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We consider a general unitary scalar conformal field theory with a linear defect in D =4 —¢ and a
surface defect in D = 6 — e. Using holography and the Hamilton-Jacobi formalism, we show that the
functions controlling the defect renormalization group (RG) flow are the gradient of the entropy function.
This allows the proof that the relevant C-functions decrease monotonically along the RG flow. We provide
evidence that this property also holds in the full quantum theory for general scalar field theories.
An obstruction to the gradient property seems to appear at two-loop order when fermions are added.
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I. INTRODUCTION

The renormalization group (RG) flow plays a central role
in modern theoretical physics, as it allows us to understand
the relevant degrees of freedom of quantum systems at low
energies. Heuristically, RG flows are expected to be
irreversible. Refining this concept has been a major
research stimulus over the last four decades, starting with
the celebrated proof of the C-theorem in two dimen-
sions [1]. In the presence of defects—defined generically
as operators supported on a d-dimensional submanifold
M, inside a D-dimensional bulk theory—a similar picture
is expected [2-9]. In this context, it has been realized that a
relevant quantity to study defect RG flows is the free energy
F 4 when M, = S?, defined as minus the logarithm of the
partition function in the presence of a defect normalized by
the partition function of the bulk theory without the defect.
However, this quantity is scheme-dependent and is there-
fore not free from ambiguities. Denoting the radius of the
S? by L and being A a UV cutoff, F, is given by the
following expression for line and surface defects

{c<1>(AL)—s1 d=1, W
TV e®(AL)? + ¢ — 5, l0g(AL) d = 2.

Only the entropy functions s, are universal, in the
sense that they do not change under scaling
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of A." In fact, it has been argued that these coefficients
are the pertinent C-functions for the defect RG flows in
ambient conformal field theories (CFTs); they are mono-
tonically decreasing and, in particular, for flows interpolat-
ing between a UV and an IR fixed point their value
decreases [7,9] (see also [3,4,8]) and coincide with the
appropriate central charges at the fixed points (in particular,
in d = 2, at fixed points, s, = %).

Proving this has been a four de force over the years,
where various approaches (information-theoretic, holo-
graphic as well as purely field theoretic) have converged.
In this note we will offer yet a new viewpoint on these
monotonicity theorems. We will focus on line defects in
D = 4 and surface defects in D = 6, where it is possible to
consider a semiclassical limit that freezes the bulk quantum
dynamics. As will be shown below, in this limit it is
possible to give a formula for F,; from which we obtain s,,.
Moreover, we will show that, up to constant factors, the
functions for the defect RG flow are the gradient of s, in
particular proving a conjecture in [10,11]. Thus, a corollary
of this formula is that, for bulk CFTs, the RG flow indeed
minimizes .

II. HAMILTON-JACOBI AND THE DEFECT
PARTITION FUNCTION

We are interested in the class of theories defined by the
action

nd= 1, the term s has a scheme dependence since it shifts
by a constant under a shift of A. However, this is without
relevance since one can define s, in scheme-independent way as
S = (l - L()L)]:l
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1
1= [esyoerve). @
where V(¢;) is a generic homogeneous polynomial of
degree n =3 in D =6, and n =4 in D = 4, that is,

! o 1 o
VoP = chind' ¢’ P, Ve = o1 ia '’ .

The fields have classical dimension d = DT_z, thus the
classical theories are conformally invariant. In these theories
we consider a trivial defect supported on a d-dimensional
submanifold M, (that is, d =1 1in D=4 and d =2 in
D = 6). Classically, the fields ¢; themselves are marginal
deformations of the defect and, as such, must therefore be
included with generic couplings £;.

In [10-12] the theory was studied in the double-scaling
limit where h; — oo, 4,3 — 0 with fixed h;4;; in D = 6,
and Z;j; — 0 with fixed h;h Ay, in D = 4.

This represents a semiclassical limit that freezes the
quantum dynamics of the bulk theory. While bulk loops are
suppressed, an infinite series of loops involving interactions
with the defect remain. As a consequence, the bulk theory
becomes a CFT coupled to the defect. In this limit the
defect partition function is determined by the saddle point
approximation and, consequently,

Zdefect fD¢ie_S —
¢ Zyyik fD¢i€ !
with
S=1- hz('o) bi- (4)
My

Here hgo) represent the bare couplings (we will reserve #;
for the renormalized couplings), and S is evaluated on the
solution of the equations of motion for ¢; including the
defect source. We can express this solution as an infinite
series in powers of h;dy, in D=6 and in powers of
hihj/lklmn in D =4.

As will be seen below, generically S contains nonuni-
versal, scheme-dependent contributions, which reflect the
ambiguities described in the introduction. Considering only
the universal pieces, we can read the entropy functions s,
from Suniversal as

d=1,

S
=S niversal — 5
universal {szlogR d=2. ®)

The renormalization procedure leads to f; functions for
the h; couplings controlling the defect RG flow. This was
studied in great detail in [10-12] for a linear defect in 4D
and for a flat surface defect in 6D. We now wish to study
the properties of such flow, in particular explicitly comput-
ing s, in the semiclassical limit for M, = S% Our strategy
will be to use rigid holography to evaluate S in the solution

of the classical equations of motion. For this purpose,
we perform a conformal transformation from RP to
Hyp x ST, so that the defect is located at the S¢
boundary of Hy,, written in global coordinates as

dr?

i
LZ

ds? =

+ r2dQ3 + L2dQY, . (6)

For simplicity, in the following we will set L = 1.
Assuming that the field only has r-dependence, the bulk
action becomes

s—c, [far—L Lot 2yomr+v]. @
—¢, ["ar s L mear+v). 0
where C; = Vol(S?)Vol(S?*!). This action is UV diver-
gent because the volume of H,,; is infinite. We regulate
this divergence by placing the boundary of the hyperbolic
space at a finite value r = R, which is assumed to be large
(R — o0). Note in particular that there is no mass term
arising from the conformal coupling to curvature, by virtue
of a cancellation between the contributions from H,
and S,

In the holographic approach, the action S can be computed
by solving the classical equations of motion on H,, ; with the
boundary condition ¢;|poungary = (4%)?h; (induced by the
source term in the boundary), and then evaluating the action
on the solution. A more elegant approach is based on the
Hamilton-Jacobi theory, where r is interpreted as time.
In what follows we shall use this approach.2

The canonical momentum conjugated to ¢; is

pi=CqV 1+ 10,4, (8)

Then, the Hamiltonian is

2 C,rd
=== =V ©)
20,71+ V1412
This leads to the Hamilton-Jacobi equation
¢—1 @)2 \/—C—de V=t (10
2C,R/1 + R? \0¢; 1+ R2 OR’

Let us make the ansatz

s=Co®m@).  w®= "ol

N

where it is understood that ¢; is evaluated at the regularized
boundary, located at large R (representing a UV cutoff).
Asymptotically, this leads to

*This approach to renormalization has a long history. For
earlier applications of the Hamilton-Jacobi formalism in the
context of holographic renormalization, see Refs. [13-16].
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1 [(oH\?
o (o) v =-n (12)

This is an equation for H(¢), which is easily solved in
perturbation theory in the A couplings. To the first few
orders, we find

1 1
1

where V; .; stands for V. After evaluating this

o¢ 'a¢

expression on the boundary values ¢;|youndary = (L)h;
we get
S = x'=v(R)H(h;), (14)
where now H(h;) is
Q? 403 8Q*
H(hl) = QV ?Vz + d4 V,JVIVJ - ?VukV V Vk
20.Q.4
A \ATE (15)

where Q = % and H has been rescaled by a numerical
constant.

We can now compute the f function for the defect
couplings A;. In the Hamilton-Jacobi theory p; = a%' Thus,

in the scheme naturally provided by holography,

oh; 20H

bi= OR ~ doh;’ (16)
where we used (8) at » = R and took the R — oo limit.
Thus, in this scheme, the f function is indeed a gradient, in
agreement with similar results obtained in [10,11] for
planar defects. Furthermore, we now find that, for S!
and S? defects, H represents the on shell action, which we

will now discuss.

A. C-theorem

Let us now comment on the implications for C-theorems.
These quantify the decrease in the low-energy effective
degrees of freedom of the system under the RG flow.

We first note that, as R — oo, the action (14) inherits the
following R dependence

-1+ O(R™), for d =1,

v(R) = { —llog(2¢:R) + O(R™2), for d = 2. (17)

This is precisely the expected structure [cf. (1)]. The
divergences can be removed by adding suitable counter-
terms as in standard holographic renormalization. For the
present 4D and 6D theories we can add the following
boundary counterterms on the regularized boundary oM |,

1
d=2: S6D:£2 dT = —R"H,
8 oM g 2
d=1: §% = " d¢ = RH. (18)
2 oM |,

with dZ = R?sin0dfde and df = RdO. Only the coeffi-
cient of log R in d = 2 and the constant coefficientin d = 1
are scheme-independent and thus physically meaningful.
Therefore, we obtain

H

Sl:H, Sy = —. (19)
2r

In terms of the RG time t = —log R, the relevant velocity

vector in the space of couplings for the RG trajectories is

nothing but

a_hf = Qa1 @

bi==% oh;

(20)

This relationship has several implications. To begin with, it
implies that s, is an extremum at conformal points. If the
conformal point is a (UV) unstable fixed point, then away
from this point s, is monotonically decreasing until it meets
another (IR) stable fixed point. More importantly, this
relationship shows that s; must decrease along the time
evolution of the RG flow. Indeed,

Pibi 0s4
2741 “ Oy

&_

dsd
5, 5

(21)

where 1, denote the generic couplings {4;;,}. For a
conformal theory in the bulk we find

dsq __ Pb,
dt 2 d-1 =

<0. (22)

Therefore, the RG trajectories are such that s, is mono-
tonically decreasing along the flow from the UV to IR, thus
providing a proof of the C-theorem for defect theories in the
semiclassical limit. The picture for the RG flow is similar to
that of a particle rolling along a potential, where f; is the
analog of the velocity vector. Indeed, if the particle is at a

given (generic) point E(to) at time t = £y, at a later time
t =ty + dt it will be at

h(ty + dt) = h(1y) — fdt. (23)

Hence (assuming g, = 0)

Iﬂl2
274

salh(ty + dt)] = sq[h(ty)] — pdr. (24)

again exhibiting the fact that the entropy functions decrease
along the RG flow.
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B. The ¢ expansion

Let us now consider the theories in D =4 —¢ and
D = 6 —¢. In our set-up, this means that we should now
consider the theory in Hy,; x S¢*1¢, This is implemented
by shifting the dimension in the sphere part of the geometry
dQu — dQ,._.. This also induces a mass term coming
from the conformal coupling to curvature which, to first
order in ¢, amounts to the change in the potential

d
V- —geqﬁ% +V. (25)

When solving the Hamilton-Jacobi equation, the effect of
the mass term is to induce a O(V?) term in ‘H proportional
to € (therefore also present in the free theory). It should be
noted that this term affects the equations for the higher
orders in perturbation theory, but its effect is O(e?) and can
be neglected to leading order in €. Thus, the effect of the ¢
expansion is simply the expected shift in (15)

H - —geh% +H. (26)

III. EXAMPLES

A. Lines in a quartic theory in D=4-¢

For a generic quartic theory in D = 4 — ¢, the above
formulas (15) and (16) yield

hihi /11" hihjhkhl /1151 6/116
5 :_6 ki ; b ffhahbhchehfhg
8 7687 36864z
Diabeie fol
ZiabeZjefo"im papb pe pe pf RO + - - - (27)
58982475
eh'  Aiju Aijan’
o UKL pipkpl — Mhahbhchehf
bi=-5*562 30727
A Diteeh
ZjabZReeZhT9) pyapb e e pf o !
491527
XiitatibeePnr
Meekg‘glhuhhhchehfh!]hl+..., (28)
1474561

(recall that h' represents the renormalized defect cou-
plings). For simplicity in the presentation, we omitted here
the A* term, which can be read from (15) and (16).

It is worth noting that the last two terms of (28) arise
from differentiating a single term of s, in (27), and thus are
related in a precise way. However, it should be remembered
that some of the terms in the p-functions are scheme
dependent from three-loop onwards. In a generic scheme,
the f function coefficients of three-loop terms will not
satisfy such relations and consequently the f; functions will
not be given by a gradient. However, we have just seen that
there is a natural scheme where the f; are given the simple
gradient formula (16) (a discussion comparing the different
schemes can be found in [11]).

The terms up to O(4?) agree with the corresponding
terms computed in (2.22) in [17] (note that here h; are
defined with the reverse sign with respect to the definition
in [17]).

For the familiar V = %454 potential, we find

eh? N At 22h®
S| = —— -
! 8 ' 7687 36864r*
PEVA 1944410
+ - st (29)
5898247° 1132462087
45— ch a3 22K
2 96x2 3072x°
B 9524n°
- 30
1 363647°  283115524° (30)

As a sanity check, the first two terms in s exactly match
those in [18] [cf. (3.26) in that reference], while the first
three terms in f exactly match the corresponding terms
in [18] [cf. (3.17) in that reference].’

B. Surfaces in a cubic theory in D=6-¢

We now consider a generic cubic theory in D = 6 —e¢.
In this case, formulas (15) and (16) give

Aij Aiap?

€ . ijk g iab%icd
215, = —— hihi + 9k pipipk _ Ziab%ied papbpepd
e Ty 10247
j’la l (, j’l e
Heronas hHRhRe (31)
ﬁi:'—fhi “;g;ﬂhk é?g“dhbhﬂﬂ
71'
)*zal c /Il"l'allc .
e R
JT
SIS (32)

As in the 4D case, the last two terms of (32) originate from a
single term in (31), again showing that the gradient property
imposes constraints on the coefficients of the § functions.

Let us apply these formulas to a O(N) model with scalar
fields ¢ and ¢,, a =1, ..., N, and a potential

—%‘mﬁéﬂz :

Let &, and h, denote the renormalized defect couplings to o
and ¢,. Tuning i, = 0, we now find

Lh3 2nd Bhs 3248
sy = ——h2 422 A0 A o e S
477 4822 10247% 1 81922° 131072z
5 ——n +@@ Brd 5B MRS
he ™9 1672 2567* ' 81922° 6553678

*Bulk loops start at order A%. These contributions are missing in
the semiclassical formula (30), which contains only the terms
with the highest power of & for a given power of A.
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Note that these semiclassical contributions do not depend
on N, as expected, as the N dependence emerges only
when incorporating bulk loops. These expressions can be
compared with various results in the literature. Setting
A1 =4, =0, in the free theory we recover the result
Sy = —éhg in [8,19]. Moreover, the first two terms in
the S function reproduce the results of [12] [cf. (64) in that
reference]. At O(A?) there are, in addition, bulk loop
contributions recently computed by [20].

Using (32), one can also write the § function for defect
couplings &, # 0. The resulting formula reproduces the
two loop results of [21] [cf. (4.4)], but in addition provides
all semiclassical contributions up to four loops.

IV. BEYOND THE SEMICLASSICAL LIMIT

In the previous sections we have used Hamilton-Jacobi
theory combined with holography to compute F, in a
semiclassical limit. The holographic setup provides a
natural scheme where the # functions are a gradient of
sg4, at least up to four loop orders. This ensures the
monotonicity of s; along the RG flow. An important
question is to what extent these considerations survive
the inclusion of bulk loops.

Let us first consider line operators in scalar field theories
in D =4 —¢. The p functions for the general model (2)
including bulk loops were computed in [17] up to O(4?).
Using the expression (2.22) for the f; in [17], it is easy to
check that 0;4; — d;$; = 0. Therefore, the  functions are
still, remarkably, a gradient, now of a “quantum-corrected”
HC given by

O — 1 1
= +ﬂvjklvjkl - ZVlekl- (33)

However, it remains to check that H€ is proportional
to s, (obtained from the quantum corrected ). For the
melonic tensor model in D =4 —e¢—which can be
regarded as a particular quartic scalar theory—both the
beta functions and the s; were computed in [22] in the large
N limit. In this limit it turns out that some contributions of
bulk loops are equally relevant as the diagrams correspond-
ing to the semiclassical limit (cf. the diagram on the right of
Fig. 7 in that reference). Interestingly, [22] finds that not
only the $ function is a gradient, but also that the H¢
function is a multiple of s; [see (4.30) in [22]].

Reference [17] also computes the S function for line
defects in D = 4 — ¢ in a model including fermions. Using
the same notation as in [17], we add to our action

1
Ifermion =1+ / de <§yiab¢il//a1//b + HC> s (34)

where y,,, are symmetric in the fermion flavor indices.
Defining Y;; = YiapYiap + ¥ jabYiap» and demanding that f; is
a gradient, that is 0;; — 0;; = 0, we now get the condition

ﬂikrsij - AjkrsYki =0, (35)

for all r, s. This implies that all matrices {M (")}, i = Aijrss
with r,s =1,...,N should commute with Y;. For a
general model, this condition is not fulfilled and the pj;
functions do not seem to be a gradient (at least in the
scheme of [17]). For particular fermion couplings, one may
have Y;; = Y(6;;. In such a case the f# would still be a
gradient. An example is to take y;,, = Téb, where T' are
the generators of the Lie algebra of O(N) in a symmetric
representation. In a suitable basis, Tr[T'T/] = aé;;, and
(35) is satisfied for any set of couplings {4;;,}. In this
particular model with interacting scalar and fermion fields,
the § function is still of the form g; = 9,H.

It should be noted that fermion contributions to f3; appear
only through Feynman diagrams that include fermion loops
in the bulk. Therefore, fermion contributions are suppressed
in the double-scaling limit and do not alter the calculation of
the defect coupling beta functions in the previous sections.

V. FINAL COMMENTS

In this note we have provided a proof of the monotonicity
of RG flows for line defects in D = 4 and surface defects in
D =6 in general unitary CFTs with scalar fields in a
semiclassical limit. In the case of free scalar field theories,
the proof applies to the complete quantum theory. By
mapping to H,,; x S?*! the problem of studying spherical
defects becomes effectively one-dimensional, with the
radial coordinate of H,,; playing the role of time. Using
the Hamilton-Jacobi formalism, we derived the relevant
formula for s;,—here explicitly written to four loop order—
which also governs the defect f functions, given by the
gradient of s, in the coupling space. Consequently, the
renormalization group flow exhibits a resemblance to a
particle’s motion along a potential, thereby guaranteeing
the monotonic decrease of the entropy functions along the
flow. Importantly, this conclusion remains independent of
the presence of an IR defect fixed point.

Our analysis is conducted within the semiclassical limit,
wherein the contributions of bulk loops are suppressed. In
the holographic framework, this corresponds precisely to
the large N limit, which endows the bulk theory with
classical behavior. Clearly, it is important to investigate
whether the structure found holds, to some extent, in the
complete quantum theory. An initial step in this direction
involves establishing whether the beta function in the full
quantum theory can be expressed as the gradient of a
coupling-dependent function within an appropriate scheme.
As we have observed, this turns out to be the case for
scalar field theories, at least up to the two-loop order.
Subsequently, in a second step, the objective would be to
establish the proportionality of this function to the defect
entropy. At least in the melonic limit, we have found that
the f function indeed emerges as a gradient of the on shell
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action. Although certain bulk diagrams are neglected in the
melonic limit, strikingly this property persists. On the other
hand, upon the inclusion of fermions, the situation seems to
be different, as even in the initial step,  functions are not
determined by a gradient in fermion models with generic
couplings. It would be of great interest to delve into a more
detailed examination of the underlying obstruction and
explore its potential implications for C-theorems.

Our derivation of the C-theorems has been carried out
specifically for lines in four dimensions and for surfaces in
six dimensions. It holds great interest to expand the current
approach to encompass defects of arbitrary dimension d in
D-dimensional bulk theories, as well as to explore the
implications of monodromy defects. In particular, a com-
pelling direction lies in the generalization of C-theorems
for d =3 and d=4. This would complement the

recent findings derived from the quantum information
approach [9], offering further insights into the fundamental
physical mechanisms that underlie these theorems.
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