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Stability for Evolution Equations with
Variable Growth

Sergey Shmarev®, Jacson Simsen and Mariza Stefanello Simsen

Abstract. We study the homogeneous Dirichlet problem for the evolution
p(z,t)-Laplacian with the nonlinear source

u, — div (|vu|P<Ivt>*2vu) = f(z,t,u), (2,t)€Q=Qx(0,T).

Here, Q C R™ is a bounded domain, n > 2, and p(z,t) is a given function
p(): Q— (73:2 ,pT], pT < oco. It is shown that the solution is stable with
respect to perturbations of the exponent p(z,t), the nonlinear source
f(x,t,u), and the initial datum. We obtain quantitative estimates on
the norm of the difference between two solutions in a variable Sobolev
space through the norms of perturbations of the exponent p(z,t) and
the data u(z,0), f. Estimates on the rate of convergence of solutions of

perturbed problems to the solution of the limit problem are derived.
Mathematics Subject Classification. 35K55, 35K92, 35B35.

Keywords. Nonlinear parabolic equation, variable growth, p(z, t)-Laplacian,
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1. Introduction

The paper addresses the question of continuous dependence on the data for
the solutions of the Dirichlet problem for the quasilinear parabolic equations
with variable nonlinearity. We consider the problem

u — Apyu = f(z,u)  in Q,
u=00n0 x (0,7, (1.1)
u(z,0) = up(z)in €,

where Q@ C R™, n > 2, is a bounded domain, @ =  x (0,T) is the cylinder of

the finite height T'. By z = (x,t) we denote the points of (). The differential
operator
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Apyu = div (|Vu|p(z)_2Vu)

with a given function p : @ — (1,00) is a generalization of the classical p-
Laplacian operator with constant p. The right-hand side of equation (1.1)
is a given function of its arguments. We will distinguish between the cases
where f is a given function of the independent variables z € @, or depends
also on the solution u(z). In the latter case, we consider either the nonlinear
sources of the form

f(z,8) = —=a|s]” P75 + fo(2) (1.2)

with a given function o : Q — [2,00), a = const, and fy in a suitable Lebesgue
space, or f(z,u) = ¢(u) + fo(z) with a Lipschitz-continuous function ¢(-).

By now, the theory of PDEs with variable nonlinearity accounts for nu-
merous results on the issues of existence, uniqueness, and qualitative proper-
ties of solutions. The results on the character of dependence of solutions to
problem (1.1) on the data and the nonlinear structure of the equations are
scarce, albeit the study of the stability of the mathematical models based on
PDEs is important to ensure applicability of the theory to real-world prob-
lems because the mathematical models are built, in general, on approximate
experimental data.

It is known that the solutions of the Dirichlet problem for the evolution
p(z)-Laplace equation and the source term (1.2) with o(z) = p(2), fo = 0 and
a > 0 are stable with respect to the initial data [7]: the solutions of problem
(1.1) corresponding to the initial data wug, v satisfy the estimate

lu(-t) — v(-,t)||§,9 < |luo — v0||§,9 for a.e. t € (0, 7).

Similar stability estimates in L?(2) were proven in [9] for the solutions of
parabolic systems with nonstandard growth and a cross-diffusion term. The
p(z)-Laplacian is a prototype of the operators with nonstandard growth con-
sidered in [7,9]. In [16], the stability estimates in L'(€) with respect to the
initial data were derived for the solutions of anisotropic parabolic equations
with double variable nonlinearity, convective terms, and possible degeneracy
on the lateral boundary of the problem domain.

Continuity of solutions of equation (1.1) with respect to the variable
exponent p and convergence to the solution of the limit problem was discussed
in papers [12-15]. In these works, continuity in C([0,T]; L?(£2)) is proven for
the solutions of degenerate equations with p = p(z) > 2. These restrictions
are due to the method of the study, based on the analysis of the semigroup
generated by the operator —A,.y in L2(Q).

Another approach to this problem was developed in [10,11]. In [10], the
continuity of solutions of the evolution p-Laplace equation with respect to
p was considered for the Dirichlet problem in a cylinder, and in [11] for the
Cauchy problem with constant p. It is shown in [10] that the solutions of the
problem

u—Apu=01in Q, u = ¢ on the parabolic boundary of @  (1.3)

with constant p > 2 and a sufficiently regular boundary 0f2 are continuous
with respect to the perturbation of the exponent p. If p; — p and u; are the
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corresponding solutions of problem (1.3), then there exists ¢ > 0 such that
w; — win LPTE(0,T; WHPT€(Q)) where u is the solution of the limit problem.
A specific difficulty is that the solutions corresponding to different p; belong
to different energy spaces prompted by equation (1.3):

/ (lwi]P* 4+ |V |P?) dz < 0.
Q

This difficulty is overcome due to the property of the global higher inte-
grability of the gradient. It turns out that there exists ¢ > 0 such that
|Vu;| € LP*¢(Q) for sufficiently large i, which allows one to conclude that
the sequence {u;} is a Cauchy sequence in this space and converges to the
solution of the limit problem.

In the stationary case, it is shown in [6] that the solutions of the obsta-
cle problem for elliptic equations with nonstandard growth are stable with
respect to perturbations of their nonlinear structure. The p(x)-Laplace equa-
tion is a prototype of the class of equations studied in [6], where the global
higher integrability of the gradient is also one of the main ingredients in the
proof of stability.

In the present paper, we are interested in the continuity of solutions
of problem (1.1) with respect to the initial data wug, the source f in the
form (1.2), and the exponents of nonlinearity p(z), o(z). We find sufficient
conditions of continuity and estimate the moduli of continuity with respect
to each component of the vector {p(z),uq, fo,o(z)} (the data). The proof
of continuity with respect to p(z) relies on the property of global higher
integrability of the gradient. This property is derived in [3] for the solutions of
problem (1.1) with f(z,u) = f(z) under certain assumptions on the regularity
of the variable exponent p(z) and the data wg, f, which allow one to show
also that the corresponding solution possesses better regularity than the weak
solutions. Such solutions are called the strong solutions—see Definition 3.1.
The results on continuity are formulated in terms of the norm in a variable
Sobolev space of the difference between a strong solution corresponding to
a regular exponent p(z) and the weak solution of the same problem with an
exponent ¢(z).

Organization of the paper. In Sect. 2, we introduce the variable Lebesgue
and Sobolev spaces and collect their basic properties. Section 3 is devoted
to the study of problem (1.1) with the source term f(z) independent of w.
The main result is given in Theorem 3.5. Let us illustrate it by the following
example. Assume that

o0 ect plnal) Qe (Z2.0), B S e LO.TIWEER)
and

/ |Vauo|*® dz < oo with s(z) = max{2, p(z)}.
Q

If p(-) is Lipschitz-continuous in @, ¢(-) is continuous in @ with a logarithmic
modulus of continuity, and —a < p(z) —¢(z) < v with positive constants o,y
depending only on n (condition (3.9)), then the solutions of problem (1.1)
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u, v with the exponents p and ¢, and the same initial datum and the source
term, satisfy the inequality

qat a_
I = vll7oe 0,720 + /Q Vu = Vol'® dz < C (R +R +R2> (1.4)
where
R = sup (Ip— q\q%l) , ¢t =supq, ¢ =infq.
Q Q Q

The constant C' depends on the structural constants and the norms of u
and v in the corresponding energy spaces, which are estimated through the
data. It is worth noting that we do not distinguish between the degenerate
and singular equations, i.e., p(z),q(z) > 2, or 1 < p(2),q(z) < 2. Moreover,
the regions of degeneracy and singularity of the equations for v and v may
overlap but need not coincide. In the general case where the solutions u and
v correspond to different initial data ug, vg and the source terms f;, fo, the
constant R depends also on ||ug — vol|2,0 and || fi — fa]|2,¢. In Theorem 3.10,
we present results on convergence of families of strong solutions of problem
(1.1) to weak (strong) solutions of the limit problem.

In Sect. 4, we consider problem (1.1) with a nonlinear source. The main
attention is paid to the case of the source of the form (1.2) with a > 0. The
study is confined to the class of exponents o(z) for which the existence of
a weak solution u(z) is already known. This fact allows one to consider the
nonlinear source f(z,u(z)) as a given function of the independent variable z
and apply the results of Sect. 3, which is possible for degenerate equations
under the following assumptions on the range of the exponents in (1.1) and
(1.2):

2<p(2), 2<0(:<1+ 207
We derive estimates of the type (1.4) for the solutions of problem (1.1) and
(1.2) corresponding to the data {p(z),uo(x), fo(2),0(2)} and {q(z),vo(x),
go(2), u(2)} with R depending also on sup, |o(2) — p(z)| and the norms of
ug — Vg, fo— go- This result is true if at least one of the sets of data produces
a strong solution.

In Sect. 4.3, we extend the results to the nonlinear sources of the form
f(z,8) = ¢(s) + fo(z) with the same Lipschitz-continuous, not necessarily
sign-definite function ¢. Since ¢(s) is no longer assumed to be sign-definite,
the norm of the difference between two solutions is estimated by the same
quantity as in the case (1.2) with a > 0, but with a coefficient that grows
exponentially in time.

2. Preliminaries

We collect here the background information on the variable Lebesgue and
Sobolev spaces used throughout the paper. We refer to the monograph [4] for
further information, and also to [2, Ch.1] and [5] for the properties of spaces
of functions defined on cylinders.
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Let 2 be a bounded domain with Lipschitz-continuous boundary 02 and
p:Q—[p7,p"] C (1,00) be a measurable function. Define the functional

P () = /Q (@) de

(the modular). The set
LPO(Q) = {f : Q — R : f is measurable on Q, ppy (f) < o0}

equipped with the Luxemburg norm

Hf”p(-),ﬂ = inf {)\ >0 ppey (i) < 1}

is a reflexive and separable Banach space and C§°(Q2) is dense in LP()(Q).
The modular p,.)(f) is lower semicontinuous. By the definition of the norm

. - + +
min{[[f17) - 1150 o} < ey (f) < max{[F15) os 117y o} (2:1)
The dual of LPO)(Q) is the space LP'()(Q) with the conjugate exponent p’ =
Ll' For f € LP()(Q) and g € Lp'(')(Q), the generalized Holder inequality
p—
holds:

L < (5 + )

Let p1,p2 be two bounded measurable functions in 2 such that 1 < p;(x) <
p2(z) a.e. in Q. Then, LP2()(Q) is continuously embedded in LP*()(Q) and

Vue LP2OQ)  ullp,y0 < CUL 0T p3) ullpy(),0

. (2.2)

The variable exponent Sobolev space VVO P0) () is defined as the set of func-
tions

WP (Q) = {u: Q=R | ue LPOQ) nWE(Q), |Vu| € LPO(Q)}
equipped with the norm
[ullyyarer @) = llullpey.e + 1Vellpe) 0

Let p € Clog(9), i.e., the exponent p is continuous in Q with the logarithmic
modulus of continuity:

Ip(z1) — p(2)| < w(lzy — 2)), (2:3)

where w(7) is a nonnegative function satisfying the condition

1
lim sup w(7) In () =C < 0.
T—0t T
Then, C§° () is dense in VVO1 P (')(Q) and the Poincaré inequality holds: for
all u € Wy PO (Q)
[ullpe).e < CliVullpe).0

with a constant C' independent of u(z). The dual of WO1 p(')(Q), denoted
W'(€2), is the set of bounded linear functionals over W 4 )(Q): O c W'(Q)
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iff there exist & € LP'O)(Q), ®; € LF'O(Q), i = 1,...,n, such that for all
ue Wo"(Q)

Q i=1

LPO(Q) = {f : Q — R : f is measurable on Q, ppy (f) < o0}

For the study of parabolic problems we need the spaces of functions
depending on z = (z,t) € Q. Let us define the spaces

Vi) ={u:Q >R |ue L2Q) nWy ' (Q), [VuP@t e LY(Q)}, te(0,T),
W,)(Q) = {u: (0,T) = Vi(Q) | u € L*(Q), |Vu'™ € L'(Q)}.
The space W,,y(Q) is equipped with norm

lullw, @ = llullze + Vel .-
The dual W;(.)(Q) of the space W,(.)(Q) is the set of bounded linear func-
tionals over W,y(Q): ® € W;(,)(Q) iff there exists ®q € L*(Q), ®; €
LF'0)(Q), i =1,...,n, such that for all u € W,,(Q)

(P, u) :/ <u<I>O+ZumifI>i> dz.
Q@ i=1

Let Ciog(Q) be the set of functions satisfying condition (2.3) in the closure

of the cylinder Q. If u € W,((Q), u; € W;(i)(Q) and p(z) € Clog(Q), then

1 t=T
/ uup dz = 7/ u?(z,t) dx’ . (2.4)
Q 2 QO t=0

By convention, throughout the text C' denotes the constants which can
be computed or estimated through the data but whose exact values are unim-
portant. The symbol C' may be used for different constants inside the same
formula, and may even vary from line to line.

Whenever it does not cause a confusion, we omit the arguments of the
variable exponents of nonlinearity.

We repeatedly use the Young inequality in the following form: for all
a,b>0and r>1

r
r—1°

In particular, fora =1, b =¢® with ¢ > 0 and r > s > 1 we have ¢® <14 ¢".

1 1 ’ ’
a-b<—a"+ b <a" +0b", =
T T

3. Evolution p(z)-Laplace Equation

In this section, we study the problem

uy — div (|Vu|p(z)_2Vu) =f(z) mQ=Qx(0,T),
u=0 on 002 x(0,T), (3.1)
u(z,0) =up(x) in £,
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where Q) C R, n > 2, is a domain with the boundary 09 € C?, the height
T of the cylinder @ is an arbitrary finite number, f(z) and p(z) are given
functions whose properties will be specified later.

3.1. Weak and Strong Solutions
Definition 3.1. A function v : @ — R is called weak solution of problem (3.1)
if

(a) ue ([0, T]; L*(Q)) N Wy (Q), ur € (W,(Q))'s

(b) for every ¢ € W,(Q),

/ (g + [VulP>Vu - Vo) dz = / fodz; (3.2)
Q Q
(c) for every ¢ € L%(9)
/(u(m,t) —ug)p(z)dr -0 ast— 0F;
Q
(d) a weak solution is called strong solution if
uw € L*(Q),  |VulP®) € L>(0,T; L'(Q)).

We will need the following known assertions on the existence and unique-
ness of weak and strong solutions to problem (3.1).

Theorem 3.2 [1,5]. Let 9Q € Lip, p(z) € Ciog(Q), and

2n
n -+ 2

Then, for every ug € L*(Q) and f € L?(Q), problem (3.1 has a unique weak
solution such that

<p~ <p(z) <p' <oo, pt=const. (3.3)

ess sup [u(t)]|3 o +/ IVulP®) dz < C (luoll3 0 + |1 f
0,T) Qr

20)  (34)
with a constant C' depending on n and T'.

Theorem 3.3 [3]. Let f € L2(0,T; Wy*(Q)) and ug € Wol’s(')(Q) with s(z) =
max{2,p(z,0)}. Assume that OQ € C* and

esssup |Vp| + esssup |p| = L < o0. (3.5)
Q Q

Then, the weak solution u(z) of problem (3.1) is the strong solution and the
following estimate holds:

[[ue]|3, + ess sup / |Vu|*®) dz < C,  s(z) =max{2,p(z)}, (3.6
0,1)J0

with C = C (TL, T, aQ’pi, ||u0||W01=5(‘>(Q)7 ||f||L2(0,T;W01’2(Q)))' Moreover, fO?"
every

4p~

66 0’ *7 *:—’
(0,77) " p~(n+2)+2n
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there is a constant C, depending on the same quantities as the constant in

(3.6) and §, such that

/ [VuPE+ 4z < C. (3.7)
Q

The constants in (3.6) and (3.7) depend on 92 through the norm of the
parametrization of 02 in the local coordinate system.

Remark 3.4. The weak solutions of equation (3.1) also possess the property
of higher integrability of the gradient but only in the local setting—see, e.g.,
[3] for a brief review of the literature on this issue. In the local version of
(3.7), the integral is taken over any subcylinder Q' € @ and the constant C'
may depend on the distance between the parabolic boundaries of @ and Q’.
The local estimates for weak solutions may be continued up to the lateral
boundary of (), but the question of their extension up to the initial plane
{t = 0} is open.

3.2. Continuity with Respect to the Data
Let us assume that we are given two sets of data:
S1 = {p(2), f1(2),uo(x)} satisty the conditions of Theorem 3.3,

3.8
Sy = {q(2), f2(2),vo(x)} satisfy the conditions of Theorem 3.2. (38)

By Theorems 3.2 and 3.3, the corresponding solutions u(z) and v(z) are the
unique strong and weak solutions of problem (3.1) in the sense of Definition
3.1.

Let us assume that there exists a constant A € (0,7*) such that

—(g(z2) = D" =X <q(z) —p2) <7 =X VzeEQ. (3.9)

Accept the notation
R = lluo —voll30 + [1fr — f2l3,0 + sup p—q”.

The main result is the estimate on the difference between the strong
and the weak solutions in the norm of Wy((Q).

Theorem 3.5. Assume that 9 € C? and conditions (3.8), (3.9) are fulfilled
for the sets of data {p, f1,uo} and {q, f2,v0}. Let u(z), v(z) be the corre-
sponding strong and weak solutions of problem (3.1). Then,

at q_
ess sup [lu — vl|3 o(t) + /Q V(u—0)|1® dz < C <R+ Rz + R2> (3.10)

)

with a constant C' depending on T, n, 09, p*, ¢=, \, L, ||leL2 (OyT;WOl,Q(Q)),

1fellza@)s Tolyeco gy ol

The crucial ingredient of the proof of Theorem 3.5 is the property (3.7)
of global higher integrability of the gradient, which must hold for at least one
of the solutions u and v. The proof of (3.7) in [3, Th.2.1] requires an extra
regularity of the problem data. Since these regularity assumptions render the
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weak solution of problem (3.1) a strong solution, in the conditions of Theorem
3.5 we assume that at least one of the solutions is a strong solution in the
sense of Definition 3.1.

Lemma 3.6. Let the conditions of Theorem 3.5 be fulfilled. If u(x) is the
strong solution of problem (3.1), then

Vul € L1O@),  [VuP® e LT0(Q).
Proof. By (3.7), |Vu| € LPOFI(Q) for every § < r*. The inclusion |Vu| €

L10)(Q) follows from the second inequality in (3.9) and Young’s inequality
because q(z) < p(z) +7* — X: for § =7* — A

/|vu|q<z> dzg/ (1+|W|p<z)+5) dz§\Q|+/ V[P0 4z,
Q Q Q

The inclusion |Vu|P~ € L9(Q) is fulfilled if (p — 1)¢’ < p + r* — A. This
inequality can be written in the form

p—1 _ (p+rr—N—-0+r —)\)<171 o 1 _1+r —)\7
p+rt—A p+r*—A - q g  pF+rr—2A
which is equivalent to the first inequality in (3.9). O

Lemma 3.7. Under the conditions of Theorem 3.5, the following energy rela-
tion holds:

/(u—v)t(u—v) dz—i—/ (|VU‘P*2VU—|VU“1*2VU) -V(u—wv)dz

« @ (3.11)

~ [ (1= - v
Q

Proof. By Theorem 3.2 v € W (Q), v; € W(Q), by Theorem 3.3 and
Lemma 3.6 u € W4(Q) € W,(Q) with s(z) = max{p(z),q(2)}, and u; €
L*(Q). The function u, € L*(Q) can be identified as an element of W/ (Q):
for every g € W, (Q)

o] <
QR

It follows that u —v € W,(Q), (u—v); € W (Q). There is a sequence {¢y }
such that

o € CH([0,T]; Co(Q)), b — u—v in We(Q), (dr)e — (u—v), in Wi(Q).

Taking ¢ for the test-function in identities (3.2) for u and v, combining
the results, and then passing to the limit as k — oo we obtain equality
(3.11). O
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3.3. Proof of Theorem 3.5

Integrating by parts in the first term and then rearranging the second term
on the left-hand side, we rewrite (3.11) in the form

1
Sl —vl3a) + /Q (IVult2Vu — [Volt2V0) - V(u - v) d2

/Q(flf2)(UU)dZ+;||UOUO”§,Q (3.12)

+/ (IVu|??>Vu — [Vu|P">Vu) - V(u — v) dz.
Q

Let us accept the notation

Q*ZQQ{Z:q(z)<2}v Q+:Q\Q75{21Q(z)22},
Sy(u,v) = (|Vu\q_2Vu — V|97 V) - V(u — v),

I,= Sq(u,v)dz, I_= Sq(u,v)dz,
Q+ Q-

I=1,+1I_= / (|Vul|?™2Vu — V|7 ?Vv) - V(u — v) dz
Q
and rewrite equality (3.12) as follows:

1 1
gl vIBa® + 7= [ (7= ) =) de + Gl — vl

+/ (|Vul??Vu — |[VulP*Vu) - V(u — v)dz.
Q

(3.13)

Lemma 3.8. Under the conditions of Theorem 3.5
q_ at
/ IV(u—0)|1® dz < C <I+Iz +I2> (3.14)
Q
with a constant C' depending on T, n, 0, p*, ¢*, X\, L, ||f1HL2(O’T;WO1,2(Q)),
1f2llz2(@)s [1wollyyr<o ) llvollo.o-

Proof. We will make use of the well-known inequality: for all £, € R"”

|§ - <|q , q 2 27
(L+EP+ ¢ [€—¢* qe(1,2).
(3.15)

(11772 = 1¢1772¢) - (6 = Q) > C{



MJOM Stability for Evolution Equations Page 11 of 25 183

By Holder’s inequality (2.2) and relation (2.1) between the norm and
the modular,

/ |Vu — Vo|?3) dz

[ME)

:/ (U [Vul + (Vo) e (14 [Tl + Vo) ' [V(w - 0)) * dz
Q-

q

(1+ q
< 2max </ (1—|—|Vu|2+|Vv2)q22|V(u—U)|2dz> , </ )
Q- Q-

qt

1-9- 1-Z
X max (/ (1+|Vu|2+|Vv|2)gdz> , </ )
Q- Q-

By (3.15),

Il
o

a”  _at
J- < Cmax {1’2,1'_2 }

+

-
<t (1 [ wupraz s [ weras) gt
Q Q

a_ at 1_%
< C'max {I_Q,I_2 } (1 +/ [Vul dz+/ |Vv|qdz) .
Q Q

Due to estimates (3.4), (3.6) and property (3.7) of higher integrability of the
gradient for strong solutions, the second factor is estimated by a constant
depending only on the data. It follows that

q_ at
/ |Vu — Vo|?) dz < J_ < C'max {12,12 } .
Q

The estimate
/ Vu — Vol?®) dz < OT,
Q+

is an immediate consequence of (3.15). Gathering these inequalities we find
that

[ IF-ol@ a0 + 7
Q
L ar a_ at
<C <I+ +72* +71° > <C <I+I2 +I2>

with a constant C' = C (p*, ¢F, || Vull4(),0, [VVllg(),@)- The estimate on
Vullg),o follows from (3.4), [[Vull4.),q@ is estimated in (3.4), (3.6)
and (3.7). 0
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Equality (3.13) yields the inequality

Sl = vl a() + T < Zlluo — vl + 1fi — Falhallu — vl
+/ ||Vu|q72Vu - |Vu\p*2Vu| [V(u—v)|dz (3.16)
= +j§+j3~
Lemma 3.9. Under the conditions of Theorem 3.5,
m|303§@@»f«@W“> (3.17)

with a constant C depending on ||Vullq.) ., [IVullpiy,o, IVVllge)0-

Proof. By the generalized Holder inequality (2.2),
Js = / |[Vul"2Vu — |[VulP 7> Vu| [V(u - v)|dz
Q

< 2[[(IVul!™? = |[Vul[P~*)Vu

7 (),Q ”V(u - v)”q(-),Q-

By the Lagrange finite-increments formula,

1
d
Vult™2 — [VufP~? = [V 2 / & (1vufe0=0r) ag
0

1
= (Va2 [ [FuP ) a91n |Vl (g - p),
0

whence
(V|12 — |Vu[P~2) Vul?
1 q / (3.18)
§< | (wulreoe ot ) do) lg—pl7 == M.
0

For the sake of definiteness, let us assume first that g(z) > p(z). There are
two possibilities: Vu > 1 and |[Vu| < 1.

(a) |Vu| > 1. For every constant a > 0,

1 q
M < (/ (V=) (|Vu|~* In|Vul) d9> lg—p|?
0

< C| V|11 g — p|d

(3.19)

with the constant

’

q
Co = <sup s”‘lns) = (ae)*q' < (ae)*q+/(q+71).
(1,00)

Assumption (3.9) allows one to choose « in such a way that

A
(a=1+a) <p+r"—3.
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It suffices to take for a any positive number satisfying the inequality
A g —1
<4
@ 2pt +r*— A
Using Young’s inequality and (3.9), we find that at the points where |Vu| > 1
M<C, (1 + \VUI’J”*’%) p—ql”
with a constant C' independent of u.
(b) |[Vu| < 1. For every constant 3 > 0
M < [Vl @00 (17l 1n [Vul ) g — p|
< Cp| V| P17 g — p|?

with the constant

(3.20)

q/
Cp = <sup (Sﬁ| lns|)> _ (ﬂe)fq/ < (ﬂe)fq+/(q+,l).
(0,1)
Take 0 < 8 < p~ — 1. By Young’s inequality,
M < Cp (1+[Vul!) g - pl”
with an independent of u constant C.
If p(z) > q(z), we arrive at the same conclusion replacing p and ¢ in the
integrand of (3.18):
p—1l+a if > 1
|VU|P+9(Q*p)*1|1n|vu|| <C |vu| ) 1 |vu| = L
|Vuli=1=Fif |Vu| < 1.

Estimate (3.17) follows by integration of the estimates on M over @ and
using (3.7) and (3.4). O

Plugging (3.17) into (3.16), we continue (3.16) as follows:

1
lu=vlEe®)+T < C(lullae + Vl2e) 11 = foll2o
1 , - (3.21)
+ 5lluo — wollz.0 + ngp lp(2) —q(2)[**).

Using the inequalities [|ull2,¢ < |lullw, @), Ivll2.¢ < llvllw, (@), We obtain the
estimate

lu = vll3.0(t) +2Z < |lug - voll3 0

+C (|f1 — Jall2,@ + sgp Ip — q|q/> <CR

(3.22)

with a constant C' depending on T, n, 9Q, ¢*, L, |lullw,, |[v|]w,, where the
last two quantities are estimated through the data of problems (3.1) for u
and v.

The assertion of Theorem 3.5 immediately follows now from (3.22) and
(3.14). O



183 Page 14 of 25 S. Shmarev et al. MJOM

3.4. Compactness of Families of Strong Solutions
Let {px(z)} be a sequence of functions satisfying the conditions
2n
n+2
IVPEllso.@ + 1(Pr)illoc.o = L < 00

<p <p(z) <pt <oco inQ,

(3.23)

with some positive constants p* and L. Let {u,,} be the sequence of strong
solutions of the problems

up, = 0 on 92 x (0,T), (3.24)

ug(z,0) = up(z) in Q.

Theorem 3.10. Let Q2 € C2, f e L2(0,T; Wy *(Q)), and ug € Wy'*() with
s =max{2,pt}.

(i) If pr(z) satisfy conditions (3.23), then there ezists p*(-) € C*(Q), o €
(0,1), p~ < p*(2) < p™T, such that the sequence {uy} is relatively com-
pact in Wp-(Q): there is a subsequence {py,, ()} such that

uk,, — ur, |I3.0() + / IV (uk,, — ug, )P dz — 0 (3.25)
Q
as kp,, ks — oc.
(ii) The sequence {ug,, } converges in W,«(Q) to the weak solution of prob-
lem (3.1) with p(z) = p*(2).

Proof. (i) Let us fix some o € (0,1). By virtue of (3.23) the set {py} is
uniformly bounded and Lipschitz-equicontinuous. By the Ascoli-Arzeld the-
orem {py} is compact in C*(2). Let {px,, } be a Cauchy sequence in C*(Q),

Pk, (*) = p*(-) in C¥(Q). Take py,, , pr, with m and s so large that supg, |px,, —

pr.| < 1 and condition (3.9) is fulfilled. By Theorem 3.5 with p = pg, ,
q = Pk,
ess sup |lug,, — ug, %Q(t) —|—/ |V (ug,, —ug,)|P* dz
(1) . e (3.26)
<C (R +RT + R”z)
where

(™)

R = sup |pk,, — pr. [P+ < sup |pr,, — p,
Q Q

The constant C'in (3.26) depends on the constants p*, L, n, T, the properties
of 92, and the norms |[u,, [|w,, (@) [k, [lw,, (@)- Due to Theorems 3.2
and 3.3, the last two quantities are estimated by a constant that depends on
the data of problem (3.24) but does not depend on k,,, ks. Replacing py,,
and py, and repeating the same arguments, we also have

m
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ess sup |lug,, — uk, §7Q(t) —|—/ |V (ug,, — ug,)|Prm () dz
o N (3.27)

pt p_
SC’<R+R2 +R2).

Gathering (3.26) and (3.27), we obtain

ess sup ||ug,, — Uk,

)

pt p_
<C(R+R2+Rz>

() + [ 90k, — g, )Imoxtoen i) s
Q

for all suffiently large ki, ks. Since pi, — p* in C*(Q), condition (3.9) is
fulfilled for ¢ = p* and p = max{px_, p,, }» whence (3.25).

(i) Let us consider problem (3.1) with the exponent p*(-) € C*(Q), p* =
lim py,,, , and the data f, ug. By Theorem 3.2 this problem has a unique weak
solution u* € W« (Q). By Theorem 3.5, the uniform convergence p,, — p*
and inequality (3.10) yield

[uk,, —u*llw,. =0 as ky — oo.

0

Corollary 3.11. Let {uy} be the sequence of solutions of problem (3.24) with
= fr andug = ugi. Assume that Q) and py satisfy the conditions of Theorem
3.10, fi. € L2(0,T; W, (), uor € Wy *(Q) with s = max{2, p*}, and

flc—>finL2(Q), u0k—>u0inL2(Q).

Then, there exists p* € C*(Q) such that the sequence {uy} is precompact in
W, ()(Q) and converges in W ,-()(Q) to the weak solution of problem (3.24)
with the data {p*(z), f(2),u0(2)}.

4. Evolution p(z)-Laplacian with a Nonlinear Source
Let us consider the problem with the nonlinear source
up — div(|Vu[P®)=2Vu) = f(z,u) in Q,
u=0 on 902 x(0,7),
w(z,0) =up(xz) in . (4.1)

The source f(z,u) is a Carathéodory function (measurable in z € @ for a.e.
u € R and continuous with respect to u for a.e. z € Q).

Definition 4.1. A function u : @ — R is called weak solution of problem (4.1)
if
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(a) ue CO0,T]; L*(Q)) N Wp(Q), ur € (Wp(Q));
(b) for every ¢ € W,(Q),

/ (utgb + | VuP2Vu - VQS) dz = / f(z,u)pdz; (4.2)
Q Q

(c) for every ¢ € L*(Q) (u(x,t) — ug, ¢(z))2,0 — 0 as t — 0F;
(d) a weak solution is called strong solution if u; € L?(Q) and |Vu[P(*) ¢
L*(0,T; LY ().
4.1. Existence of Strong Solutions

Let f satisfy the following growth conditions: there exist a constant ¢y > 0
and a function fy(z) such that

If(z,u)] < colu* 1+ fo(z) in QxR (4.3)

with
A=max{2,p” —8}>2, 6>0, foeLN(Q). (4.4)
Theorem 4.2 (Th.4.1, [2]). Let 02 and p(z) satisfy the conditions of Theo-
rem 3.2. If the source f(z,s) satisfies conditions (4.3), (4.4), then for every

up € L2(Q) problem (4.1) has at least one weak solution in the sense of
Definition 4.1. The weak solution satisfies the estimate

6$$gM®@@+AWMW”®<CWwﬁ@+QMMQ+U (4.5)

with an independent of u constant C'.

We will assume that the source f(z,u) has the form
f(zu) = —alu]” P Pu+ fo(2), a=const #0,

- 4.6
7 €CYQ), |Volog=K <. (4.6)

This function satisfies conditions (4.3), (4.4) with A\ = o = supy o(2). By
Theorem 4.2 problem (4.1) with the nonlinear source satisfying (4.6) has at
least one weak solution.

Theorem 4.3. Let the conditions of Theorem 4.2 be fulfilled. Moreover, as-
sume that 02 € C?, p(z) satisfies conditions (3.5), and f(z,s) has the form
(4.6). If

p- > 2, QSO'(Z)S].-FZ%HI@,

Uy € Wol’s(')(Q) with s = max{2, p(x,0)}, (4.7)

fo € L*(0,T; W, (),
then every weak solution of problem (4.1) is a strong solution in the sense of

Definition 4.1. The strong solution satisfies estimates (3.6) and possesses the
property of higher integrability of the gradient (3.7):

A
/ |VulPH+ gz <, §e (o0, + , (4.8)
0 p~(n+2)+2n
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with a constant C' depending on the data of problem (4.1) and §, but inde-
pendent of u.

Proof. A weak solution u(z) of problem (4.1) can be regarded as a weak
solution of problem (3.1) with the known right-hand side

F(z) == f(z,u(2)).

A
Since A = o™ > 2, then \ = o1 < 2 and by the Poincaré inequality

fo € L*(0,Ts W5 *(9)) € L*(Q) € LY (Q).

To be able to apply Theorem 3.3 and to conclude that the weak solution u(z)
is a strong solution, it remains to check that

(2 u) = [ul”® 2w € L2(0,T5 Wy *(9)).
It is straightforward to compute
Vol < (0 = Dlul” 2Vl + [u]”~ 1o ]ul[|Vol.
By Young’s inequality,

IVle < (@ = 1) [ (255 4 [7up) d:
Q

+/ w2V I |u]|?|Vo|?dz = J1 + Jo + J5. (4.9)
Q

We will make use of the following assertion.

Lemma 4.4. Let us assume that ) € Lip, p(z) € C(Q), u € L*>(0,T; L?(12))
n Wp(.)(Q), and

ess sup) u(®)3.0 +/ \VulP®) dz < M.
T Q

Then, for every e € (O, %)

[ullp()+eq < C
with a constant C = C(M,p*,n,w, |Q|,€), where w is the modulus of conti-

nuity of p(z), and p* are the maximum and minimum of p(z) in Q.

Proof. Let us take a finite cover of @ by the cylinders D; = ; x (7, 7; + h),
i =1,..., K such that 9Q; € Lip, h > 0, 71 = 0. Denote

pj = supp(z), p; = ilrjlfp(z).

i

The uniform continuity of p(z) in @ allows one to choose Q; and h > 0 in
such a way that

pi
For every i = 1,2,..., K there are two possibilities: either p;r +e <2, or
p;‘ +e€> 2.

2 1
<l4+—- for0<e<—. (4.10)
n n
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(a) pf + € < 2. By Young’s inequality
lullj)sep, < C (L ull3 p,) < C(1L+hD).

(b) p; +e > 2. In this case, we apply the Gagliardo-Nirenberg inequality

o 9i(101++6
p; +5 Q; —

9 (pl +e) (1-0:)(pi +e)
(s

[[ell )%

(||v ||9(”1 +5)+M29<PT+6>)M2<1 0:)(pF +)

< C(M,p%,m) (14| Vul| 0 +9) (4.11)
with the exponent
1__1 _
2 F e 4
0<6; = pite fl .
1 _n—-p; pi + €
2 np;

Notice that 6;(p;” + €) < p; due to (4.10). Integrating inequality (4.11) in ¢
over the interval (7;,7; + h) and applying Young’s inequality, we obtain

p(z)+e pj’-‘,—e
/ ; |U| dz < h|Q| + ”u pi+e,D;
TZ-‘rh
< C(M,p*,|9|,n) h+/ zn +e) di
SC(M,pi7h7|Q|7n) 1_|_</ |vup; dz »;
D;
< C(M,p*,h,|Q,n) (1 +/ |Vu[P(®) dz)
D;
< C(M,p*,h,|Q,n) (1+ M).
Gathering the estimates for all i = 1,2,..., K, we obtain the required esti-

marte

K
/ [u[PF)Fede < Z/ a1 dz < O(M,p*,w, (9], n).
Q i=17Ds
O

Remark 4.5. For e = 0, a similar inequality was proven in [2, Lemma 1.32],
see also [8, Lemma 2.3].

For a weak solution of problem (4.1), the second term Jo of (4.9) is
estimated in (4.5). By virtue of Lemma 4.4 and (4.5), the first term J; is
bounded if
p(2)

20(:) -2 <pn) o o<1 P
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To estimate J3, we proceed as in (3.19) and (3.20): for every € > 0 (small),

Js SCKz/ <|u|2((7(2)_1)+6+|u‘2(o'(z)—1)_€) dz.

Q

Applying Young’s inequality and then using Lemma 4.4 and (4.5), we find
that for € < %

Js < C(l—‘r/ |u|2(a(z)1)+edz) <C <1+/ |u;0(z)+sdz) <C
Q Q

with a constant C' depending only on the data.

The weak solution u(z) of problem (4.1) can be considered now as a
weak solution of problem (3.1) with the source F(z) € L2(0,T; W, %(Q)).
By Theorem 3.3, this problem has a unique strong solution v(z) which must
coincide with u(z). O

4.2. Equations with Nonpositive Nonlinear Sources

Let f(z,s) satisfy conditions (4.6) and Sy, S be the sets of data of problem
(4.1) such that

S1 = {p(2),0(z2),up, fo} satisfy the conditions of Theorem 4.3,
Sy = {q(2), u(2), vy, go} satisty the conditions of Theorem 4.2 with

f(z,8) = —a|s|" P25 + go(2), (4.12)

q(z) > 2, 2§u(z)§1+@.

Theorem 4.6. Let u(z), v(z) be a strong and a weak solutions of problem
(4.1) that correspond to the data sets Sy and Sy. Assume that a > 0, the data
satisfy conditions (4.12), and the exponents p(z) and q(z) satisfy condition
(3.9). Then,

ess sup [u(t) = o030 + [ [V(u—0)[")d:
(0,T) Q

<C (IIuO — w30+ 1fo — gollz.0 + Sup Ip—ql” + Sup lo — ul)

with a constant C depending only on the data.

Proof. Tt is known that problem (4.1) with the source defined by (4.6) and
the constant @ > 0 has at most one weak solution - [2, Th.4.6]. Hence, u(z)
and v(z) are unique as the weak solutions of problem (4.1). Moreover, u(z) is
the strong solution and possesses the property of global higher integrability of
the gradient (4.8). Using this property together with Lemma 3.6 we conclude
that the function u— v is an admissible test-function in the integral identities
(4.2) for u and v. Combining these identities and integrating by parts in ¢,
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we obtain the equality: for a.e. t € (0,7

1 t
slu=vlBa®+ [ [ (TuP 290 Vot 20)  V(u— v) s
0 JQ

¢
= —a/ / (|u|‘7(z)*2u - |v|“(z)*2v) (u—v)dz
0 Jo
1 9 t
+ gl = wlo+ [ [ @=ofo - 0
0 Jo

Rearranging this equality, applying (3.15), and using the fact that the last
equality holds for a.e. t € (0,T), we arrive at the inequality: for a.e. t € (0,7

1
§Hu — v||§’Q(t) + / (|Vu|q<z)_2Vu — |VU|Q(Z)_2VU) -V(u—wv)dz
Q
< / (|Vu|?*) =2V — |[Vu[PP) V) - V(u —v) dz
Q
—a/ (|u\”(z)_2u - \u|“(z)_2u) (u—wv)dz
Q

gl —vollia+ [ (=)o - )
=K+ Ky + K3+ Ky (4.13)
The term K is already estimated in Lemma 3.9:
Ky < ngp Ip—ql”

with a constant C depending only on the data. To estimate Ko we fix an
arbitrary z € @ and represent

1
‘u|072 - |u|“72 :/ % <|u‘00+(170)u72> do
0

1
:/ Ju|07+A=Or=2 1y |y| dO(o — p).
0

For the sake of definiteness, let us assume that o(z) > u(z). For every suffi-
ciently small € > 0 there is a constant C, such that

a7 I ful| - if ful > 1,
ul "D I ful| - if ul <1,

Ju|7)=Tte i ul > 1,
a1 ful <1,

|u7*)=2 — |u\#<z>—2‘ ul < (0(2) = p(2)) {
S C€<O'(Z) - M(Z))

< Culo(e) = ) (1+ 1),

If o(z) < pu(z), we obtain the same inequalities replacing p and o. Thus, for
every z € @

[u 72 — 72 Ju] < Clo(z) = p(2)] (14 [ul7@ 715 4 Jup) 1)
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It follows that

Ko < asup|o — ,u|C/ (1 + u — ] 4 fuHoDF2e 4 |u|2(”*1)+26) dz
Q Q

< asuplr = plC(1Q1+ ull o + 1B

+/ |u|2(0—1)+26d2+/ |u|2(“_1)+26dz),
Q Q

where € > 0 is still an arbitary small number. Lemma 4.4 and equality (4.5)
for u and v yield that if

2o(x) 1) <p(=), 20u(z)—1) < q(z), 0<e< %

then there is a constant C, depending only on the data of problems (4.1) for
u and v, such that

/ |u|2(o(z)71)+26 dz+/ |u|2(p(z)71)+2e dz < C.
Q Q

The estimate on Kg is completed. The estimate on K4 follows from (4.5): by
Hoélder’s inequality
Ka < (lullz.q + vll2.) [1fo = goll2.0 < Cllfo = goll2.0-

The term K3 does not require a special estimating.
Substituting the estimates on K; into (4.13) and using (3.15), we finally
obtain

ess sup [[u(t) — v(t) 2.0 + / IV(u— )1 dz
(0,7) Q

<C <||uO — w30+ Ifo— goll2,0 + sgp Ip—q|* + Sgp lo — u|>

with a constant C' depending only on the data. O

4.3. Equations with Lipschitz-Continuous Sources

Let us consider the nonlinear source of the form
f(z,8) = é(s) + fol2) (4.14)
with the function ¢ subject to the following conditions:
#(0) =0, ¢(s) is Lipshitz-continuous in R with the constant D. (4.15)

Since

£ (z,8)| < [fol + |(s) — &(0)] < Dls| + [ fol,

it follows from Theorem 4.2 that problem (4.1) with the nonlinear source f
satisfying (4.14) and (4.15) has at least one weak solution u(z). Moreover, by
[2, Th.4.7] this solution is unique.

If {p(z),uo, fo} satisfy the conditions of Theorem 4.3 and

d(u) € L2(0,T; Wy (), (4.16)



183 Page 22 of 25 S. Shmarev et al. MJOM

then the weak solution u(z) is a strong solution. Inclusion (4.16) immediately
follows from (4.5) and (4.15) : since ¢(u) is Lipschitz-continuous, it is a.e.
differentiable and

/ Ve (u) dz :/ 1 (w) 2|Vl dz < D2/ (14 |Vuf™)ds < C.
Q Q Q
Let us return to problem (4.1) with the source satisfying (4.14) and (4.15).

Theorem 4.7. Let u(z), v(z) be two weak solutions of problem (4.1) with the
source f(z,s) satisfying conditions (4.14) and (4.15). Assume that u and v
correspond to the sets of data S1 = {p(2),uo, fo(2)}, S2 = {q(2),v0,90(2)}
that satisfy the conditions of Theorems 3.3 and 3.2, respectively. If p(z) and
q(z) satisfy condition (3.9), then

ess sup [lu — vl[3 ot / V(u—0)|1®) dz < C <R+R +Rq?)

0— UO||§,Q>

Proof. Since u(z) is a weak solution of problem (4.1) and the set of data S;
satisfies the conditions of Theorem 4.3, u(z) is a strong solution of problem
(4.1). We will argue as in the proof of Theorem 4.6. Combining identities
(4.2) for w and v with the test-function u — v, we arrive at the following
equality: for a.e. t € (0,T)

where

R := CePT (sgp lp — q|q/ + 1 fo—

and C' is a constant depending only on the data.

1 t
Sl — ol a() + / / (V7O -2V — [Vo| 1) 2V0) . V(u — v) dz

/ / (V|1 2Ty — |Vu|PP)=2Vu) - V(u — v) dz (4.17)

f||u0 v0||29+/ / u—v)(fo—9go dz+// ) (u—v) dz.

From this equality, we derive the inequality

%Hu Col2a(t) + % / (V|7 -2V — [Vo|75)2V0) - V(u — v) d
Q. (4.18)

<Ky Kot Kat [ [ @) - of0) (u-v)ds
0 Q

which holds for a.e. t € (0,7"). The terms K; were introduced and estimated
in the proof of Theorem 4.6. It remains to estimate the last term on the
right-hand side of (4.18). By the assumptions on ¢(s) and the Lagrange finite-
increment formula, we have

6(u) — 3()] [u — v] < / L 5(0u+ (1 - 6)0)| dbJu— | < Du — v

dé
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Y(t) = /Ot /Q(u—v)de

and write (4.18) in the form
Y'(t) 4+ 2Z < DY (t) + K1 + K5 + Ka. (4.19)

Let us denote

Omitting the nonnegative term 27 and integrating the resulting inequality,
we obtain the estimate

Y(t) < (eDt — 1) K1+ K3 + K:4) .

1

5

Substitution of this inequality into (4.19) gives: for a.e. t € (0,T")
Ju—v13.0(t) + 2T < " (K1 + K3 + Ky)

< CePT (sgp p— gl + 1fo — olla.c + lluo — vonz,g) 7.

To complete the proof, we combine this estimate with the inequality proven
in Lemma 3.8. 0

Remark 4.8. The same arguments show that the stability result remains true
for the solutions of problem (4.1) with the source f(z,s) = —als|7*) =25 +
o(s) + fo(2), provided that p, g, o, u satisfy the conditions of Theorem 4.6
and ¢(s) satisfies conditions (4.15). The only difference in the proofs consists
in the presence of the term s on the right-hand side of (4.18).

4.4. Convergence of Sequences of Strong Solutions

The following assertions are immediate consequences of Theorems 4.6 and
4.7.

Corollary 4.9. Let {uy} be the sequence of solutions of problem (4.1) with the
exponents {px}, the initial functions {uor} and the source terms {fi} of the
form (4.6). Assume that {pg, ok, uok, for } satisfy the conditions of Theorem
4.3, a >0, and

uor — up in L2(Q),  for — foin L*(Q), ox(2) — o*(z) uniformlyin Q.

There exists a subsequence {py,, } and p* € C*(Q) such that py,, — p* in

C*(Q) and the sequence {ug,, } converges in Wp«(Q) to the weak solution of
problem (4.1) with the data {p*,o*, ug, fo}-

Corollary 4.10. Let {uy} be the sequence of solutions of problem (4.1) with
the exponents {py}, the initial functions {uor} and the source terms {fr} of
the form (4.14). Assume that {py, uok, for} satisfy the conditions of Theorem
3.3, ¢ satisfies conditions (4.15), and

uok — uo in L*(Q),  for — fo in L*(Q).

Then, the sequence {py} converges, up to a subsequence, to a function p* €

C*(Q), a € (0,1), and the corresponding subsequence of {uy} converges in
W,,-(Q) to the weak solution of problem (4.1) with the data {p*,uo, fo}.
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The assertions are byproducts of the continuity estimates of Theorem
4.6 in the case of Corollary 4.9 and Theorem 4.7 in the case of Corollary
4.10. We omit the details of the proofs which are imitations of the proofs of
Theorem 3.10 and Corollary 3.11.
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