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1. Introduction

If p and q are different primes and G is a finite group, it is not generally reason-
able to expect meaningful interactions between the p-representation theory of G and 
its q-representation theory, outside of the case of solvable groups. But, there are some 
exceptions.

In 1997 ([40]), W. Willems and the first author asked when the irreducible complex 
characters in a Brauer p-block Bp coincide with those in a q-block Bq. This was later 
characterized for principal blocks Bp(G) in [2], using the Classification of Finite Simple 
Groups (CFSG): we have that Irr(Bp(G)) = Irr(Bq(G)) if and only if p and q do not 
divide |G|. In other words, the subset Irr(Bp(G)) of the irreducible complex characters 
of G in the principal p-block of G determines the prime p, whenever p divides |G|.

In 2008, C. Bessenrodt and J. Zhang [3] studied the opposite case, the trivial in-
tersection case, and proved, again using the CFSG, that G is nilpotent if and only 
if the trivial character of G, 1G, is the only irreducible complex character lying in 
Irr(Bp(G)) ∩ Irr(Bq(G)) for all primes p �= q dividing the order of G. This result led 
the authors in [25] to recently conjecture that if Irr(Bp(G)) ∩ Irr(Bq(G)) = {1G}, then 
there is a Sylow p-subgroup P of G and a Sylow q-subgroup Q of G whose elements 
commute. In [25], this conjecture is reduced to almost-simple groups, and it is proved if 
one of the primes is 2. The general case of this interesting and deep problem seems out 
of reach.

There is a third recently-observed interaction between principal blocks and different 
primes, which interestingly has the same conclusion as the previous one. The so called 
Brauer’s height zero conjecture for two primes was proposed in [32]: if G is a finite group, 
then the elements of a Sylow p-subgroup of G commute with the elements of some Sylow 
q-subgroup of G if and only if p does not divide the degrees of the characters in Bq(G)
and q does not divide the degrees of the characters in Bp(G). This has been recently 
proved in [27].

In this paper, we propose a strengthened version of these conjectures, which we can 
prove in certain cases. (We also fix a gap in the reduction in [25] which, after informing 
the authors, was corrected in [26].) There is a new idea behind our conjectures: it should 
be possible to replace Irr(Bp(G)) by the much smaller subset Irrp′(Bp(G)) of the char-
acters in the principal p-block of G of degree not divisible by p, while still obtaining the 
corresponding conclusions.

Accordingly, we conjecture the following.

Conjecture A. Let G be a finite group and let p and q be different primes. If

Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) = {1G},

then there are a Sylow p-subgroup P of G and a Sylow q-subgroup Q of G such that 
xy = yx for all x ∈ P and y ∈ Q.



634 G. Navarro et al. / Journal of Algebra 610 (2022) 632–654
Conjecture B. Let G be a finite group and let p and q be primes dividing the order of G. 
If Irrp′(Bp(G)) = Irrq′(Bq(G)), then p = q.

Conjecture C. Let G be a finite group, and let p and q be different primes. Then q does not 
divide χ(1) for all χ ∈ Irrp′(Bp(G)) and p does not divide χ(1) for all χ ∈ Irrq′(Bq(G))
if and only if there are a Sylow p-subgroup P of G and a Sylow q-subgroup Q of G such 
that xy = yx for all x ∈ P and y ∈ Q.

At the end of the paper, we shall also discuss a further strengthening of our conjectures 
using Galois automorphisms. In the present paper, we mainly focus on Conjecture A, 
and prove the following.

Theorem D.

(a) Conjecture A is true for all finite groups if it is true for almost–simple groups.
(b) Conjecture A is true if p = 2.

We prove part (a) of Theorem D in Section 2 below, and complete part (b) in Section 3. 
As the reader will see, the most difficult part in this paper is to prove Conjecture A for 
p = 2 and almost simple groups. We remark that in the proof for simple groups, it is 
often clear that there exist nontrivial characters lying in both principal blocks, so the 
main step in these cases is to verify that such characters may be found to also have degree 
prime to p and q, a step not needed in [25]. There is a rather surprising fact that makes 
Conjecture A, as well as the main conjecture of [25], difficult to prove. Perhaps it is 
worth mentioning it now: if N � G, G/N has order not divisible by p, and G = NCG(P ), 
where P ∈ Sylp(G), it is well known that θ ∈ Irr(Bp(N)) has a canonical extension 
θp ∈ Irr(Bp(G)) (using the Alperin-Dade theory of isomorphic blocks). If q �= p is also 
a prime number, however, under the same circumstances, it might very well occur that 
θp �= θq. So θ can have in this case two canonical extensions to G. (See Remark 3.10.)

The following is the second main result of this paper.

Theorem E. If G is p-solvable and q-solvable, then Conjectures B and C are true.

We prove Theorem E in Section 4. In a subsequent paper ([36]), we shall focus more 
on Conjectures B and C providing solid evidence towards their validity.

2. A reduction for Conjecture A

In this section, we prove Theorem D, assuming the following result on almost simple 
groups, which will be proved in Section 3. Our reduction is slightly different from the 
reduction in [25] (which uses the so called p∗-theory and [45]).

As usual, if H, K are subgroups of G, then [H, K] is the subgroup generated by the 
commutators [h, k], for h ∈ H and k ∈ K.
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We start with two elementary lemmas.

Lemma 2.1. Let G be a finite group and let p be a prime. Then Irrp′(Bp(G)) = {1G} if 
and only if G is a p′-group.

Proof. The if direction is obvious. Suppose now that Irrp′(Bp(G)) = {1G}. By the main 
result of [23], we know that G has a normal p-complement K. Suppose that K < G, 
and let 1 �= λ ∈ Irr(G/K) linear. Since K � Ker(λ), we have that λ ∈ Irrp′(Bp(G)), a 
contradiction. �

As usual, Irrp′(G) denotes the subset of Irr(G) consisting of irreducible characters of 
degree not divisible by p.

Lemma 2.2. Let G be a finite group, and let p be a prime. If Irrp′(G) = {1G}, then G = 1.

Proof. Since |G| = 1 +
∑

1G �=χ∈Irr(G) χ(1)2, we deduce that |G| is not divisible by p. 
Thus Irr(G) = {1G} and G = 1. �

The following is [42, Corollary 8], which we shall also use.

Lemma 2.3. Suppose that G is a finite group. Suppose that N, M � G. If G/N and G/M

have nilpotent Hall π-subgroups, then so does G/(N ∩M).

We will also make use of the Alperin-Dade’s theory of isomorphic blocks.

Theorem 2.4. Suppose that N is a normal subgroup of G, with G/N a p′-group. Let 
P ∈ Sylp(G) and assume that G = NCG(P ). Then restriction of characters defines a 
natural bijection between Irr(Bp(G)) and Irr(Bp(N)).

Proof. The case where G/N is solvable was proved in [1] and the general case in [9]. �
We prove next that Conjecture A is true provided the following question on almost 

simple groups holds true. As a consequence, we obtain Theorem D (a).

Question 2.5. Let p and q be different prime numbers. Suppose that G is almost simple 
with socle S, a non-abelian simple group. Assume that pq | |S| and that G = SCG(P ) =
SCG(Q), for every P ∈ Sylp(S) and Q ∈ Sylq(S). If Irrp′(Bp(G)) ∩Irrq′(Bq(G)) = {1G}, 
then there is a Sylow p-subgroup P0 of G and a Sylow q-subgroup Q0 of G such that 
[P0, Q0] = 1.

Notice that due to the restriction in the structure of the groups involved, Question 2.5
is slightly weaker than Conjecture A.

In the final step of the main theorem of this section, we use some elementary group 
theory.
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Lemma 2.6. Suppose that G is a finite group, S � G, G = SCG(P1), where P1 ∈ Sylp(S). 
Suppose that |S| has order not divisible by q for some prime q. If G/S has a nilpotent 
Hall {p, q}-subgroup, then G has a nilpotent Hall {p, q}-subgroup.

Proof. We use induction on |G|. By induction, we may assume that G = P1CG(P1)
and that S = P1CS(P1). In particular, P1 and CG(P1) are normal in G. By the Schur-
Zassenhaus theorem, we can write S = P1 × X, for some normal p′-subgroup X of G. 
If X > 1, we can apply induction to G/X, to conclude that G/X has a nilpotent Hall 
{p, q}-subgroup. Since |X| is not divisible by p and q, again by Schur-Zassenhaus, we 
conclude that G has a nilpotent Hall {p, q}-subgroup. Therefore, we may assume that 
CS(P1) = Z(P1). By hypothesis, G/S and therefore CG(P1)/Z(P1) have a nilpotent 
Hall {p, q}-subgroup. Let Q ∈ Sylq(CG(P1)), and let P2 ∈ Sylp(CG(P1)) such that 
[P2, Q] ⊆ Z(P1). Since [P1, Q] = 1, we have that [P2, Q, Q] = 1. By coprime action (see 
[24, Lemma 4.29]), we conclude that [P2, Q] = 1. Notice that P = P1P2 ∈ Sylp(G) and 
that [P, Q] = 1. �
Theorem 2.7. Let G be a finite group, and let p and q be primes. Assume that Question 2.5
holds for every almost simple group whose socle is involved in G. Suppose that

Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) = {1G} .

Then there exist P ∈ Sylp(G) and Q ∈ Sylq(G) such that [P, Q] = 1.

Proof. Let π = {p, q}. We want to show that G has a nilpotent Hall π-subgroup. We 
proceed by induction on |G|.

Step 0. If 1 < N is normal in G, then G/N has a nilpotent Hall π-subgroup.

We have that

Irrp′(Bp(G/N)) ∩ Irrq′(Bq(G/N)) ⊆ Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) = {1G},

and we apply the inductive hypothesis.

Step 1. G has exactly one minimal normal subgroup K.

This follows from Lemma 2.3 and Step 0.

Step 2. If 1 < N is a normal subgroup of G, then p divides |N | or q divides |N |.

Otherwise, by Step 0, we have that G/N has a nilpotent Hall π-subgroup H/N . Since 
|N | is coprime to pq then there is H1 with H = H1N and H1 ∩ N = 1, by the Schur-
Zassenhaus theorem. Then H1 ∼= H/N is a nilpotent Hall {p, q}-subgroup of G.

Step 3. If 1 < N is a normal subgroup of G, then Irrp′(Bq(G/N)) = Irr(Bq(G/N))
and Irrq′(Bp(G/N)) = Irr(Bp(G/N)).
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) =

By Step 0, we have that there are P ∈ Sylp(G) and Q ∈ Sylq(G) with [PN/N, QN/N ] =

1. By [32, Theorem 4.1], we have that Irrp′(Bq(G/N)) = Irr(Bq(G/N)) and Irrq′(Bp(G/N)
Irr(Bp(G/N)), as wanted.

Step 4. If 1 < N�G, P1 ∈ Sylp(N) with CG(P1) ⊆ N , then |G/N | is not divisible by q, 
G = NCG(Q) for some Sylow q-subgroup of G, and Irrp′(Bp(N)) ∩Irrq′(Bq(N)) = {1N}.

By the Third Main Theorem (see [34, Theorem 6.7]) and [37, Lemma 3.1], we have 
that Bp(G) is the only block of G covering Bp(N). By [34, Theorem 9.2], we have that 
Irr(G/N) ⊆ Irr(Bp(G)). Then Irr(Bq(G/N)) ⊆ Irr(Bp(G)). Since G/N is a p′-group, 
we have that Irrq′(Bq(G/N)) ⊆ Irrp′(Bp(G)) ∩ Irrq′(Bq(G))) = {1G}. Hence G/N is a 
q′-group by Lemma 2.1.

Let Q ∈ Sylq(G). Then Q ⊆ N , G = NNG(Q) and H = NCG(Q) � G. By the 
previous argument, notice that Bq(G) is the only q-block covering Bq(H) and Irr(G/H) ⊆
Irrq′(Bq(G)). Let P2 ∈ Sylp(H) containing P1. Since CG(P2) ⊆ CG(P1) ⊆ N ⊆ H, again 
we have that Bp(G) is the only p-block covering Bp(H), and Irr(G/H) ⊆ Irr(Bp(G)). 
Then

Irrp′(G/H) ⊆ Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) = {1G}

and G = H, by Lemma 2.2.
Now, by Theorem 2.4 we have that restriction defines a bijection

Irr(Bq(G)) → Irr(Bq(N)).

Take θ ∈ Irrp′(Bp(N)) ∩ Irrq′(Bq(N)), and let χ ∈ Irrq′(Bq(G)) be extending θ. Since 
Bp(G) is the only p-block covering Bp(N) we have χ ∈ Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) and 
hence χ = 1G and therefore θ = 1N , as desired.

Step 5. Let N be a proper normal subgroup of G and let P ∈ Sylp(N) and Q ∈ Sylq(N). 
Then CG(P ) � N and CG(Q) � N .

We prove for instance that CG(P ) � N . Suppose the contrary and let M be a maximal 
normal subgroup of G with N ⊆ M . Let R ∈ Sylp(M) with P ⊆ R. Then CG(R) ⊆
CG(P ) ⊆ N ⊆ M and by Step 4 we have q � |G/M | and Irrp′(Bp(M)) ∩ Irrq′(Bq(M)) =
{1M}. By induction there exists S ∈ Sylp(M) and T ∈ Sylq(M) with [S, T ] = 1. Since 
q � |G/M | we have T ∈ Sylq(G). If CG(T ) ⊆ M , by Step 4 (changing p by q) we have that 
p � |G/M | and then S ∈ Sylp(G) and we are done. Hence we may assume CG(T ) � M .

By the Frattini Argument we have G = MNG(T ) and hence MCG(T ) is normal in 
G. By the maximality of M we have G = MCG(T ). Taking p-parts we have

|G|p = |MCG(T )|p = |M |p|CG(T )|p
.
|CM (T )|p
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Since S ⊆ CM (T ), we have that |M |p = |S| = |CM (T )|p and hence

|G|p = |CG(T )|p.

Let W ∈ Sylp(CG(T )), then W ∈ Sylp(G) and [W, T ] = 1, so we are done. Hence 
CG(P ) � N . Analogously we prove CG(Q) � N .

Step 6. Let N be a normal subgroup of G and let P ∈ Sylp(N) and Q ∈ Sylq(N). 
Then NCG(P ) = G = NCG(Q).

Take H = NCG(P ). Then by the Frattini Argument H is normal in G = NNG(P ). 
Take P0 ∈ Sylp(H) containing P . Then CG(P0) ⊆ CG(P ) ⊆ H. By Step 5, H = G. The 
same reasoning shows the equality G = NCG(Q).

Step 7. The Fitting subgroup of G, F(G), is trivial.

Otherwise, let U be a minimal normal abelian subgroup of G. By Step 2, we may 
assume that U is a p-group. By Step 6, we have that G = UCG(U) = CG(U), and we 
conclude that U is central in G. Since U > 1, by Step 0, there exist Q ∈ Sylq(G) and 
P ∈ Sylp(G) with [QU/U, P/U ] = 1. Then Q acts trivially on P/U and U , and it follows 
that Q acts trivially on P , by coprime action.

Step 8. The unique minimal normal subgroup K of G is a non-abelian simple group. 
So G is almost simple with socle S = K. Moreover pq | |S| and G = SCG(P ) = SCG(Q), 
for every P ∈ Sylp(S) and Q ∈ Sylq(S).

By Step 7, we know that K = S1 × · · · × St, where S = S1 is a non-abelian simple 
group and Si = Sgi for some gi ∈ G, for i = 1, . . . , t. Suppose that t > 1, so in particular 
K < G. By Step 2, we have that p divides |K| or q divides |K|. We may assume without 
loss of generality that p divides |K|. Let P ∈ Sylp(K) and let P1 = P ∩ S1 ∈ Sylp(S1). 
By Step 6, we have that G = KCG(P ). Now, if g ∈ G, then g = xk for some x ∈ CG(P )
and k ∈ K, and we have P g

1 = P k
1 ⊆ Sk

1 = S1 for some k ∈ K. Hence P g
1 � Sg

1 ∩ S1. 
Since P1 is non-trivial, we conclude that Sg

1 = S1 and S1 is normal in G, contradicting 
the minimality of N . Hence t = 1 and K = S is non-abelian simple as wanted. Since S is 
the unique minimal normal subgroup, we have that CG(S) = 1 and G is almost simple 
with socle S.

By Step 6, we know that p or q divide |S|. We may assume that p divides |S|, so we 
need to prove that q | |S|. Otherwise, we apply Lemma 2.6.

Now the conclusion of the theorem holds by Question 2.5. �
Notice that Theorem 2.7 proves Conjecture A for solvable groups. Also, as a conse-

quence of Theorem 2.7 and Theorem 3.1 (which we prove in the next section), we obtain 
Theorem D.

3. Almost simple groups

In this section, we prove the following:
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Theorem 3.1. Let p be an odd prime. Suppose that A is almost simple with socle S, a 
non-abelian simple group. Assume that p | |S| and that A = SCA(P ) = SCA(Q), for 
every P ∈ Sylp(S) and Q ∈ Syl2(S). If Irrp′(Bp(A)) ∩ Irr2′(B2(A)) = 1, then there are a 
Sylow p-subgroup P0 of A and a Sylow 2-subgroup Q0 of A such that [P0, Q0] = 1.

We begin by restating Question 2.5:

Question 3.2. Let p and q be different primes. Suppose that A is almost simple with socle 
S, where S is a simple group with pq | |S|. Assume that A = SCA(P ) = SCA(Q), for 
every P ∈ Sylp(S) and Q ∈ Sylq(S). If Irrp′(Bp(A)) ∩ Irrq′(Bq(A)) = 1, then there is 
a Sylow p-subgroup P0 of A and a Sylow q-subgroup Q0 of A such that xy = yx for all 
x ∈ P0 and all y ∈ Q0.

Note the change of notation: we have used A, rather than G, to denote the almost 
simple group. Throughout this section, we find it convenient to use G to denote a qua-
sisimple group satisfying S = G/Z(G), and hence we will use the notation A for the 
almost simple group under consideration, rather than G. When A �= S, the following 
will be useful, which comes from [20, Theorem A] and [18, Theorem 10].

Theorem 3.3. Let p be a prime, and suppose S is a finite nonabelian simple group with 
order divisible by p and let P ∈ Sylp(S). Write C := CAut(S)(P ).

(1) (Gross) If p �= 2, then C = C1 ×Z(P ), where p � |C1| and we view P � S � Aut(S)
as inner automorphisms.

(2) (Glauberman) If p = 2, then C = C1C2 with C1 � C, 2 � |C1|, and C2 is the direct 
product of Z(P ) and an elementary abelian 2-group.

Proposition 3.4. Question 3.2 holds (for any pair of primes) when S is an alternating 
group An with n � 7, a sporadic group, a group of Lie type with exceptional Schur 
multiplier, or the Tits group 2F4(2)′.

Proof. This can be seen using [12] and the GAP Character Table Library. Note that the 
groups with exceptional Schur multiplier can be found, e.g., in [19, Table 6.1.3]. �

We also note that, in the context of Question 3.2, we will often write π := {p, q} for 
the pair of primes under consideration.

3.1. Groups of Lie type

Let G be a connected reductive group defined over F�, where � is some prime. By a 
group of Lie type, we mean a finite group G = GF , where F : G → G is a Steinberg 
morphism and GF denotes the set of fixed points of G under F . In this situation, we 
say that G is defined in characteristic �.
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In particular, we are interested in the case that G is simple of simply connected 
type, G = GF is quasi-simple, and S = G/Z(G) is a simple group of Lie type. In this 
case, we may let ι : G ↪→ G̃ be a regular embedding as in [14, Proposition 1.7.5] or [6, 
(15.1)], and write G̃ := G̃F . Then Z(G̃) is connected, G � G̃ with G̃/G abelian, and 
S ∼= GZ(G̃)/Z(G̃). Write S̃ := G̃/Z(G̃). Then S̃/S ∼= G̃/G induces the group of diagonal 
automorphisms on S. For a convenient choice D of graph and field automorphisms, we 
have Aut(S) = S̃ � D. (See, for example, [19, Theorem 2.5.1].)

The sets Irr(G) and Irr(G̃) are partitioned into rational Lusztig series E(G, s), resp. 
E(G̃, s), indexed by G∗ (resp. G̃∗)-conjugacy classes of semisimple elements s. Here G∗

and G̃∗ are the fixed points under F of dual groups G∗ and G̃∗ of G and G̃, respectively. 
The map ι further induces a surjection ι∗ : G̃∗ → G∗.

In particular, E(G̃, s) contains a unique so-called semisimple character χs, whose de-
gree is [G̃∗ : CG̃∗(s)]�′ . Semisimple characters of G are then the elements of Irr(G|χs) for 
the semisimple characters χs ∈ Irr(G̃) (see [14, Corollary 2.6.18]). On the other hand, 
unipotent characters are those in the series corresponding to s = 1. The unipotent char-
acters of G̃ are trivial on Z(G̃) and restrict irreducibly to G. (See, e.g. [14, 2.3.16 and 
4.2.1].)

We begin with the case that the defining characteristic � is one of the members of 
π = {p, q} in the situation of Question 3.2.

Lemma 3.5. Let p and q be different primes and let A be as in Question 3.2. Assume 
that soc(A) = S = G/Z(G), where G = GF is a group of Lie type with G of simply 
connected type defined in characteristic p and that S is not isomorphic to one of the 
groups considered in Proposition 3.4. Then Irrp′(Bp(A)) ∩ Irrq′(Bq(A)) �= 1.

Proof. First consider the case A = S. Let G � G̃ via a regular embedding as above. By 
a result originally of Dagger and Humphreys, see [5, Proposition 1.18 and Theorem 3.3], 
Irr(Bp(S)) contains all irreducible characters of S except the Steinberg character, and 
hence Irrp′(Bp(S)) = Irrp′(S). In particular, all semisimple characters of G trivial on the 
center may be viewed as members of Irrp′(Bp(S)). Now, in the proof of [17, Theorem 
3.5], it is shown that there exists a semisimple character χt of G that is trivial on the 
center and has q′ degree (and p′ degree since it is semisimple) and such that t ∈ G∗ has 
q-power order.

Using [21, Corollary 3.3], we see every semisimple character χ̃t̃ of G̃ for t̃ ∈ G̃∗ of 
q-power order lies in Bq(G̃). In particular, this implies that every semisimple character 
of G in a series E(G, t) for t of q-power order also lies in Bq(G). That is, our χt lies in 
Bq(S). (Indeed, if t = ι∗(xy) with x ∈ G̃∗ a q-element and y ∈ G̃∗ a q′-element, note 
that y|t|, and hence y, is in Ker(ι∗), since y and y|t| generate the same cyclic subgroup. 
Hence, t = ι∗(t̃) for t̃ := x.)

Now, assume that A �= S but that A = SCA(P ) = SCA(Q), for every P ∈ Sylp(S)
and Q ∈ Sylq(S). Then by [3, Lemma 2.2], we have |A/S| is a power of p. By Theorem 3.3, 
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this forces p = 2 to be the defining characteristic and A/S is an elementary abelian 2-
group. Note then that there is a unique 2-block of A (namely, B2(A)) lying above B2(S). 
Let χ = χt ∈ Irr2′(B2(S)) ∩ Irrq′(Bq(S)) from the previous part. Then there exists a 
character χ̂ in Bq(A) lying above χ, which necessarily is still of q′-degree since |A/S|
is q′. Then χ̂ lies in Bq(A) and B2(A), and it now suffices to prove that it has odd 
degree.

Note that A/S is generated by graph and field automorphisms (since S̃/S is relatively 
prime to the defining characteristic) centralizing any Sylow q-subgroup Q of S and any 
Sylow 2-subgroup P of S. That is, for α ∈ A \S, we have hα is S-conjugate to h for any 
2- or q- element h ∈ S.

First assume that G /∈ {SLε
n(2a), Eε

6(2a)}. Then Z(G) is trivial, yielding G = S, and 
further G̃ = G ∼= G∗. Then χα

t = χα∗(t) by [39, Corollary 2.5], where α∗ is the corre-
sponding automorphism in G∗ ∼= G. But further, α∗ centralizes a Sylow q-subgroup of 
G∗, so χα

t = χt and χ = χt is A-invariant. Then by [44, Proposition 3.4], χ extends 
to A, and hence every character of A above χ is an extension since A/S is abelian. In 
particular, χ̂ is an extension and therefore is of odd degree, as desired.

Now let G = Eε
6(2a) or G = SLε

n(2a). Let α ∈ A \S. Now, note that t was constructed 
to lie in [G∗, G∗], so t lies in a Sylow q-subgroup of [G∗, G∗] ∼= S. Then tα

∗ is G∗-
conjugate to t. In particular, t̃α∗ is G̃∗-conjugate to t̃z for some z ∈ Z(G̃∗), where t̃ ∈ G̃∗

is such that ι∗(t̃) = t. Hence by [39, Corollary 2.5], we have χ̃α
t̃

= χ̃t̃z, which is another 
character lying above χt, as χ̃t̃z = χ̃t̃ẑ for some ẑ ∈ Irr(G̃/G) (see [14, Proposition 
2.5.21]). This implies χα

t is a G̃-conjugate of χt for any α ∈ A.
Now, by [44, Proposition 3.4], there is a character χ0 ∈ Irr(G|χ̃t̃) that extends to Dχ0 . 

But following the proof there, this χ0 is the unique character under χ̃t̃ that has multi-
plicity ±1 in the D-invariant virtual character DG(Γ). (Here DG(Γ) is the Alvis–Curtis 
dual of a certain so-called Gelfand–Graev character of G.) Then χα

0 = χ0 for each α ∈ A, 
since χα

0 must also be multiplicity ±1 in DG(Γ) and, as above, must be a constituent of 
χ̃t̃ when restricted to G. Hence we see that without loss, we may further assume χ0 = χt

extends to A, so χ̂ is also an extension, since A/S is abelian, completing the proof. �

Thanks to Lemma 3.5, we may now assume that neither p nor q are the defining prime 
for G. In this case, note that since characters of Bq(G) and Bp(G) lie in Lusztig series 
E(G, t) with t ∈ G∗ semisimple p-elements, respectively q-elements (see [6, Theorem 
9.12]), we know that Irr(Bp(G)) ∩ Irr(Bq(G)) contains only unipotent characters. Fur-
ther, recall that unipotent characters of G are trivial on Z(G) and extend to unipotent 
characters of G̃. Hence for the case A = S in Question 3.2, it suffices to show that there 
is a unipotent character in Irr(Bp(G̃)) ∩ Irr(Bq(G̃)) with degree prime to {p, q}.

For a natural number m and prime p, we write dp(m) for the order of m modulo p
if p is odd, or the order of m modulo 4 if p = 2. We next show that Question 3.2 holds 
when A = S is a group of exceptional type in non-defining characteristic.
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Lemma 3.6. Let S be a simple group of exceptional Lie type (including Suzuki and Ree 
types) defined in characteristic �, such that S is not isomorphic to one of the groups in 
Proposition 3.4. Let π := {p, q} for two primes p, q such that � /∈ π. Then there exists a 
rational-valued unipotent character lying in Irr(Bp(S̃)) ∩ Irr(Bq(S̃)) with π′-degree that 
extends to Aut(S).

Proof. For notational convenience, write p1 := p and p2 := q. Since the Steinberg char-
acter is rational-valued (this can be deduced from the work of Curtis in [8]), has degree 
a power of �, and extends to Aut(S) (see e.g. [30, Theorems 2.4-2.5]), we may assume 
that it does not lie in Irr(Bp1(S̃)) ∩ Irr(Bp2(S̃)). By [22, Main Theorem] and our as-
sumption that S is not as in Proposition 3.4, we may therefore assume that S is of type 
2E6, E6, E7, or E8, and by [30, Theorems 2.4-2.5], the unipotent characters we find in 
Irr(Bp1(S̃)) ∩ Irr(Bp2(S̃)) will extend to Aut(S).

Define di := dpi
(�f ) for i = 1, 2. Now, if both d1 and d2 are regular numbers, then 

every unipotent character of p′i-degree lies in Bpi
(S̃) for i = 1, 2 (see, e.g., the proof 

of [43, Lemma 3.6]). In this case, the Steinberg character again satisfies the statement. 
Hence we may assume that d2 > 2 is non-regular. Then we will appeal to the explicit 
list of unipotent character degrees in [7, Section 13.9], together with the distribution of 
unipotent characters into blocks found in [4, Tables 1 & 2] for non-regular d2.

By [13, Proposition 5.6], any unipotent character χ of G̃ satisfies Q(χ) = Q(ψ), where 
χ lies in the Harish-Chandra series indexed by (L, ψ) for L a split Levi subgroup of G̃
and ψ a cuspidal unipotent character of L, with some exceptions for E7 and E8. Hence 
(except for these exceptions), if χ lies in the principal series or L is of classical type, then 
it is rational since unipotent characters of classical groups are rational-valued (see [28]). 
By [4, Tables 1 & 2], we see that the only potential non-rational choices then, are in one 
of the following cases, with notation of [7]:

Type of G d2 χ

E7 12 E6[θ], ε or E6[θ2], ε
E8 7 φ4096,11 or φ4096,12

E8 9 φ4096,26 or φ4096,27

E8 9 E6[θ], φ1,0 or E6[θ2], φ1,0

E8 9 E6[θ], φ′′
1,3 or E6[θ2], φ′′

1,3

E8 14 E7[ξ], 1 or E7[−ξ], 1
E8 18 E7[ξ], ε or E7[−ξ], ε
E8 18 E6[θ], φ1,0 or E6[θ2], φ1,0

E8 18 E6[θ], φ′′
1,3 or E6[θ2], φ′′

1,3

Now, using [7, Section 13.9] and [4, Tables 1 & 2], we see that if d1 is also non-regular, 
then there is a π′-degree unipotent character in Irr(Bp1(S̃)) ∩ Irr(Bp2(S̃)) that is not one 
of the exceptions to rationality in the above table. Similarly, we see from these sources 
that if d1 is regular, there is a π′-degree unipotent character in Irr(Bp2(S̃)), and hence 
in Irr(Bp1(S̃)) ∩ Irr(Bp2(S̃)), that again does not appear in the above table. �
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We next complete the case A = S in the context of Question 3.2 when S is a group 
of Lie type with � /∈ π and 2 ∈ π. To ease our notation, for a fixed power �f of a prime 
�, we will define:

Ψk := (�f )k − 1 and Ψ′
k := (�f )k + 1,

so that Ψ2k = ΨkΨ′
k. For any integer n and any prime p, we write (n)p for the p-part of 

the integer.

Proposition 3.7. Let p �= � be distinct odd primes and let S be a simple group of Lie 
type defined in characteristic � that is not isomorphic to one of the groups addressed 
in Proposition 3.4. Write π := {2, p}. Then there exists a rational-valued unipotent 
character lying in Irr(B2(S̃)) ∩ Irr(Bp(S̃)) with π′-degree that extends to Aut(S).

In particular, note that Proposition 3.7 tells us that in the situation there, there exists 
a rational-valued unipotent character lying in Irr2′(B2(S)) ∩ Irrp′(Bp(S)) that extends 
to Aut(S).

Proof of Proposition 3.7. From Lemma 3.6 and again using [22] to exclude the cases 
where the Steinberg character lies in all principal blocks for non-defining primes, we see 
that we are left to consider the case that S is one of the classical groups:

• PSLε
n(�f ) = An−1(�f ) if ε = 1 or 2An−1(�f ) if ε = −1, with n � 5

• PSp2n(�f ) = Cn(�f ) with n � 3
• PΩ2n+1(�f ) = Bn(�f ) with n � 3
• PΩ+

2n(�f ) = Dn(�f ) with n � 5
• PΩ−

2n(�f ) = 2Dn(�f ) with n � 4.

Note that every unipotent character of these groups is rational-valued by [28] and lies in 
B2(G) and B2(G̃), by [6, Theorem 21.14]. We will provide the details for the case of type 
An−1 and note that the degree arguments in the remaining cases are similar, although 
tedious.

Type An−1 and 2An−1: S = PSLε
n(�f ), n � 5

In this case, we may write G̃ = GLε
n(�f ) and G = SLε

n(�f ). Let e := dp(ε�f ) be the 
order of ε�f modulo p. Unipotent characters of G̃ are parameterized by partitions of n. 
For example, 1G̃ corresponds to the partition (n) and the Steinberg character corresponds 
to (1n). Their degrees can be found using the formula in [7, Section 13.8], which we will 
exploit throughout.

Writing n = me + r for 0 � r < e, we have the character χλ corresponding to the 
partition λ of n lies in the principal p-block if and only if its e-core is the partition (r), 
using the results of Fong and Srinivasan (see [10, Theorem (5D)]). Further, since we may 
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assume that the Steinberg does not lie in both principal blocks, we may assume that 
r � 2.

We assume that ε = 1 and show the details in this case, but analogous calculations 
work in the case ε = −1.

Note that Ψk =
∏

d|k Φd, where Φd denotes the dth cyclotomic polynomial in �f . We 
also remark that Φd(�f ) is divisible by p if and only if d = pxdp(�f ) for some nonnegative 
integer x and p2 can only divide Φd(�f ) if d = dp(�f ). Further, Φd(�f ) is divisible by 2 if 
and only if d is a power of 2. (See, e.g. [29, Lemma 5.2].) We will use this to determine 
a unipotent character χλ lying in Irrπ′(B2(G) ∩Bp(G)).

Let n = 2a1 + 2a2 + . . . + 2at with a1 < a2 < . . . < at be the 2-adic expansion of n. 
Let 1 � t0 � t be minimal such that r < 2at0 , and write T := 2at + 2at−1 + · · · + 2at0

and a := n − T + 1. Note that if t0 �= 1, we have r � 2t0−1.

Case I: Suppose first that r = n −T = a −1. In this case, consider λ = (1me, r). Then 
χλ lies in Bp(G), and the π-part of χλ(1) is the π-part of

∏n−1
k=r Ψk∏me
k=1 Ψk

=
∏n−1

k=me+1 Ψk∏r−1
k=1 Ψk

, (1)

which is certainly p′. Now, we see this is further odd, since me = T and (T + i)2 = (i)2
for 1 � i < n − T .

Case II: Now we suppose that r �= (a − 1) = n −T = 2a1 + · · ·+2at0−1 . Then T �= me

and we have n − 2at0−1 � me > n − 2at0 = 2a1 + · · · + 2at0−1 + 2at0+1 + · · · + 2at . Then 
we have T − me = 2at0 − 2at0−1 − · · · − 2a1 − x for some 0 < x < 2at0 . Then writing 
R = 2at0 − T + me, we see R < 2at0+1 and hence must satisfy (R)2 � 2at0 . Then we 
have (me)2 = (R)2 = |T − me|2. That is, we see |T −me| has same 2-part as me. We 
consider the cases r � a and r < a − 1 separately.

Case IIa: Here assume that r � a. In this case, consider the partition λ =
(1n−r−a, a, r) = (1me−a, a, r). The corresponding unipotent character χλ lies in Bp(G)
and the π-part of χλ(1) is the π-part of

Ψr−a+1
∏n

k=n−a+2 Ψk

∏n−a
k=n−r−a+1 Ψk

Ψn−r

∏r
k=1 Ψk

∏a−1
k=1 Ψk

. (2)

Notice that me = n − r � n − a since a � r. Then the product Ψr−a+1
∏n

k=n−a+2 Ψk

is relatively prime to p, since no k for which Ψk is involved in this product is divisible by 
e. Further, the p-part of 

∏n−a
k=n−r−a+1 Ψk =

∏n−a
k=me−a+1 Ψk is the p-part of Ψme, which 

also appears in the denominator, and hence we see χλ(1) is relatively prime to p.
To see that χλ(1) is odd, it is convenient to rewrite (2) as

ΨT−me

∏n
k=T+1 Ψk

∏T−1
k=T−r Ψk∏r ∏n−T

.

Ψme k=1 Ψk k=1 Ψk
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Then 
∏n

k=T+1 Ψk∏n−T
k=1 Ψk

is odd because the 2-part of T + i for 1 � i � n − T is the same as 

the 2-part of i. Similarly, Ψr−n+T

∏T−1
k=T−r Ψk

Ψn−r
∏r

k=1 Ψk
is odd since the 2-part of T − i is the same 

as the 2-part of i for 1 � i � r since r < 2t0 . (And, recall as discussed above that the 
2-part of r − n + T = T −me is the 2-part of n − r = me.)

Case IIb: Now suppose that r < a − 1 and that either e > a − 1 or p � (m − 1). 
Note that if e � a − 1, we must still have 2e > a − 1. (Indeed, note that 2e > 2r �
2 · 2at0−1 = 2at0−1+1 > 2a1 + · · · 2at0−1 = a − 1.) For similar reasons, note that in this 
case 2e − r > a − 1 − r � e − r but that r + e �= a − 1, so a − r − 1 �= e and a − r − 1
cannot be a multiple of e.

Here consider λ = (1me−a, r + 1, a − 1). Then again χλ is in Bp(G), and the π-part 
of χλ(1) is the π-part of the same expression as (2) with the Ψr−a+1 = ΨT−me term 
replaced with Ψme−T . Hence we again see that χλ(1) ∈ Irr2′(G). Further, we see that if 
e > a − 1, this is still p′ by the same arguments as before. Now, if e � a − 1, note that 
the p-part of χλ(1) comes from ΨmeΨ(m−1)e

ΨmeΨe
, since 2e > a − 1, and hence is p′ since we 

have assumed p � (m − 1).

Case IIc: Now suppose that r < a − 1, e � a − 1, and p | (m − 1). As above, note 
that 2e > a − 1. In this case, let 1 < s0 � t be the smallest such that e + r < 2s0 and 
write S := 2at + · · ·+ 2s0 and b := n −S + 1. (Note that our assumptions r < e < n − T

force t0 � s0 � t0 + 1.) Here we argue similar to before, taking λ = (1me−e, r + e) if 
e +r = n −S = b −1; λ = (1n−r−e−b, b, r+e) if e +r � b; and λ = (1n−r−e−b, r+e +1, b −1)
if e + r < b − 1, and arrive at similar degree formulas (with the roles of {me, r, a, T}
played by {me − e, r + e, b, S}) that are p′ because of our assumption that p | (m − 1)
(and hence p � m, m − 2, m − 3) and are odd for the same reasons as cases I, IIa, IIb, 
respectively.

Finally, we remark that the exact same partitions work in the case of ε = −1, noting 
that here Ψk can be replaced by (�f )k − (−1)k in the degree formulas. This completes 
the proof for types A and 2A.

Types Bn and Cn with n � 3
Let S be Bn(�f ) or Cn(�f ) with n � 3. The degrees and enumeration of unipotent 

characters in this case are again given in [7, Section 13.8]. In this case, the unipotent 
characters of S, S̃, G, or G̃ are parametrized by so-called symbols of rank n with odd 
defect. A symbol of rank n is a pair of partitions 

(
λ1 λ2 ··· λa

μ1 μ2 ··· μb

)
=

(
λ
μ

)
, where λ1 < λ2 <

· · · < λa, μ1 < μ2 < · · · < μb, λ1 and μ1 are not both 0, and n =
∑

i λi +
∑

j μj −
�
(
a+b−1

2
)2	. (The symbol 

(
λ
μ

)
is equivalent to 

(
μ
λ

)
, and if λ1 and μ1 are both 0, the symbol 

is equivalent to 
(
λ2−1 ··· λa−1
μ2−1 ··· μb−1

)
.) The defect of a symbol is |b − a|. Given an integer e, an 

e-hook is a pair of non-negative integers (x, y) with y−x = e, x /∈ λ (resp. μ), and y ∈ λ

(resp. μ). The e-core of a symbol is obtained by successively removing e-hooks, which 
means replacing y by x in λ (resp. μ) and then replacing the result with an equivalent 
symbol satisfying that λ1 and μ1 are not both 0. An e-cohook is defined similarly, except 
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that x /∈ λ and y ∈ μ (or x /∈ μ and y ∈ λ), and the e-cocore is obtained by removing 
e-cohooks, which means removing y from μ and adding x to λ (resp. removing y from λ
and adding x to μ), and again replacing the result with an equivalent symbol satisfying 
that λ1 and μ1 are not both 0.

In this case, we let e be the order of (�f )2 modulo p. Then two symbols are in the 
same p-block if and only if they have the same e-core, respectively e-cocore, if p | Ψe, 
respectively p | Ψ′

e. (See [11].) The trivial character is represented by the symbol 
(
n
∅
)
, 

which has e-core and e-cocore 
(
r
∅
)
, where 0 � r < e is the remainder when n := me + r

is divided by e. Note that again every unipotent character lies in the principal 2-block 
(see [6, Theorem 21.14]).

As before, write n = 2a1 + 2a2 + . . . + 2at with a1 < a2 < . . . < at for the 2-
adic expansion of n, let 1 � t0 � t be minimal such that r < 2at0 , and define T :=
2at + 2at−1 + · · · + 2at0 and a := n − T + 1.

From here, the considerations are very similar to the case of type A and 2A above, 
using the degree formulas in [7, Section 13.8]. Namely, we again have the following cases.

Case I: r = n − T = a − 1 so me = T .
Case IIa: r � a.
Case IIb: r < a − 1 and either e > a − 1 or p � (m − 1).
Case IIc: r < a − 1, e � a − 1, and p | (m − 1).
Table 1 lists symbols that complete the proof in cases I and IIa,b. Note that in Case 

I, the π-part of the corresponding character degree is

∏n
k=me+1 Ψ2k

∏me−1
k=me−r Ψ2k∏r

k=1 Ψ2k
∏r

k=1 Ψ2k
=

∏n
k=T+1 Ψ2k

∏T−1
k=T−(n−T ) Ψ2k∏n−T

k=1 Ψ2k
∏n−T

k=1 Ψ2k
,

which is π′. Also note that in Case I when r = 0, the listed character is the Steinberg 
character. In Cases IIa-b, we have the π-part of the corresponding character degree is the 
same as that of (2), with each Ψk replaced with Ψ2k and T −me replaced by |T −me|, 
multiplied by Ψ′

meΨ
′
T

2Ψ′
|T−me|

in the case p | Ψe or m even and by ΨmeΨ′
T

2Ψ|T−me|
when m is odd and 

p | Ψ′
e. Then since T is even (so (Ψ′

T )2 = 2) and the 2-part of |T −me| is again the same 
as that of me, we see that these are still odd. Further, note that p | Ψme in the first 
situation and p | Ψ′

me in the latter, so these are π′ since further me �= T and T = me ±x

where r = n − T ∓ x (recall that even if r < a − 1, we still have x = a − r − 1 is not a 
multiple of e), we see e � T so p � Ψ′

T .
In Case IIc, we use the same strategy as in the case of type A; namely, using analogous 

symbols with the roles of {me, r, a, T} played by {me − e, r+ e, b, S}, where b and S are 
as defined there.

Types Dn and 2Dn with n � 4
In this case the unipotent characters of S, S̃, G, and G̃ are in bijection with symbols 

of rank n and satisfying |b − a| is 0 (mod 4) (unless λ = μ, in which case there are two 
characters) for type D and 2 (mod 4) for type 2D. Let e be defined the same way as 
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Table 1
Symbols for Unipotent Characters in Irr2′ (B2(S̃)) ∩ Irrp′ (Bp(S̃)) for types Bn and 
Cn with n � 3, where n = me + r.

Condition on p p divides Ψe p divides Ψ′
e, m even p divides Ψ′

e, m odd

Case I
(0,1,2,...,me−r−1,me

1,2,...,me−r−1,me

)

Case IIa
(1,2,...,me−a,me,T

0,1,2,...,me−a

) (0,1,2,...,me−a,me
1,2,...,me−a,T

)

Case IIb
(1,2,...,me−a,T,me

0,1,2,...,me−a

) (0,1,2,...,me−a,me
1,2,...,me−a,T

)

Table 2
Symbols for Unipotent Characters in Irr2′ (B2(S̃)) ∩ Irrp′ (Bp(S̃)) for type Dn with 
n � 5, where n = me + r.

Condition on p p divides Ψe p divides Ψ′
e, m even p divides Ψ′

e, m odd
Case I

(me
r

)

Case IIa
(1,2,...,me−a,me,T

0,1,2,...,me−a+1
) (0,1,2,...,me−a,me

1,2,...,me−a+1,T
)

Case IIb
(1,2,...,me−a,T,me

0,1,2,...,me−a+1
) (0,1,2,...,me−a,me

1,2,...,me−a+1,T
)

in type B and C. The block distribution is described the same way as for those types. 
(Again, see [11].) We again write n = me + r with r < e.

For type Dn, the trivial character is represented by the symbol 
(
n
0
)
, which has e-core (

r
0
)

if e � n and 
(∅
∅
)

if e | n. It has e-cocore 
(
r
0
)

if m is even and e � n; 
(0 r

∅
)

if m is odd 

and e � n; 
(∅
∅
)

if m is even and e | n; and 
(
e
0
)

if m is odd and e | n.
If r = 1 or if e | n and either p | Ψe or m is even, then the Steinberg character satisfies 

our conditions. So, we assume that either r > 1, in which case we may consider the 
same cases I, IIa-c as before, or r = 0, p | Ψ′

e, and m is odd. Table 2 lists symbols that 
complete the proof in cases I, IIa-b using arguments like before, and a similar strategy 
to before works for IIc with the roles of {me, r, a, T} again played by {me −e, r+e, b, S}. 
In the case r = 0, p | Ψ′

e, and m is odd, cases and symbols analogous to those used when 
m is even can be used, with the roles of {r, me} replaced by {e, n − e} (that is, the same 
symbols as IIc but with r = 0), sometimes with some small modification. For example, 
when e = n − S, analogous to case I, the symbol 

(
n−e
e

)
works if p � (m − 2), and 

(1,n−e
0,e+1

)
works otherwise.

For type 2Dn, the trivial character is represented by the symbol 
(0 n

∅
)
, which has e-

core 
(0 r

∅
)

when e � n and 
(0 e

∅
)

if e | n. The e-cocore is 
(0 r

∅
)

if e � n and m is even, 
(
r
0
)

if 
e � n and m is odd, 

(
e
0
)

if e | n and m is even, and 
(∅
∅
)

if e | n and m is odd.
The Steinberg character again works when r = 1 or when all of: r = 0, p | Ψ′

e, and 
m is odd. When r � 2, we have the same cases as the previous situations. Table 3 lists 
symbols that complete the proof for I and IIa-b, and again the same strategy works for 
IIc. In the remaining case, the situation is again similar, with the role of {r, me} replaced 
by {e, n − e}.

Finally, note that the characters constructed here further extend to Aut(S) by [30, 
Theorems 2.4-2.5]. �
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Table 3
Symbols for Unipotent Characters in Irr2′ (B2(S̃)) ∩ Irrp′ (Bp(S̃)) for type 2Dn with 
n � 4, where n = me + r.

Condition on p p divides Ψe p divides Ψ′
e, m even p divides Ψ′

e, m odd
Case I

(r,me
∅

)

Case IIa, n �= T
(1,2,...,me−a,me−a+1,me,T

0,1,2,...,me−a

) ( 1,2,...,me−a,T
0,1,2,...,me−a+1,me

)

Case IIb, n �= T
(1,2,...,me−a,me−a+1,T,me

0,1,2,...,me−a

) ( 1,2,...,me−a,T
0,1,2,...,me−a+1,me

)

Case IIa,b, n = T
(1,2,...,me−1,me

0,1,2,...,me,T

)

Note that the Galois group G := Gal(Qab/Q) acts on Irrp′(Bp(G)) for any finite group 
G and prime p | |G|. That is, χσ ∈ Irrp′(Bp(G)) for any χ ∈ Irrp′(Bp(G)) and σ ∈ G. We 
will use this to help identify which extension of the character from Proposition 3.7 lies 
in the principal block of A.

Lemma 3.8. Suppose X � A are finite groups and p is a prime dividing |X| but not 
dividing |A/X|. Suppose further that A = XCA(P ) for P ∈ Sylp(X) and that A/X is 
abelian. Let χ ∈ Irr(Bp(X)) be rational-valued and extend to A. Then there is a unique 
extension of χ to A lying in Bp(A), and this extension is rational-valued.

Proof. By Theorem 2.4, there is a unique extension χ̂ of χ to A lying in Bp(A). Then 
since χσ = χ, for any σ ∈ G, this means χ̂σ ∈ Irr(Bp(A)) lies above χ as well, forcing 
χ̂σ = χ̂. �

We are now ready to answer Question 3.2 for groups of Lie type when 2 ∈ π.

Proposition 3.9. Let S = G/Z(G) be a simple group of Lie type not listed in Proposi-
tion 3.4, let p be an odd prime dividing |S|, and let S � A � Aut(S) satisfying the 
hypothesis of Question 3.2. Then the set Irr2′(B2(A)) ∩ Irrp′(Bp(A)) is nontrivial. In 
particular, Question 3.2 holds when π = {2, p} and S = G/Z(G) is a simple group of 
Lie type.

Proof. By Lemma 3.5, we may assume that the defining characteristic of G is not in π. 
Then by Proposition 3.7, there is a rational-valued unipotent character χ ∈ Irrπ′(B2(S̃) ∩
Bp(S̃)) that extends to Aut(S).

Write C for the centralizer in Aut(S) of a Sylow 2-subgroup of P , and let C = C1C2
be as in Theorem 3.3(2). By [16, Lemma 3.3], there exist extensions χ2 and χp of χ
to B2(S̃C) and to Bp(S̃C), respectively. Now, notice that S̃C1/S̃ has odd order and is 
abelian, and that (S̃C1 ∩A)/S̃ further has order prime to p, by Lemma 3.3(1). (Indeed, 
note that the odd part of Out(S)/S̃ is abelian - see, e.g. [19, Theorems 2.5.12-2.5.14]
for information about the structure of Out(S).) Note that the restriction of χ2 and of 
χp to A1 := S̃C1 ∩ A must lie in the respective principal blocks. Then by Lemma 3.8, 
these restrictions are the unique extension of χ to B2(A1) and Bp(A1), and are rational-
valued. But since (A1)/S̃ is abelian and of odd order, we see only one extension to A1
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is rational-valued, and hence these two characters are the same. That is, there is an 
extension χ̂ of χ to B2(A1) ∩ Bp(A1). Since A/A1 is a 2-group, we know B2(A) is the 
unique block of A lying above B2(A1). In particular, the restriction of χp to A, which 
extends χ̂, must lie in Bp(A) ∩B2(A). �
Remark 3.10. We end this section by discussing where our techniques fail when 2 /∈ π. 
Using Theorem 3.3, in the context of Question 3.2, we have |A/S| is π′ when 2 /∈
π. Suppose that we have a nontrivial rational character in Irrp′(Bp(S̃)) ∩ Irrq′(Bq(S̃))
extending to Aut(S) as before, and that |AS̃/S̃| is abelian. Then using Lemma 3.8, there 
are again unique extensions χ̂p and χ̂q of χ in Bp(A) and Bq(A), respectively. So, we 
would need to argue that χ̂p = χ̂q. Arguing like before, note that χ̂p = χ̂qβ for some 
linear character β satisfying β2 = 1. However, in this case, we may have AS̃/S̃ is even 
(for example, A may contain a field automorphism of order 2), and hence it is plausible 
that β �= 1.

We thank P. H. Tiep for pointing out the following explicit example of the above 
complication. Let S = A8 = SL4(2) and A = Aut(S) = S8, and let π = {3, 5}. Then 
letting χ ∈ Irr(S) be either the (unique) character of degree 14 or the (unique) character 
of degree 64, we have χ ∈ Irr3′(B3(S)) ∩ Irr5′(B5(S)). Of the two extensions of χ to A, 
one lies in B3(A) but not B5(A), and the other lies in B5(A) but not B3(A). (However, 
it is worth pointing out that there is an extension of the character of degree 56 that does 
lie in B5(A) ∩B3(A), so A still satisfies Question 2.5 for π.)

3.2. Alternating groups

Similar calculations to those used in Proposition 3.7 above for type PSLn(�f ) also 
work for the case of the alternating groups An. Recall that for n � 8, Aut(An) = Sn, 
the symmetric group on n letters. For π = {2, p}, any χ ∈ Irrπ′(Sn) in both principal 
blocks will restrict irreducibly to a π′ character also in both principal blocks of An.

The elements of Irr(Sn) are indexed by partitions of n, and two characters lie in the 
same 2-block, respectively p-block, if the corresponding partitions have the same 2-core, 
respectively p-core. The trivial character is represented by (n), so that a character is in 
the principal p-block if and only if its p-core is (r), where n = mp + r with r < p, and 
in the principal 2-block if the 2-core is ∅ for n even and (1) for n odd. The degree of the 
characters are given by the hooklength formula.

Proposition 3.11. Let p be an odd prime and let n � 8. Then there is a nontrivial element 
in Irr2′(B2(Sn)) ∩ Irrp′(Bp(Sn)). In particular, Question 3.2 holds for q = 2 and p odd 
when S is an alternating group An with n � 8.

Proof. Write n = mp + r with r < p and n = 2w+ r0 with r0 ∈ {0, 1}. By [33, Theorem 
1.10], there are height-preserving bijections between B2(Sn) and B2(S2w), and between 
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Table 4
Partitions for Characters in Irr2′ (B2(Sn)) ∩ Irrp′ (Bp(Sn)) for n � 8, where n is even and 
n = mp + r with r < p.

Condition on p partition λ
Case I: r = n − T = a − 1 (1mp, r)
Case IIa: r � a (1n−r−a, a, r) = (1mp−a, a, r)
Case IIb: r < a − 1 and

either e > a − 1 or p � (m − 1)
(1mp−a, r + 1, a − 1)

Case IIc: p � a − 1 and p | (m − 1) (1mp−p, r + p) if p + r = n − S
(1n−r−p−b, b, r + p) if p + r � b
(1n−r−p−b, r + p + 1, b − 1) if p + r < b − 1

Bp(Sn) and Bp(Smp). For this reason, we may assume that either r = 0 or that r � 1
and n is even.

Assume first that r � 1 and n is even. As in Proposition 3.7, write n = 2a1 + 2a2 +
. . . + 2at with a1 < a2 < . . . < at be the 2-adic expansion of n; let 1 � t0 � t be the 
smallest such that r < 2at0 ; and write T := 2at + 2at−1 + · · · + 2at0 and a := n − T + 1. 
Here we may consider the same cases as in the proof of Proposition 3.7 for type An−1, 
and use the same partitions, with the role of e there now played by p. We summarize 
this in Table 4. Here in the cases of IIc, S and b are defined similar to before: s0 is the 
smallest such that p + r < 2as0 ; S := 2at + · · · 2as0 ; and b := n − S + 1.

We note that the degrees in this case are analogous to the degrees in the case of An−1, 
now with each Ψk replaced by the integer k and e replaced by p. For example, in case I, 
the degree is

∏n−1
k=mp+1 k∏r−1

k=1 k
,

which is (1) with each Ψk replaced by the integer k and e replaced by p. Then in each 
case, the degrees are π′ using the same arguments as in the proof of Proposition 3.7.

Now assume r = 0, so that n = mp = 2w+r0 with r0 ∈ {0, 1}. Here the same partitions 
as in Case IIc in Table 4, but taking r = 0, give members of Irr2′(B2(Sn)) ∩Irrp′(Bp(Sn))
except in the case p � b and p | m or p < b − 1 and p | m or m − 2. Note that if S = n, 
the second line is (1mp−p, p), the same as the first, and the character is still π′. Hence in 
the remaining cases p �= n − S when p | m or m − 2, we may also assume that S �= n. 
Then (1S , n − S) gives a character in B2(Sn) ∩Bp(Sn) with degree 

∏n−1
k=S+1 k∏n−S−1
k=1 k

, which is 
odd using the same reasoning as before and is p′ since p � (m − 1) and n − 2p = (m − 2)p
must be less than S. �
4. Groups which are p and q-solvable

In this section we prove Conjectures B and C under solvability conditions.

Lemma 4.1. Suppose that Irrp′(G) = Irrp′(G/N). Then N has a normal p-complement.
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Proof. This follows from a theorem of Y. Berkovich. (See, for instance, [35, Theorem 
7.7].) �
Theorem 4.2. Suppose p and q are different primes. Then Irrp′(G) = Irrq′(G) if and only 
if there are P ∈ Sylp(G) and Q ∈ Sylq(G) such that [P, Q] = 1, PQ is abelian, and 
NG(P ) = NG(Q).

Proof. This is the content of [38]. For p-solvable and q-solvable groups, this follows from 
the main result of [41]. See also [36]. �

The following is Conjecture B for p- and q-solvable finite groups.

Theorem 4.3. Let p and q be different primes. Assume that G is p-solvable and q-solvable. 
Suppose that

Irrp′(Bp(G)) = Irrq′(Bq(G)) .

Then p and q do not divide |G|.

Proof. Using Lemma 2.1, it is enough to show that pq does not divide |G|. Let L =
Op′(G), M = Oq′(G) and K = Op′(G)Oq′(G). By [34, Theorem 10.20], we know that 
Irr(Bp(G)) = Irr(G/L) and Irr(Bq(G)) = Irr(G/M).

Let X = M ∩ L. Since Op′(G/X) = L/X, we can assume that X = 1.
By hypothesis, we have that Irrp′(G/L) ⊆ Irr(G/M). Therefore Irrp′(G/L) =

Irrp′(G/K). By Lemma 4.1, this implies that K/L (and therefore M) has a normal 
p-complement. Thus M = Op(G). By the same argument, L = Oq(G).

Suppose that K ⊆ Y � G and G/Y is p′ and q′. Then Op′(Y ) = L and Oq′(Y ) = M . 
Let τ ∈ Irrp′(Y/L), and let χ ∈ Irr(G/L) be over τ . Then χ has p′-degree so it lies in 
Irrq′(G/M). Thus τ ∈ Irrq′(Y/M). By the same argument with the primes reversed and 
using induction, we conclude that Y is not divisible by pq, and we are done in this case.

As it is obvious from the hypothesis, notice that Irrp′(G/K) = Irrq′(G/K). Let π =
{p, q}. By Theorem 4.2, we have that G/K has abelian Hall π-subgroups. By the Hall-
Higman Lemma 1.2.3 (see [24, Theorem 3.21]), and using the previous paragraph, if 
R/K = Oπ′(G/K), we have that G/R is an abelian π-group.

Write G/R = P0/R × Q0/R, where P0/R is an abelian p-group and Q0/R is an 
abelian q-group. Now, let γ ∈ Irrp′(P0/L). Let ψ ∈ Irr(G) be over γ. Since G/P0 is a 
q-group, it follows that ψ has p′-degree. We conclude that ψ has q′-degree, by using the 
hypothesis. Therefore, γ = ψP0 is Q0-invariant. Now, notice that P0/L is a q′-group. 
Let Q ∈ Sylq(G). Then Q/L acts coprimely on P0/L fixing all the p′-degree irreducible 
characters. Let P1/L ∈ Sylp(P0/L) be Q-invariant (see [24, Theorem 3.23]). By [31, 
Corollary B] we have that [P1/L, Q/L] = 1. In particular, Q/L ⊆ CG/L(U/L), where 
U/L = Op(G/L). Again, by the Hall-Higman Lemma 1.2.3, we conclude that Q = L

and Q0 = R. By the same reason P0 = R, and we deduce that G = R. By the fourth 
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paragraph, we have that K = G. If L > 1, let 1 �= λ ∈ Irr(L) linear and consider 
χ = λ × 1M . Then χ ∈ Irrq′(G/M) but does not contain L in its kernel. Thus L = 1 and 
by the same reason M = 1, so we conclude that G = 1 and the proof is complete. �

It seems difficult to characterize when Irrp′(Bp(G)) ⊆ Irrq′(Bq(G)) group theoretically, 
as shown by G = A6.23, p = 2 and q = 5. Certainly, this is an interesting problem.

The following is the p-q-solvable case of Conjecture C.

Theorem 4.4. Suppose that G is a finite p-solvable and q-solvable group, for different 
primes p and q. Then q does not divide χ(1) for all χ ∈ Irrp′(Bp(G)) and p does not 
divide ψ(1) for all ψ ∈ Irrq′(Bq(G)) if and only if there are P ∈ Sylp(G) and Q ∈ Sylq(G)
such that [P, Q] = 1.

Proof. L = Op′(G) and M = Oq′(G) and notice that Irr(Bp(G)) = Irr(G/L) and 
Irr(Bq(G)) = Irr(G/M) by [34, Theorem 10.20]. Suppose that [P, Q] = 1. Then Q
centralizes K/L, where K/L = Op(G/L). By the Hall–Higman Lemma 1.2.3, we have 
that QL/L is contained in K/L. Hence, Q ⊆ L and therefore q does not divide the 
irreducible character degrees of G/L. Reasoning analogously we obtain that p does not 
divide the irreducible character degrees of G/M .

Suppose now that q does not divide χ(1) for all χ ∈ Irrp′(Bp(G)) and p does not 
divide ψ(1) for all ψ ∈ Irrq′(Bq(G)). We prove this implication by induction on |G|. 
If X = L ∩ M > 1, by induction G/X has nilpotent Hall {p, q}-subgroups and using 
the Schur–Zassenhaus theorem we conclude that G has nilpotent Hall {p, q}-subgroups. 
Thus we may assume that X = 1.

We have that Irrp′(G/L) ⊆ Irrq′(G/L). By the main result of [41], there is a Sylow 
p-subgroup P of G and a Sylow q-subgroup Q of G, such that NG(P ) ⊆ NG(Q)L. If 
K/L = Op(G/L), then we have that K/L normalizes QL/L. Since QL/L normalizes 
K/L and have coprime orders, we deduce that QL/L centralizes K/L. By the Hall–
Higman Lemma 1.2.3, we deduce that Q ⊆ L. By the same reason, we have that P ⊆ M . 
We conclude that [P, Q] ⊆ [M, L] = 1 as wanted. �

It has been pointed out to us by A. Moretó that the results of this paper can be 
used to give a generalization of the main result of [2], again replacing Irr(Bp(G)) by 
Irrp′(Bp(G)). We include this theorem here with his kind permission.

Theorem 4.5. Let G be a finite group. Then Irrp′(Bp(G)) ∩ Irrq′(Bq(G)) = {1G} for all 
prime numbers p �= q dividing |G| if and only if G is nilpotent.

Proof. We use the hypothesis for the pairs of primes {2, q}, for every odd q that divides 
|G|. Therefore for such q, using Theorem D, there exist a Sylow 2-subgroup of G and 
a Sylow q-subgroup of G such that [P, Q] = 1. Therefore, |G : CG(P )| is a power of 2
for any Sylow 2-subgroup P of G. Hence G = PCG(P ) and we conclude that G has a 
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normal Sylow 2-subgroup. Thus G is solvable and the result follows from the solvable 
case of Conjecture A (see Theorem 2.7). �

We have mentioned in the Introduction that our conjectures seem to admit even a 
further generalization using Galois automorphisms. Indeed, if σp is the automorphism 
of Qab that fixes p′-roots of unity and sends p-power roots of unity ζ to ζ1+p, it should 
be possible to replace Irrp′(Bp(G)) by the subset of its fixed elements under σp. We 
note that our work in Section 3 supports this generalization in the case of Conjecture 
A. Namely, the characters in Irrp′(Bp(A)) ∩ Irrq′(Bq(A)) constructed in Lemma 3.5 and 
Propositions 3.7 and 3.11 are also fixed by σp and σq. Indeed, this is clear for the rational 
characters in Propositions 3.7 and 3.11, but the characters described in Lemma 3.5 for 
S can also be chosen to be fixed by σp and σq (see [15, Proposition 4.5 and its proof]), 
so that this is also true for the characters of A by again applying Theorem 2.4.
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