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1 Introduction

In this paper, we study the numerical approximation of the optimal control problem

1
(P) inf J(u):= 7/(yu(m,t)—yd(x7t))2dxdt+ﬁ/ u(z,t)? dz dt,
u€Uqq 2 Q 2 Q

where k > 0, Q = Q x (0,T), with Q@ C R", n = 2 or 3, a convex polygonal/polyhedral domain with
boundary I' and 0 < T' < 400 is fixed,

Usa = {u € L=(Q) : |lu(t)||L1(q) < v for a.a. t € (0,T)}

with 0 < v < +00. Further y, is the solution of the semilinear parabolic equation

Ay :
En +Ay+a(z,t,y)=u inQ=Qx(0,T), (1.1)
y=0on X =T x(0,T7), y(0)=1yoin

with .
Ay = — Z Ou; (@i (x)0z,y).

i,j=1
Precise assumptions on the operator A and the nonlinearity a are given below.

This problem was studied in [8], where the authors proved existence of a solution, and obtained first
and second order optimality conditions. As it is emphasized in that paper, there are two special difficulties
in the study of (P). The first one is given by the fact that, in order to be able to deal with strong nonlinear
terms such as a(z,t,y) = ao(x,t) exp(y) with ag € L>=(Q), the framework for the control space cannot
be L?(Q), but should be L4(Q) with ¢ large enough. This implies that the usual techniques to prove
existence of a solution fail, rather, a truncation argument on a is used for this purpose. The second
difficulty is the nondifferentiability of the constraint. First order optimality conditions are obtained using
the convexity of U,yq. Second order optimality conditions require a careful setting of the cone of critical
directions in order to obtain sufficient conditions with a minimal gap with respect to the necessary ones.
With the aid of first order optimality conditions, sparsity properties of the optimal control are derived.

There are numerous references regarding the numerical analysis of problems governed by partial differ-
ential equations. Not trying to be exhaustive, and considering only distributed optimal control problems
governed by parabolic equations, we can cite [23] (linear equation, no constraints), [I3] (semilinear equa-
tion, but only dimension 2 and not strong nonlinear terms, no constraints), [I] (discontinuous elements
for linear convection-diffusion), [22] [I7, [29] (linear, pointwise control-constraints), [20], (space-time spec-
tral discretization), [I0} [5] (semilinear, sparsity-promoting term in the functional, no constraints), [11]
(semilinear, pointwise control-constraints, no Thikonov regularization), [12] (linear, state constraints),
[19] (quasilinear, pointwise state constraints).

The only reference that we have been able to find with a pointwise constraint in time on the norm of
the control is [I8]. In that reference, the authors impose the differentiable constraint ||u(~,t)||%2(m <1
However, they do not address the obtention of error estimates for the discrete problems.

Our objectives in this paper are to discretize (P) in such a way that the sparsity properties are
preserved, to prove convergence of the discrete solutions to the solutions of the continuous problem, and
to obtain error estimates. To discretize the state equation, we use a discontinuous Galerkin scheme,
computationally equivalent to the implicit Euler method. For the discretization in space of the state
and the adjoint state, continuous piecewise linear finite elements are used, while for the control we study
both piecewise constant and continuous piecewise linear approximations. The use of piecewise constant
elements leads in a natural way to sparsity properties of the discrete optimal control consistent with
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those obtained for the continuous problem, but a straightforward discretization of (P) using continuous
piecewise linear space-approximations of the control, may result in a loss of the sparsity properties due to
the use of a mass matrix. To overcome this difficulty, we discretize the norm in LP(2), p = 1,2 with the
help of the lumped mass matrix and use Carstensen’s quasi interpolation operator. A similar technique
for problems with sparsity-promoting terms in the functional was used in [6] for a problem governed by
a semilinear elliptic equation and in [5] for a problem governed by a semilinear parabolic equation; this
technique is also found in the thesis by [26] and in [28].

The plan of this paper is as follows. In Section [2| we recall some results from [8] concerned with the
continuous problem. In Section [3] the problem is discretized and the sparsity properties of the discrete
solution are established. In Section[d] we prove convergence and obtain error estimates. Finally, in Section
numerical examples are presented to illustrate the results obtained in the paper.

2 Assumptions and preliminary results

We make the following assumptions along this paper.

Assumption 1- Q@ C R™, n = 2 or 3, is a convex polygonal/polyhedral domain, and 0 < T < oo is
fixed. I' denotes the boundary of Q. The coefficients of the operator A satisfy: a;; are Lipschitz functions
in Q for every 1 <1i,j <mn, and

Aal€)? < Z a;;(x)&€; VEER™ and for aa. x € Q (2.1)

i,7=1

for some A4 > 0. For the initial state we suppose that yo € H}(Q) N C%*(Q), where C%(Q) denotes
the space of a-Holder continuous functions in Q with « € (0, 1].

Assumption 2- We assume that a : Q x R — R is a Carathéodory function of class C? with respect to
the last variable satisfying the following properties:

0
C, e R: 8—Z($7t,y) >C, Yy € R, (2.2)
R 4
a(-,-,0) € L7(0,T; L*(Q)), with # > g (2.3)
&a )

VM >03C,m >0: @(x,t,y) <ComVyl <M andj=1,2, (2.4)
Vp > 0 and VM > 0 Je > 0 such that

%a 0? (2.5)

<p Vil ly2l £ M with |y1 —ye| <&,

a
@(fﬁ,t,yl) - aTJg(il?»tvyz)

for almost all (x,t) € Q.
Assumption 3- In the control problem (P), we assume that £ > 0, v > 0, and yq € L"(0,T; L?(2)).
As usual we denote H%1(Q) = L2(0,T; H*(Q)NH (Q))NH(0,T; L?(£2)). Then, we have the following
result.

Theorem 2.1. Under Assumptions 1 and 2, for every u € L"(0,T; LP(Q)) with * + 35 <landr,p=>2
there exists a unique solution y, € C%?(Q) N H>Y(Q) of (L.1)) with 8 € (0,a]. Moreover, the following
estimate holds

{ yullco.s (@) + yulla21@) < nllullr 0,710 @) + M), 26)

Yullzo<0,7522(0)) + 1Yull 20,112 () < C(llullp2(q) + Ma,0)
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for a constant C' and a monotone nondecreasing function n : [0,00) — [0, 00) with n(0) = 0 independent
of u, and

M;o = lla(, - O)ll L 0.1:2(2)) + [[Wollco.e @y + Yol z1 )
Mao = lla(-,,0)llz2(q) + lvollz2 (o)

The existence of a unique solution of in the space L?(0,T; Hi(2)) N L>=(Q) as well as the
estimates in L>°(0,T; L*(Q)) and L?(0,T; H}(Q)) were proved in [§]. The H*!(Q) regularity is a well
known consequence of the convexity of Q and the H}(Q) regularity of yo. The reader is referred to [21]
Chap. 111-§10] or [15] for the C%#(Q) regularity.

Taking p = 2 and r € (ﬁ, oo] we have that % + % < 1land r > 2. Then, from Theorem we
deduce that the mapping G : L"(0,T; L*(Q2)) — H?(Q) N L>°(Q) given by G(u) = v, is well defined.
Further, we have the following differentiability properties.

Theorem 2.2. The mapping G is of class C?. For u,v,v1,vy € L"(0,T; L*(Q)) the derivatives z, =
G (w)v and zy, v, = G (u)(v1,v2) are the solutions of the equations

0z, da .
o T A%+ a—y(x,t,yu)zv =v inQ, (2.7)
2o =0 0n 3, z,(0)=0in Q,
82’1; v 8@ 820,
81157 2+ Azyy vy + Oy (T, Yu) 2oy vy T oy 2(.23 tYu) 2o 20, = 0 in Q, (2.8)

Rvy,ve = 0 on 27 21, (0) =01n Q
where z,, = G'(u)v;, i = 1,2.

This theorem was proved in [8] with a change in the range of G, namely G : L"(0,T; L*(Q)) —
L2(0,T; HY(Q)) N HY(0,T; H-1(2)) N L>°(Q). The proof given there can be adapted using the extra
regularity of the data of the state equation and Theorem

Theorem [2.2] along with the chain rule leads to the following differentiability properties of the cost
functional J.

Corollary 2.3. Ifr > then J : L"(0,T; L*(Q))) — R is of class C? and its derivatives are given

4—n n’
by the expressions
J (u)v = / (¢ + ku)vdzdt, (2.9)
Q
" 0%a
J (U)(Ul, U2) = |:(1 - ﬁ(xamyu)@)zmzvz + "@vlv2j| dz dt, (2'10)
Q %y

where z,, = G'(u)v;, i = 1,2, and ¢ € C%P(Q) N H*'(Q) is the solution of the adjoint state equation

Oy . Ja _ :
5 A0+ ay(fc,t,yu)so— Yu —Ya N Q, (2.11)

p=00nX%, oT)=0inQ,

with A*p = Z Oz, (aji(2)0y, ) the adjoint operator of A.
5,j=1
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Concerning the control problem (P), the following theorem and corollaries follow from [§].

Theorem 2.4. There exists at least one solution of (P). Moreover, for every local minimizer u in the
L"™(0,T; L?(Q)) sense with r > ﬁ, there exist y,¢ € H>1(Q) N C%A(Q), and i € L>=(Q) such that

o L
a + Ay + a(xvt,y) =u in Q, (212)
g=0on3%, §(0)=uyo in Q,
0@ .. Oa N .
—5r tAPH 5 @t DE=T-ya inQ, (2.13)
p=0o0nX%, @(T):OZTLQ,
/ f(u— w)dedt <0 Vu € Uyg, 214)
Q
a0 (2.15)

Let us denote by Projg_ : L*(Q) — B, N L*(Q) the L*(Q) projection, where B, = {v € L'(Q) :
lvllLr) <7}

Corollary 2.5. Let @, ¢, and i satisfy (2.12))—(2.15) and assume that & € Uyq. Then, the following
properties hold

/ at)(v—a(t))de <0 Vv e B, and for a.a. te (0,T), (2.16)
Q
u(t) = Projp_ (- %@(t)) for a.a. t € (0,T), (2.17)

u(z, t)ae,t) = [u(z, t)||a(z, t)] for a.a. (z,1) € Q,
if [|[u(t)|| L) < v then i(t) =0 in Q a.e. in (0,T),

if la())| @) =7 and a(t) # 0 in Q,

) (2.18)
then supp(u(t)) C {z € Q: |fa(x,t)| = [|[A(t) || Lo (o) }-

Corollary 2.6. Let u € Uy,gNL>(Q) satisfy (2.15) and (2.18)). Then, the following identities are fulfilled
_ 1. _ _ +
a(z, 1) = ——sign(@(@, 1)) (1o (2, )] = B0 ()
1 B B - B B +
== { [P 8) + 1B O o]+ [#(,8) = 1B (o)) } (2.19)

Moreover, the regularities u € H'(Q) and i € H*(Q) hold.

We finish this section by considering the second order optimality conditions. To this end we introduce
some notation. We consider the Lipschitz continuous and convex mapping j : L}(2) — R defined by
J(v) = [[v|l1(q). Its directional derivative is given by the expression

3 (u;v) /Qf{ v(ac)dxf/Q

QF ={zeQ:ulx) >0}, Q, ={zrecQ:ux) <0} andQ%:Q\(Qi‘UQ;).

u

v(z)dz + /QO |v(z)|dz  Yu,v € L*(Q), (2.20)

where



6 E. Casas, K. Kunisch, and M. Mateos

Given an element @ € U,q satisfying the first order optimality conditions (2.12)—(2.15)), set
L, ={te(0,T):j(u(t)) =~} and LI ={tel, :pt)#0inQ}.
Now, we define the cone of critical directions associated with @

p— 'f +
Ca={v e L2(Q) 7'(ao = 0 amd 5 (u(t); (1)) { —o s iv o )
>~ )

Then, we have the following theorem, whose proof can be found in [S]E

Theorem 2.7. Let 4 be a local solution of (P) in the L"(0,T;L?*(?)) sense with r > ;2. Then, the
inequality J" (w)v? > 0 holds for all v € Cy. Reciprocally, if u € U,q satisfies the first order optimality
conditions and the second order condition J"(w)v* > 0 Vv € Cg \ {0}, then there exist 6 > 0 and & > 0
such that

0
J(a) + §||u - 11||2L2(Q) < J(u) Vu € UyqN B:(@), (2.21)
where Be(u) = {u € L"(0,T; L*(Q)) : |lu — @l r0,7;22(0)) < €}
Given s > 0 we define the extended cone

o 200 . |/ (2V0] < . J'(@(@);v(®)] < sllvllrzq) ift eIy,
Cu {”U el (Q) : |J (u)v| > SH'UHL (Q) and { j’(ﬂ(t);v(t)) < SH'UHL2(Q) ift e I’y\L—Yi-’ }

Then, we have the following result.

Theorem 2.8. Let u € Uyq satisfy the first order optimality conditions (2.12)—(2.15) and the second
order condition J"(u)v* > 0 Vv € Cy \ {0}. Then, for every r € (11, 00] there exist strictly positive
numbers €, s, X such that

J" (u)v? > )\HU”%z(Q) Yo e Cs and Yu € B.(a), (2.22)
where B () denotes the L"(0,T; L*(Q)) closed ball.

3 Numerical approximation

In this section we study the numerical discretization of (P) by discontinuous Galerkin finite element

methods. To this end we consider a quasi-uniform family of triangulations {Kj },~o of Q, cf. [3, Definition

(4.4.13)], and a quasi-uniform family of partitions of size 7 of [0,T], 0 =tp < t1 < --- < tn, =T. We will

denote by Nj and Ny, the number of nodes and interior nodes of the triangulation Kp, I; = (t;_1,t;),

T; =t; —tj_1, T = maxi<,;<n, Tj, and o = (h, 7). Following [24] we make the following assumptions.
Assumption 4- The next properties hold

361,60, > 0 such that 7; > 6,772 Vj = 1,... N,

Jo > 0 such that 7 < po1; Vj=1,... N,

303,05 > 0 and cq 7, Car > 0 such that co rh% <1 < Co rh,
7|Ca| < 1, where C, satisfies (2.2)),

where the constants are independent of 7 and h. Observe that 63 and 64 can be arbitrarily large and
small, respectively. Hence, it is not a strong restriction.

v(z,t)

LAt the end of the proof of Theorem 5.1 of that paper, the definition of v, has to be changed to v (z,t) = Tl 2
& L2(Q)

and subsequently J'(@)vg = 0 follows from Lemma 5.1.
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3.1 Approximation of the state equation.
Now we define the finite dimensional spaces
Yy, = {yn € C(Q) : ynx € PI(K) VK €K; and y, =0on T},
Vo ={yo € L*(0,T;Y3) : yoy1, €Y Vji=1,...,N:}.

The elements of ), can be written as

N, N, Nin
Yo = E Yh,i X5 = E E Yi,i€i X5,
j=1 j=1 i=1

where y,; € Yy for j=1,... N, y;; e Rfori =1,... Ny and j =1,...,N;, {e; }N” is the nodal

basis associated to the interior nodes {x; }N’ " of the tr1angulat10n and x; denotes the characteristic
function of the interval I; = (t;_1,t;).

For every u € L2(Q), we define its associated discrete state as the unique element y,(u) € YV, such
that for j=1,..., N,

/(yh,j—yh)j_l)zhdx+7'jb(yh7j,zh)—I—/ /a(m,t,yh7j)zhdxdt:/ /uzhdxdt Vzn € Y,
Q 1; Ja 1; Ja

Yn,0 = Pryjo,

(3.1)

where Py, : L?(2) — Y}, denotes the L? projection operator, and b : H'(Q) x H!(Q) — R is the bilinear
form

b(y, 2) / Z ij00, YDy, zdx Yy, 2 € HY(S).
Q
i,7=1

From a computational point of view, this scheme coincides with the implicit Euler discretization of the
system of ordinary differential equations obtained after spatial finite element discretization. The proof of
existence and uniqueness of a solution of is standard by using Brouwer’s fixed point theorem and
the assumption 7|C,| < 1. Moreover, the system realizes an approximation of in the following
sense.

Theorem 3.1. Let u € L"(0,T; L*(Q)) hold with r > 2. Under the assumptions 1, 2, and 4, there
exist hg > 0, 19 > 0, 69 > 0, C > 0, and a monotone nondecreasing function n; : [0,00) — [0, 00)
independent of u such that for every T < 19 and h < hg

190 = Yo (W)l L2(@) < C(l[ullLro,r;2(0)) + Mso) (T + h?), (3.2)
1y = yo (W)l L@y < m (el Lro.1:L2 () + Mro) | log h[*h%,

where My o is taken as in Theorem .

Proof. For the proof of the reader is referred to [24] Corollary 6.2]. To prove we use [24]

Theorem 6.5] to deduce the existence of a constant C; independent of u such that

TN 2
I = vo (W)l (@) < Callog bl (log =) llyu = 2ollL(@) V2o € Vi

Let us select a convenient z,. We denote by P, the L?(0,T') projection operator

Pw—ZTJ/ t)dty; Yw e LY(0,T).

]
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It is obvious that || Prz| r(q) < ||zl (q) for every z € L>(Q).
Nin

We also set IIj, : Co(Q) — Y}, the interpolation operator Il,z = Z z(x;)e;. Then, we take z, =
i=1
P, Il,y,. From (2.6) we get

Y — ZU||L°°(Q) < lyu — TyuHL“’(Q) + |1 Pr(yu — thu)||L°°(Q)
< lyu — TyUHLOO(Q) + lyu — thuHLOO(Q)
< (P +(n+ 1)h'8)||yuHCOﬁ(Q) < (P +(n+ 1)h5)77(HullLT(O,T;L?(Q)) + M;p).

Using the assumption CQ7T]’L03 <7< OQﬂ-he(k and taking 0o = min{1,60,}5 we deduce (3.3). O

3.2 Approximation of the control problem.

We will consider two different ways to discretize the space of controls:
I - Piecewise constant controls. We introduce the spaces and sets

Uy, = Uh70 = {uh S LOO(Q) DUR| = UK ceR VK € Kh},
By = {un = Z ugxk € Unp: Z | K| Jurc| <7},

KeKp, KeKy,
NT

U, = UO’,O = {’U,a = E Uh,i X5 Uh,j € Uh’() fOYj =1,.. .,NT},
Jj=1

Usaa = {tto € U s g € Bay forj=1,..., Ny},

where xx and x; denote the characteristic functions of the sets K and I, respectively. It is immediate
to check that Uy qq = Uy NUgq C Uygq-
II - Piecewise linear controls. In this case we take

Up=Up1 = {un € C(Q) SUp| € Pi(K) VK € K},

Np, Np,
By ={up = Zuiei cUpq: Z |uz|/ e;dx <},
i=1 i=1 Q2
N,
U, =Up1 = {us = Zuh’ij tup; €Upq forj=1,...,N;},
j=1

Us,ad = {ua €Uyt un,j € Byy for j = 1,...,]\77}7

where P (K) denotes the space of the polynomials on K of degree < 1. From the inequality
Np,
> e
i=1

HUhHLl(Q) =/
Q|
we infer that Uy 44 C Ugg.
We observe that U, C L*(0,T;Uy) in both cases and every element u, € U, can be written in the

Np,

dz < Z \uz|/ e; dx
i=1 Q
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form
N,

N E UK, jXKXj if Uy =Ugp,

- j=1 KeKy

Uy = u . [—

o E h,iXj N. N,
E g Us j€i X if Uy =0,

j=1i=1

Now, we formulate the discrete control problem

(Ps) inf  Jy(uy):= /\yg (uy) yd|2dxdt—|—f||uUH

Us€Us,ad

where y, (u,) is the solution of (3.1)) for u = u, and

uol5 = ZTJ”uh,JHh

with || - ||, the norm in Uy, defined by

Nl

< Z |Ku§<> if Up = Uhp,

KeKy,

[unln = N

Ny, 2

<Z (/ ei(x) dx) u?) it Uy ="Up,a.
i=1 78

‘We notice that
> unl?do = sl if U, = Ui,
KeK
||uh||2L2(Q) = Np, ' Ny, (3.4)

Zuiei(x) *do < Zei(:ﬂ)%2 dz = |lun| if Uy = Upy,
Q Q
i=1 =1

where we have used that 0 < e;(z) <1 and Z ei(r) =11in Q.
We also introduce ||uq|ls = v/ (U, U)o, where the scalar product (-,-), in U, is defined by

(uq,vg LQ(Q) Z Z TJ|K|UK]’UK] lf Ua:Umo,

j=1 K€Ky
(Ugs Vo )o TJ Uh,j> Vh,j)h N, N,
E E TJ(/ dl’) umvi,j if UU = Ug)l.
j=11i=1

Due to the compactness of U, 44 in both definitions and the continuity of J,, we infer the existence
of at least one solution for (P,).
Analogously to Corollary we have the following differentiability result.

Theorem 3.2. The functional J, : U, — R is of class C? and its first derivative is given by the
expression

J! (ug)vy = / Voo dz dt + k(Ug, Vo) o, (3.5)
Q
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where @, (uy) € Vo is the solution of the adjoint state equation: for j = N;,...,1

Oa
/(@h,j*Sﬁh,j+1)2hd$+7jb(zha¢h,j)+/ /g(f,t’yo(ua))sﬁh,jzh dz dt
Q ; Jo 0y

Z/ /(ya(ua) —ya)zndrdt Yz, € Yy, (3.6)
1, Ja

©h,N.+1 = 0.

Now we compare the continuous and discrete adjoint states.

Theorem 3.3. Let u € L"(0,T;L3()) hold with r > 2, and let us denote by ¢, and @, (u) the

solutions of (2.11) and (3.6) with y,(uy) replaced by y,(u). Under the assumptions 1-4, and taking hg
and 19 as in Theorem there exists a monotone nondecreasing function 1, : [0,00) — R independent

of u such that for every T < 19 and h < hy

leu — o (u)llL2(q) < n2(lullLro.7:L2()) + Mio) (T + h?),
Il = po (W)l L(q@) < m2(llullLro.r:L2(0)) + M o) | log h[*h%.

Proof. Let 1, € C%%(Q) N H?*'(Q) denote the solution of the adjoint state equation

Oy, . i
B gt + A%y + o= (2,8, Yo (u)Yu = Yo (u) —ya n @, (3.9)

dy
Yy =0o0n 3%, ¥, (T)=0in Q,

da

and set @, — 9o (1) = (Yo — Vo) + (Y — 0o (1)) = ey + &, Subtracting the equations (2.11]) and (3.9) we
get

Oey, Oa

0 0
~ G T ATt G ten = (= v () + [ b ye () = (et y)|Yu Qg

dy
ey =0o0n 3, e,(T)=0in.

Setting M = [|yul| L (@)+1 and taking ho and 79 small enough, we infer from (3.3)) that ||y, (u)|| L~ (@) <
M for every o = (h,7) with h < hg and 7 < 79. Then, from (3.9) it follows with (2.4) that

lull @) < C1(lyo (W)l L (@) + lyallzro,r2@))) < Cr(M + lyallr0.1:02(9))) - (3.11)

From ([2.4), (3.3), and the mean value theorem we obtain

g—gw,uyg(u)(m» - Z—Zw,uyu(m)) < Cort o () (@, 2) — gl )] (3.12)

From (3.10), (3.11)), (3.12), and (3.2), we infer

||eu||L2(Q) <y [1 + Co,mCh (M + llyal LT"'(O,T;L%Q)))} Yo (u) — yUHL2(Q)
S CMC(HU||LT‘(O,T;L2(Q)) + M'f‘vo) (7‘ + hz). (313)

The constant C'js is a monotone nondecreasing function of M.
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Let us estimate &,. Since ¢, (u) is the solution of the discretization of the linear equation (3.9)), the
classical error estimates yield the existence of a constant C3 such that

1€ullz2(@) < Ca( + B?) (1Yo (W] L2(Q) + lvallz2@))- (3.14)

Hence, (3.13) and (3.14) along with (2.6 lead to (3.7).
To prove (3.8]) we first modify (3.13)) as follows

leall(q) < C2[1+ CanCr(M + lyall L7 0,1:22(0)) | 1Yo (1) = Yull L= (@)
< Cvmi (1wl 07522 (0)) + Mi0) | log B> h%. (3.15)

Finally, using the linearity of the equations satisfied by v, and arguing as for the estimate (3.3]) we
infer

€ull L= (@) < C3|log h[*h%.
The last inequality and (3.15)) imply (3.8). -

3.3 First order optimality conditions.
The goal of this subsection is to prove the first order optimality conditions and their consequences.

Theorem 3.4. Let 4, be a local minimum of (P,). Then there exist Yo, 95 € V» and iy € Uy such that

/Q(?h,j — Yn,j—1)zndzx + 7;0(Yn.j, 2n) +/ /Qa(xﬂf, Un.j)2n da dt
I;
= / / up jzpdedt Vz, €Yy, andVj=1,..., N, (3.16)
1; /0
Un,0 = Pryo,
oa
/(@h,j — Ph,j+1)2ndx + T;b(2p, Pn ;) +/ / a—(w,t,gg)@hdzh dx dt
@ 1, Ja 9y
:/ /(ﬂh,j —ya)zndzdt Yz, €Y, andVj = N,,...,1, (3.17)
Ph,N,+1 =0,
(io, Uy — Ug)e <0 Vi, € Uy qa, (3.18)
1
@/ Ghjdr +rik; +pik; =0 VK €Ky andVj=1,..., N, if Uy = Ugy,
1 ) (3.19)
feo‘lx/ @njeidr + Kt j+ ;=0 Vi=1,...,N, andVj=1,...,N;, ifU, =Uy ;.
Q% Q

Proof. Taking §, and @, as solutions of (3.16) and (3.17)), respectively, and using the convexity of Uy 44
we infer with ([3.5)

/ o (Uy — Up) dz dt + K(Ue, Uy — Up)o = Jb(s) (Us — Ug) > 0 Yy, € Uy gq. (3.20)
Q

Now we distinguish the cases U, = Uy 9 and U, = U, ;.
Case Uy, = U, . In this case, (3.20) can be written as follows

N,
D> (/ Ph.j dz + HlKUK,j) (uk,j —tk,;) 20 Vug € Ugqa- (3.21)
j=1 K€Ky K
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Then, defining

N
_ - _ . _ 1 _ _
Ho = Z Z B jXxX; Wwith fig; = — <|K/ @n,jdr + mum‘) )
j=1 KeK K
we have that the first identity of (3.19) holds. Inequality (3.18]) is a consequence of (3.21):

N,
(Ho s = U)o = D > 75l j(urc — i 5)
j=1 K€Ky

= — Z T; (/ @n,jdo + I<L|K’LLK’]') (uKyj — ﬂKyj) <0 Vus € Uy gq.
j=1 K€K, K

Case U, = U, ;. From (3.20)) and using the definition of (-,-), we deduce

N, Np
ZZTj (/ Ph,j€: dr + K(/ €; d!L‘)Ui’j> (’U,i)j — ﬂm) >0 Vus € Uy gq. (3.22)
j=114i=1 Q2 Q

Now we set
N, Ny 1
Po = E E figeix; with i ;= — (/ Pnjeidr + ’WW') '
J=1i=1 Joeidz Jg

Then, the second identity of (3.19)) is satisfied. We finish the proof by checking (3.18)) with the aid of
B3-22)

N, N
<’7’j/ @hyjei dx + I{(/ €; dx)um) (ui,j - 'Litiyj) é 0 VUU S Uo',ad~
: Q Q

j=11i=1

Let us introduce the following notation:

U —
I&%WM if Uy, = U,

and jp : Uy, — R is the functional defined by

Z |K||lur| if Up = Upo,
KeKy,
Jn(un) =< N,

Z|UZ|/eld1’ if Uh:Uh,L
i=1 Q

We have the following corollary.
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Corollary 3.5. Let u, and fi, satisfy (3.18), and assume that iy € Uy qq. Then, the following properties
hold for every j=1,..., N,

(Bhjsun = nj)n <0 Vup € B4, (3.23)
if Uy = Uy then

fix s = | jllur;| VK € K,

if jn(tin,;) <~ then fip; =0, (3.24)

if jn(Un) =~ and fin; #0, then if ur; # 0= |fix ;| = ||An,;
if Uy = U, then

Fin,jUn,j = |fin,j||tn, 51,

if jn(tn,j) <~ then fip; =0, (3.25)

if jn(tng) =~ and fin; #0, then if t;; # 0= [fi ;] = [[finjli

Proof. Given 1 < j < N, and uy, € By, 4 we define

N.

T i ny i1 G,
Uy = Zuh,le with up; = { uh’;l o i“;
=1

Then, u, € Uy oq and (3.18)) implies
Tj(ﬂh,ﬁuh - ah,j)h = (ﬂowuo' - ﬂa’)a S 0>

which proves (3.23)). The rest of the proof is divided into two cases.
Case U, = U, . For

. a5 if K'# K,
un =Y, uxxs with “K’{ 07 ifK’iK
K’'eKy ’

(3-23) leads to |K|fk, jur,; > 0, which implies the first identity of (3.24). To establish the second
statement of (3.24)), given K € K, arbitrary, we define

U% = Z UK' XK' with UK’ =

{ ur; if K # K,
K/E]Kh

i, te if K' =K.

Then, for € small enough, due to the fact that j(us ;) < 7, we have that u,f € By, . Then, leads
to £|K|fix je > 0, which implies that fix ; = 0 for every K € K,,.

Now, we assume that j; (i, ;) = v and fip, ; # 0. Let K° € Kj, be such that |fixo ;| = maxgrex, |k ;|-
If dg ; # 0 we define

Ug,j — = sign(ug, ;) if K'=K,

K|
Up = E ug XK' With wug = _ € . _ . , 0
Ugo ; + ——sign(tugo ;) if K'=K
K'eKy, "] |K0\ ( 73) )
UK, j otherwise,

where 0 < ¢ < |K||tx ;j|. Then, jn(un) = jn(tn,;) = . Hence, up € By, 4 and we get with (3.23]) and the
first statement of ([3.24)

eliigo ;| — elfire ;1 = (Bn,g un — n,j)n < 0.
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This proves the last statement of (3.24)).
Case U, = U,,1. Let 1 <4 < N, arbitrary and set

Np _ ey .
. uy i it i £
up = g uyey with wy = { ¢ # b

0 ifd =i
ir=1

Then ([3.23]) implies
—(/ € dx)ﬁz’,jﬂi,j = ([th,j,un — n,j)n < 0,
Q

which proves the first statement of (3.25)).
To establish the second statement of (3.25)), given 1 < i < N}, arbitrary, we define

Np _ oo .
. [ if i #£14
uf = E uyey with wuy = { vl 7 )

! l_LiJ' +e if i = 1.
Then, for € small enough, due to the fact that j(@n ;) < v, we have that u,f € By, 4. Then, (3.23) leads
to j:(fQ e; dx)/ii,js > 0, which implies that fi; ; = 0 for every i =1,..., Np.

Finally, we assume that j,(@s,;) = v and fip; # 0. Let 1 < i < Nj, be such that |f0
maxi<;’< Ny, ‘ﬂi’,j'- If (I 75 0 we define

gl =

ﬂi,j _ = Sign(ﬂiyj) lf i/ = i,
N, Joeida
up = E uiey  With  uy = _ € . e .
h v ’ U0 j + ———sign(u ;) if i’ =149,
ir=1 7 g e da ’

Us 5 otherwise,

where 0 < € < (fQ e; dx)|ﬂ”| Then, jn(un) = jn(@n,;) = 7. Hence, up € By, and we get with (3.23))
and the first statement of ((3.25)

elfuio 5| — €lfij| = (fn,j, un — @nj)n < 0.
This proves the last statement of (3.25)). O
Corollary 3.6. Let t, € Uy qoq satisfy (3.19) and (3.24) or (3.25). Then, the following identities hold
for every j=1,... N,
, _ 1. _ 1 _ _ +
if Uy = Uy then ug ; = —— 51gn( ©h,j dw) (—} ©Ph,j dx| — ||,L,Lh7j”loo)
k K K| ke
{ [ onste+lmste] + [ [ ensao = lmnsli=] "} (3.26)
=77V 1 [ Phs AT T IBAgl1ee T [ Ph,g AT = {[Hhg e ) .
r LUK Je ™ ! (K] Jxe ™ !
1

1 +
if Uy, = Ua,l then Uz 5 = 72 sign(/ﬂ@hvjei dx) <m| L@mﬁii d:L'| — ||,L_Lh7j||loc)
Q (2

_ ! p—lgi/f cde + i, ]’+L—i—3/* eode — [l L. (327)
= - L[Q o dx o Soh,j ’] ,LLh’j oo fQ e dx 0 @h,] ) /'[/h,] Joo . .

Moreover, the following sparsity property is fulfilled for every j =1,..., N,

1

1
if Uy = Uq then ug; =0 < |K||/ @nj dz| < ||inllie, VK € Ky, (3.28)
K

1
if Uy, = U, 1 then ﬂ,’j:O@7|/ @hjeidx} < ||,L_thHl°°7 Vi=1,...,Np, (3.29)
) B eridz Q ) B
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Proof. Let us prove the first identity of (3.26). If ||z ;i = 0, then (3.19)) implies that
1
ik =——= [ #n;dr VK eK
i = T J Phade VK €K

which coincides with (3.26). Assume that || ;| # 0. Then, from (3.24) we deduce that jj (@ ;) = 7.
Then, the third statement of (3.24) implies that |fix ;| = ||fn ;i if G ; # 0. Now, we distinguish three
cases.

i) If ag ; >0, (3.19) and the first statement of (3.24)) lead to

1 1
=) = 5 - d T
UK,j - { K] /K Gh.j Az + || fin 411 } )

which coincides with (3.26). Indeed, observe that (3.24) and the positivity of @y ; imply fix ; > 0. Hence,
we conclude with (3.19) that [, @5, ; dz < 0.

ii) If @x ; = 0, using again (3.19) we get

1 B _ _
|® P dz| = |k ;| < |in,; -

Then, the identity (3.26]) holds.
iil) If 4 ; < 0, from the first statement of (3.24) and (3.19) we infer that

1 1
Ui = —— 4 — oy, dx — || g illgee ¢ -
UK,j K{|K|/K(phd x — || fin 51 }

Moreover, arguing as in the case i), we deduce that fK @n,; dz > 0. Hence, (3.26) holds too.
The second identity of (3.26)) is obvious. Following the same arguments as above, (3.27)) is proved.

Finally, (3.28)) and (3.29) are immediate consequences of (3.26]) and (3.27)), respectively. O

4 Convergence analysis and error estimates

There are two goals in this section. First we prove that the discrete problems (P, ) provide an approxi-
mation of (P). Second we establish error estimates in terms of o = (h, ) for the difference between the
discrete and continuous optimal controls.

Theorem 4.1. For every o let 4, be a solution of (P,). Then, there exists oo = (ho,To) such that the

family {i,}o with h < ho and T < 79 is bounded in L>®(Q). If iy — @ in L>®(Q) for a sequence of o

converging to zero, we have that 4 is a solution of (P), and the following convergence properties hold
1in%) to — @llLr 20y =0 Vre[l,oo) and lim J,(ty) = J (). (4.1)
o—r

o—0

To prove this theorem we need the following stability property for the solution of the system (3.1]).

Lemma 4.2. Let us assume that 4|C,|7 < 1. Then, given u € L*(Q) and denoting by y, € YV, the
solution of (3.1), we have the stability estimate

190 || oo (0,722 (02)) + 1Yol 200,753 02)) < Cllw = al- - 0)2(@) + lvollz2@) (4.2)

for some constant C independent of u and o.
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Proof. For j =1,..., N, we take z;, =y ; in (3.1), which leads to

/(yh,j — Yn,j—1)Yn,dx + T;0(Yn 5, Yn.j) +/ / la(z,t,yn,j) — a(z,t,0)]ys,; dedt
o) 1; Jo

:/ /[u —a(z,t,0)]yn,; de dt.
1; Ja
Using (2.1) and (2.2) along with Young’s inequality we deduce from the above identity

1 1 1
§Hyh,j||2L2<Q) + §||yh,j - th—lH%Z(Q) - §Hyh,j—1||%2(m + TjAAHthHiI(}(Q) + CaTjHZJhJH%%Q)
Aa
<l —als - 0) L2 @x 1) Vi lynill 2y < Cillu—al, - 0)1F2axr,) + Tj7||yh,j||?qg(n)~
From here we infer
lynj 1220y + T allynsllzn ) < 201w = al, - 0122 @xry) + 21CalTillyn il 22 () + 19ni-1l1F2)- (4-3)
With the discrete Gronwall’s inequality and the fact that |[ynollz2() < [|yollz2(0) and 7; < 7 for every

j=1,...,N, we get

j—1
1Ynsll72 ) < (1 —2|Calm)™ <||yo||iz(m +2C1 Y (1= 2[Calr)*u— a(-,-, 0)”%2(Q><Ik+1)> P (44)
k=0

see, for instance, [16]. From our assumptions 4|C,|7 < 1 and 7 < p7y, for every k, and using that

1 Q‘CalT 2|Ca|7_
- <o (2525 )
1-2|C,|r 1-2|C,|r 1—2[Cyl7
we obtain 20,17
_ ul ]
1 - 2|Culr) 7 < (7) < exp (4p|C|T).
(1 =2[Cq|T)™ <exp AR < exp (4p|Cu|T)

Then, (4.4)) yields

j—1
yn,jll72() < exp (4p|CalT) (IIyolizm) +201 ) lu—al--, 0)||2L2<szk+1>>
k=0

< exp (4p|C,|T) (Ilyo\liz«n +2C|Ju = a(- -, 0)”%2(@))

and consequently

Yoo (0,722 () = | Dnax [yn.illr2(2)
< exp (20ICalT) masc{1,v/3C1} (ol 2oy + 4 — a( Ollia@) - (45)
Adding the inequalities (4.3)) for j =1,..., N, we deduce
N,
AAHyU||i2(07T;H3(Q)) =Aa Z Tijh,jH%[(}(Q)
j=1

<2Ci|lu —af(-, '70)||2L2(Q) + (2|Ca|T||yUH%N(O,T;LQ(Q)) + ||y0|\%2(9)) .

Finally, (4.2)) follows from this inequality and (4.5). O
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Proof of Theorem We divide the proof into three steps.

Step I. {ty}s is bounded in L>°(Q). Let us assume that 7 satisfies the condition of Lemma and
7 < 719, given by Theorem Since the null control ug = 0 is admissible for every problem (P,), we
deduce from the optimality of u,:

K., _ 1
§HUUH§ < Jo(uo) = 5”2/2 — Yall 72

where y2 denotes the discrete state associated with ug. From Lemma we infer that {y%}, is bounded
in L2(Q). Hence, with (3.4) we deduce the existence of a constant C; independent of #, such that

_ _ 1
ol 22y < ltolle < 7”2/2 —Yallz20) < Ch.
N

We denote by gy, and ¢, the state and adjoint state associated with u,. Using again Lemma we
obtain

1T || o< (0,7522(0)) < C(llEo — al-,+,0)|l L2y + llollr2@)) < C(C1+ llal-,-,0)||r2) + lvollz2(q)) = Co.

Arguing as in the proof of Lemma we deduce the stability estimate for the solution of (3.6

corresponding to .,

H@UHLx(O»T;L?(Q)) < Csllys — deL2(Q) <Cs (02\/T+ ||yd||L2(Q)) = Cy.
Next we prove the estimate

_ Cy
o Lo 0, 1522(0)) < o (4.6)

We distinguish two cases according to the definition of U,.
Case Uy = U, . From (3.26) we get for every j =1,..., N,

1

' 1 2
Hah,j||L2(Q) = ( Z |K|U%(,]> < n < Z m(/}(@h,j dl‘) )

1
2

KeKy, KeKy
1 : 1
< ( Z ||@h,j||2L2(K)> = ;”@h,j |L2(0)-
KeKp

This inequality implies (4.6]).
Case U, = U, ;. This time we use (3.27) to deduce

Nn 9 Ny, 3
n5]lL2@) = (/ (Zﬂae) dx) (/Za?,jeidx>
@ tim Q=1
N % N %
1 h 1 2 1 h 1
< — [ — *Aid> - 72~id — N, .
¥ (Z oz, paeie ) ; (Z | #ae w) A

Hence, (4.6) is satisfied as well in this case. Then combining (2.6)) and (3.3)) along with the estimate (4.6)
we obtain

1
2

IN

IN

190l (@) < IYa,llz=@) + 1Ya, — ollL~@) < Cs
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for every o = (h,7) with h < hg and 7 < 79. From this estimate, (4.6)) and (3.8) we deduce the existence
of Cg independent of o such that ||@s| =gy < Cs for the same range of o as before. Now using again
(13.26]) and (3.27]) we conclude that

Cs

o L= (@) < - (4.7)

for h < hg and 7 < 9.

Take a sequence such that 7, — @ in L®(Q) as o — 0.

Step II: i € Uqq. It is immediate to check that |up||z1(q) = jn(un) if up € Uy = Up o and |lup||p1 (o) <
Jn(up) if up, € Up, = Uy 1. Therefore, we have

e8] — 1 < <
%o | Lo 0,711 () = | Dnax l@n,jllr (@)  ax n(Ung) <7,

and thus {#,}, C Uuq. Since U,q is convex and closed in L?(Q), it is weakly closed as well. Then, the
weak convergence i, — % in L?(Q) implies that @ € U,g.

Step III: @ is a solution of (P). Let @ be a solution of (P). For every o we define

N

P.Pyu = | / / (x,t) dedtx; XK if Up = Ug,0,

Ug = N, lehKEK (4.8)
P Byt = _— t) dx dt if Us = Uq.1,
" ;;ijﬂadm/ / a, ei(w) dedige; !

where P; is the L?(0,T) projection operator defined in the proof of Theorem [3.1} P, : L*(2) — Up is
the L?(Q2) projection operator, and Ej, : L'(Q) — Uy, ; is the Carstensen quasi-interpolation operator;

see [4]. First we prove that u, € Uy 4q. In case Uy, = Uy we have u, = Z;V:H up,jx; and for every

j=1,...,N,
(z,t)dzdt
TJ|K|/ /

This implies that v, € Uy qq. In the case Uy = Uy 1, we have

Z //|umt|dxdt —/||u Ol L1 (o) dt <.

KeKpy

In(un,j) =

KE]K

Np,
1
Jn(un ;) = / / w(x,t)e;(x) dedt /ezdx < — /|1](33,t)| e;dx | dt
! TJ fsz eidr 1; \/9 ;
- / I(0) s At < 7.
Tj Ij
Using that
N, N, N,
DD k=2 ) exy=1 i Q
j=1 K€K, j=1i=1

we get ||ug|| () < |Gl L (q) for every o.
In the case U, = U, o, we have that PPy, : L?(Q) — U, is the L?*(Q) projection operator, hence
u, — @ in L*(Q) when o — 0. If U, = U, 1, then we have

||ﬂ—ug||L2(Q) < ||ﬂ—PTﬂ||L2(Q)+||PT(’L~L—Eh’L~L)||L2(Q) < ||’I~L—P-,—’l]||L2(Q)+||ﬂ—Eh’l~LHL2(Q) —0aso—0.

Indeed Corollary implies that % € H'(Q). Hence, from the convergence properties of the Carstensen
operator Fj, we infer the convergence of the last term in the above expression. The boundedness of {u, },
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in L>°(Q) and its strong convergence to @ in L?(Q) imply the strong convergence in every L?(0,T; L(9))
space with 1 < p,q < oco.

Next we prove that limsup,_,o Jo(us) < J(@). Let us denote by § and y,, the continuous states
corresponding to @ and wu,, respectively. We also denote by y, the discrete state associated with u,.
Then, using the established convergence u, — , , and we can easily prove

17 = Yol @) <17 = Yuo L) + Yus — Yo llL>(0) — 0.

The proved convergences of {y, }, and {us }, imply that J,(us) — J(@) as 0 — 0if U, = U, o; see (3.4).
For the case U, = U,,1 we have

N, N N,; Np

2 _ ‘ ‘ 2 _ 1 / / _ 2
[uell5 ;;Tj(/gezdx)um ;;ijﬂeidx( ; Quezdmdt)
N Np
<3°Y [ [ faPeidrar= il
j=1i=1"1s

which leads to the desired inequality limsup,_,¢ Jo(ts) < J(@).

Using the same arguments as above, we deduce that g, — ¢ strongly in L*°(Q), where § denotes the
continuous state associated with @. Finally, from the optimality of 4, and the established convergence
properties we obtain with

_ N 1 2 K,_ 2 L _ . _
J(a) < h{‘nﬁlgf {2||ya —Yalli2q) + 2||Ug||L2(Q)} < llgrl;glf Jo(ty) < limsup J, (ts)

o—0

< limsup Jy(uy) < J(@) = inf (P).

o—0

These inequalities imply that @ is a solution of (P). Moreover, since the identity J(@) = J(u) holds, we
conclude that J,(t,) — J(@). Further we have

_ <. L. 2 Ky- 2 . 1. _ 2 K- 2
J(u) < lim inf {2||ya — Yallz2(g) + 2|u0||L2(Q)} < llf;lj})lp {2% —Yalizq) + §||Uo||L2(Q)
< limsup J,(4,) < limsup Jy(uy) < J(a) = J(a).
o—0 o—0
This property and the strong convergence 3, — ¢ in L*(Q) yield that i, | r2q) — [|@llz2(g). To-

gether with the weak* convergence i, — @ in L (Q) this implies the strong convergence @i, — % in
L"(0,T; L?(Q)) for every r < oo. Thus, (4.1)) is proved.
The following theorem can be considered as a converse of Theorem

Theorem 4.3. Let  be a strict local minimum of (P) in the L™(0,T; L*(2)) sense with r € (£, 00).

) pis
Then, there exist positive numbers o, ho, €0, and a sequence {uy}, C Be, (@) of local minima of (Py)

such that (4.1)) holds and

Iy () = min Jo(uy) for T<19 and h < hg, (4.9)
uGEUG,adeEO (’E)

where Be, (1) is the closed ball of L™(0,T; L*(Q)) centered at @ with radius €.

Proof. Since 1 is a strict local minimum of (P) in the L"(0,T; L?(f2)) sense, there exists 9 > 0 such that
4 is the only solution of the problem

(Q) inf J(u).

ue Ua.d ﬂBEO (’l_t)
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Now, we consider the problems

Qo) woeu, of B () Jo(uo).
If we define u, by with @ = 4, then u, € Uy g and u, — @ in L7(0,T; L*(R2)). Therefore, there
exist 7y > 0 and hqy > 0 such that u, € B, (@) for every o with 7 < 7 and h < hy. Hence, U, 44 N B, (%)
is a compact nonempty set for every 7 < 71 and h < hy. Then, the continuity of J, implies the existence
of at least one solution 4, of (Q,) for every o with 7 and h satisfying the previous conditions. Since
{iis}o is bounded in L"(0,T; L?(12)), taking a subsequence if necessary, we can assume that i, — @ in
L"(0,T; L?(Q)) for some 4. Due to the inclusion Uy.ad C Uga we deduce that @ € UyqN Be,(4). Moreover,
we have
J(4) < liminf J, (t,) < limsup J,(4,) < limsup J,(u,) < J(@).
o—0 o—0 o—0
Since @ is the unique solution of (Q), this inequality is only possible if & = @. Consequently, the whole
family {i,}, converges weakly to @ in L"(0,T;L?(Q2)) as ¢ — 0 and J,(4,) — J(4). Arguing as in
the proof of Theorem [4.1] we deduce the strong convergence @, — 4 in L"(0,T; L*(€2)). This leads to
the existence of 79 < 71 and hy < hy such that 4, belongs to the interior of the ball B.,(u) for every
o = (1,h) with 7 < 79 and h < hg. Hence, every of these i, is a local minimum of (P,) satisfying

@9). O

The rest of this section is dedicated to the proof of the following theorem.

Theorem 4.4. Let us assume that @ is a local solution of (P) in the L"(0,T;L?(Q)) sense with r €
(1£-,00). We also assume that J"(@)v* > 0 Vv € Cy \ {0}. Let {us}o be a family of local solutions of
problems (P,) such that i, — @ in L™(0,T; L*(R)); see Theorem . Then, there exist positive numbers
0o, To, and C such that the following inequality holds:

lto —tllL2Q) < C(h+17)  for every o = (h,T) with h < hg and T < 7o. (4.10)

We prove this theorem arguing by contradiction. If (4.10) does not hold, then there exists a sequence
{tio, }72 such that oy = (hg, %) — 0 as k — 0o, by > 0 and 7, > 0, and

ltg,, — tllr2(q) > k(he +7) VE = 1. (4.11)
We will get a contradiction for this sequence. First we prove the next lemma.

Lemma 4.5. Let A be as in (2.22). There exists ko such that

1
(J' (g, ) — J' (@) (g, — 1) > 5 min{A, i} o, — 20y Yk = ko (4.12)

Proof. Applying the mean value theorem, we get for some 4y = 4 + 0% (4y, — @)

(' (tg) = I (@) (i, — ) = " (i1g;) (thr,, — W) (4.13)

Set v, = Uop 0 Taking a subsequence, if necessary, we can suppose that v, — v in L?(Q). Below

lto, —ull L2 q)

we prove that v € Cy. Assuming that this is true, then we argue as follows. From (2.10)), the fact that
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vkl L2(@) = 1, and ([2.22) we infer
lim J”(ig)vi = lim /(1—%( t A)~)2 dzdt +
k—00 k)Y = k—oo (Jg Oy>? Tyl Yay )Par ) Zay, v, 4T K
0%a . _
= /Q (1 - a—yz(x,t,y)ga)zg dedt + k= J"(@)v* + k(1 — ||U||2L2(Q)) >k+(A— H)HU”%z(Q).

Above, we denoted 2z, », = G'(Ux)vg and z, = G'(@)v, where G : L"(0,T; L*(Q)) — H>(Q) N L>(Q)
is the mapping associating to each control the associated state. Since ||v][z2(g) < 1, the above inequality
proves that

lim J”(@,)vi > min{\, x}.
k—o0

Therefore, there exists ky > 0 such that

J" (g )vi > =~ min{\, x} Yk > ko,

DO =

or equivalently

J" (1) (g, —1)* >~ min{\, 6} |G, — )72y Yk > ko.

DO =

This inequality along with leads to (4.12).

Now, we verify that v € Cyz. From the optimality of @ and the fact that @,, € Uy, 44 C Ugq We obtain
J'(@)vg, > 0. Then, passing to the limit in this inequality when k — oo, it follows that J'(@)v > 0. Let
us prove the converse inequality. We consider again the approximations u,, € Uy, o4 defined as in
with @ = @. Then, we have

||ug,C — aHL?(Q) < Cl(hk + Tk)HﬂHHl(Q) Vk > 1. (4.14)

Indeed, if U,, = U,, o, the above estimate follows from the fact that u,, is the L?(Q) projection of u. If
U,, = U,, 1, the estimate was proved in [5, Lemma 6.6]. From the local optimality of @,, we have that
J} (o, ) (g, — Ug, ) > 0. Using this fact we get

1 /

J' (@)vi J' () (g, — tie,) + J'(4) (tor, — 1)}

e, — L2 )

1
= = -0 {[J/(ﬂ) - J/(’a(fk)](’a(fk - uffk) + [J/(aUk) - J(/f (aUk)KaUk - uUk) + J/(’a)<u0'k - ﬂ)}
o, — ullL2(q) g
=11+ I+ I 3.
Now, we estimate every Iy, ; term. For I; ; we use the mean value theorem, the convergence 4, — « in

L"(0,T; L?(Q)), and (4.14)) as follows
J" @+ pr(te, — @) (Ug, — Ugy, T — Ug _
_ ‘ ( pk( k_ ))E k k k)‘ < OQHUUk 7uok||L2(Q)
[t — ullL2(Q)
< Oy {Hﬂak — ﬂ”LQ(Q) + H’EL — Uzm”ﬂ(@)} — 0 as k — oo.
To estimate i, 2 we use (2.9) and (3.5) to get
1

e, — L2

[ Tx,1

Ik,2 ‘/Q(quak - @Uk)(affk - uUk)dxdt

K

o r / o, (g, — gy ) A dt — (o, , Gy — Uy o | (4.15)
%o, — tllz2(qQ) Lo
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To estimate the first integral in (4.15)) we use (3.7)) and (4.11)) along with the boundedness of {uy, —us, }72
in L*(Q) (actually ||t,, — uo,|l2(q) — 0) as follows

1
[to, — 'L_L”L?(Q)
hi + 7%

Hﬂﬂk - ﬂ”LQ(Q)

_ _ 1 _ _
/Q(%ak — @oy ) (Uoy, — Uak)dxdt' < m“%ak — o ll2(@ o — oy ll2(q)

<Cs [te), — Uy HL?(Q) — 0 as k — oo. (4.16)

In the case U,, = Us, o, the scalar products (-,-)r2(g) and (-, )., coincide. Hence, the last two terms
of (4.15) cancel and we get from (4.16) that |1 2| — 0. If U,, = U,, 1, we first observe that

(o, PrEpu)y = / usudxdt Vu, € U, and Yu € Ll(Q). (4.17)
Q

It is immediate to check this identity. Moreover, from (3.4) we have that ||tg,[/z2(0) < [|Uo), ||lo,- This
property, (4.17) with u, = t,, and u = 4, (4.14), and (4.11)) yield

1

U, — 12”[,2(Q)

1
{/ Ugy, (Ug), — Ug,, ) dzdt — (U, , Ug, — ugk)gk} <
Q

—_— Ug, (U — Uy, ) da dt
= oy, — all2(q) /Qu (=g, ) de

4 — toy [ 2(@) By + T

< g l220) L C1i————— o, || L2(0) — 0 as k — oo. (4.18)
[, — a2y 7D = T g, — g Y

From (4.15)), ([.16)), and ([.18) we infer that limg_,oo Ir2 < 0. The estimate of the last term I 5 is an
immediate consequence of (2.9)), (4.11) and (4.14)

)||Uak — 2
||7-_"Uk 77-_"HLZ(Q)

_ _ h+T1
<Cillg+ HU||L2(Q)M— — 0 as k — oo.
Ok

(T3] < o + w2 —
ull 2@

Thus, we have that J'(@)v = limy_yoo J'(@)v, < 0, and consequently J'(@w)v = 0, which is the first
condition to have v € Cj.

Now, take ¢ € I,. This means that |u(t)||z1(q) = 7. Since Uy, € Usq we have that [|ts, ||1 ) < 7.
As a consequence, we get with and the convexity of j

' (a(t); vk (t)) :Wj/((t);uo'k (t) —u(t))
L)+ pli, (1) 60) ()
|ty — @llL2(q) P—0 P
1 1

[i(to, (1)) — 5 ((t))] = o (D21 0) =] < 0.

e, —allz2 @ [, — tll 2@

Define now
E={ueL*Q): j(at);ut)) <0 forae. tel}.

Since the mapping L*(Q) 3 u > j'(u(t); u(t)) is convex and continuous for a.e. t € I, we have that E
is closed and convex in L?(Q), and hence weakly closed. As we have just seen vi, € E for all k, therefore
its weak limit v also belongs to E' and we have that j'(a(t);v(t)) <0 for a.e. t € I,.
It remains to prove that j'(u(t);v(t)) = 0if t € If. The inequality j'(u(t); v(t)) < 0 for t € I} implies
- / v(t)dz + / v(t)dz > / |v(t)] da. (4.19)
Q - Q

+ 0
w(t) u(t) a(t)
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Using (2.15)), (2.18)), and (4.19) we obtain
0:J’(ﬂ)v=/(g§+ﬁﬁ)vdxdt:—/ﬂvdxdt:—/ /ﬂvdxdt
Q Q I Ja

= —/ [/ ||ﬂ(t)||Loo(Q)Udm—/ ||ﬁ(t)||Loo(Q)vdx—|—/ /wda?] dt
o | Jaf a- oo

a(t) a(t) o
= / / 1) || oo (0] — fav] da dt.
I Q%

This inequality is possible if and only if ||fi(t)||re(q)|v| = Av in Q%(t) x (0,T). Now, from this latter
identity and the fact that ji(t) = 0 if t ¢ If we infer

02 [ a0~ @@ dt = [ )] [ [, vode— [ owaes [ o) dx] a
Iy Iy 2 a(t) L)
:/ /ﬂvdxdt:/ podz dt = —J'(w)v =0,
o Jo Q
which implies that j'(a(t); v(t)) = 0 for almost every ¢ € IF. This concludes the proof of v € Cy. O

Proof of Theorem/[4.4} Let us take ko big enough so that (3.7) and (4.12) hold. The goal is to prove
that (4.11)) is not possible. To this end, we take u,, € Uy, qa @s in the proof of Lemma Using the
optimality of @,, we get

0 < Jl(ﬂ(fk)(udk - ﬁtfk)
— T (10, )= ) + T (@) (1, = 0) + [ (1) = T (@) 11, — ) + [T, (l1,) = T (11, )11, — 71, )-

We also have that J'(@)(4,, — @) > 0. Adding these two inequalities and using (4.12)) we infer
1 . _ _ _ R _ _ _
5 min{A, &}t —l72(q) < [/ (o) = T (@)](Uo, — @) < J'(@) (o, — @)
+ [ (Ue,) = (W) (o, — @) + [J5, (U,) = T (U ) (o, — Uoy) = Tkt + Tk 2 + i s (4.20)
To estimate Ij; we use the property
o, = ll (@) < Culhi + 7)1l () (4.21)

see [B]. With this inequality we get

[kl < 1@+ il @) luo, — alla @) < Cr(hg + )@ + sl (q)- (4.22)
For the estimate of Ij, » we use the mean value theorem, the convergence @,, — % in L"(0,T; L3()),
and (4.14) to get
T2 = |T"(W + pi(ticy, — W) (U, — U, o, — )| < Calltior, — 1l| L2(Q) |y, — Wl L2()
< Cs(h + 7)|te,, — ull12()- (4.23)

To deal with I, 3 we apply (2.9) and (3.5)) to deduce

Iz = / (Poy, — goﬁ%)(ugk — Uy, )dzdt + & |(Usy, Yo, — Uoy )oy, —/ Ugy, (Ug), — Ug,, ) dzdt| . (4.24)
Q Q
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With (3.7) and (4.14) we obtain

Mymwwm%aMMQﬂ%k%%wm%mm@

< Oy} + 1) (o, — 2@ + 18— 122 )
< 05(}1% + Tk)(hk + Tk) + O4(h% + Tk)Hﬂ - aak||L2(Q)~ (4.25)

The last two terms of (4.24) cancel if Uy, = Uy, 0. In the case Uy, = Uy, 1, (3.4), (4.17)), (4.14), and
[E21) yield

(tgy, s Uoy — Uy, )on 7/ Ugy, (Ug), — Ug,, ) dzdt < / Ugy, (T — Uy, ) dr dt
Q

Q
= / (g, — @) (T — ugy, ) dz dt +/ w(u — Uy, ) dedt
Q Q
< Nto, — llz2(@) |8 — toy llL2(@) + |8l mr (@) 18 — Uoy || 21(Q)-
< CG(hk; + Tk)Hﬂgk — ﬁ”Lz(Q) + C7(h% + T]?)HQ_LHHl(Q). (426)
The estimates (4.24)-(4.16)) lead to
‘Ik73| < Cg(hi + 7',3) + Cg(h}.C + 7'k)||ﬂg,C — a||L2(Q)~ (4.27)

Finally, (4.20]), (4.22), (4.23)), and (4.27)) imply

lto, —llz2(Q) < Crolhe + ) Yk > ko,

which contradicts (4.11)).

5 Numerical Examples
Let Qbe (0,1)", n=1lorn=2A=-A,a=0,9=0,T=1,x=10"% and

ya(z,t) = exp(—20[(x — 0.2)* + (£ — 0.2)?]) + exp(—20[(z — 0.7)% + (t — 0.9)%]) if n = 1,
or

ya(z,t) = exp(—20[(x1 —0.2)% 4 (z2 — 0.2)* + (t — 0.2)%])
+exp(—20[(z1 — 0.7)% + (z2 — 0.7)* + (t — 0.9)%]) if n = 2.

Notice that all the results obtained in the paper are also valid for dimension n = 1. For dimension 1,
these data correspond to the problem presented in |7, Remark 2.11] and also studied in [I0, 5]. The
problem in dimension 2 was introduced in [5].

To discretize the problems, we use two families of uniform partitions in space and time, with h; =
27%/27" —1 and T = 277, and denote 0i; = (hi,7;). The discrete problems are solved using a projected
gradient algorithm with the Barzilai-Borwein strategy as line search; see [2, eq. (5)]. Projection strategies
onto the L!-ball can be found in [14].
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5.1 Sparsity patterns

In Figure [1] we show the solutions obtained for the one-dimensional problem as the bound parameter ~y
varies in {0.5,1,2,3}. To discretize the problem we use the control space U, 1 at the discretization level
i = j = 10. We also plot at the left hand side of the graph the norm in L*(2) of 4, (-,t) for all ¢ € [0,1],
(this norm is computed with the approximation jx(us ;)). We use a dark green line for the norm and a
magenta line for the bound. Notice that when the control constraint is attained, the solution exhibits a
sparsity pattern that varies with time. We have coloured in grey the zero-level set of %, to emphasize this
behaviour. For v = 0.5 and v = 1, we have that the control constraint is active for all ¢ € [0,1] (green
line and magenta line coincide). For v = 2, we have that ||ty (-,t)|[11q) < v if t € J1 = (0.4814,0.5723)
and if ¢ > 0.9980; for v = 3, ||t (-, t)||11() < v if t € Jp = (0.4502,0.6182) and if ¢ > 0.9971. Black
lines are drawn to separate these regions. As soon as the norm constraint is not active we do not observe
sparsity, in the sense that there are no subintervals in space where the control is identically zero. This
behavior is consistent with the optimality condition expressed in .

The sparsity behavior obtained by means of the constraint imposed by u € U,q should also be
compared to sparsity phenomena implied by nonsmooth cost-functionals, as considered in [7], for example.
The functional in that paper, which is closest to the situation of the present one is given by u —
||UHL2(O7T;L1((Z))7 ie. it considers the L?-norm in time, compared to the L>°-norm used here. In both
cases the L' norm in space is used. In [7, Figure 1] a numerical result with the same desired state
as in Figure 1 of the present paper is presented. It lies in the nature of these two different sparsity
enhancing approaches, that the solution in [7, Figure 1] also exhibits intervals of sparsity in the regions
corresponding to Ji, Js.

In Figure [2| we show, at nine different instants of time, the solution obtained for the two-dimensional
problem, using the control space Uy at the discretization level ¢ = j = 7. The control constraint
parameter is set to v = 2. The norm of the optimal control in L!(f2) is also reported at the indicated
time instances. Again, the solution exhibits a sparsity pattern that varies with time, and there is not
sparsity if the control constraint is inactive. The subdomains where @, (z, t) vanishes are coloured in grey.

5.2 Convergence rates

We show convergence rates for the problem in dimension 1. In this case we take the bound y = 4. Since
we do not have the analytic solution, we denote I = 13 and take as reference solution the one obtained
for or,1-

Three tests are carried out for each of the three discretizations of the control proposed in Section |3.2
In the first test, we take h; = 7;, i = 8,9, 10; in the second one, we take a fixed fine discretization in time
given by 77, I = 13, and solve for h;, i = 8,9, 10; finally, we fix the discretization parameter in space
to hy, I = 13, and solve for 7, i = 8,9,10. We measure the experimental order of convergence (EOC)
between two consecutive simultaneous refinement levels by setting

EOC = 10g2 ||a0'1,1 - aa’i—l,i—lHLZ(Q) - 10g2 ||’ELUI,I - ao’i,i L2(Q)>

and analogously for the refinement in space and in time, respectively.

Results are shown in Table [I] for simultaneous refinement, Table [2] for refinement in space, and Table
for refinement in time. The observed orders of convergence for the control are as predicted in Theorem
[4:4] with the exception of the spatial convergence described in Table[2] when we use continuous piecewise
approximations of the control. This can be expected from the improved spatial regularity exhibited by the
solution; see [27] or [9] for similar situations. However, the method of proof used in the previous references
cannot be applied here. For the convenience of the reader, we have also included the experimental orders
of convergence for the error in the state variable. A superconvergence phenomenon as the one described
in [25] can also be observed in Table
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=05 =10

Figure 1: 1D problem. Continuous piecewise linear approximation in space, piecewise constant approx-
imation in time, of the optimal control for different values of 7. The norm in L(f2) at every instant of
time is also shown with a dark green line located on the plane x = —0.1 together with the magenta line
z = ~. In grey, the zero-level set of @, .
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Figure 2: 2D problem. Piecewise constant approximation of the optimal control. In grey, the level sets
Uy (-, ;) = 0.
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UU,O Ua,l
h;, = ‘ ||’ﬁgl_j — ﬂo—i,i L2(Q) FEOC ||’L7LJI,I — U,Ji)i L2(Q) EOC
2-8 20l1E -1 — 1.76E — 1 —
279 1.02E — 1 0.98 8.93E — 2 0.98
2-10 5.11E — 2 0.99 4.49E — 2 0.99
hi=m ‘ ||g0'I,I _ gai,i L2(Q) EOC ||g0'I,I — gdz‘,i L2(Q) EOC
2” 2.75E — 3 — 2.75E — 3 —
279 1.36E — 3 1.02 1.36E — 3 1.02
2-10 6.49E — 3 1.06 6.49E — 4 1.06

Table 1: Experimental order of convergence. Simultaneous refinement in space and time

UJ,O Uo,l
hi ‘ ”7'_”01,1 - ﬂUi,I |L2(Q) EOC HEUI,I — 7'_”011,1||L2(Q) EOC
2- 9.86E — 2 — 1.10E — 02 —
279 4.93E — 2 1.00 3.87E — 03 1.51
2-10 2.45FE — 2 1.01 1.34E — 03 1.53
hi ‘ ”gazz 7g07,1||L2(Q) EOC Hyﬂfl 7@71\1”[/2(@) EOC
278 1.35E — 5 - 1.80E — 05 -
279 2.79E — 6 2.28 4.85E — 06 1.90
2-10 5.85E — 7 2.25 1.21E — 06 2.00

Table 2: Experimental order of convergence. Refinement in space.

UO’,O Ua,l

T4 ”17‘011 717“017‘,”[12((2) EOC ‘ Hﬂdzl 717‘011'”L2(Q) EoC
2-8 1.76E — 1 — 1.76E — 1 —
279 8.93E — 2 0.98 8.93E — 2 0.98
2—10 4.49E — 2 0.99 4.49E — 2 0.99

Ti HgO'II _go'l.iHL?(Q) EOoC ‘ ||y0'1.1 _gUIiHHLQ(Q) EOC
2-8 2.75E — 3 — 2.75E — 3 -
279 1.35E — 3 1.02 1.35E — 3 1.02
2-10 6.49E — 2 1.06 6.49E — 4 1.06

Table 3: Experimental order of convergence. Refinement in time.
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