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Abstract

In this paper we are concerned with an optimal control problem governed by a semilinear parabolic
equation, with boundary controls. Pointwise control constraints as well as integral constraints on the gradient
of the state are considered. The aim of the paper is to prove a Pontryagin principle. To achieve this goal
we use Ekeland’s variational principle combined with a method of diffuse perturbations. A detailed analysis
of the state and adjoint state equations is carried out. We obtain some regularity results, under minimal
assumptions, which are necessary to treat the constraints on the gradient of the state.

Key Words. Parabolic equations, regularity results, optimal control, state constraints, Pontryagin princi-
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1 Introduction.

Let Q be an open, bounded and connected set in RY. We denote by T’ the boundary of . Let T be a positive
real number. Set @ = 2x]0,T[ and ¥ = I'x]0,T[. Let us introduce the elliptic operator

N
Ay = - Z 896]‘ (aij(mvt)aﬂ'y)'

i,j=1

Let f,g,w be functions, f : @ x RXxR — R, g: ¥ xR xR — R and w:  — R. We are going to study
control problems for the parabolic equation

)
Jy _ (1)
ona +9(s,t,y,v) = 0 on,

y(,0) = w inQ.

We shall usually refer to this equation as the state equation. Let V4 be a subset of L™ (X). For every v € V4
we denote by y, the solution of equation (1). Consider functions F': @ x R — R, G: ¥ x R x R — R and
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L:Q xR — R. Problem (P) consists in minimizing the cost functional

J(yy, v / / x,t,y,) dx dt+/ / $,t, Yy, v) ds dtJr/ L(z,y,(z,T)) dx

with the control constraint
RS Vada

and the state constraint

Vay € C C (L7(0,T5 L7 ()", (2)
where 7 and p belong to (1,00), and C'is a closed, convex subset of (L7 (0,T; LP(€2)))" with a nonempty interior.
For instance, if C' = B;(0), the closed ball of radius § in (L7(0,7T; LP(£2)))", then the constraint is

T T/p
/ (/ |V1y|pdac> dt <47,
0 Q

Our main results is a Pontryagin principle for such problems (Theorem 3). In recent years there has been
growing interest in Pontryagin principles for control problems governed by partial differential equations, with
pointwise or integral constraints on the state variable. Among many others we could mention Casas [1], Fattorini
[5, 7], Bei Hu and Yong [9], Li and Yong [11], Raymond and Zidani [13], Casas, Raymond and Zidani [3] and
references therein. Only few results are avalaible for problems dealing with gradient state constraints. See for
example Casas and Fernandez [2], Fattorini [6, 7], or White [18].

The proof of the Theorem 3 is based on Ekeland’s variational principle. To obtain an approximate Pontryagin
principle corresponding to optimality conditions following from Ekeland’s variational principle, we use the
method of diffuse perturbations, as in the papers of Raymond and Zidani [13] or Casas, Raymond and Zidani
[3]. In this approach we have to prove some Taylor expansion (Theorem 2) for the solution of the state
equation, with a remainder term converging to zero in the norm of L7(0,T; WP(£2)) (the norm corresponding
to the state constraint). To establish this result, we use the compact embedding from L7(0,T; Wlt<P(Q)) N
WLT(0, T, (W' (Q))) into L7(0,T; WP(Q)) (see the proof of Theorem 2). Thus we have to establish regular
ity results in L7(0,T; W+=P(Q)) for the linearized state equation. These results are stated in Section 2.

The rest of the paper is as follows. The adjoint equation is studied in Section 2. Assumptions on the control
problem and the Taylor expansion are stated in Section 3. Section 4 is devoted to the proof of the main result
and Section 5 deals with some extensions and examples.

2 Linearized and adjoint equations.

In the paper, whenever it does not lead to confusion, we shall use the following shortening: L™(W*?), L?(H?),
WhT(Whp), L’;(Lk(Q)), L(L°(T)), and C(C%¢(Q)) respectively for L7(0,T;W=P?()), L?(0,T; H'()),
WLT(0, T (WEP(Q))), LH0,T5 LF(), L7 (0, T L7(T)) and C([0, TJ; C%(2)).

We suppose that 7 € (1,00) and p € (1,00) are given fixed throughout the paper.

We now state some hypotheses.
H1 - The boundary I is of class C¢ for some 0 < & < 1.

H2 - The coefficients a;; belong to C([0,T]; C%¢(Q)) and satisfy

N
mléll? < Y aij(@, )68 < MIE|? for all € € RY and all (x,t) € Q
i,j=1

for some m, M > 0.

To deal with state constraints of the form (2), we need regularity results in L™ (W1 +<P) for the solution of the
equation

o A
Piay = f mq
ot
ﬁ = g onXx
anA - g 9
y(,0) = 0 in Q.



Recall the following regularity results. Assume that the boundary I is of class C2. Set a;; = a;;(%,t) and

Ay = 721{\;:1 Ox, (@ij00,y), where (Z,t) is any point in Q. Then the mapping that associates f with the
solution ¥y of
0 - ;o
T+dy = | ma
ot 5
Y~ 0 ony,
8nA
y(-,0) = 0 inQ,

is continuous from L*1 (L*1(Q)) into L™ (W!*¢£P) when one of the following conditions is satisfied

€k N 1 1 N 1 . ~
O< e p g = ifk<pandk <
<2<2p+7'+2 ok, kl, ki <pand k1 <,
e. N 1 N . ~
=< — == — fki < dk
O<2 SRR T if k1 <pand ky > T,
1 1 1 -
0<E 2422 ifky>pandiy <T

2 T 2 |
O<er <1, ifk1>pand/~fl>7.

For non homogeneous boundary data, the mapping that associates g with the solution y of

o -
Yidy = 0 mnQ,
i
9y _ . oy
8nA - g 9
y(»,0) = 0 inQ,

is continuous from L1 (L7t (T)) into L™ (W1F€+P) when one of the following conditions is satisfied:

0< 2o~ ifo<pand& <r,

, ifoy <pandag; >,
0<—<—+-—-——, ifoy>pandas <,

1
0<e,<—-, ifoy>pandao; >
p

The previous regularity results may be proved by using the same techniques as in [12, Prop. 3.2].

In all what follows € > 0 is given fixed, strictly less than min(é,2/7,2/p), and less or equal than min(e,,x),

where £,, & are chosen as in (3)—(10). We make the following hypotheses on k1, k1, 61, 071.
H3 - The pair (ki, k1) satisfies one of the conditions (3)-(6) and

jﬁ—+-j¥<<1
2k1 Ky

H4 - The pair (&1, 01) satisfies one of the conditions (7)—(10) and

N-1 1 1

201 5’1 2

Remark 1 Conditions (11) and (12) are needed to prove Propositions 5 and 7.

A regularity result in L™ (W'+eP) for the linearized state equation is proved in Proposition 5. We first establish

some preliminary estimates.



Proposition 1 Assume that the boundary T is of class C?. Set a;; = a;;(7,t) and Ay = — ij:l 0z,;(@i;0z,Y),

where (z,%) is any point in Q. Let f be in Lk (LF(Q)) and § be in Lo (L7 (T)). Then the weak solution y to
the equation

0 - s
S+Ay = g,
ot 9
- g on, (13)
ang
y(,0) = 0 inQ,
belongs to L™ (W1teP) N L2(H"Y), and satisfies
lyll - wisemynrzny < CUFN e i oy + 190 Lo1 @or (o)) (14)

where C' depends on Q, T, €, l~£1, k1, 01, and o1 but is independent of the point (T,t).

Proof. The proof may be performed by using estimates on analytic semigroup as in [12, Proposition 3.2].
Observe that the conditions stated in H3-H4, linking k1, k1, &1, and o1, with p, 7, ¢, and e are needed to
prove the above estimate. 0O

Proposition 2 Suppose that the boundary T is of class C?, and define the coefficients a;; as in Proposition 1.

Let f be in (L™(We2) N L2(Q))N, with min(p, #]\_ﬂ_%) < q < p. Then the weak solution y to the variational
equation

N
_/ y% dx dt —|—/ Z ijO0riyOy,; ¢ dx dt = / f Vo dxdt for all ¢ € CH(Q) such that $(T) =0,
Q Q Q

ij=1
belongs to L™ (W'+s4) N L2(H') and satisfies

Iyl - (witeaynrzary < Cllflln-(weaynr2 @)~

where C is independent of (z,t) € Q and of q € [min(p, ﬁ]\;%),p}.

Proof. The estimate in L?(H?'), when f belongs to (L2(Q))V is classical. Let us prove the estimate in
L7 (W*e4), From maximal regularity results for equations with regular coefficients, we deduce that the mapping
[y (where y 7 denotes the solution to the equation) is continuous from L7 (W) into L7 (W?249), and from

L7(L(2)) into L™(Wh4) (see [17]). Moreover the constant in the corresponding estimates may be chosen
independent of ¢ € [min(p, y=2a%5z),p]. Since (L™(W'9), LT (W), , = LT(W'T99) (see Triebel [16], or
Daners and Medina [4]), the result follows by means of real interpolation. 0O

Proposition 3 Suppose that the boundary T is of class C?, and define the coefficients ai; as in Proposition 1.
Let f be in L?(Q), and let y be the weak solution in L2(H') to the variational equation

N
0 _
—/ yﬁ dx dt +/ Z 02,y Oy, ¢ dx dt = / fodxdt for all ¢ € CH(Q) such that ¢(T) = 0.
Q Ot Q5 ’ Q
i,j=

If p < 2, then

Iyl (witerynrzmry < Cllfllzzc)-
If 7 <2 and p > 2, then

Iyl (wi+eaynrzany < Cllfllrz2(q),

2N

No2raE- If 7> 2 and p > 2, then

with q =

Iyl (witeaynr2any < Cllfll2 @),

for any q > 2 satisfying % + % < % + % + % — 5. Moreover, in the above estimates, the constants C' are

independent of (Z,1) € Q.



Proof. 1If p < 2, using estimates on analytic semigroups, we can prove that y belongs to L™(W*+&2) for
every T > 2 such that 1/2 < 1/7+1/2 — £/2. Since € < 2/7, y belongs to L™ (W'T%2) for every 7 > 2. If 7 < 2
and p > 2, then y belongs to L?(W?22). In this case, the estimate follows from Sobolev embeddings. The last
case can also be treated by using estimates on analytic semigroups. 0O

Proposition 4 Suppose that the boundary I is of class C3, and define the coefficients a;; as in Proposition
1. Let f be in L™(W=9) N L*(Q), with min(p, = 2+2£) < q < p. Then the weak solution y to the variational
equation

,/ ?’;f dx dt + /Q ”21 02,y Op; ¢ dx dt = / fodxdt for all g € CH(Q) such that ¢(T) = 0,
belongs to L™ (W'+54) N L2(H') with § = 7_ ifq< N, q=pifq> N, and satisfies
lyll - (witeaynrzmry < ClfllL-(wea)nL2(q)s
where C is independent of (z,t) € Q and of q € [min(p, ﬁj\i%)m].
Proof. Using real interpolation, as in the proof of Proposition 2, we can first prove that
Yl (weteaynp2 ) < Cllfller (weaynrz@)-
We conclude with Sobolev embeddings. O

Lemma 1 Lete < € < €. For all q € [min(p,ﬁ]\;k),p}, all a € C([0,T);C%%(Q)), all y € L™(W*=1), ay
belongs to L™ (W), and

||ay||LT(WE,q) < C\|a||0([o,T];cﬂ=é((z))||2/HLT(WW)’

where C' does not depend on q € [min(p, #f\ﬁr%),p].

Proof. Using the definition of the norm in L7 (W), with straightforward calculations we obtain

T ’ ’ T/q
T |a(x,t)y(x,t) — a(x ,t)y(x 7t)|q ’
layllZ-(weay = /0 </Q><Q o — g/ [rea dz dx dt
cof" ja(@.t) —a(a, )1 ol o N
—Jo QxQ |z — 2|5 |z — x|t (e=E)a
+C ! la(z’,t)|? ly(@.t) = y(@’, " dx dz’ T dt
0 aAxQ ’ |£L’ _ x/‘n-&-aq

da! /¢ T T/q
T (O O _— q T T
< Clalenrapmmscen | epimsemss) [ ([ weiras)  aes Cllalg ol gveon

The proof is complete. O

Proposition 5 Let a be in LF (LF1(Q)), b be in L7 (L°V(T)), f be in LF1(L*¥1(Q)) and § be in L7 (L7 (T)).
Then the solution y in L*(H*) N C(| O,T}, L?) to the equation

+ Ay +ay = [ inQ,
— + by = g onX, (15)
(,0) = 0 inQ,
satisfies the estimate R
Yl witery < CU I iy (o ) + 19l 2o 2o @y)s (16)

where C' only depends on Q, T, A and an upper bound for Ha||L;;1(Lk1(Q)) + (1Bl L1 (L1 (1)) -



Proof. Due to (11) and (12), first notice that y € L>°(Q) (see Casas, Raymond and Zidani [3]), and that

Il 2@y < CUIF s s ey + N3l o1 o o). (17)

where C' depends on an upper bound for ||l 1z, (1r, )y + [1llLe1 (£or (1)) Therefore it is sufficient to consider

the case where a = 0 and b = 0. We now suppose that we are in this case. To prove (16) when the coefficients
a;; satisfy H2, we use a technique of freezing coefficients as in Vespri [17, Theorem 3.1]. Up to Step 3, we
suppose that the boundary I is regular.

Step 1. First we prove an estimate in L™(W*P). From LadyZzenskaja et al. [10, Chapter 3, Theorem 5.1], we
know that the weak solution to (15) belongs to L2(0,7; H'(Q)) N C([0, T]; L?(£2)), and satisfies

1yl L2071 (2))nc (0,71 12(02) < C(||fHL1%1(Lk1(Q)) 19l o1 (or (ry))- (18)

Choose 7 and r, such that g + % = 7, and £ —|— == = ;, where € is an exponent strictly greater than e.

Since ||yl L7 (Lr)) < Cllyllz~(q) and [LT(Q),VV1 2(Q)]z = W=P(Q), from (17) and (18), and by interpolation
it follows that

Wllzrwery < CUFNL i g gy + 18111 2o (o)-

Step 2. Forany p > 0,let 0 =t; <ty < ... <t <...<tg =T be a regular subdivision of [0, 7], such that
tk — tk—l = é(p) and

max{||ai;(t,-) = ai;(t',)lcoz ) |t € [to—1,te], t" € [th—1, k], 1 <0, S N.2<k < K} <p.
Let {C’;}l::l be a collection of open sets of class C'°°, of diameter less or equal than p > 0 such that
QcuUl_,C;,

and let {¢,}"_, be a partition of unity subordinate to this covering. Let ¢, be the continuous function on
[0, T, affine on each interval [ty, txy1], which is equal to 1 on ¢, and 0 on t; if j # k. For a given fixed point
zs € C), set

@f;-“ =a;j(xs,tx) and  ysp(z,t) = Yr(t)ps(x)y(x,t) for 1 <s<p, 1 <k < K. (19)

Let us fix 1 <k < K and 1 < s < u. For every & € L?(H"), define the operator Tgks by

TF(9) = / Unpsfodudt + / Urpsgd ds dt

/wk S a0, ¢dmdt—/ S snyin, puddade

3,j=1 i,j=1

tht1
/@sy ot ¢dxdt+/ / Z —a” )02,£0:, ¢ dx dt,

th—1 pi,j=1

with the convention ¢y =t; = 0 and tx 1 =t = T. For every £ € L2(H'), let z(¢) be the unique solution in
L?(H') to the variational equation

—/ z—dmdt—&—/ Z a5k 0y, 20,, ¢ dx dt = Tgks(qb) for all ¢ € C*(Q) such that ¢(T) = 0. (20)

3,j=1
Observe that z(ysk) = ysk- Let us prove that, if p is small enough, then the mapping & — z(§) admits a fixed
point in LT(WHE’pl)ﬂLz(Hl) where p; = min(p, m) Due to Lemma 1, if ¢ € L™(W1*€P1)NL2(H), then
va 1 (@5 —aij)0x, € belongs to LT (WP )N L*(Q) for all 1 < j < N. Notice that Vs f belongs to LFt (L% (Q)),
Ve Psd belongs to Lo (L (T')). Due to step 1 and Lemma 1, vy, Zivzl ;Y0 s belongs to L™(WeP)NL?(Q) for



1 < j < N. Also observe that 1y zgj:l ij0r, 40z, ps belongs to L*(Q), (Q). From
Propositions 1 to 3, it follows that z(¢) belongs to L™(W TPy N L2(HY) for all § 6 LT(WHE’I”) NL*(HY).
On the other hand, due to Proposition 2 and to Lemma 1, it follows that

N
12(€1) = 2(&2) | L (wr+eryar2mry < C Z = aij) (02,81 = 02, &2) | L (werr)nL2(ty 1t [xC3)

<C (maxz-yj la3F — aij(te, )llo.s (o) + maxijllag (te, -) — az’j(')HC([tH,tkH];CUf(C;)))
X[ V& = V&l (- (wer)nrz@)~
< C(p* 4 p)||V& — Véall(rrweri)nr2(@)»

for some & €]e, &[. Therefore, for p small enough, the mapping £ — z(€) is a contraction in L™ (W1teP)NL2(H?).
Since the solution z of the equation

/ e dx dt +/ Z a;; F 0y, 20y, ¢ da dt = Tlisk (v) for all ¢ € C*(Q) such that ¢(T) = 0,

1]1

is unique in L?(H?') and is equal to ysy, this fixed point is ys. From the equality y = Zlezleysk, it follows
that y belongs to L7 (Witep1),

Step 3. If p = p; the proof is complete. Otherwise, we set py = pl if py < N,and po =pifp; > N. We
repeat Step 2. We want to prove that the mapping & — z(f) admlts a fixed point in L™(Witer2) N L2(HY).
Due to Lemma 1, if € € L™(W+eP2) 0 L2(H"), then Y1 1 (@) — aij)0x,€ belongs to LT(W=P2) N L*(Q) for all
1 < j < N. Since y belongs to L™ (W1TeP1) 4 Zi,j:l aU&“y&” ¢s belongs to L™ (WP1) N L%(Q), and due to
Sobolev embeddings, 1)y, Zf\il aijy0y,; s belongs to L™(WeP2) N L?(Q) for 1 < j < N.

As before s f belongs to LF(L*1(Q)), ¢rpsd belongs to LIt (L7 (T)), (Q).
From Propositions 1, 2 and 4, it follows that z(¢) belongs to L™(WTeP2) N L2(H?) for all £ € LT(WTeP2) N
L2?(H'). We conclude by proving that the mapping & — 2(€) is a contraction in L™ (W1*€P2) 0 L2(H?!) for the
same p as in step 2, and that y belongs to L™ (W!+%P2), Repeating this argument a finite number of times, we
finally prove that y belongs to L™(W!'¢?) and that

[yl Lr(witer) < C(HfHLh(LkI(Q)) + 19l zos (zor ry)-

Observe that the first iteration of Step 2 (with p1 ) is different from the second one. Indeed, for the first iteration
we only know that vy, E%Zl 02, Y0z, s belongs to L?(Q), and we use Proposition 3. For the second iteration

of Step 2, we know that vy, Zf\fj:l ij0,y0s,ps belongs to L™ (WeP1) N L*(Q), and we use Proposition 4.

Step 4. If the boundary I is of class C¥, by making a change of variable in the variational formulation of
equation (15), the equation can be reduced to an equation similar to (15) but with a regular boundary. Due to
steps 1-3, the corresponding solution belongs to L™ (W17¢P). By making the reverse change of variable, we can
prove that the solution to equation (15) satisfies (16). O

Suppose that H1 and H2 are replaced by

H1’ - The boundary I is of class C!.

H2’ - The coefficients a;; belong to C(Q) and satisfy

N
m€|]* < Z aij(z,t)&& < M||€))? for all € € RY and all (z,t) € Q

ij=1
for some m, M > 0.

In this case, we can adapt the proof of Proposition 5 to establish the following result.



Proposition 6 Suppose hypotheses H1” and H2’ are salisfied. Let a be in Lk (L¥(Q)), b be in Lo (Lo (T)),
f be in L¥ (L¥(Q)) and § be in L (L7 (T")). Then the solution y in L2(H)NC([0,T]; L%()) to the equation

9 N
StAytay = f inQ,
Oy +by = §g onX, (21)
8nA
y(-,0) = 0 inQ,
satisfies the estimate .
lyllz-wrry < CUf I Lo (01 )y + N3lLor 2o y)), (22)

where C' only depends on Q, T, A and an upper bound for Ha||L,;1(Lk1(Q)) + 110l o1 (o1 (1) -

Proposition 7 Suppose hypotheses H1 and H2 are satisfied. Let a be in Lk (L*1(Q)), b be in Lo (L (T)), f
be in LF1 (LF1(Q)) , and § be in L7 (L1 (T')). Then the solution y to equation (21) satisfies the estimate

lyllceq) < C(||f||Lfc1(Lk1(Q)) + 191l o1 (or () (23)
where 0 < & < e, C only depends on Q, T, A, & and an upper bound for ||a||L;;1(Lk1(Q)) + 116l 21 (L1 (1) -

Proof. For the proof we refer to Corollary 3.2 in [13]. O

Before studying the adjoint equation, consider the following equation

—%—f—i—A*cp = divg inQ,
Op = —7-1n onX, (24)
3nA*
e, T) = 0 in Q,

where 7 is the outward unit normal to T', and 7 is supposed to be regular. (As usual A* denotes the formal
adjoint of A.) By definition, a function ¢ € L*(Wh1) is a solution to (24) if, and only if,

N
/(@@ + Z aijaw-<p6my) dr dt = _/ ﬁ Vydl‘dt (25)
Q ot i,j=1 ’ Q

for every y € C(Q) such that y(0) = 0. The variational equation (25) is still meaningful if 7 belongs to L™(Q)
for some r > 1, even if the normal trace - 7 is not defined.

For simplicity, we still continue to write the variational equation (25) in the form (24), even if the writing
77 - i may be abusive when 7 is not regular.

In the rest of the paper ko, ko, 52, 02 and v are exponents satisfying

N 1 N-—-1 1
- <1, =
2ko ko 209 02

1
< 3 and v > 2. (26)

We also suppose that k1, ky, 61, and oy satisfy the following additional conditions
]%1 Z T, 6’1 2 T,

L. N (N = 1)f

'S Ny —N+p (N—1)p) =N +p/

In the following proposition we state regularity properties for the adjoint state. The proof is similar to the
proof of Proposition 5.

and o > if p' < N.



Proposition 8 Let a be in LF1(L*(Q)), b be in L7 (L7*(T)), F' be in L (L¥2(Q)), 77 be in (L7 (LP))N, G be
in L7 (L°>(T)) and L be in LV (Q). Then there exists a unique ¢ € L™ (W) 4+ L2(H") satisfying the equation

—%—f—{—A*@—«—a(p = F+divi inQ,
9 R
L4 +bp = G-7-0  oni, (27)
[“)nA* R
QO(?T) = mn Qa

and the following estimate holds
el wroysr2y < CUMll L oy~ + HFHL@(LW(Q)) + HG”L@(LQ(F)) + ||i||Lv(Q))»

where C' depends only on Q, T, A and an upper bound for Ha||L;;1(Lk1(Q)) + (1Bl L1 (L1 (1) -
Moreover, if y is the solution to equation (15), the following Green formula is satisfied

/so(ay—i—Ay-i-ay) da:dt—k/(p(ay-i-by) ds dt =

/Fyd:cdt—/ [
Q

ﬁ~Vydxdt+/Gydsdt+/Ly(T)dx.
Q b Q

Proof. [of Proposition 8] We first consider the case where F=0,L=0and G=0.

If a = 0 and b = 0, and if the coefficients of the operator A are regular and independent of time, the
existence of ¢ € LY (Wl’p/) satisfying (27) can be obtained using duality techniques, interpolation and maximal
regularity results as in Vespri [17, Theorem 3.3] and references therein. The passage from regular to continuous
coefficients (also depending on time) for A may be performed by localization and a fixed point theorem as in
[17, Theorem 3.1].

The case a # 0 and b #Z 0 may be deduced from the previous one by using a fixed point argument. Indeed,
observe that if £ € L™ (W) then ¢ € L7 (LP"(Q)), &x € L7 (LP(T)), where p™* = p'N/(N — p') and
B=((N-1)p)/(N-p)ifp <N, p* and 8 are any real in (1,+00) if p’ > N. Since a € L* (L*1(Q2)), b €
Lo (Lo (T)), we verify that a{ € L™(L"(2)) and b¢|s, € L¥(L*(T)), where 1/7 = 1k +1/7,1/r = 1/ki +1/p*,
1/§=1/61+1/7" and 1/s = 1/o1 + 1/8. Using (11) and (12), it follows that

N

2r
Suppose that 1/k; > 1/p' —1/p™* and 1/01 > 1/p’ —1/5. In this case, the mapping that associates the solution
@¢ of the equation

+ A% pe =divij—a in Q, aanﬂ:—ﬁ-ﬁ—bé“onz, we(-,T) =01in Q,
A*

_ O
ot

with ¢ is affine continuous from L™ (W?') into itself. Using this property, we can prove that & — we is
a contraction in L™ (0, W'?") for £ small enough. The estimate in L7 (W?") may next be deduced by a
standard technique. If 1/k; < 1/p’ — 1/p™* or 1/o1 < 1/p’ — 1/8, the above fixed point method may be
performed by replacing k1 by min(ky, (1/p' — 1/p"*)~1), and oy by min(oq, (1/p' — 1/8)71).

Consider the case where F', L, and G are different from zero. The equation

dp

+bp=Gonx, o, T) =LinQ,
8TLA*

9 .
—a—f—&—A*(p—i—a(p:FinQ,

admits a unique solution ¢ satisfying
lllz2crsy < CUEN ks (2 ) + G2 (o)) + 1 2| 0)

(see [10]). The Green formula is true for regular functions y, and it follows from a denseness argument. 0O



3 Taylor expansion of the state and the functional.

Now we are ready to study the state equation. Let us suppose that

H5 - For every y € R, f(-,-,y) is measurable on Q. For almost every (z,t) € Q, f(x,t,-) is of class C' on R.
The following estimates hold:

‘f(l‘,t,O)‘ S Ml(xvt)a CO S f;(as,t,y) S M1(937t)77(|y|)7

where Cj € R, 7 is an increasing function from R" into R™, and M; € Lk (LF1(Q)).

H6 - For every y,v € R, ¢g(+,-,y,v) is measurable on X. For all v € R and almost every (s,t) € &, g(s,t,-,v) is
of class C' on R. For almost every (s,t) € ¥, g(s,t,-) and g (s,t,-) are continuous on R?. The following
estimates hold:

l9(s,£,0,0)] < Ni(s,t) + v, Co < gy(s,t,y,v) < (Nils, ) + [v)n(lyl),
where Ny € L (L1 (T)).
H7 - The initial state w is given fixed in L®°(2) N W1P(Q).
Then we have

Theorem 1 The mapping that links the solution y, of equation (1) with v is continuous from L*(¥) into
L™ (WP) N Cy(Q \ Q x {0}), for any N +1 < a < oo such that the pair (c1,51) = (a,a) obeys one of the
conditions (7)—(10).

Proof. Taking into account Proposition 5, the proof can be performed as in Casas, Raymond and Zidani [3],
or Raymond and Zidani [13, 14]. O

We are now in position to establish Taylor expansions for the cost functional and the state equation. Let us
state the following hypotheses on the control problem.

HS8 - For every y € R, F(-,-,%) is measurable on Q. For almost every (z,t) € Q, F(x,t,-) is of class C! on R.
The following estimates hold:

|F(x,t70)\ < MQ(xvt)ﬂ |F7;($7t7y)| < M2($»t)77(|y|),

where My € L*2(LF2(Q)).

H9 - For every y,v € R, G(-,y,v) is measurable on ¥. For all v € R and almost every (s,t) € ¥, G(s,t,-,v) is
of class C'! on R. For almost every (s,t) € ¥, G(s,t,-) and G}, (s, ,-) are continuous on R?. The following
estimates hold:

G(s,£,0,v)| < Na(s,t) + [v],  [Gy(s,t,y,v)] < (Na(s, 8) + [v])n(ly]),
where Ny € Lo2(L°2(T)).

H10 - For every y € R, L(-,y) is measurable in 2. For almost every x € €, L(z,-) is of class C' in R. The
following estimates hold:

\L(z,y)| < M3(z), and  [Ly(x,y)] < Ma(x)n(ly),
where M;(z) € L(Q) and My € L*(%).
H11 - V.4 is a bounded subset in L>°(X) of the form
Vaa = {v € L™(X) : v(s,t) € Kx(s,t) for almost all (s,t) € £},

where Ky are measurable multimapping with nonempty compact values in P(R).
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For the proof of the following Lemma, see for instance [13].

Lemma 2 For all p € (0,1), there exists a sequence of measurable sets E;f C X such that

LY(Ep) = pLN (%),

and 1

lim —xpr =1 weak-star in L*(X). (29)

k—o0 p [
(LN denotes the N-dimensional Lebesgue measure and XEk is the characteristic function of the set Ef,f)
Theorem 2 For every p € (0,1), and all v1,ve € Vgq, there exists a measurable set E, C ¥ such that

‘CN(Ep) = pﬁN(E)a
oy e 1
Yp = Y1 + pz +r, with 11)1_% ;HTPHLT(WLP) =0, (30)

and

J(Yp,vp) = J(y1,v1) + pAJ + 0(p), (31)
where

v inX\E,
v S,t = B = You,, = Yvy>»
p(s:1) {v2 in E, Yo = Yo, Y1 =Yu
0
5 TATHfetp)z = 0 in Q,
0z
%—i_g;(suuyluvl)z = g(satayhvl)—9(57157?/1,”2) on E7

z(,0) = 0 in  x {0},

and

7= [ Eyamzds dir [ Gnvzds di+ [ GG )HT) de
Q b)) Q

+ / (Gls,t,y1,02) — Gls,tyr,00)) ds dr.
>

Proof. Let us prove (30). Take a sequence (EF); as in Lemma 2. Set

. k
% vy in ¥\ E* & Yo
vo(s,t) = L = and {f = —+F—F —2
p( ) { vy in ELC Yp yv/’f gp P)
The function ¢ ’; satisfies the equation
ok .
87: + Afl,f + aﬁgs = f} n Q,
K] k
P kek ko pk
O + bp y = g, + hp on 3,
k00 =0 in Q,

with )
ah(z,t) = / £t (i + 00 — 1)) db,

f/? = (fg;(x’t7y1) - a’I;)Z’

1
i(s.t) = / gl (5.t (4 00 — 1)), ok) d,

11



g]; = (gg//(87 Y1, Ul) - bl;)z7
and )
By = (L= “xmg) g5ty va) = (s oy v):

We denote by &5 the solution to

85;];71 ALk gkl gk
8t + g;k): . + apgp - fp m Q’
o&r
G TUEGT = g ok,
k1 _ :
£ (,0) = 0 in Q,
by 5’;’2 the solution to
g, k2 | kek2 :
9 + A" +a,y” = 0 in Q,
o k,2
867;) + b]; )1;,2 = h’; on 3, (32)
A
k,2(. _ :
§°(50) = 0 inQ
and by ¢ 5 the solution to
o k
8—;—1—/1(5—&—@(5 =0 in @,
o k
bep + bC/]f = h’; on X, (33)
A
¢¥(,0) = 0 inQ,

where a(z,t) = f,(z,t,y1(z,t)), and b(s,t) = g, (s,t,y1(s,t),v1(s,t)). From (32) and (33) it follows that:

A&y —¢p)

S AT = () et =) = (a—af) @,
M+bk(§k’2—ck) — (b—bk)Ck on Y

Ona p\Sp p 0/Sp )

& =¢,0 = 0 in Q.

Due to Proposition 7 (5 belongs to C%(Q). From Proposition 6, it follows that ’;*1, f’p‘“z and C}f belong to
L™ (W'P) and the following estimates hold:

1652 = Kl < Co (na — @Bl s gy + 10— Bl 1 m)) 1K o), (34)

||£§’1||LT(W1’P) < C2(||f§||L151(Lk1(Q)) + Hg,]f”LG"'l (L‘-"l(]")))a (35)

where the constants C7 and C5 do not depend on k.
The operator 7 which associates ¢, the solution in L™ (W+eP) 0 WLT(WLP')’) of

a¢

— 4+ AC+al = 0 inQ,
ot ac
= 4+b = h ony, (36)
anA
¢-,0)0 = 0 inQ,

with h, is continuous from L7'(L7'(T)) into L7 (W'te?) 0 WLT((W?")). The continuity into L7 (W1+eP)
follows from Proposition 5. With equation (36) we prove that ¢ belongs to Wl’T((Wl’pl)’ ), and the corresponding
estimate follows from the estimate in L™(W1¥€P). Since the imbedding from W!T&P(Q) into W1P(Q) is
compact, (see Grisvard [8]), then the imbedding from L7 (W'tP) 0 WL7 (W) into L™(W'P) is compact
(see Simon, [15, Corollary 4]). Thus 7 may be considered as a compact operator from L% (L°(T')) into

12



L™ (WhP). Observe that T is also a continuous linear operator from L°1(L°'(T)) into C°(Q). Thus 7 is a

compact operator from L% (L7*(T")) into C(Q). From (29) it follows that
lim Ajy = 0 weakly in L7 (L7 (T)),

k—o0

and hence
lim (Sp L qwrey + 1E5 o)) = O

k—o0

Thus, for all p € (0,1), there exists a k(p) such that

ICHO| - oy + 1CE o) < p-

Notice that

HH(I) v’;(p) = vy in L¥(¥) for any o < oo.
p—

Therefore, due to Theorem 1, we have

lim y5(?) = y; in Cy(Q \ Q x {0}).

p—0

Relation (38) implies that

lim f4¢) = 0 in L (LF1(Q)), lim g5 = 0 in L7 (L7(T)),
p—

p—0
and

p—0

With (34), (35), (37), (39) and (40), we obtain

p—0

; k(p) _
})E}b”ﬁp(p |z w1py = 0.

lim (a — a%(”) = 0 in L* (L% (), lim (b — b5)) = 0 in L7 (L71(T)).

(41)

Set E, = Ef.f(p), we have r, = pf,’.f(p). Thus (30) follows from (41). Due to (29) and (30), we can verify (31).

|

4 Main Result.

We define the boundary Hamiltonian function by

HE(S7 t? y) /U7 (10’ V) = VG(S7 t’ y’ U) - @g(87 t? y’ IU)

for every (s,t,y,v,o,v) € I' x [0,T] x R*. The main result of this paper is the Pontryagin principle stated in

the following theorem.

Theorem 3 Assume that HI-H11 are satisfied. If (§,0) is a solution to the control problem (P), then there

exists g € L™ (W), v e RY, and f € (L™ (L?))N, such that
(o) # (0,0),
/(zfvzgj)]? < 0 foralzeC,
Q
P
—SE L Ao+ fi(a g

)
0
i* + 4. (5,1,7,0)

& PEy(x,t,9) +div f  inQ,
vGy(s,t,9,0) — f . on Y,
vLy(x,y(T)) in €,

/‘@\
j l
Il Il

and

Hy(s,t,5(s,1),0(s,1),¢(s,t),7) = In(air(l )Hz(s,t,ﬂ(sat),v,sﬁ(syt),17)
veEKx(s,t

for almost all (s,t) in 2.

13
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Proof. We define Ekeland’s distance on the space V,4:
dp(vi,v0) = LV{(s,t) : vi(s,t) # va(s,1)}.

The space (V,q4,dE) is a complete metric space, and convergence in (V,q,dg) implies convergence in L*(X) for
any a < co. Consider the penalized functional

1/2

+
In(y,v) = l(J(ya v) = J(7,0) + 1’L12> + dC(vxy)2 )

where dc(+) is the distance in (L7(LP))Y to the set C defined by
= inf ||z — F(LP))N -
do(e) = inf 12— elrwov

The functional d¢(-) is Lipschitz, convex and Gateaux-differentiable at every z ¢ C, and at those points
IVde(2)l (- ey~ = 1. Consider the problem

P,): min Ju(yy,v).
(Pn) Join (Yv, )

With such a choice, (7,7) is a %-solution of (P,). Theorem 1 and assumptions H8-H10 imply that J, (y,,v) is
continuous for Ekeland’s metric. Thus, due to Ekeland’s variational principle there exists v,, € V4 such that

dg (vn,0) < i and  Jn(Yn,vn) < Jn(yw,v) + 1alE (v,v,) for all v € Vg, (46)
n n

where yp, = yy,, -
Let v be in V,4. Due to Theorem 2, for every p € (0,1), there exists a measurable set £, C ¥ such that

LY(E,) = pL£N (%), (47)
. o1
Yo = Yn + pzn + 1) with ;13% ;HTpHLr(WLp) =0, (48)
and
J(:Upv Up) = ‘](ym Un) + pAJN + O(p), (49)
where
v, in¥X\E,
1) = ’ = Yv,»
vp(s:?) { v inkE, Yo = Yo,
0zn , .
e + Az + fy(z,t,yn)zn = 0 in @,
0z,
an:‘ +g;($,t,yn,vn)zn = 9(s5,t,Yyn,vn) — g(s,t,yn,v) on 3,
zn(,0) = 0 in Q,
and

AJN = /QF;(wyn)anl‘ dt—|—/EG;(~,yn,vn)znds dt—l—/ﬂL;(-,yn(-,T))zn(~,T) dx

+/E(G(~,yn,v)—G(-,yn,vn)) ds dt.

Relations (46) and (47) imply that

Jn(ynavn> — Jn(ypavp) < l

N
p < =LY (D). (50)

3
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‘We have

In(Yns vn) = In(Yp, vp) _ Jq%(ymvn) - Jrzl(ypvvp)
P P (Jn(Yn, vn) + Jn(ypvvp))

B R R M i (L R B 732)+]2+ do(Viyn)? = dc(Vy,)’
B P (Jn(Yn,vn) + Jn(ypvvp)) P (Jn(Yn,vn) + Jn(ypvvp)) '

From (49) it follows that

2 2
. [(Tumva) = T@0) + )| = [ (Tpve) = T@0) +38) "] A (51)
o P (T (s 0n) + T (Yps vp)) ’

with

(7 vn) = T (5,0) + 55)”
I (Yn,s vn) '

With (48), and the properties of the distance function d¢ (), we can write

Vp =

2 _ 2 _ .
lim —2CWun)” = do(Vyo)” _ y, de(Vyn) — do(Vy,) _do(Vom) +do(Vys) / - Vendudt, (52)
p—0 P(Jn(ym 'Un) + Jn(ypvvp)) p—0 P (Jn(ynavn) + Jn(ypavp)) Q
where 0o (Vo)
Cc\{VYn .
- ——————Vdc(Vy, if Vy, € C,
fn = Jn(ynavn) C( Y ) Y ¢

0 else.

In order to derive an approximate Pontryagin’s principle we introduce the approximate adjoint equation.
Due to hypotheses H3, H4, H8, H9, H10, and to the regularity result in Proposition 8, there exists a unique ¢,
satisfying

OPn | 4s o '

B ot +4 ¥n T fé(tm’t’yn)(p” = Van:(xa tvyn) + div fn mn Q,
vy L

87;0A* + g;(s’t’yn’ vn)@n = VnGL(Sat,men) - fn ‘n on E,

on(T) = VnL;/(~,yn(T)) in Q.

With Green formula (28) in Proposition 8 we have

/ VnFé(x,t,yn)zn dz dt —/ f Vz, dx dt —|—/ VnG’y(s,t,yn,vn) ds dt+/ VT,,L'y(x,yn(T)) dx
Q Q by Q

8Zn 8271
= /(an (at + Az, + f;;(x’t,yn)zn) dz dt"’/Z(pn (8nA +g;(3’taynvvn)zn) ds dt

= / Pn (g(S,t,yn,’Un) 79(57t7ynav)) ds dt.
P

By passing to the limit when p tends to zero in (50), with (51), (52) and the previous Green formula, we obtain
the following approximate Pontryagin’s principle:

1
/ (G5, s 0m) — Pg (52t g o0)) s dt < / (Un G5, s 0) — ng(5: 1 yms ) ds dt+LN (2)
) n

> (53)

for all v € V4.

Notice that v2 + ||ﬁl|\?LT,(LP,))N = 1. Thus there exist subsequences, still indexed by n, such that (v,),, converges

to v, and (f,,), converges weakly to f in (L7 (L ))N. If v > 0 then (42) is satisfied. Otherwise, using that
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limy,— o0 Hf;,”?LT,(Lp,))N = 1, and that the interior of C' is nonempty, we can prove that f 0 in a standard way
(see [13], for instance).

Condition (43) is fulfilled due to the definition of the subdifferential of the convex functional d¢(+).

With (46), we can prove that (y,), converges to § in Cp(Q \ Q x {0}). With assumptions H3-H10 and with
Proposition 8, we can prove that (), converges in L7 (W?") + L2(H") to the solution @ of (44).

Taking the previous convergence results for (¥, )n, (Vn)ns (©n)n, (Vn)n into account, we can pass to the limit
in (53) when n tends to infinity, and we obtain a Pontryagin principle in integral form.

/ (0G(s,t,9,0) — @g(s,t,5,0)) ds dt < / (0G(s,t,7,v) — @g(s,t,g,v)) ds dt for all v € Vq.
b 2

Pointwise Pontryagin’s principle can now be deduced as in Raymond and Zidani [13, p. 1875]. The proof is
complete. [

5 Some extensions and examples.

In this paper we have only treated of bounded boundary controls. The treatment of unbounded controls can
also be done as in [13], but this implies some technical difficulties. We refer to [13] for such extensions. All the
results could be performed for distributed controls, with no important changes in the proofs.

To illustrate these remarks, consider the control problem corresponding to:

e the state equation:

0
8*?+Ay+f(x,t,y,U) = 0 inQ,
%Jrg(s,tyw) =0 onx, (54)
y(,0) = w inQ,

with u € Uyg C LUQ), v € Vog C L7(X), ¢ > N/2+ 1 and 0 > N + 1. We suppose in addition that the
pair (k1,k1) = (¢,q) obeys one of the conditions (3)—(6), and the pair (61,01) = (0,0) obeys one of the
conditions (7)—(10). The control sets Uyq and V,4 are defined by

Uga = {u € LI(Z) : u(x,t) € Kg(x,t) for almost all (z,t) € Q},

Vaa ={v € L7(X) : v(s,t) € Kx(s,t) for almost all (s,t) € X},
where K¢ and Ky are measurable multimapping with nonempty compact values in P(R).

e the cost functional:
T T
J (Y, v) :/ / F(z,t, yuy, u) dz dt+/ /G(s,uyuv,v) ds dt+/ L(z, yuo(2,T)) dz, (55)
o Jao o Jr Q

e the state constraint:
T T/p
[ ([ v apar) " a<s (56)
0 Q

where g4 is a given function in (L7(L?))", and § > 0.
We define the distributed and the boundary Hamiltonian function by
Ho(z,t,y,u,,v) = vF(z,t,y,u) — pf(x,t,y,u)
for every (z,t,y,u,p,v) € Q x [0,T] x R*,
Hy(s,t,y,v,0,v) =vG(s,t,y,v) — pg(s,t,y,v)
for every (s,t,y,v,o,v) € ' x [0,T] x R*. With the obvious modifications of assumptions on f, g, F' and G, we

can prove the following result.
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Theorem 4 If (§,4,v) is a solution to the control problem, then there exists ¢ € L (Wl’p/), veRY, peRT
such that

(7, 1) # (0,0), (57)
T
i (/ <|V$?]—gd|pdaj)7/p) dt—5> =0, (58)
0
9 Apt fl(ot,g,0)p = oF(,t,g,a)+ d
_8t + (10+f1/(x7 ,y,u)gp = Vv y(xa 7y7u)+,u IVf mn Q7
9P st it)e = G (st D) — if (59)
871,4 + y(svt7yvv)50 - I/Gy(svtay,v) Mf n on Za
¢(-T) = vLy(z.y(T)) in Q,

where f: 0 if Vo4 = ga and

-1

f= (/ V2§ = gal” dx) (IVad = 9al" (Vi — ga)) otherwise,
Q

Hg(z,t,g(x,t), u(x,t), p(x,t),0) = ue;(n(;r(lx ) Ho(z,t,g(x,t),u, ¢(z, ), )

for almost all (z,t) in Q, and

Hx (s, t,5(s,t),0(s,t),p(s,t),7) = 1)6?211(13 ) Hx (s, t,5(s,t),v,5(s,t), D)

for almost all (s,t) in X.
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