Downloaded 04/23/13 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. CONTROL OPTIM. (© 2002 Society for Industrial and Applied Mathematics
Vol. 40, No. 5, pp. 1431-1454
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Abstract. This paper deals with necessary and sufficient optimality conditions for control
problems governed by semilinear elliptic partial differential equations with finitely many equality
and inequality state constraints. Some recent results on this topic for optimal control problems
based upon results for abstract optimization problems are compared with some new results using
methods adapted to the control problems. Meanwhile, the Lagrangian formulation is followed to
provide the optimality conditions in the first case; the Lagrangian and Hamiltonian functions are
used in the second statement. Finally, we prove the equivalence of both formulations.
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1. Introduction. The first goal of this paper is to provide some new second
order optimality conditions for control problems of semilinear elliptic partial differ-
ential equations with finitely many state constraints. These conditions involve the
Lagrangian and the Hamiltonian functions. Therefore, they are not a consequence of
some abstract theorems in optimization theory but are proved by using arguments
valid only in the framework of control theory. The second goal is to compare these con-
ditions with those obtained recently for the same type of problems by using theorems
for abstract optimization in infinite-dimensional spaces.

While there exists a very extensive literature about first order optimality con-
ditions for control problems of partial differential equations, only a few papers are
devoted to second order conditions. However, some progress has been made in the
last few years. Most of the papers have been devoted to the study of sufficient second
order optimality conditions; see Goldberg and Troltzsch [13], Casas, Troltzsch, and
Unger [9], [10], Raymond and Troltzsch [20]. Such sufficient optimality conditions are
useful for carrying out the numerical analysis of a control problem, for obtaining error
estimates in the numerical discretization, and for analyzing the sequential quadratic
programming algorithms applied to control problems. However, we also have to study
the second order necessary conditions and compare them with the sufficient ones in
order to check if there is a reasonable gap between them. This was studied by Casas
and Troltzsch [7], [8] and Casas, Mateos, and Ferndndez [5] for some control problems.
In the last papers, the authors proved the results by using some methods of abstract
optimization theory and by stating some new results in this abstract framework. The
gap between the established necessary and the sufficient conditions was very small.
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Bonnans and Zidani [2] extended the results for finite-dimensional optimization prob-
lems to control problems by assuming that the second derivative with respect to the
control of the Lagrangian function is a Legendre form. This is the natural way of
doing such an extension, but the inconvenience is that the hypothesis about the La-
grangian function works in only a few cases. In this paper, instead of assuming that
the second derivative of the Lagrangian function is a Legendre form, we assume a
strict positivity condition on the second derivative of the Hamiltonian function with
respect to the control, which is quite close to the necessary relaxed positivity.

The plan of the paper is as follows. In the next section, the control problem is
formulated and some derivability results of the functionals are stated. In section 3,
we reformulate the control problem as an infinite-dimensional optimization problem
with constraints and we apply the second order conditions as deduced in [7] to our
particular situation. Finally, in section 4 we deduce necessary and sufficient second
order conditions involving the Lagrangian and the Hamiltonian functions and compare
them with those established in section 3.

2. The control problem. Let © be an open bounded set in RY with a boundary
T of class C', and A an elliptic operator of the form

N
Ay = - Z 8zj [GZJawly] + apy,

ij=1
where the coefficients a;; belong to C(Q) and satisfy

N
mg* < Y aij(@)gig; < M| V¢ € RY and ¥z € Q
ij=1
for some m, M > 0 and ap € L"() is not identically zero, with r > Np/(N + p)
for some p > N fixed, ag(z) > 0 in Q. Let f and L be Carathéodory functions
f:OxR*> > Rand L:QxR?> — R, n, and n; be nonnegative integers, and for
every 1 < j < n.+n; let us consider a function Fj : lep(Q) —s R.
The control problem is formulated as follows:

Minimize J(u) = [, L(x, yu(z), u(z))dz,
ug(z) < ulx) <up(z) ae x €9,
Fi(y,) =0, 1 <j <ne,

Fij(yu) <0, ne +1 <5 < ne +ny,

(P)

where v, is the solution of

Ayu = f(@,yu,u) inQ,
(2.1) {3nAyu =g on T,

g € LPO=YNN(T) and g, up € L(Q), ua(z) < up(x) for almost every (a.e.) x € Q.
Let us state the following assumptions on the functional F}, L, and f.
(A1) fis of class C? with respect to the second and third variables,

of

f(0,0) € LYWIEHD(Q), - 2 (w,y,u) <0,
Y
and for all M > 0 there exists a constant C' p; > 0 such that
af of 0> f 0> f o*f
‘&U(x’y,U) +‘8u(x’y’u) + 87y2(x’y’U) + 6yau(xay7u) + W(xayau) S C(f,M
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for a.e. x € Q and |y|, |u| < M. Moreover, given p > 0 arbitrary, for every € > 0 there
exists § > 0 such that for almost every point € Q and |y;|, |u;| < p, i = 1,2, we have

‘D(Qy,u)f(x7y27u2) - D(Qy,u)f(xvyhul)‘ <e€ if |y2 - yl‘ < 67 |U,2 - U1| < 67

where D(Qy ) denotes the second derivative of f with respect to (y,u).

(A2) L: QxR xR — R is of class C? with respect to the second and third
variables, |L(-,0,0)| € L'(Q2), and for all M > 0 there exists a constant Cj; > 0 and
functions 1y € LNP/(N+P)(Q) and 9%, € L?(Q) such that

oL oL .
S| < vl G| < vl
and
9?L 0?L 0*L
— — <
‘ayg (x,y,u) ’a o (.’1? Yy,u ) + ’8’&2 (.ﬁ,y,u) = C(M

for a.e. x € Q and |y|, |u| < M. Finally, given p > 0 arbitrary, for every € > 0 there
exists § > 0 such that for almost every point €  and |y;|, |u;| < p, i = 1,2, we have

|D(2y’u)L(x,y2,u2) - D(Qy’u)L(x,yl,ulﬂ <e if |y2 —uy1] <6, Jus —uy| <6,

where D(% L denotes the second derivative of L with respect to (y,u).

(A3) For every 1 < j <mn.+n;, F; is of class C' in W*(2) and of class C? in
Wha(Q), where s € [1, 125), ¢ € [max{s, 1\2[—12 , 22), and ¢ < p.

Remark 2.1. The continuity assumption on the coeflicients a;; and the C ! regular-
ity of the boundary of the domain will allow us to consider integral state constraints
involving the derivatives of the state. Nevertheless, if the coefficients a;; are only
bounded and the boundary I" is Lipschitz, some results similar to those obtained here
can be derived if the constraints do not involve the gradient of the state.

Let us show some examples of state constraints included in the previous formu-
lation.

EXAMPLE 2.2. Integral constraints on the state. Given g; : @ x R — R, we
define F( fQ gj(z,y(z))dz. Assumption (A3) is satisfied if we make the following
hypotheses gj is of class C? with respect to the second variable and measurable
with respect to the first one, g;(-,0) € L'(£), and for every M > 0 there exist
Yo € LN/ (INHUs=N)(Q) for some s < N/(N — 1), and 9%, € L¥(Q), with o = 1 if
N < 4 and a > N/4 otherwise, such that for every y,y;,y2 € [—M,+M] and almost
every x € )

0 0%g;
Do) < owlo), | GH )| < vita)

82

d%g :
Ve >0 36 > 0 such that ‘8 2(x Y2) — By 2(m y1)| <e if lys —y1| < 6.

(A3) holds for ¢ = min{p,2N/(N —2) — f} > N for some § > 0 small enough.
ExamMpLE 2.3. Integral constmints on the derivatives of the state. Given g; :
Q x RY — R, we now define Fj( = [, 9i(x,Vy(z))dz. Then assumption (A3) is
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fulfilled if g; is of class C? with respect to the second variable and measurable with
respect to the first one, g;(-,0) € LY(Q), there exist C' > 0, 7 < 2p/N, ¢ € L* () for
some s < N/(N —1), and ¢* € L*(Q) with a > N/2, such that

99;
on

2
(xﬂ?)‘ < p(x) + C|n|p—Y/s, ‘8 95 (x,n)‘ <¢*(x) + C|n|", for a.e. v € Q,

and finally, for every M > 0 and € > 0 there exists § = 6(¢, M) > 0 such that

329' 82 .
’ J J <e if pe—m| <6 and |ml,|n2| < M, for ae. z € Q.

5o () = 5 )

Once again, (A3) is fulfilled for ¢ = min{p, 2N/(N —2) — 5} for 3 > 0 small enough.
The reader is referred to [5] for the study of this type of constraints.

The solution of (2.1) must be understood in a variational sense. Let us clarify
this point. We define the variational form associated to the operator A in the usual
way:

N
aly,z) = Z /Qaij(:c)axiy(as)ﬁzjz(z) da:Jr/QaO(x)y(x)z(x) dz.

ij=1

Then given 1 < r < +o0, f € (WI’T/(Q))’, and § € W*%’T(F), we say that y €
WhHT(Q) is a solution of

Ay = f inQ,
(2.2) {%y — 7 onl,

if

a(y,2) = {f, 2w @y @) F 49 72) -t oy gt oy V2 EWHT(Q),

where v : Wh™'(Q) — W+ (I) is the trace operator. The following known result
deals with the solvability of (2.2); see Mateos [17] for the details, as well as Morrey
[19] and Troianiello [21].

LEMMA 2.4. Let 1 < r < 400, f € (WY'(Q)), and g € W—+"(T). Then
there exists a unique variational solution y € W17 (Q) of Neumann’s problem (2.2).
Moreover, the following estimate is satisfied:

(2.3) Iwlwre@ < € (1 lavnr @y + 130y 2e )

where C > 0 is a constant only depending on r, the dimension N, the operator A,
and the domain 2.

The semilinear case is a consequence of the previous lemma. In particular, y, €
WLP(Q) is said to be a solution of (2.1) if it satisfies the above variational equation
with f = f(-, yu,u) € (W2 (Q)) and § = g € LPO-YN)(T) ¢ W~1/»P(T"). The next
theorem states the existence and uniqueness of the solution of (2.1) as well as the
differentiability of the relation between the control u and the associated state y,,.

THEOREM 2.5. Suppose that (A1) holds. Then for every u € L*(Q) there exists
a unique solution y,, € WHP(Q) of the state equation (2.1) and

VM > 0 3Cy; > 0 such that ||yu||W1,p(Q) <Cum Zf ||uHLoc(Q) < M.
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The mapping G : L= (Q) — W1P(Q), defined by G(u) = y, is of class C* and
for all hyu € L™ (Q), zi, = G'(u)h is defined as the solution of

_of of :
(24) AZh - ay (mvyuau)zh + u (xvyuvu)h' m Q»
0

On2n = onT.

Finally, for every hy,ha € L*(Q), zp,h, = G’ (u)h1he is the solution of

0 2
Azh1h2 = %(xayuau)zh1h2 + Ty‘];(xa yuvu)zhlzh2
(2.5) 0% f 0% f
+auay (x’yu7u)(2h1h2 + thhl) + aiuz

OnaZhih, = 0 onl.

(x, Yu,w)h1he in Q,

Proof. The proof of the existence, uniqueness, and estimate of the solution of
(2.1) is standard. Let us prove the differentiability. For that let us start with a
homogeneous boundary condition, g = 0. We consider the space

V(A) = {y e WLP(Q): Ay e LNP/(N+P)(Q), 9, y = o}
endowed with the norm

lyllvcay = llyllwrr) + 1AYll Lvosve )
Let us now define the function
F:V(A) x L®(Q) — LNP/NHP(Q) F(y,u) = Ay — f(-,y, ).

Thanks to assumption (A1), F is of class C?. Moreover, from Lemma 2.4 it follows
that

OF . of
?y(:%u)_A Fy(ayvu)

is an isomorphism from V (A) to LN?/(N+P)(Q)). Taking into account that F(x,y,u) =
0 if and only if y = G(u), we can apply the implicit function theorem (see, for instance,
[3]) to deduce that G is of class C? and satisfies F/(G(u),u) = 0. From this identity,
(2.4) and (2.5) follow easily.

If g # 0, then we can write G(u) = y0 +y, = Go(u) +y,, with y% and y, solutions
of the problems

Ay, = 0 inQ),

On,yg = g onl,
Ayd = fO>z,y0,u) inQ,
Oy = 0 on T,

where fO(z,y,u) = f(z,y + y4(x),u). From the previous argument we have that Gy
is of class C? and consequently G is C? too, with G’ = G}, and G” = Gjj, which
concludes the proof. ]
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As a consequence of this theorem we will get the differentiability of the functionals
J and G; = Fj o G in the next two theorems.

THEOREM 2.6. Let us suppose that (A1) and (A2) hold. Then the functional
J: L=(Q) — R is of class C%. Moreover, for every u, h,hy, hy € L=(Q),

= [ (25 of
(26) T = [ (Gt u) + ool ()
and

9L 0%L
J"(u)hihy = / { (X, Yu, u) 2122 + ——— (T, Yo, w) (21ha + 22h1)
Q

o2 Oyou
0L o%f
(2.7 + W(x, Yu, w)h1ha + pou (ayg(x7yu7u)2122
9 f *f
+ ayau ($7yua u)(Zlhg + Z2h1) + W(x7yuu u)h1h2>:| dl’,

where y, = G(u), @ou € WHP(Q) is the unique solution of the problem

of oL )
A*p = == = Q
(28) <)0 8y($ayu,u)§0+ ay (x?yuvu) m 9
On,ep = 0 on T,

where A* is the adjoint operator of A and z; = G'(u)h;, i = 1,2.

Proof. Let us consider the function Fy : C'(2) x L*°(2) — R defined by

%mm=émemmme

Due to the assumptions on L it is straightforward to prove that Fy is of class C2.
Now, applying the chain rule to J(u) = Fy(G(u),u) and using Theorem 2.5 and the
fact that W1P(Q) C C(Q) for every p > N, we get that J is of class C? and

v — [ (P& oL
J(U)h—/ﬂ(ay (@, Yu, u)zn + au(m,yu,u)h dx.

Taking o, as the solution of (2.8), we deduce (2.6) from previous identity and (2.4).
Let us remark that the assumptions on f and L imply the regularity of (g,. The
second derivative can be deduced in a similar way, making use of Theorem 2.5 once
more. 0

THEOREM 2.7. Let us suppose that (A1) and (A3) hold. Then for each j,
the functional G; = Fj o G : L>®(Q) — R is of class C*. Moreover, for every
U, h7 h17 h2 € LOO(Q)a

of
/ — L2
(2.9) G (u)h = /Q%uau(a:,yu,u)hda;
and
(2.10) G (u)hiha = F} (yu) 2122

9?2 0?2 H?
+ /Q Oju (ang(%ymu)zlzz + W@j;(x’yu’u)(zth + zoh1) + %(%yu,u)hlb) dz,
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where Y, = G(u), @ju € Wl’s,(Q) is the unique solution of the problem

.o . |
(2.11) A = @y weu+ Fip) i Q,

OnyPju = 0 onT,

and z; = G'(u)h;, i =1,2.

The proof of this theorem is very similar to that of Theorem 2.6. Nevertheless we
have to make a comment about (2.11). From assumption (A3) we have that F'(g) €
(W15(Q)); then the boundary problem (2.11) has a unique solution in W' (€2) in
the variational sense, analogous to that of (2.2); see Lemma 2.4. Finally recall that
5 < N/(N —1); then s’ > N and therefore p;,, € W' (Q) € C(Q).

3. First and second order optimality conditions in the Lagrangian form.
Let us start this section by reformulating problem (P) as follows:

Minimize J(u),

uq () < u(z) < up(x) for ae. x €9,
Gj(u) =0, 1 <j <ne,

G](’U,) SO, ne+1 §j§n6+ni7

(P)

where we are using the functions introduced in the previous section G; = Fj o G. We
now apply the results obtained in [7]. In order to deduce the first and second order
optimality conditions of an optimization problem, it is necessary to make a regularity
assumption. This is our first goal. Given ¢ > 0, we denote the set of e-inactive
constraints by

Qe ={zeQ:uy(z)+e<ulx) <upy(z) —e}.
We say that a feasible control @ is regular if the following assumption is fulfilled:

(3.1) Jeq > 0 and {h;}jer, € L(Q), with supph; C Q.,, such that

where
Iy ={j <m|Gj(u) = 0}.

Iy is the set of indices corresponding to active constraints. Associated to (P) we
define the Lagrangian function

Ne+n;

L(u,\) = J(u) + Z \;G ().

Obviously (3.1) is equivalent to the independence of the derivatives {G';(@)}jer,
in L'(.,). Under this assumption we can derive the first order necessary conditions
for optimality in a qualified form. For the proof the reader is referred to Bonnans and
Casas [1] or Clarke [11]; see also Mateos [17].

THEOREM 3.1. Let us assume that @ is a local solution of (P) and (3.1) holds.

Then there exist real numbers {)\; ?;‘{”’i such that

(3.2) A >0, ne+1<j<mnc+mn;, A\ =0if G;(u) <0;
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%(Q7X)(u_ﬂ)20 fO’f’ all uagugub_

Denoting by @y and @; the solutions of (2.8) and (2.11) corresponding to @ and
setting

Ne+n;
(3.4) e=¢o+ Y X@j,
=1
we deduce from Theorems 2.6 and 2.7 and the definition of £ that
oL, - oL, . _of, _ _ N P

j=1
oL, _ . _0 _

(3.5) :/Qd(x)h(x)da: Vh € L*(9Q),

where § = G(@) = yg and

(36)  dla) = 9 (2,5(a), 5(@)) + P(a) G0 (2, 5(w), 5(x)) = (2 5w 0(a), $(x).

H : Q x R* — R being the Hamiltonian associated to the control problem (P),
H(z,y,u, ) = L(x,y,u) + ¢f (x,y,u).
From (3.3) we deduce that

0 for a.e. z €, where uq,(z) < a(x) < up(z),
(3.7 diz)=<¢ >0 forae. z€Q, where u(z) = uq(x),
<0 forae. z €9, where u(x) = up(z).

Remark 3.2. From (3.3), (3.7), and assumption (3.1) we get
oL of . - 9L, -
—(z,9 u D —(x,y U hi(z)de +Xj = —(u,\)h; =0
| (Gt 960060 + o) 3 (.0, a0 ) s o+ 3, = G0, s =
which implies the uniqueness of the Lagrange multipliers provided in Theorem 3.1.
Associated with d we set
(3.8) Q= {2 € Q:|dz) >0}
Given {)\; };L;‘{"’ by Theorem 3.1 we define the cone of critical directions
(3.9) CY={he L>®(Q) satisfying (3.10) and h(z) =0 for a.e. x € Q°},
with

Gi(w)h = 0if (j < ne) or (j > ne, G;(u) =0, and A; > 0);

(310) G;(I_L)h S 0 lf] > Ne, GJ(’UJ) = 0, and 5\]‘ = O,

>0 ifa(z)=u
h(z) = { <0 if a(x) = up(x).
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Now we are ready to state the second order necessary optimality conditions.
~ THEOREM 3.3. Let us assume that @ is a local solution of (P), (3.1) holds, and
{\ };’;’f"‘ are the Lagrange multipliers satisfying (3.2) and (3.3). Then the following
inequality is satisfied:

0L

(3.11) 53

(@, \)h> >0 Vh e CY.

This theorem follows from Theorem 2.2 of [7]. Indeed it is enough to check the
assumptions (A1) and (A2) of such a paper. (A1) says that J'(#) and G;(@) must
be continuous functionals on L?(£2), which is an immediate consequence of Theorems
2.6 and 2.7. Assumption (A2) of [7] says that

2 2
O @A — O L
(7

whenever {hy}?2, is bounded in L*>(Q) and hy(x) — h(z) a.e. in Q. Taking into

account that

82£ . ne+ni_ , )
(312)  Fo@NE = Y XF ()
0y?

%L 92
(2,5,) + pod

(m(w, ) + @ﬁ(m, u)) 2 da

Wayau ('T7 g7 ﬂ)) Zhh dx

0’L, _O%fF 2
+/Q (W(xayau)+@a,ug(xayau)> h dl’,

where zj, is the solution of (2.4) corresponding to the pair (g, u), the desired conver-
gence property follows from the boundedness of the second derivatives of L and f
along with the convergence z;, — z, in Wh4(Q) C L?(£2) and our assumption (A3).

In order to obtain the sufficient second order optimality conditions for problem
(P), we need to check some additional properties of the first and second derivatives
of J and G;. Let us take a ball in L>(f2), B,(%). From Theorem 2.5, we deduce
the existence of a constant C), > 0 such that {yu}ueBP(a) is uniformly bounded by
C, in the W'P(Q) norm and therefore in the L°°(£2) norm too. This implies the
uniform boundedness of the derivatives of f at every point (y,,u), for u € B,(a),
as well as the boundedness of the second derivatives of L and the domination of the
first derivatives by some functions ¢, € LN?/ (NP (Q) and 4% € L?(Q2). Then from
Lemma 2.4 we deduce that {;y }uep, () are bounded in WP(Q) C L>() for j =0
and W15 (Q) € L>®(Q) for 1 < j < ne + ng, respectively. Finally, using Lemma 2.4
once more, we get that

llznllwra) < CllhllL2),

which follows from the imbedding L?(€2) ¢ (W17 (Q)) due to the fact ¢ < 2N/(N—2).
Collecting all these things, we get the existence of constants Mj 1, M;2 > 0, with
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0 < j < ne+ ny, such that for every u € B,(4) and all h, hq, he € L*(2) we have
|J'(u)h| < Moillhllz2), |G (w)h| < Mjallhllz2 o),

(313) |J”(u)h1h2 S

22 1P2ll 2 ()

|G (w)haha| < MjallhallL2 )l hll L2 @)-
We have to check a last condition, which is established in the following lemma.
LEMMA 3.4. For every § > 0 there exists e € (0, p) such that for every h € L>(£2)
and ||u — @]l < € the following inequality is fulfilled:

02L, - 8L, -
(3.14) H(u A) — /\)} h?| < 811172 q)-

Ou? ou 2(

Proof. Let us take h € L*°(Q) and 6 > 0. We are going to check that

(3.15) Hgif(qm) gif(a )\)}h

9%f o*L, _ . 02
/‘8233%, )+ Poa (2,y0,0) = 55 (2,9,1) — @

N~

5 (7,9, 0) h? dx

Q

u2

0%L 0?
) <ayau(x7yvav) + @vaya‘f,‘u(wayvvv)> Zh

0%L o _0%f )
- (m(xayau) + Wayau(ﬂyvu)) Zh

&L 9f )
+/Q ‘(W(Cﬂ,yv,v) + Sovayz(x,yvav)> Zh

|h| dx

0L, O%f, N\
n;+nt

+ > INHE (wo)zi = F )z < 6lIR]72 ),
Jj=1

supposing ||v — || (o) < € with ¢ small enough, where

_of of |
Az, = Fy(m,yv,v)zh + %(x,yv, v)h in Q,
On,zn = 0 on I,
and
__of af , _ _ .
Azh - 8y( ) zZn + 8U( » Y, u)h m Qv
Onn Z2n = 0 on .

We discuss every term in a separate way. The inequality

%L 02 f 2L o2
Haug(x>yv7v) +%ﬁ(%ymv) - W(‘T7y=u) TP\
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is a direct consequence of the continuity v € L>(Q) — ¢, € Whmin{s'2}(Q) ¢ C(Q)
(see Lemma 2.4 and Theorems 2.6 and 2.7) and the continuity properties of the second
derivatives of f and L assumed in (A1) and (A2), as well as assumption (A3).

Let us study the second term of (3.15). Holder’s inequality leads us to

J

9°L o2 f
(m(‘xayvvv) + gpvayau(xvy’uav)> Zh

0L o _0%*f )
- (M(%%U) +508y5,u(39,y,u)> Zn

|h| dx

0L 0%L o
< Hh||L2(Q) (Hayau(xvyvav) - ayau('r7y7u)

+ OL (z,7,u)
8yau 7y’

||Zh||L2(Q)
Le=(Q)

llzn — ZnllL2 ()
Lo ()
@2f _ 82f o
+ %m(%ymv) - @8y8u(m’y’u)

(EZ3 HLz(sz)
L>=(Q)

_P*f
v 0you

+ (z,7,0)

B 6
llzn — Zh|L2(Q)> < ZHhH%P(Q)a
L ()

the last inequality being a consequence of (A1) and (A2) along with the estimates
(3.16) llznllz2() + 12022 ) < C1 (llznllwrac) + [1Znllwra@)) < CallhllL2 @)

and

(3.17) lzn = Znllr2(0) < Cillzn — Znllwrae) < O(E)[h] L2,

with O(e) — 0 when € — 0. Let us notice that (3.16) follows from the inequalities
2N/(N +2) < ¢ < 2N/(N - 2), Sobolev imbeddings, and Lemma 2.4.
Analogously we have

O%L 82f 0%L o _32f o0\
/Q (ayzmyv,v) T %W(mv,w) . (W@c,y,u) ; soayzoc,y,u)) 2| da

9?L 0?L

S 7(337%“”)_7(53;37»@) ||’2:h||2
‘ oy? y* Lo (Q) 1@
o*L, _ _ _
+ Tﬁ,yg (z,7,u) th_ZhHLZ(Q)||Zh+Zh||L2(Q)
L= ()
*f *f 2
+ @vi(x7yvav)7¢7($7yvﬂ) ||Zh||
y> Oy> Loy
_O0*f _ _ )
+ o5z (. 9,9) lzn = Znll2@) 120 + Z0ll 22 @) < £ I1RII72 ()
v L) 4

thanks again to (A1), (A2), (3.16), and (3.17).
For the fourth term of (3.15) it is enough to take into account assumption (A3),
and once more (3.16) and (3.17), and to use the inequality

' (yo)2in = FY (70| = [F} (o) (4 — Z5) + (F} (yo) — F' (7)) 73]
< F] (o) (2n + 20) (2 — 20)| + |(FY (o) — FY (@))23|- O
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Before writing the sufficient optimality conditions, we have to fix some notation.
Analogously to (3.8) and (3.9), we define for every 7 > 0

(3.18) O ={zxeQ:|d=z)|>r1}
and
(3.19) Cf = {h € L>(Q) satisfying (3.10) and h(z) =0 for a.e. € Q"}.

The next theorem provides the second order sufficient optimality conditions of
problem (P).

THEOREM 3.5. Let @ be a feasible point for problem (P) satisfying (3.2) and (3.3)
and let us suppose that assumption (3.1) holds. Let us also assume that

oc
ou?

for some 6 > 0 and 7 > 0 given. Then there exist € > 0 and o > 0 such that
J(a)—l—aHu—ﬂH%Q(Q) < J(u) for every feasible point u for (P), with ||u—1u|| g~ @) <e.

(3.20) (@, \h* > 8||hl|F2¢) Vh e Cf

Relations (3.13) and (3.14) prove that the hypotheses of Corollary 3.3 of [7] are
fulfilled, which leads straightforwardly to the above theorem. In that paper it is also
proved that we can not relax the sufficient condition by taking 7 = 0; see also Dunn
[12].

The last two theorems concerning the necessary and sufficient second order opti-
mality conditions involve two norms: those of L?(Q) and L>°(). This is motivated
by the so-called two norms discrepancy; see, for instance; A. Ioffe [15] and H. Maurer
[18]. In particular, the cones C7, for 7 > 0, as defined in (3.8) and (3.19), are subsets
of L>(Q), but only the L?(2)-norm of the elements of C7 is involved in the optimality
conditions (3.11) and (3.20). Now there is a natural question. Let us define for each
T2>0

(3.21)  CF p2qy=1{h € L*(Q) satisfying (3.10) and h(z) =0 fora.e. z€Q7}.

Can we replace C7 by CE’LQ(Q) in Theorems 3.3 and 3.57 The next proposition

provides a positive answer. B
PROPOSITION 3.6. Let us assume that (3.1) holds. Then C7 r2Q) = C?T, where

C? denotes the closure of CZ in L?(Q). B

Proof. Since CF ;5 g, is closed in L?(9), we obviously have CI C O r2(a)- Let
us prove the reverse inclusion. Let h € CT ;, @ We are going to obtain a sequence
{hr}32, C CZ such that hy — h in L?(£2). Let us take

. +k if h(x) > +k,
hy =< h(z) if |h(x)] <k,
—k if h(z) < —k.

For every j € Iy let us set
a; = G(@)hy — G)(a)h.
It is clear that hy — h in L*(Q) and ay; — 0 for every j € Iy. Finally we define

hk = }Alk — Z Oékj}_Lj,

Jj€lo
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where h; is given in (3.1). It is obvious that hy — h in L?(2) and {hy}32, C L>(£).
Let us prove that hy € C7 for every k. First of all, hx(z) = 0 for almost every x € Q7.
Indeed, since h € CT 12(9) then h(z) = 0 for almost every = € Q7; consequently Ry
keeps the same property. On the other hand, the support of ; is in Q. , and d(z) =
for almost every x € €)._; therefore hj(z) = 0 for almost all z € Q7. Hence hy(x) also
vanishes almost everywhere in Q7. Moreover, since h and ﬁk have the same sign, it
follows that hy(z) = hi(z) > 0 if G(z) = ue(z). Analogously, if @(z) = up(z), then
hi(z) = hy(z) < 0. Finally, let us fix j € I,

G;(ﬂ)hk = G;(ﬂ)iLk — Z ale;(a)BZ = G;(ﬂ)ilk —ag; = G;(ﬂ)h

i€ly

Using the fact that h is in the cone of critical directions of L?(2), we deduce that
hy, satisfies in the same way as h the conditions on the derivatives of G, for every j,
which proves that hy € C7. o

Remark 3.7. As a consequence of the previous proposition and the fact that

& % (1, \) is a bilinear and continuous form in L?(£2), we get the following equivalences:
L 52 0 0L 2
> - > -
8u2( LAV >0 Vhe O — 8u2( ;A OVheC
and
9*°L . 0*°L .
a—( SN2 > 8|72y Yhe O <= W(u,)\)hZ > 6||hll72) VR € CF o

4. First and second order optimality conditions involving the Hamilto-
nian. As in the previous section, we denote with H : Q x R*> — R the Hamiltonian
associated to the control problem (P):

H(z,y,u,¢) = L(x,y,u) + of (x,y,u).

Pontryagin’s principle for (P) is formulated in terms of H in the next proposition.

PROPOSITION 4.1. Let 4 be a solution of (P). Suppose that the assumptions
(A1)—(A3) and (3.1) hold. Then there exist real numbers \;, j =1,...,n; +ne, and
functions § € WHP(Q), ¢ € Whminds"pH(Q) such that

(4.1) Aj>0, ne+1<j<nct+n, AF(p) =0,
ﬂ f(x y(z),u(z)) inQ,
- 3f o aL Ne+n; '
(4.3) Ap =5, @o W+ 5 @ Z o n &,
On,.®=0 onT,

and for a.e. x € §)

(4'4) H(:E, ﬂ(x), 17,(.%'), @(ZE)) = ke[uaI(ralci)I,lub(x)] H($7 ﬂ($)7 k, @(I))
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Proof. Let us define H, : Q x R —R by

Hy(z,y,u,p) = vL(z,y,u) + ¢ f(z,y,u).

It is known (see Casas [4], Casas, Raymond, and Zidani [6], Li and Yong [16], or
Mateos [17]) that there exist 7 > 0, A = (A\;)1<j<n;+n., and functions § € WhP(Q),
@ € Wimins".r}(Q) such that (7, \) # 0, (4.1) and (4.2) hold, and

o 8f o 8L B Ne+n; .
(4.5) A*p = a—y( ,U)p+ D 8y Z N F in Q,
O, = 0 on T,
and
(4.6) Hy(z,y(x),u(z),p(x)) =  min  Hy(z,y(x),k ¢(z)) forae e

k€ug(z),up(x)]

In the case 7 > 0, we can rename A\/7 by A and obtain (4.1)—(4.5). So it is enough
to prove that o # 0. Let us argue by contradiction and let us suppose that v = 0.
Since Hj is C! with respect to (y,u) € R x R, we deduce from (4.6) and Theorem 2.7
that for every u, < u < uy

ni+ne .
S a@@e-m = [ 2 ga),ae), oa)(u(x) — a(x)) dr > 0.
j=1

Q

Let us take h; as defined in assumption (3.1) and |p| < ¢ small enough such that
Uq < u = U+ phj < up; then

ni+ne
= > MGj(u)(u—u) >0.
i=1

By taking p positive and negative, respectively, we get that A\; = 0 for every j € Ip.
So we have the contradiction with the fact that (7, A) # 0. d
Let us notice that

(@) = 2 (2, 52 7). 2(a),

(4.7) o 5
R / @, (@), alw), @) h(e) da.

As an immediate consequence of Pontryagin’s principle, Theorem 3.1, and Remark
3.7, we obtain the necessary first and second order optimality conditions as follows.

COROLLARY 4.2. Suppose that @ is a local solution for problem (P). Suppose
also that assumptions (A1)—(A3) and the regularity assumption (3.1) hold. Then
there exist real mumbers X\;, j = 1,...,n; + n., and functions § € WHP(Q), ¢ €
Wiminds"p}(Q) such that (4.1)~(4.3) hold as well as the following relations:

(4.8)%—5(3:,@(,%),@(95),@(a:))(k’—ﬂ(x)) >0 for all ug(x) < k < wup(x), for a.e. x €Q,

>/I

(4.9) 5 (i, A)h? > 0 for all h € Cf) 12(q),
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and
0*°H
ou?

(4.10) (z,7(x), 4(x), @(x)) >0 for a.e. z€Q\ Q.

Let us notice that

OH

ou
Then it is enough to use elementary calculus to deduce (4.10) from (4.4) and the
above equality.

In finite dimension, the first order optimality conditions and the strict positivity
of the second derivative of the Lagrangian with respect to u on CY are sufficient
conditions for a local minimum. The argument of the proof uses in an essential way the
compactness of the balls in finite dimension. To extend this argumentation to infinite-
dimensional optimization problems, Bonnans and Zidani [2] made the assumption that
the second derivative of the Lagrangian with respect to u was a Legendre form. Let us
recall that a quadratic form @ on a Hilbert space X is said to be a Legendre form if it is
weakly lower semicontinuous, and for every sequence {x} C X that converges weakly
xr — x and such that Q(z) — Q(x), we have that x; — x strongly. Unfortunately
this assumption is not fulfilled, in general, in the context of control theory. We follow
a different approach to achieve the same result. Along with the strict positivity of
the second derivative of the Lagrangian, we assume that the second derivative of the
Hamiltonian with respect to u is strictly positive on 2\ Q7, for 7 > 0, which is not far
from the necessary condition provided in (4.10). More precisely, we have the following
result.

THEOREM 4.3. Let 4 be an admissible control for problem (P) satisfying (A1)-
(A3), the regularity assumption (3.1), and (4.1)~(4.4) for some Aj, j = 1,...,n;i+ne.
Let us suppose also that there exist w > 0 and T > 0 such that

0*°H
Ou?

(x,g(m),ﬂ(w),@(x)) = d({E) =0, z€Q \ Q°.

(x,g(z),u(x), p(x)) > w for a.e. z€Q\Q7,
(4.11)
0’L
ou?
Then there exist ¢ > 0 and o > 0 such that J(u) + alu — ﬁ||%2(9) < J(u) for all
admissible control u with ||u — Ul ) < €.
Proof. We will argue by contradiction. The proof is divided into five steps.
(i) Definition of a sequence {hy} of the unit sphere of L?(Q) converging weakly
to h. Let us suppose that the theorem is false. Then there exists a sequence {ug} of
admissible controls with u; — @ in L®(£2) such that

(@, A)h? > 0 for all h € CJ 120y \ {0}.

o, 1 _
(4.12) J(u) + EHUk - u||2L2(Q) > J(ug).

Let us set 6 = |Jur — EHLZ(Q) and

Up — U

Ok

hi =

Since |hx||z2(q) = 1 for every k, there exists a subsequence of {h4}, which will be
denoted in the same way, and h € L?*(Q) such that hy — h weakly in L*(Q).
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(ii) %5 (@, A)h = 0. Let us denote yx = yu,. Since uy, is admissible, we have that
Fi(yx) =0 if 1<5<ne
and
Fi(ye) <0 if ne+1<j<n.+n,.
Since /_\j >0if ne +1 <5 <ng+n;, we have that
;\ij(yk) <0 for 1<j<ne+n;.

On the other hand \; F;(y) = 0. Hence (4.12) implies
| _
(413) ,C(’L_L, )\) + E”’uk - ﬂ/”%Z(SZ) > ﬁ(uk, )\)

Moreover, h satisfies the sign condition in (3.10), because every hy satisfies it,
and the set of functions that satisfy the sign condition in (3.10) is convex and closed
in L?(Q2), and therefore weakly closed. Furthermore

L(uk, )\) = [,(ﬂ, /\) + 6k%<vk7 )\)hk,

where vy, is an intermediate point between @ and uy. Using (4.13) and that 8§, > 0,
we have that

oL < 1 _ 1 _
%(vka)\)hk < m”“k - UH%Z(Q) = EHUk = tllr2(0)-

This expression can be written as follows:

oL 0 1 B
(4.14) /Q <8u(m,yvk,vk) + @Ukai:(x,yvk,vk)> hrpdx < EHuk — | 2(q),

where y,, and ¢, are, respectively, the state and adjoint state associated to vi. The
conditions imposed on F}; and the uniform convergence vy — u imply the conver-
gences ¥,, — ¥ uniformly and ¢,, — @ in L?*(Q). Using (A1), (A2), and the weak
convergence hy — h in L?(§)), we can pass to the limit in (4.14) and obtain

(4.15) %(a, Mh <0.

On the other hand, from (4.7), (4.8), and hy = (uy — 4)/6k, with 6 > 0 and u, <
ur < up, we get

oL, <

%(@, Ahg, > 0.
Taking the limit we obtain

oL, _ <
4.1 —(a,\)h > 0.
(416) (@ b2 0
So (4.15) and (4.16) lead to
(4.17) %(a, Mh = 0.

ou



Downloaded 04/23/13 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SECOND ORDER OPTIMALITY CONDITIONS 1447
(iii) h € C2 r2(0)- First we check that
J < ne
Fi(y)zn =0 if ¢ or B
7> ne, Fj(g) =0, )\j > 0,
and
Fj()zn < 0if j > ne, Fi(y) =0, A; =0.
If j < ne, then F;(yx) = Fj(Ya+s,n,) = 0 and F;(§) = 0. Therefore

Fj(yﬁ+5khk) - FJ (g)
Ok ’

0:

and taking the limit we obtain with the help of assumption (A3)

If j > n. and Fj(y) = 0, we have that F;(yx) = Fj(Ya+sen,) < 0. So

Fi(Yatsuny) — Fj(9)

0>
il 6k Y

and once again taking the limit as before we deduce

Let us see what happens when A; > 0. Taking into account (4.12) and that 6, =
|ug — 1_1,||L2(Q), we get

Ok S J(uk)—J(ﬂ) _ J(ﬂ-l—(skhk)—J(ﬂ).

k ok Ok
Since 6 — 0, by passing to the limit in this expression, it follows that
0> J'(a)h.

Using (4.17) and the expression for the derivative of the Lagrangian, we now have
that

Ne+n;
0=J@h+ > NFj(H)zn.
j=1

Taking into account that if j < n., then we have already proved the equalities
Fi(y)zn = 0, and that if F;(y) <0, then A; = 0, we have that

0=J@h+ Y \Fj(@)zh,
JEN

where

Ilz{j:ne<j§ne+ni; FJ(Q)ZO, 5‘j>0}'
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So

0<—J'(a h—Z/\ 7)zn < 0.
Jj€n

Thus, if j € I, then necessarily F(7)zn, = 0. To conclude the proof of the inclusion
h € Cﬂ’LQ(Q) it remains to check that h(z) = 0 for a.e. z € Q°. As signaled above,
h satisfies the sign condition; then we have that d(z)h(z) > 0 for a.e. z € Q; recall
(3.7). Therefore

/|d |dm—/gd(x)h(x)dx gﬁ( ,A\)h =0,

which implies h(z) = 0 in a.e. Q° and h € C? L2(9)-
(iv) h = 0. Due to the assumption of the theorem, we have that

9?L

(@, \)h* >0 if h#0.
Let us prove that the reverse inequality is satisfied, which will lead to the identity
h = 0. By applying the mean value theorem we get

. oL, - 62 92L
(4.19) L(ug, X) = L(@,\) + Ok (1 M) + -+

9 W(wlﬁ;‘)hi7

where wy, is an intermediate point between uy and @. In order to simplify the expres-
sion of the derivatives of L, let us introduce some notation:

() = S (@, 9(a). 2), 2(2),

2
Hau(e) = 5 1 (,9(2), 5(2), 0(2).

Analogously we define f[uy or Hyy- Inserting this notation into the expressions of the
derivatives of £ given in (3.5) and (3.12), we get

Y. 820°L

_ _ 52 _
- 2 _ k 2
Ok u(u,)\)thr 5 92 & hi fék/QHu(x)hk(x) dx + 5 /QHuu(sc)hk(x) dx

Ne+n;
/ z)z, (x dm+2/ x)zp, (z) dv + Z NEV @) |

j=1

Taking into account that H,(z) = d(x) = 0in Q\ Q°,

A = 5k/§zlf]u(m)hk(x) dx + ?AHuu(m)h%(x) dx = 6k/ Hy(2)hg(x) dz

Qo\Q~

_ 62 _ 62 _
o [ Hy(o)hs(o)de+ /g Ao ()0 (o) da + & /Q\Q Ao (2)12 () d.

Q7
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Using now that H,(z)hg(x) > 0 for a.e. z € Q and H,(x) > 7 for a.e. © € Q7, we
have that
% [ 5 > 8 - >
Ay > bpT |hi(z)| dz + 5 Hyo(2)hi(x) de + 5 Hyo(2)hi (x) du.
Q- Qr o\aQr
Since ||6xhi||Loe () = [|ur =0l L= () < €, then for a.e. x € Q, 6y |hx(x)| < e. Therefore

82h2(x
%() < O |h ()]
Hence

( + Hy )) h2 () dx+§ /Q - Heu(z)12 (z) da.

4.19) and taking into account the previous considerations, we have

M‘?T‘N
= \

Now, from (4.13),

62 oL, - 85 9L 2
oL, - 829°L, - 02L s, 0L, -
76k%(u,)\)hk+ 9 W( AR+ 2 B Lr; 2(wkv>‘)h W(u’)‘)hk}
2 2
2 QT 3 2 Q\QT

i Ne+n;
+ %’“ /ﬁyy(x)zik(x)dx+2/Hyu(x)hk(x)zhk( S NF5)2,
Q Q 2
L [8% 2r 2}

—_ —_— \ 2 _ — (1
+ 9 au2 ('l,Uk7 )\)hk 8u2 (U, )\)hk .

Taking into account the assumptions made on the second derivatives of the functions,
there exists a constant Cy > 0 such that Hy,(z) > —Cpy for a.e. x € Q. So, taking ¢
small enough, we have that

2 2
—T+Huu( )zg—cH>0fora.e.er.

Thus

k—oo g g

2 o
lim inf ( Ty Hyula )) h2 (z)dz 2/ ( T 4 Aol )) h2(z)dz.
QT T
Moreover, in Q\ Q7, H,,(z) > w > 0, and then

lim inf Hyo(z)hi(z) de > / Hyo(z)h?(z) d.
k—oo Jo\qQr Q7

Now dividing (4.20) by é2/2 and using (3.14) and assumption (A3), we can take the
lower limit of the resulting expression and obtain

OZ/T <2ET+HW( )> h?(z) d:z:+/Q\QT Hy()h* (x) da

Ne4ng
+/Hyy(x)zi(x)dx+2/Hyu(m)h(a:)zh(a:) dr + Z N F] (@)
Q Q =
27’ 2 82£ _ T 2
. Qh( z)dx +w(u,)\)h
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Combining this inequality with (4.18) we deduce that h = 0.
(v) hx — 0 strongly in L?(2). We have that hy — h = 0 weakly in L?(Q2), and

consequently zj, — 0 strongly in W1¢(Q). Therefore again dividing (4.20) by 63/2
and using (3.14) we get

2
min {w7 T CH} limsup/ hi (x)dx
€ k—oco JQ

g%ggp{/7<z'g (Ohﬂ@dm+[%mfgﬂwhﬂww}

Ne+n;
< limsup{ - / Hy,(x th( dx+2/ Hyy(z)hi(2) 21, () dz + Z M E"( )th
k—oo
j=1
0’L 2L -
[5 2 (w;ﬁ)\)hi - W(%)\)hi} } = 0.
Hence
Jim |kl L2 @) = 0.
But ||hx]|z2(q) = 1 for every k. So we have achieved the contradiction. 0

The next theorem shows the equivalence of (3.20) and (4.11).

THEOREM 4.4. Let 4 be an admissible control for problem (P) that satisfies
(A1)-(A3), the regularity assumption (3.1), and (4.1)—(4.4). Then the following two
statements are equivalent:

(1) There exist 6 > 0 and 7" > 0 such that

o’L, -
(4.21) aﬂ N)h2 = 8||h13 2 for all h € CF 12 q).-
(2) There exist w > 0 and T > 0 such that

0’H

W(w,g(m) a(x), p(x)) > w for a.e. x € Q\Q7,
(4.22)

0L

W( )\) >0 fOT all h G LZ(Q) \ {0}

Proof. (1) = (2). Since C%LZ(Q C C, 12(q) the second inequality of (4.22) is
an obvious consequence of (4.21). Let us prove the existence of w and 7 satisfying
the first inequality of (4.22). Let us take o > 0 and & > 0, as in Theorem 3.5, and
consider the problem

Minimize Jq(u) = J(u) — §||u — €L||%2(Q),
e () < u(z) < up(x) for a.e. z € Q,

Gj(u):()a 1 <7 <ne,
Gj(u) <0, ne+1<j<n.+n,.

(Par)

Then for any feasible point u of this problem, with ||u — 1|« < € and u # @, we have

_ _ _ « _
Ja(@) = J(@) < J () = allu = allfzi0) < T(u) = S llu = all7z0) = Ja(w).
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Then @ is the unique solution of (P,) in the L>°(§2)-ball B.(@). The Hamiltonian for
problem (P,) is

Ha(xayau730) :H(x,y,u,go)— (u_a('r))Z

Therefore we can apply Corollary 4.2 to (P,) and deduce, with the notation of the
proof of Theorem 4.3, that

Hyu(r) —a=H, () >0 for ae. z€Q\Q°,
which implies
(4.23) Hyu(z) > a >0 forae z€Q\Q0

In the case in which the bound constraints on the control are not active, i.e.,
ue(z) < (x) < up(z) a.e., then the Lebesgue measure of Q° is zero; hence (4.23)
implies the first inequality of (4.22). Let us analyze the case where Q¥ has a strictly
positive Lebesgue measure. We will proceed by contradiction and we assume that
there exist no w > 0 and 7 > 0 such that (4.22) is satisfied. Then we define for every
k>1

R +1 if |d(z)| < 1/k, Hyu(z) <1/k, and a(z) = u,(z),
hp(z) =< =1 if |d(z)| < 1/k, Hyu(z) < 1/k, and a(z) = up(x),
0  otherwise.

Since (4.22) is not satisfied for w = 1/k and 7 = 1/k, with arbitrarily large k, and the
measure of 2 is not zero, we have that hj, # 0. Then we define hy = hi/||hil L2 (o)
Let us prove that hj, — 0 weakly in L2(). From (4.23) we deduce that the set

B={reQ:|dx)]=0 and H,,(x) <0}

has zero Lebesgue measure. Therefore

m supp{hi} C B = measure (ﬂ supp{ﬁk}> < measure(B) = 0.
k=1

Taking into account that supp{hs} C supp{hw} for every k > k', we deduce that
hi(x) — 0 pointwise a.c. in Q. On the other hand, {h;}$, is bounded in L*(Q);
consequently ilk — 0 weakly in L*(Q2); see Hewitt and Stromberg [14, p. 207]. Fur-
thermore for 7/ > 1/k we have that hy(z) = 0 for every z € QT and hy, satisfies the
sign condition of (3.10). Let us define a new function hy, € CC 12(q) Close to hy,. Using

the functions {h;},ez, introduced in (3.1), we set

hy = iLk — Z akji_zj, with Qgj = G;(ﬂ)iLk

j€lo

As in the proof of Proposition 3.6, we deduce that hj € C'_ 12(9) for every k > 1/7'.

Moreover, since hy — 0 weakly in L?(Q2), we deduce that ag; — 0, and therefore
hi, — 0 weakly in L?(2). On the other hand, since supp{hy} is included in the set
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of points of € where the bound constraints on the control are active, which has an
empty intersection with the support of each h; (j € Ip),

1
2
hell2) = / . h d:c+/  hidx
supp{hy} Q\supp{h}

2 3
) e [ S agh | e
supp{hy} Q\supp{hr} \ jer,
2 2
- _ - k—s
= S hllZay + 11D anihjlliey ¢ = 91-2Y adjliilie ¢ — L.
j€lo Jj€lo

From this relation and (4.21) with h = hy, we get

o 2 0L, o
(4.24) 6 < 5111612101011“ hkllz2) < hkrgloréf W(u, A)hj.

On the other hand, the weak convergence hy — 0 in L?(£2) implies the strong con-
vergence in (W14 (Q)), and thanks to Lemma 2.4 we deduce z,, — 0 in WH4(Q) C
L?(Q) strongly. Writing the second derivative of the Lagrangian in terms of the
derivatives of the Hamiltonian, as was done in the proof of Theorem 4.3, and taking
into account that H,,(z) < 1/k in the support of hy, and ay; — 0, we get

2
lim inf 0 ﬁ( JAhE < hmsup/ Hyo(2)h3 () da +hmsup/ H'yy(x)z%k (z)dx

k—oo  OQu? k— oo k—oo

k

Ne+n;
+211msup/ﬂyu(x)hk(x)zhk(x)dx+limsup Z A FI'(g )22
Q

k—oo k—o00

< lim sup/  Hyu(2)hj(x) do + lim sup/  Hyu(2)hi(z) da
supp{fy } Q\supp{hx}

k—oo k—oo
2

1 ~ _ _
< lim sup % / ~ hi(z)dx +lim sup/ - Hyu(x) Z agihj(z)| dz
supp{hs } Q\supp{hs}

k—o0 k—oo jelo

1 ~ 1
= lilIcIl»solip Z /Q hi(z)dx = klin;o 7= 0,
which contradicts (4.24).

(2) = (1). Let us suppose that (4.21) is not satisfied. Then for every 7" > 0
there exists h, € CC 12(q) Such that [[hr[|r20) =1 and

02L

Tz (@, \)hZ,

Since {h,} is bounded in L?(12), there exists a subsequence, denoted in the same way,
such that h;» — h weakly in L?*(2). We have that h € C? 12(q)- Indeed relations

(3.10) are obtained for h by passing to the limit in the corresponding ones satisfied
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by h,s. Let us see that h(x) = 0 in QO:

/|h(x)||d(x)|dx:/h(x)d(:v) de = lim [ hy(x)d(z)dzx
Q Q

=0 Jo
= lim |hr (2)]]d(2)] dx
=0 Jo\or'
< l,imoT / |hr(x)] dox < hm '/ m(Q)||hr || L2(0) = 0;

hence h(z)d(x) = 0, and therefore h(x) = 0 for a.e. x € Q°.
Since Hyy(xz) 2w >0in Q\Q7, (Q\Q7) C (Q\Q7) for 7/ < 7, and h,» =0 in
Q./, we have that

k—oo k—oo

lim inf / Ho(x)h2, (x)dz = liminf / Hyo(x)h2, (2)dz
Q\Q™’

/Q\QT Hyo ()R () dx—/Hw (z)h?*(z)d.

Therefore, using the definition of h, along with the strong convergence z;,_, — 25, in
Wha(Q), we get

0L, < 2L -
> —(u > -
0 11£ni%p T (@, \)hzs hini%f S0 5 (u ,A)hZ,
= lim inf /Hw dx—i—/ Hyy(2)22 (x) du

B netn; 2L B
42 [ By (@), (o) do + > NEWA 02 G

which, together with (4.22), implies that A = 0. Finally, using the weak convergence
hy — 0 in L?(Q) and the strong convergence zj, , — 0 in W4(Q), we conclude that

o = whimsup [ 30 < linsup / (2B (2)da
7/'—0
0? /J
< liir}_szp 9 = ( NhZ, dx — / (x)dx

+
- 2/ Hyy(z)hy (2)21,, Z zh L <0,
Q i=1

and we have a contradiction. 0
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