
NONRWA: 103837 Model 3Lsc pp. 1–15 (col. fig: NIL)

Nonlinear Analysis: Real World Applications xxx (xxxx) xxx

(

h
1

Contents lists available at ScienceDirect

Nonlinear Analysis: Real World Applications

www.elsevier.com/locate/nonrwa

Blow up for a pseudo-parabolic equation with variable nonlinearity
depending on (x, t) and negative initial energy

Stanislav Antontsev a, Ivan Kuznetsov a,b,∗, Sergey Shmarev c

a Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russian Federation
b Novosibirsk State University, Novosibirsk, Russian Federation
c Department of Mathematics, University of Oviedo, Oviedo, Spain

a r t i c l e i n f o

Article history:
Received 25 September 2022
Received in revised form 8 January 2023
Accepted 13 January 2023
Available online xxxx

Keywords:
Pseudo-parabolic equation
Variable nonlinearity
Blow up
local solution

a b s t r a c t

We study the Dirichlet problem for the pseudo-parabolic equation

ut − div
(

a(x, t)|∇u|p(x,t)−2∇u
)

− ∆ut = b(x, t)|u|q(x,t)−2u

in the cylinder QT = Ω × (0, T ), where Ω ⊂ Rd is a sufficiently smooth
domain. The positive coefficients a, b and the exponents p ≥ 2, q > 2 are given
Lipschitz-continuous functions. The functions a, p are monotone decreasing, and
b, q are monotone increasing in t. It is shown that there exists a positive constant
M = M(|Ω |, sup(x,t)∈QT

p(x, t), sup(x,t)∈QT
q(x, t)), such if the initial energy is

negative,

E(0) =
∫
Ω

(
a(x, 0)
p(x, 0)

|∇u0(x)|p(x,0) −
b(x, 0)
q(x, 0)

|u0(x)|q(x,0)
)

dx < −M,

then the problem admits a local in time solution with negative energy E(t). If p
and q are independent of t, then M = 0. For the solutions from this class, sufficient
conditions for the finite time blow-up are derived.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

We study the Dirichlet problem for the pseudo-parabolic equation{
ut − div

(
a(x, t)|∇u|p(x,t)−2∇u

)
− ∆ut = b(x, t)|u|q(x,t)−2

u for (x, t) ∈ QT ,

u = 0 on ∂Ω × (0, T ), u(x, 0) = u0(x) in Ω .
(1.1)

Here Ω ⊂ Rd is a bounded domain with the sufficiently smooth boundary ∂Ω , the exponents p(x, t),
q(x, t) and the coefficients a(x, t), b(x, t) are given functions whose properties will be specified later. We
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are interested in the questions of local in time existence of solutions and the conditions of finite time blow-
up. In the recent years, both questions were intensively studied. We refer here to papers [1–7] where these
issues were discussed for the model Eq. (1.1) with the constant coefficients a = b = 1 and independent of t
xponents p(x), q(x). These assumptions allow one to apply the traditional method based on the analysis
f the functionals

J(u) =
∫
Ω

(
|∇u|p(x)

p(x) − |u|q(x)

q(x)

)
dx, I(u) =

∫
Ω

(
|∇u|p(x) − |u|q(x)

)
dx.

A complete classification of behavior of the weak solutions of the model problem (1.1) in terms of J(u0),
I(u0) and ∥u0∥

W
1,2
0 (Ω) is given in [6].

In this work, we are interested in the situation where the coefficients and the exponents in Eq. (1.1) are
allowed to vary with t. To the best of our knowledge, for Eq. (1.1) this case has not yet been studied. We refer
to [8] for a discussion of these questions for parabolic equations with variable growth, blow-up in solutions
of Sobolev type equations is studied in the monograph [9]. The local existence and blow-up of solutions of
pseudo-hyperbolic equations were studied in [10,11].

This paper is organized as follows. In Section 2 we prove the existence of local solutions. The existence
theorem is proven under two different assumptions on the initial function u0. If u0 ∈ W

1,p(·,0)
0 (Ω) with

inf(x,t)∈QT
p(x, t) ≥ 2 and∫

Ω

(
a(x, 0)
p(x, 0) |∇u0(x)|p(x,0) − b(x, 0)

q(x, 0) |u0(x)|q(x,0)
)
dx < −M (1.2)

ith a positive constant M , see (2.27) and (2.28), depending on sup(x,t)∈QT
p(x, t), sup(x,t)∈QT

q(x, t) and
|Ω |, then problem (1.1) has a local solution provided that at every moment t the functions p−(t) =
infx∈Ω p(x, t) and q+(t) = supx∈Ω q(x, t) are subject to some conditions. These conditions coincide with those
known for the case of constant or independent of t exponents p and q. Unlike this situation, if u0 ∈ W 2,2

0 (Ω)
and satisfies (1.2), then a local solution exists for p and q within the ranges which are defined by the space
dimension d only, and do not depend on each other.

In Section 3 we derive sufficient conditions for finite time blow-up. Two different situations are considered:
p− := inf(x,t)∈QT

p(x, t) = 2, i.e., the equation may become semi-linear, or p− > 2, where the equation is
quasi-linear on the whole of the domain. In both cases, it is assumed that supx∈Ω p(x, t) < infx∈Ω q(x, t) for
very t ∈ (0, T ). The proofs of the blow-up in the cases p− = 2 and p− > 2 are different. Moreover, in the
ase p− = 2 the reaction term has to satisfy the additional condition inf(x,t)∈QT

q(x, t) > 4.

. Existence of a local solution

The solution of problem (1.1) will be sought as an element of a variable Sobolev space. The definition
nd a brief description of these spaces are given in Appendix. Given τ ∈ (0, T ), we denote Qτ = Ω × (0, τ).

efinition 2.1. A function u(x,t) is called a local solution of problem (1.1) if there exists Θ > 0 such that

(1) u ∈ Wp(·)(QΘ) ∩ Lq(·)(QΘ), ut ∈ L2(QΘ), ∇ut ∈ (L2(QΘ))d;
(2) for every test-function ϕ ∈ Wp(·)(QΘ) ∩ Lq(·)(QΘ)∫

QΘ

(
utϕ+ ∇ut · ∇ϕ+ a|∇u|p−2∇u · ∇ϕ− b|u|q−2

uϕ
)
dxdt = 0; (2.1)

(3) for every ϕ ∈ C2(Ω) (u(·, t) − u (·), ϕ(·)) → 0 as t → 0.
0 2,Ω
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It is assumed throughout the text that⎧⎪⎨⎪⎩
0 < a− ≤ a(x, t) ≤ a+ < ∞, 0 < b− ≤ b(x, t) ≤ b+ < ∞,

p, q, a, b ∈ C0,1(QT ) with the Lipschitz constants Lp, Lq, La, Lb,

pt ≤ 0, qt ≥ 0, at ≤ 0, bt ≥ 0 a.e. in QT .

(2.2)

e consider two different situations that correspond to different assumptions on the smoothness of the initial
unction u0. Let us accept the notation

p−(t) = inf
x∈Ω

p(x, t), p+(t) = sup
x∈Ω

p(x, t), q−(t) = inf
x∈Ω

q(x, t), q+(t) = sup
x∈Ω

q(x, t), t ∈ [0, T ],

o that
p− = inf

t∈(0,T )
p−(t), p+ = sup

t∈(0,T )
p+(t), q− = inf

t∈(0,T )
q−(t), q+ = sup

t∈(0,T )
q+(t).

y

2∗ =
{

2d
d−2 if d > 2,
∞ if d = 2,

(p−(t))∗ =
{

dp−(t)
d−p−(t) if d > p−(t),
∞ if p−(t)≤d

e denote the critical Sobolev exponents for the embeddings W 1,2
0 (Ω) ⊂ Ls(Ω) and W

1,p−(t)
0 (Ω) ⊂ Ls(Ω).

e will use the shorthand notation

p0 = p(x, 0), q0 = q(x, 0), a0 = a(x, 0), b0 = b(x, 0).

heorem 2.1. Assume that conditions (2.2) are fulfilled. Let the data of problem (1.1) satisfy one of the
ollowing conditions:

(i) u0 ∈ W
1,p(·,0)
0 (Ω), ∂Ω ∈ Ck, k ≥ 1 + d

(
1
2 − 1

p+

)
, and

2 ≤ p−(t), 2 < q−(t) ≤ q+(t) < (p−(t))∗, t ∈ [0, T ]; (2.3)

ii) u0 ∈ W 2,2
0 (Ω), ∂Ω ∈ C3, and

2 ≤ p− ≤ p+ < 2∗, 2 < q+ <

⎧⎨⎩
2(d− 2)
d− 4 if d > 4,

∞ if d ≤ 4.
(2.4)

There exists a number M = M(|Ω |, p+, q+) > 0 such that if the initial energy is negative∫
Ω

(
a0|∇u0|p0

p0
− b0|u0|q0

q0

)
dx < −M, (2.5)

hen there is t∗ such that for every Θ ∈ (0, t∗) problem (1.1) has a solution in the sense of Definition 2.1.
he solution satisfies the energy equality: for a.e. t ∈ (0,Θ)

1
2
d

dt

(
∥u(·, t)∥2

W 1,2(Ω)

)
+
∫
Ω

(
a(x, t)|∇u|p(x,t) − b(x, t)|u|q(x,t)

)
dx = 0. (2.6)

The energy

E(t) =
∫
Ω

(
a(x, t)|∇u|p(x,t)

p(x, t) − b(x, t)|u|q(x,t)

q(x, t)

)
dx

emains negative for all t ∈ (0,Θ) and

∥u ∥2 + E(t) ≤ 0, Q = Ω × (0, t). (2.7)
τ W 1,2(Qt) t

3
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It is worth noting that in the case (ii) the existence is proven without any assumption on the relation
between the exponents p(x, t) and q(x, t). The upper bounds for the their admissible values depend only on
he space dimension d.

A solution of problem (1.1) is constructed as the limit of the sequence of finite-dimensional approximations

uϵ = lim
m→∞

u(m), u(m)(x, t) =
m∑

i=1
ui,m(t)ψi(x) ∈ Nm,

here (ψi, λi) are the eigenfunctions and eigenvalues of problem (A.1), and Nm is defined at the end of
Appendix. The coefficients ui,m(t) are defined as the solutions of the Cauchy problem for the system of m
rdinary nonlinear differential equations{

(1 + λi)u′
i,m(t) = −

∫
Ω
a(x, t)|∇u(m)|p(x,t)−2∇u(m) · ∇ψi dx+

∫
Ω
b(x, t)|u(m)|q(x,t)−2

u(m)ψi dx,

ui,m(0) = u0,i, i = 1, 2, . . . ,m,
(2.8)

where the constants u0,i are the Fourier coefficients of u0 in the basis {ψi}. We may choose (see Appendix)

u
(m)
0 =

m∑
i=1

u0,iψi(x) → u0(x) in W
1,p(·,0)
0 (Ω) if u0 ∈ W

1,p(·,0)
0 (Ω),

in W 2,2
0 (Ω) if u0 ∈ W 2,2

0 (Ω).

y the Peano theorem, for every natural m system (2.1) has a solution (u1,m(t), . . . , um,m(t)) on an interval
0, Tm).

.1. A priori estimates

emma 2.1. Let conditions (i) of Theorem 2.1 be fulfilled. There exists t∗ ∈ (0, T ] such that for every
∈ (0, t∗) the functions u(m) satisfy the estimate

sup
t∈(0,Θ)

∥u(m)(·, t)∥2
W 1,2(Ω) +

∫
QΘ

|∇u(m)(x, t)|p(x,t)
dxdt+

∫
QΘ

|u(m)(x, t)|q(x,t)
dxdt ≤ C.

The constant C depends on Θ and ∥u0∥W 1,2(Ω) but does not depend on m.

Proof. Multiplying jth equation in (2.1) by uj,m and summing over j = 1, . . . ,m we obtain the equality

1
2
d

dt

(
∥u(m)(·, t)∥2

W 1,2(Ω)

)
+
∫
Ω

a(x, t)|∇u(m)(x, t)|p(x,t)
dx =

∫
Ω

b(x, t)|u(m)(x, t)|q(x,t)
dx. (2.9)

o estimate the source term on the right-hand side of (2.9) we fix t ∈ (0, Tm) and consider two cases.
1. Let 2 < q+(t) ≤ 2∗. By the Young inequality and the embedding theorem∫

Ω

|v|q(x,t)
dx ≤ 1 + ∥v∥q+(t)

q+(t),Ω
≤ 1 + C∥v∥q+(t)

W 1,2(Ω).

Notice that (p−(t))∗ = 2∗ if p−(t) = 2. Therefore, we get

1
2
d

dt

(
∥u(m)(·, t)∥2

W 1,2(Ω)

)
≤ b+

(
1 + C

(
∥u(m)(·, t)∥2

W 1,2(Ω)

)q+/2
)
.

2. Let 2∗ < q+(t) < (p−(t))∗ and p−(t) > 2. By the Gagliardo–Nirenberg inequality, for every
∈ W

1,p(·,t)
0 (Ω) ⊆ W

1,p−(t)
0 (Ω)∫

|v|q
+(t)

dx ≤ C∥∇v∥q+(t)θ(t)
p−(t),Ω

∥v∥q+(t)(1−θ(t))
2∗,Ω ≤ C ′∥∇v∥q+(t)θ(t)

p−(t),Ω
∥v∥(1−θ(t))q+(t)

W 1,2(Ω) , (2.10)

Ω

4
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provided

θ(t) =
1

2∗ − 1
q+(t)

1
2∗ + 1

d − 1
p−(t)

∈ (0, 1) ⇐

⎧⎪⎪⎪⎨⎪⎪⎪⎩
q+(t) > 2∗,

1
p−(t) <

1
d + d−2

2d ⇔ p−(t) > 2,

q+(t) < dp−(t)
d− p−(t) ≤ (p−(t))∗.

he second condition in (2.3) yields the inequality θ(t)q+(t)
p−(t) < 1. By Young’s inequality, we deduce from

(2.10) that for every ϵ > 0

∫
Ω

b|u(m)|
q+(t)

dx ≤ Cb+
(∫

Ω

|∇u(m)|
p−(t)

dx

) θ(t)q+(t)
p−(t)

∥u(m)∥q+(t)(1−θ(t))
W 1,2(Ω)

≤ ϵa−
∫
Ω

|∇u(m)|
p−(t)

dx+ C ′∥u(m)∥
(1−θ(t)) p−(t)q+(t)

p−(t)−θ(t)q+(t)
W 1,2(Ω)

≤ ϵ

∫
Ω

a|∇u(m)|
p
dx+ C + C ′∥u(m)∥

(1−θ(t)) p−(t)q+(t)
p−(t)−θ(t)q+(t)

W 1,2(Ω) . (2.11)

Set
Y (t) = ∥u(m)(·, t)∥2

W 1,2(Ω) +
∫ t

0

∫
Ω

a(x, τ)|∇u(m)(x, τ)|p(x,τ)
dxdτ.

For a sufficiently small ϵ > 0, from (2.9) and (2.11) we obtain the inequality{
Y ′(t) ≤ C ′ + C ′′Y γ(t), t ∈ (0, Tm),
Y (0) = ∥u(m)(·, 0)∥2

W 1,2(Ω) ≤ ∥u0∥2
W 1,2(Ω) := σ, γ = supt∈(0,T )

q+(t)p−(t)(1−θ(t))
2(p−(t)−θ(t)q+(t)) > 1.

(2.12)

Consider the function

Z(t) = 1(
Z1−γ

0 − 2C ′′(γ − 1)t
) 1

γ−1
, Z0 = max

{
σ,
(
C ′C ′′−1

) 1
γ
}
, (2.13)

hich solves the problem ⎧⎨⎩ Z ′(t) = 2C ′′Zγ(t) for 0 < t < t∗ = 1
2C ′′Zγ−1

0
,

Z(0) = Z0 ≥ σ.
(2.14)

ince C ′′Zγ(t) > C ′′Zγ
0 ≥ C ′, Z(t) satisfies the differential inequality

Z ′(t) > C ′ + C ′′Zγ(t) in (0, t∗). (2.15)

umming (2.12)1 and −(2.15), and using the Lagrange mean value theorem, we obtain the differential
nequality for the function X(t) ≡ Y (t) − Z(t):

X ′(t) < γC ′′
∫ 1

0
(θZ(t) + (1 − θ)Y (t))γ−1 dθX(t) for 0 < t < min{Tm, t

∗}, X(0) ≤ 0.

y the Grönwall lemma X(t) = Y (t) − Z(t) ≤ 0 for 0 < t < min{Tm, t
∗}. If Tm < t∗, then Y (Tm) <

(Tm) < ∞. System (2.1) can be solved then on an interval (Tm, Tm + h) with the initial data taken at the
oment Tm. Since the majorant function Z(t) does not change, the solution u(m) continues to the interval

0, t∗) and the estimate Y (t) ≤ Z(t) holds for all t ∈ (0, t∗). □

orollary 2.1. Inequality (2.12) yields the uniform lower bound of the time interval where ∥u(m)(·, t)∥2
W 1,2(Ω)

emain bounded. If Y (t) → ∞ as t → t∗, it is necessary that
∫∞ ds ≤ t∗.
σ C ′ + C ′′sγ

5
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i,j=1(D2
xixj

v)2.

emma 2.2. Assume that conditions (ii) of Theorem 2.1 are fulfilled. Then there exists t∗ such that for
very Θ ∈ (0, t∗) the functions u(m) satisfy the uniform estimate

sup
t∈(0,Θ)

∥u(m)(·, t)∥2
W 2,2(Ω) +

∫
QΘ

|∇u(m)|
p(x,t)−2

|u(m)
xx |

2
dxdt+

∫
QΘ

|∇u(m)|
p(x,t)

dxdt

≤ C
(

1 + ∥u0∥2
W 2,2(Ω)

)
. (2.16)

Moreover, for t ∈ (0,Θ) ∫
Ω

|∇u(m)|
p(x,t)

dx+
∫
Ω

|u(m)|
q(x,t)

dx ≤ C ′

with an independent of m constant C ′.

Proof. Multiplying the jth equation of (2.1) by −λju
(m)
j , summing over j = 1, . . . ,m, and using the

embedding inequality ∥v∥2(q+−1),Ω ≤ C∥∆v∥2,Ω ∀v ∈ W 2,2
0 (Ω), we obtain

1
2
d

dt

(
∥∇u(m)∥2

2,Ω + ∥∆u(m)∥2
2,Ω

)
+
∫
Ω

div
(
a(x, t)|∇u(m)|

p(x,t)−2
∇u(m)

)
∆u(m) dx =

= −
∫
Ω

b(x, t)|u(m)|
q(x,t)−2

u(m)∆u(m) dx ≤ C
(

1 + ∥u(m)∥q+−1
2(q+−1),Ω

)
∥∆u(m)∥2,Ω

≤ C
(

1 + ∥∆u(m)∥2
2,Ω

)
+ C ′∥∆u(m)∥q+

2,Ω . (2.17)

Following the proof of [12, Lemma 3.2], we rewrite the second term on the left-hand side of (2.17) as follows:

−
∫
Ω

div
(
a|∇u(m)|

p(x,t)−2
∇u(m)

)
∆u(m) dx = −

∫
Ω

a|∇u(m)|
p(x,t)−2

|u(m)
xx |

2
dx+J1 +J2 +Ja +J∂Ω , (2.18)

whence

J1 =
∫
Ω

a(2 − p(x, t))|∇u(m)|
p(x,t)−4

(
d∑

k=1

(
∇u(m) · ∇(u(m))xk

)2
)
dx,

J2 = −
d∑

i,k=1

∫
Ω

au(m)
xixk

u(m)
xi

|∇u(m)|
p−2

pxk
ln |∇u(m)| dx,

Ja = −
∫
Ω

|∇u(m)|
p(x,t)−2

d∑
i,k=1

u(m)
xixk

u(m)
xi

axk
dx,

J∂Ω = −
∫

∂Ω

a|∇u(m)|
p−2 (

∆u(m)(∇u(m) · n) − ∇u(m) · ∇(∇u(m) · n)
)
dS.

Each of the terms J1, J2, Ja, J∂Ω can be bounded by the quantities depending only on the data. Because
of the assumption p ≥ 2, we get J1 ≤ 0. By Young’s inequality, for every δ > 0

|J2| =

⏐⏐⏐⏐⏐⏐
d∑

i,k=1

∫
Ω

au(m)
xixk

u(m)
xi

|∇u(m)|
p−2

pxk
ln |∇u(m)| dx

⏐⏐⏐⏐⏐⏐
≤ C

∫
Ω

(
|∇u(m)|

p−2
2 |u(m)

xx |
)(

|∇u(m)|
p
2 | ln |∇u(m) ∥

)
dx

≤ δ

∫
Ω

|∇u(m)|
p−2

|u(m)
xx |

2
dx+ C

∫
Ω

|∇u(m)|
p ln2 |∇u(m)| dx (2.19)
6
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with C = C(d, Lp, a
±, δ). If δ > 0 is sufficiently small, the first term on the right-hand side of (2.19) is

absorbed in the first term of (2.18). For every ρ > 0, the last term on the right-hand side of (2.19) is
estimated by C

∫
Ω

|∇u(m)|p
++ρ

dx+C ′ with a constant C ′ depending on ρ. By the embedding theorem, for
u(m) ∈ W 2,2

0 (Ω) ∫
Ω

|∇u(m)|
p++ρ

dx ≤ C∥∆u(m)∥p++ρ
2,Ω , (2.20)

with ρ > 0 sufficiently small to fulfill the first condition of (2.4). The estimate on J∂Ω follows from
[12, Lemma 4.4] and (2.20):

|J∂Ω | ≤ δ

∫
Ω

|∇u(m)|
p−2

|u(m)
xx |

2
dx+ C

(
1 +

∫
Ω

|∇u(m)|
p
dx

)
≤ δ

∫
Ω

|∇u(m)|
p−2

|u(m)
xx |

2
dx+ C

(
1 + ∥∆u(m)∥p++ρ

2,Ω

)
.

By using Young’s inequality we estimate

|Ja| =

⏐⏐⏐⏐⏐⏐
∫
Ω

|∇u(m)|
p(x,t)−2

d∑
i,k=1

u(m)
xixk

u(m)
xi

axk
dx

⏐⏐⏐⏐⏐⏐ ≤ λ

∫
Ω

|∇u(m)|
p−2

|u(m)
xx |

2
dx+ C

∫
Ω

|∇u(m)|
p
dx

with an arbitrary λ > 0 and a constant C = C(d, λ, La). Set Sm(t) = ∥∇u(m)(·, t)∥2
2,Ω + ∥∆u(m)(·, t)∥2

2,Ω .
Plugging the above estimates into (2.17) and dropping the nonnegative term on the left-hand side, we arrive
at the ordinary differential inequality for Sm(t):

S′
m(t) ≤ C + C ′Sm(t) + C ′′S

q+
2

m (t) + C ′′′S
p++ρ

2
m (t) ≤ C1 + C2S

µ
m(t), t ∈ (0, Tm), (2.21)

ith the exponent 2µ = max{p++ρ, q+} > 2. The existence of a barrier of the form (2.13) on an independent
f m interval (0, t∗) follows as in the proof of Lemma 2.1. Inequalities (2.4), estimate (2.16) and the
mbedding theorems yield the continuous inclusions W 2,2

0 (Ω) ⊂ L2(q+−1)(Ω) ⊂ Lq+(Ω), W 2,2
0 (Ω) ⊂ Lp+(Ω)

nd the last inequality of Lemma 2.2. □

emark 2.1. If p is independent of x, the condition on p+ in (2.4) can be omitted because J2 = 0.

orollary 2.2. It follows from (2.21) that the functions Sm(t) remain bounded on the interval (0, t∗), where
∗ is independent of m and satisfies the inequality∫ ∞

S∗

ds

C1 + C2sµ
≤ t∗, µ > 1,

hence S∗ = ∥∇u0∥2
2,Ω + ∥∆u0∥2

2,Ω . By the embedding theorem, ∥u(m)(·, t)∥2
W 1,2(Ω) ≤ CSm(t) for t ∈ (0, t∗).

emma 2.3. Assume that either the conditions of Lemma 2.1, or Lemma 2.2 are fulfilled. There is a positive
onstant M ≡ M(|Ω |, p+, q+) such that if the initial function satisfies (2.5), then for every Θ ∈ (0, t∗)

∥u(m)
t ∥2

W 1,2(QΘ ) + sup
t∈(0,Θ)

∫
Ω

|∇u(m)|
p(x,t)

dx+ sup
t∈(0,Θ)

∫
Ω

|u(m)|
q(x,t)

dx ≤ C∗ (2.22)

ith a constant C∗ depending on ∥u0∥W 1,p(·,0)(Ω), or ∥u0∥W 2,2(Ω), and Θ , but independent of m. Moreover,

Em(t) ≡
∫ (

a|∇u(m)|p

p
− b|u(m)|q

q

)
dx < 0. (2.23)
Ω

7
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Proof. Multiplying jth equation in (2.1) by u′
j,m, summing the results over j = 1, . . . ,m, and integrating

ver the interval (0, t), we obtain the equality∫ t

0
∥u(m)

τ (·, τ)∥2
W 1,2(Ω) dτ + Ia + Ib + Ip + Iq + Em(t) = Em(0), (2.24)

here

Em(0) =
∫

Ω

(
a0|∇u

(m)
0 |

p0

p0
−

b0|u(m)
0 |

q0

q0

)
dx, Ia = −

∫ t

0

∫
Ω

aτ
|∇u(m)|p

p
dxdτ, Ib =

∫ t

0

∫
Ω

bτ
|u(m)|q

q
dxdτ,

Ip =
∫ t

0

∫
Ω

a|∇u(m)|p
(

1
p2 −

ln |∇u(m)|
p

)
pτ dxdτ, Iq = −

∫ t

0

∫
Ω

b|u(m)|q
(

1
q2 −

ln |u(m)|
q

)
qτ dxdτ.

For a given u(m) and a fixed τ ∈ (0, t) we split the domain Ω into the subdomains

Ω+
q (τ) =

{
x ∈ Ω : ln |u(m)(x, τ)| > 1

q(x, τ)

}
,

Ω−
q (τ) =

{
x ∈ Ω : ln |u(m)(x, τ)| ≤ 1

q(x, τ)

}
.

aking into account the assumption qt ≥ 0, we may estimate

Iq =
∫ t

0

∫
Ω

b|u(m)|
q
(

− 1
q2 + ln |u(m)|

q

)
qτ dxdτ =

=
∫ t

0

∫
Ω+

q (τ)
b|u(m)|

q
⏐⏐⏐⏐− 1
q2 + ln |u(m)|

q

⏐⏐⏐⏐ qτ dxdτ

−
∫ t

0

∫
Ω−

q (τ)
b|u(m)|

q
⏐⏐⏐⏐− 1
q2 + ln |u(m)|

q

⏐⏐⏐⏐ qτ dxdτ ≥

−
∫ t

0

∫
Ω−

q (τ)
b|u(m)|

q
⏐⏐⏐⏐− 1
q2 + ln |u(m)|

q

⏐⏐⏐⏐ qτ dxdτ

≥ −
∫ t

0

∫
Ω

b|u(m)|
q
⏐⏐⏐⏐− 1
q2 + ln |u(m)|

q

⏐⏐⏐⏐ qτ dxdτ. (2.25)

plit Ω = Ω+
p (τ) ∪ Ω−

p (τ), τ ∈ (0, t), with

Ω+
p (τ) =

{
x ∈ Ω : ln |∇u(m)(x, τ)|> 1

p(x, τ)

}
,

Ω−
p (τ) =

{
x ∈ Ω : ln |∇u(m)(x, τ)| ≤ 1

p(x, τ)

}
.

Proceeding in the same way as in estimating Iq and using the assumption pt ≤ 0, we obtain

Ip =
∫ t

0

∫
Ω

a|∇u(m)|
p
(

1
p2 − ln |∇u(m)|

p

)
pτ dxdτ =

=
∫ t

0

∫
Ω

a|∇u(m)|
p
(

ln |∇u(m)|
p

− 1
p2

)
|pτ | dxdτ =

=
∫ t

0

∫
Ω+

p (τ)
a|∇u(m)|

p
(

ln |∇u(m)|
p

− 1
p2

)
|pτ | dxdτ

−
∫ t

0

∫
Ω−

p (τ)
a|∇u(m)|

p
⏐⏐⏐⏐ ln |∇u(m)|

p
− 1
p2

⏐⏐⏐⏐ |pτ | dxdτ

≥ −
∫ t ∫

−
a|∇u(m)|

p
⏐⏐⏐⏐ ln |∇u(m)|

p
− 1
p2

⏐⏐⏐⏐ |pτ | dxdτ ≥

0 Ωp (τ)

8
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∫ t

0

∫
Ω

a|∇u(m)|
p
⏐⏐⏐⏐ ln |∇u(m)|

p
− 1
p2

⏐⏐⏐⏐ |pτ | dxdτ =

=
∫ t

0

∫
Ω

a|∇u(m)|
p
⏐⏐⏐⏐ ln |∇u(m)|

p
− 1
p2

⏐⏐⏐⏐ pτ dxdτ. (2.26)

et

M̂ = b+ sup
{

|θ|q
⏐⏐⏐− 1

q2 + ln |θ|
q

⏐⏐⏐ : q ∈ [q−, q+], |θ| ≤ e
1

q−
}
,

M̃ = a+ sup
{

|θ|p
⏐⏐⏐− 1

p2 + ln |θ|
p

⏐⏐⏐ : p ∈ [p−, p+], |θ| ≤ e
1

p−
}
.

athering (2.25), (2.26), we may write

−Iq − Ip ≤
∫ t

0

∫
Ω

(M̂qτ − M̃pτ ) dxdτ =
∫
Ω

(
M̂(q(x, t) − q(x, 0)) − M̃(p(x, t) − p(x, 0))

)
dx

≤
∫
Ω

(
M̂q(x, t) + M̃p(x, 0)

)
dx ≤ |Ω |

(
M̂q+ + M̃p+

)
=: M. (2.27)

Let us claim that
E(0) +M < 0. (2.28)

Since Em(0) → E(0) as m → ∞, it follows from the choice of the sequence {u(m)
0 } that Em(0) +M < 0 for

the sufficiently large m. Moreover, since at ≤ 0 and bt ≥ 0, it follows from (2.24) and (2.28) that∫ t

0
∥u(m)

τ (·, τ)∥2
W

1,2
0 (Ω)

dτ + Em(t) ≤ −M

for the sufficiently large m. Hence, Em(t) ≤ 0 for all t ∈ (0, t∗).
Let the data satisfy the conditions of Lemma 2.1. By using (2.11) we deduce that∫

Ω

a|∇u(m)|
p
dx ≤

∫
Ω

b|u(m)|
q
dx ≤ ϵ

∫
Ω

a|∇u(m)|
p
dx+ C + C ′∥u(m)∥λ

2,Ω ≤ ϵ

∫
Ω

a|∇u(m)|
p
dx+ C ′′

with an arbitrary ϵ > 0 and a constant C ′′ depending on ∥u0∥W 1,p(·,0)(Ω) and ϵ but independent of m. Thus,
for every t ∈ (0,Θ) both terms of Em(t) are bounded by an independent of m constant.

If the conditions of Lemma 2.2 are fulfilled, then both terms of Em(t) are uniformly bounded by virtue
of the embeddings W 2,2

0 (Ω) ⊂ Lq+(Ω), W 2,2
0 (Ω) ⊂ W 1,p+

0 (Ω). □

2.2. Proof of Theorem 2.1

The uniform estimates of Lemmas 2.1, 2.2, 2.3 allow one to extract a subsequence with the following
convergence properties: there exist u(x, t) and η such that

u(m) → u in C0([0,Θ ];L2(Ω))and a.e. inQΘ(Aubin–Lions Lemma), u(m)
t ⇀ ut in L2(0,Θ ;W 1,2

0 (Ω)),
∇u(m) → ∇ u in C

1
2 ([0,Θ ]; (L2(Ω))d), ∇u(m) ⇀ ∇ u in (Lp(·)(QΘ))d,

a(x, t)|∇u(m)|
p(x,t)−2

∇u(m) ⇀ η in (Lp′(·)(QΘ))d,

b(x, t)|u(m)|
q(x,t)−2

u(m) ⇀ b(x, t)|u|q(x,t)−2u in Lq′(·)(QΘ) [13, Ch.1,Lemma 1.3].

y the method of construction, for every m and k ≤ m∫ (
u

(m)
t ξk + ∇u(m)

t · ∇ξk + a|∇u(m)|
p−2

∇u(m) · ∇ξk − b|u(m)|
q−2

u(m)ξk

)
dxdt = 0
QΘ

9
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for every ξk ∈ Nk. By letting m → ∞ we obtain the equality∫
QΘ

(
utξk + ∇ut · ∇ξk + η · ∇ξk − b|u|q−2

uξk

)
dxdt = 0. (2.29)

ince Wp(·)(QΘ) =
⋃∞

k=1 Nk (see Appendix), the same equality holds for every ξ ∈ Wp(·)(QΘ). For the
roof we take a sequence ξk → ξ in Wp(·)(QΘ) and pass to the limit in (2.29) as k → ∞. The limit η is
dentified by the standard monotonicity arguments. The initial condition is fulfilled by continuity.

To prove identity (2.6) we fix t, t+ h ∈ (0, t∗), h > 0, and choose u for the test-function in identity (2.1).
ividing by h we have

1
h

∫ t+h

t

∫
Ω

(uτu+ ∇uτ · ∇u+ a|∇u|p − b|u|q) dxdτ = 0.

y the Lebesgue differentiation theorem, for a.e. t each term of this equality has a limit as h → 0, whence
2.6). Inequality (2.7) follows from (2.23) and the Fatou lemma, the inequality E(t) < 0 is an immediate
onsequence of (2.7).

. Blow up of a local solution

Let u(x, t) be a local solution of problem (1.1). Introduce the function

f(t) = 1
2

∫ t

0
∥u(·, τ)∥2

W 1,2(Ω) dτ (3.1)

and assume that the solution u(x, t) satisfies inequality (2.7). By choosing u for the test-function in (2.1)
we conclude that the energy equality (2.6) is fulfilled. By virtue of this inequality, for every t ∈ (0, t∗)

f ′(t) = 1
2∥u(·, t)∥2

W 1,2(Ω) = 1
2∥u0∥2

W 1,2(Ω) +
∫ t

0

∫
Ω

(b|u|q − a|∇u|p) dxdτ ≥ 0. (3.2)

It follows then from (2.7) that for a.e. t ∈ (0, t∗)

f ′′(t) =
∫
Ω

(uut + ∇u · ∇ut) dx =
∫
Ω

(b|u|q − a|∇u|p) dx. (3.3)

Theorem 3.1. Let u(x, t) we a local solution of problem (1.1) such that inequality (2.7) is fulfilled. Assume
that the exponents p(x, t), q(x, t) satisfy one of the following conditions:

(i) there is δ > 0 such that

2 ≤ p− ≤ p+(t) ≤ max{4(1 + δ), p+(t)} < q−(t), t ∈ [0, T ]; (3.4)

ii)
2 < p−(t) ≤ p+(t) < q−(t), t ∈ [0, T ]. (3.5)

Then the local solution u(x, t) blows-up in a finite time: there exists T ∗ < ∞ such that

∥u(·, t)∥2
W 1,2(Ω) ↗ ∞, as t ↗ T ∗.

Remark 3.1. The assertions of Theorem 3.1 are independent of the conditions of the existence Theorem 2.1
and apply to every local solution of problem (1.1), provided (2.7) is fulfilled. The conditions of these theorems
are compatible. Assumptions (3.4) agree with the assumptions (ii) of Theorem 2.1 if u0 ∈ W 2,2

0 (Ω), ∂Ω ∈ C3,
and (2.4) holds. Under assumptions (3.5) problem (1.1) admits a local solution if u0 ∈ W

1,p(·,0)
0 (Ω), ∂Ω ∈ Ck,

and the second inequality of (2.3) is fulfilled.

Remark 3.2. Under the conditions of the existence theorem, the lower bounds for the blow-up moment
T ∗ follow from Corollaries 2.1, 2.2.
10
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3.1. Proof of Theorem 3.1(i)

Assumption (3.4) allows one to find a positive function λ(t) such that

1
q−(t) < λ(t) < 1

max{4(1 + δ), p+(t)} . (3.6)

e multiply equality (3.3) by λ(t) and add the resulting equality to inequality (2.7) integrated over the
nterval (0, t):

E(t) + λ(t)
∫
Ω

(−a|∇u|p + b|u|q) dx+
∫ t

0
∥uτ (·, τ)∥2

W 1,2(Ω) dτ ≤ λ(t)f ′′(t).

This inequality can be continued as follows:∫ t

0
∥uτ (·, τ)∥2

W 1,2(Ω) dτ +
∫
Ω

(
a−
(

1
p+(t) − λ(t)

)
|∇u|p + b−

(
λ(t) − 1

q−(t)

)
|u|q
)
dx ≤ λ(t)f ′′(t). (3.7)

e adapt the method from [8, pp. 258–261], which was applied to parabolic equations with variable
onlinearity. Let us denote by T ∗ the time of existence of the solution u:

T ∗ = sup{t > 0 : f ′(s) < ∞ for s < t}.

ince ut ∈ L2(0,Θ ;W 1,2
0 (Ω)) for some Θ > 0, and f ′(0) < ∞, it is necessary that T ∗ > 0. The solution

(x, t) blows-up in finite time if T ∗ is finite. By virtue of (3.6) and (3.7)

0 <
∫ t

0
∥uτ (·, τ)∥2

W 1,2(Ω) dτ ≤ λ(t)f ′′(t). (3.8)

Using Hölder’s inequality and (3.8), we obtain the following chain of relations:

(f ′(t) − f ′(0))2 =
(∫ t

0

d

dτ

(
1
2∥u(·, τ)∥2

W 1,2(Ω)

)
dτ

)2

=
(∫ t

0

(∫
Ω

(uuτ + ∇u · ∇uτ ) dx
)
dτ

)2

≤

(∫ t

0

(
∥u∥2,Ω∥uτ ∥2,Ω + ∥∇u∥2,Ω∥∇uτ ∥2,Ω

)
dτ

)2

≤
(∫ t

0
(2f ′(τ)) 1

2 (∥uτ ∥2,Ω + ∥∇uτ ∥2,Ω ) dτ
)2

≤ 2f(t)
∫ t

0

(
∥uτ ∥2,Ω + ∥∇uτ ∥2,Ω

)2

dτ ≤ 4f(t)
∫ t

0
∥uτ (·, τ)∥2

W 1,2(Ω) dτ ≤ 4λ(t)f(t)f ′′(t)

≤ 1
1 + δ

f(t)f ′′(t). (3.9)

The last inequality leads to the second-order differential inequality for f(t):

(1 + δ) (f ′(t) − f ′(0))2 ≤ f(t)f ′′(t), f(0) = 0, f ′(t) > 0, f ′′(t) > 0. (3.10)

We want to prove that the function f ′(t) becomes unbounded at a finite moment. Let us show first that
f f ′(t) exists for all t > 0, it is necessary that f ′(t) ↗ ∞ as t → ∞. Assume the contrary: there exists a
ositive constant L such that 0 ≤ f ′(t) ≤ L for all t > 0. The function f is strictly positive by definition, f ′′

s strictly positive and increasing by virtue of (3.8), while f ′ is strictly positive and monotone increasing due
o the Lagrange intermediate value theorem. Fix an arbitrary τ > 0. By assumption f(t) ≤ f(0) +Lt = Lt,
nd by virtue of (3.10)

1 + δ ≤ f ′′(t)
′ ′ 2 in (τ, t).
Lt (f (t) − f (0))
11
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A straightforward integration of this inequality over the interval (τ, t) leads to the contradiction:

L ≥ f ′(t) − f ′(0) ≥ f ′(τ) − f ′(0)

1 − 1 + δ

L
(f ′(τ) − f ′(0)) ln t

τ

≥ L+ 1,

rovided that t ≥ τ exp
(

L
1+δ

(
1

f ′(τ)−f ′(0) − 1
L+1

))
. Thus, if f ′(t) exists for all t > 0, then f ′(t) ↗ ∞ as

→ ∞. It follows that there exists a moment t0 and a constant 1 < ν < 1 + δ such that

(f ′(t) − f ′(0))2 ≥ ν

1 + δ
(f ′(t))2 for t ≥ t0.

his observation allows one to continue (3.9) as follows:

ν(f ′(t))2 ≤ (1 + δ) (f ′(t) − f ′(0))2 ≤ f ′′(t)f(t) for t ≥ t0.

ssuming that f ′(t) remains bounded for all finite t, we rewrite this inequality in the form

νf ′(t)
f(t) ≤ f ′′(t)

f ′(t) , t > t0.

ntegrating the last inequality over the interval (t0, t), we derive:

f ′(t)
fν(t) ≥ K, K = f ′(t0)

fν(t0) , ν > 1. (3.11)

ntegration of (3.11) yields the inequality

fν−1(t) ≥ fν−1(t0)

1 − (ν − 1)f
′(t0)
f(t0) (t− t0)

↗ ∞ as t ↗ T ∗≤t0 + f(t0)
(ν − 1)f ′(t0) .

ubstituting it into (3.11), we conclude that f ′(t) becomes infinite as t ↗ T ∗.

.2. Proof of Theorem 3.1(ii)

Combining (2.7) with
(3.3), and using a(x, t) q−(t)−p(x,t)

p(x,t) ≥ a− q−(t)−p+(t)
p+(t) , we obtain the inequality

f ′′(t) =
∫
Ω

qb|u|q

q
dx−

∫
Ω

a|∇u|p dx ≥ q−(t)
∫
Ω

b|u|q

q
dx−

∫
Ω

a|∇u|p dx± q−(t)
∫
Ω

a|∇u|p

p
dx =

= q−(t)
∫
Ω

(
b|u|q

q
− a|∇u|p

p

)
dx+

∫
Ω

a
(q−(t) − p)

p
|∇u|p dx

≥ q−(t)
∫
Ω

(
b|u|q

q
− a|∇u|p

p

)
dx+ a− q

−(t) − p+(t)
p+(t)

∫
Ω

|∇u|p dx =: I1(t) + I2(t). (3.12)

ince E(t) ≤ 0, then I1(t) = −q−(t)E(t) ≥ 0, and (3.12) takes on the form

f ′′(t) ≥ a− q
−(t) − p+(t)
p+(t)

∫
Ω

|∇u|p dx. (3.13)

plitting Ω into the subsets Ω+(t) = {x ∈ Ω : |∇u| > 1}, Ω−(t) = Ω \Ω+(t), and using Hölder’s inequality,
e estimate:(∫

±
|∇u|2 dx

) p∓(t)
2

≤

(∫
±

|∇u|p
∓(t)

dx

)
|Ω |

p∓(t)
2 −1 ≤

(∫
±

|∇u|p dx

)
|Ω |

p∓(t)
2 −1

.

Ω (t) Ω (t) Ω (t)

12
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Inequality (3.13) leads then to the inequality

f ′′(t) ≥ a− q
−(t) − p+(t)
p+(t)

(∫
Ω−(t)

|∇u|p
+(t)

dx+
∫
Ω+(t)

|∇u|p
−(t)

dx

)

≥ a− q
−(t) − p+(t)
p+(t)

(
|Ω |1− p+(t)

2 ∥∇u∥p+(t)
2,Ω−(t) + |Ω |1− p−(t)

2 ∥∇u∥p−(t)
2,Ω+(t)

)
≥ a− q

−(t) − p+(t)
p+(t) min

{
|Ω |1− p−(t)

2 , |Ω |1− p+(t)
2

}(
∥∇u∥p+(t)

2,Ω−(t) + ∥∇u∥p−(t)
2,Ω+(t)

)
≥ C∗

(
∥∇u∥p+(t)

2,Ω−(t) + ∥∇u∥p−(t)
2,Ω+(t)

)
(3.14)

with the constant C∗ = a− inft∈(0,T )
q−(t)−p+(t)

p+(t) inft∈(0,T ) min
{

|Ω |1− p−(t)
2 , |Ω |1− p+(t)

2
}

. Inequality (3.14)
ields the inequalities

(f ′′(t))
2

p+(t) ≥ C
2

p+(t)
∗

∫
Ω−(t)

|∇u|2 dx, (f ′′(t))
2

p−(t) ≥ C
2

p−(t)
∗

∫
Ω+(t)

|∇u|2 dx,

whence

(f ′′(t))
2

p+(t) + (f ′′(t))
2

p−(t) ≥ C∗
∫
Ω

|∇u|2 dx, C∗ = inf
t∈(0,T )

min
{
C

2
p−(t)
∗ , C

2
p+(t)
∗

}
. (3.15)

By the Poincaré inequality ∥u∥2
2,Ω ≤ 1

λ1
∥∇u∥2

2,Ω where λ1 is the least eigenvalue of problem (A.1), it follows
hat

f ′(t) = 1
2

∫
Ω

(
u2 + |∇u|2

)
dx ≤ Ĉ

∫
Ω

|∇u|2 dx, Ĉ = 1
2

(
1 + 1

λ1

)
,

nd (3.15) takes on the form

(f ′′(t))
2

p+(t) + (f ′′(t))
2

p−(t) ≥ C̃f ′(t), C̃ = C∗Ĉ−1.

ince f ′(t) > f ′(0) > 0, it follows that

f ′′(t) ≥ 1
2 min

{
C̃

p+(t)
2 , C̃

p−(t)
2

}
min

{
(f ′(t))

p+(t)
2 , (f ′(t))

p−(t)
2

}
=

= 1
2 min

{
C̃

p+(t)
2 , C̃

p−(t)
2

}
min

{(
f ′(t)
f ′(0)

) p+(t)
2

(f ′(0))
p+(t)

2 ,

(
f ′(t)
f ′(0)

) p−(t)
2

(f ′(0))
p−(t)

2

}

≥ Dmin

⎧⎨⎩
(
f ′(t)
f ′(0)

) p+(t)
2

,

(
f ′(t)
f ′(0)

) p−(t)
2

⎫⎬⎭ ≥ D

(
f ′(t)
f ′(0)

) p−
2

= D̃ (f ′(t))
p−
2 (3.16)

ith the constants D := 1
2 inft∈(0,T ) min

{
C̃

p+(t)
2 , C̃

p−(t)
2

}
inft∈(0,T ) min

{
(f ′(0))

p−(t)
2 , (f ′(0))

p+(t)
2

}
, D̃ :=

D

f ′(0)
p−
2

. Integration of (3.16) leads to the estimate

f ′(t) ≥ f ′(0)(
1 − (µ− 1)tD̃(f ′(0))µ−1

) 1
µ−1

, µ = p−

2 > 1,

hence
f ′(t) = 1∥u(·, t)∥2

W 1,2(Ω) ↗ ∞ as t ↗ T ∗≤ 1˜ ′ µ−1
.
2 (µ− 1)D(f (0))

13
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Appendix. The function spaces

The natural framework for the study of PDEs with variable nonlinearity is furnished by the variable
Lebesgue and Sobolev spaces. A detailed exposition of the theory of these spaces can be found in a number
of sources, see, e.g. [14]. Below we collect several basic facts on the variable spaces, which are used throughout
the text. Let Ω be a Lipschitz domain and p : Ω ↦→ [p−, p+] ⊂ (1,∞) be a given continuous function, p± are
nown constants. Let

Lp(·)(Ω) =
{
u is measurable on Ω : ρp(·)(u) ≡

∫
Ω

|u(x)|p(x)
dx < ∞

}
.

he set Lp(·)(Ω) equipped with the norm ∥u∥p(·),Ω = inf
{
λ > 0 : ρp(·)

(
u
λ

)
≤1
}

becomes a Banach space.
he space Lp(·)(Ω) is separable if 1 < p− ≤ p(x) ≤ p+ < ∞. We will use the following properties of the

spaces Lp(·)(Ω).

• If p1, p2 ∈ C0(Ω) and p1(x) ≥ p2(x) in Ω , then Lp1(·)(Ω) ⊂ Lp1(·)(Ω) and for every u ∈ Lp1(·)(Ω)
∥u∥p2(·),Ω ≤ C(|Ω |, p±

1 )∥u∥p1(·),Ω .
• The generalized Hölder inequality: if u ∈ Lp(·)(Ω), v ∈ Lp′(·)(Ω), where p′(x) = p(x)

p(x)−1 is the conjugate
of p(x), then

∫
Ω
uv dx ≤ 2∥u∥p(·),Ω∥v∥p′(·),Ω .

• The relations between the norm ∥ · ∥p(·),Ω and the modular ρp(·)(·) are given by the inequalities

min
{
ρ

1
p+
p(·)(u), ρ

1
p−
p(·)(u)

}
≤ ∥u∥p(·),Ω ≤ max

{
ρ

1
p+
p(·)(u), ρ

1
p−
p(·)(u)

}
.

The variable Sobolev space W 1,p(·)(Ω) is the set
{
u ∈ Lp(·)(Ω) : |∇u| ∈ Lp(·)(Ω)

}
equipped with the norm

u∥W 1,p(·)(Ω) = ∥u∥p(·),Ω + ∥∇u∥p(·),Ω , and W
1,p(·)
0 (Ω) = W 1,p(·)(Ω) ∩W 1,1

0 (Ω).

• If p ∈ C0(Ω) and u ∈ W
1,p(·)
0 (Ω), then the Poincaré inequality holds, ∥u∥p(·),Ω ≤ C∥∇u∥p(·),Ω , which

makes ∥∇u∥p(·),Ω the equivalent norm of W 1,p(·)
0 (Ω).

• If p ∈ Clog(Ω), i.e., is continuous with the logarithmic modulus of continuity, |p(x) − p(y)| ≤ C ln 1
|x− y|

for all x, y ∈ Ω , |x− y| < 1
2 , then the set C∞

0 (Ω) (smooth functions with compact support) is dense in
W

1,p(·)
0 (Ω). The space W 1,p(·)

0 (Ω) can be equivalently defined as the closure of C∞
0 (Ω) with respect to

the norm ∥ · ∥W 1,p(·)(Ω).
• Let {ψi}, {λi} be the sequences of eigenfunctions and eigenvalues of the Dirichlet problem for the Laplace

operator in Ω :
(∇ψi,∇ϕ)2,Ω = λi(ψi, ϕ)2,Ω ∀ϕ ∈ W 1,2

0 (Ω). (A.1)

Let us denote Pm = span{ψ1, . . . , ψm}. If p ∈ Clog(Ω) and ∂Ω ∈ Ck with k ≥ 1 + d
(

1
2 − 1

p+

)
, then⋃∞

m=1 Pm is dense in W
1,p(·)
0 (Ω) (see [15, Lemma 2.1] for the proof). If ∂Ω ∈ C2, the set {ψi} is dense

in W 2,2
0 (Ω).

• Let QT = Ω × (0, T ) and p : QT ↦→ [p−, p+] be a function from Clog(QT ). We define the spaces of
functions defined on QT

V (Ω) =
{
u : u ∈ L2(Ω) ∩W 1,1(Ω), |∇u|p(x,t) ∈ L1(Ω)

}
, t ∈ (0, T ),
p(·,t) 0

14
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Wp(·)(QT ) =
{
u : (0, T ) ↦→ Vp(·,t)(Ω) : u ∈ L2(QT ), |∇u|p(x,t) ∈ L1(QT )

}
,

and equip Wp(·)(QT ) with the norm ∥u∥Wp(·)(QT ) = ∥u∥2,QT
+ ∥∇u∥p(·),QT

.
• The set

⋃∞
m=1 Nm is dense in Wp(·)(QT ), where Nm =

{∑m
i=1 θi(t)ψi(x), θi ∈ C1[0, T ]

}
.
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