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1. Introduction

Viscoelasticity is the property exhibited by certain materials like biological tissues, elastomers, and polymers, which demonstrate
both elastic and viscous behavior. The characteristic of viscoelasticity plays a crucial role in designing products that require features
like flexibility, durability, and resistance to deformation. Additionally, it finds extensive usage in applications that need noise control,
vibration attenuation, and shock absorption. The viscoelastic problem we are examining in this article draws from Zener’s model [1],
commonly referred to as the standard model. It is known for being the simplest approach that replicates fundamental viscoelastic
behaviors like stress-relaxation and creep-recovery [2].

In the traditional approach to the mathematical and numerical study of viscoelasticity, the problem is formulated solely in terms
of the displacement field, which leads to a weak formulation that is non-local in time [3,4]. Recently, formulations that prioritize the
stress tensor as the primary unknown have emerged [5-10]. This mixed finite element approach has several advantages, including
yielding purely differential variational formulations and providing a direct and accurate approximation of stress, which is a critical
quantity in many applications. Additionally, it is well-known that stress-based formulations of the elasticity system are immune to
locking phenomena in the nearly incompressible case [11].

However, mixed finite elements for linear elasticity also present several challenges, such as the preservation of the Cauchy
stress symmetry. This symmetry guarantees the conservation of angular momentum, and achieving it exactly with conforming finite
elements requires a large number of degrees of freedom, see [12,13] and the references therein. To address this issue, one can
relax this constraint by imposing it weakly through a variational equation [14]. This method has been successfully adopted for
viscoelasticity in [6-9]. Alternatively, nonconforming or DG methods can be used to strongly impose the symmetry of the stress
tensor at the discrete level [15-19]. This approach has been recently explored in [10] for the standard model of viscoelasticity.
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Regardless of the approach taken, dealing with tensorial unknowns requires significant computational effort, especially in
viscoelasticity where the global stress variable o is represented by two tensors [5]: the elastic component ¢ and the viscoelastic
component woy, with 6 = 6 + wo},. The scalar parameter o represents the characteristic relaxation time, which indicates the time
for the stress to decay to zero under constant-strain conditions.

An efficient technique to reduce the significant computational effort involved in the mixed finite element approximation of
viscoelasticity is to employ the Fraeijs de Veubeke hybridization strategy [11], as suggested in [7]. This hybrid mixed method is
further improved in [9] by releasing the discrete elastic and viscoelastic components of the stress from any continuity condition
and only requiring their sum ¢ to be H(div)-conforming. Using this approach, the number of degrees of freedom is halved at each
implicit time iteration step when compared to [7].

The Discontinuous Galerkin (DG) method introduced in [10] for viscoelasticity enjoys the desirable properties of DG methods
such as hp-adaptivity, arbitrary order approximations, local conservation, and flexibility in mesh design. However, despite the
reduction in unknowns resulting from the strong imposition of stress symmetry, this method still suffers from the typical proliferation
of degrees of freedom that DG methods tend to produce in comparison to conforming finite element methods.

In this work, we address this concern by introducing a hybridizable discontinuous Galerkin (HDG) method for viscoelasticity,
which combines the advantages of DG methods and hybridization techniques. The general concepts behind the hybridization of DG
methods are detailed in [20,21] for different boundary value problems, and its application to the elasticity system is discussed in [22—
25]. Essentially, the hybridization procedure reduces the number of globally coupled degrees of freedom by enforcing inter-element
continuity through additional traces. This feature enables the method to be implemented efficiently using static condensation [26].
It also facilitates parallelization [27,28], which makes it even more attractive for computationally demanding problems.

We present a new HDG space discretization method for the stress/velocity formulation of Zener’s viscoelasticity model. The
method utilizes symmetric tensors with piecewise polynomial entries of arbitrary degree k > 0 to approximate each stress component
in both 2D and 3D. Additionally, the discrete velocity field and the discrete trace variable defined on the mesh skeleton are piecewise
polynomials of degree k+ 1. We provide an hp-version finite element analysis of this mixed HDG semi-discrete scheme. The stability
of the scheme is proven with respect to the discretization parameters 4 and k, as well as with respect to the relaxation time w, which
is assumed to be piecewise constant. This allows for the possibility of composite elastic-viscoelastic structures when w vanishes in
certain areas of the domain. Under piecewise regularity assumptions on the exact solution of the problem, we obtain hp error
estimates in the L?>-norms for the stress and velocity. The convergence rate for the stress variable is quasi-optimal with respect to
the mesh size h, but only suboptimal by half a power with respect to the polynomial degree k. On the other hand, the hp error
estimate for the velocity is suboptimal by one power in A, which has been confirmed by numerical results. Additionally, we prove
that the fully discrete scheme relying on the classical second-order implicit Crank-Nicolson method is stable and convergent.

The plan of the paper is as follows. In the remainder of this section, we provide preliminary notational conventions and define
the functional spaces employed in this article. Zener’s model for linear viscoelasticity is introduced in Section 2, along with its
stress/velocity weak formulation, and the results on its unique solvability are reviewed. In Section 3, we compile preliminary
definitions and utilize well-known local hp approximation estimates to obtain the global approximation estimates required for our
analysis. The definition of the semi-discrete mixed HDG method and its Ap convergence analysis are detailed in Section 4, and the
fully discrete case is treated in Section 5. Finally, several numerical results are presented in Section 6, confirming the expected rates
of convergence for different parameter sets including the nearly incompressible regime.

Recurrent notation and Sobolev spaces. We denote the space of real matrices of order d xd by M, and let S := {r € M; t = t*}
be the subspace of symmetric matrices, where z* := (¢;,) stands for the transpose of = = (z;;). The component-wise inner product of
two matrices o, 7 € M is defined by ¢ @ 7 1=}, 0;;7;;.

Let D be a polyhedral Lipschitz bounded domain of R? (d = 2,3), with boundary dD. Along this paper we apply all differential
operators row-wise. Hence, given a tensorial function ¢ : D — M and a vector field u : D — R? we set the divergence
dive : D — RY, the gradient Vu : D — M, and the linearized strain tensor e(u) : Q — S as

dive), := ;a/-aij, (Vw);; =0, and &) := % [Vu+(Vu)t].
For s € R, H*(D, E) stands for the usual Hilbertian Sobolev space of functions with domain D and values in E, where E is either
R, R? or S. In the case E = R we simply write H*(D). The norm of H*(D, E) is denoted || - l;.p and the corresponding semi-norm
| - I;.p» indistinetly for E = R,R?,S. We use the convention H(D, E) := L*(D, E) and let (-,-)p, be the inner product in L*(D, E), for
E =R,R%,S, namely,

(u,v)p = / u-v, Vu,v e L*(D,RY), (o,7)p :=/0' : 1, Yo,t € LX(D,S). 1.1)
D D
The space of tensors in L%(D,S) with divergence in L2(D,R?) is denoted H(div,D,S). The corresponding norm is given by
||1||Z(div_0) = ||r||%’D + ||div T||%,D- Let n be the outward unit normal vector to 0D, the Green formula
(r,e(v))p + divr,v)p = / ™n-v Vv e H'(D,RY), (1.2)
oD

1
can be used to extend the normal trace operator 7 — (z|,p)n to a linear continuous mapping (:|,p)n : H(div, D,S) —» H~2(dD,R%),
1 1
where H™2(0D,RY) is the dual of HZ(dD,R?).

Sobolev spaces for time dependent problems. Since we will deal with a space-time domain problem, besides the Sobolev spaces
defined above, we need to introduce spaces of functions acting on a bounded time interval (0,7) and with values in a separable
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Hilbert space V, whose norm is denoted here by | - ||,,. In particular, L[z0 T](V) is the space of classes of functions f : (0,7) —» V

that are Béchner-measurable and such that || f]|,- vy < %, with
0.7]

T
2 - 2
L R ICTE

We use the notation CR) n) for the Banach space consisting of all continuous functions f : [0,T] — V. More generally, for any
keN, C[’B T](V) denotes the subspace of Cg) T](V) of all functions f with (strong) derivatives (31/7[ in CH)AT](V) for all 1 < j < k. In what

. .. 2 3
follows, we will use indistinctly the notations f := ‘fi—’:, f = C(IT{, and f := ‘317{ to express the first, second, and third derivatives

with respect to ¢. Furthermore, we consider the Sobolev space
t
1 o . 2 -
Hy 7 (V) 1= {f : 3g € Ly, (V) and 3/, € V such that £(1) = f +/0 g(s)ds Vrelo, T]} .
2. A mixed variational formulation of the Zener model

Our objective is to study the dynamics of a viscoelastic body with mass density p governed by the equation of motion:
pd —dive = f in Qx(0,T],

where Q is a polygonal or polyhedral Lipschitz domain in R? (d = 2,3), and f : 2 x [0,T] — R represents the body force acting
over the time interval [0, T]. The vector field d : 2 x[0,T] — R? is the displacement and ¢ : 2x[0,T] — S is the stress tensor. The
linearized strain tensor £(d) is related to the stress through Zener’s constitutive law for viscoelasticity (see [2]):

6 + w6 = Ce(d) + wDe(d) in 2 x (0,71, (2.1)

where C and D are two symmetric and positive definite tensors of order 4. To guarantee that the system is dissipative we assume
that D — C is also positive definite, see [5]. Additionally, we assume that the coefficients of the tensors C and D, the mass density
p, and the relaxation time w are piecewise constant functions. More specifically, we assume that there exists a disjoint partition of
Q into polygonal/polyhedral subdomains {&;, j = 1,...,J} such that C; := Clo,» Dj :=Dlg, p; :=rplg, >0 and w; = wlg 20
for j =1,...,J. According to our assumption on the tensors C and D, there exist constants d* > ¢* > 0 and d~ > ¢~ > 0 such that
CCIESCGEiE<eteig and dTC <D E<dY e YCES, Vji=1,...J. 2.2)

We point out that, in the regions Q ; where the piecewise constant function w is zero, the constitutive law (2.1) becomes the familiar
Hooke’s Law. Hence, it is natural to introduce the set of indices I, := {j € {1,....J} : w; =0} and I, :={j € {l,....J} : w; >0}
and to split 2 into a part 2y := U;¢7, £2; displaying a purely elastic behavior and a part @), := Uje, £2; exhibiting viscoelastic
properties. The reciprocal @! of the relaxation time o in 2, is extended by zero to 2, i.e.,

1 if
;' ifje Ty,
ol =" TS
0 if jeI,

We assume that the viscoelastic body is clamped (d = 0) at I', x (0, T], where the boundary subset I';, C I" := 02 is of positive
surface measure. Additionally, we assume that it is free of stress (6n = 0) on I'y x (0,T], where I'y :=I' \ I'p and n is the exterior
unit normal vector on I'. Finally, we impose the initial conditions

d0)=d’ inQ, d0)=d' inQ, and o(0)=¢" inQy,. (2.3)

Our aim is to impose the stress tensor ¢ as a primary unknown. To this end, we follow [5] and decompose this variable into a
purely elastic component 6 := Ce(d) and a viscoelastic component wo), := 6 — o . Hence, if we adopt the notations A := C~! and
G := (D - C)~!, our model problem can be written as follows in terms of d, ¢ g» oy and o = o + woy, (see [9] for more details):

pd —dive = f in Qx (0,71,
A6y =e(d) in 2x(0,T],
@*Géy + wGéy = we(d) in 2x(0,T], 2.4
d=0 onI,x(0,T],
on=0 on I'yx(0,T].
We consider the space L2(2,5) := {r}, € L*(2,S); 7y, lq, =0} and introduce H := L2(2,5) x L2(2,S) endowed with the inner
product
(0,0 =(Acg,Tp)g +(Gwoy,wty) © :=(6g,0y), T.=(tg1y)€EH,
whose associated norm is ||£||§{ 1= (A1, Tp)g + (Gwty, 0Ty) . By virtue of (2.2), we have that

J J

2 2 2 2 3 2 2 2
e YliTell g +}lievlif o) < lizlly, < ¢ Ydlirely o +olliTy ) Ve, 2.5)
j=1 Jj=1



S. Meddahi Computer Methods in Applied Mechanics and Engineering 417 (2023) 116452

1 1
=’ d—c"

Hy(div,Q.S) := {r € Hdiv,2,S); (tnu)y =0 Vue H.(Q,R")},

ool 1
} and ¢, = min{

i * _
with ¢* = max{ o g et

}. We denote by

the closed subspace of H(div,£2,S) that incorporates the stress free boundary condition on I'y. Here, H })(_Q, RY) = {v €
H'(Q,RY); v|r, =0} and (-,-), stands for the duality pairing between H'/*(I';RY) and H~'/>(I',R). The natural energy space
for the pair of tensors o(7) := (6, 6},) € H representing the elastic and viscoelastic components of the stress ¢ := 6 + o, is given
by
Xt i={r :=(rg,1y) EH; T =15 +wr, € Hy(div,2,S)}.
It is endowed with the Hilbertian norm Ilzlli+ =zl + dive]2 .
We know from [9, Lemma 3.1] that the embedding X* < H is dense. We can then consider the dual (X*)" of X* pivotal to H,

and denote by (-, -) y+yxx+ the corresponding the duality pairing. It is well-known that if ¢ € leo - (X*) is such that 6 € L[ZO TJ((X+)’),
then the identity ' '

d .
3 @00 = (60 Derysrr VT EXT
holds true in the sense of distributions on (0, 7). With this property at hand, we can now introduce the Hilbert space

WX (X)) = {2 € Hppy(X*) & € Lig (X))},

and consider the following pure-stress variational formulation of problem (2.4) (see [9] for more details): find ¢ = (6g,0y) €
W (X*,(X*)) such that
%(g,z)}, +(G6y,0ty)o + (p ' dive,dive)g = —(p7! f,dive)y Vz=(1p,71))€XT, (2.6)

with the initial conditions 6(0) = ¢° and 6(0) = ¢!, where

= ! (0'0 - G%) and

=a" (D-0ed)-o)).

1= Ce(d?),
1= Ce(d"),

0 ) . 0 0
¢’ =(0,,0,) with o c
by with ol [ @27)
o =(0g0,) with o oy,

Theorem 2.1. Assume that the problem data satisfy d°,d' € H L(@.R), 6° € Hy(div,Q2.S)and f € H [10 T](LZ(.Q, R?)). Then, problem
(2.6)-(2.7) admits a unique solution. Moreover, there exists a constant C > 0 such that

max |lo(t + max ||6(t §C< +||6” + ||’ ) .
max gl + max 1601y < C(I N1 120z + Il + e @8)

Proof. The result is proved in [9, Theorem 4.1] by resorting to energy estimates and a classical Galerkin procedure. See also [8,29]
for similar strategies applied to mixed formulations in elastodynamics and viscoelasticity. []

We point out that an HDG method based on the primal mixed formulation (2.6) results in a numerical approach that is
similar to the one presented in [30]. This method approximates the dual flux variable on by a piecewise polynomials on the
interelement boundaries of the mesh that are defined up to sign changes on each facet, which gives rise to some computational
disadvantages. Actually, we use here the variational formulation (2.6) solely as an intermediate step for deducing and analyzing
the velocity/stress formulation [5-7] of problem (2.4). This variational formulation consists in finding a vector field u €

C[IOVT](LZ(Q,Rd)) n CPO’T](H 1D(.Q, R9)) and a couple of tensors ¢ € H 1 ](X+) n C[lo’T](H) satisfying the first-order system in time

0,1
(P, v)g — (dive,v)g = (f.v)g Vv € L*(2,RY, 2.9
(6,T)y + (Coy,0t))g + W, dive)y =0 Yz = (75 1y) € X, '
and subject to the initial conditions
u@0)=d' and o(0) =" (2.10)

Proposition 2.1. Under the conditions of Theorem 2.1, ¢ = (6,06y,) € W(X*,(X*)) is a solution of problem (2.6)—(2.7) if and only
if the pair (o, u) is a solution of problem (2.9)-(2.10), where the velocity field is given by

u(f) :=/ o~ Nf +dive)(s)ds + d. (2.11)
0

Proof. Let 6 € W(X*,(X*)) be the solution of (2.6). We observe that the embeddings
1 0 0
H[m(z\,ﬁ) o C[O_T](x+) and WX, @&hY) o Clor 0

(see [31, Chapter XVIII, Section 1, Theorem 1]) ensure that ¢ belongs to C[% T](X+) n C[lo T](H), while the reconstructed velocity
field (2.11) belongs to C!'(L?(2,R%)). Integrating Eq. (2.6) over the time interval [0,7] with + < T and considering the initial
conditions (2.7), we easily deduce that

(6. D)y + (Gop,0ty)g + W, divr)g =0 V= (rg, 7)) € X+, (2.12)
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Testing Eq. (2.12) with = = (n,0), where the components of the tensor  : 2 — S are indefinitely differentiable and have
compact support contained in £, we obtain e(u) = A6y € CF’O T](LZ(Q,S)). Using Korn’s inequality, we further conclude that
ue CO nH 1(@2,R%)). Next, testing Eq. (2.12) with = = (1,0), where n € Hy(div,£,S) and applying Green’s formula (1.2) prove
that u e CO (H1 (2,R%)). In summary, ¢ € Hl()TJ(X+) n c () and u € c (LZ(Q R%)) N C[OTJ(H (2,R%) are solutions to
(2.9) since they sat1sfy the second equation of the system by v1rtue of (2.12) and the first equation of the system is deduced by
taking the time derivative of (2.11), multiplying by p and testing the resulting identity with v € L?(@2, R?). Furthermore, the initial

conditions (2.10) are trivially satisfied.

Reciprocally, let 6 € H}y -, (X*)NCf, () and u € Cy 1 (L2, R))NCH, . (H (2, RY)) be the solution of (2.9)~(2.10). We deduce
from the first equation of (2.9) that
u=p'(f +divo) (2.13)

and computing the time de derivative of the second one in the sense of distributions yields
%(g, Dy +(G6y,0ty)g + (1,divr)g = 0. (2.14)

We deduce from Eq. (2.14) that ¢ belongs to the space W (X, (X*)’). Moreover, combining Egs. (2.13) and (2.14), we can eliminate
the velocity field and prove that ¢ solves problem (2.6). Furthermore, the initial conditions (2.7) can be easily inferred from the
second equation of (2.9). [

Remark 2.1. As a consequence of Theorem 2.1 and Proposition 2.1, problem (2.9)—(2.10) is also well-posed. We point out that
the stress/velocity formulation of problem (2.4) can also be analyzed using the theory of continuous semigroups of bounded linear
operators, as demonstrated in [5,7].

3. Finite element spaces and auxiliary results

For the sake of simplicity, we assume from now on that the structure is clamped along its entire boundary, that is, I'y, = I'. As
a result, we have

={t=(@g 1) €EH|T =75+ 0ty, € H(div,Q,S)}

and u € c[OO T](H(}(Q,Rd)), with the usual notation Hj(2,R?) := {v € H'(2,RY), v|p =0)}.

Let 7, be a shape regular triangulation of the domain (2 into tetrahedra and/or parallelepipeds if d = 3 and into triangles and/or
quadrilaterals if 4 = 2. We allow 7, to have hanging nodes and assume that it is aligned with the interfaces between different
materials. Specifically, for any j =1,...,J, Q ; coincides with the union of the elements of the set 7,,(£2 ) ={K€eT,; KcC Q ;1. As
a consequence, A and G are constant tensors and p and e are constant functions within each element of 7. We denote by Ay the
diameter of K and let the parameter h := maxgcy, {hg } represent the size of the mesh 7.

We define a closed subset F C 2 to be an interior edge/face if it has a positive (d — 1)-dimensional measure and can be expressed
as the intersection of the closures of two distinct elements K and K, i.e., F = K n K’. On the other hand, a closed subset F C Q is
a boundary edge/face if there exists K € 7}, such that F is an edge/face of K and F = K n d£2. We consider the set 7"2 of interior
edges/faces and the set 7-’2 of boundary edges/faces and let 7, = 7-’2 u 7-’2 . We denote by h the diameter an edge/face F € F,, and
make the assumption that 7}, is locally quasi-uniform with constant y > 0. This means that, for all # and all K € 7,, we have that

hp <hg <yhp VF €F(K), (3.1)

where F(K) represents the set of edges/faces composing the element K € 7;,. This condition implies that neighboring elements have
similar sizes.

Throughout the rest of this paper, we shall use the letters C and ¢ to denote generic positive constants independent of the mesh
size h, the polynomial degree k and the relaxation time w. These constants may stand for different values at its different occurrences.
Moreover, given any positive expressions X and Y depending on 4, k, and w, the notation X < Y means that X < CY.

For all s > 0, the broken Sobolev space with respect to the partition 7, of Q is defined as

HY(T,,E) :=={ve L*(Q,E): v|y € H(K,E) VK €&T,)}, forEe{R,RS).
Following the convention mentioned earlier, we write H(7},, E) = L*(T;,, E) and H*(7;,,R) = H*(7,). We introduce the inner product

W.9)r, = X W.0)x Vy.@€ LT, E), Ee€(RR’S)
KeT,

and write ||y/||§ T =W, y)r,- Accordingly, we let 97}, := {0K; K € T;,} be the set of all element boundaries and define L2(37;,, R?)
as the space of vector-valued functions which are square-integrable on each dK € d7,. We define

(u,v)gr, 1= z;(u v)ok, and Ilv”oar = (v, V)gr, Yu,v € L*(97;,,R),
KeT,
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where (u,v)yx 1= X rer) [r U - v- Besides, we equip the space L*(F;,RY) := [[pep, L*(F,R?) with the inner product

(u, v);»h = 2 /u~v Vu,veLz(T’h,Rd),
Fer,/F
and denote the corresponding norm ”v”%r,, =@, 0)p,.
Hereafter, P,,(D) is the space of polynomials of degree at most m > 0 on D if D is a triangle/tetrahedron, and the space of

polynomials of degree at most m in each variable in D if D is a quadrilateral/parallelepiped. The space of E-valued functions with
components in P, (D) is denoted P,,(D, E) where E is either R?, or S. We introduce the space of piecewise-polynomial functions

P.T,) :={ve L2(Th) : g € P (K), YK €T}
with respect to the partition 7, and the space of piecewise-polynomial functions
P,.Fy ={ve Lz(Fh) L D|p € P,(F), VF € Fy}

with respect to the partition F,,. The subspace of L?(7},, E) with components in P,,(7;,) is denoted P,,(7;,, E) for E € {R¢,S}. Likewise,
P,,(Fp, RY) stands for the subspace of L(F,, R?) with components in P, (F,). We finally consider

P,,(0T;,R?) := (v € L?(3T,, RY); vk € P,(0K,RY), VK € T},

where P,,(0K,RY) := [ Ferk) Pm(F,RY). Tt is worth noting that, by definition, the functions in L%(07;,,RY) and P,,(0T;,RY) are
multi-valued on every interior face F, whereas the functions in L>(F,,R¢) and P,,(F),RY) are single-valued on each face F.

In the rest of this section, we recall some well-known local /p estimates and use them to obtain global sp estimates that will be
used in the subsequent analysis. we first present the following inverse inequalities, which can be found in [32, Theorem 1] and [33,
Theorem 4.76].

Lemma 3.1. There exists a constant C > 0 independent of h and m such that

2
2 Iolook +IVellox < CEEElwlok Vo € Py(K), VK €Tj m 2 0. (3.2)
K

For any integer m > 0 and K € 7),, we denote by I} the L*(K)-orthogonal projection onto P,,(K). The global projection IT 7 in
L*(7;,) onto P,,(T;,) is then given by (H’T"u)l k = glg) for all K € 7,,. Similarly, the global projection 7 in L*(F}) onto P,,(F,) is
given, separately for all F € F,,, by 1Z0)|p = T Z (0l p), where IT Fis the L?(F)-orthogonal projection onto P,,(F). In the following
lemma, we recall local approximation properties for these projectors.

Proposition 3.1. Let K € T, and assume that u € H'*$(K), with s > 0. There exists a constant C > 0 independent of h and m such that

min{s,m}+1

hg

llu = M gullo x + mllv(u - gwllox < € lullsx m20, (3.3)
and
min{s.m)+1/2
lu— T gullg ok + llu — M ullo p < CWHMHSH,K VF e F(K), m>0. (3.4)

Proof. The proof relies on the hp-approximation results provided for two-dimensional elements in [34, Lemma 4.5], which are also
applicable to three-dimensional elements. Specifically, if u € H'!+$(K), with s > 0, the result guarantees the existence of a sequence
of polynomials {u,, € P,,(K); m=0,1,...} satisfying

min{s,m}+1

h
NV —u,)lox < CWH“HSH,K, (3.5)

llu = upllo + =25
with ¢ > 0 independent of 4 and m. Due to the optimality of the L2-projection, it follows immediately that

min{sm)+1
llu— T Zullgx < llu—uyllox < CW [leell g1k -

Moreover, it is shown in [35, Corollary 1.3] that
IVITRwllox S mPIVwllog V€ H'(K).

Taking w = u — u,, in the last inequality and using (3.5) yield

min{s,m}
1
IV = TR0l S mP IV = u)llox S 5 lullsn k-

Using the last bound in the triangle inequality

IV = 20l x < IV = u)llgx + 1V, — TR0l x
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we obtain the estimate corresponding to the H'!-seminorm in (3.3). On the other hand, we deduce from [35, Corollary 1.2] and a
standard scaling argument that

lw - MZwllp ek S Ewllx Yw e H'(K).

m+1
Choosing w = u — u,, in the last estimate and keeping in mind (3.5) we get
min{s,m}+1/2
lu = Tgulloox S\ 25—yl x S W” g1 k- (3.6)
Furthermore, due to the optimality of 17", we have
llu— Ogullop < llu—gullor < llu—gullg ok

which proves that estimate (3.4) follows from (3.6). [

We consider n € Py(07,,RY), where n|,x = ng is the unit normal vector to dK oriented towards the exterior of K. Obviously,
if F = Kn K’ is an interior edge/face of 7, then ng = —ng, on F. If v € H*(T;,,RY) and = € H*(T},,S), with s > 1/2, the functions
vlor, € L*(0T;,,RY) and (Tlor,)n € L%(0T;,,RY) are meaningful by virtue of the trace theorem. For the same reason, if v € H!(2,R?)
then & := v|y, is well-defined in L2(F),,RY).

For k > 0, we introduce the finite dimensional subspace of H given by

My, = P(Ty,S) X P/ (7;,,S), where P/ (T},,S) :={r € Py(7;,5) : 7|, =0}.

It is essential to notice that, for any 7 = (tg, 7)) € Hj,, T = 1 + w(x)7), lies in P (7,S).

Lemma 3.2. There exists a constant C > 0 independent of h, k, and w such that

12
h .
I Z5rnlloar, £Clizlly Vr=(rg,ty) €H, witht=t1p+ary. 3.7)

Proof. According to (3.2), there exists ¢ > 0 independent of 4 and k such that
]/2
livlloox <cllvllox Vo € P(K).
Applying this discrete trace inequality componentwise we deduce that
w2
I enl,, = Z T llengll e S Y ES Tl 6 S Y e+ oty 4
KeT, KeT,

for all = = (tg,ty) € H, and the result follows from the triangle inequality and (2.5). [
In the sequel, we will continue to use the notation IT 'T" to refer to the L?-orthogonal projection onto P,,(7;, E), for E € {R9,S}. It
is important to notice that the tensorial version of T} preserves naturally the symmetry of matrices since it is obtained by applying

the scalar operator componentwise. Similarly, /7;! will denote indistinctly the L?-orthogonal projection onto P,,(F,) and P,,(F, R%).
We let 175 : H — M, the projection defined by 115z := (ITkz, Mk zy) for all 7 = (v, 7)) € M.

Lemma 3.3. There exists a constant C > 0 independent of h, k and w such that

. h;,/z minlri+1 12
lz -7zl + - 11 T)"||oarh _Cw(ZHTEHH,Q + ||Tv|||+,g ) , (3.8)

for all T = (t,ty) € M such that T € H'¥'(U;2,,S) and ©, € H'*'(U;2;,S), with r > 0.

Proof. Given K € 7,,(©2;), 1 <j < J, we obtain from (3.3) that

2min{r.k}+2

k 2 2 h 2 2
llrg = MgTelly g +@iliTy - g Tv||0K s W(”TE”H_,K +oillTylly, k)

Moreover, applying (3.4) gives
2min{rk}+2 2min{rk}+2

k K K 2 2 2
(k+1)2 Iz =11 T)"1<||00K S el ||1+,K S~ UTelliy, x + @jllTv i, «-

The result is obtained by first summing the last two estimates over all elements K in the mesh 7,(£2;), and then summing over all
subdomains €; for j ranging from 1 to J. []

In what follows, given v := (v,9) € H*(T,,R?) x L*(F,,R?), with s > 1/2, we define [v] € L2(d7,,R?) by

[vllok :=vlgk —Plox VK ET),.



S. Meddahi Computer Methods in Applied Mechanics and Engineering 417 (2023) 116452
We introduce the space V := HS(T,,,]R" )x L*(F),RY), where
LAF)RY) = (v € L*(F),,RY); v]p =0, VF € F}},

and endowed it with the semi-norm

el = Ivels . + IIZ%H'_}HII%M Vo = .0) €V, (3.9)
/
where hyp € Py(F,) is given by hp|p := hp for all F € F,. For k > 0, we consider the finite dimensional subspace Vv, :=

Pt T, R x Py, (FO,RY) of V, where

P (FLRY) = (0 € Py (FRY): 01p =0, VF € F}).
We introduce the operator Z}*! : V — ¥, given by Z5*'v = (1T ?“ v, [T} p), for all v = (v, &) € V. Moreover, we consider the linear
operator i : HS(Q,]R") — V defined, for any v € Hl(_Q ]R"), by

i) =W ) eV, withv:= vlg,.

We point out that [i(v)] = 0 for all v € H(} (2,RY).
Lemma 3.4. There exists a constant C > 0 independent of h and k such that

min{r.k}+1
i@ - 25 i@l < ™ (Znuuwg) , (3.10)

et )yr+172

for allu € Hj(2,R)n H**"(U;2;,R?), r 2 0.

Proof. By definition, we have that
liw — ZF i@l = ) IV — T wli . + "T/; i) — 25 i@,k
KeT,

and it follows directly from (3.3) that

min{r,k}+1

IV - T wllox < lullyrx VK €T, (3.11)

Ik
(k+1yr+1/2
On the other hand, using in the triangle inequality and (3.1) we get
kL e - K+l k+1
1553 1) = 25 i@k S Syl = M ullogx + 3, Sl = 15 ullo p,
F hg FEF(K) "k
and it follows from (3.4) that

min{r,k}+1

I "T,; i) — Z5* i@l ok < lullasrk VK € T (3.12)

<Xk
(k+1yr+172

Summing (3.11) and (3.12) over K € Th(€2;) and then over j = 1,...,J gives the result. []
4. The HDG semi-discrete scheme and its convergence analysis

For all T € H such that 7 = 7z + wty, € H¥(T;,,S), s > /2, and for all v € ¥, we introduce the bilinear form defined by:
By (z,v) = (r,£(v))7, — (tn, [L])s,.

Applying the Cauchy-Schwarz inequality and (2.5), we deduce that

]/2
[By(z.v) S (lzll3, + k; a5, ) 2l 4.1

Combining this estimate with the inverse inequality (3.7) we deduce that there exists a constant C > 0 independent of 4, k, and w
such that

|Bp(z.v)| < Clizllyllvlly for all z € H, and v € V. (4.2)

We propose the following HDG space discretization method for problem (2.9): find ¢, := (6gj.0p,) € C[lo Hw) and
= (up,uy) € C[IO,TJ(vh) satisfying

(6, Dy + (o, U)Th +(Goy p, CUTV)Th

(k+1)2 (4.3)
+ By(c,,v) — By(z,u,) +{ iy u, 0. [wh)sr, = (FO. V)7,
for all = = (tg,7y) € H;, and v = (v, ¥) € V),. We start up problem (4.3) with the initial conditions
0,0 =115 (c%,6), u,(0)=15"d". (4.4)
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Proposition 4.1. Problem (4.3) admits a unique solution.

Proof. The algebraic differential equation (4.3) can be written as follows

(6, Du + (puy, v)‘rh +(Goy p, CUTv)Th + (o), 5(”))Th — (1, E(uh))‘rh —(oyn, V)a‘rh

+(lu,, 1. (k;;>~v+ )y = (f(O).0);, VT € Hy, Vv € Pyyy (T, RY) s
2 12 R )
<(k;:) @, D)7, = <(k;r) up—opn, D)y V0 € Py (F),RY.

It follows from the second equation of (4.5), that for all 7 € (0, T], &,(¢) can be expressed as follows:
(1) = {{un }} ) = 5 {{oan}} )

where {{u,}} @) and {{o,n}} () are defined in P, (FO,RY) by {{u,}} | = %(uhlk + uplg)lp and {{o,n}}p = %(athnK +
o,lgrng)| g, respectively, for all F € 7-’2 with F = K n K’. We can then eliminate &, and end up with the system of ordinary
differential equations

(6, Dy + (P, V)7, + (Goy p, 0Ty)7, + (0, €))7, — (T, 8(up))7, — (OKN, VYo7,

h 2
+u, = (up} = g {oan)). b v 4 n)yr, = (FW.0)y, V2 €My Y0 € Py (75, RY,

(4.6)

with the initial conditions (4.4). We observe that (-,-);; and (p-, ')Th are inner products in the finite dimensional function spaces
H,, and P.(7;,,R?), respectively. By selecting a suitable set of basis functions for these function spaces, we can represent the
semidiscrete problem (4.6) as a conventional first-order system of differential equations. As a result, the solution to (4.3) exists and
is unique. []

Let us verify now that the HDG scheme (4.3) is consistent with problem (2.9).

Proposition 4.2. Let

6 = (op.0y) € Hy (XN Clo () and  u € Cy (LR N CY 1y (Hy (2.R)

be the solutions of (2.9) and assume that the stress tensor ¢ = ¢ + woy, belongs to C[)O TJ(H 5(Th-S) N H(div, Q,S)), with s > 1/2. Then, it
holds true that '

(6, Dy + (pi, V)7, + (Goy, 0Ty)7,

+ By(o,v) — B (z,i(w) + (%[[Z(u)]], [el)or, = (F(O.v)7, “n
fordlz=(tg,ty) € Hyand v = (v, D) € V).
Proof. We point out that, as [i(u)] = 0, we have that
By(z,i(w) = (1,€W));, VT € M,
Moreover, the continuity of the normal components of ¢ across the interelements of 7,, gives
B(o,v) = (o, e(v))Th — (on, [[g]])afh = (o, Vv)Th —(on, V)aT,, Vv =,0) €V (4.8)

Applying now an elementwise integration by parts to the right-hand side of the last identity followed by the substitution div o = pu— f
yields

By (o,v) = —(dive,v)y, = —(pi,v)7, + (f(),0)q. (4.9)
By virtue of (4.8) and (4.9), it holds true that
(6, Dy + (pi, V)7, + (Goy, 0Ty, + Byy(0o,0) — By (T, i(w) + <%[[£(M)]]» (w7,

= (6, Dy + (Goy, 0ty — (r.eW)r, + (f. V)7, (4.10)

for all 7 = (tg,ty) € H), and v = (v, ) € V;,. Moreover, applying Green’s formula (1.2) in the second equation of (2.9) and keeping
in mind the density of the embedding X* < H we obtain

(6.0 + (Goy,wty)g = (eW), 7)o VT = (7, 7)) EH.
Substituting back this identity in (4.10) gives the result. []

We begin now the convergence analysis of the HDG method (4.3) by considering the splitting o(t) — ¢, () = x(1) + m,(®) of
the error in the stress variable with l(t) = o(t) - II' ’;g(t) and z, () = I’ ’;g(t) - 0, (). Likewise, we introduce the decomposition
iu() = u, (1) = q(1) + e, (1) of the error in the velocity variable with g(1) = i(u(1)) - 25 i(u(n)), and e, (1) = ZKM iu(?) — u, (). Hence,
the components of the projected errors x, := (. xy ;) € C'(H,) and e, := (e;.&,) € C'(V),) are given by

— 17k — 77k — 7kt! o = 7kt _ g
mgp=170p—06gy, ay,=Ijoy—oy, and e,=I"u-u, & =I;""a-u,

9



S. Meddahi Computer Methods in Applied Mechanics and Engineering 417 (2023) 116452

where we recall that a = ulp,. We also have that y = (yp, xy) and q = (g, ¢) with
XE=O0p— H§0'E, Xy =6y — H;‘,GV and g=u- H,ﬁ“u, g=a- I a

Moreover, we will write 7, := 7y, + wxy,, and y ;= yg +wyxy.
Lemma 4.1. Under the conditions of Proposition 4.2, there exists a constant C > 0 independent of h, k and w such that

T 2
2 2 k+1 2
s e O+ w1 1, + [ 1541, M 0 < € [ (1ali, + 1 2 o (1)

Proof. Using the consistency property (4.7) it is straightforward that
(i Dy + (P V)7, + Gy Ty )7, + By 0) = By(x ) + (S e, 1. [l 7,
==X Dy = (4. V)7, = Cxy, 0ty)7, — By(x,v) + By(z,9) - (%[[g]], [vlor, (4.12)
= (e 217, + Bo(z. @) — (52 g1, [21), 7,

for all = = (rg,7y) € H, and v = (v,D) € V,. The last identity follows from orthogonal properties and from the fact that the
coefficient parameters are piecewise constant. Indeed, taking into account that A(x)P,(7},,S) C Pr(74,S), G(x)P(T}.S) C Py (T4, S),
and w(x)P(T;,,S) C P(T},,S) we deduce that

(X Dy + Gxy. 0ty)7, = (6 — I 6p, Atp) + (6 — [T} 6y, 0*Cry)
+(oy — Hio'y,a)grv)rh =0 VzeH,
Similarly, because p(x)P; +1(T,,,]Rd ) C Pry1 (75, R?) we also have
(pq.v)y, = (@~ M pr)g =0 Yo € Py (T, RY).
Finally, as &(P; (T, R?)) C P,(T;,S), it turns out that
By(x,v) = (6 — Myo,e@)r, — (xn, [W])or, = —(xn.[2D)or, Vv €V
Taking = =z, and v = ¢, in (4.12) and using the Cauchy-Schwarz inequality together with (4.2) yields

2
3 dt{ T Ty + (penoep)r )+ |l kr,; e, 15,7, < (xn.le,Dor, + By, @) — (=gl e, Doy,

12
hy. k+1
< g amlloor, 1455 7 e, Wor, +Cllm, Iscllglly + 155 1abllo a7, 1 25 e e, Moo, -

»
We notice that because of assumption (4.4), the projected errors satisfy vanishing initial conditions, namely, =,(0) = (0,0) and
e,(0) = 0. Hence, integrating over ¢ € (0, T] and using again the Cauchy-Schwarz inequality we deduce that

t T
2 1/2 2 k+1 2
(1 + e,(t + e ds < max ||z, (¢ dr
llz, OI15, + Il enII . /0 1€ 7, ds S max e, Ol /0 ligly

T 1/7

F k+1 2 gy Ve [T 12
(”k+1){n”007—h+” 1/2 [[g]]llo’()rh) o ” hl/z —h]”lOdT s

for all € (0,T]. We conclude, by a simple application of Young’s inequality, that
max I, 01, + max eI + / 41,5, o
0
T 172 T 2
h
s /0 (Vi + 53000, ) aes ([ havar)”
and the result follows. []

Theorem 4.1. Let
o 1=(0p.0y) € Hy (XN Clop () and  u € Cy (LR 0 Cfy 1 (H (2, RD)
be the solutions of (2.9). Assume that o, 6y, € COCH'*"(U;R;,5)) and u € CO(H**"(U;2;,R)), with r > 0. Then, there exists a constant
C > 0 independent of h, k, and ® such that
T 2
max (g — ,)(Olly + max | = up)Ollo 7, + </0 II%[[i(u) —u, 105 57 dt)
minkrki+1 J

/
CW<Z(deH1EHl+rﬂ ol maxliry I, o +max Jul,, o )) Vk > 0.

10
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Proof. It follows from the triangle inequality and (4.11) that

max (@ — 0, O+ max = )OI, + /0 1451w~ 1,

< me 2 2 ( 2 ; )
_r[{)lﬁllx(t)lln+I{gya¥]<llq(t)llo,rh+C/0 llqlly, + Il lxnllom dr,

and the result follows directly from the error estimates (3.8) and (3.10). [

Remark 4.1. The energy norm error estimates provided by Theorem 4.1 are quasi-optimal in 4 and suboptimal by a factor of
k"2 in k for the stress variable. This issue has been previously addressed in the literature, as shown in [36,37], where similar
bounds were obtained for stationary (scalar) second-order elliptic problems. However, the error estimate for the velocity field is
currently suboptimal in 4 by one order, and it remains unclear how the duality argument of Aubin-Nitsche can be applied to obtain
a quasi-optimal error estimate in & for this variable in the L2-norm.

5. The fully discrete scheme and its convergence analysis

Given L € N, we consider a uniform partition of the time interval [0, T'] with step size At := T /L and nodes t, :=nAt,n=0,..., L.
The midpoint of each time subinterval is represented as ¢, 2 = % For any finite sequence {¢", n =0, ..., L} of real numbers,
we define {¢"} := WTW and introduce the discrete time derivative 9,¢" := ot A“” We adopt the same notation for sets of vectors
or tensors.

In what follows we utilize the Crank-Nicolson method for the time discretization of (4.3)-(4.4). Namely, for n =0,...,L -1, we
seek g"*! 1= (6';;,1, "“) € My, and ! := (u;’l“,ﬁz*l) €V, solution of

0.8y D + o)y, + G {0, b0ty

(5.1)
2
+ By({e)}.0) = Bz 1) + (5w} [el)or, = (£} 0)y,
for all T = (rg,7y) € H, and v = (v, D) € V. we assume that the scheme (5.1) is initiated with
o) =M} (ch.0)), u)==zridh. (5.2)

We point out that at each iteration step of (5.1) we need to solve the square system of linear equations whose matrix is associated
to the bilinear form A,(-,-) : H, XV, — R defined by

1 1 1
Ap(0), W, (2, 0) 1= 5(8, Ty + 3 (0Up V)7, + 5 (Goy 0Ty )7,
1 1 1, (k+1)?
+ 3 Bu(0, 1) = 3 Ba(@y ) + (5 1w, 1 127,

It is straightforward that the null space of this bilinear form is trivial which demonstrates the well-defined nature of the scheme
(5.1)—(5.2).
Our objective is to establish the stability of the fully discrete scheme (5.1) by estimating the projected errors x, = II' ﬁg(t,,) -o

and ep = 7;‘,+1z(u(t,‘)) — u} in terms of l” = l(t")’ 2" = g(tn) and consistency quantities arising from the time discretization. We
re':call ;hat, according to our notations, the components of the projected errors my 1= (w e n '[’, ) €My and e, = (e}, ;) €V, are
given by

Tpp = HﬁaE(t,,) —Opy Wy, = Hﬁay(tn) -6y,
€ = u,) —u), &) = aw,) - i),
where @ = ulp,. likewise, by definition, it holds that y" = (x,, x},) and ¢" = (¢", §") with

Xy =0pt,) - Miopt,), x} =oy(t,)—Mkoy(,)
q" =u@,) - M), §" = a@,) - T ad,).

1 e n n n e n n
We also use the notations T, =mp, T ory, and y" := X toxy.

Lemma 5.1. Let

o :=(0p,0y) € Hypr (XN Cly (M) and  u € Cy 7 (L2, RD) 0 Cfy 7 (H (2, RD)

be the solutions of (2.9) and assume that ¢ = o + woy, € co
independent of h, k and w such that

0. T](HS(T,,,S) N H(div, £2,S)), with s > 1/2. There exists a constant C > 0

L-1
max ||z} 12, + max |2} 12 +Ar2 I “T/;)[[{gh}ﬂnoa, (Arz 0,0, - {st)} I,

(5.3)
e _
+Ar2||p‘/2(au<z )= {ae)PIZ, +Az2 I35 (2"l +Atz H{a }13).
n=0

n=|

11
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Proof. It follows from the consistency Eq. (4.7) and the orthogonality properties employed in the proof of Lemma 4.1 that the
projected errors , € H, and e} € V), satisfy the equation
0,7y, Dy + (P9, V)7, + (G {ﬂ’f/.h} coty)g, + By({m, } . v) - By(z. {€} })
+ <%H{92}l}’ 1)o7, = 0,0(t,) = {&(t,)} . Dy + (p(Out,) — {a(t,) }), v)7, (5.4)
+ (" 1eDor, + Bux { @ P~ (S22 1{ @} 12Dy,

forall T = (tg,7y) € Hy and v = (v, D) € V). Selecting T = {EZ} and v = {g;} in Eq. (5.4), taking into account that the bilinear form
associated with the tensor G is non-negative and applying (4.2) and the Cauchy-Schwartz inequality to the terms on the right-hand
side we derive the estimate

112 1 1 2 1 k+1 2
oz (I + 1012 1 = g~ e 2, ) + 1 peSCH

< 19,0(t,) = {6} sl {z},} 3¢ + 1o (Ouz,) - {ﬂ(tn)})”o,r,, 0" {e}} llor,
1/2
ey ")l o, NS €) Yo, + 11} el { "} 1y + 1553 {g"}]]no,mnz;;[[{eh}]]nom
F F

Next, employing a standard summation procedure and taking into account that the projected errors vanish identically at the initial
step we get
L-1
max |z 17, +max [|p ¢} I - + At 2 [ <kT,§) e 05,7
hy

L-1

< max 2l (41 Y 10,0(t,) = {60t} Iy )
n=0

L-1

+ max [lp2¢ o7, (41 Y 10" @putt,) = {it,) Doz, )
n=0
L-1 W -1
k+1
+ A 2:,) 1757 2" mlloar, 55 {e] o, + max [l (4 Z:,) H{a"}iv)
n=| n=l

+ At Z I kT/; { "}]]”0,37,,” kr/l [{e} }llo,or, -

Finally, applying repeatedly Young’s inequality 2ab < é + eb?, with a suitable ¢ > 0 in each instance, and subsequently applying
the Cauchy-Schwartz inequality for the summation terms, we obtain (5.3). [

Performing a Taylor expansion centered at t = 1,,,, we obtain the identity

A2 !
d0,) —{p@,)} = % / Gy + %s)(lslz —1)ds Ve eC3(0.T]), 0<n<L-1.
-1

Hence, if we add to the regularity assumptions imposed in Lemma 5.1 to the exact the solutions of (2.9) the time regularity
assumptions ¢ € C[30 T](H) and u € C[30 T](LZ(Q,Rd)), we deduce from (5.3) that

1/2
1 k+1 2
max [} [l +max [|p" e} llo 7, + (At 2 IE 1,;[[{22}11”0,0@)

(5.5)
ny? )
< (4 (max 18115 +rlnax [IEllo, r,,) + max = X "”0,57,, + max llg"lly-
Theorem 5.1. Assume that the solution (o,u) of (2.9) satisfies the time regularity assumptions ¢ := (cg,0y) € Hlo TJ(X+) n
[OT 0, u € C30 T](Lz(_Q R?)) N C[0 T](H(}(Q, R?)) and the piecewise space regularity conditions 6,6, € C'(H'*"(U;®;,S)) and

ueC'(H 2+’(u Q;, R?)), with r > 0. Then, there exists a constant C > 0 independent of h, k, and o such that

1/2
k+1
max || (t,) = &l + max [lu(t,) = uj o7, + <Az A ,*/2 licu(,) - w213, dz)

hmm(rk) +1 J
<CW<Z([OaX||tE||I+rQ +0? ma [E +max||u||2+r_0 ))

+ C(40)* (max |||, + max ||i Vk > 0.
(402 (max 13+ ma il 7,

12
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Table 6.1
Error progression is shown for a sequence of uniform refinements in space and over-refinements
in time. The errors are measured at 7 = 1.5, with p = » = 1 and by employing the Lamé

coefficients defined in Eq. (6.3). The exact solution is provided by Eq. (6.1) by imposing pure
Dirichlet boundary condition.

k h ef.(0) (o) ey, () Ty, (W)
1/4 1.65e+00 * 3.54e-01 *
0 1/8 7.91e-01 1.06 8.78e—-02 2.01
1/16 3.64e-01 1.12 2.14e-02 2.04
1/32 1.81e-01 1.01 5.56e—-03 1.94
1/4 6.42e—02 * 4.18e-03 *
1 1/8 1.47e-02 2.13 4.96e—04 3.07
1/16 3.31e-03 2.15 5.43e-05 3.19
1/32 8.20e-04 2.01 7.48e—06 2.86
1/2 2.98e-02 * 2.25e-03 *
9 1/4 1.64e-03 4.18 5.38e-05 5.39
1/8 1.78e—-04 3.21 2.79e-06 4.27
1/16 1.91e-05 3.22 1.42e-07 4.30
1/2 1.15e-03 * 6.20e-05 *
3 1/4 2.55e-05 5.50 6.26e—07 6.63
1/8 1.35e-06 4.24 1.50e—-08 5.38

Proof. Applying the triangle inequality in (5.5) we deduce that

1/2
L-1
k+1 . 2
max [lo(t,) = &}l + max llu(t,) = ujlo7, + <Ar XIS i) = G o7, dr)
n=0 F

12

h

< n ZF_ o npl? n 2

S max || x" [l +max || 75 x"nllg o7 +maxlig”lly + C(41) ({3’% I8 ll7 + max lllo.,)

and the result is a direct consequence of the error estimates (3.8) and (3.10). [
6. Numerical results

The numerical results presented in this section have been implemented using the finite element library Netgen/NGSolve [38].
Accuracy verification

To confirm the decay of error as predicted by Theorem 5.1 with respect to the parameters h, Ar and k, we compare the computed
solutions at different levels of refinement to a closed-form exact solution of problem (2.9) obtained from a displacement field given
by

cos(?) sin(x)e™

d(x,y.1) 1= ( % cos(y) > in Qx[0,T1, (6.1)

where Q = (0,1)>. We assume that the medium characterized by (2.1) is isotropic in the sense that the fourth-order elastic and
viscoelastic tensors are defined by

Ct=2ucl +de @I D¢ =2upt+ Aptr(O)I, (6.2)

in terms of Lamé coefficients y > 0, 4 > 0, up > 0, and Ap > 0. The exact displacement (6.1) is used to construct exact elastic and
viscous stresses as well as appropriate initial conditions (5.2) and non-homogeneous boundary conditions.

The time interval [0,T7] is equally divided into sub-intervals of length Ar. Since the error from the Crank-Nicolson method is
0(4r?), we choose At ~ O(h*+2/2) 5o that the error from the time discretization does not pollute the order of convergence of the
space discretization. For tables and figures presenting accuracy verification, we use the following notation for the L>—norms of the
errors:

e (@) = llaM — oyl ep@ = u@) —u;loq
The rates of convergence in space are computed as
ryr (%) = log(ef, (%)/&}, GNllog(h/MI™" % € {o,u),

where e}fk(*), &, (%) denote errors generated on two consecutive meshes of sizes h and h, respectively.
In our first test we apply a pure Dirichlet boundary condition, which results in an empty set for I'y while I';, corresponds to the
entire boundary I'. The Lamé coefficients are chosen as

e=1, =3, up=2 and ip=4. (6.3)

13
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Table 6.2

Error progression is shown for a sequence of uniform refinements in space and over-refinements in
time. The errors are measured at T' = 1.5, with p = w = 1 and by employing the Lamé coefficients
resulting from (6.4). The exact solution is provided by Eq. (6.1) by imposing a Dirichlet-Neumann
boundary condition.

k h ef.(0) (o) ey, () Ty, (W)
1/8 8.93e+03 * 1.36e+04 *
0 1/16 4.80e+03 0.90 3.07e+03 2.14
1/32 2.38e+03 1.01 7.55e+02 2.03
1/64 1.00e+03 1.25 1.85e+02 2.03
1/4 1.21e+03 6.77e+02 *
1 1/8 2.08e+02 2.54 7.50e+01 3.17
1/16 5.26e+01 1.98 7.75e+00 3.28
1/32 1.24e+01 2.09 9.59%e-01 3.01
1/4 2.28e+01 * 8.82e+00 *
9 1/8 2.17e+00 3.39 4.69e-01 4.23
1/16 2.45e-01 3.14 2.25e-02 4.38
1/32 2.97e-02 3.05 1.39e-03 4.01
1/4 3.79e-01 * 9.82e-02 *
3 1/8 1.91e-02 4.31 2.45e-03 5.33
1/16 8.92e-04 4.42 5.44e-05 5.49
Table 6.3
Computed errors for a sequence of uniform refinements in time with 4 = 1/16 and k = 4. The
errors are measured at r =T = 1, with p = w = 1 and by employing the Lamé coefficients defined
in Eq. (6.3). The exact solution is provided by Eq. (6.1) by imposing pure Dirichlet boundary
condition.
At ek (0) k(o) ek () Tk ()
1/32 3.24x 1074 * 1.72x 1073 *
1/64 8.30x 1073 +1.96 478 x 1076 +1.85
1/128 2.10x 1073 +1.98 1.25x107° +1.94
1/256 5.28x 107° +1.99 3.17x 1077 +1.97
1/512 1.32x 10°° +2.00 8.00 x 1078 +1.99

Additionally, we set @ = 1 and p = 1 for the remaining parameters. Table 6.1 displays the errors with respect to the mesh size
h for four different polynomial degrees k. We observe that the convergence in the stress field attains the optimal rate of O(h*t1).
Furthermore, as mentioned earlier in Remark 4.1, the velocity demonstrates a convergence rate of O(h**?), which is one order
superior to what is stated in Theorem 5.1.

To verify the accuracy and stability of the scheme in the nearly incompressible limit we repeat the same experiment and consider
this time material parameter sets (Young’s modulus and Poisson ratio)

Ep =049, ve=100, Ep=04999, vp = 1000, (6.4)

which give Lamé constants A, = (vaiﬁ and y, = 2(%:*)’ *x € {C,D}. We recall that the dissipativity condition requires that
up > pe and Ap > A-. We also impose in this second test a Dirichlet boundary condition on the bottom side I', = (0,1) x {0}
and a Neumann boundary condition on the remaining three sides of the unit square. The error decay for this case is collected in
Table 6.2. These results demonstrate the ability of the proposed HDG scheme to produce accurate approximations also in the nearly
incompressible viscoelasticity regime.

On the other hand, Table 6.3 portrays the convergence results obtained after fixing the mesh size to 2 = 1/16 and the polynomial
degree to k = 4 and varying the time step At discretizing the time interval [0,7], with T = 1. The rates of convergence in time, are

computed as
rk (%) = log(ek, (x)/8L, (*)llog(ar/An]™"  * € {o,u}.

where e;sz’ éﬁk denote errors generated on two consecutive runs considering time steps At and A4t, respectively. In this example, we
consider the same manufactured solution obtained from (6.1) with I';, = I'. The remaining parameters are given by w = 1, p = 1,
and (6.3). The expected convergence rate of O([4t]?) is attained as the time step is refined.

Finally, we fix the space mesh size h = 0.25 and the time mesh size Ar = 10~ and let k vary from O to 5. In Fig. 6.1 we report
the error etk(a) in the stress variable and the error e;sz(“) in velocity at T = 0.5 as a function of the polynomial degree k + 1 in a

semi-logarithmic scale. As expected, an exponential convergence is observed.
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Computed errors versus k
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Fig. 6.1. Computed errors versus the polynomial degree k with 4 = 1/4 and At = 107°. The errors are measured at t = T = 0.5, with p = @ = 1 and by employing
the Lamé coefficients defined in Eq. (6.3). The exact solution is provided by Eq. (6.1) by imposing pure Dirichlet boundary condition.
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Fig. 6.2. On the left, we present the meshed domain, while the next three figures depict snapshots of the viscoelastic body’s deformed configurations at times 2s,
3.5s, and 4.5s, respectively. The color map in each figure indicates the distribution of von Mises stresses. The results are obtained by employing the boundary
conditions (6.5) and the viscoelastic material parameters defined in (6.6), and by setting 42 = 0.3, k = 3, and 4r = 0.05. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Comparative of mechanical behavior in 3D: elastodynamic and dynamic/quasi-static viscoelasticity testing of a perforated brick

We use our HDG method to solve a three-dimensional model problem where an exact solution is unavailable. The objective is to
simulate the transient behavior of a viscoelastic perforated brick under dynamic and quasi-static conditions, including purely elastic
behavior.

The computational domain € is a rectangular cuboid with dimensions (0, 1) x (0,0.6) X (0,3)m? containing three right circular
cylindrical holes centered at (0.5,0,0.5), (0.5,0,1.5), and (0.5,0,2.5). These cylindrical holes are oriented parallel to the y-direction
and have radii of 0.25 and heights of 0.6. We refer to Fig. 6.2 for a visual representation of this geometry.

We assume that the solid represented by 2 has mass density of p = 1kg/m>. At ¢ = 0.5 s, an instantaneous traction of 1Pa is
applied in the negative z direction on the upper face I zlv’ which lies in the plane z = 1. This traction is maintained for a duration of
2.5 s, after which it is abruptly released. The boundary face I'j, at z = 0 is clamped, while the remaining boundary I"]%, 1= 00Q\ I"DUI"I{,
is left stress-free. Summing up, we are imposing to problem (2.4) vanishing initial data with the following loading and boundary
conditions:

f=0in 2x(0,T], d=0on I'px(0,T],

R L Ye 0on I'2 x(0,T] ©5
on = ,T], on= ,T1.
0  otherwise N N
We consider again tensors C and D given by (6.2) with material parameters
Ac=6Pa, ur.=9Pa, Ap=9Pa, up=15Pa, w=0.7s. (6.6)
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Displacement versus time Stress L?’-norm versus time
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Fig. 6.3. The transients of the z-component of displacement at coordinates (0.5, 0.3, 3.0) are shown on the left, while the L>-norm of the global stress tensor
is displayed on the right. The results are presented for three cases: purely elastodynamic (represented by a line with the marker --), dynamic viscoelastic
(represented by a dashed line), and quasi-static viscoelastic (represented by a continuous line). These results are obtained using the boundary conditions (6.5),
the Lamé coefficients provided in (6.6), and setting h = 0.2, k = 1, and 47 = 0.1. The values of p and w corresponding to each case are indicated in the figure.

We obtain an approximate solution of the problem by using the numerical method (5.1) with a polynomial degree k = 3, a
mesh size 4 = 0.3 and a time step of Ar = 0.05s. In Fig. 6.2, we illustrate the meshed domain and we show three snapshots (at
times 25, 3.55, and 4.5 s) representing the von Mises stresses portrayed on the deformed domain. For this purpose, the approximate
displacements are post-processed from the velocity field using the formula

1 _ 1
dytt =dj + A it a2

In Fig. 6.3, we present a comparison between the results obtained using Zener’s model for dynamic and quasi-static viscoelasticity,
and also the results obtained in the purely elastodynamic case. To simulate the standard viscoelastic model without inertia, we
impose a small mass density p (specifically, in the results depicted in Fig. 6.3, we set p = 10~'2kg/m?) while keeping the other
parameters unchanged. The purely elastic scenario is achieved by setting @ = 0 across the entire domain. In all three cases, we
conducted the tests until 7+ = 15s with k = 1, h = 0.2 and 4t = 0.1. We depict the evolution of the third components of the
approximate displacement fields at (0.5, 0.3, 3) on the left panel, and the L?>-norms of the approximate stress tensors on the right
panel in Fig. 6.3.

The displacement profile observed under quasi-static conditions exhibits the expected behavior associated with creep phenomena,
as described in previous works such as [6, Section 6.2.2 and Figure 6] and [10, Figure 6.3], which employed 2D and 3D numerical
tests for stress formulations of Zener’s viscoelastic model. Additionally, the dynamic viscoelastic case demonstrates a clear dissipative
character when compared to the elastodynamic case. The same conclusion applies to the plots displaying the L?-norms of the stress
tensors.

Wave propagation in a composite material

In order to test the capability of our approach in considering composite materials with mixed viscoelastic properties we employ
an illustrative example inspired by [5, Section 5.2.2]. However, while the reference focuses on simulating wave propagation in
distinct domains featuring either elastic or viscoelastic properties, our experiment explores the dynamics of an elastic wave within
a hybrid medium combining both viscoelastic and purely elastic regions.

We consider a domain 2 = (-8,8)? representing a solid with viscoelastic properties in 2, = (=8,0) X (—8,8) and purely elastic
behavior in 2 = (0, 8) x (-8, 8). The physical parameters considered in each medium are indicated in Fig. 6.4. We take the initial
data equal to 0 and impose an homogeneous Dirichlet boundary condition on I'.

We consider a compactly supported volume force f(x,y,t) := g(x, y)p(t), where

2|

) and p@t) :=
otherwise 0 otherwise

. {(1 4l il < 1 d [T ey 2
with r := (x, y)®. Graphic representations of the vector field g and the function p are given in Fig. 6.4.

We numerically solve problem (5.1) using the data described earlier, employing a mesh size of 4 = 0.1, a time step of 4r = 0.01,
and a polynomial degree of k = 2. Fig. 6.5 illustrates the magnitude of the displacement field obtained at various time intervals:
0.5s, 1s, 1.5s, and 2. Notably, we observe distinct behaviors in the wave propagation within the composite medium. Specifically,
the wave propagates at a faster rate and experiences more significant damping in the viscoelastic region.
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Fig. 6.4. The partition of the computational domain € into a part Q. with purely elastic behavior and a Q, with viscoelastic properties (left). We indicate the
Lamé coefficients, the mass density and the relaxation time corresponding to each region. Graphical representations of the vector field g and the scalar function
p defining the body force by f = p(r)g(x,y) (right).
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Fig. 6.5. Snapshots of the displacement magnitude at times 0.5s, 1s, 1.5s, 2s. The results are obtained with vanishing initial data, utilizing the coefficients
provided in Fig. 6.4 and the source term f = p(r)g(x,y). Homogeneous Dirichlet boundary conditions were applied, and the numerical parameters were set as
follows: h=0.1, k =2, and 4r = 0.01.

7. Conclusion

We have introduced a parameter-free hybrid discontinuous Galerkin (HDG) method for the stress-velocity formulation of Zener’s
viscoelasticity model. Taking advantage of the inherent hybridization strategy of the HDG framework, the method enables a
substantial reduction in globally coupled degrees of freedom, thereby enhancing computational efficiency without compromising
accuracy. The method employs symmetric tensor-valued piecewise polynomials of arbitrary degree to provide accurate stress
approximations in both two- and three-dimensional domains. Moreover, the method’s versatility extends to heterogeneous materials
with composite elastic-viscoelastic components.

We have presented an hp-finite element analysis that establishes the stability of the proposed HDG semi-discrete scheme with
respect to the discretization parameters 4 and k, as well as the characteristic relaxation time w. We have derived error estimates
proving quasi-optimal convergence of the stress variable in terms of mesh size, alongside suboptimal convergence of the velocity.
Furthermore, we have applied the Crank-Nicolson rule as a time-stepping scheme to the proposed HDG method, and shown the
stability of the resulting fully-discrete scheme and analyzed its convergence properties. The numerical results corroborate our
theoretical predictions.
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