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We argue that quiver gauge theories with SU(N) gauge groups give rise to lattice gauge theories with
matter possessing fractonic properties, where the lattice is the quiver itself. This idea extends a recent
proposal by Razamat. This class of theories exhibit a Z, 1-form global symmetry that can be used to
classify their phases. The order parameter of this transition is the expectation value of Wilson loops, which
correspond to mesonic operators in the underlying quiver gauge theory. We discuss how this perspective

naturally fits with the deconstruction of a higher dimensional theory.
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Introduction.—Lattice models are ubiquitous in multiple
branches of physics. Sometimes, they describe the actual
structure of a system, e.g., in the case of the microscopic
description of atoms in a solid. In other cases, they provide
useful models and powerful computational tools, such as
when describing the propagation of waves in a continuous
medium as the long wave limit of a system of coupled
harmonic oscillators.

Lattice theories giving rise to fractonic phases of matter
have generated considerable interest in the condensed
matter community (see [1] for review and references).
These systems exhibit various interesting properties, related
to the existence of subsystem symmetries, including
excitations with restricted mobility and a large number
of vacua.

The insightful paper [2] identified a deep similarity
between a class of quiver gauge theories and the lattice
theories underlying fracton models, and explained how the
aforementioned features arise in this context. Quiver gauge
theories are quantum field theories whose gauge symmetry,
matter content, and interactions can be efficiently encoded
in an oriented graph—called the guiver. Perhaps in another
sign of the universality of the underlying ideas, precisely
the type of quivers in [2] have been extensively studied in a
seemingly distant corner of physics: gauge theories engi-
neered on D-branes probing singularities [3]. For this
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reason, they have also naturally appeared in [4], where
various D-brane realizations of fractons were introduced.

This type of setup can be understood within the general
paradigm of deconstruction [5,6]. There, quivers describing
d + 1-dimensional gauge theories and with a d internal
structure effectively lead, at low energies, to the emergence
of d' new dimensions, whose geometry is represented by
the quiver. The quiver can be regarded as a lattization of the
new dimensions. Deconstruction is a rather general frame-
work, which can even lead to “extra dimensions” without
an obvious geometric interpretation (think, e.g., about an 8
or x-shaped quiver dimension). Deconstruction therefore
takes the notion of lattice theories to a higher level of
abstraction. Instead of the lattice occupying discrete sites in
some real dimensions, it lives in theory space and leads to
the effective materialization of new dimensions.

In this Letter we will study a particular class of 4D quiver
gauge theories encoded in 2D quivers with SU(N) gauge
groups. These theories were used in [7] to deconstruct the
6D (2,0) and little string theories [8,9]. We will argue that
the quiver itself defines a 2D lattice U(1) gauge theory with
charge N matter given by the fractons described in [2].
Therefore, besides the standard O-form global symmetries,
the 2D lattice gauge theory has a I-form Z, global
symmetry [10] under which Wilson lines (in the 2D lattice
sense) are charged. This 1-form global symmetry character-
izes the different phases of the 2D gauge theory. In the
confined phase, which in 4D language corresponds to the
baryonic branch and is expected to deconstruct the 6D
theory [7], the 1-form symmetry remains unbroken and can
be combined with the standard Z, 1-form symmetry of the
4D gauge theory to give rise to the 1-form global symmetry
of the 6D theory [11]. In the deconfined phase, which in 4D
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FIG. 1. Class of quiver theories under consideration. Every
node is an SU(N) gauge group. Arrows represent chiral super-
fields in the bifundamental representation of the nodes they
connect.

language corresponds to the mesonic branch, Wilson loops
acquire a nonzero vacuum expectation value (VEV) and the
2D Zy 1-form symmetry is broken.

A lattice gauge theory Model for the chiral ring.—
Quivers are oriented graphs in which nodes, edges, and
oriented loops correspond to gauge groups, matter fields,
and interactions between matter fields in a d + 1-dimen-
sional (supersymmetric) gauge theory, respectively.

As in [2], we will focus on the class of 4D N =1
supersymmetric gauge theories defined by the triangular
quivers schematically shown in Fig. 1. Every node corre-
sponds to a gauge group and every arrow corresponds to a
bifundamental chiral superfield. Furthermore, we take all
gauge groups to be SU(N). Every bifundamental field
should therefore be regarded as an N x N matrix.

The quiver lives on a two-dimensional torus, i.e., it is
periodically identified along two directions, whose lengths
are, respectively, L and L, nodes. In the general language
of the introduction, these theories have d = 3 and d’' = 2.
This theory describes the low energy dynamics of a stack of
N D3-branes in type IIB string theory probing a C*/Z; x
Zy, singularity. While not important for the current dis-
cussion, different actions of the orbifold group translate
into different periodic identifications (see, e.g., [12,13]). In
the spirit of deconstruction, the “quiver space” can be
regarded as a lattized two-dimensional space.

The 4D gauge theory also includes a superpotential,
which is encoded in the periodic quiver and takes the form

W: Z lijkAiBjCk’ (1)
{i.j.k}eP

where i, j, and k label the bifundamental fields and the sum
is over the set P of triangular plaquettes. The 4;; are
coupling constants.

A U(1) gauge symmetry on the torus. Perturbatively,
the global symmetry of the 4D gauge theory includes a
U(1)E5*E2 group arising from U(1) actions at each node.
Each of these U(1) factors acts “locally” at a node i of the
quiver, transforming incoming arrows by ¢ and outgoing
arrows by e~ Thus, from the point of view of the quiver
as a lattice, we have a 2D lattice gauge theory with gauge
group U(1).

However, anomalies break most of these L; X L, sym-
metries, so that only L; + L, + ged(L;, L,) — 1 of these
remain true quantum symmetries. [The —1 is due to the fact
that the diagonal combination of these U(1) groups
decouples, since everything is neutral under it in a theory
constructed in terms of bifundamental fields. A complete
analysis of the global symmetries of these theories is
presented in [2]]. A useful perspective on these theories
is obtained by considering their string theory embedding
[14,15]. In this UV completion, all the gauge groups are
U(N) at high energies and the theory includes compensat-
ing couplings which render all U(1) factors nonanomalous
[16]. These couplings give rise to a generalized Green-
Schwarz mechanism, which leads to the spontaneous
breaking of most of the U(1)’s, leaving behind precisely
the expected L, + L, + ged(L,,L,)—1 global sym-
metries of the IR theory. Regardless of their fate, sponta-
neously broken or not, from this high-energy perspective
there is indeed a U(1) per site. Since these U(1)’s are IR
free, we will think of them as global symmetries. We
conclude that the theory in Fig. 1, understood in the broad
sense above including the compensating couplings, can be
interpreted as a latticized or deconstructed U(1) gauge
theory on the torus.

It is interesting to compare this example with the most
familiar incarnations of deconstruction [5,6]. These involve
quivers, which for simplicity of the presentation we depict
as one dimensional in Fig. 2(a), with a series of alternating
SU(N,) and SU(N,) gauge groups. Assuming that the
dynamical scales of the two types of gauge group are such
that A; > A,, the result at low energies is an SU(N,)
gauge theory on the emergent dimension generated by the
SU(N;) dynamics. The structure of theories we are

SU(N,) SU(N,)

SU(N,) SUN,)
a\

(@)

U(1)XSU(N) U(1)XSU(N)

U(1)XSU(N)
(b)

U(1)XSU(N)

FIG.2. (a)Basic quiver producing an SU(N,) gauge theory in a
deconstructed dimension. (b) Quiver leading to a U(1) gauge
theory in a deconstructed dimension.
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considering is actually very similar. As illustrated in
Fig. 2(b) for the case of a single deconstructed dimension,
we can think that there are two types of groups, SU(N) and
U(l), and we are left with a U(1) gauge theory in the
dimension generated by the SU(N) dynamics. In this case,
instead, the two groups are associated to the same node
of the quiver. As previously mentioned, this fits with the D-
brane realization of these gauge theories, where the gauge
group associated to every node in the quiver is U(N) =
U(1) x SU(N), with the U(1) factor flowing to zero
coupling in the IR (and in addition, from this perspective,
the majority of them spontaneously broken as described
above). Note that quivers including the U(1) factors, i.e.,
based on U rather than SU groups, have been shown to be
relevant in other instances related to deconstruction (see,
e.g., [17,18]).

Local excitations. From a 4D perspective there are two
types of gauge invariant [under the 4D SU(N) gauge
symmetries) operators: mesons—traces of concatenated
bifundamentals—and baryons—determinants of bifunda-
mentals. (We restrict to the simplest baryons. It is possible
to consider more general baryonic operators, given by
determinants of strings of concatenated bifundamentals.
From a 2D viewpoint, they are analogous to charged
operators inserted at different points, connected by a
Wilson line to make the configuration gauge invariant).

From the 2D point of view, baryons are associated to
links of the lattice, and can therefore be interpreted as local
excitations [2]. While baryons are gauge invariant from the
4D point of view, they have charge N under the 2D U(1)
gauge symmetry.

Since we will be particularly interested in the 2D point of
view, from now on we will refer to the baryons as the
(charged) matter and concentrate, unless otherwise stated,
on their 2D properties.

Global symmetries. The 2D lattice gauge theory has
global (0-form) symmetries which combine into a global
symmetry group

U1l x U(1)E2 x U(1)gedila)
U(1)

Go=U(1)g x (2)

The non-R factors of these symmetries act as subsystem
symmetries and were used in [2] to argue that matter fields
exhibit fractonic properties. In particular, individual bary-
ons cannot propagate on the lattice, while suitable combi-
nations can move in certain directions.

On general grounds, there is a 2D I1-form global
symmetry associated with the 2D gauge symmetry [10].
Given that there is matter with charge N under the gauge
symmetry, the 1-form global symmetry group is G; = Zy.

It is interesting to note that, from the point of view of the
low energy gauge theory, where one would simply say that
most U(1)’s are anomalous, the dangerous mixed anomaly
is proportional to N, and so a Zy subgroup remains

unbroken. This Z, can actually be regarded as the center
of the SU(N)Er*E2 gauge symmetry (and therefore can be
upgraded to a gauge symmetry in four dimensions as well).
Thus, we may equally phrase the discussion in the pure IR
gauge theory, where the quiver gives rise to a 2D lattice Zy
gauge theory which carries the associated Z, 1-form global
symmetry. Therefore, we can alternatively think that the Z
I-form global symmetry arises from the Z, 2D lattice
gauge theory given by center transformations at definite
sites of the quiver.

Wilson loops. Mesons are products of bifundamental
fields, with fundamental and antifundamental color indices
contracted to form gauge invariants. Therefore, they are
graphically represented by oriented closed loops in the
quiver, that is, closed paths in the lattice. From a 2D
viewpoint, we interpret them as the Wilson loops associated
with the U(1) lattice gauge theory. Note that, as it should,
they are neutral under the 2D U(1) gauge symmetry. As for
the global symmetries, Wilson loops are neutral under all
the O-form symmetries G,. On the other hand, they are
charged under the 1-form global symmetry G;.

In the chiral ring, the F terms coming from the super-
potential Eq. (1) must vanish. Note that in the class of
theories we consider, which are defined by quivers on a
torus, every field appears in exactly two adjacent pla-
quettes. Thus, the F-term equations take the general form

B,C,=B,C,, C,A,=CyA,y, A,B,=A,B,, (3)

where we have introduced a new notation for the subindices
that emphasizes that the two sides of each equation
correspond to the two plaquettes that overlap at an A, B,
or C type field, respectively. (In this notation, the sub-
indices indicate the plaquette that bifundamental fields
belong to. While this notation is slightly less precise than
the one used in Eq. (1), since the numbers of plaquettes and
fields of each type are different, we hope it is self-
explanatory and does not lead to confusion.) There is
one such equation for every bifundamental field, and p and
p’ denote the two plaquettes that contain it. As commonly
done in the literature, we have set the coupling constants
Aije to be +1 for clockwise plaquettes and —1 for
counterclockwise plaquettes. The relations in Eq. (3) imply
the equivalence between open paths on adjacent plaquettes
as illustrated in Fig. 3. Repeated application of these
relations leads to the equivalence of more general pairs
of open paths sharing the same end points. In particular,
they allow the Wilson loops to freely move along the 2D
lattice.

The chiral ring relations have yet one more interesting
consequence. In the chiral ring, there is a relation between the
Nth product of a meson and the product of baryons of the
constituents. For example, consider the simplest meson asso-
ciated to a plaquette, M, = Tr(A,B,C,). Roughly spea-
king, there is arelation of the form MY ~detA , detB,, detC,,.
We interpret this relation as encoding the fact that N Wilson
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FIG. 3. Quiver and F-term relations: the solid red, green, and
blue paths are equivalent to the dashed red, green, and blue paths.

lines are endable (in the language of, e.g., [19]) and can end on
the charge N baryons. This reflects the fact that the 1-form
global symmetry is Zy. (The chiral ring relation between
mesons and baryons is most naturally understood as endable
Wilson lines from the point of view of the 2D U(1)
lattice theory. Had we taken the “IR point of view” leading
to a 2D Z lattice gauge theory, the baryons would be neutral
under the gauge symmetry and the relation /\/lg ~
detA, det B, det C,, would simply say that N Wilson lines
carry no charge and can annihilate into neutral matter.)

Phases of the theory. The 2D Zy 1-form global
symmetry characterizes the different phases of the 2D
lattice theory. The order parameters are the VEVs of the
Wilson loops.

Confined phase: Let us first consider the phase in
which all Wilson loops have a vanishing VEV, which
corresponds to a confining phase. Generically, matter
operators can have nonzero VEVs in this phase, breaking
the 2D gauge symmetry to a Z, subgroup. From the point
of view of the IR theory, where the quiver defines a 2D Z
lattice gauge theory, this leftover Zy is the whole gauge
group, as baryons are neutral under it. These VEVs trigger
symmetry breaking of the O-form global symmetry G,
while the 1-form Z, global symmetry remains intact.

In 4D language, this phase corresponds to the baryonic
branch. In this phase, for large L; and L,, the quiver
deconstructs the 4D nonlocal quantum theory known as
(1,1) little string theory, as explained in [7]. The 2D 1-form
Z global symmetry and the standard 4D 1-form Z, global
symmetry can be combined into a larger, 6D 1-form Z
symmetry, which corresponds to that of the 6D theory [11].

Note that the case of large L; with L, = 1 is special in
that the latticized space is a circle. Therefore, the quiver
deconstructs the 5D maximally SUSY Yang-Mills theory,
which in turn is UV completed by the 6D (2,0) theory. [The
instanton particles of the SD maximally SUSY YM theory
are the Kaluza-Klein tower of the compactification of the
6D (2,0) theory on the M-theory circle]. In this case, the

I-form global symmetry is to be identified with the
reduction of the Zy 2-form global symmetry on the
M-theory circle.

Deconfined phase: In the deconfined phase, Wilson
loops take nonzero VEVs. In 4D language, this phase
corresponds to the mesonic branch. From the 2D point of
view, the nonzero VEVs of the Wilson loops result in the
breaking of the 2D Z, global 1-form symmetry. Schema-
tically, assuming generic VEVs forthefieldsA,, B, C,, ~ A,
the VEVof ameson is given by (M) ~ A", with n the number
of constituent fields. From the 2D point of view, n is
proportional to the length ¢ of the Wilson loop. Therefore,
the VEVs of Wilson loops satisfy a perimeter law as expected
in a deconfined phase.

Both phases come together at the point where all VEVs
vanish. From the 4D point of view, this is the origin of the
moduli space, where the CFT lives. Thus, the 4D CFT
appears as the confinement or deconfinement phase
transition.

Conclusions.—We have extended the proposal in [2] in
various directions. First, we have explained that it is
possible to associate a 2D U(1) lattice gauge theory living
on a torus to a 4D quiver gauge theory in which all gauge
groups are SU(N), with the lattice literally given by the
quiver diagram. The 2D model has fractonic matter
excitations [2]—corresponding to baryons in four dimen-
sions—of charge N under the 2D U(1) gauge symmetry.
Thus, in addition to the O-form global symmetries dis-
cussed in [2], the model has a Z, global symmetry under
which Wilson loops—corresponding to mesons in four
dimensions—are charged. This is nicely encoded in the
chiral ring relations, which allow N Wilson lines to end on
a charge N matter field. Furthermore, the chiral ring
relations show that these Wilson loops can move freely
in the 2D world.

Our construction falls into the general spirit of decon-
struction. From this perspective, the deconstructing theory
would be the 2D lattice gauge theory once the “confining”
dynamics of the SU(N) nodes is taken into account.
Interestingly, this point of view naturally fits with [20],
where it was argued that the confining dynamics of gauge
fields is responsible for the fractonic behavior for confining
strings. However, our quivers are actually conformal, rather
than confining. It is the strong coupling dynamics of the
SU(N) gauge symmetry what “confines” bifundamentals
into baryons, which may be regarded as the confining
strings that exhibit fractonic behavior. Deconstruction is
explicitly realized, though, when moving onto the baryonic
branch and introducing a scale associated with correspond-
ing nonzero VEVs for bifundamentals.

The 2D Z, 1-form global symmetry characterizes the
different phases of the lattice theory. In the deconfined
phase or mesonic branch, Wilson loops exhibit peri-
meter law and break the 2D global 1-form symmetry.
Alternatively, in the confined phase or baryonic branch,
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Wilson loops have vanishing VEVs and, correspondingly,
the 2D global 1-form symmetry is unbroken. In this phase,
the 2D and 4D Zy 1-form global symmetries can be
combined into the 6D Zy 1-form global symmetry of a
deconstructed 6D quantum field theory.

It is interesting to consider this process from the point of
view of the IR theory. From that perspective, one would
simply say that most U(1)’s are anomalous. As discussed,
from each of them only a Zy remains nonanomalous and
can be actually identified with actions of the center of the
SU(N)Er<L> gauge symmetry. From the quiver point of
view, these transformations are local in the lattice (as well
as in 4D), and thus give rise to a lattice Zy gauge theory
leading to a Z, 1-form global symmetry in two dimen-
sions. Thus, from this point of view, it is the center of the
gauge group which, in the 4D or 2D guise, gives rise to the
6D Zy 1-form global symmetry.

It is natural to expect that the ideas discussed in this work
generalize to quivers on more general surfaces [21] or in
higher dimensions [22,23]. It would be interesting to
investigate whether they lead to interesting condensed
matter applications.
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