfer function G(jω) = ∆I/∆Us is given by Equation (3).

G(jω) =
mYt

1 + nmYtZs
=

Y
1 + YZ

(3)

(a) (b)

Figure 3. Closed loop system equivalence of small-signal model for n network impedance units and
m traction chains. (a) Railway traction system small-signal model, (b) closed loop system.

The denominator of Equation (3) is called the characteristic equation [18], which
should not be equal to zero for any frequency in order to guarantee system stability [5].
From the point of view of the stability analysis the multiple number of the base impedance
that composes the overhead line (n) and the number of traction chains (m) are interchange-
able terms, meaning that m · n will be a critical coefficient of the characteristic equation.
Therefore, a system composed of a number of identical traction chains is equivalent to a
system with a single traction chain fed through a multiple of the power base impedance;
for instance, the case (n = 1, m = 4) has the same characteristic equation as the case
(n = 4, m = 1). For the sake of simplicity, in this article n = m = 1 will be assumed unless
otherwise stated.

3.2. Network Impedance and Traction-Chain Admittance

As explained in Section 2, the control system of the traction chain considers a dq
reference frame aligned to the contact-line voltage that allows independent control of active
and reactive power using the currents Id and Iq, respectively. Therefore, the power supply
and the traction chain form a multiple-input and multiple-output (MIMO) system in the dq
reference frame.

Equation (4) shows the network impedance matrix in the dq reference frame [12,19],
which is expressed in terms of the network resistance, R, the network inductance, L, the
fundamental angular frequency, ω0 = 2π f0, and the perturbation (i.e., excitation) angular
frequency, ω = 2π f .

ZDQ(jω) =

[
Zdd(jω) Zdq(jω)
Zqd(jω) Zqq(jω)

]
=

[
R + jωL −ω0L

ω0L R + jωL

]
(4)

Equation (7) shows the input admittance matrix of the traction chain that is obtained
using the frequency response scanning method described in [5], where small-signal varia-
tions in the d→ sin(ω0t) and q→ cos(ω0t) components of the contact-line voltage, ∆Ud
and ∆Uq, are applied to the traction chain at a certain perturbation angular frequency, ω,
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see Equation (5). Then, variations of the current components from Equation (6), (∆Id,∠φd)
and (∆Iq,∠φq), related to each perturbation frequency, are extracted [5,12]. For this study,
the perturbation frequencies are in a range up to 20 Hz.

u(t) = (Ud + ∆Ud sin(ωt)) sin(ω0t) +
(
∆Uq sin(ωt)

)
cos(ω0t) (5)

i(t) = (Id + ∆Id sin(ωt + φd)) sin(ω0t) +
(

Iq + ∆Iq sin(ωt + φq)
)

cos(ω0t) (6)

YDQ(jω) =

[
Ydd(jω) Ydq(jω)
Yqd(jω) Yqq(jω)

]
=




∆Id∠φd
∆Ud

∣∣∣
∆Uq=0

∆Id∠φd
∆Uq

∣∣∣
∆Ud=0

∆Iq∠φq
∆Ud

∣∣∣
∆Uq=0

∆Iq∠φq
∆Uq

∣∣∣
∆Ud=0


 (7)

Examples of the dq admittance matrix are presented in Sections 4 and 8.

3.3. Stability Criteria

The rail vehicle connected to an ideal power source is considered a stable system [20].
The impedance of the railway power supply network is a passive element (i.e., RL element),
which implies it is also stable. Therefore, these two elements are stable in an open loop.
Stability criteria for the interconnection of these two elements in a closed loop system are
presented in this section for the study of the LFO phenomenon.

A factorization of the system open loop transfer function, L(jω), is described in
Equation (8), where Λ(jω) is the eigenvalue matrix and P is the eigenvector matrix [12,15].

L(jω) = YDQ(jω)ZDQ(jω) = PΛ(jω)P−1 (8)

Λ(jω) =

[
λ1(jω) 0

0 λ2(jω)

]
(9)

From Equation (9), Λ(jω) is presented as a diagonal matrix that allows to study the
stability of the eigenvalues λ1(jω) and λ2(jω) as two decoupled single-input single-output
(SISO) systems.

Rever’s criterion applied in a Bode diagram [11] and Nyquist criterion [18] are widely
used to analyze the stability of SISO systems in the frequency-domain. Both criteria are
equivalent, and either one is used at the authors’ convenience in this paper. These criteria
have been selected since they are trusted and verified, and have been employed in previous
studies of low frequency stability. Rever’s criterion was selected for the study performed
in [12,15], while the Nyquist criterion was used in [6,19,21].

The stability criterion based on Revers specifies that the closed-loop system is stable
if, at the crossover frequency fc, at which Arg(λ1,2(j · 2π · fc)) = −180º, the module of the
open loop transfer function is less than 1 in absolute units (i.e., less than 0 decibels) [11]. In
a similar approach, the Nyquist criterion specifies that the closed loop system is stable if
the eigenvalues do not encircle the point (1,−180º) in the complex plane [18]. Both criteria
are equivalent, and either one is used at the authors’ convenience in this paper.

The gain margin is defined as GM = 1/|λ1,2(2π fc)|; therefore, stability is ensured for
a gain margin larger than 1 in absolute units (i.e., positive values in db). At point |λ1,2| = 1,
the phase margin is defined as PM = (Arg(λ1,2)− (−180º)) [18].

3.4. Stability Limit Curve in the Network Reactance (X) and Resistant (R) Complex Plane

From Section 3.3, the stability limit is reached when any of the eigenvalues is
λ1,2 = (1,−180º) = −1. Thus, for a specific traction chain with an associated input admit-
tance YDQ, a set of values of network reactance, X, and resistance, R, can be tested to find
a curve X = X(R) in the complex impedance plane that takes the system to the stability
limit as explained in [12]. This curve can be obtained based on an iterative process using
three nested loops. The first loop is used to modify the value of R, the next loop modifies
the inductance L, and the third loop checks fulfillment of the critical condition of stability by
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the eigenvalues. As explained in [12], since this iterative process is performed using discrete
steps, the following thresholds are defined for the eigenvalues that reach the stability limit:

• −180º < Arg(λ1,2) < −178º
• 0.98 < |λ1,2| < 1

4. Influence of Contact-Line Length on the Railway Traction System Stability

In this section, the stability criteria described in Section 3 are used. A traction unit
connected to a contact-line with different lengths (i.e., different network impedance) is
considered. Only one traction chain per traction unit is considered (i.e., m = 1). The study
presents three different cases: a stable system, a system at its stability limit, and an unstable
system. Time-domain simulations will be used to verify the stability analysis performed in
the frequency-domain.

4.1. Traction Chain Input Admittance

The dq input admittance of the traction chain is presented in Figure 4. The electrical
and control parameters of the traction chain are found in Table 2.

Table 2. Traction chain parameters.

Symbol Description Value

U Contact-line voltage 25 kV

f0 Fundamental frequency 50 Hz

Ltr Leakage inductance 1 mH

Cd DC-link capacitor 16 mF

BWvc Voltage control bandwidth 8 Hz

BWcc Current control bandwidth 100 Hz

PDC Power at DC-link 100 kW
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Figure 4. Traction-chain input admittance. Frequency range: 1–20 Hz.
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4.2. Network Impedance

The components of the network impedance Z are the upstream grid impedance
Zug, the substation impedance Zsst, and the contact-line impedance Zcl = d× Z′cl , which
depends on the distance (d) between the traction unit and the substation (i.e., contact-line
length) [12]. See Equation (10).

Z = 2× Zug + Zsst + d× Z′cl (10)

The parameters used in this study are the following:

• Zug = (0.5 Ω; 80º)
• Zsst = (5.5 Ω; 80º)
• Z′cl = (0.5 Ω/km; 80º)

The total network line impedance Z = nZs is used for each case of study, where
Zs = (448.1 Ω; 80º) is the base impedance at the stability limit, which occurs at 883.3 km
distance. A value n = 1 corresponds to the stability limit case; n = 0.5 and n = 1.5 will be
used as examples for the stable and unstable cases. Here, the distance to reach the stability
limit is theoretical [12], and it is much higher than the typical length of a sector (around
50 km). In the 25 kV/50 Hz power supply, all the sectors are electrically isolated and there
is one transformer per sector. The theoretical distances are used to facilitate the stability
study (i.e., to find the stability limit) since only one traction chain is being considered for
the analysis [15], so, for a unit equipped with more than one traction chain, the distance
limit is reduced according to the equivalence between n and m, explained in Section 3.1.
Considering 50 km as the maximum length of a sector in a 25 kV/50 Hz power supply
system and vehicles equipped with four traction chains, the stability limit equivalence
occurs when 3.55 vehicles are operating at the end of the sector line.

4.3. Stability Analysis

Using the traction chain input admittance matrix and the network impedance matrix,
the system eigenvalues of the open-loop transfer function for the three study cases are
calculated from Equation (8); they are shown in Figure 5, where the Bode diagram and the
Nyquist plot are used for representation. The marked dots in the Bode diagram identify
the gain and phase margins. In the Nyquist plot, the gain margin is the reciprocal absolute
value of the intersection point between the eigenvalue curve with the negative real axis.

Increasing the contact-line length increases the gain of the total network impedance
but keeps constant its phase. Therefore, the variation of contact-line length modifies only
the gain of the eigenvalues λ1 and λ2 as shown in Figure 5a.

In the same figure, it is seen that the phase of eigenvalue λ2 never intersects −180º at
any frequency, which means that this eigenvalue is not causing instability. This applies to
the three study cases. The same conclusion is reached using the Nyquist stability criterion
in Figure 5b since λ2 never encloses −1. For the stable case (red curve), the eigenvalue λ1 at
crossover frequency fc (i.e., crossing phase at −180º) has a magnitude lower than 1, which
fulfills the stability criterion explained in Section 3.3. Therefore, for this case, both system
eigenvalues guarantee stability.

Increasing the power supply impedance by a factor of two (i.e., n = 0.5 to n = 1) will
move the eigenvalue from λ1(j2π fc) = (0.5,−180º) to λ1(j2π fc) = (1,−180º), causing the
system to reach the stability limit operational point. Similarly, when the network impedance
is increased by a factor n = 1.5, the eigenvalue will go to λ1(j2π fc) = (1.5,−180º), see
Figure 5a; thus, the system is not fulfilling the stability criterion anymore and the system
becomes unstable.

The same analysis can be done using the Nyquist plot from Figure 5b. For the stable
case, the eigenvalue λ1 does not encloses −1, which fulfills the Nyquist stability criterion;
however, the eigenvalue λ1 intersects the negative real axis; therefore, a risk of instability is
present when increasing the gain of the critical eigenvalue (i.e., increasing the power supply
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impedance or the number of traction chains, see the equivalence of n and m explained in
Section 3.1).

It is important to notice from Figure 5 that the gain margin is less than 1 when systems
are unstable, equals 1 at the stability limit, and takes values greater than 1 when the system
is stable, so it can be used as the degree of safety from 1 (i.e., minimum value of safety) to
infinite (i.e., best case). The gain margin also indicates the number of network impedance
units or traction chains where the system reaches the stability limit. On the other hand, the
crossover frequency corresponds to the oscillation frequency at the stability limit.

(a) (b)

Figure 5. System eigenvalues (λ1, λ2) of the three study cases. Stable case (red): gain margin = 2
at 4.75 Hz; stability limit case (blue): gain margin = 1 at 4.75 Hz; unstable case (yellow): gain
margin = 0.667 at 4.75 Hz. (a) Bode Diagram, (b) Nyquist Diagram.

Time-domain simulations were performed to verify the stability analysis developed in
this section. Figure 6 shows the simulation for the operating point of each study case. DC-link
voltage, contact-line voltage, and traction chain current are presented. Initially, the system
is operating at a stable state close to the substation; then, the power supply impedance is
increased in three steps. The first step change of 0.5 · Zs occurs at t = 5 s; here, the system
experiences a small oscillation that is damped quickly, and the system is taken again to a
stable state. A second step change of 0.5 · Zs in the power supply impedance occurs at t = 6 s,
where the time response is oscillatory and no damping is present, but the system is still stable;
the oscillation frequencies of the DC-link voltage, the envelope of the contact-line voltage and
the current correspond to the oscillation frequency predicted by the impedance-based stability
analysis; a frequency around 4.75 Hz can be seen in the figure. Finally, following the increase
of the power supply impedance at t = 8 s, the system becomes unstable.
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Figure 6. Time-domain simulations. From top to bottom: DC-link voltage, contact-line voltage
and train current. Step changes of power supply impedance are consecutively applied along the
simulation time. The stable case, stability limit case and unstable case are found at times t = 5 s,
t = 6 s and t = 8 s, respectively.

4.4. Stability Limit Curve

Figure 7 shows the stability limit curve of the traction chain in the network reactance
(X) and resistance (R) complex plane with an additional dimension to show the oscillation
frequency. The stability limit curve separates the stable region and unstable region.

Figure 7. Stability limit curve of the traction chain in the network reactance (X) and resistance (R)
complex plane with the corresponding oscillation frequencies. At PDC = 100 kW. Power supply
system: 25 kV/50 Hz.

From this figure, it can be seen that to go from the unstable region to the stable region,
the network resistance must be increased, which suggests that this resistance works as a
damping mechanism. On the other hand, for larger values of the reactance, the railway
traction power system becomes unstable.
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Two different types of contact-lines with a different ratio of reactance and resistance
(i.e., different phase) are considered in this example to locate the stability limit. The contact-
line impedance grows linearly with the distance (as a parametric variable) until reaching
the stability limit, which is the crossing point between the SLC and the impedance linear
curve. Figure 7 shows the operating point of the three study cases when the traction chain
is located at a different distance from the substation.

5. Influence of Power Absorbed at the DC-Link of the Traction Chain

For this study, the case at stability limit from Section 4 is considered as a reference (i.e.,
base case). System stability is studied for variations in power consumption at the DC link. For
this purpose, the traction chain input admittance matrix is calculated for different power levels
and stability is checked using the network base impedance (Z = Zs) from the last section.

Since the eigenvalue λ2 has no risk of instability, it is neither considered nor plotted.
A Bode diagram of the system eigenvalue λ1 is shown in Figure 8, where the evolution of
the gain margin and the phase margin are determined as a function of power consumption
from 100 kW to 1.2 MW. Increasing the power from 100 to 500 kW increases the gain
and phase margin while it reduces the oscillation frequency; thus, the system stability is
improved, and the limit distance increases as well. This is also seen in Figure 9, which
shows the stability limit curve plotted for different levels of power. The intersection point
of each stability limit curve with the network impedance gives the distance limit and the
maximum network impedance that ensures stability for each power level. It is important
to note that for power levels greater than 500 kW, the phase of the eigenvalue λ1 is always
below the limit −180º (cf. Figure 8), so the gain margin becomes infinite and there is no risk
of instability at any distance for this specific contact-line. This also can be appreciated from
Figure 9, where the stability limit curves for power levels of 600 kW and 700 kW never
cross the network impedance curve.

Figure 8. Bode diagram of system eigenvalue λ1 for different levels of power consumption. Network
Impedance: Z = Zs.
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Figure 9. Stability limit curve of traction chain in the network reactance (X) and resistant (R) complex
plane. Different levels of power consumption.

Figure 9 shows that the slope of SLC increases with power, which means that at
higher power consumption less damping (i.e., network resistance) is needed to maintain
system stability. From this figure, the initial point of SLC at R = 0 Ω increases with power
consumption in a non-linear manner.

Although it is shown that for high power levels the system stability improves and the
risk of instability is eliminated, the phase diagram from Figure 8 shows that at very high
powers the phase margin starts to decrease going closer to −180º at very low frequencies.
Therefore, the risk of instability needs to be checked at very high powers as well as for low
power to ensure LFO stability, as was performed in this study.

Similar behavior of low frequency stability has been reported in [4,10] for variations in
power consumption. In contrast to this paper where stability analysis is performed in the
frequency-domain, eigenmodes identification techniques were used in [4,10] to determine
the stability limit.

6. Influence of Current Controller and 4QC Transformer’s Leakage Inductance

This section discusses the impact that the inner current controller can have on LFO
formation, as well as the influence of leakage inductance of the traction chain transformer.
Stability analysis is performed using the network impedance at the stability limit of the
reference case (Z = Zs) presented in Section 4. The power consumed at the DC link is
PDC = 100 kW.

6.1. Influence of Current Controller

The input admittance of a traction chain was calculated for different values of the
current controller bandwidth (ωbcc = 2π · BWcc), so kpcc and kicc were modified and tuned
using Equation (1), the rest of electrical and control parameter remaining constant.

According to Figures 10 and 11, increasing the current controller bandwidth leads to a
raise of the gain margin, which improves system stability and increases the distance limit.
Moreover, it is noticed that the oscillation frequency at the stability limit (i.e., crossover
frequency) increases as well.
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Figure 10. Bode diagram of the system eigenvalue λ1. Variation of current controller bandwidth.
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Figure 11. Stability limit curve of a traction chain in the network reactance (X) and resistant (R)
complex plane. Variation of current controller bandwidth.

As shown in Figure 11, the stability limit curve shifts parallel to the base case at
BWcc = 100 Hz and proportionally to the variation of the bandwidth. This characteristic
suggests a linear relationship between the current control bandwidth and the maximum
distance from the substation that a traction chain can reach (it could also be the maximum
number of traction units in the line, see Section 3.1).
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6.2. Influence of the Transformer Leakage Inductance

Figure 12 shows the Bode diagram of eigenvalue λ1 when variations of the transformer
leakage inductance Ltr are performed from 50% to 150% of the nominal value (1 mH). The
rest of the electrical and control parameters are kept constant. From this figure, larger
values of the leakage inductance improve LFO stability, while the crossover frequency is
reduced. Furthermore, Figure 13 shows that for larger values of leakage inductance, the
stability limit curve shifts up parallel to the reference curve. From these figures, a linear
relation seems to be present among the transformer leakage inductance, the gain margin,
and the distance limit.

It is important to notice that increasing the leakage inductance, while current controller
gains remain constant, results in a decrease of the bandwidth of the current control, which
should decrease the stability limit according to results found in Section 6.1. Therefore, two
effects are happening at the same time in this analysis, and they are opposite. The next
section deals with this issue to determine the real effect of leakage inductance variations.

Figure 12. Bode diagram of the system eigenvalue λ1. Variation of leakage inductance.

50 100 150 200 250

Network Resistance - R ( )

200

250

300

350

400

450

500

550

600

650

700

750

N
e

tw
o

rk
 R

e
a

c
ta

n
c
e

 -
 X

 (
)

0.50 L
tr

1.00 L
tr

1.50 L
tr

Network Impedance

Figure 13. Stability limit curve of a traction chain in the network reactance (X) and resistance (R)
complex plane. Variation of leakage inductance.
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6.3. Transformer Leakage Inductance Variation with Constant Current Controller Bandwidth

In this section, variations in the leakage inductance are made while the control param-
eters kpcc and kicc are re-tuned to maintain the current regulator bandwidth constant at
100 Hz. Figure 14 shows the eigenvalue λ1 and the gain margin for different values of the
inductance, from 50% to 150% of the nominal value (1 mH), as in the previous section. It can
be seen that increasing Ltr increases the gain margin; thus, the stability is improved. This is
also confirmed by the results shown in Figure 15, where stability limit curves resulting from
inductance variations are parallel to the reference case. From this figure, a linear relation
between the inductance variation and the limit distance is also suggested.

Figure 14. Bode diagram of the system eigenvalue λ1. Variation of leakage inductance while the
keeping current controller bandwidth at 100 Hz.
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Figure 15. Stability limit curve of a traction chain in the network reactance (X) and resistant (R)
complex plane. Variation of leakage inductance while keeping the current controller bandwidth
at 100 Hz.

6.4. Summary

Table 3 summarizes the analysis performed in this section. A linear relationship
among leakage inductance, current controller bandwidth, and the gain margin was found
in this study. The variation of the current controller bandwidth as described in Section 6.1
results in proportional variation of the stability margin. According to Section 6.3, when
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the controllers are adjusted to keep the bandwidth constant, the independent effect of the
leakage inductance variation provokes proportional variations in the gain margin as well.
On the other hand, from Section 6.2, it is known that the variation of only the leakage
inductance implies the contrary effect on the bandwidth; therefore, a coupled effect that
cancels the action of the inductance variation is presented; thus, the gain margin variation
results in the superposition of the first two independent effects as shown in the table.

Comparing Figures 13 and 15, it is clear that the effect of leakage inductance variations
while keeping constant the current control bandwidth has a larger impact compared to the
case where only leakage inductance is modified.

Table 3. Impact of current controller and transformer leakage inductance in LFO stability. Arrows ↑
stands for increments and ↓ stands for decrements.

Ltr kpcc & kicc Adjusted BWcc Stability Margins

- YES ↑ ↑ ↑

↑ YES - ↑ ↑ ↑

↑ NO ↓ ↑ ↑ ↑ + ↓↓ = ↑

7. Influence of Voltage Controller Bandwidth and DC-Link Capacitance

This section discusses the impact that the voltage controller can have on LFO stability,
as well as the influence of the DC-link capacitance. Stability analysis is performed using
the network impedance at the stability limit of the reference case (Z = Zs) presented in
Section 4. The power consumed at the DC link is PDC = 100 kW.

7.1. Influence of Voltage Controller Bandwidth

The input admittance of the traction chain was calculated for different values of the
voltage controller bandwidth (ωbvc = 2π · BWvc), with kpvc and kivc being tuned using
Equation (2). The remaining electrical and control parameters have been kept constant.

According to Figures 16 and 17, decreasing the voltage controller bandwidth increases
the gain margin, which improves system stability and increases the distance limit. Further-
more, it is observed that this action provokes the oscillation frequency decreases. From
Figure 17, smaller values of voltage controller bandwidth have stability limit curves with
larger slopes, which means that less damping (i.e., network resistance) is needed to maintain
system stability when the network inductance increases.

Figure 16. Bode diagram of the system eigenvalue λ1 for different values of voltage controller band-
width.
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Figure 17. Stability limit curve of a traction chain in the network reactance (X) and resistant (R)
complex plane. Variation of voltage controller bandwidth.

7.2. Influence of DC-Link Capacitance

Figure 18 shows the Bode diagram of the critical eigenvalue λ1 for different values of
the DC-link capacitance, from 50% to 200% of its nominal value (16 mF). Other electrical
and control parameters are kept constant.

Variation of DC-link capacitance has a non-linear impact on LFO stability: decreasing
Cd increments the gain margin; thus, stability is improved and the crossover frequency
increases. On the other hand, increasing Cd leads to an unstable system, but at some point,
this action is reversed, so at double the nominal value, the system becomes stable again.
This behavior is also appreciated in Figure 19, which shows that decreasing capacitance by
half has a considerable improvement in the stability limit curve. Increasing capacitance
slightly decreases the stability limit, but when the capacitance reaches 200% of its nominal
value, the limit is the same as the reference case.

It is important to note that the variation in DC-link capacitance implies that the voltage
controller bandwidth is modified as well, so the next section analyzes this issue.

Figure 18. Bode diagram of the system eigenvalue λ1. Variation of DC-link capacitance.
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Figure 19. Stability limit curve of a traction chain in the network reactance (X) and resistant (R)
complex plane. Variation of DC-link capacitance.

7.3. DC-Link Capacitance Variation with Constant Voltage Controller Bandwidth

In this section, variations in the DC-link capacitance are made while the control
parameters kpvc and kivc are tuned in order to maintain a constant bandwidth of 8 Hz
according to Equation (2).

Figure 20 shows the eigenvalue λ1 and the gain margin evolution for different values
of the capacitance, from 50% to 200% of its nominal value (16 mF). Decreasing Cd from
the nominal value raises the gain margin; thus, stability is improved. On the other hand,
increasing Cd leads to an unstable system.

Figure 21 shows that decreasing capacitance moves the stability limit curve up, and
increasing the capacitor takes the curve down. From these two figures, the non-linear
relationship between the variations of DC-link capacitance, gain margin and stability limit
is appreciated, since the sensitivity of the variation is not the same. Gain margin and
stability limit variations seem to be more sensitive at lower values of Cd.

Figure 20. Bode diagram of the system eigenvalue λ1. Variation of DC-link capacitance while keeping
the voltage controller bandwidth at 8 Hz.
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Figure 21. Stability limit curve of a traction chain in the network reactance (X) and resistant (R)
complex plane. Variation of DC-link capacitance while keeping the voltage controller bandwidth at
8 Hz.

7.4. Discussion

Although the study for the variation of voltage controller bandwidth and DC-link
capacitance shows a non-linear relationship among these parameters and the stability
margins, lower voltage control loop bandwidths and lower values of DC-link capacitance
always improve the LFO stability in the range of variations performed in this study.

A linear behavior was found only in a very small variation range (around 10% of nom-
inal values). Table 4 summarizes the relationships between the variation of the parameters
and the stability margins for very small variations.

From Table 4, three linear events are identified. First, decreasing the voltage controller
bandwidth increases stability margins. Second, variation of DC-link capacitance, while
the voltage controller bandwidth is kept constant, is inversely proportional to the varia-
tion of the stability margin. Finally, decreasing only the DC-link capacitance implies the
superposition of the first two events. These trends can be seen in Figure 22, which shows
that decreasing capacitance by 10% while BWvc is kept constant (i.e., re-tuning controllers)
goes further to the right of the critical point (i.e., more stable) than the case when only the
capacitance is decreased.

Figure 22. Nyquist plot for the eigenvalue λ1. Small variation of DC-link capacitance.
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Table 4. Impact of very small variations of voltage controller and DC-link capacitance on LFO stability.
Arrows ↑ stands for increments and ↓ stands for decrements.

Cd kpvc & kivc Adjusted BWvc Stability Margins

- YES ↓ ↑↑

↓ YES - ↑↑↑

↓ NO ↑ ↑↑↑ + ↓↓ = ↑

8. Impact of Phase-Locked Loop and Feedforward Signal

In this section, the influence of the PLL and the feedforward signal are studied. Two
PLL options are considered: PLL #1 is the synchronization method described in [13],
which achieves the synchronization by determining the zero-crossing of contact-line volt-
age. PLL #2 is described in [22] and it consists of a phase detector in a feedback loop;
this option uses an adaptive second-order generalized integrator (SOGI) to generate the
quadrature signal.

Figure 23 shows the estimated frequency time response for both cases when a step
occurs in the frequency of the contact-line voltage. Both systems are able to track the
frequency changes, with the only difference being that PLL #2 is faster than the original
synchronization system.
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Figure 23. Estimated frequency step response of two different phase-locked loops. The frequency of
contact-line voltage is changing to f = 49 Hz at t = 2 s, and going back to f = 50 Hz at t = 4 s.

With both PLL systems, two different configurations are considered for the generation
of the feedforward signal Vf f shown in the control diagram in Figure 2c. In addition to the
use of the feedforward estimator block, the signal Vf f can also be generated directly from
the output of the contact-line voltage filter as shown in [4]; thus, Vf f = Vr− f . Therefore, four
different cases are studied and compared, which is summarized in Table 5. Figure 24 shows
the traction chain input admittance, and Figure 25 shows the critical system eigenvalue λ1
using Bode and Nyquist plots for the four study cases.

Table 5. Study cases: influence of the PLL and the feedforward (FF).

PLL #1 PLL #2 Estimated FF Direct FF Stability Ranking

Case 1 X X BAD

Case 2 X X GOOD

Case 3 X X GOOD

Case 4 X X GOOD

Case 1 is the reference case, using the original synchronization system PLL #1 and
the feedforward estimator. According to Figure 25, the original case is at the stability limit
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(GM = 1). The replacement of only the PLL (i.e., case 2) improves the stability margin
by a factor larger than 2. With case 3, only the generation of the feedforward signal is
modified, and the stability is improved by at least a factor of 2. In summary, replacing only
the PLL or only the feedforward estimator improves stability. In case 4, both the PLL and
feedforward are modified; as expected, system stability improves, but the improvement is
not the addition of each individual effect of cases 2 and 3.
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Figure 25. System eigenvalue λ1. Influence of the PLL and the feedforward. (a) Bode diagram,
(b) Nyquist diagram.

The stability analysis of cases 1 and 2 might suggest that PLL #1 is the main source
of instabilities. However, the large stability margin of case 3 would not support this
assumption. For cases 3 and 4, the feedforward signal is taken directly from the voltage
filter, which means that no dynamic influence of the synchronization system exists in the
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generation of the feedforward signal. Thus, the impact of the PLL can only be noticed
when the estimator block is used to generate the feedforward signal such as in cases 1 and
2. Since the main difference between PLL #1 and PLL #2 is the system delay in the transient
state as shown in Figure 23, this suggests that the delay in the feedforward signal has an
important influence on LFO stability.

In summary, large stability margins are presented in cases 3 and 4 since only the small
delay of the contact-line voltage filter influences the feedforward signal dynamics. A fast
synchronization system, such as PLL #2 in case 2, results in a small delay of the feedforward
signal as well. On the other hand, in case 1, the low dynamics by the synchronization
system results in a large feedforward delay.

To check this hypothesis (i.e., the influence of the feedforward signal delay), the
original (Filter #1) contact-line voltage filter, from Figure 2c, in charge of filtering the third
and fifth voltage harmonics, was first replaced by a band-pass filter (Filter #2) with a slower
dynamic and later by a first-order high bandwidth low pass filter (Filter #3) that has a very
fast dynamic. It is important to mention that the goal of this study was not the rejection
of harmonics, but rather a sinusoidal contact-line voltage waveform with no harmonics is
considered; therefore, the criterion for choosing the voltage filter was based on the speed
of the dynamic response that minimizes delays. Filter #3 is closer to the case of having no
filter since almost no delays are present.

Figure 26 shows the traction chain input admittance, and Figure 27 shows the critical
system eigenvalue λ1 using Bode and Nyquist plots for the three different filters; PLL #2
and the estimated feedforward signal are used for this analysis, and the original reference
case is also plotted. As the hypothesis suggested, the stability margin is proportional to the
filter delay, and from the figure is clear that the system with the fastest filter (i.e., Filter #3)
has the largest gain margin.

Figure 26 shows that for the cases with better stability margins, the phase of the input
admittance Yqq gets closer to 0º at very low frequencies (i.e., the gain margin is proportional
to the phase of the input admittance Yqq at very low frequencies).
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Figure 27. System eigenvalue λ1. Influence of contact-line voltage filter. (a) Bode diagram, (b) Nyquist
diagram.

9. Conclusions

In this paper, impedance-based stability analysis techniques in the frequency-domain
have been used to study the impact of electrical and control parameters in the appearance
of low frequency oscillations, including contact-line length (i.e., distance from substation),
consumed power, bandwidth of current and voltage controllers, leakage inductance of
transformer, DC-link capacitor, synchronization system and feedforward signal. Time-domain
simulations were further used to validate the results of the analysis.

The influence of the contact-line length and number of traction chains on LFO has been
widely reported. The study of the impact of power consumption shows that the worst case
for instability is at low power. The stability limit curve for different power consumption
levels was presented with a specific pattern of its evolution.

It has been concluded that current control bandwidth and stability margins have a
linear relationship. Variations of transformer leakage inductance are inversely proportional
to the current control bandwidth, this effect can be canceled by tuning controllers to keep
the bandwidth constant; then, the leakage inductance and stability margins will also show
a linear relationship.

Decreasing voltage controller bandwidth increases gain margin. On the other hand,
the variation of DC-link capacitance showed a non-linear relationship with the stability
margins, where increasing capacitance decreases stability margins and voltage controller
bandwidth, but at some point, stability margins will be reversed. Finally, decreasing
DC-link capacitance while keeping constant the voltage controller bandwidth causes a
monotonous improvement of the system stability for the range of variations considered in
this study.

Faster dynamics for the PLL improves the low-frequency stability. Delays of the
feedforward signal were observed to increase the risks of LFO, but this topic requires
further research.

For future research on low-frequency stability, the influence of using different types
of compensators for the control of the onboard transformer current should be studied.
Proportional resonant compensators and PI compensators in the dq reference frame
should be considered; therefore, a comparative analysis can be performed. As already
mentioned, the low-frequency stability for multiple trains located at different positions of
the contact-line was out of the scope of this paper but it should be considered for future
research since it has not been reported yet.

Author Contributions: Methodology, P.L. and N.R.; traction chain model, P.L. and N.R.; implementation
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Figure 27. System eigenvalue λ1. Influence of contact-line voltage filter. (a) Bode diagram,
(b) Nyquist diagram.

9. Conclusions

In this paper, impedance-based stability analysis techniques in the frequency-domain
have been used to study the impact of electrical and control parameters in the appearance
of low frequency oscillations, including contact-line length (i.e., distance from substation),
consumed power, bandwidth of current and voltage controllers, leakage inductance of
transformer, DC-link capacitor, synchronization system and feedforward signal. Time-
domain simulations were further used to validate the results of the analysis.

The influence of the contact-line length and number of traction chains on LFO has been
widely reported. The study of the impact of power consumption shows that the worst case
for instability is at low power. The stability limit curve for different power consumption
levels was presented with a specific pattern of its evolution.

It has been concluded that current control bandwidth and stability margins have a
linear relationship. Variations of transformer leakage inductance are inversely proportional
to the current control bandwidth, this effect can be canceled by tuning controllers to keep
the bandwidth constant; then, the leakage inductance and stability margins will also show
a linear relationship.

Decreasing voltage controller bandwidth increases gain margin. On the other hand,
the variation of DC-link capacitance showed a non-linear relationship with the stability
margins, where increasing capacitance decreases stability margins and voltage controller
bandwidth, but at some point, stability margins will be reversed. Finally, decreasing
DC-link capacitance while keeping constant the voltage controller bandwidth causes a
monotonous improvement of the system stability for the range of variations considered in
this study.

Faster dynamics for the PLL improves the low-frequency stability. Delays of the
feedforward signal were observed to increase the risks of LFO, but this topic requires
further research.

For future research on low-frequency stability, the influence of using different types
of compensators for the control of the onboard transformer current should be studied.
Proportional resonant compensators and PI compensators in the dq reference frame should
be considered; therefore, a comparative analysis can be performed. As already mentioned,
the low-frequency stability for multiple trains located at different positions of the contact-
line was out of the scope of this paper but it should be considered for future research since
it has not been reported yet.
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ABSTRACT Dynamic interactions among the AC railway traction network and power electronics converters
feeding the trains have been reported to cause low-frequency oscillations (LFO) of the catenary voltage and
current. This can result in railway system instability, eventually leading to a power outage and the shutdown
of the train traffic. To avoid LFO, control of train power electronic converters must be properly designed
and tuned. Experimental verification of control performance regarding the LFO phenomenon in the railway
traction network is not easy. Alternatively, the railway traction network can be emulated using a power
electronic converter, which would feed the train power converter under test. This paper addresses the design
of a network emulator able to reproduce the dynamic behavior of the actual network at low frequencies,
including LFO. Three different options will be considered for the network emulator. Their performance will
be studied first by means of simulations. Finally, the selected solution will be verified on a downscale test
bench.

INDEX TERMS Low-frequency oscillations, resonant stability, railway system, traction unit, railway
traction power supply, catenary emulator, power-hardware-in-the-loop, real-time simulation, grid-forming
voltage source inverter.

I. INTRODUCTION
Modern onboard railway systems include a large number
of power electronic converters aimed to improve the con-
trollability and efficiency of the train. While the bene-
fits brought by power electronic converters are undoubtful,
dynamic interactions among these and the railway traction
network can produce undesired phenomena which might
result in power system instability, including low-frequency
oscillations (LFO) [1], [2], [3], [4], [5], [6], [7].

LFO have been reported worldwide for different types
of railway traction networks under different operating

The associate editor coordinating the review of this manuscript and

approving it for publication was Sze Sing Lee .

TABLE 1. Reported LFO cases.

conditions, see Table 1. This phenomenon leads to a large
variation of the catenary voltage and current at relatively
low frequencies, typically in the range of 10%-30% the
fundamental frequency (f0) [4]. Harmful consequences of
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such events include malfunction of protection systems,
overvoltages/overcurrents that could damage the electri-
cal/electronic equipment, transportation delays, among oth-
ers [5], [7].

Different methods such as pole migration analysis [4], [8],
[9] and impedance-based analysis [6], [10], [11], [12] have
been used to study the LFO phenomenon. In these methods,
the network impedance and the train input admittance are
required to determine the railway system stability. The net-
work impedance should be provided by the grid infrastructure
administrator. On the other hand, the train input admittance
can be measured using a frequency response test [6]. Alter-
natively, the train admittance can be obtained from analytical
models [7], [13]. However, these models have been reported
not to be accurate enough [14].

In [2], [5], it was concluded that LFO are influenced by the
negative train input admittance, which appears due to the train
behaving as a constant power load. On the contrary, regen-
erative breaking will inject power into the grid, improving
stability [2]. So, LFO will only appear in motoring operation
mode.

The LFO phenomenon has been mainly reported both for
multiple trains in depot [6], [7] and for a train operating
at a very long distance from the substation [2], [5]. This
paper focuses on this last scenario. Therefore, the stability
limit of the railway system for LFO will be defined as the
maximumdistance that a traction unit (i.e., a train) consuming
a certain amount of power can reach from the substation. The
maximum distance is associated with a maximum value of
the network impedance. This limit is influenced by the train
parameters such as transformer leakage inductance, DC-link
capacitance, voltage and current control design and band-
widths, and the synchronization method used by the onboard
catenary-side converter [11].

Testing the LFO phenomenon in a railway traction net-
work is not easy, as the results would only be valid
for that specific network, also it could affect other users
operating in the catenary line [1]. Alternatively, train-
network interactions can be studied by means of simulations.
Available approaches for this purpose would include off-line
simulations; real-time simulation platforms such as software-
in-the-loop (SIL); hardware-in-the-loop (HIL); and power-
hardware-in-the-loop (PHIL), each having advantages and
disadvantages. Off-line simulations are commonly used dur-
ing the initial analysis. However, real-time simulations are
required at further development stages to properly evaluate
the performance of the control. Only real-time options are
considered in this paper.

SIL simulation integrates the compiled source control code
into a time simulation. In HIL solutions, the source code is
implemented on the actual control platform; different options
exist in this case, mainly related to time resolution, e.g.,
depending on whether switching events are reproduced or
only the average behavior over a switching period is con-
sidered. Independently of the implementation being used,
no physical power flow occurs.

Finally, PHIL usually is made up of two parts: the emu-
lator, and the unit under test (UUT). The emulator consists
of an electronic power converter and associated real-time
control, which interacts with the UUT, involving power
exchange [15], [16]. This allows testing of UUT parts such
as power semiconductor devices, transformers, capacitors,
and inductors under close-to-real-world operating conditions
before their integration in the real system.

The aim of this paper is to design, model, and build an
emulator prototype of the railway traction network, able
to reproduce the low-frequency oscillation phenomenon. In
this study, the UUT consists of a four-quadrant power con-
verter (4QC), which is responsible for generating the DC-link
feeding all onboard systems. The interactions between the
emulator and the 4QC should reliably reproduce the LFO
phenomenon occurring in the real railway traction system.
The emulator will be used to validate the response of the
4QC in adverse scenarios regarding LFO, and redesign train
voltage and current controllers if needed. Furthermore, con-
trol mitigation techniques implemented in the controllers of
traction units such as in [3] could be tested in this platform.

The paper is organized as follows: section II describes
the railway system model further used for the LFO study;
section III deals with LFO description and modelling;
section IV discusses different design options for the emula-
tor; section V presents the filter design for the train-emulator
connection; simulation results are presented in section VI;
section VII deals with the test bench construction and experi-
mental results; finally, conclusions are drawn in section VIII.

It is finally noted that the prototype shown in this paper is
intended as a proof of concept and was designed for down-
scale power and voltage values (10 kW AC 200 V/50 Hz),
which are significantly smaller than the actual (full-rated)
system values (n-hundred kW AC 25 kV/50 Hz). Based on
this experience, the design of a full-rated emulator with the
concepts proposed here is ongoing.

II. RAILWAY SYSTEM MODEL
A simplified representation of the railway system is shown in
Fig. 1. It consists of two main elements: the traction network
(i.e., power supply network) and the train [10], [12], [17],
[18]. The power supply network is composed of an ideal volt-
age source which can be DC or AC, and the transmission line
(i.e., catenary line). AC 25 kV/50 Hz electric power supply is
considered here. For the study of LFO, an equivalent circuit of
the transmission line based only on resistance and inductance
is widely used [1], [5], [7], [9], as line capacitive effects can be
safely neglected at low frequency. Fig. 2 shows the equivalent
railway system model that will be used in this study, where
vc is the catenary voltage at PCC between the network and
the train, and is is the catenary current. Network inductance
(Ls) and resistance (Rs) vary almost linearly with the catenary
line length (i.e., the distance between the substation and the
train).

The main elements in the train are: power transformer,
L-filter, single-phase four-quadrant power converter (4QC),
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FIGURE 1. Simplified representation of the railway system. AC
25 kV/50 Hz electric power supply is considered in this work.

FIGURE 2. Railway control system model. (a) Train-Network model,
(b) Current controller, (c) SOGI, (d) DC Voltage controller, (e) PLL.

DC-link capacitor, and traction drives consisting of inverters
and motors. The 4QC behavior will determine the interac-
tion between the train and the network [1], [5], [8], [9].
On the other hand, switching harmonics will not affect
the low-frequency dynamics involved in the LFO phe-
nomenon [8], [17]. It is safe therefore to replace the traction
drives by an equivalent linear load as shown in Fig. 2, enor-
mously simplifying analysis and simulations.

A cascaded control structure consisting of an outer volt-
age control loop and an inner current control loop is used.
Therefore, the DC-link voltage vdc is regulated through
the controlled train current in. The 4QC control shown
in Fig. 2 operates in dq coordinates, aligning the d-axis
with the catenary voltage complex vector. Current and volt-
age controllers were tuned using zero-pole cancellation as
described in [19], with BWCC−t and BWVC−t being the cor-
responding bandwidths (subscript −t stands for train control
parameters, to distinguish from emulator parameters, −e, dis-
cussed later). A phase-lock loop (PLL) is used to obtain the
estimated grid voltage phase angle θ̂ , which is required for the
coordinate transformations into the synchronous reference
frame [13]. The PLL was designed and tuned as described

in [20], where the selection of the proportional gain ki−PLL
involves a trade-off between PLL filtering capability and
dynamic response, and the integral gain is chosen as ki−PLL =
k2p−PLL/2. A second-order generalized integrator (SOGI) is
used to obtain the quadrature signals. The gain ki−SOGI of
the second order generalized integrator (SOGI) was chosen
as described in [5].

III. LFO MODELING
An example of the catenary line voltage and train current
waveforms when the LFO phenomenon occurs, and the cor-
responding harmonic spectra, are shown in Fig. 3 [9]. The
fundamental frequency of the AC signals is f0, with their
magnitude (envelope) varying at a frequency fosc. The fre-
quency spectra show the fundamental component f0 with two
sideband components at fL = f0 − fosc and fH = f0 + fosc
respectively. The fundamental angular frequency is defined
as ω0 = 2π f0.

The waveforms in Fig. 3 can be approached as (1).

u(t) = U (t) sin (2π f0t)

= [U0 +1U cos (2π fosct)] sin (2π f0t)

FIGURE 3. Simulation results. AC 25 kV/50 Hz railway power supply.
(a) Catenary line voltage and train DC-Link voltage. (b) Train current.
Frequency spectrum of (c) catenary line voltage and (d) train current FFT.
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FIGURE 4. Eigenvalue migration for different catenary line length.

= U0 sin (2π f0t)+
1U
2

sin (2π fL t)

+
1U
2

sin (2π fH t) (1)

A widely used approach for LFO analysis is to develop
a small signal model of the power network and train input
admittance [8]. Fig. 4 shows an example of the dominant
eigenvalue migration of the resulting system as the catenary
line length increases [9]. The stability limit occurs when
the eigenvalues cross the imaginary axis of the complex
plane [8]. It is observed that the risk of instability increases
with the distance from the substation. The frequency at which
the eigenvalues cross the imaginary axis corresponds to fosc
in (1).

IV. TRACTION NETWORK EMULATOR DESIGN
This section discusses different approaches for the design of
the railway traction network emulator aimed to reproduce the
LFO phenomenon. In order to perform this task, the emula-
tor should be able to simulate the railway system dynamics
for changing values of the network resistance (Rs) and the
network inductance (Ls) with the variable distance from the
train to the substation.

A. SYSTEM DESCRIPTION
As discussed in Section II, the two main elements of the
railway system model are the power supply network (i.e.,
ideal voltage source and varying impedance) and the train
(see Fig. 5a). The power supply emulator replaces the power
supply network feeding the train as shown in Fig. 5b and
Fig. 5c. The emulator consists of two main structures:
• Real-time simulator. It reproduces the dynamic behavior
of the power supply network in real-time, its output
being the catenary voltage reference, v∗c . Its design is
discussed in Subsection IV-B.

• Single-phase voltage source inverter (VSI) operating in
a grid-forming mode. It supplies the desired catenary
voltage vc to the train, it is described in Subsection IV-C.

It is noted that in the railway system model from Fig. 2,
the power supply network current is and the train current in

FIGURE 5. Railway system model and emulator models. Superscript ‘‘v ’’
indicates virtual variables.

are different due to the step-down transformer present in the
traction unit. For the analysis in this section, the transformer
will not be considered, therefore is = in as shown in Fig. 5a.
However, it was preferred to keep both current definitions in
the schematics to visualize the actual physics of the system.
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B. REAL-TIME SIMULATOR
The design of the real-time simulator is not trivial. Three
different options will be discussed, which correspond to dif-
ferent stages of this research, i.e., later options improve the
limitations found in the preceding ones. The reason to include
earlier designs is to highlight those aspects which will play a
relevant role in accurate emulation of the LFO phenomenon
occurring in the railway system.

For the discussion following, variables that exist only in
the simulator, i.e., virtual variables, will be indicated by a
superscript ‘‘v’’. There are variables that coincide both in the
virtual domain and in the physical domain. Such variables are
labeled without ‘‘v’’ superscript.

1) OPTION 1: OPEN-LOOP
In this option, the simulator generates the catenary voltage
reference, v∗c , simulating the complete railway system. The
configuration is shown in Fig. 5b. The simulator includes a
virtual power supply network and a virtual train. The load
connected to the virtual DC-link is a constant resistance RvL .
This option requires previous knowledge of train parame-
ters as it runs in parallel with the physical train (i.e., real
train). Furthermore, there is no feedback from the physical
train to the emulator. Consequently, this option works only
properly for constant values of train load RL , since in this
case, RvL = RL . However, if a change in load RL is desired,
it should simultaneously occur along with a change in RvL in
the virtual domain, which can be problematic due to the lack
of information that the emulator receives from the physical
train. Option 2 overcomes this drawback, as will be discussed
following.

2) OPTION 2: CLOSED-LOOP
This option is also shown in Fig. 5b. RvL is now replaced
by a controlled current source as a virtual load. By doing
this, the load current in the simulator will track the measured
load current iL which circulates through the real load RL .
Therefore, this option allows emulation with varying loads.

Regardless of this improvement, a drawback of both
options 1 and 2 is they require in advance precise knowl-
edge of control design and tuning of the UUT to emulate
catenary voltage dynamics, which is not often available.
The approach discussed next is aimed at overcoming this
drawback.

3) OPTION 3: PHIL
This option is shown in Fig. 5c. A virtual RL circuit is used to
obtain the estimated catenary voltage V̂c(s). From the railway
system model in Fig. 5a, the equation defining the catenary
voltage Vc(s) is given by (2).

Vc(s) = Vs(s)− (Lss+ Rs) Is(s) (2)

Since this equation is a non-causal system, it cannot be
used for estimation purposes. A low-pass filter is then added

for real-time implementation, see (3) and Fig. 6. A time con-
stant of τ = 31.8 µs was selected, corresponding to a cut-off
frequency of 5 kHz. This is the maximum frequency comply-
ing with the Nyquist-Shannon criteria considering 10 kHz as
the sampling frequency of the grid-forming VSI [21].

V̂c(s) = Vs(s)−
(Lss+ Rs)
τ s+ 1

In(s) (3)

FIGURE 6. Real-time simulator block diagram in the PHIL system.

A simplified representation of a PHIL system is shown in
Fig. 6. Here, the closed-loop configuration that the real-time
simulator creates between the grid-forming VSI and the train
is easily seen. An appealing characteristic of this option is
that it does not require previous knowledge of train char-
acteristics. The train can be considered a black box, the
emulator behaving as a power supply network whose prop-
erties are independent of the load (i.e., train). This option
also allows the implementation and testing of controls strate-
gies aimed to mitigate LFO such as Power-Oscillation-
Damping [3] and Virtual-Impedance-Based Suppression
Method [22].

C. GRID-FORMING VSI
The block diagram of the single-phase VSI is shown in Fig. 7.
It consists of a two-level single-phase converter (H-bridge),
which is fed from a voltage source on the DC-side, and has
an LC filter connected to its AC side. Unipolar modulation is
used in this study.

A cascaded control is used as shown in Fig. 7. The inner
loop controls the inductor current ie, while the outer loop con-
trols the capacitor voltage vc (i.e., catenary voltage), to which
the traction unit is connected.

Current control is performed in a stationary reference
frame using a proportional-resonant (PR) controller as shown
in Fig. 7(b). The corresponding transfer function is given
by (4), where kp−cc and kr−cc are the gains to be tuned
to obtain the desired closed loop current control bandwidth
BWCC−e [23], see (5) and (6). The basic concept of the PR
controller is to obtain an infinite gain at a selected resonant
frequency, as this will guarantee zero steady-state error at
that frequency. The resonant controller can be seen therefore
as a generalization of the PI controller, in which the infinite
gain occurs not at DC, but at the desired frequency. The
resonance frequency is the fundamental frequency f0. The
coefficientKf adjusts the bandpass in (4), it takes values from
0.25 to 1 [23]. Furthermore, in Fig. 7(b) the measured train
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FIGURE 7. Grid-forming single-phase VSI. (a) Overall block diagram,
(b) Current controller, (c) Voltage controller.

current in is added to the current command as a feed-forward
term to improve the dynamic response of the voltage control
loop [19].

PR(s) = 2kp−cc
s2 + s

(
kr−cc/kp−cc

)
+ (2π f0)2

s2 + (2π f0)2
(4)

kp−cc =
√
2 (2πBWCC−e)Le (5)

kr−cc = Kf (2πBWCC−e)
2 Le (6)

The catenary voltage control is performed in a synchronous
reference frame using a PI controller as shown in Fig. 7c,
where the proportional gain and the integral gain are given
by (7) and (8) as function of the desired voltage control
bandwidth BWVC−e.

kp−vc =
√
2 (2πBWVC−e)Ce (7)

ki−vc = (2πBWVC−e)
2 Ce (8)

A virtual quadrature component of the catenary voltage
is obtained by delaying 90 degrees the alpha component.
For that purpose, the filter in (9) is used. Feedforward terms
are used in the voltage controller to eliminate cross-coupling
between d− and q−axes, see Fig. 7c.

GDelay−90(s) =
2π f0 − s
s+ 2π f0

(9)

D. MULTIPLE TRAINS
From Subsections IV-C to IV-A, it is noted that the emulator
is aimed to replace the traction network. For the case when
multiple trains are in the depot (i.e., located at the same

place), it does not modify the network topology since all the
trains are connected in parallel. Therefore, only one train with
an equivalent input admittance can be used.

On the other hand, for the case of multiple trains operating
in the same power supply section at different locations, the
network topologymust bemodified to include additional con-
nection nodes, therefore, the virtual network in the real-time
simulator must be modified, but the proposed methodology
would still apply. Also, additional virtual trains can be added.

These analyses are not included in this article due to space
constraints, but it is worth it to mention them.

V. INVERTERS AND FILTER DESIGN
Design of inverters and passive elements of the downscale
prototype is addressed in this section. A similar methodology
would be followed for the full-rated emulator.

As observed from Fig. 5b, grid-forming VSI and 4QC
are connected through LC + L filters. Ln corresponds to
the inductance seen by the 4QC (see Fig. 2). It should be
large enough to filter the current harmonics, but realizing that
excessively large values will limit power transfer capability.
Therefore, a trade-off is required. For simulations and test
bench, a DC-link voltage Vdc = 300 V has been selected for
the inverters, with a catenary peak voltage of Vc = 200 V.
These voltages were chosen to provide a large safety margin
with respect to power devices and DC-link capacitor voltage
limits, as some of the experiments reproducing LFO might
produce large excursions of the voltages. Nominal power of
10 kW,with a current ripple< 4%of the train nominal current
have been defined as design targets.

The maximum transfer power with a unity power factor
between train and network is given by (10) [24]. From this
equation, a value of Ln = 7.1 mH is obtained to transfer
the targeted power Pn = 10 kW. Due to availability issues,
a value of Ln = 6 mH was selected.

Pn =

√
V 2
c V

2
dc − V

4
c

2Xn
(10)

Current ripple can be approached using (11), where load
angle ψ is the phase difference between catenary voltage vc
and the 4QC terminal voltage vt [24].

1i(%) =
π
√
(2)Vc (1− (Vt/Vdc) cos(ψ))

(fsw/f0)XnIn
100 (11)

For the targeted current ripple limit of 4 % and the selected
value of Ln, the switching frequency provided by (11) is fsw =
7.5 kHz. A slightly larger value, fsw = 10 kHz, was finally
chosen.

Once Ln is selected, there would be two degrees of freedom
for the design of catenary emulator LC filter [25]. An option
in this case is to analyze the LC + L filters as an equivalent
LCL filter. It is advantageous for the design of LCL filters to
have the same values for both inductances, as this minimizes
the size of the filter components [26].

Assumed that the inductances have been selected such
that Le = Ln = L, and neglecting the resistive terms of
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inductances and capacitors, the transfer function between the
capacitor voltage at the point of coupling (i.e., vc) and the
voltage being applied by any of the two inverters (i.e., vt ,ve)
is given by (12). The filter behaves as a second order system,
an undamped resonance occurring at the cut-off frequency ωc
which is given by (13).

Vc(s)
V (s)

=
1

s2LCe + 2
(12)

ωc =

√
2
LCe

(13)

Capacitor Ce was chosen to get a cut-off frequency
around 600 Hz, which is much higher than the fundamen-
tal frequency but far enough from the switching frequency.
The parameters of 4QC and VSI filters are presented in
Tables 2 and 3 respectively. Fig. 8 shows the resulting Bode
diagram from (12). It is observed that the attenuation at the
switching frequency is larger than −50 dB.

TABLE 2. Train-network parameters.

Any topology able to produce a single-phase AC voltage
with a fundamental frequency of 50 Hz would be suitable for
grid-forming VSI. Two issues should be considered. First,
since the LFO will occur when the active power is flowing
from emulator to 4QC, the grid-forming converter will not

FIGURE 8. Bode diagram of capacitor vs. inverter voltage. Vc (jω)/V (jω).

TABLE 3. Network emulator parameters.

be required to absorb power. Second, to reduce the effects of
switching harmonics produced by the grid-forming inverter
and ease the design of the LC filter at the output of the emu-
lator, high switching frequencies and/or multilevel topolo-
gies (e.g., NPC) are preferable, however, cost and control
complexity must be also considered. A two-level full bridge
has been used for the downscale prototype developed in this
paper. The same topology has been considered for the 4QC.

VI. SIMULATION RESULTS
In this section, time domain simulations of the emulation
methods proposed in Section IV (see Fig. 5) are carried out
to test their performance.

The behavior of the railway system model in Fig. 5a will
be first simulated in Subsection VI-A to be later used as a
reference to assess the performance of the different methods.
Power supply network parameters and train control parame-
ters are shown in Table 2.

Regarding the catenary emulator, it has been observed dur-
ing this work that the bandwidths of the voltage and current
controllers of the grid-forming VSI will strongly affect to the
emulator capability to accurately reproduce LFO. To illus-
trate this, the behavior of the different emulator designs was
tested for two different sets of control bandwidths; set #1
is (BWVC−e = 50 Hz, BWCC−e = 500 Hz), and set #2 is
(BWVC−e = 100 Hz, BWCC−e = 1000 Hz). Emulator param-
eters are shown in Table 3. On the other hand, train voltage
and current control bandwidths, BWVC−t and BWCC−t , were
kept constants for all the cases.

A. LFO USING RAILWAY SYSTEM MODEL
Fig. 9 shows the DC-link voltage, catenary voltage, and train
current using the railway system model shown in Fig. 5a,
when step-like changes in network impedance occur. Such
changes would reproduce the effect of increasing the trans-
mission line length from the substation transformer to the
traction unit. It is noted that while step-like changes will not
occur in the real system, still they are a useful excitation to
obtain the damping ratio, settling time, oscillation frequency,
and eigenvalues for the system time response. Indeed, step-
like changes they have been frequently used for LFO and
stability studies [1], [5], [8]. It is observed from Fig. 9 that
LFO progressively develop when the impedance increases
keeping constant the L/R ratio, the stability limit occurring
at Ls = 10 mH and Rs = 150 m�.

Since increasing the network impedance decreases system
damping and increases the settling time, it is inferred that
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FIGURE 9. Simulation results. LFO when line inductance and resistance
increase from (Ls = 4 mH, Rs = 60 m�) to (Ls = 10 mH and Rs = 150 m�)
in steps of 1Ls = 2 mH and 1Rs = 30 m�) at t = 0.2 s, t = 1 s, and
t = 2.5 s.

FIGURE 10. Simulation results using option 1 for emulator. Line
impedance increases from Ls = 8 mH, Rs = 120 m� to Ls = 10 mH,
Rs = 150 m� at t = 0.2 s. From top to bottom: DC-link Voltage, catenary
voltage and train current. BWCC−e = 500 Hz, BWVC−e = 50 Hz.

critical system eigenvalues move from the negative real side
of the complex plane (i.e., stable region) to the right (i.e.,
unstable region). At the stability limit, the real component
of critical eigenvalues is zero, and the imaginary component
can be identified from the oscillation frequency, which is
fosc ≈ 9 Hz.

B. LFO USING OPEN-LOOP EMULATOR (OPTION 1)
Fig. 10 shows LFO when network inductance and resistance
increase using option 1 of the emulator in Fig. 5b. Only the
results for set #1 of voltage and current control bandwidths
are presented, as no significant differences were found for
this particular case when using set #2.

FIGURE 11. Simulation results using option 2 for the emulator. Line
impedance increases from Ls = 8 mH, Rs = 120 m� to Ls = 10 mH,
Rs = 150 m� at t = 0.2 s. From top to bottom: DC-link Voltage, catenary
voltage and train current.

The DC-link voltage response of the real railway system
model is also shown in Fig. 10 for comparison purposes.
A good agreement is observed between real and emulated
systems. However, simulations using this option are only
possible if the load RL is constant, and the precise knowl-
edge of train control design is available as discussed in
Subsection VI-F, which might not be always possible.

C. LFO USING CLOSED-LOOP EMULATOR (OPTION 2)
Time-domain simulation results using the emulator model
option 2 are shown in Fig. 11 for the two different sets of
controllers bandwidths. As shown in Fig. 11a, the system
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FIGURE 12. Simulation results using option 3 for the emulator. Line
impedance increases from Ls = 8 mH, Rs = 120 m� to Ls = 10 mH,
Rs = 150 m� at t = 0.2 s. From top to bottom: DC-link Voltage, catenary
voltage and train current.

becomes unstable when the change in line impedance is
applied. Increasing VSI control bandwidth slightly reduces
the rate of increase of the oscillations, but still, the system is
unstable as shown in Fig. 11b. These results suggest that the
use of this option is not advisable as it fails to reproduce the
LFO phenomenon.

D. LFO USING PHIL EMULATOR (OPTION 3)
Time domain simulations using the PHIL-Emulator are
shown in Fig. 12. The case for bandwidths set #1 is shown in
Fig. 12a. The response is seen to be more damped compared
to the actual power system response, LFO also occurring at

FIGURE 13. Simulation results using network emulator options 1 and 3.
Line impedance Ls = 8 mH, Rs = 120 m�. Load step change from
RL = 100 m� to RL = 200 m� at t = 0.2 s. Control bandwidths:
BWCC−e = 1000 Hz, BWVC−e = 100 Hz.

lower frequencies (8 Hz for emulator vs. 9 Hz for the actual
railway system model). The improvement when VSI con-
trollers bandwidths are increased can be observed in Fig. 12b,
but oscillations are seen still to be slightly damped and occur
at a slightly lower frequency compared to the actual railway
system case.

E. RESPONSE TO LOAD CHANGES (VARIABLE RL)
Time domain simulations showing the response to step
change in the load using the emulator model options 1 and 3
are shown in Fig. 13. Option 2 was not considered for this test
since its performance has already been found to be inferior in
Subsection VI-C.

From Fig. 13 the emulated systems and the railway system
reach the same steady-state, however, they present different
dynamics, this can be appreciated in the transient state. The
emulator option 1 is not capable to emulate the railway system
dynamic for this type of test, on the other hand, option 3 is
able to reproduce the phenomenon accurately.

F. SUMMARY
It is concluded from the simulations presented in this section
that the highest accuracy in reproducing LFO would be
obtained using Option 1 for the emulator. However, this
option implies that current and voltage control structures and
tuning are the same for emulator and actual train, whichmight
be difficult to achieve or even impossible in practice. It is
interesting to note although the simulation for this option
was performed in real-time, this is not actually required,
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FIGURE 14. Experimental test bench.

FIGURE 15. Experimental results. Catenary voltage step response. From
Vc = 150 V to Vc = 200 V at t = 0.45 s.

as there is no feedback from the real train to the emulator.
Therefore, it would be perfectly possible to simulate the train
behavior off-line and use the catenary voltage resulting from
the simulation to provide the reference signal to emulator v∗c
(see Fig. 5b).

In contrast with option 1, option 2 includes a feedback
mechanism as it uses the train load current iL to feed the
emulator. However, this method still requires knowledge of
train controllers. Furthermore, it is observed from simulation
results that this option has the worst accuracy in reproducing
the behavior of the actual power system.

Finally, option 3 shows good accuracy in reproducing LFO,
and doesn’t require knowledge of train control, making it
especially appealing.

G. DISCUSSION
As already explained, the low-frequency oscillations are pro-
duced by the dynamic interaction between the power supply
network and the train (i.e., 4QC) [13]. For option 1 of the
emulation; the dynamic interaction which provokes LFO,
happens entirely in the simulator between the virtual power

FIGURE 16. Experimental results. System response to step-like changes in
power network impedance as indicated in the captions. Changes occur at
t = 0.2 s. For each case, from top to bottom: DC-link voltage, catenary
voltage, and train current. Simulation results are shown for comparison.
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supply and the virtual train. In this option, the physical train
doesn’t contribute to LFO formation due to the open-loop
configuration.

For option 2, the dynamic of the physical train is now in
the closed-loop, and it participates in the LFO formation.
This implies repeated elements in the loop. For instance, the
dynamics of the 4QC voltage and current controllers affect
the system twice (due to the physical train and the virtual
train). Although these repeated elements do not affect the
steady-state response, they add delays, which impact the
transient response and the system dynamics. System delays
were already reported to influence LFO instability [11], and
would explain the inaccuracy of this option to reproduce the
LFO phenomenon.

Using the third option (PHIL-Emulator), LFO are the result
of the interaction between the virtual power supply network
and the physical train. Although the dynamic of grid-forming
VSI is in between, large values of voltage and current con-
trol bandwidths, which make this system fast enough, allow
accurately replicating of the LFO phenomenon.

In conclusion, high control bandwidths would be desirable,
as this would reduce control delays which can severely affect
emulator performance. The maximum bandwidth that can be
achieved would be limited by Nyquist sampling theorem in
the first place. A second concern for the selection of the
bandwidths would be the noise mainly coming from sensors,
during implementation this was found to be indeed the main
limiting factor for the selection of the gains of the controllers,
see Section VII. Further, it is noted that although all the pre-
ceding discussion on the tuning of the controllers has focused
on the concept of bandwidth, other design aspects, such as
natural frequency or settling time, could be used instead for
the same purpose since they also contain information about
system delays. The detailed impact of additional indices,
e.g., damping coefficient, might also need to be considered.
A thorough analysis of the influence of controller design
and tuning on emulator performance is a matter of ongoing
research.

Finally, in terms of implementation in the micro-controller,
option 3 requires less computational effort than the other
two options, in which relatively complex electronic power
converters have to be simulated in real-time.

VII. EXPERIMENTAL RESULTS
This section presents experimental results obtained using the
Option 3 (PHIL-Emulator) discussed in Subsection IV-B3.
The other two options were disregarded for experimental
verification as they were concluded to be inferior. The test
bench is shown in Fig. 14. Its design was already discussed
in Section V. Power supply parameters, train parameters and
emulator parameters are the same as for the simulation results
in Section VI (see Tables 2 and 3).

Current control and voltage control bandwidths of
BWVC−e = 50 Hz and BWCC−e = 500 Hz, respectively, have
been used in the test bench. It was discussed in Section VI-D
the relevance of emulator control bandwidths for the accurate

reproduction of LFO. Unfortunately, signal noise content in
the real system avoided the use of the higher bandwidths.
Fig. 15 shows the catenary voltage step response to test the
control action of grid-forming VSI.

Fig. 16 shows the system response to changes in the virtual
catenary impedance. LFO are seen to develop as the virtual
network impedance increases, eventually reaching the stabil-
ity limit in Fig. 16c. Oscillation frequency at the stability limit
occurs at around 8 Hz, which is in good agreement with the
simulation results from Fig. 12a. The limit values of power
network impedance also agree with the values obtained in
the simulation. This confirms the correctness of the proposed
approach.

VIII. CONCLUSION
The design of a network emulator able to reproduce the
dynamic behavior of a railway traction network, including
LFO, has been discussed in this paper. The emulator will
allow evaluating the response of the 4QC power converter in
the event of LFO in a test bench, avoiding expensive or even
non-viable on-track tests.

Three different options for the catenary emulator were con-
sidered: open-loop, closed-loop, and PHIL. Simulation was
used for preliminary verification. It was shown that due to the
lack of feedback from the train, the first option can reproduce
the LFO only when the virtual and actual traction loads are
equal and constant; additionally, the first two options require
precise knowledge of the train controller parameters, which
might not be available. PHIL option was shown to overcome
these limitations.

The study also showed that the bandwidth of the voltage
and current controllers of the grid-forming VSI emulator
strongly affect its capability to reproduce LFO. It was con-
cluded that, despite the low-frequency nature of LFO events
being targeted, relatively high bandwidths and proper spectral
separation between voltage and current control loops band-
widths are required.

The proposed methods were tested in a test bench consist-
ing of a grid-forming inverter and the 4QC connected through
an LCL filter. Experimental results were found to be in good
agreement with simulation results. Due to noise, the higher
control bandwidths values used in the simulation couldn’t be
achieved on the test bench.

It is noted finally that the work shown in this paper is a
concept validation with a downscale system rated for 10 kW.
The design of a full-scale test bench is ongoing.
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Abstract—Dynamic interactions among AC railway networks
and train power converters have been reported to cause low-
frequency oscillations (LFO) and eventually instability phenom-
ena, which can collapse the railway power system. Several system
parameters can influence the appearance of LFO, including
catenary line length, power consumption, control bandwidths,
etc. This paper proposes a methodology for the analysis and
understanding of the impact of all these parameters on the LFO.
The proposed method combines time-domain simulations with
eigenvalue analysis. Eigenvalue migration will be shown to be a
powerful tool to understand the risk of instability and to analyse
potential remedial actions.

I. INTRODUCTION

Modern train railway systems include a large number of
power electronic converters, aimed to improve performance
and efficiency. Despite the benefits, complex dynamic inter-
actions among the railway network and the controlled power
converters can produce undesired phenomena, which might
result in power system instability, including LFO phenomena
[1]–[7] and harmonic instability [8]

LFO phenomena have been reported worldwide for different
types of railway networks under different operating conditions
(see Table I).

TABLE I: LFO reported cases

N º Case f0[Hz] fosc[Hz] Time
1 Zürich, Switzerland [5] 16.67 5 1995
2 Norway [3] 16.67 1.6 2007
3 Washington, USA [9] 25 3 2006
4 Thionville, France [4] 50 5 2008
5 Siemens test, Germany [1] 50 7 2006
6 Hudong Depot, China [6] 50 2-4 2008
7 Shanhaiguan Hub, China [7] 50 6-7 2011

Reported events include 16,6 Hz catenaries fed from rotary
converters [3], and static frequency converters [9], as well as
50 Hz catenaries fed from the grid [4]. Therefore, this paper
considers the phenomena occurred when the low-frequency
dynamics are mainly determined by the train vehicle.

There is a number of constructive and operational aspects
that will affect LFO formation, including catenary line length,
consumed power, design, and tuning of train catenary-side
converter controllers (bandwidth of current and voltage con-
trollers, PLLs, SOGI, etc), interference from other trains, etc
[5]. It is not trivial therefore to determine the circumstances
in which LFO will occur.

In this paper, modes of operation (i.e. eigenmodes) that
can produce LFO are first obtained by means of time-domain
simulations, system dynamics being characterized using eigen-
values estimation techniques. Sensitivity is then studied by
means of eigenvalue migration analysis. System parameters
considered for the analysis presented in this paper include:
catenary length; power consumption; characteristics of on-
board catenary side converter: current and dc voltage con-
trol bandwidths, second-order generalized integrator (SOGI),
phase-locked loop (PLL); leakage inductance of the trans-
former; and dc-link capacitor.

The paper is organized as follows. Section II describes rail-
network model used for the study. Section III deals with LFO
description and modelling; section IV addresses eigenvalue
migration and sensitivity analysis. Finally, conclusions are
drawn in section V.

II. TRAIN-NETWORK CONTROL SYSTEM MODEL

A simplified representation of the railway system is shown
in Fig. 1, it is seen to consist of three main elements: power
source, transmission line (i.e. catenary line), and power load
(i.e. train). For the study of LFO, an equivalent circuit of the
transmission line with only resistance and inductance is widely
used [1], [5], [6], as capacitive effects can be safely neglected.
Fig. 2 shows the rail-network model, including control loops,
that will be used in this study. The main elements interfacing
the network and the traction inverters are the transformer,
single-phase four-quadrant power converter (4QC), and DC-
link capacitor. The traction inverter is represented as an
equivalent linear load in Fig. 2.

A cascaded control structure consisting of an outer voltage
control loop and an inner current control loop is used to
regulate the DC link voltage vdc [9]. The control in Fig. 2
operates in dq coordinates, the d-axis voltage corresponding
to the catenary voltage. A second-order generalized integrator
is being used to obtain the quadrature signals. A PLL is used to
obtain the grid voltage phase angle required for the coordinate
transformations to the synchronous reference frame [7].

In order to get the desired current control bandwidth (BWcc)
and the voltage control bandwidth (BWvc), controllers (i.e
Kpcc,Kicc,Kpvc,Kivc) were tuned using the zero-pole can-
cellation as described in [10]. The design of the PLL was
performed according to [11] where the PLL proportional and
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Fig. 1: Simplified representation of the train-network system

Fig. 2: Rail-network control system model (a) Complete Model (b) Current
Controller (c) SOGI (d) DC Voltage Controller (e) PLL

integral gain are chosen as Kppll=Kpll, Kipll=K2
pll/2. Finally,

the value of gain Ksogi for SOGI was chosen as described in
[5]

III. LFO MODELING

The typical catenary line voltage and train current wave-
forms when LFO occur, and its harmonic spectra, are shown in
Fig. 3. AC signals in the time domain oscillate at a frequency
f0, their magnitude (envelope) varying at a frequency fosc. The
corresponding spectrums show the fundamental component
an f0 escorted by two sidebands at fL = f0 − fosc and
fH = f0 + fosc respectively. This behavior can be modelled
mathematically as shown by (1).

u(t) = U(t) sin (2πf0t)

= (U0 +∆U cos (2πfosct)) sin (2πf0t)
(1)

= U0 sin (2πf0t) +
∆U

2
sin (2πfLt) +

∆U

2
sin (2πfHt)

It is important to notice that, in general, the magnitude of
the harmonic spectra components fL and fH are not equal,

contrary to equation (1) illustrate. The accurate simulation in
Fig. 3 shows the actual asymmetry of spectra components.
Due to this distortion in the catenary line voltage and vehicle
current, the low-frequency oscillations have caused a number
of serious issues, such as the malfunction of the protection
system, high-voltage, and current that could damage the elec-
trical/electronic equipment, transportation delays, and so on.
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Fig. 3: Simulated LFO phenomena: (a) Catenary Line Voltage and Train
DC-Link Voltage (b) Train Current (c) Catenary Line Voltage FFT (d) Train

Current FFT

IV. LFO ANALYSIS USING EIGENMODE IDENTIFICATION

In this section, eigenmodes are used to characterize the
system dynamic behavior when LFO occurs. Associated eigen-
values to each eigenmode are obtained by means of numerical
estimation techniques.

The impact on LFO of catenary length and consumed power
are first considered. The sensitivity to 4QC control parameters,
transformer leakage inductance, and dc-link capacitor is then
discussed using this approach.

A. Eigenvalue migration due to catenary length

Fig. 4 shows the time domain transient response to a
disturbance of the dc-link voltage, for different lengths of
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catenary line. For this analysis, it is considered that 4QC
control parameters are constant. The power consumed by the
vehicle was only 300 kW. This corresponds to the low power
condition reported in [4].

Degradation of dc-link voltage control as the distance in-
creases is readily observed in Fig. 4, eventually leading to
instability. Transient responses shown in Fig. 4 in response to
changes in catenary length can modeled as a set of complex
conjugates eigenvalues as shown in Fig. 5. The following terms
are defined from Fig. 5: ωn is the natural frequency and σ is
the attenuation constant and θ the eigenvalue angle. Using
these last two terms, damping ratio ζ and settling time Ts

are defined (2). Notice that the damping ratio is zero when
θ = π/2, which is the stability limit.

ζ =
σ

ωn
= cos (θ) , Ts =

ln(0.02)

σ
(2)

The trajectory followed by the eigenvalues as the catenary
length increases show a smaller damping coefficient and
slower dynamics, which results in a degradation of the system
behavior, eventually becoming unstable.

B. Eigenvalue migration with catenary length and consumed
power

Eigenvalue migration with load power is shown in Fig. 6 for
three different catenary lengths, short-line (20 km), medium-
line (60 km), and long-line (120 km). It is interesting to
note that the overall shape of the eigenvalue trajectory is
similar for all three cases. Lower power consumption results in
lower damping, i.e. higher instability risks. A closer analysis
also reveals that long catenaries combined with low power
consumption lead to the highest risk of instability, which is
consistent with the behavior reported in the literature [3],
[12].

C. Eigenvalue migration with dc-link voltage and current
control bandwidths

The influence of the 4QC voltage and current control closed-
loop bandwidths is discussed following. For the sake of
simplicity, four scenarios are considered for catenary length
and power consumption: 1) low distance - low power; 2) low
distance - high power; 3) high distance - low power; 4) high
distance - high power.

Fig. 7 shows the eigenvalues for different current-control
and voltage-control bandwidths for the long-distance catenary
- low power consumption case. The general trend is that,
for a given current control bandwidth, higher voltage-control
bandwidths result in eigenvalue angle θ (as defined in Fig.
5) closer to π/2 which means shorter damping ratio and
larger settling times (σ decreases) and larger natural frequency.
On the other hand, it is observed that for a given voltage
control bandwidth, larger current-control bandwidths result
in larger damping ratio shorter settling times (σ increases),
and larger natural frequencies. From Fig. 7 it can be noticed
that eigenvalue migration due to simultaneous variation in
voltage-control bandwidths and voltage-control bandwidth in
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this region are close to being orthogonal. It is concluded from
Fig. 7 that rather than the bandwidth of the current and voltage
control loops, the ratio BWcc/BWv will be critical for system
stability.

Fig. 8 shows the damping ratio, settling time and natural
frequency, as a function of BWcc and BWvc, for two different
values of the current control bandwidth and the four scenarios
discussed at the beginning of this section are considered: 1)
low distance - low power; 2) low distance - high power; 3)
high distance - low power; 4) high distance - high power. The
following conclusions are reached:

• It is observed from Fig. 8(a) that the damping ratio (i.e.
system stability) always increases as the BWcc/BWvc
ratio increases. Low values of the BWcc/BWvc ratio will
jeopardize system stability for any operation mode. This
trend is independent of the catenary distance and load
power.

• From Fig. 8(a), is observed that high distance - low
power scenario shows the highest risk of instability (lower
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damping ratio). The damping ratio is seen to change
linearly with BWcc/BWvc, independent of BWcc.

• The damping ratio increases when the load power level
increases and decreases when the catenary line increases.
This behavior is consistent with previous studies [7].

• It is observed from Fig. 8(b) that the settling time of
the oscillations decreases as BWcc/BWvc increases. Low
BWcc/BWvc ratios in the high distance - low power
scenario values result in significant settling times, i.e. dc-
link voltage oscillation can persist for seconds.

• The natural frequency shown in Fig. 8(c) tend to decrease
as the BWcc/BWvc ratio increases, but differences by a
factor of 2 can be observed depending on the scenario.
The frequency of the LFO might need to be considered
if control strategies aimed to cancel LFO are to be
implemented [12].
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D. Eigenvalue migration with PLL and SOGI tuning

In addition to the control bandwidths and catenary distance
discussed previously, other elements involved in the control of
the 4QC might influence the LFO. These can include the PLL
used to synchronize the 4QC with the catenary ac voltage, and
the SOGI (depending on the control strategy being used).

Fig. 9 shows the eigenvalue migration for variations in
gains Kvsogi and Kisogi of voltage and current SOGI. The
gains are varied within a range of 0.7 to 1.3 or their nominal
values, Kvsogi−nominal = 0.8 and Kisogi−nominal = 1
respectively. Increasing Kvsogi migrates system eigenvalues
towards instability limit (i.e. shorter damping ratio) while
increasing Kisogi, migrate the eigenvalues away from stability
limit (i.e. larger damping ratio). However, increasing Kisogi
implies an increase of its bandwidth, which could compromise
SOGI low-pass filter characteristic. It is concluded that a trade-
off is required, sensitivity analysis of SOGI is performed in
section IV-F.

Fig. 10 shows eigenvalue migration for variations in gain
Kpll. As mentioned in section II, the design of the PLL
was performed according to [11] where the PLL proportional
and integral gain are chosen as Kppll=Kpll, Kipll=K2

pll/2.
Generally speaking, PLL was found to have a marginal impact.
Increasing Kpll by a factor as large as ten is seen to have a
marginal effect on the eigenvalues. A sensitivity analysis of
PLL is performed in section IV-F.

E. Eigenvalue migration due to the leakage inductance (Ln)
of transformer and dc-link capacitor (Cd)

Fig. 11 shows the eigenvalue migration as a function of
leakage inductance of transformer and dc-link capacitor. From
this figure, it is possible to see that larger values of capacitance
and inductance of the transformer improve stability against
LFO. However, bigger capacitors are bulky and expensive,
what places obvious constraints on the values that could be
used. Also, designing a transformer to get a larger value of
leakage inductance could limit the power transfer capability.
Finally, from Fig. 11, close to the stability limit, low values
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of the leakage inductance might provoke oscillations at lower
frequencies than low values of the DC-Link capacitance. The
trajectory of the eigenvalue migration of Cd tends to go to
stability limit meanwhile increasing the oscillation frequency.

F. Combined sensitivity analysis

A different approach to analyze the sensitivity to system
parameters discussed in the previous subsections is to obtain
the variation of the eigenvalues to an incremental variation of a
given parameter, with the rest of system parameters remaining
constant.

Fig. 12 shows the variation of damping ratio, settling time
and natural frequency, which results from this analysis. The
analysis is performed for the case of of a catenary length of
120 km and a power consumption of 300 kW. The system is in
this case close to the stability limit. System parameters being
considered are changed within a range of 0.8 to 1.2 of their
nominal value.

From Fig. 12 the magnitude of the slope of each curve
at the operational point (O.P) gives the sensitivity of the
damping ratio, settling time and natural frequency to variation

-30 -25 -20 -15 -10 -5 0

Real [rad/s]

50

60

70

80

90

100

110

120

130

140

Im
a

g
 [

ra
d

/s
]

 Ln=3.6mH

 Ln=4.2mH

 Ln=4.8mH

 Ln=5.4mH

 Ln=6mH

 Ln=6.6mH

 Ln=7.2mH

 Ln=7.8mH

 Ln=8.4mH

 Cd=6mF

 Cd=7mF

 Cd=8mF

 Cd=9mF

 Cd=10mF

 Cd=11mF

 Cd=12mF

 Cd=13mF

 Cd=14mF

Fig. 11: Eigenvalue migration as a function of leakage inductance of
transformer and dc-link capacitor

1577

Authorized licensed use limited to: UNIVERSIDAD DE OVIEDO. Downloaded on September 23,2023 at 16:36:22 UTC from IEEE Xplore.  Restrictions apply. 



B.2 Conference publications 197

0.8 0.9 1 1.1 1.2

Proportional Fractor of O.P.(Nomalized Units)

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

D
a

m
p

in
g

 R
a

ti
o

BWvc(O.P. 10 Hz)

BWcc (O.P. 100 Hz)

Ln(O.P. 6mH)

Cd(O.P. 10mF)

Kv
sogi

(O.P. 0.8)

Ki
sogi

(O.P. 1)

K
PLL

(O.P. 6)

(a) Damping ratio vs. Proportional Factor (Normalized Units)

0.8 0.9 1 1.1 1.2

Proportional Fractor of O.P.(Nomalized Units)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

S
e

tt
lin

g
 T

im
e

 [
s
]

BWvc(O.P. 10 Hz)

BWcc (O.P. 100 Hz)

Ln(O.P. 6mH)

Cd(O.P. 10mF)

Kv
sogi

(O.P. 0.8)

Ki
sogi

(O.P. 1)

K
PLL

(O.P. 6)

(b) Settling Time vs. Proportional Factor (Normalized Units)

0.8 0.9 1 1.1 1.2

Proportional Fractor of O.P.(Nomalized Units)

14.5

15

15.5

16

16.5

17

17.5

N
a

tu
ra

l 
F

re
q

u
e

n
c
y
 [

H
z
]

BWvc(O.P. 10 Hz)

BWcc (O.P. 100 Hz)

Ln(O.P. 6mH)

Cd(O.P. 10mF)

Kv
sogi

(O.P. 0.8)

Ki
sogi

(O.P. 1)

K
PLL

(O.P. 6)

(c) Natural Frequency vs. Proportional Factor (Normalized Units)
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in the proportional factor. For the damping ratio, positive
slopes indicate that the system becomes more stable as the
parameter being consider increases, the contrary occurs for
negative slopes. Same reasoning applies for the setting time
and natural frequency.

TABLE II: Sensitivity of dynamic system characteristics at O.P. Arrows ↑
and ↓ stands for positive sensitivity and negative sensitivity. Number of

arrows show the degree of sensitivity.

Damping R.(ζ) Settling T.(Ts) Natural Freq. (ωn)
BWvc ↓↓ ↑↑ ↑↑
BWcc ↑↑ ↓↓ ↑↑↑
Ln ↑↑↑ ↓↓↓ ↑↑↑
Cd ↑↑ ↓↓ ↓↓

Kvsogi ↓ ↑ ↑
Kisogi ↑ ↓ ↑
Kpll - - -

Table II summarizes the results shown in Fig. 12. It is
observed that for the operating point being considered, LFO
shows high sensitivity to Ln and control bandwidths, while
sensitivity to SOGI parameters is low, practically no sensitivity
to PLL tuning is observed.

It is interesting to note that increasing the voltage-control
bandwidth decreases the damping of the system while increas-
ing the current-control bandwidth increases the damping of the
system, they are opposites. From Fig. 12(a), BWvc and BWcc
curves can be considered as symmetric with respect to the x-
axis. Rather than the absolute values of the current and voltage
control bandwidths, the system response is primarily given by
the ratio BWcc/BWvc. Therefore increasing both bandwidths
doesn’t even vary the system damping since the BWcc/BWvc
could still be the same. This goes in accordance with the
analysis presented in section IV-C. It is concluded that low
values of BWcc/BWvc significantly increase the risk of LFO.

Finally, it is noted that the trajectories shown in Fig. 12
and not necessarily straight lines. This is due to the non-linear
nature of the system. This suggests that parameter sensitivity
will depend on the operating point, this is a subject of ongoing
research.

V. CONCLUSIONS

Time-domain simulation combined with eigenvalue migra-
tion analysis is proposed in this paper for the analysis of
LFO phenomena in AC railway systems. The proposed method
allows an insightful visualization of the sensitivity of LFO to
catenary and train parameters and consequently identifying
critical modes of operation, as well as proposing remedial
actions. It is concluded from the analysis performed in this
paper that the worst scenario for LFO stability occurs for the
case of trains operating far from substations and with low-
power consumption. In such a case, the ratio BWcc/BWv
is critical for system stability. Finally, a comparison of each
parameter sensitivity was performed.
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Low-frequency oscillations in AC railway traction power systems:
Train input-admittance calculation and stability analysis⋆
Paul Frutosa,∗, Juan Manuel Guerreroa, Iker Muniateguib, Aitor Endemañob, David Ortegab and
Fernando Briza

aUniversity of Oviedo, Department of Electrical, Computer & Systems Engineering, Gijón, 33204, Spain
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A B S T R A C T
Dynamic interactions among the AC railway power supply network and power electronic converters
feeding the trains can result in low-frequency oscillation (LFO) of the catenary voltage, leading to
a power outage of the substation and the shutdown of train traffic. In order to determine the low-
frequency stability of the railway traction power systems, the impedance of the power supply network
and the total differential admittance of the trains are required. This paper addresses the development of
an analytical small-signal model of the train input admittance. For this purpose, small-signal models
of each dynamic element in the control loops are obtained, including the calculation of the second-
order generalized integrator (SOGI) model in the synchronous frame. Numerical methods are used
for the validation of the models. The concept of the small-signal vector transformation from the
actual dq-frame to the estimated dq-frame is presented to model the dynamics due to errors in the
coordinate rotation, the mathematical tool was developed for this task. Furthermore, a stability analysis
of the railway system is performed, different operational points in power consumption at the DC-link
were tested showing the model can predict instabilities at low-power operation (depot case). Finally,
sensitivity analysis is performed and presented.
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𝐹 Variable in the Laplace domain
𝐹 (𝑠) Transfer function in the Laplace domain
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𝑓 𝑠 Superscript indicating matrices and vectors

in the stationary reference frame
𝑓 𝑒 Superscript indicating matrices, transfer functions,

vectors, and vector components in the synchronous
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vectors and vector components in the estimated
synchronous reference frame

𝑓0 Subscrit indicating the steady state value of a variable,
for linearization purposes
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in a generic reference frame 𝑥 𝜖
{
𝑒, 𝑒

}
𝐅𝐱 = [𝐹 𝑥

𝑑 , 𝐹
𝑥
𝑞 ]

𝑇 Real space vector in the Laplace domain
in a generic reference frame 𝑥 𝜖

{
𝑒, 𝑒

}
𝑭 𝒙
𝒅𝒒 = 𝐹 𝑥

𝑑 + 𝑗𝐹 𝑥
𝑞 Complex space vector in the Laplace domain

in a generic reference frame 𝑥 𝜖
{
𝑒, 𝑒

}
𝐟 𝐬 = [𝑓𝛼 , 𝑓𝛽]𝑇 Real space vector in the time domain

in the stationary reference frame
𝒇 𝒔
𝜶𝜷 = 𝑓𝛼 + 𝑗𝑓𝛽 Complex space vector in the time

in the stationary reference frame
𝐅𝐬 = [𝐹𝛼 , 𝐹𝛽]𝑇 Real space vector in the Laplace

in the stationary reference frame
𝑭 𝒔
𝜶𝜷 = 𝐹𝛼 + 𝑗𝐹𝛽 Complex space vector in the Laplace

in the stationary reference frame

1. Introduction
Modern onboard railway systems include a large number

of power electronic converters aimed to improve the control-
lability and efficiency of the train. While the benefits brought
by power electronic converters are indubitable, dynamic
interactions among these and the railway traction network
can produce undesired phenomena which might result in
power system instability, including resonant instability [1, 2]
and low-frequency oscillation (LFO) phenomenon [3–9].

LFO phenomenon has been reported worldwide for dif-
ferent types of railway traction networks and under different
operating conditions, see Table 1. LFO phenomenon pro-
duces large variation of the catenary voltage at relatively low
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Table 1
Reported LFO cases.

N º Case 𝑓0 (Hz) 𝑓𝑜𝑠𝑐 (Hz) Year
1 Zürich, Switzerland [3] 16.7 5 1995
2 Norway [4, 5] 16.7 1.6 2007
3 Washington, USA[6] 25 3 2006
4 Siemens test, Germany[7] 50 7 2006
5 Thionville, France[8] 50 5 2008
6 Hudong Depot, China[9] 50 2-4 2008
7 Shanhaiguan Hub, China[9] 50 6-7 2011

frequencies, typically in the range of 10%-30% the funda-
mental frequency (𝑓0) [6]. Harmful consequences of such
events include malfunction of protection systems, overvolt-
ages/overcurrents that could damage the electrical/electronic
equipment, and transportation delays, among others [7, 9].

Two particular situations where the LFO phenomenon
has been documented are: 1) multiple trains in the depot (i.e.,
all the vehicles located at the same spot) operating with low
power consumption (typically only train’s auxiliary system
are active) [8]; 2) a train operating far from the substation
[4]. The stability analysis performed in this paper focuses
in the case of multiples trains operating at depot. However,
from the point of view of the stability analysis, these two
scenarios are equivalent as explained in [10].

The system resulting from the connection of two or more
dynamic systems (e.g. grid and power converters) will be
stable if all the elements are passive [11]. The passivity of
a system is ensured when the differential input admittance,
also referred as input admittance in [12], has a non-negative
real part (i.e., non-negative conductance). Usually, the grid
(i.e., power supply network) is considered a passive system,
since it consists of R, L, and C elements; however, controlled
power converters are not passive systems. The differential
input admittance of power converters can be studied using
small-signal models.

Different small-signal models to calculate the input ad-
mittance in both single-phase and three-phase voltage source
converters (VSCs) have been presented in several papers [11,
13, 14]. However, most of these works focus on specific ele-
ments (e.g. current control) but don’t include all the dynamic
elements affecting to LFO. A relevant aspect to consider is
that AC catenaries are single-phase systems. Extrapolation
of analysis and results for three-phase systems might not
be therefore straightforward. A relevant difference between
the control of three-phase VSCs and single-phase ones, also
called four quadrature-converters (4QCs), is that the latter
often include one or more quadrature signal generator (QSG)
systems.

In [1] and [2] a small-signal model of train input admit-
tance was developed to study railway system instability phe-
nomena, including resonant instability and LFOs; however,
the model fails to accurately calculate the train admittance
in the low-frequency range.

In [12], the input admittance of a three-phase VSC was
calculated including all the dynamic elements (i.e., synchro-
nization system, feedforward filter, etc). This work focuses

on a three-phase balanced system (i.e., symmetric dynamic
transfer function), and do not include elements which can be
relevant for 4QC dynamics as the QSG. In addition, all the
dynamic elements in the controller in this work are referred
to the same reference frame. However, it often happens that
there are elements which are insensitive to errors in the
coordinate rotations, while other elements will be affected.
Modelling this phenomena will be require the use of multiple
reference frames.

Three different reference frames are used for this study:
stationary reference frame; synchronous reference aligned
with the fundamental component of the catenary voltage;
and estimated synchronous reference frame. Small-signal
vector transformation from the actual synchronous frame to
the estimated synchronous frame will be shown to be key for
the development of accurate analytical models of the train.

This paper presents the calculation of the analytical
small-signal model of the train input admittance, that can be
used for low-frequency stability analysis of the railway sys-
tems. Elements considered for the analysis include: DC-link
voltage controller; inner current controller; phase-locked
loop (PLL) used for synchronization; second order gener-
alized integrator (SOGI) used for filtering action and for
quadrature signal generation; finally, delays due to discrete
implementation of the control and PWM are also modeled.
Verification of the analytical model is performed using a
full system simulation model of the catenary and train 4QC
converter.

Main contributions of this paper are the inclusion QSG-
SOGI model and the use as well as modelling the dynamics
due to errors in the coordinate rotation. These will be shown
to be critical for accurate modeling of LFO due to its impact
in the synchronization system dynamics and in the current
control loop.

The paper is organized as follows: Notation and refer-
ence frames used in this paper are first defined in Section
Nomenclature at the beginning of this article. Section 2
describes the railway system model whose main elements
are the power supply network and trains; Section 3 deals with
modeling the small-signal train input admittance; Section 4
discusses stability theory needed for the study of the low-
frequency stability in the railway system; Section 5 presents
stability analysis of the railway for several trains operating at
the depot under different operating points; sensitivity analy-
sis of train electrical and control parameter is developed in
Section 6; finally, conclusions are drawn in Section 7.

2. Railway System Model
The railway system consists of two main elements: the

power supply network and the train [15–18]. The power
supply network is composed of an stiff voltage source 𝑣𝑠,the substation impedance and the catenary line. An AC
25 kV/50 Hz electric power supply is considered in this
paper. For the study of LFO, an equivalent circuit based only
on resistance and inductance is widely used [3, 7, 9, 19],
as line capacitive effects can be safely neglected at low
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Figure 1: Railway control system model. (a) Train-Network
complete model, (b) Current controller, (c) SOGI, (d) DC
Voltage controller, (e) PLL.

frequency. Fig. 1 shows the equivalent railway system model
that will be used in this study, where 𝑣𝑐 is the catenary
voltage at point of common coupling (PCC) between the
network and the train, and 𝑖𝑠 is the catenary current. The
network inductance 𝐿𝑠 and resistance 𝑅𝑠 are modeled as
lumped parameters.

The main elements in the train are: power transformer,
L-filter, single-phase four-quadrant power converter, DC-
link capacitor, and traction drives consisting of inverters and
motors. The 4QC behavior will determine the interaction
between the train and the network [3, 7, 14, 19]. On the
other hand, switching harmonics will not affect the low-
frequency dynamics involved in the LFO phenomenon [14,
15]. It is safe therefore to replace the traction drives with
an equivalent linear load as shown in Fig. 1, to simplify the
analysis and simulations. Here the voltage at secondary of
the transformer is defined as the input voltage 𝑣𝑛 to the 4QC;
𝑖𝑛 is the 4QC inductor current and the terminal voltage is 𝑣𝑡The 4QC control shown in Fig. 1 operates in 𝑑𝑞 coordi-
nates, aligning the d-axis with the catenary voltage complex
vector. A cascaded control structure consisting of an outer
voltage control loop and an inner current control loop is
used. In order to get the desired current control bandwidth
(𝐵𝑊 𝑐𝑐) and the voltage control bandwidth (𝐵𝑊 𝑣𝑐), con-
trollers were tuned using the zero-pole cancellation as de-
scribed in [20]. A phase-lock loop is used to obtain the esti-
mated grid voltage phase angle �̂�, which is required for the
coordinate transformations into the synchronous reference
frame [1]. The PLL was designed and tuned as described

in [21], where the selection of the gains involves a trade-off
between its filtering capability and dynamic response. PLL
proportional and integral gains were chosen as 𝑘𝑝𝑝𝑙𝑙=𝑘𝑝𝑙𝑙,
𝑘𝑖𝑝𝑙𝑙=𝑘2𝑝𝑙𝑙∕2. A second order generalized integrator (SOGI)
is used to obtain the quadrature signals, also acting as a
voltage feed-forward filter. The gain 𝑘𝑓𝑓 of the SOGI was
chosen as described in [7].

3. Train Input Admittance: Small-Signal
Model in 𝑑𝑞-frame
The calculation of a small-signal model of the train input

admittance is described in this section. Small-signal models
of the elements relevant for LFO analysis are presented
following. These include the QSG-SOGI, PLL, current con-
troller, and DC-link voltage controller.
3.1. Notation and reference frames

Proper modeling of effects due to errors in the reference
estimation will show to be relevant for the accurate mod-
elling of LFO. Furthermore, both complex vector and matrix
notation will be used. This subsection is aimed to clarify the
notation that will be used throughout the paper. Details on
the notation are provided in the Nomenclature section at the
beginning of this paper.
3.1.1. Equivalence between matrix and complex vector

notation
The use of complex vector notation is convenient for

dynamic analysis of symmetric three-phase systems (e.g.,
balanced impedance) [22, 23]. However, for asymmetrical
systems, it is necessary to use matrix notation with the
corresponding real space vectors. An example of the equiv-
alence between matrix notation and complex numbers for
symmetric systems (i.e., 𝑔𝑒𝑑𝑑 = 𝑔𝑒𝑞𝑞 and 𝑔𝑒𝑑𝑞 = −𝑔𝑒𝑞𝑑 . ) is
shown in (1), where 𝑔𝑒 and 𝐠𝐞 are time transfer functions.

𝐯𝐞 =
[

𝑔𝑒𝑑𝑑 𝑔𝑒𝑑𝑞
𝑔𝑒𝑞𝑑 𝑔𝑒𝑞𝑞

]

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐠𝐞

𝐢𝐞 ⟷ 𝒗𝒆𝒅𝒒 = (𝑔𝑒𝑑𝑑 − 𝑗𝑔𝑒𝑑𝑞)𝒊
𝒆
𝒅𝒒 (1)

3.1.2. Reference Frames
From Fig. 1, the AC voltages and currents in the rail-

way system are single-phase quantities. By using a virtual
quadrature component, they can be treated as vectors in the
stationary reference frame [24]. By doing this, these quan-
tities can be transformed to a synchronous reference frame
aligned with the fundamental component of the catenary
voltage 𝑣𝑐 . The angle of rotation 𝜃 is obtained as (2), where
𝜔0 is the fundamental power supply frequency imposed by
the substation voltage. This reference frame will be termed
the actual grid dq-frame.

𝑑𝜃∕𝑑𝑡 = 𝜔0 (2)
In order to perform control action, the PLL estimates

the catenary voltage phase angle �̂�. This angle defines the
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estimated dq-frame, which ideally coincides with the actual
𝑑𝑞-frame.

Vector transformations from the actual and estimated
𝑑𝑞-frames to the stationary reference frame are given by (3)
and (4), respectively. Therefore, the relation between vectors
in the actual and estimated 𝑑𝑞-frames is given by (5), where
𝜃 is defined as the angle estimation error. See Fig. 2.

𝒗𝒔𝜶𝜷 = 𝑒𝑗𝜃𝒗𝒆𝒅𝒒 (3)

𝒗𝒔𝜶𝜷 = 𝑒𝑗�̂�𝒗𝒆𝒅𝒒 (4)

𝒗𝒆𝒅𝒒 = 𝑒−𝑗𝜃𝒗𝒆𝒅𝒒 , 𝜃 = �̂� − 𝜃 (5)

Due to the integral action of the PLL, the error angle 𝜃 is zero
in the steady state. However, PLL dynamics would result in
transient errors which must be included in the model as they
can contribute to LFO phenomenon.

In the Laplace domain, and using matrix notation, the
vector transformation in (5) can be expressed by (6) using
the 𝑑𝑞∕𝑑𝑞 transformation matrix 𝐓𝜃 .

𝐕�̂� = 𝐓𝜃𝐕
𝐞 (6)

Figure 2: Stationary reference frame and 𝑑𝑞-frames

In the steady state transformation matrix𝐓𝜃 is equivalent
to the identity matrix.
3.1.3. Small-signal 𝑑𝑞∕𝑑𝑞 vector transformation in the

Laplace domain: Influence of error angle 𝜃
Since 𝜃 only appears in the transient and its variations

can be assumed to be small, linear approximation of (5)
is performed by taking partial derivatives as shown in (7),
where 𝜃0 and 𝒗𝒆

𝒅𝒒𝟎 are steady state quantities. Moreover, it
can be assumed that 𝜃0 = 0 and 𝒗𝒅𝒒𝟎 ≡ 𝒗𝒆

𝒅𝒒𝟎 = 𝒗𝒆
𝒅𝒒𝟎 =

𝑣𝑑0 + 𝑗𝑣𝑞0 since in steady state both 𝑑𝑞-frames are aligned.

𝛿𝒗𝒆𝒅𝒒 =
𝑒−𝑗𝜃𝜕

(
𝒗𝒆𝒅𝒒

)

𝜕𝒗𝒆𝒅𝒒

|||||||0
𝛿𝒗𝒆𝒅𝒒 +

𝒗𝒆𝒅𝒒𝜕
(
𝑒−𝑗𝜃

)

𝜕𝜃

|||||||0
𝛿𝜃

= 𝑒−𝑗𝜃0𝛿𝒗𝒆𝒅𝒒 − 𝑗𝑒−𝑗𝜃0𝒗𝒆𝒅𝒒𝟎𝛿𝜃

= 𝛿𝒗𝒆𝒅𝒒 − 𝑗𝒗𝒅𝒒𝟎𝛿𝜃

(7)

Applying the Laplace transformation to (7), the small-signal
𝑑𝑞∕𝑑𝑞 vector transformation is obtained (8), which corre-
sponds to (9) using matrix notation.

𝛿𝑽 𝒆
𝒅𝒒 = 𝛿𝑽 𝒆

𝒅𝒒 − 𝑗𝒗𝒅𝒒𝟎𝛿Θ̃ (8)
[

𝛿𝑉 𝑒
𝑑

𝛿𝑉 𝑒
𝑞

]

⏟⏞⏞⏟⏞⏞⏟
𝛿𝐕�̂�

=
[

𝛿𝑉 𝑒
𝑑

𝛿𝑉 𝑒
𝑞

]

⏟⏞⏟⏞⏟
𝛿𝐕𝐞

−
[

0 −1
1 0

] [
𝑣𝑑0
𝑣𝑞0

]

⏟⏞⏟⏞⏟
𝐕𝟎

𝛿Θ̃ (9)

It is concluded from the previous discussion that the
small-signal behavior of any vector in the estimated dq
reference frame is a function of the small-signal behavior
of the vector in the actual dq reference frame as well as of
the small-signal behavior of the angle estimation error 𝜃.
3.2. Phase-locked Loop and Second order

generalized integrator
3.2.1. QSG-SOGI

The QSG-SOGI structure is commonly used in single-
phase systems, such as AC catenaries, due to its simple im-
plementation, filtering properties, and capability to provide
the quadrature signal. The structure of the QSG-SOGI is pre-
sented in Fig. 1(c). The input voltage 𝑉𝑛 is applied to QSG-
SOGI system, generating the estimated input voltage signal
𝑉𝑛𝛼 and creating the estimated virtual quadrature component
𝑉𝑛𝛽 . These filtered signals are used for synchronization and
as feed-forward to the current control loop.

Defining 𝑉𝑛𝛼 = 𝑉𝑛, and considering 𝑉𝑛𝛽 is an ideal
virtual quadrature component of the input voltage, the QSG-
SOGI transfer function can be expressed as (10) using matrix
notation. The transfer functions of the second-order band-
pass filter and QSG are given by (11) and (12) respectively.

[
𝑉𝑛𝛼
𝑉𝑛𝛽

]

⏟⏞⏟⏞⏟
�̂�𝐬
𝐧

=
[

𝐻𝑓𝛼(𝑠) 0
𝐻𝑓𝛽(𝑠) 0

]

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐇𝐬
𝐟𝐟

[
𝑉𝑛𝛼
𝑉𝑛𝛽

]

⏟⏞⏟⏞⏟
𝐕𝐬
𝐧

(10)

𝐻𝑓𝛼(𝑠) =
𝑉𝑛𝛼
𝑉𝑛

=
𝑘𝑓𝑓𝜔0𝑠

𝑠2 + 𝑘𝑓𝑓𝜔0𝑠 + 𝜔2
0

(11)

𝐻𝑓𝛽(𝑠) =
𝑉𝑛𝛽
𝑉𝑛

=
𝑘𝑓𝑓𝜔2

0

𝑠2 + 𝑘𝑓𝑓𝜔0𝑠 + 𝜔2
0

(12)

The Laplace-domain equation in the 𝛼𝛽 reference frame (10)
becomes a convolution in the time domain as shown in (13),
with ℎ𝑓𝛼(𝑡) and ℎ𝑓𝛽(𝑡) being the impulse response of (11)
and (12) respectively.

[
�̂�𝑛𝛼
�̂�𝑛𝛽

]
=
[

ℎ𝑓𝛼(𝑡) 0
ℎ𝑓𝛽(𝑡) 0

]
∗
[

𝑣𝑛𝛼
𝑣𝑛𝛽

]
(13)

Transformation to the actual 𝑑𝑞 reference frame is given
by (14).
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[
�̂�𝑒𝑛𝑑
�̂�𝑒𝑛𝑞

]
=𝐭𝜃

([
ℎ𝑓𝛼(𝑡) 0
ℎ𝑓𝛽(𝑡) 0

]
∗ 𝐭−𝟏𝜃

[
𝑣𝑒𝑛𝑑
𝑣𝑒𝑛𝑞

])

𝐭𝜃 =
[

cos𝜔0𝑡 sin𝜔0𝑡
− sin𝜔0𝑡 cos𝜔0𝑡

] (14)

Solving the convolution and taking the Laplace trans-
form of (14) (see Appendix A), (15)-(19) are obtained.

[
𝑉 𝑒
𝑛𝑑

𝑉 𝑒
𝑛𝑞

]

⏟⏞⏟⏞⏟
�̂�𝐞
𝐧

≊

[
𝐻𝑒

𝑓𝑓−𝑑𝑑(𝑠) 𝐻𝑒
𝑓𝑓−𝑑𝑞(𝑠)

𝐻𝑒
𝑓𝑓−𝑞𝑑(𝑠) 𝐻𝑒

𝑓𝑓−𝑞𝑞(𝑠)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐇𝐞
𝐟𝐟

[
𝑉 𝑒
𝑛𝑑

𝑉 𝑒
𝑛𝑞

]

⏟⏞⏟⏞⏟
𝐕𝐞
𝐧

(15)

𝐻𝑒
𝑓𝑓−𝑑𝑑(𝑠) = 𝐻𝑒

𝑓𝑓−𝑞𝑞(𝑠) (16)

𝐻𝑒
𝑓𝑓−𝑑𝑑(𝑠) = 𝐻𝑒

𝑓𝑓−𝑞𝑞(𝑠) (17)

𝐻𝑒
𝑓𝑓−𝑑𝑑(𝑠) =

1
4
(
𝐻𝑓𝛼(𝑠 + 𝑗𝜔0) +𝐻𝑓𝛼(𝑠 − 𝑗𝜔0)

)

+ 𝑗
4
(
𝐻𝑓𝛽(𝑠 + 𝑗𝜔0) −𝐻𝑓𝛽(𝑠 − 𝑗𝜔0)

) (18)

𝐻𝑒
𝑓𝑓−𝑞𝑑(𝑠) =

1
4
(
𝐻𝑓𝛽(𝑠 + 𝑗𝜔0) +𝐻𝑓𝛽(𝑠 − 𝑗𝜔0)

)

− 𝑗
4
(
𝐻𝑓𝛼(𝑠 + 𝑗𝜔0) −𝐻𝑓𝛼(𝑠 − 𝑗𝜔0)

) (19)

It is noted that since (10) is not a symmetric system,
frequency components around 2𝜔0 can appear in the syn-
chronous reference frame [25]. This is explained in Ap-
pendix A. Since this study is focused in LFO, frequency
components around 2𝜔0 are not expected to affect, and
will be disregarded. So, 𝐇𝐞

𝐟𝐟 is the approximated QSG-
SOGI transfer function that relates the input voltage and the
estimated input voltage, both in the actual 𝑑𝑞-frame.

Fig. 3(a) shows the voltage QSG-SOGI action and the
park transformation to the estimated 𝑑𝑞-frame. Fig. 3(b)
shows; first, 𝛼𝛽 − 𝑑𝑞 − 𝑑𝑞 decomposition, that is when the
rotation action performed by the estimated angle �̂� is decom-
posed in cascade rotations by 𝜃 and 𝜃, in to order to obtain
the estimated input voltage in the actual 𝑑𝑞-frame; second,
the QSG-SOGI transformation from stationary frame to the
actual 𝑑𝑞-frame.

Fig. 4 shows the frequency response obtained both using
the analytical model of the SOGI (15), and from simulation
using the model in Fig. 3(b), the agreement being remark-
able.

The current QSG-SOGI has the same structure as the
voltage QSG-SOGI shown in Fig. 1c, but the gain now
being 𝑘𝑐𝑠. Consequently, the preceding methodology and
discussion applies in this case too. Therefore, the current
QSG-SOGI transfer function in the actual 𝑑𝑞-frame 𝐇𝐞

𝐜𝐬 is
obtained following the same steps for 𝐇𝐞

𝐟𝐟 .

Figure 3: (a) QSG-SOGI in 𝛼𝛽-frame and the park transforma-
tion to estimated 𝑑𝑞-frame. (b) 𝛼𝛽 −𝑑𝑞−𝑑𝑞 decomposition &
QSG-SOGI in actual 𝑑𝑞-frame
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Figure 4: Frequency response: SOGI transfer function (𝐇𝐞
𝐟𝐟 )

in the actual 𝑑𝑞-frame. Analytical low-frequency model vs.
frequency sweep of simulation model.

Figure 5: Phase locked loop in 𝑑𝑞-frame

3.2.2. Phase-locked Loop
PLL structure in 𝑑𝑞-frame’ is shown in Fig. 5, the

controller transfer function being:

𝐹𝑝𝑙𝑙(𝑠) = 𝑘𝑝𝑝𝑙𝑙 +
𝑘𝑖𝑝𝑙𝑙
𝑠

(20)

The linear relationship between the error angle 𝜃 and the
estimated input q-axis voltage in the estimated frame 𝑣𝑒𝑛𝑞 is
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readily observed from the figure. It is therefore straightfor-
ward to obtain the small-signal (21).

𝛿Θ̃ =
𝐹𝑝𝑙𝑙(𝑠)

𝑠
𝛿𝑉 𝑒

𝑛𝑞 (21)
By applying the small-signal transformation (8) to the esti-
mated input voltage complex vector 𝑽 𝒆

𝒏𝒅𝒒 , (22) is derived.

𝛿𝑽 𝒆
𝒏𝒅𝒒 = 𝛿𝑽 𝒆

𝒏𝒅𝒒 − 𝑗
(
𝑣𝑛𝑑0 + 𝑗𝑣𝑛𝑞0

)
𝛿Θ̃ (22)

It is noted that in the steady state, estimated and real values
of input voltage are equal; consequently 𝒗𝒏𝒅𝒒𝟎 ≡ 𝒗𝒆

𝒏𝒅𝒒𝟎 =
𝒗𝒆
𝒏𝒅𝒒𝟎 = 𝒗𝒆

𝒏𝒅𝒒𝟎 = 𝑣𝑛𝑑0+𝑗𝑣𝑛𝑞0. Since in steady state 𝑣𝑛𝑞0 = 0,
(23) is obtained.

𝛿𝑉 𝑒
𝑛𝑞 = 𝛿𝑉 𝑒

𝑛𝑞 − 𝑣𝑛𝑑0𝛿Θ̃ (23)
Now, replacing (23) in (21), the small-signal model of the
error angle is given by (24)

𝛿Θ̃ =
𝐹𝑝𝑙𝑙(𝑠)

𝑠 + 𝑣𝑛𝑑0𝐹𝑝𝑙𝑙(𝑠)
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝐺𝑝𝑙𝑙(𝑠)

𝛿𝑉 𝑒
𝑛𝑞 (24)

Eq. (24) shows that small variations of the error angle 𝜃
depends on the small variations of the q-axis component
of the estimated input voltage 𝑣𝑒𝑛𝑞 , which means it depends
implicitly on the SOGI dynamics. This is further analyzed
in Section 3.2.3.
3.2.3. Small-signal 𝑑𝑞∕𝑑𝑞 vector transformation:

Influence of SOGI and PLL
So far PLL and SOGI have been analyzed independently.

However, the differential error angle depends on both PLL
and SOGI dynamics as shown in Section 3.2.2. Therefore,
the small-signal 𝑑𝑞∕𝑑𝑞 vector transformation can be ob-
tained first combining (9) and (24), and then using (15) to
add explicitly the SOGI dynamics dependency in (25). This
transformation is a function of the input voltage.

𝛿𝐕�̂� = 𝛿𝐕𝐞−
[

0 −1
1 0

]
𝐕𝟎

[
0 𝐺𝑝𝑙𝑙(𝑠)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐆𝐏𝐋𝐋(𝐕𝟎)

𝐇𝐞
𝐟𝐟𝛿𝐕

𝐞
𝐧 (25)

A similar expression of (25) without including the SOGI
dynamics dependency was presented in [12], but obtained
with a different derivation method and only for specific
vectors; however, using the approach based on partial deriva-
tives as shown in this paper; the derivation of 𝑑𝑞∕𝑑𝑞 vector
transformation is straightforward and valid for any vector
(e.g., input voltage vector).

Equation (25) will be used to build the small-signal
current control model in Section 3.3 and to integrate in the
model the DC-link control system in Section 3.4

3.3. Current Control
From Fig. 1a, the AC-side 4QC dynamics is seen to

correspond to an LR filter and can be defined by (26).
𝑣𝑛 = 𝐿𝑛

𝑑𝑖𝑛
𝑑𝑡

+ 𝑅𝑛𝑖𝑛 + 𝑣𝑡 (26)
Assuming that ideal orthogonal components for voltage and
current signals in (26), are available, and transforming the
equivalent 𝛼𝛽 system to the actual 𝑑𝑞-frame, the model (27)-
(28) in Laplace domain is obtained.

𝐕𝐞
𝐧 = 𝐙𝐞

𝐧𝐈
𝐞
𝐧 + 𝐕𝐞

𝐭 (27)

𝐙𝐞
𝐧 =

[
𝐿𝑛𝑠 + 𝑅𝑛 −𝜔0𝐿

𝜔0𝐿 𝐿𝑛𝑠 + 𝑅𝑛

]
(28)

Fig. 6 shows the current control system in the actual and
estimated 𝑑𝑞-frames. The voltage command 𝐕∗�̂�

𝐭 generated
by the controller is obtained using (29), where �̂��̂�

𝐧 is the
estimated input voltage in the estimated 𝑑𝑞-frame (30), �̂��̂�𝐧 is
estimated inductance current in the estimated 𝑑𝑞-frame (31),
and 𝐈∗�̂�𝐧 is the current reference in the estimated 𝑑𝑞-frame.

𝐕∗�̂�
𝐭 = �̂��̂�

𝐧 −𝐆�̂�
𝐜𝐜

(
𝐈∗�̂�𝐧 − �̂��̂�𝐧

)
−𝐆�̂�

𝜔𝟎𝐋𝐧
�̂��̂�𝐧 (29)

�̂��̂�
𝐧 = 𝐓𝜃𝐇

𝐞
𝐟𝐟𝐕

𝐞
𝐧 (30)

�̂��̂�𝐧 = 𝐓𝜃𝐇
𝐞
𝐜𝐬𝐈

𝐞
𝐧 (31)

The current controller transfer function matrix 𝐆�̂�
𝐜𝐜 in the

estimated 𝑑𝑞-frame is shown in (32), PI current controller
transfer function being (33).

𝐆�̂�
𝐜𝐜 =

[
𝐺𝑒
cc(𝑠) 0
0 𝐺𝑒

cc(𝑠)

]
(32)

𝐺𝑒
cc(𝑠) = 𝑘𝑝𝑐𝑐 +

𝑘𝑖𝑐𝑐
𝑠

(33)
Cross-coupling decoupling in (29) is achieved using

(34).

𝐆�̂�
𝜔𝟎𝐋𝐧

=
[

0 −𝜔0𝐿𝑛
𝜔0𝐿𝑛 0

]
(34)

Control delays can affect significantly to the current
regulator performance. A total time delay 𝑇𝑑 = 1.5𝑇𝑠 due to
computation time (i.e., 𝑇𝑠) and zero-order hold (i.e., 0.5𝑇𝑠),where 𝑇𝑠 = 1∕𝑓𝑠 is the sampling time, which is the inverse
of the sampling frequency 𝑓𝑠. The delay is modeled as (35)

𝐺𝑒
𝑑(𝑠) = 𝑒−𝑇𝑑𝑠 (35)
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Figure 6: Current control system dq-Frame. AC-side dynamics and controller dynamics

Finally, the terminal voltage 𝐕𝐞
𝐭 in the actual 𝑑𝑞-frame is

defined by equation (36), where 𝐆𝐞
𝐝 = 𝐺𝑒

𝑑(𝑠)𝐈 is the product
of the delay transfer function and the identity matrix 𝐈.

𝐕𝐞
𝐭 = 𝐆𝐞

𝐝𝐓
−1
𝜃
𝐕∗�̂�
𝐭 (36)

Using equations (27)-(36) the closed loop current control
system that corresponds to the block diagram in Fig. 6 is
defined by (37)-(38).

𝐈𝐞𝐧 = 𝐙−𝟏
𝐟 (𝐈 −𝐆𝐞

𝐝𝐇
𝐞
𝐟𝐟 )𝐕

𝐞
𝐧 + 𝐙−𝟏

𝐟 𝐆𝐞
𝐝𝐓

−1
𝜃
𝐆�̂�

𝐜𝐜𝐈
∗�̂�
𝐧 (37)

𝐙𝐟 = 𝐙𝐞
𝐧 +𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐇

𝐞
𝐜𝐬 −𝐆𝐞

𝐝𝐆
𝐞
𝜔𝟎𝐋𝐧

𝐇𝐞
𝐜𝐬 (38)

with 𝐆𝐞
𝐜𝐜 = 𝐓−1

𝜃
𝐆�̂�

𝐜𝐜𝐓𝜃 and 𝐆𝐞
𝜔𝟎𝐋𝐧

= 𝐓−1
𝜃
𝐆�̂�

𝜔𝟎𝐋𝐧
𝐓𝜃

One inconvenient of (37) is that it includes vectors and
transfer functions in two different reference frames as well
as the inverse of matrix rotation. By transforming all terms
to the actual synchronous reference frame, (39) is obtained.

𝐈𝐞𝐧 = 𝐙−𝟏
𝐟 (𝐈 −𝐆𝐞

𝐝𝐇
𝐞
𝐟𝐟 )𝐕

𝐞
𝐧 + 𝐙−𝟏

𝐟 𝐆𝐞
𝐝𝐆

𝐞
𝐜𝐜𝐈

∗𝐞
𝐧 (39)

Reference frame transformations of a system produces
a frequency displacements in the corresponding transfer
function. The effect of an error between estimated and ac-
tual frequencies therefore implies a change in the Laplace
operator 𝑠 ⟶ 𝑠 + 𝑗�̃�, where �̃� = 𝑑𝜃∕𝑑𝑡 is the frequency
error. In the steady state actual and estimated 𝑑𝑞 frames are
aligned, i.e., �̃� = 0. On the other hand, during transients the
error frequency �̃� is very small compared to 𝜔0 [12], and
can be safely neglected. Therefore, it is considered that both
𝑑𝑞-frames are rotating at the same frequency and (40) can
be assumed.

𝐆𝐞 = 𝐓−𝟏
𝜃
𝐆�̂�𝐓𝜃 ≊ 𝐆�̂� (40)

Equal rotation frequency does not imply the phase of
vectors in both 𝑑𝑞-frames is the same. PLL is in charge
of maintaining vectors aligned in the steady state, but this
does not happen in transients and the error angle can not be
neglected in the LFO study; therefore, 𝑑𝑞∕𝑑𝑞 small-signal
vector transformation (25) is required to be applied in the
reference current vector 𝐈∗𝐞𝐧 in (39) to obtain the small-
signal closed-loop current control system model, which is

expressed by (41). For the vector transformation, it is neces-
sary taking into account that in the steady state, the reference
current and the 4QC current are the same in both 𝑑𝑞-frames
𝐈𝐧𝟎 ≡ 𝐈∗�̂�𝐧𝟎 = 𝐈∗𝐞𝐧𝟎 = 𝐈𝐞𝐧𝟎.

𝛿𝐈𝐞𝐧 =𝐙−𝟏
𝐟 (𝐈 −𝐆𝐞

𝐝𝐇
𝐞
𝐟𝐟 )𝛿𝐕

𝐞
𝐧

+ 𝐙−𝟏
𝐟 𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜(𝛿𝐈

∗�̂�
𝐧 +𝐆𝐩𝐥𝐥(𝐈𝐧𝟎)𝐇𝐞

𝐟𝐟𝛿𝐕
𝐞
𝐧)

(41)

where 𝐆𝐩𝐥𝐥(𝐈𝐧𝟎) =
[

0 −𝑖𝑛𝑞0𝐺𝑝𝑙𝑙(𝑠)
0 −𝑖𝑛𝑑0𝐺𝑝𝑙𝑙(𝑠)

]

Rearranging (41) the small-signal model of the current
control system transfer function (42) is obtained, which is
represented in Fig. 7 as an inner loop of the 4QC input
admittance.

𝛿𝐈𝐞𝐧 = 𝐆𝐜𝐢𝛿𝐈∗𝐞𝐧 + 𝐘𝐜𝐢𝛿𝐕𝐞
𝐧 (42)

where 𝐆𝐜𝐢 = 𝐙−𝟏
𝐟 𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜

and 𝐘𝐜𝐢 = 𝐙−𝟏
𝐟

(
𝐈 −𝐆𝐞

𝐝𝐇
𝐞
𝐟𝐟 +𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐆𝐩𝐥𝐥(𝐈𝐧𝟎)𝐇𝐞

𝐟𝐟
)

3.4. DC-Link Voltage Control
3.4.1. DC-Link Voltage Dynamics

Since the impedance of the 4QC is mainly inductive
(𝑅𝑛 ≈ 0), associated Joule losses can be safely neglected.
Commutation loses in the converter are neglected as well
due to LFO occurs at low power consumption [15]. Under
this assumptions, power conservation between the converter
AC-side and DC-side can be assumed (43).

𝑣𝑑𝑐𝑖𝑑𝑐
⏟⏟⏟

𝑃𝑑𝑐

≊ 𝑣𝑒𝑛𝑑 𝑖
𝑒
𝑛𝑑 + 𝑣𝑒𝑛𝑞𝑖

𝑒
𝑛𝑞

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝑃𝑎𝑐

(43)

Taking partial derivatives in (43), the small-signal variation
in the DC-side current is obtained (44), with subscript ”0”
indicating steady-state values.

𝛿𝑖𝑑𝑐 =
𝑣𝑛𝑑0
𝑣𝑑𝑐0

𝛿𝑖𝑒𝑛𝑑 +
𝑖𝑛𝑑0
𝑣𝑑𝑐0

𝛿𝑣𝑒𝑛𝑑 +
𝑣𝑛𝑞0
𝑣𝑑𝑐0

𝛿𝑖𝑒𝑛𝑞

+
𝑖𝑛𝑞0
𝑣𝑑𝑐0

𝛿𝑣𝑒𝑛𝑞 −
𝑣𝑛𝑑0𝑖𝑛𝑑0 + 𝑣𝑛𝑞0𝑖𝑛𝑞0

𝑣2𝑑𝑐0
𝛿𝑣𝑑𝑐

(44)
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Taking Laplace transform and considering that in the
steady state the train operates with unity power factor (i.e.,
𝑖𝑛𝑞0 = 0), the input voltage vector is aligned with the
synchronous frame (i.e., 𝑣𝑛𝑞0 = 0), and 𝑃𝑑𝑐0 ≊ 𝑃𝑎𝑐0 =
𝑣𝑛𝑑0𝑖𝑛𝑑0, (45) is obtained.

𝛿𝐼𝑑𝑐 =
𝑣𝑛𝑑0
𝑣𝑑𝑐0

𝛿𝐼𝑒𝑛𝑑 +
𝑖𝑛𝑑0
𝑣𝑑𝑐0

𝛿𝑉 𝑒
𝑛𝑑 −

𝑣𝑛𝑑0𝑖𝑛𝑑0
𝑣2𝑑𝑐0

𝛿𝑉𝑑𝑐 (45)

Loads connected to the DC-link include traction con-
verters and auxiliary loads. For LFO analysis they can be
modeled as an equivalent resistor [3, 14]. The small-signal
model of the 4QC DC-side coincides in this case with the
transfer function of the RC circuit (46), as seen in Fig. 1(a).

𝛿𝑉𝑑𝑐 =
(

𝑅𝐿
𝑅𝐿𝐶𝑑𝑠 + 1

)
𝛿𝐼𝑑𝑐 (46)

Finally (47) is obtained combining (46) and (45), where
𝐺𝑣𝑣(𝑠) and 𝐺𝑖𝑣(𝑠) are the transfer functions that relates small
variation of DC-link voltage with the d-axis component of
input voltage and 4QC inductance current.

𝛿𝑉𝑑𝑐 =
𝑣𝑛𝑑0
𝑣𝑑𝑐0

(
1

𝐶𝑑𝑠 + 2∕𝑅𝐿

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐺𝑖𝑣(𝑠)

𝛿𝐼𝑒𝑛𝑑+
𝑖𝑛𝑑0
𝑣𝑑𝑐0

(
1

𝐶𝑑𝑠 + 2∕𝑅𝐿

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐺𝑣𝑣(𝑠)

𝛿𝑉 𝑒
𝑛𝑑

(47)
3.4.2. Voltage Controller

Voltage controller is shown in Fig. 1(d). Voltage con-
troller is modelled as (48), the PI controller transfer function
being (49).

𝐼∗𝑒𝑛𝑑 =
(
𝑉 ∗
𝑑𝑐 − 𝑉𝑑𝑐

)
𝐺𝑣𝑐(𝑠)𝑘𝑑 (48)

𝐺𝑣𝑐(𝑠) = 𝑘𝑝𝑣𝑐 +
𝑘𝑖𝑣𝑐
𝑠

(49)
Considering that the DC-link voltage command is not

changing, the small-signal model in (50) is obtained, where
𝑘𝑑 = 𝑖𝑛𝑑0∕𝑖𝑑𝑐0 = 𝑣𝑑𝑐0∕𝑣𝑛𝑑0 is the gain relating AC and DC
quantities.

𝛿𝐼∗𝑒𝑛𝑑 = −𝐺𝑣𝑐(𝑠)𝑘𝑑𝛿𝑉𝑑𝑐 (50)
Transforming (47)-(48) to use matrix notation, the re-

lationship between the input voltage to the train current and
the command to the current regulator is obtained (51), where
𝐆𝐞

𝐯𝐜 = 𝐺𝑒
𝑣𝑐(𝑠)𝐈.

𝛿𝐈∗�̂�𝐧 = −𝑘𝑑
(
𝐆𝐯𝐜𝐆𝐢𝐯𝛿𝐈𝐞𝐧 +𝐆𝐯𝐜𝐆𝐯𝐯𝛿𝐕𝐞

𝐧
) (51)

with 𝐆𝐢𝐯 =
[

𝐺𝑖𝑣(𝑠) 0
0 0

]
and 𝐆𝐯𝐯 =

[
𝐺𝑣𝑣(𝑠) 0

0 0

]

3.5. Train input admittance
Combining DC-link voltage small-signal dynamics given

by (51) and closed loop current control dynamics given
by (42), the small-signal input admittance of the train
that relates small variations of the input voltage and 4QC
current in the actual 𝑑𝑞-frame is obtained as (52)-(53). The
corresponding block diagram is shown in Fig. 7.

𝛿𝐈𝐞𝐧
𝛿𝐕𝐞

𝐧
= 𝐘𝐭𝐧 (52)

𝐘𝐭𝐧 =
𝐈 −𝐆𝐞

𝐝𝐇
𝐞
𝐟𝐟 − 𝑘𝑑𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐆𝐯𝐜𝐆𝐯𝐯 +𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐆𝐩𝐥𝐥(𝐈𝐧𝟎)𝐇𝐞

𝐟𝐟
𝐙𝐞
𝐧 +𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐇𝐞

𝐜𝐬 −𝐆𝐞
𝐝𝐆

𝐞
𝜔𝟎𝐋𝐧

𝐇𝐞
𝐜𝐬 + 𝑘𝑑𝐆𝐞

𝐝𝐆
𝐞
𝐜𝐜𝐆𝐯𝐜𝐆𝐢𝐯

(53)

Figure 7: Block diagram of the 4QC (train) input admittance
in the actual 𝑑𝑞-frame 𝐘𝐭𝐧

Finally train admittance seen from the catenary line is
given by (54), where 𝑘 is the transformer turns ratio.

𝐘𝐭 =
1
𝑘2

𝐘𝐭𝐧 (54)
Correctness of (54) was confirmed by means of simula-

tion using the frequency scanning method described in [8].
System model is shown in Fig. 8.

Train and control parameters are shown in Table 2.

Figure 8: Frequency scanning method to obtain the input
admittance in the 𝑑𝑞-frame.

The voltage being applied is (55), where the terms with
sub-index ”0” stand for the steady state voltage, while the
voltages with Δ are the small-signal excitation, 𝜔 being the
frequency of the small-signal excitation.
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Symbol Description Value
𝑉𝑐 RMS Catenary Voltage 25 kV
𝑉𝑑𝑐 Nominal DC-link Voltage 3600 V
𝑘 Transformer Ratio 14.12
𝐿𝑛 4QC Inductance 3 mH
𝑅𝑛 4QC Resistance 10 mΩ

𝐵𝑊 𝑣𝑐 Voltage Control Bandwidth 5 Hz
𝐵𝑊 𝑐𝑐 Current Control Bandwidth 50 Hz
𝑘𝑓𝑓 Voltage SOGI Gain 0.80
𝑘𝑐𝑠 Current SOGI Gain 1
𝑘𝑝𝑙𝑙 Phase-Locked Loop Gain 6
𝑃𝑑𝑐 Power Load 50 kW
𝑓𝑠𝑤 Switching Frequency 700 Hz
𝑓𝑠 Sampling Frequency 1400 Hz

Table 2
Train electrical and control parameters.

𝑣𝑡 + Δ𝑣𝑡 =
(
𝑉𝑡𝑑0 + Δ𝑉𝑡𝑑 sin(𝜔𝑡)

)
cos(𝜔0𝑡)

+
(
Δ𝑉𝑡𝑞 sin(𝜔𝑡)

)
sin(𝜔0𝑡)

(55)

The resulting current will be of the form shown by (56).

𝑖𝑡 + Δ𝑖𝑡 =
(
𝐼𝑡𝑑0 + Δ𝐼𝑡𝑑 sin(𝜔𝑡 + 𝜙𝑑)

)
cos(𝜔0𝑡)

+
(
𝐼𝑡𝑞0 + Δ𝐼𝑡𝑞 sin(𝜔𝑡 + 𝜙𝑞)

)
sin(𝜔0𝑡)

(56)

The train admittance is obtained from the injected volt-
age and the measured current as (57)

𝐘𝐭(𝑗𝜔) =
⎡⎢⎢⎢⎣

Δ𝐼𝑡𝑑∠𝜙𝑑
Δ𝑉𝑡𝑑

||||Δ𝑉𝑡𝑞=0
Δ𝐼𝑡𝑑∠𝜙𝑑
Δ𝑉𝑡𝑞

||||Δ𝑉𝑡𝑑=0
Δ𝐼𝑡𝑞∠𝜙𝑞
Δ𝑉𝑡𝑑

||||Δ𝑉𝑡𝑞=0
Δ𝐼𝑡𝑞∠𝜙𝑞
Δ𝑉𝑡𝑞

||||Δ𝑉𝑡𝑑=0

⎤⎥⎥⎥⎦
(57)

Fig.9 shows the train admittance obtained obtained from
(53), the level of agreement being remarkable.

4. LFO Stability Theory
This section covers the frequency-domain stability crite-

ria used to determine the risk of LFO instability. The stability
criteria are applied over the impedance-based small-signal
model of the railway traction system [2–4, 16], which is used
for the study of the LFO phenomenon reported for multiple
trains located at a specific place in the power supply network
(e.g. trains at the depot).
4.1. Impedance-based small-signal model

Fig. 10 shows the impedance-based small-signal model
of the railway traction system, which can be viewed as as
a closed-loop system defined by (58), where 𝐙𝐬 is the total
network impedance in the actual 𝑑𝑞-frame, 𝐘𝐓 = 𝑛𝐘𝐭 is the
total input admittance in the actual 𝑑𝑞-frame and 𝑛, is the
total number of trains connected to the catenary line at the
same spot.

𝐆 =
𝛿𝐈𝐞𝐬
𝛿𝐕𝐞

𝐬
=

𝐘𝐓
𝐈 + 𝐘𝐓𝐙𝐬

(58)
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Figure 9: Train input admittance in the actual 𝑑𝑞-frame
obtained from the analytical small-signal model vs frequency
sweep of complete simulation model

Figure 10: Impedance based small-signal model

The input admittance of a single train 𝐘𝐭 (52) was al-
ready obtained in Section 3. The network impedance matrix
𝐙𝐬 is given by (59), being function of the network resistance
and inductance, 𝑅𝑠 and 𝐿𝑠, and the fundamental frequency
𝜔0.

𝐙𝐬 =
[

𝐿𝑠𝑠 + 𝑅𝑠 −𝜔0𝐿𝑠
𝜔0𝐿𝑠 𝐿𝑠𝑠 + 𝑅𝑠

]
(59)

4.2. Stability Criteria
To guarantee system stability, the denominator of (58),

which is the characteristic equation, should not be equal to
zero when 𝑠 = 𝑗𝜔 for any value of 𝜔 [26].

The impedance of the power supply network is an RL
circuit, which is a stable system. A train connected to an
ideal power source is also considered a stable system [27].
Therefore, these elements are stable in open loop. However,
these conditions do not guarantee stability when they are
interconnected in a closed-loop system [7]; so, additional
stability criteria must be considered in this case. Specific cri-
teria for the study of low-frequency oscillations are defined
in the following text.
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Since the control system allows independent control of
active and reactive power using the currents 𝑖𝑛𝑑 and 𝑖𝑛𝑞respectively, the railway model is considered a multiple-
input and multiple-output (MIMO) system. A factorization
of the MIMO open-loop transfer function, 𝐘𝐓(𝑗𝜔)𝐙𝐬(𝑗𝜔), is
described in (60), where 𝚲(𝑗𝜔) is the eigenvalue matrix and
𝐏 is the eigenvector matrix [16, 17].

𝐘𝐓(𝑗𝜔)𝐙𝐬(𝑗𝜔) = 𝐏𝚲(𝑗𝜔)𝐏−1 (60)

𝚲(𝑗𝜔) =
[

𝜆1(𝑗𝜔) 0
0 𝜆2(𝑗𝜔)

]
(61)

As observed in (61), 𝚲(𝑗𝜔) is a diagonal matrix. This
allows to analyze the stability from eigenvalues 𝜆1(𝑗𝜔) and
𝜆2(𝑗𝜔) as two decoupled single-input single-output (SISO)
systems [10].

In the frequency domain, the Nyquist criterion [26] and
Rever’s criterion [17] are extensively used for examining
the stability of SISO systems. Both criteria are equivalent,
indeed both have been used for LFO analysis in [3, 10] and
[16, 17] respectively

The stability criterion, as defined by Rever, is equivalent
to the traditional stability criteria applied in Bode diagram
that indicates that the closed-loop system is stable if, at the
crossover frequency 𝑓𝑐 (i.e., where the phase of eigenval-
ues 𝜆1,2 reaches −180º), the magnitude of the open loop
transfer function is less than 1 in absolute units (i.e., less
than 0 decibels) [16]. Using a comparable method, Nyquist
criterion specifies that the closed loop system is stable if the
eigenvalues 𝜆1,2 do not encircle the point (1,−180º) in the
complex plane [26].

The gain margin is defined as 𝐺𝑀 = 1∕ ||𝜆1,2(2𝜋𝑓𝑐)||;therefore, stability is ensured for a gain margin larger than
1 in absolute units (i.e., positive values in dB); the phase
margin is defined as 𝑃𝑀 = 𝑎𝑟𝑔(𝜆1,2) + 180º [10], where||𝜆1,2|| = 1.

5. Stability Analysis
In this section, the stability criteria from Section 4 are

applied to test a railway system model with a different
number of trains in the depot. The effect of increasing the
power consumption at DC-link is studied too.
5.1. Stability Analysis of trains on depot

For the sake of simplicity, in this analysis it is considered
that all the trains in the depot are identical (i.e., they have the
same electrical and control parameters) and operating at the
same base power of 50 kW; therefore, they have the same
input admittance. The analysis for the case of different input
admittances would follow the same methodology used in this
section. The only difference is that in such case, the total
admittance is not a multiple of the single train admittance
but the sum of admittances [10].

The stability analysis in three different cases is pre-
sented: a stable system (𝑛 = 17), a system at its stability limit

(𝑛 = 27), and an unstable system (𝑛 = 37). Time-domain
simulations are used to verify the analysis.

The specific train admittance used for the analysis is
shown in Figure 9, which corresponds to the train parameters
in Table 2. The components of the network impedance 𝑍𝑠are the upstream grid impedance 𝑍𝑢𝑔 , and the substation
impedance 𝑍𝑠𝑠𝑡 as seen in (62) [10].

𝑍𝑠 = 2 ×𝑍𝑢𝑔 +𝑍𝑠𝑠𝑡 (62)
The following impedance parameters at fundamental

frequency 𝜔0 are used in this study [16]:
|𝑍𝑢𝑔| = 0.5Ω,∠𝑍𝑢𝑔 = 80º ; |𝑍𝑠𝑠𝑡| = 6.5Ω,∠𝑍𝑠𝑠𝑡 = 80º

Once train admittance matrix, network impedance matrix
and number of trains are defined, the eigenvalues of the
system are calculated using (60) in the range of frequencies
of interest. Nyquist plots and the Bode diagrams for the three
cases are shown in Fig. 11(a) and Fig. 11(b) respectively. The
gain margin is shown for Bode plots as marked filled circles.
The frequency response obtained using the simulation model
is also shown to assess the accuracy of the analytical small-
signal model. From Fig. 11(b) it is seen that increasing the
number of trains at the depot, 𝑛, only increases the magnitude
of eigenvalues 𝜆1 and 𝜆2, the phase remaining constant. As
noticed in Fig. 11(b), the phase of the eigenvalue 𝜆2 never
intersects 180º, therefore it is not causing any instability.
This applies to the three examined cases. Nyquist stability
criterion confirms the same result since 𝜆2 never encloses
−1.

It is observed from the Nyquist plot in Fig. 11(a) that for
𝑛 = 17, the eigenvalue 𝜆1 (green curve) does not enclose −1,
which fulfills the Nyquist stability criterion. For 𝑛 = 27, the
eigenvalue 𝜆1 (blue curve) almost crosses −1 and the system
is at the stability limit. For 𝑛 = 37 trains, which is larger than
the limit number, it is very clear that the red curve encloses
−1; thus, the system is not fulfilling the stability criterion
anymore and the system becomes unstable.

It is observed from Fig. 11(b) that for 𝑛 = 17 (stable
case), |𝜆1| at phase crossover frequency 𝑓𝑐 is less than
0 dB (i.e., positive gain margin), which fulfills the stability
criterion. At the system stability limit for 𝑛 = 27, |𝜆1| at
the crossover frequency is 0 dB, in this case, the crossover
frequency 𝑓𝑐 will define the oscillation frequency, that is
4.5 Hz. If there are more than 27 trains connected to the
power supply network, |𝜆1| at the crossover frequency will
take positive values (i.e., negative gain margin) and the
system will become unstable.

Time domain simulations of the three cases are shown
in Fig. 12. Catenary voltage, DC-link voltage, and inductor
current per train are shown. Initially, the system is operating
with 𝑛 = 7 trains at the depot; here the system is in steady
state; then, at 𝑡 = 5 s, ten more trains are connected to the
network as a step change (i.e., 𝑛 = 17); here, the system
experiences small oscillations that are damped quickly, and
the system remains stable. A second step change in the
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Figure 11: System eigenvalues for different number of trains
𝑛 in the depot (DC-link power consumption 50 kW). 𝑛 = 17
(stable), 𝑛 = 27 (limit of stability) and 𝑛 = 37 (unstable). Small
signal analytical model (continuous line). Frequency swept
using complete simulation model (𝜆1 →∗, 𝜆2 → ◊).

number of trains (i.e., 𝑛 = 27) occurs at 𝑡 = 6 s, time
response is pure oscillatory, damping is almost negligible
and the system is at the stability limit. The frequency of the
oscillations observed in all the signals ≈ 4.5 Hz is seen to
be in good agreement with the frequency predicted from the
small-signal based analysis. Finally, following a step change
in the number of trains (i.e., 𝑛 = 37) at 𝑡 = 8 s, the system
becomes unstable.
5.2. Influence of power consumption at the

DC-link
The reference point for this study is the limit of stability

(i.e., GM=0 dB) reached with 𝑛 = 27 identical trains on
depot are operating at 50 kW each. System stability is studied
in this section for variations in power consumption at the
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Figure 12: Time-domain simulations when the number of trains
in depot change (DC-link power consumption 50 kW). 𝑛 = 7
for 𝑡 < 5 s (initial steady state); 𝑛 = 17 at 𝑡 = 5 s (stable case),
𝑛 = 27 at 𝑡 = 6 s (limit case), 𝑛 = 37 at 𝑡 = 8 s (unstable case).

DC-link of the trains, the number of trains and the rest of the
electrical and control parameters are kept the same.

As discussed in Section 5.1, the eigenvalue 𝜆2 doesn’t
pose any risk of instability; therefore, it is not shown.
Nyquist plot and Bode diagram of system eigenvalue 𝜆1are shown in Fig. 13 for four different levels of power
consumption at the DC-link.

Since the trains are operating at the depot (i.e., only aux-
iliary systems are drawing power), the increments of power
are relatively small. Fig. 13(a) shows that increasing the
dc-link power consumption improves the system stability.
Similarly, Fig. 13(b) shows that going from 50 kW to 100 kW
increases the gain margin, which means the system moves
away from the stability limit becoming more stable while it
reduces the oscillation frequency. At 150 kW and 200 kW
the phase of the eigenvalue 𝜆1 is below 180º, which means
that it never intersects the 180º line at any of low frequencies,
having no risk of LFO instability. The fact that increasing
the power increases system stability is in agreement with the
results reported in [1, 3, 14, 16].

6. Sensitivity Analysis
In this section, the sensitivity analysis of the system

stability to train electrical and control parameters using the
small-signal model is performed. As in the previous sec-
tions, identical trains connected at the depot are considered.

The reference operating point for this analysis is the
stability limit case presented in Section 5.1 with 𝑛 = 27
trains connected at the depot, operating at a power of 50 kW
each. The sensitivity analysis, variation of the critical eigen-
value 𝜆1 with incremental variation of a given parameter is
obtained, with the rest of the system parameters remaining
constant. The range of variation of the parameters being
considered is 0.8 to 1.2 from its base value.

Fig. 14(a) and (b) show the gain margin and oscillation
frequency (i.e., phase crossover frequency) as a function of
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Figure 13: Critical system eigenvalue 𝜆1 for different levels of
DC-link power consumption. 𝑛 = 27 trains at depot. Analytical
small-signal model and frequency swept of complete simulation
model.

the per unit value of different electrical or control parameter
of the train, respectively. At the stability limit operating with
nominal values, the gain margin is GM = 1 (i.e., 0 dB),
and the oscillation frequency is 4.5 Hz. The slope of each
curve gives the sensitivity of the gain margin and oscillation
frequency. Positive slopes in Fig. 14(a) indicate that the sys-
tem becomes more stable as the parameter being considered
increases, the contrary occurs for negative slopes. According
to the magnitude of slopes in Fig. 14(a) LFO shows high
sensitivity to 𝐿𝑛 and current control bandwidth, medium
sensitivity to voltage control bandwidth and current-SOGI,
while sensitivity to 𝐶𝑑 and voltage-SOGI is low, practically
no sensitivity to PLL tuning is observed. Table. 3 summa-
rizes the results shown in Fig. 14.

It is noted that increasing the voltage-control bandwidth
(𝐵𝑊 𝑣𝑐) decreases the gain margin of the system while
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Figure 14: a) Gain Margin of critical system eigenvalue 𝜆1
and b) oscillation frequency, as a function of p.u. parameter
variation

increasing the current-control bandwidth (𝐵𝑊 𝑐𝑐) increases
the gain margin. This strongly suggest that the spectral sep-
aration between current and voltage controller bandwidths
will play a critical role in the occurrence of LFO. This is in
agreement with the results reported in [19].

Finally, it is noted that the trajectories shown in Fig. 14
are not necessarily straight lines. This is due to the non-linear
nature of the system. This suggests that parameter sensitivity
when more than one parameter changes might not be agree
with the results obtained from simple superposition of the
effects of changing parameters individually. This is a subject
of ongoing research.
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Gain Margin (GM) Oscillation Frequency
𝐵𝑊 𝑣𝑐 ↓↓↓ ↑↑↑
𝐵𝑊 𝑐𝑐 ↑↑↑↑ ↓
𝐿𝑛 ↑↑↑↑↑ ↓↓↓
𝐶𝑑 ↓ ↑
𝑘𝑣𝑠 ↑↑ ↑↑
𝑘𝑐𝑠 ↑↑ ↓↓
𝑘𝑝𝑙𝑙 - -

Table 3
Sensitivity of low-frequency stability to train parameters. ↑
and ↓ stands for positive sensitivity and negative sensitivity.
Number of arrows show the degree of sensitivity.

7. Conclusions
An accurate train small-signal input admittance model

that is useful for the analysis of low-frequency stability
was developed and presented in this paper. The small-signal
model was developed in the synchronous frame, and its
frequency response matched with the frequency swept of the
simulation of the complete (non-linear) model of the train.
An approximated small-signal model of the QSG-SOGI in
the synchronous frame valid in the low-frequency range was
calculated and included in the system along with the PLL to
model the dynamics due to errors in the coordinate rotation.

A stability analysis of the railway system was performed
and checked with numerical methods. The different cases
were analyzed for different numbers of trains operating at the
depot, showing that increasing the number of trains increases
the risk of instability.

The train small-signal input admittance model combined
with power network admittance was able to predict the
appearance of low-frequency oscillation when trains are
operating at low power consumption with only auxiliary
systems energized. Finally, using the small-signal model, the
sensitivity analysis of the system stability to train electrical
and control parameters was presented.
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A. QSG-SOGI IN SYNCHRONOUS DQ-FRAME
The expansion of (14) is shown in (A.1)

[
�̂�𝑒𝑛𝑑
�̂�𝑒𝑛𝑞

]
=
⎡
⎢⎢⎣

cos𝜔0𝑡
(
ℎ𝑓𝛼(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡)

)
+ sin𝜔0𝑡

(
ℎ𝑓𝛽(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡)

)

− sin𝜔0𝑡
(
ℎ𝑓𝛼(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡)

)
+ cos𝜔0𝑡

(
ℎ𝑓𝛽(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡)

)
⎤
⎥⎥⎦

(A.1)

Using the Laplace transform 𝐹 (𝑠) =  {𝑓 (𝑡)}, then {
𝑒𝑗𝜔0𝑡𝑓 (𝑡)

}
= 𝐹 (𝑠 − 𝑗𝜔0) = 𝐹 +, {

𝑒−𝑗𝜔0𝑡𝑓 (𝑡)
}

= 𝐹 (𝑠 + 𝑗𝜔0) = 𝐹 −,
{

𝑒𝑗2𝜔0𝑡𝑓 (𝑡)
}

= 𝐹 (𝑠 − 𝑗2𝜔0) = 𝐹 ++, {
𝑒−𝑗2𝜔0𝑡𝑓 (𝑡)

}
= 𝐹 (𝑠 + 𝑗2𝜔0) = 𝐹 −−. Furthermore, using the inverse Euler’s formula:

cos𝜔0𝑡 = (𝑒𝑗𝜔0𝑡 + 𝑒−𝑗𝜔0𝑡)∕2 and sin𝜔0𝑡 = (𝑒𝑗𝜔0𝑡 − 𝑒−𝑗𝜔0𝑡)∕2𝑗. It is then possible to express the convolutions as:

ℎ𝑓𝛼(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡) = ℎ𝑓𝛼(𝑡) ∗
(
𝑣𝑒𝑛𝑑

𝑒𝑗𝜔0𝑡 + 𝑒−𝑗𝜔0𝑡

2
− 𝑣𝑒𝑛𝑞

𝑒𝑗𝜔0𝑡 − 𝑒−𝑗𝜔0𝑡

2𝑗

)

= −1

{
𝐻𝑓𝛼(𝑠)

(
𝑉 𝑒+
𝑛𝑑 + 𝑉 𝑒−

𝑛𝑑

2
−

𝑉 𝑒+
𝑛𝑞 − 𝑉 𝑒−

𝑛𝑞

2𝑗

)} (A.2)

ℎ𝑓𝛽(𝑡) ∗ (𝑣𝑒𝑛𝑑 cos𝜔0𝑡 − 𝑣𝑒𝑛𝑞 sin𝜔0𝑡) = ℎ𝑓𝛽(𝑡) ∗
(
𝑣𝑒𝑛𝑑

𝑒𝑗𝜔0𝑡 + 𝑒−𝑗𝜔0𝑡

2
− 𝑣𝑒𝑛𝑞

𝑒𝑗𝜔0𝑡 − 𝑒−𝑗𝜔0𝑡

2𝑗

)

= −1

{
𝐻𝑓𝛽(𝑠)

(
𝑉 𝑒+
𝑛𝑑 + 𝑉 𝑒−

𝑛𝑑

2
−

𝑉 𝑒+
𝑛𝑞 − 𝑉 𝑒−

𝑛𝑞

2𝑗

)} (A.3)

Combining equations (A.1) and (A.2) and (A.3)

[
�̂�𝑒𝑛𝑑
�̂�𝑒𝑛𝑞

]
=
⎡
⎢⎢⎣

𝑒𝑗𝜔0 𝑡+𝑒−𝑗𝜔0 𝑡

2
−1

{
𝐻𝑓𝛼(𝑠)

(
𝑉 𝑒+
𝑛𝑑 +𝑉 𝑒−

𝑛𝑑
2

−
𝑉 𝑒+
𝑛𝑞 −𝑉 𝑒−

𝑛𝑞

2𝑗

)}
+ 𝑒𝑗𝜔0 𝑡−𝑒−𝑗𝜔0 𝑡

2𝑗
−1

{
𝐻𝑓𝛽(𝑠)

(
𝑉 𝑒+
𝑛𝑑 +𝑉 𝑒−

𝑛𝑑
2

−
𝑉 𝑒+
𝑛𝑞 −𝑉 𝑒−

𝑛𝑞

2𝑗

)}

− 𝑒𝑗𝜔0 𝑡−𝑒−𝑗𝜔0 𝑡

2𝑗
−1

{
𝐻𝑓𝛼(𝑠)

(
𝑉 𝑒+
𝑛𝑑 +𝑉 𝑒−

𝑛𝑑
2

−
𝑉 𝑒+
𝑛𝑞 −𝑉 𝑒−

𝑛𝑞

2𝑗

)}
+ 𝑒𝑗𝜔0 𝑡+𝑒−𝑗𝜔0 𝑡

2
−1

{
𝐻𝑓𝛽(𝑠)

(
𝑉 𝑒+
𝑛𝑑 +𝑉 𝑒−

𝑛𝑑
2

−
𝑉 𝑒+
𝑛𝑞 −𝑉 𝑒−

𝑛𝑞

2𝑗

)}
⎤
⎥⎥⎦

(A.4)

Taking the Laplace transform of each element of the vector voltage in (A.4) yields:

𝑉 𝑒
𝑛𝑑 =𝐻+

𝑓𝛼

(
𝑉 𝑒++
𝑛𝑑 + 𝑉 𝑒

𝑛𝑑

4
−

𝑉 𝑒++
𝑛𝑞 − 𝑉 𝑒

𝑛𝑞

4𝑗

)
+𝐻−

𝑓𝛼

(
𝑉 𝑒
𝑛𝑑 + 𝑉 𝑒−−

𝑛𝑑

4
−

𝑉 𝑒
𝑛𝑞 − 𝑉 𝑒−−

𝑛𝑞

4𝑗

)

+𝐻+
𝑓𝛽

(
𝑉 𝑒++
𝑛𝑑 + 𝑉 𝑒

𝑛𝑑

4𝑗
+

𝑉 𝑒++
𝑛𝑞 − 𝑉 𝑒

𝑛𝑞

4

)
−𝐻−

𝑓𝛽

(
𝑉 𝑒
𝑛𝑑 + 𝑉 𝑒−−

𝑛𝑑

4𝑗
+

𝑉 𝑒
𝑛𝑞 − 𝑉 𝑒−−

𝑛𝑞

4

) (A.5)

𝑉 𝑒
𝑛𝑞 =𝐻

−
𝑓𝛼

(
𝑉 𝑒
𝑛𝑑 + 𝑉 𝑒−−

𝑛𝑑

4𝑗
+

𝑉 𝑒
𝑛𝑞 − 𝑉 𝑒−−

𝑛𝑞

4

)
−𝐻+

𝑓𝛼

(
𝑉 𝑒++
𝑛𝑑 + 𝑉 𝑒

𝑛𝑑

4𝑗
+

𝑉 𝑒++
𝑛𝑞 − 𝑉 𝑒

𝑛𝑞

4

)

+𝐻+
𝑓𝛽

(
𝑉 𝑒++
𝑛𝑑 + 𝑉 𝑒

𝑛𝑑

4
−

𝑉 𝑒++
𝑛𝑞 − 𝑉 𝑒

𝑛𝑞

4𝑗

)
+𝐻−

𝑓𝛽

(
𝑉 𝑒
𝑛𝑑 + 𝑉 𝑒−−

𝑛𝑑

4
−

𝑉 𝑒
𝑛𝑞 − 𝑉 𝑒−−

𝑛𝑞

4𝑗

) (A.6)

From equations (A.5) and (A.6) is clear that in the 𝑑𝑞-frame for any excitation frequency at the input voltage, the output voltage will
present a component at the same excitation frequency but also another component at a shifted excitation frequency by 2𝜔0, for the LFO
analysis oscillations frequencies have reported to frequencies no larger than 7 Hz in 𝑑𝑞-frame (add reference), therefore the output response
due to the shifted excitation frequencies are neglected. Finally having:

[
𝑉 𝑒
𝑛𝑑

𝑉 𝑒
𝑛𝑞

]
≊ 1

4

⎡
⎢⎢⎣

(
𝐻−

𝑓𝛼 +𝐻+
𝑓𝛼

)
+ 𝑗

(
𝐻−

𝑓𝛽 −𝐻+
𝑓𝛽

)
−
((

𝐻−
𝑓𝛽 +𝐻+

𝑓𝛽

)
− 𝑗

(
𝐻−

𝑓𝛼 −𝐻+
𝑓𝛼

))
(
𝐻−

𝑓𝛽 +𝐻+
𝑓𝛽

)
− 𝑗

(
𝐻−

𝑓𝛼 −𝐻+
𝑓𝛼

) (
𝐻−

𝑓𝛼 +𝐻+
𝑓𝛼

)
+ 𝑗

(
𝐻−

𝑓𝛽 −𝐻+
𝑓𝛽

)
⎤⎥⎥⎦

[
𝑉 𝑒
𝑛𝑑

𝑉 𝑒
𝑛𝑞

]
(A.7)

Note that equation (A.7) is presented with abbreviate notation in this section but is presented with the expand notation in section 3 by
(15), (18) and (19).
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