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Abstract

In this paper, we develop a formula for spacelike surfaces in a 4-
dimensional Lorentzian space form which involves its mean curvature
vector field and the Gauss curvature of the induced metric and the
Gauss curvature of the second fundamental form associated to a non-
degenerate null normal section. By means of this formula, we stablish
several sufficient conditions for compact spacelike surfaces with con-
stant Gauss curvature to have a null umbilical direction. As another
application, we give a new proof of the Liebmann rigidity theorem in
Euclidean, hemispherical and hyperbolic spaces, and in the De Sitter
spacetime.
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1 Introduction

Consider a spacelike surface S in a 4-dimensional spacetime. At least locally,
there are two future-directed null vector fields orthogonal to it, one of them
¢, pointing out to a direction will be called inwards, and the other one,
1, outwards. At each event p € S, the shape operator associated to &,
A¢ (see definition in (1) for details), acting on a tangent vector v € TS,
measures how does the inwards directed family of light rays (orthogonal to
S) converge or diverge in the direction of v. Hence, if the mean curvature
function associated to A¢ is positive (resp. negative), then the inwards light
rays tends to converge (resp. diverge) in average.

Other physically relevant function is the mean null curvature function of
a spacelike surface S, defined as ¢g = (trA¢)(tr4,), where £, n are future-
directed null vectors orthogonal to S with (£, n) = —1. The surface S is
called future converging when ¢g > 0 and trA; > 0, i.e., when both families
of light rays ortogonal to it converge. If, in addition, S is compact, then S
is a trapped surface. These surfaces are the precursors of the singularities in
gravitational collapse (see, for instance, [6], [7], [14]).

In this work, we are interested in spacelike surfaces such that at least
one of its null-second fundamental forms Il (or II,)), defined in (Eq. 5), is
non degenerate. It physically means that, in each event of S, there does
not exist any direction v € T, M such that the inwards directed light rays
neither approach, nor separate, nor rotate. As a consequence, II. defines a
new metric on the surface, which may be definite or not. If II; is positive
definite (resp. negative definite), then inwards directed light rays orthogonal
to S converge (resp. diverge) along any direction at each event of S. In
the indefinite case, the new metric is Lorentzian and the inwards directed
light rays converge in some directions and diverge in others. An analogous
interpretation may be done for the null direction n, but in this case the light
rays are now directed outwards. Our first aim precisely consists in to find
some sufficient conditions to assure that both null-second fundamental forms
are non degenerate (Prop. 2.1).

On the other hand, it is natural to ask ourselves about what relation is
there between both metrics on such surfaces. With this aim, we find a for-
mula which relate the Gauss curvatures of S when is endowed with the first
and the second fundamental forms (Eq. 17). This formula widely generalizes
the given in [2] and [3] for surfaces in the 3-dimensional De Sitter space-
time, and in [12] for surfaces in 4-dimensional Lorentz-Minkowski spacetime
through a light cone. By means of this new formula, we stablish some in-
tegral conditions to characterize the null umbilical directions for compact



spacelike surfaces a null second fundamental form positive definite (Th.4.1)
and marginally trapped surfaces (Th.4.4) in a Lorentzian space form.

Finally, we study spacelike surfaces immersed in a totally umbilical hy-
persurface of a Lorentzian space form and, by using the previous charac-
terization of umbilical directions of compact spacelike inmmersions, we give
new proofs of the rigidity Liebmann theorem for surfaces on the Euclidean,
hemispherical and hyperbolic 3-spaces (Th.5.3, Th.5.4 and Th.5.6) and in
the 3-dimensional De Sitter spacetime (Th.5.7).

2 Preliminaries

Let x : M? — Mf (¢) be a spacelike immersion of a 2-dimensional (con-

nected) manifold M? into a 4-dimensional Lorentzian space form Mf (c) of
constant sectional curvature c¢. Denote by (, ) for the Lorentzian metric of

Mf (c) as well as the induced on M? via x. We write V and V the Levi-Civita

connections of M? and Mf (¢), respectively, and let V+ be the connection on
the normal bundle of the submanifold. The Gauss and Weingarten formulas
of x are

VxY =VxY +1[(X,Y) and Vxé=-AX+Vx¢ (1)

for any tangent vector fields X,Y on M? and a normal vector field &. The
shape (or Weingarten) operator A¢ is related to the second fundamental form
IT by

(AeX,Y) = (II(X,Y),9).

The mean curvature vector field is given by H = % tr, 11, and the Gauss and
Codazzi equations of x are respectively,

RX,Y)Z =c{(Y,Z2)X — (X, Z)Y} + Ay, X — Ay, Y (2)

11(X,Z)

(VxID(Y, Z2) = (VyID)(X, 2), (3)

where R stands for the curvature tensor of the induced metric and
(VAID)(Y, Z) = VLY, Z) — (VY. Z) — 1LY, V< 2),

for any tangent vector fields X, Y, Z on M?. For each normal vector field ¢,
the Codazzi equation provides us that,
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Assume ¢ is globally defined and denote by II¢ the symmetric tensor field on
M?,

I (X,Y) = —(A:X)Y) = —(II(X,Y), §). (5)
When Il is nondegenerate everywhere on M?, we will say that ¢ is a nonde-
generate normal section [4, p.59]. At any p € M?, A is self-adjoint, hence,
there exists an orthonormal basis of tangent vectors e, es to M? consisting
of eigenvectors of Ag, that is A¢(e;) = Aie;. The eigenvalues A, Ay are the
principal curvatures and the eigenvectors ey, es the principal directions of
the normal direction £&. The Casorati curvature of the normal direction £ is

defined by,

tr( A7)
2
Clearly C¢ = 0 if and only if the normal direction ¢ is geodesic.

Ce =

= SR+ X)), (6

L : : :
From now on we assume M,(c) is time orientable, i.e., there exists a

globally defined timelike vector field Z on M?(C) (see [15, pp.345-346] for
instance). Now, we take the normal component of Z, Z*, and we define the
following future (with the same orientation that Z) unit timelike vector field
orthogonal to M?2,

1
N=——— 7t cx'(M?)

_<Zi’ ZL>

From now on we suppose M;l(c) and M? to be orientable. Hence, we may
construct a new unit future timelike vector field E € X+(M?), such that,
at each point p € M?, (N,, E,) be a orthonormal basis and for all positive
oriented basis of T,M?, (e1,ez), then (N, E,, e1,es) be a positive oriented
orthonormal basis of T,y M. Thus, there exist two independent future null
vector fields &, € X(M?) defined as follows,

1 1
3 \/ﬁ(N +E), 1 7
which trivialize the normal bundle of M? and satisfy (¢, n) = —1. Moreover,
such a pair of null sections is essentially unique, i.e., for any (¢, ) satisfying
the previous conditions it is holds that ¢ = f¢& and n' = %77 for some
differentiable function f on M?2.

The following formula holds for II,

(N_E)a

(X, Y) = IL,(X, V)¢ + 11e(X, Y)n, (7)



for every X,Y € X(M?). In particular,
H = —(H,n¢ - (H, 1. (8)
Contracting in (2) we obtain,
Ric(Y, Z) = Y, Z) + 2{AnY, Z) + (AeA, + A, AQ)Y, Z), 9)
and

(K —c)ld = (= 2(Hn)ld+ A,) A + (= 2(H € 1d + A¢) A,

where K is the Gauss curvature of M?. Taking into account that trAs =
2(H, ¢) and analogously for 1, we obtain that,

(K — C)Id = AgAn + AnAg + 2AH, (10)
Therefore,
2(K —c¢) =4(H,H) + 2tr(AcA,) = 4(H, H) — (II, 1I), (11)

where, as usual, (I, II), = %2

[ 7i=1(I(ei, e5),11(ei, e;)) for {eq, ea} an orthonor-
mal basis of T, M~.

In order to obtain a sufficient condition which asserts that the null normal
sections ¢ and n are nondegenerate we give the following result.

Proposition 2.1. Let v : M? — Mf(c) be a spacelike immersion. If the
following inequality is satisfied,

o= (K —¢c)* —4(K — ¢)(H,H) + 4 det(An) > 0,
then the null normal sections & and n are nondegenerate.

Proof. Assume det(A¢) vanishes at p € M?. Let e;,es be the principal
directions of the null normal direction £ with A¢(e;) = 0 and Ag¢(e2) = Aes.
A direct computation shows that det(A¢A, + A, A¢) = —A*(A,(e1), e2). But
taking account (10), we get,

det ((K —o)ld— zAH) — (K — ¢)? — 4(K — ¢)(H, H) + 4det(Ag) < 0,

which contradicts our assumption. O]



Remark 2.2. Note that ¢(p) = 0 if and only if K(p) — ¢ is an eigenvalue of
2Ag. On the other hand, assume that p is a log-harmonic function defined on

a simply-connected domain U C R?. In [6], it is shown that <U, i(de—f—dyz))
is a flat surface which can be isometrically immersed in the 4-dimensional
Lorentz-Minkowski space LL*. Moreover, its second fundamental form satis-

fies,

11(8,,0,) = (1 ~1)H, 11(3,,0,) =0, 11(9,,9,) = (1 +1)H,
1 u

where H = (1, 1,0,0). Taking n = H it is clear that the null normal section
n is degenerate and det(A¢) = 1/u® — 1. Therefore, for suitable choices of
1 > 0, we obtain that £ is nondegenerate. In this case, a direct computation
shows that ¢ = 0 and thus Proposition 2.1 can not be weakened to ¢ > 0.

On the other hand, the polynomial P(t) = t* — 4(H, H)t + 4 det(A) has,
at any point, non-negative discriminant as a consequence of the Schwarz
inequality. Thus, the assumption P(K — ¢) > 0 does not follows from a
condition on P(t) independent of K — c.

Corollary 2.3. Let x : M? — Mf(c) be a spacelike immersion. Assume
that M? is extremal (H = 0) and not totally geodesic, then the null normal
sections & and 1 are nondegenerate, with 11, and II¢ Lorentzian metrics on
M2

Proof. Tt is a direct consequence of (11). The Lorentzian signature is deduced
from trd, = 2(H, &) = 0.
O

Recall that a spacelike immersion = : M? — Mf (c) is called pseudo-
umbilical when Ay = pld for p € C°(M).

Corollary 2.4. Let v : M?* — Wf(c) be a pseudo-umbilical spacelike im-
mersion. If K(p) # ¢+ 2p(p) at every point p € M?, then & and n are
nondegenerate null normal sections

Proof. Taking into account that det(Ag) = p* and (H,H) = p the result is
a direct consequence of Proposition 2.1.
[

Proposition 2.5. Let z : M? — Mf(c) be a spacelike immersion with null
normal vector field & and H the mean curvature vector field of M?*. Then,

det(A¢) = 2(H, £)* — C¢. (12)
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Proof. The characteristic equation for the shape operator Ag,
Az — (trA¢)Ae + (detAg)Id =0,
implies that,
2(detAe) = (trde)? — (trA7).
Taking into account that trA, = 2(H, &) the result easily follows.

3 Gauss curvature of Il

Assume ¢ is a nondegenerate null normal section on M? into Mi. In this
case, II¢ given by (5) provides with a new metric on M?. This section is

devoted to obtain an explicit formula for the Gauss curvature of the metric
IL.

Let D denote the Levi-Civita connection of the metric tensor II;. The
difference tensor L between the Levi-Civita connections D and V is given
by,

L(X,Y)=DxY — VxY, (13)

for all X,Y € X(M?). From the Koszul formula for II¢ and (4) we have,

1
LX)Y) = §Agl (VxAY + Agpe X + B(X,Y)/|,

where (B(X,Y), Z) = —(Ay.X,Y) forall XY, Z € X(M?).
Since (£,€) = 0 we obtain that (V%&,&) = 0 for every X € X(M?).
Therefore there exists a 1-form w such that,
Vi€ = w(X)E. (14)

We define © € X(M?) by (0, X) = w(X) for every X € X(M?). That is, ©
is the vector field (, )-metrically equivalent to w. A direct computation shows
that,

B(X,Y) =1I(X,Y)0O,
for every X, Y € X(M?). Therefore the symmetric difference tensor L can
be written as follows,

L(X,Y) = %Agl [(VXAS)Y] + %w(Y)X + %Hg(x, Y)AZ'e.  (15)



Remark 3.1. The curvature of the normal connection satisfies,
RY(X,Y)¢ = dw(X,Y)E, RHX,Y)n = —dw(X,Y)n.
Therefore, for every normal vector field a € X*(M?) we obtain that,
R*(X,Y)a = dw(X,Y)a,
where a = (o, &)n — (a, n)€. It should be pointed out that if we put Ja = &
then (Ja, Ja) = —(a,a) and J? = Id.

Now consider the Riemannian curvature tensor R¢ of II¢ which can be
decomposed as follows

R =R+ Q1+ Qs

where,

Q1(X,Y)Z = (DxL)(Y, Z) — (DyL)(X, Z),
and X,Y,Z € X(M?). Therefore we get the following formula for the Gauss
curvature K¢ of Ilg,

2K¢ = JEI"H‘E (RIC) + tI‘H5 (@\1) + JCI'H‘f (@\2) (16)

where @(X, V) = tr{Z = QiZ,X)Y} i = 1,2, and for a symmetric
(0,2) tensor T, try, T is the ordinary trace of the (1,1)-tensor 7" defined
by He(T(X),Y) = T(X,Y).

Lemma 3.2. The trace with respect to Il¢ of the Ricci tensor Ric is given
by,

trn(Ric) = b (€ - () = 3 )

Proof. Let {E1, Es} bea (, )-orthonormal basis of T,M?, such that A¢(E;) =
A\ E; at a point p € M2, Consider now F; = |\;|"V2E;, i = 1,2, then {F}, Iy}
is a [Ig-orthonormal basis of T,M? with &; = II¢(F}, F;) = —X\i/|\i|. A direct
computation gives now the result. O]

Now observe that the vector field —Agle) is metrically equivalent to w
with respect to II;. The following result relates this vector field with the
second right term of (16).

Lemma 3.3. The trace with respect to 1l¢ of the tensor é\l s given by,
)EI"H5 (Ql) = diVH5 (Agl@)
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Proof. Consider {E, Es} and {Fy, F»} constructed as previously. Extend F
and F5 near the point p as a local be a (, )-orthonormal IIg-orthonormal
frame {Fy, F»} satisfying (D, Fj), = 0.

A direct computation shows that,

[tl"ng(@)]p = €162 [Hg <F2, Q1(F, Fl)F1)>p + I1¢ (Fl, Q1 (Fy, F2)F2)>J .
On the other hand,
e (B, Qi (P, Fl)F1)>p = (Bl (B, L(Fy, Fy)) = (R Ie (B, LBy, ).
and taking into account (21) we obtain,

[trug(@\l)} = — 1 (F)yw(Fy) — eo(Fy)yw(Fy) = [divﬂg(AgIG)}

p p

Lemma 3.4. The trace with respect to Il¢ of the tensor é\z s given by,

i (@2) = Te(L, L) ﬁng(v%(detmg)), V1 (det(A¢)) )

4 det
1 Ve (det(A¢))
+w <A5 O+ 2det(A£f >

Proof. Let {E;, E»} be a local { , )-orthonormal frame at a point p € M?
such that A¢(E;) = \E; for i = 1,2 at p € M?. Then, construct {Fy, F>} as
in Lemma 3.3.

A direct computation shows,

[trng(@\g)]p — 215 [Hf (L(Fl, L(Fy, 1)) — L(Fy, L(F1, V), FQ)

I (L(FQ,L(FZ, F)) - LR, L(FQ,FQ)),Flﬂ .

p

Now, from (21) we obtain,
(L(X,Y), Z) — I(L(X, Z),Y) = w(Y)I(X, Z) — w(Z)I(X,Y),

and therefore,
[trﬂs(@)}p — £165 [115 (L(Fl, Fy), L(F,, FQ)) — &1 (w(Fy))?
—11§(L(F2, Fy), L(F, Fl)) — eaw(L(Fy, F1))

9



+1I, (L(Fl, Fy), L(Fy, F2)> — ea(w())?

11 <L(F2,F2), L(F), Fl)) — e yw(L(Fy, FQ))].
Observe that,

(L, L) = Zagjﬂg (F;, Fy), L(F;, Fy))

whereas,

TT¢ (try, (L), trn, (L Z eie;11e(L(F;, Fy), L(Fy, F})),

where tryy, (L) = e1L(F1, F1) + e L(Fy, Fy) is the vector field obtained from
the IIs—contraction of L. Hence, we obtain the following formula,

trir, (Qa) = (L, L) — Ug(try, (L), try (L)) — w(ter, (L)) — Le(A710, AZ1O).

We end the proof obtaining an explicit expression of the vector field
tri, (L). A straightforward computation shows,
1. 1 N _
§A€ 1@ + 5{61145 ! |:<VF1A§>F1} + &TQAE ! |:(VF2A£)F2] }
Until now, we have not used the concrete expressions for F; and F5, which
are needed to obtain the vector field try, (L). In fact, for every X € X(M?)
we get,

tI‘HE (L) =

X det(Ag) = X(<A§E1, E1><A§E2, E2>)
= )\2<(VX_/4§)E17 E1> + )\1<(VX/4§)E2, E2>

Using the Codazzi equation (4) we can rewrite the previous formula as fol-
lows,

X det(Ag) = — det(Ag) [51<(VF1A5)F1, X) + e2((Viy Ag) Py, X) — w(X)] ,
and therefore,
X det(Ag) = det(A¢)IT <A [sl(VFIAg)Fl +ea(Vi Ae) Fy — @} X).
Moreover,
Vi (det(Ae)) = —det(Ae)A 10 + det(Ag){elA [(VplAg)Fl]

+e2A;! [(VFQAg)FQ} }
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and thus,

VHE (det<"4§)) 4 Ail@.

€1Agl |:<VF1A£>F1:| + 82Agl [(VFzAi)FQ] = det(A¢) 3

Finally, for the vector field try, (L) we have,

V1 (det(A¢))

_ A-1
JCI'H§ (L) = A£ e + W,

concluding the proof.

The three previous lemmas show our key result.

Theorem 3.5. Let x : M? — Mf(c) be a spacelike immersion of a 2-
dimensional orientable manifold M? into an 4-dimensional Lorentzian space
form Wf(c) of constant sectional curvature c. Assume that £ is a nondegen-
erate null normal section. Then the Gauss curvature K¢ of the metric 11¢
satisfies,

2KS = *je’j(ff + divy, (A7'0) + TIe(L, L)

(17)

€ (det(A
4d t(AQ) II& (VH§ (det(Ag)), VIIf (det(AE))> —|— w(A 1@ + %) .

Remark 3.6. Note that (17) widely extends formula (10) in [13].

Now, assume the nondegenerate normal null direction £ is umbilical.
Then, there exists a smooth function f on M such that A, = —e?/Id. Next,
we will analyse each of the terms in (17).

Since Il = €2/( , ), that is, Il and (, ) are conformally related, we can
deduce the following formulas.

de =€, VUd; = e?/Vd = 4e¥V |,

where we have denoted by d¢ = det(A¢). Thus, for the fourth term of the
second member of (17), we have,

1
4d2Hs(vH£d5,vH£d5) VIR (18)

Now from the Codazzi equation (4), taking into account that A =
—e?/Id, we have

11



XY +Y ()X = —eHu(X)Y + ¥ u(Y)X, (19)
for all X,Y € X(M). Therefore, from (19), we arrive to

w(X)=2X(f) for all X € X(M). (20)
Observe that © = 2V f. Therefore, formula (20) gives,
VHg d§

w<Ag1@+ o )zw(O):O,

and so the last term in (17) identically vanishes.
We analyse now the third term in (17). The metrics Il and (, ) are
conformally related and therefore the difference tensor (13) satisfies

LIX,)Y)=X()Y +Y (/)X — (X, Y)Vf. (21)

Let {F1, F5} be a (local) IIg-orthonormal frame and denote L(F;, F;) by Li;.
A direct computation from (21) shows

Ly =2F(f)F1 — e V[, Loy =2F(f)F,—e >V,
Ly = Loy = Fi(f)F1 + Fo(f)Fy.
Therefore,
e(L, L) = Ie(Lyy, L11) + 200¢(Lag, L) + 1e(Lag, Lay) =
= 4|V 1. (22)

Finally, we will compute the divergence term of (17). Taking into account
that © = 2V f and using the relation between two conformal metrics

diVH5 (X) = le(X) + 2 X(f),
we have that
div, (A7'0) = =2 YA (23)

Consequently, from (18), (22) and (23), and taking into account that
Tr(Ae) = 2(H, &), equation (17) is reduced to the well-known formula that
relates the Gauss curvature of two conformal metrics (-, -) and I,

K — Kee?f = Af.

Moreover, since £ is umbilical and by using of (14), we conclude that f
is constant if and only if V£ = 0 (and, as consequence, Vxn = 0). In
other words, (-,-) and II¢ are homothetic if and only if there is a parallel
umbilical (nondegenerate) normal null section. This motives the study of
when a normal null section is umbilical, which we present in the next section.

12



4 Applications

Let us denote by dpu for the canonical measure associated with the induced

metric (, ), and by d¢ = det(Ag).

Theorem 4.1. Let x : M? — M4(C) be a compact spacelike immersion.
Assume & 1s a normal null section with 1l¢ positive definite and K signed
(i.e., K >0 or K <0). Then,

K(H
Mdﬂ[lg < —2mx (M) (K >0), or
M2 dg
K(H,
Mdﬂng > —2mx(M) (K <0).
e de

Moreover, equality holds if and only if & is an umbilical direction.

Proof. Assume K > 0. Since Il¢ is supposed to be definite positive, we
have that at every point p € M? the eigenvalues of A¢ satisfy \; < 0 for
i =1,2. Hence, —tr(As) = —2(H, ) > 2,/d¢ with equality holding at every
point if and only if £ is an umbilical direction. Note that since K > 0, then
K(H,¢) < —K./d¢ with equality at every point if and only if £ is umbilical.
Therefore, by using the Gauss-Bonnet Theorem we get,

K(H,¢)

K
—=d < - —=d = - Kdp = —2nxy(M
e de Hire = o \/d_g M1, i M X (M)

and the equality holds if and only if £ is umbilical.
The case K < 0 follows analogously.
O

Corollary 4.2. Let v : M* — M4(C) be a compact spacelike immersion.
Assume & is a normal null section with 1l positive definite and K signed
(i.e., K >0 or K <0). Suppose that d¢ is constant and V+& = 0. Then, &
15 an umbilical direction.

Proof. Assume K > 0. Directly from the formula (17), we have

K(H,¢)

2
M2 d{

dyn, = / [Hg(L,L) — 2K5] dpn, > —4mx (M),
M2

and therefore the equality holds in Theorem 4.1.
A similar argument works for K < 0.

13



Corollary 4.3. Let x : M?* — M4(c) be a compact spacelike immersion.
Assume & and 1 are normal null sections with 1l and 11, positive definite
and K signed (i.e., K >0 or K <0). Then,

[ [EoLe KLy

}du < —4my(M) (K >0), or

dé/Q d,17/2
K(H,&)  K(H,7)
> — .
/M[ 7 i | > —amx(ar) (1 <0)

Moreover, equality holds if and only if x is totally umbilical.

We end this section with an application to the so-called marginally trapped
surfaces. Recall that a compact spacelike surface M? in a 4-dimensional
Lorentzian manifold is called marginally trapped when its mean curvature
vector field H is null everywhere, i.e., (H,H) = 0 and H nowhere vanishes.
From the formula (8) we have

(FLH) = 2 (H, §)(H, 1) = — tr(Ag) tr(4,),

and, from the discussion of uniqueness (up to a positive function) of the null
normal sections &, n which satisfy (£, n) = —1, we may equivalent define that
M? is marginally trapped if tr(A¢) = 0 and tr(4,) > 0 [7]. In this case, the
natural choice for the null normal section £ in Theorem 4.1 would be £ = H.
However, from Proposition 2.5 it follows that the metric Il is Lorentzian
and, therefore, the assumptions of Theorem 4.1 are not satisfied.

We recall [10] that a marginally trapped surface cannot be contained in
a region of the spacetime where there exists a timelike Killing vector field.

. 4
Thus, we consider now the case M, (c) where ¢ > 0.

Theorem 4.4. Let v : M? — Mf(c), ¢ > 0, be a (compact) marginally
trapped surface. Assume its mean curvature vector H is nondegenerate, null
and satisfies that det(Am) is a (necessarily nonzero) constant. Then,

/ [HH(L,L) - HH(AI_{l@,Aﬁl@)]duHH ~0.
M2

Proof. This equality directly follows from an integration of (17) over M? and
taking into account that every compact Lorentzian surface is a topological
torus.

]
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5 Surfaces in totally umbilical hypersurfaces

In this section all the manifolds are assumed to be orientable.

Let i : P3 — Mf (¢) be a semi-Riemannian hypersurface with sign e,
that is, ¢ = +1 when P2 inherits a Lorentzian metric and e = —1 when P3
inherits a Riemannian metric. Assume i : P3 — Mf (¢) is totally umbilical
with second fundamental form

II' = af,)T, (24)

where @ € R and T is a unit normal vector field on P? which satisfies
(T, T) = e. Therefore, the hypersurface P? inherits a Riemannian or Lorentzian
metric of constant sectional curvature ¢ + ea?.

Assume now ¢ : M? — P2 is a spacelike immersion. The composition

. . o .. =4 . .
x =10 ¢ is a spacelike immersion in M, (¢) with null normal sections,

1 —€

=—(N+T), = —

3 \/5( ) 7

where N is the unit normal vector field along the immersion ¢ which satisfies

(N,N) = —¢. In that follows we will write II” for the second fundamental

form of the immersion z and analogously for ¢ and 7. Other geometric
elements will be distinguished in a similar way. We have A’ = ca - Id and

(-N+T), (25)

I1° = II° + 1%,

[4, Chap. 3]. On the other hand, K = ¢+ ca? — e det(A%) and tr(A%) =
2(H? N) = —2¢H?, where H? denotes the mean curvature function of the
inmersion ¢. Now a direct computation shows that,

£

(A?;T + 5ald>, AT = %( — A%+ ga[d),

1

ACE
V2

and therefore,
1 1
det(AZ) = §(det<,4;@) +catr(A%) + a2> = (g(c ~K) —2aH® + 2a2> (26)
1 1
det(A7) = 5 ( det(A%) — eatr(A%) + 042> =2 <€(C ~ K+ 2aH? + 2a2> (27)
Remark 5.1. Since Af and A} commute, the normal curvature tensor of
the immersion x vanishes identically. Therefore, there exists at any 7, M? an
orthonormal basis {e;,es} which diagonalizes simultaneously every A% for

Z € Xt=(M?) [4, Proposition 4.1.2].
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Lemma 5.2. Let ¢ : M? — P3 be an immersion of a surface (spacelike if
e=1)in P3. Ifi: P> — Hf(c) is a totally umbilical hypersurface, then
Vg = Vhen = 0.

Proof. Since V=& = w(v)€ a straightforward computation from (25) shows,

w(v) = (V&) = (V,*T,N) = 0.

Now we apply our technique to give new proofs of results in [2].

Theorem 5.3. (Liebmann classical rigidity theorem [9]) Let ¢ : M? — E3
be a compact connected surface in the 3-dimensional Euclidean space. If the
Gauss curvature of M? is a positive constant K, then M? is a totally umbilical
round sphere.

Proof. From the Gauss-Bonnet Theorem, the surface M? is topologically an
sphere. Let i : E3 < L* be the usual totally geodesic embedding at ¢ = 0.
Since the scalar « in (24) is zero, we deduce that

x x K
det(Af) = det(A}) = 5
making use of (26). Therefore Af and A7 are positive definite (otherwise, we
make a change of £ or n to —§ or —n). Now, Lemma 5.2 and Corollary 4.2
can be called to ensure that the null normal sections ¢ and n are umbilical
and so, M? is a totally umbilical round sphere in L.* and so also in E?.

O

Theorem 5.4. Let ¢ : M? — S?% be a compact connected surface in the 3-
dimensional north hemisphere S%.. If the Gauss curvature of M? is a constant
(K > 1), then M? is a totally umbilical round sphere.

Proof. Again here we have that M? is a topological sphere. Let i : S* < S}
be the totally geodesic embedding at ¢ = 0, where we have considered S} as
the warped product R Xcosn(r) S®. Since the scalar o in (24) is 0, making use
of (26) we deduce that

1
det(Af) = det(A}) = §(K —1)>0.
The last inequality is due to on a surface in a hemisphere an elliptic point
po is always reached (then, K(py) > 1). Therefore Af and A7 are positive

definite (otherwise, we make a change of £ or n to —¢ or —n). Now, Lemma
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5.2 and Corollary 4.2 can be called again to ensure that the null normal
sections & and 7 are then umbilical and so, M? is a totally umbilical round
sphere in S?.

[]

Remark 5.5. Let ¢ : M? — S? be a minimal compact connected surface of
(arbitrary) Gauss curvature K and i : S* — Sj the above embedding. From
Theorem 4.1 and (26), we derive that there is at least a point p € M? with
satisfies K (p) = 0 or at least a point with K(p) = 1. In particular, if K is
constant, we can deduce the classical result K =0 or K = 1.

Consider the 4-dimensional anti De sitter spacetime of sectional curvature

—1,
Hi ={veR® : —vg —v]+v3+v3+0v:=—1}.

The 3-dimensional hyperbolic space H?, the complete simply connected Rie-

mannian manifold with sectional curvature —1, may be realized as the fol-

lowing totally geodesic spacelike hypersurface of Hy,

H? = {veH: v=0, v; >0}

Theorem 5.6. Let ¢ : M? — H? be a compact connected surface in the 3-
dimensional hyperbolic space. If the Gauss curvature K is a positive constant,
then M? is a totally umbilical round sphere.

Proof. We have that, one more time, M? is a topological sphere. Let i :
H? < Hj be the above embedding. Since the scalar v in (24) is 0, making
use of (26) we deduce that

det(A7) = det(Ay) = %(K +1).

Therefore Af and A} are positive definite (otherwise, we make a change of
€ or nto =€ or —n). Now, Lemma 5.2 and Corollary 4.2 can be called one
more time to ensure that the null normal sections £ and n are umbilical and
so, M? is a totally umbilical round sphere in H?.

O

We end this article obtaining a new proof of [3, Th. 12].

Theorem 5.7. Let ¢ : M? — S? be a compact connected spacelike surface
with constant positive Gauss curvature K < 1. Then M? is a totally umbilical
round sphere.
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Proof. From the assumption on K, we have that M? is a topological sphere.
Denote by i : S? — S{ the usual totally geodesic immersion, and consider as
bellow x =i 0 ¢. Since a = 0, we deduce that

det(A?) = det (A7) = %(1 _K).

Therefore Ai and Aj are positive definite. Lemma 5.2 and Corollary 4.2
imply that the null normal sections & and 7 are umbilical. Therefore, M? is
a totally umbilical round sphere in S3.

O

Remark 5.8. Observe that the totally geodesic embeddings > — L* and
H? — H} have not been considered previously because there exists no com-
pact spacelike surface in IL? (see for instance [8]) neither in the anti De Sitter
spacetime H} (see for instance [1, Cor. 3]).
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