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We construct black string solutions in type IIA supergravity arising from intersecting D2-D4-D6-NS5
branes in the presence of fractional D4-branes. The fractional D4-branes arise from D6-branes wrapping
(collapsing) two-cycles in a Calabi–Yau twofold. In the near horizon limit these solutions give rise to AdS3
geometries preserving N ¼ ð0; 4Þ supersymmetry and fall within the recent classification of [J. High
Energy Phys. 01 (2020) 129]. We interpret our solutions as describing chains of black strings stacked on top
of each other along an interval. We construct 2d quiver CFTs dual to our solutions that reproduce the
Bekenstein-Hawking entropy microscopically.
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I. INTRODUCTION

One of the fundamental problems in theoretical physics
is to understand the microscopic origin of the Bekenstein–
Hawking entropy. For extremal black holes, which admit an
AdS near-horizon limit, AdS=CFT plays an important role.
The first success in this direction was in [1] where five
dimensional black holes preserving 16 supersymmetries
were studied. These black holes originate from the D1-D5
system in type IIB compactifications, and occur as black
string solutions of 6d supergravity, whose infrared dynam-
ics are described by 2d N ¼ ð4; 4Þ CFTs. Later, black
holes preserving 8 supersymmetries were constructed in
M-theory compactifications on nonsingular compact
Calabi–Yau threefolds (CY3) [2–5]. Microscopically, they
are described by M5 branes wrapped on R × S1 times a
4-cycle inside the CY3, giving rise to strings wrapping
R × S1, whose infrared dynamics are described by 2dN ¼
ð0; 4Þ CFTs. More general bound states of strings with
infrared dynamics described by 2dN ¼ ð0; 4Þ CFTs, some
of which are of quiver type, have been obtained more
recently from M- and F-theory constructions, see e.g.,
[3,6–13].
In M-theory the interacting strings arise as self-dual

strings on the tensor branch of M5-branes probing A- or
D-type singularities, or “end of the space” M9-branes.

The six dimensional theory living on the M5-branes admits
a deformation away from the conformal fixed point where
the M5-branes are separated in the extra transverse direc-
tion. In this deformation the interacting strings arise as the
boundaries of M2-branes stretched between parallel M5-
branes. These M2-M5 brane intersections are Hanany–
Witten brane setups, that support 2d quiver gauge theories.
In the IR these give rise to 2d N ¼ ð0; 4Þ CFTs living on
self-dual strings in the world volume of the M5-branes.
Given the M-theory origin of these interacting strings they
are commonly referred to as M-strings [14]. For M5-branes
probing A-type singularities, the case most related to our
work in this paper, they support quiver gauge theories with
unitary gauge groups. More general quivers involving
symplectic, orthogonal and exceptional gauge groups can
be obtained from the M-strings associated to M5-branes
probing D-type singularities or end of the space M9-branes
[7]. Given the quiver gauge theories, quantities such as the
elliptic genus have been computed using localization
[6,7,14–16].
In [17] AdS3 solutions of massive type IIA preserving

N ¼ ð0; 4Þ supersymmetry were classified.1 These solu-
tions include black string near horizons dual to N ¼ ð0; 4Þ
quiver CFTs [39]. Moreover, they arise within controlled
string theory set-ups with known holographic duals, where
the AdS=CFT dictionary can be used. The N ¼ ð0; 4Þ
quiver gauge theories constructed in [39] contain two
families of unitary gauge groups,

Q
n
i¼1UðkiÞ × Uðk̃iÞ.
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1See also [10,11,13,18–62] for other examples of AdS3
solutions in various supergravity theories.
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the gauge group Uðk̃iÞ is associated to k̃i D6-branes,
wrapped on a compact CY2. Both D2 and D6 branes are
stretched between NS5-branes, in generalized Hanany–
Witten brane setups containing two types of color branes.
In addition, D4 and D8 perpendicular branes provide flavor
groups to both types of gauge groups, rendering the field
theory anomaly-free.
Besides extending the known explicit AdS3 solutions,

we give a black string interpretation for these solutions.
The black string lives in the asymptotically flat2 back-
ground geometry R1;1 ×R3 × CY2 × I, with I an interval
which foliates the space.3 The black strings arise from a
D2-D4-D6-NS5 brane intersection and have near-horizon
geometry AdS3 × S2 × CY2 × I.4 One may further extend
this to include D8-branes. The asymptotic geometry is no
longer flat but instead conformally flat. Our goal in this
paper will be to find the black string solutions that lead
to the near-horizon geometries constructed in [17] in
massless type IIA, computing their entropy as well as
other observables. We leave the massive extension for
future work.
We begin in Sec. II with the construction of black

strings in massless type IIA arising from intersecting D2-
D4-D6-NS5 branes. A key addition, with respect to the
brane set-ups discussed in [17,39], will be the inclusion
of fractional D4-branes, arising from D6-branes wrapping
collapsing two-cycles in the Calabi–Yau. These branes
are linked to a closed two form field H2 living on the
Calabi–Yau, present in the solutions of [17]. However
this two-form was set to zero in the global and field
theory analysis performed in [39]. In Sec. III we proceed
with the global analysis of these solutions, emphasising
the new features that arise due to the presence of the H2

form. We quantize the fluxes, identify the source branes
of the geometry and compute the holographic central
charge. In Sec. IV we turn to the field theory interpre-
tation of these solutions. We construct N ¼ ð0; 4Þ quiver
gauge theories that extend the constructions in [39] to
include fractional D4-branes. Thus, these quiver CFTs
extend further the constructions in [7], once again within
well controlled string theory settings with known

holographic duals. Our constructions rely on the concrete
stringy origin of the multiplets that live and connect the
different branes underlying the solutions. We show that
they correct the quivers constructed in [39], not only to
include fractional branes but also to modify the fields
associated to certain branes. In particular, we show that in
our modified quivers there is no need to appeal to a
scaling argument, as used in [39] for example, to match
to the holographic calculation. We conclude in Sec. V
presenting a number of future directions. Appendix A
contains a detailed account of the stringy origin of the
quivers constructed in Sec. IV. In Appendix B D8-branes
are added to this analysis and new quivers in massive
type IIA are constructed that correct those in [39].

II. BLACK STRINGS IN MASSLESS TYPE IIA

In this section we will construct black strings in
massless type IIA arising from intersecting D2-, D4-,
D6- and NS5 branes in the presence of fractional
D4-branes. The branes are embedded in the asymptotic
geometry R1;1 ×R3 × I × CY2 and intersected as in
Table I. The fractional D4-branes arise from D6-branes
wrapping (collapsing) two-cycles in the Calabi–Yau. In
the following we will consider the fractional branes
wrapping a single two-cycle in the Calabi–Yau twofold,
however the generalization to multiple curves is also
possible. We will see that even in the single two-cycle
case the analysis is broken up into distinct classes labeled
by a positive integer. We begin this section with a general
analysis of the brane solution in massless type IIA
supergravity, showing that it is determined by a single
differential constraint. We then proceed in taking the
near-horizon limit, without specifying an explicit solution
to the differential condition, and obtain an AdS3 solution
contained in the classification of [17]. In Sec. III we
proceed in analysing the near-horizon geometry for a
given solution of the differential constraint, quantising the
fluxes, identifying the source branes of the geometry and
computing the central charge.

TABLE I. The brane configuration we will consider. I denotes a
line interval of length 2πðPþ 1Þ while in the present setup the
Calabi–Yau twofold must be compact and is therefore either T4 or
K3. C and C̄ are dual divisors on the Calabi–Yau twofold, with
the curve C wrapped by the fractional branes.

CY2

Brane R1;1 R3 I C C̄

D2 ✗ ✗ − − − ✗ − − − −
D4 ✗ ✗ ✗ ✗ ✗ − − − − −
D6 ✗ ✗ − − − ✗ ✗ ✗ ✗ ✗
D6’ ✗ ✗ ✗ ✗ ✗ − ✗ ✗ − −
NS5 ✗ ✗ − − − − ✗ ✗ ✗ ✗
NS5’ ✗ ✗ − ✗ ✗ − ✗ ✗ − −

2Recently there has been much interest in black string
solutions which are asymptotically AdS, see for example
[60–67]. In contrast the black strings that we consider here are
asymptotically flat.

3In [17] a second class of solutions where the CY2 is replaced
by a general Kähler manifold was also constructed.

4In [49] brane solutions were constructed leading to this type
of backgrounds with the compact Calabi–Yau replaced by R4.
This was key to finding an interpretation of these solutions as
defects within 5d SCFTs (see also [53]). In order to find a defect
interpretation, a noncompact coordinate must become part of the
higher dimensional AdS background, AdS6 in this case, in which
the defects are embedded. However, the noncompactness of the
Calabi–Yau leads to an infinite value of the central charge,
obscuring their black string interpretation.
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A. Black string solution

We begin this section by considering a black string
arising from intersecting D2-, D4-, D6- and NS5-branes in
the presence of fractional D4-branes. This solution is a
generalization of the solution in [49] to include fractional
D4-branes. In particular, the result is an amalgamation of
the background in [49] with the technique for including
fractional branes used in [68]. Before proceeding with
constructing the metric let us study the preservation of
supersymmetry of such a brane setup. Let ϵL;R denote the
spinors of type IIA supergravity. They satisfy

Γð10ÞϵL ¼ −ϵL; Γð10ÞϵR ¼ ϵR; ð2:1Þ
with Γð10Þ the chirality matrix in 10d. For a Dp-brane lying
along 012…p the supersymmetry is preserved provided the
spinors ϵL;R satisfy

ϵL ¼ �Γ012…pϵR; ð2:2Þ

with the plus sign for a Dp-brane and the minus for an anti-
Dp-brane. For an NS5 brane along 012345 the projection
condition is

ϵL ¼ Γ012345ϵL; ϵR ¼ −Γ012345ϵR: ð2:3Þ

Let us study the brane configuration in Table I without
specifying whether the branes are antibranes or not by
introducing the parameters α• ¼ �1. For the brane setup to
preserve supersymmetry the Killing spinors must satisfy

ϵL ¼ α2Γ015ϵR; ϵL ¼ α2α6Γ6789ϵL;

ϵL ¼ α2α6Γ01ϵL; α2 ¼ −α4: ð2:4Þ

The last condition implies that for a D2-brane we must
include an anti-D4-brane in order to preserve supersym-
metry and vice versa. We see that for α2α6 ¼ 1 the system
preserves N ¼ ð0; 4Þ supersymmetry while for α2α6 ¼ −1
the system preserves N ¼ ð4; 0Þ instead. Without loss of
generality we will focus on the α2 ¼ α6 ¼ 1 case, preserv-
ing N ¼ ð0; 4Þ supersymmetry. The projection conditions
allow for fractional D4- branes (D6-branes on a shrinking
two-cycle) to be included without breaking any further
supersymmetry if they wrap certain cycles in the geometry.
It follows that the fractional D4-branes (denoted D6’) must
wrap 01234 and a two-cycle inside the CY2. This two-cycle
must be Poincaré dual to a primitive, anti-self-dual (1,1)-
form in order to preserve the same amount of supersym-
metry as the underlying geometry. We conclude that our
setup consists of intersecting NS5-, D2- and D6-branes and
anti-D4-branes coupled to fractional D4-branes and pre-
serves N ¼ ð0; 4Þ supersymmetry.
The metric in string frame, following from the brane

configuration given in Table I and obtained by using the
usual supposition rules for intersecting branes, is

ds2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HD2h4HD6h8

p ds2ðR1;1Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HD2HD6

p
HNS5ffiffiffiffiffiffiffiffiffiffi

h4h8
p ds2ðR3Þ

þ
ffiffiffiffiffiffiffiffiffiffi
h4h8

p
HNS5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HD2HD6

p dz2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
HD2h4

pffiffiffiffiffiffiffiffiffiffiffiffiffi
HD6h8

p ds2ðCY2Þ: ð2:5Þ

Here the functions H• are harmonic functions on R3, while
the function h4 depends on both the line interval para-
metrized by the coordinate z and the Calabi–Yau. In
massless type IIA h8 is a constant while in the massive
theory it is promoted to a linear function on the interval,
with the leading order piece proportional to the Romans
mass. The Bianchi identities for F2 and F4 imply that the
functions H• must be equated:

HD2 ¼ HD6 ¼ HNS5 ¼ 1þQ
r
≡HðrÞ; ð2:6Þ

with r the radial distance onR3. The metric is supported by
the RR fluxes

F2 ¼ h8r2H0ðrÞdvolðS2Þ þH2;

F4 ¼ −h8H0ðrÞdvolðR1;1Þ ∧ dr ∧ dz − ∂zh4dvolðCY2Þ
− h8ð⋆4d4h4Þ ∧ dz; ð2:7Þ

and by a nontrivial dilaton and NS-NS three-form

e−ϕ ¼ h5=48 h1=44 ;

dB ¼ r2H0ðrÞdz ∧ dvolðS2Þ − h−28 dz ∧ H2: ð2:8Þ

The equations of motion are satisfied provided the function
h4 satisfies the differential equation5

∂2
zh4 þ h8∇2

CY2
h4 þ

1

h8
jH2j2 ¼ 0; ð2:9Þ

and the two-formH2 is both closed and anti-self-dual living
exclusively on the Calabi–Yau twofold with support along
the divisor C. The presence of this two-form accounts for
the inclusion of the fractional D4 branes. Observe that the
condition on h4 is of the form Laplacian plus source term
arising from the norm of a form, this is indicative of
fractional branes. It is trivial, using the reader’s favorite
computer program, that this satisfies the equations of
motion of massless type IIA and is supersymmetric.
After equating the H• functions it follows that the metric

takes the form

5Note that since h8 is constant here we have redefined the two-
form H2, this accounts for the difference with the results in [17]
which will become manifest when we take the near-horizon limit
in the next subsection.
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ds2 ¼ 1ffiffiffiffiffiffiffiffiffiffi
h4h8

p
�

1

HðrÞ ds
2ðR1;1Þ þHðrÞ2ds2ðR3Þ

�

þ
ffiffiffiffiffi
h4

pffiffiffiffiffi
h8

p ðh8dz2 þ ds2ðCY2ÞÞ: ð2:10Þ

The first bracketed part of the metric is that of an extremal
five-dimensional black string which has a center at the
poles of the harmonic function HðrÞ. The black string
arises from the intersection of the D2- D6- and NS5-branes
and not from the D4 branes per se. Instead, the presence of
the D4-branes warps the size of the black string through the
function h4. Indeed, later we will see that when we take h4
to depend only on the interval we have multiple stacks of
D2- and D6-branes stretched between NS5 branes. At the
intersection of all three of these types of branes we find a
black string. This gives rise to a chain of black strings
stacked on top of each other along the interval. It is
important to emphasize that this is not a multicentered
black string in R3 in the usual sense, since such an object
has a harmonic function,H, which has multiple poles in the
radial coordinate. This is not the case here since we take H
to have a single pole at r ¼ 0. We will come back to this
point later having constructed the Hanany–Witten brane
setup which will make this point manifest. Before proceed-
ing, note that there was nothing special about taking the
function h4 to depend only on the interval. In fact more
general solutions with Calabi–Yau dependence are possible
and are the subject of future work.

B. Near-horizon solution

Having studied the full solution let us flow to the near-
horizon. The near-horizon limit is taken by sending the
radial coordinate to zero. After a few trivial rescalings of
the coordinates the resulting NS–NS sector of the near-
horizon solution is

ds2 ¼ 1ffiffiffiffiffiffiffiffiffiffi
h4h8

p
�
ds2ðAdS3Þ þ

1

4
ds2ðS2Þ

�

þ
ffiffiffiffiffi
h4
h8

s
ds2ðCY2Þ þ

ffiffiffiffiffiffiffiffiffiffi
h4h8

p
dz2; ð2:11Þ

e−Φ ¼ h1=44 h5=48 ; B ¼ −
z
2
dvolðS2Þ − z

h8
H2: ð2:12Þ

This is supported by the RR fluxes,

F2 ¼ −
h8
2
dvolðS2Þ þH2; ð2:13Þ

F4 ¼ 2h8dz ∧ dvolðAdS3Þ − h8⋆4dh4 ∧ dz

− ∂zh4dvolðCY2Þ: ð2:14Þ

This geometry falls within the classification of N ¼ ð0; 4Þ
AdS3 solutions in (massive) type IIA performed in [17].6

A fully explicit solution is provided once a solution to
(2.9) is given. In general this is a nontrivial PDE one must
solve. A simplifying assumption one may make, is that the
function h4 is independent of the Calabi–Yau coordinates.
In turn this requires that the norm of the two-form H2 to be
constant. It is solutions of this form that we study in this
paper and in particular the following section. A more
general solution with Calabi–Yau dependence is the subject
of future work.

III. BLACK STRING CHAINS

In this section wewill study an explicit class of solutions.
We use an ansatz where the function h4 is only a function of
the interval and does not depend on the Calabi–Yau
coordinates. As explained above, solving equation (2.9)
implies that the norm of the two-form H2 on the Calabi–
Yau must be constant. We therefore take

H2 ¼ γω; ð3:1Þ

with ω a closed, anti-self-dual two-form on the Calabi–Yau
twofold satisfying

jωj2 ¼ 1;
Z
C
ω ¼ 2π; ð3:2Þ

with ω Poincaré dual to the divisor C and γ taken without
loss of generality to be a positive constant.7 Note that the
choice of this two-form uniquely determines the volume of
the Calabi–Yau twofold to be (the slightly uncanonical)
−ð2πÞ2. One could extend this to include additional
divisors, however we will content ourselves with a single
divisor in the following. With these assumptions the
defining equation reduces to

∂2
zh4 þ

γ2

h8
¼ 0: ð3:3Þ

This is now a simple linear ordinary differential equation
and has general local solution

6More specifically, the subclass of N ¼ ð0; 4Þ AdS3 solutions
with u0 ¼ 0 is reproduced. See [50] for brane solutions leading to
AdS3 near horizons with u0 ≠ 0.

7One typically normalizes a Poincaré dual pair such that the
integral over the curve of the form is unity. Our normalization will
require additional factors of π to appear, in particular the pair
ðω; CÞ is such that

Z
C
α ¼ 1

2π

Z
CY2

α ∧ ω;

for any closed two-form α on the Calabi–Yau twofold.
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h4 ¼ αþ βz −
γ2

2h8
z2; ð3:4Þ

with α and β constants. Our goal is to extend this local
solution to a global one. This imposes a few constraints on
the form of h4. Firstly, in order for the metric to be well
defined h4 must be strictly positive, except at the ends of
the interval, and moreover it must be continuous. However
before we proceed with extending h4 to a global function
we must study the Kalb–Ramond two-form B in more
detail.

A. Large gauge transformations, NS5 branes
and Page fluxes

For the solution to admit a well-defined partition
function in string theory, and not be merely a supergravity
solution, the B field must be properly quantized. The
condition arises from a generalization of the Aharonov–
Bohm effect for a two-dimensional gauge potential. Recall
that the Kalb–Ramond two-form couples minimally to a
string with world-sheet Σ, via

1

ð2πlsÞ2
Z
Σ
B: ð3:5Þ

Now a large gauge transformation of the B-field by an
integral two-form does not change the stringy Aharonov–
Bohm phase, since it simply adds 2π to the phase.
Similarly, increasing the flux through Σ by multiples of
8π3l2

s shifts the stringy Aharonov–Bohm phase by 2π and
is thus the same effect as a large gauge transformation. We
are therefore left to conclude that the physically distinct
fluxes are those for which (3.5) lies in the interval [0, 1]. As
soon as this condition is violated, we should perform a large
gauge transformation by an integral cohomology class.8

The importance of correctly identifying the large gauge
transformation is twofold. First, as we will see, it requires
the interval to be split into segments, which, upon crossing,
NS5 branes are produced, generating a Hanany–Witten like
effect. Second, the conserved charges in our setup are not
Maxwell charges but Page charges which explicitly depend
on the choice of gauge for B. A nontrivial large gauge
transformation contributes to the Page charges. Here we
will perform this analysis explicitly for our local solu-
tion above.
First, let us identify the possible large gauge trans-

formations. Using the representative of the B-field given in
(2.12) the necessary large gauge transformations are

B → Bþ δB; δB ¼ nπdvolðS2Þ þ 2πMω; ð3:6Þ

with n,M two constants which parametrize the large gauge
transformations and will be fixed later in this section by

flux quantization. Consider first the two-cycle given by the
two-sphere: we have9

−
1

2ð2πÞ2
Z
S2
ð2nπ − zÞdvolðS2Þ ∈ ½0; 1�: ð3:7Þ

The quantization condition we must impose is

n −
z
2π

∈ ½0; 1�; ð3:8Þ

which implies that we must partition the interval into
segments of length 2π. Let the interval have Pþ 1 seg-
ments of length 2π. As we go from one segment to the next
(for increasing z) we must perform a large gauge trans-
formation δB ¼ πdvolðS2Þ. By a coordinate shift we may
take the interval to begin at z ¼ 0 and consequently the line
interval is broken up into the segments

2πk ≤ z ≤ 2πðkþ 1Þ; ð3:9Þ

for integer k. In the ½k; kþ 1� segment the total large gauge
transformation we must perform to the representative in
Eq. (2.12) is

δ½k�B ¼ kπdvolðS2Þ: ð3:10Þ

Consider now the nontrivial two-cycle C inside the
Calabi–Yau twofold. We have

−
1

ð2πÞ2
Z
C
B ¼ −

�
M −

γ

h8

z
2π

�
∈ ½0; 1�: ð3:11Þ

In the interval ½k; kþ 1� we must impose

γ

h8
k −M ∈ ½0; 1� and

γ

h8
ðkþ 1Þ −M ∈ ½0; 1�: ð3:12Þ

For both to be true it follows that a necessary requirement is
γh−18 ∈ ð0; 1�.10 We will see shortly that the ratio must be
integer and therefore we must take

γ ¼ h8: ð3:13Þ

This however is not the most general way to solve this, an
alternative solution is to further partition the line interval,
which allows for the solution

γ ¼ ph8; ð3:14Þ

8The definition includes a normalization factor of ð2πlsÞ−2.

9We will set the string length, ls to 1 from now on, however
one can reintroduce it by dimensional analysis.

10Note that h8 is necessarily positive in order for the metric to
be of correct signature. Despite such a constraint not existing for γ
we may without loss of generality take it to be positive by a
judicious choice of orientation of the two-cycle.
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with p a positive integer. The line interval is then divided
up into segments of length 2πp−1

2π

�
kþ l

p

�
≤ z ≤ 2π

�
kþ lþ 1

p

�
; l ∈ Z; ð3:15Þ

with a large gauge transformation proportional to ω with
parameter

M ¼ kþ l
p
; ð3:16Þ

performed in the ½k; l� interval above.
To write the large gauge transformations more concisely

it is useful to define some additional notation. Let Θðz − aÞ
denote the Heaviside step function defined via

Θðz − aÞ ¼
�
0 z < a

1 z ≥ a
; ð3:17Þ

and let, for a < b, Θ̂ be given by

Θ̂½a;b� ¼Θðz− 2πaÞ−Θðz− 2πbÞ ¼
�
1 2πa≤ z≤ 2πb

0 otherwise
:

ð3:18Þ

Then, for γ ¼ h8, the total large gauge transformation is

δB ¼
XP
k¼1

Θ̂½k; kþ 1�kðπdvolðS2Þ þ 2πωÞ: ð3:19Þ

Before proceeding with the computation of the Page
fluxes let us give the quantization of the Kalb-Ramond field
strength. The field strength is quantized as

1

4π2

Z
Σ3

H ∈ Z: ð3:20Þ

There are two three-cycles over which we must quantize the
flux, both take the form of the product of the interval with
one of either the two-sphere or the two-cycle C in the
Calabi–Yau Poincaré dual to ω. Though the Calabi–Yau
admits other two-cycles, the field strength has no support
on these cycles and so we may safely ignore them.
For the three-cycle containing the two-sphere, we find

1

4π2

Z
I×S2

H ¼ Pþ 1≡QNS5: ð3:21Þ

If we further restrict to each of the segments of length 2π
we see that there is a single NS5 brane in a given segment
of the interval. This makes clear the need for the large
gauge transformations needed between segments: an NS5
brane is localized on the boundaries of these segments

generating a Hanany–Witten like effect. Note that this is
independent of the choice of p, and the further partitioning
of the line interval. The large gauge transformation should
only be performed when crossing an integer multiple of 2π.
Now consider the other three-cycle, we find

QNS50 ≡ 1

4π2

Z
I×C

H ¼ p
2π

Z
2πðPþ1Þ

0

dz ¼ pQNS5: ð3:22Þ

As in the previous case we can look at the number of these
NS5’ branes in each segment of the interval. It is not
difficult to see that in each segment of smallest length (i.e.,
with segment length 2πp−1) there is precisely 1 NS5’
brane. This then accounts for the factor of p in relating the
total number of NS5 branes to the NS5’ branes in (3.22).
The full analysis of the solution for the p ¼ 1 case and

the p > 1 case are qualitatively different and we shall only
consider the simpler p ¼ 1 case in this paper.

1. Page fluxes

We may now turn our attention to evaluating the Page
fluxes of the solution, using the fluxes given in (2.13) and
(2.14). Page fluxes are defined as

f̂ ≡ F ∧ e−B; ð3:23Þ

with F denoting the polyform of the magnetic parts of the
RR-fluxes. Though we require the function h4 to be
continuous, so that both the metric and dilaton are well
defined, it need not be smooth and may have discontinuities
in the first derivative (and higher). Mathematically what we
require is that the function is of differentiability class C0.11

We may write the function as the union of a set of smooth
continuous functions which have domain each of the
segments, subject to a matching condition between seg-
ments ensuring that the function is continuous. We take

h4ðzÞ ¼
X
k

h½k�4 ðzÞΘ̂½k; kþ 1�; ð3:24Þ

with h½k�4 a smooth continuous function in the interval
2πk < z < 2πðkþ 1Þ. The continuity of the function
implies the matching condition

h½k�4 ð2πkÞ ¼ h½k−1�4 ð2πkÞ; ð3:25Þ

for each segment. Explicit computation of the magnetic part
of the Page fluxes gives

11As we will see shortly the discontinuities give rise to sources
for branes and have interesting physics.
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f̂2 ¼ γω −
h8
2
dvolðS2Þ;

f̂4 ¼ −
XP
k¼0

ðγðz − 2πkÞ þ h½k�
0

4 ÞΘ̂½k; kþ 1�dvolðCY2Þ;

f̂6 ¼
XP
k¼0

1

2

�
h½k�4 − ðz − 2πkÞh½k�04 −

γ

2
ðz − 2πkÞ2

�

Θ̂½k; kþ 1�dvolðS2Þ ∧ dvolðCY2Þ: ð3:26Þ

With these expressions we may compute the Bianchi
identities for these Page fluxes, taking care with the step
functions. After using the defining equation for h4, namely
Eq. (3.3), we find

df̂2 ¼ 0;

df̂4 ¼
�
−h½0�

0
4 ð0ÞδðzÞ þ

XP
k¼1

ð2πγ þ h½k−1�
0

4 ð2πkÞ

− h½k�
0

4 ð2πkÞÞδðz − 2πkÞ þ ð2πγ þ h½P�
0

4 ð2πðPþ 1ÞÞÞ

× δðz − 2πðPþ 1ÞÞ
�
dz ∧ dvolðCY2Þ; ð3:27Þ

df̂6 ¼
XPþ1

k¼1

πðh½k−1�04 ð2πkÞ þ πγÞδðz − 2πkÞdz ∧ dvolðS2Þ

∧ dvolðCYÞ:

We have simplified the result using the matching conditions
and that the function h4 should vanish at the endpoints of
the line segment. This is a slightly subtle point and we will
come back to why this condition is necessary, and also
meaningful, later. It is clear that the nontrivial Bianchi
identity for f̂4 has two different origins. The first comes
from the terms with an explicit γ factor. This contribution is
new and purely down to the fractional branes. The second
contribution is a universal contribution and arises when the
derivative of h4 is not smooth. The form of this contribution
is present even in the absence of fractional branes, however
since the function h4 differs in the two cases this con-
tribution also implicitly depends on the fractional branes.
For the six-form the origin of the contributions is not as
clear cut and we shall postpone this discussion to later in
this section.12

2. Central Charge

For the final part of our general analysis we will give the
formula for the central charge. The Brown–Henneaux
formula [69] specified to our setup reads

c ¼ 3

24π6l8
s

Z
e−2ϕðh4h8Þ−1=4dvol7: ð3:28Þ

For the case at hand where h4 is a function of only the line
interval and h8 is constant this may be simplified to

c ¼ 6h8
ð2πÞ3l8

s

Z
h4dz: ð3:29Þ

B. Global analysis

We begin by analyzing the gravity solution in more
detail: computing the Page charges, the central charge and
studying the Bianchi identities. With a thorough under-
standing of the gravity solution wewill construct in the next
section a two-dimensional quiver field theory which is
conjecturally dual to the gravity solution. We will motivate
this twofold. First by giving a stringy origin using the brane
configuration inferred from the gravity analysis and iden-
tifying the massless strings stretching between the branes,
and second by showing that the central charge agrees in the
holographic limit with the gravity result.13

1. Gravity analysis

To begin we must specify the function h4 explicitly. We
have discussed above the continuity constraint however it is
necessary to impose some additional constraints on its form
in order that the internal space is compact giving a well-
defined holographic dual. This is equivalent to imposing that
the function h4 has two single roots at both ends of the
interval. The reader may be wary of h4 vanishing at the
endpoints of the interval since it appears prominently in both
the metric and dilaton and looks like it will make the metric
singular. Indeed, points where h4 vanishes do produce a
singularity, however by requiring that h4 has a single root at
these points, rather than a double root, one may interpret this
singularity as the presence of branes ending the space. Taking
the function h4 to have a single root at z� the metric and
dilaton close to the root are given by

ds2 ¼ 1ffiffiffiffiffi
h8

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz − z�Þh04ðz�Þ
p �

ds2ðAdS3Þ þ
1

4
ds2ðS2Þ

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz − z�Þh04ðz�Þ

p
ffiffiffiffiffi
h8

p ðds2ðCY2Þ þ h8dz2Þ;

e−Φ ¼ ððz − z�Þh04ðz�ÞÞ1=4h5=48 ; ð3:30Þ

12Note that in [39] when computing the Bianchi identities the
discontinuities in the contributions from the large gauge trans-
formations have been neglected. Taking these into account gives
rise to a nontrivial contribution to f̂6.

13We note that the quivers proposed here differ with the ones in
[39], which were conjectured to be the dual of the gravity
solutions without fractional branes if we take the γ → 0 limit. We
believe that our proposal here is the correct one for both cases and
we will explain this using our stringy analysis and by showing
that the unnatural scaling argument used in [39] to find a match
between both sides of the duality is not needed for our quiver. We
will comment more on this in Appendix B where we present the
corrected quiver for the theory studied in [39].
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which is precisely the form of either an O4 plane or a stack of
D4 branes on AdS3 × S2 smeared over the Calabi–Yau
twofold. For this setup it is only physically sensible to have
anti-D4 branes and not O4-planes since smeared O-planes
are not well-defined objects in string theory.14 This is
consistent with the field theory description we propose in
Sec. IV. Such an interpretation of the singularity in terms of

branes is not possible if h4 has a double root and is therefore
not physically interesting.
We may use the shift symmetry in the z coordinate to fix

the interval to take values in ½0; 2πðPþ 1Þ�, with h4
developing a root at both endpoints and being strictly
positive everywhere else in the domain. An explicit form
for h4 following the general expression in (3.24) is

h4 ¼

8>><
>>:

2πβ0z −
γ
2
z2 0 ≤ z ≤ 2π

ð2πÞ2αk þ 2πβkðz − 2πkÞ − γ
2
ðz − 2πkÞ2 2πk ≤ z ≤ 2πðkþ 1Þ

ð2πÞ2αP þ 2πβPðz − 2πPÞ − γ
2
ðz − 2πPÞ2 2πP ≤ z ≤ 2πðPþ 1Þ

: ð3:31Þ

By construction this has a root at z ¼ 0, however we must
still impose that it is both continuous and has a root at
2πðPþ 1Þ. Continuity requires that the constants are fixed
by the iterative constraint,

αk þ βk −
γ

2
¼ αkþ1; ð3:32Þ

which may be rewritten as

αk ¼
Xk−1
i¼0

�
βi −

γ

2

�
: ð3:33Þ

We see that the fractional branes shift the constants αk.
Notice also that a trivial rewriting gives

βk−1 − βk ¼ 2αk − αk−1 − αkþ1; ð3:34Þ

which should remind the reader of the anomaly cancellation
for certain linear quivers. In order for there to be a root at
z ¼ 2πðPþ 1Þ we must fix the constants so that

αP þ βP −
γ

2
¼ 0; ð3:35Þ

or, after using (3.33), that

XP
i¼0

�
βi −

γ

2

�
¼ 0: ð3:36Þ

Notice that of the 2Pþ 1 free parameters in (3.31)
specifying h4, Pþ 1 are fixed in terms of γ and the
remaining P β’s. As we will see later, these constraints
are essential on the field theory side for anomaly cancella-

tion. The final check is to require that h4 is strictly positive
in the domain except at the two endpoints where it
vanishes. A necessary requirement for this is αk > 0 for
all 1 ≤ k ≤ P. This immediately implies γ < 2β0, while the
constraints on the higher order β’s are less stringent. We see
from (3.36) that there must be at least one β, certainly the
last one, which satisfies 2β < γ. A representative example
of h4 is given in Fig. 1. One should contrast this to the linear
rank-functions studied in [39]. The fractional branes lead to
a substantially different class of rank function.

2. Page charges

With our expression for h4 in hand we are now able to
compute the Page charges of the solution. Recall that the
magnetic part of the Page fluxes f̂8−p, should be quantized
according to15

Qp ¼ 1

ð2πÞ7−p
Z
Σ8−p

f̂8−p; ð3:37Þ

through all integral cycles. Due to our decomposition of h4
it is natural to look at the various Page charges in each of
the segments. The Page charges read

Q½k;kþ1�
D2 ¼ −αk; Q½k;kþ1�

D4 ¼ βk;

Q½k;kþ1�
D6 ¼ γ; Q½k;kþ1�

D60 ¼ γ: ð3:38Þ

This corroborates that the gravity solution arises from
the brane configuration given in Table II from which the
black string solution was constructed in Sec. II. This
will form the starting point for the construction of the
field theory dual. Note that the quantization condition
imposes that αk, βk, γ are all integers and therefore
consistency with (3.33) implies that γ should be an even
integer.

14One may wonder whether by allowing dependence of the
functions on the CY2 coordinates one can introduce fully
localized O4-planes into the geometry and bypass this problem.
This will allow for a richer set of solutions and dual field theories
and is an interesting problem to consider in the future. 15Recall we set ls ¼ 1.
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We may substitute our expression for h4 into the Bianchi
identities computed in (3.27). We find16

df̂2 ¼ 0;

df̂4 ¼ 2π

�
−β0δðzÞþ

XP
k¼1

ðβk−1 − βkÞδðz− 2πkÞ

þ βPδðz− 2πðPþ 1ÞÞ
�
dz∧ dvolðCY2Þ;

df̂6 ¼ 2π2
�XP

k¼1

ðαk−αk−1Þδðz− 2πkÞ

−αPδðz− 2πðPþ 1ÞÞ
�
dz∧ dvolðS2Þ∧ dvolðCY2Þ:

ð3:39Þ

A first point to recall is that the contribution of a Dp-brane
and that of an anti-Dp-brane to the source term of the
Bianchi identity differs by a minus sign. Since parallel anti-
Dp-branes and Dp-branes preserve no supersymmetry17 we
must require that we have either type but not both in our
solution. This is equivalent to imposing βk−1 − βk ≥ 0 for
all intervals. On the field theory side we will interpret the
difference as the rank of the flavor group, which must of
course be positive definite and therefore this condition is

required on the field theory side also. A second point to
stress out is that the first and last contributions to df̂4
identify the singularities at both ends of the z-interval as
associated to O4 orientifold fixed planes, given that both
give negative contributions [recall the definition of βP
from Eq. (3.35)].
We have just seen that the Bianchi identities are satis-

fied up to the source terms. It remains to interpret these
sources. The source terms arise in the Bianchi identities
due to the presence of localized branes in the solution. One
may derive the general form of the Bianchi identities by
supplementing the usual supergravity action with the
D-brane effective action

Seff ¼ SDBI½g;ϕ; B� þ SCS½Cp�; ð3:40Þ

for each brane in the theory. We will be concerned with the
RR-flux potentials in the following and therefore the DBI
part of the action will not play a role in this analysis, only
the Chern–Simons part will. It takes the form

μp

Z
W
Trðe2πα0F Þ ∧

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Âð4π2α0RTÞ
Âð4π2α0RNÞ

s
∧ ⨁

q
Cq

����
pþ1

; ð3:41Þ

where F is the gauge invariant field strength on the
Dp-branes to which strings couple,

2πα0F ¼ B1n×n þ 2πα0F̂: ð3:42Þ

The polynomial Â is the A-roof genus and takes as
argument the curvature of the tangent and normal bundles
respectively. Using the formulation of the potentials which

TABLE II. The brane configuration for the solution, with
the Page charges associated to the branes in the interval
2πk < z < 2πðkþ 1Þ. We have included the Page charge of
the respective branes and indicated whether the branes are flavor
or color. The rule of thumb for distinguishing whether a brane is
color or flavor is to study whether the brane wraps the radial
coordinate generating the dilatation symmetry of AdS3 or not.
Branes wrapping the radial coordinate give rise to global
symmetries on the boundary of AdS3 and thus flavor symmetries
while those not wrapping the radial coordinate give rise to gauge
symmetries, i.e., color groups for the boundary CFT.

CY2

Brane Page charge Type R1;1 R3 I C C̄

D2 αk Color ✗ ✗ − − − ✗ − − − −
D4 βk Flavor ✗ ✗ ✗ ✗ ✗ − − − − −
D6 γ Color ✗ ✗ − − − ✗ ✗ ✗ ✗ ✗
D6’ γ Flavor ✗ ✗ ✗ ✗ ✗ − ✗ ✗ − −
NS5 1 N.A. ✗ ✗ − − − − ✗ ✗ ✗ ✗
NS5’ 1 N.A. ✗ ✗ − ✗ ✗ − ✗ ✗ − −

FIG. 1. A representative example of h4. Here we have taken
P ¼ 6, and fixed the 7 free parameters as: β0 ¼ 22, β1 ¼ 21,
β2 ¼ 19, β3 ¼ 17, β4 ¼ 15, β5 ¼ 15, γ ¼ 32. Note that this
example has βk−1 ≥ βk for all k.

16Note that we find a different result to that in [17] and
subsequent follow ups. The reason for this mismatch is because
we have taken into account the nontrivial large gauge trans-
formations one must perform in going between segments. The
effect of these was neglected in the earlier works and our
expressions trivially extend to the γ ¼ 0 case.

17Concretely the projection condition that the supersymmetry
parameters satisfy for a Dp-brane are ϵL ¼ Γ0…pϵR, with the
condition for an anti-Dp-brane being ϵL ¼ −Γ0…pϵR. Clearly
these are incompatible when the branes are parallel.
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are all electric it is simple to calculate the most general
Bianchi identities for the magnetic fluxes. We have18

df̂2 ¼ μ̂6Tr½1D6�δWD6; ð3:43Þ

df̂4 ¼ μ̂4Tr½1D4�δWD4 þ 2πα0μ̂6Tr½F̂D6� ∧ δWD6; ð3:44Þ

df̂6 ¼ μ̂2Tr½1D2�δWD2 þ 2πα0μ̂4Tr½F̂D4� ∧ δWD4

þ ð2πα0Þ2μ̂6
�
1

2
Tr½F̂D6 ∧ F̂D6�

þ ð2πÞ2Tr½1D6�ðp1ðRNÞ − p1ðRTÞÞ
�

∧ δWD6:

ð3:45Þ

Here δW• denotes the Poincaré dual of the world volume
wrapped by the brane and is normalized to give 1 when
integrated over the world volume. Note that both the left-
and right-hand side are gauge dependent since it is the
gauge dependent field strength F̂• that appears and not the
gauge independent combination F . We can now compare
these general expressions with the expressions obtained by
direct calculation.
First let us identify the Poincaré duals for the various

branes, focussing on terms containing delta functions along
the interval. Since the D2 and D6 branes are not located at
definite points on the interval they will not give rise to such
delta function terms along the interval.19 Instead, the D4
branes will give rise to delta function terms and we can write

δWD4 ¼ −
1

4π
δðz − 2πkÞdz ∧ dvolðCY2Þ: ð3:46Þ

The final contribution we need to consider is from the D6’
branes with Poincaré dual

δWD60 ¼
1

2π
δðz − 2πkÞdz ∧ ω: ð3:47Þ

However as we will see momentarily there is no gauge field
living on the D6’ branes. First let us study the Bianchi
identity for f̂2. We see that agreement with (3.39) implies
that there is no brane theory living on the D6’ branes located
at the distinguished points of the interval. This is not
surprising since the number of branes ending on the NS5
brane from the left and right is the same. Given this it follows
that the Bianchi identity for f̂4 is satisfied if there is an

Uðβk−1 − βkÞ gauge theory living on the D4 branes at the
k’th NS5 brane. Finally the Bianchi identity implies that the
field strength on theD4 branes at the k’thNS5 brane satisfies

Tr½F̂ðkÞ
D4� ¼ βk −

γ

2
: ð3:48Þ

It would be interesting to explicitly construct these fields in
the future.

3. Central charge

Finally, we may compute the central charge of the
solution. The Brown–Henneaux formula gives the central
charge to be

c ¼ 3π

2GN
volðCYÞ

Z
2πðPþ1Þ

0

γh4dz

¼ 6γ
XP
k¼0

�
αk þ

1

2
βk −

γ

6

�
: ð3:49Þ

Using the continuity condition we may rewrite this into the
form

c ¼ 6γ
XP
k¼0

�
αk þ

γ

12

�
: ð3:50Þ

Since this is a small N ¼ ð0; 4Þ theory the central charge
should be an integer multiple of 6. Naively this seems to be
problematic since γ needs not be divisible by 12 generi-
cally, though it is divisible by 2. The resolution to this
apparent paradox is that it is the full central charge,
including all subleading contributions, that should be
divisible by 6 and not the result from the Brown–
Henneaux formula. The gravity calculation we have per-
formed computed the exact leading order piece of the
central charge and some, but not all, subleading contribu-
tions. If one would in addition compute the full subleading
contributions from holography one would find a central
charge which is integer including the subleading terms. A
similar mechanism was seen in [10] when considering
smallN ¼ ð0; 4ÞAdS3 solutions in type IIB. Only once the
subleading contributions were taken into account was the
central charge an integer multiple of 6.
The interpretation of the global solutions constructed in

this section is that they describe chains of black strings
stacked on top of each other along the z-interval. These
strings carry three quantized charges, associated to the
numbers of D2 and D6 branes wrapped at each interval,
together with the number of fractional D4 branes. This is
supplemented by global charges that denote the number of
D4 branes, flavoring the field theory living on the black
string. In the next section we will construct 2d N ¼ ð0; 4Þ
quiver CFTs dual to these solutions. These extend the
quiver CFTs constructed in [7] to include fractional branes.

18We use the shorthand μ̂• ¼ 2κ210μ•.19If we had performed this in the full brane solution we would
have obtained delta function sources placing these branes at the
tip ofR3. In taking the near-horizon limit we have washed out this
in the computation of the Bianchi identities. Since our goal is to
understand the physics of the line interval we shall ignore such
contributions in the following.

COUZENS, LOZANO, PETRI, and VANDOREN PHYS. REV. D 105, 086015 (2022)

086015-10



A benefit of our study is that the quivers come along with
their explicit AdS3 × S2 × CY2 holographic duals as stud-
ied in this section. This is a well-controlled string theory
setting where the implications of holography can be studied
in detail.

IV. FIELD THEORY

Having studied the supergravity solution let us turn our
attention to constructing its field theory dual. We propose
that the field theory dual of the supergravity solutions
constructed in the previous section is given by a 2d N ¼
ð0; 4Þ quiver gauge theory with quiver as given in Fig. 2.
The stringy origin of the different multiplets appearing in
the quiver is discussed in detail in Appendix A. Note that
our proposal for the quivers has fundamental differences to
the quivers previously considered in [39] which did not
consider fractional branes. We want to emphasize that the
differences are not purely due to the fractional branes, our
analysis indicates that the previous quivers are not the
correct duals in those cases. To exemplify this we show that
the central charge for our new quivers matches the gravity
result without the need for unnatural scaling arguments as
in the previous works. This analysis is extended to the
massive case considered in [39] and later works in
Appendix B. The flavor symmetries ending the horizontal
line of h8 ’s in Fig. 2 arise from semi-infinite D6 branes in
the geometry. Semi-infinite D6 branes can end on the first
and last NS5 branes for a nonzero value of the cosmological
constant, created by D8 branes that can be considered to be
located far away from the brane system [70]. As shown in
[71] this is consistent in massless IIA configurations in the
large number of nodes limit, ie in the holographic limit.

A. Cancellation of gauge anomalies

The contribution of the different multiplets in the quiver
depicted in Fig. 2 to the gauge anomaly is given in Table III.
First focus on the k0th D2 gauge node. It is simple to see

that theN ¼ ð4; 4Þ hypermultiplets do not contribute to the

anomaly, leaving just the contribution of the N ¼ ð0; 4Þ
hypermultiplet and the (0, 2) Fermi multiplets. We find that
the anomaly condition is trivially satisfied. For the k’th D6
gauge node the anomaly is proportional to

2αk − ðβk−1 − βkÞ − αk−1 − αkþ1; ð4:1Þ

which is zero by virtue of the relation

αkþ1 ¼ αk þ βk −
γ

2
: ð4:2Þ

For the end points of the quiver the computation works
similarly and is guaranteed by the matching condition. Note
that anomaly cancellation is blind to the differences
between our quivers and those conjectured in [39] since
twisted hypermultiplets and hypermultiplets contribute
equally to the anomaly.

B. Central charge

The central charge is given by

c ¼ 3Tr½γ3Q2
R� ð4:3Þ

with QR the R-charge under the Uð1ÞR ⊂ SUð2ÞR, and the
trace is over all Weyl fermions in the theory. The matter is
organized as in table IV.
From the construction of the gauge nodes of our quivers,

containing a N ¼ ð0; 4Þ vector multiplet and a N ¼ ð0; 4Þ
adjoint hypermultiplet, it is clear that they do not contribute
to the R-symmetry anomaly. Moreover, neither the N ¼
ð0; 2Þ Fermi multiplets nor the N ¼ ð4; 4Þ twisted hyper
multiplets contribute. Therefore the only contributions to
the central charge are from isolated N ¼ ð0; 4Þ hyper-
multiplets, and the central charge is20

c ¼ 3 · 2nð0;4ÞH ¼ 6h8
XP
k¼1

αk; ð4:4Þ

FIG. 2. The 2d (0, 4) quiver dual to our solutions. The blue lines
denote N ¼ ð4; 4Þ twisted hypermultiplets, the red lines denote
N ¼ ð0; 4Þ hypermultiplets and green dashed lines are N ¼
ð0; 2Þ Fermi multiplets. The round nodes are N ¼ ð0; 4Þ vector
multiplets plus N ¼ ð0; 4Þ adjoint hypermultiplets, while the
rectangular nodes are flavor symmetries.

TABLE III. Contribution to the gauge anomaly of the multiplets.

Multiplet Contribution

(0,4) hyper or twisted hyper (adjoint) 2N
(0,4) hyper or twisted hyper (fund.) 1
(0,4) vector −2N
(0,2) Fermi − 1

2

20Note that the formula agrees with the standard N ¼ ð0; 4Þ
central charge relation c ¼ 6ðnH − nVÞ. Since each N ¼ ð0; 4Þ
vector multiplet is accompanied by a N ¼ ð0; 4Þ adjoint hyper-
multiplet their contributions to the anomaly cancel. Conse-
quently, the only contributions are from the isolated (by
isolated we mean that they do not appear in the completion of
a larger multiplet) bifundamental N ¼ ð0; 4Þ hypermultiplets.
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which agrees with the gravity result (3.50), upon discarding
the γ

12
term which is subleading. Note that since twisted

hypermultiplets do not contribute to the anomaly while
hypermultiplets do one can see the difference between our
quiver here and those in [39].
Finally we compute the gravitational anomaly. One may

compute it using that

cL − cR ¼ Trγ3; ð4:5Þ

where the trace is over the Weyl fermions of the theory as
before and γ3 is the chirality matrix in 2d. Let us first look
at how the multiplets appearing in the quiver contribute.
Using Table IV we can see that the gauge nodes contain two
right-handed Weyl fermions and two left-handed Weyl
fermions and therefore do not contribute to the anomaly.
Similarly a N ¼ ð4; 4Þ (twisted) hypermultiplet contains
two right-handed Weyl fermions and two left-handed Weyl
fermions and therefore also does not contribute to the
gravitational anomaly. Conversely, isolated bifundamental
N ¼ ð0; 4Þ (twisted-) hypermultiplets contain two right-
handed Weyl fermions and therefore contribute 2 to the
anomaly. Finally an isolated N ¼ ð0; 2Þ Fermi multiplet
contains a single left-moving Weyl fermion and therefore
contributes −1 to the anomaly. With these considerations
we have the simple formula

cL − cR ¼ 2nð0;4ÞH − nð0;2ÞF ; ð4:6Þ

where nðp;qÞ# denotes the number of isolated N ¼ ðp; qÞ#
multiplets in the quiver. We have

nð0;4ÞH ¼
XP
k¼1

h8αk;

nð0;2ÞF ¼ h8
XP
k¼1

ðβk−1 − βkÞ þ 2h8
XP
k¼1

αk; ð4:7Þ

and therefore

cL − cR ¼ h8ðβP − β0Þ: ð4:8Þ

Note that the contribution we get is only from the “end”
D4-branes multiplied by the number of D6 branes that they

meet. We see that these nodes are somewhat special in that
they have only two Fermi lines connecting them while the
other nodes of this type have three.
Observe that the gravitational anomaly apparently van-

ishes for β0 ¼ βP. Recall that we require βk−1 ≥ βk and
therefore the vanishing of the gravitational anomaly
imposes βk ¼ β for all k. Moreover consistency with
(3.36) implies β ¼ γ

2
, therefore αk ¼ 0 and consequently

the total central charge, (4.4), vanishes.

V. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we have investigated the near-horizon
geometry of a chain of 5d black strings living in an
asymptotic R1;4 × I × CY2 geometry. The black strings
are constructed through a D2-D4-D6-NS5 brane intersec-
tion coupled with the presence of fractional branes. We
have given a candidate dual 2d quiver CFT, motivated by
studying the stringy embedding of the solution, and
checked that the central charges of the two sides of the
duality are in agreement. One important aspect of this work
is that we have provided a different proposal for the dual
quiver for the solutions of [17] as studied in [39]. Our
proposal replaces the need to perform a scaling argument to
obtain agreement between the gravity and field theory
results.
There is an interesting alternate construction one can do

with the same asymptotic geometry. One may replace the
5d black strings with 5d black holes instead, stacking them
along the interval. The near-horizon geometries of this
setup, which will contain an AdS2 factor, were constructed
in [72–74]. There AdS2 solutions in type II supergravities
were constructed from the seed solutions studied in [17]
(which is also the seed for the solution in this paper) using
both double-analytic continuation and T-duality. Like here,
they possess a closed two-form H2 and a function satisfy-
ing a similar equation to the defining equation here. Given
the origin of these solutions, and the close connection to
those of this paper, it would be interesting to study these
solutions in this light extending known explicit examples
and their dual field theories.
Another interesting setup, connected to the work here,

are AdS3 solutions in M-theory with N ¼ ð0; 4Þ super-
symmetry which are the uplifts of the solutions discussed
here. These solutions should arise from taking the

TABLE IV. R-charges and fermion content of the multiplets.

Multiplet (0,2) Origin Number of Fermions Chirality R-charge of Fermion

(0,4) hyper 2 × Chiral 2 R.H. −1
(0,4) twisted hyper 2 × Chiral 2 R.H. 0
(0,4) vector (0,2) vector 1 L.H. 1

(0,2) Fermi 1 L.H. 1
(0,2) Fermi … 1 L.H. 0
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near-horizon of chains of 6d black strings living in the
asymptotic geometry R1;5 × I × CY2. The most general
solutions constructed in [46] contain fractional M5-branes,
arising from KK-monopoles wrapping collapsing two-
cycles in the Calabi–Yau twofold, that should modify
the quivers constructed in [46] in a manner similar to that
of this paper.
Moreover, one can consider backgrounds in M-theory of

the type R1;3 × I × CY3 and look for BPS solutions in
which 4d black holes are stacked along the interval. If such
solutions exist, they will have a near horizon geometry
AdS2 × S2 × I × CY3 that might be related to the solutions
recently constructed in [75] (see Appendix A). A final
direction one may consider are generalising this setup to
rotating black strings. The rotation requires the near-
horizon geometry to include a nontrivial fibration of the
symmetries of the internal manifold over AdS3, thereby
evading the classification in [17] of AdS3 solutions that we
have based this work on. In type IIB a subclass of possible
solutions have been classified in [76]. We leave these
interesting directions for future work.
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APPENDIX A: MULTIPLETS FROM STRINGS

In this Appendix we give a stringy origin for the quiver
theory depicted in Fig. 2. Our analysis utilizes the brane
intersection underlying the gravity solution, from which
one can study the different ways of obtaining massless
modes from strings stretching between the branes. We view
this as giving additional weight to the conjectured field
theory dual of our supergravity setup alongside the match-
ing of the central charges.
Recall that the branes live in the asymptotic geometry

R1;4 × I × CY2; ðA1Þ

and are configured as given in Table V. The presence of the
branes, and compact Calabi–Yau space, breaks the SO(1,9)
Lorentz group to SOð1; 1Þ × SOð3Þ. Recall that the double
cover of SO(3), SUð2ÞR is dual to the R-symmetry of the
SCFT. When the interval is periodically identified the
symmetry group is enhanced by a flavor U(1) coming
from the now circular interval. Given that the function h4 is
quadratic in the interval coordinate it follows that in this

case when it is periodically identified it must be constant
and the fractional branes disappear. One may then T-dualize
along this U(1) to obtain the D1-D5 system. Since this is
well studied we shall ignore this case with enhanced
symmetry and assume a nontrivial interval in the remainder
of this section.
The key to this analysis is in identifying the 2d

multiplets one obtains from quantising the fundamental
strings stretching between the various branes in the
setup. There is a large literature on this type of analysis
for similar setups, much of which is transferable to this
setup, see for example [77,78]. Despite this, we will be
as detailed as possible in order to present a consistent
and complete story at the cost of reviewing some “well-
known” material in places. We hope the reader can
forgive us for this, but for those who just want to jump
to the punch-line we have presented an overall summary
in Table VI.

1. D2-D2 strings

There are two distinct cases of D2-D2 strings to
consider depending on whether both endpoints of the
string lie in the same segment of the line interval or not.
We first consider the case where they are in the same
segment before considering adjacent segments. For seg-
ments which are not adjacent there are no massless modes
on the strings and therefore these will be ignored in the
following.
For the case where the two endpoints both lie in the

same segment the problem reduces to identifying the
massless modes of a stack of D2-branes bounded in one
spacetime direction by NS5 branes. This is a well-
studied problem, see for example the T-dual setup in
[78], however for completeness let us sketch the argu-
ment as there is still an important point we wish to
emphasize. On a stack of N infinitely extended D2
branes there lives a 3d UðNÞ gauge theory consisting of
a single 1

2
-BPS vector multiplet. We now want to bound

the D2 brane in one spacetime direction by two NS5
branes, one at each end-point. The D2-branes are now
infinite in extent in only two spacetime dimensions
and the effective theory living on the branes becomes
two-dimensional. Furthermore, the presence of the

TABLE V. Brane configuration for the solution.

R3 CY2

Brane Type R1;1 r S2 I C C̄

D2 Color ✗ ✗ − − − ✗ − − − −
D4 Flavor ✗ ✗ ✗ ✗ ✗ − − − − −
D6 Color ✗ ✗ − − − ✗ ✗ ✗ ✗ ✗
D6’ Flavor ✗ ✗ ✗ ✗ ✗ − ✗ ✗ − −
NS5 ✗ ✗ − − − − ✗ ✗ ✗ ✗
NS5’ ✗ ✗ − ✗ ✗ − ✗ ✗ − −
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NS5-branes breaks one half of the supersymmetry of the
setup.21

We now want to decompose the 3d vector multiplet in
terms of 2d multiplets before truncating out the fields fixed
by the Neumann boundary conditions affixing the D2 branes
to the NS5 branes. Recall that the bosonic field content of a
1
2
-BPS 3d vectormultiplet is a 3d vector and 7 real scalars: the
latter ofwhich parametrize the fluctuations of theD2brane in
the transverse directions. Reducing to 2dwe end upwith a 2d
vector and 8 real scalars, the eighth scalar coming from the
third component of the 3d vector in the KK reduction. The
preserved supersymmetry arising from the projection con-
ditions implies that the fields combine into: a N ¼ ð0; 4Þ
vector multiplet; a N ¼ ð0; 4Þ hypermultiplet, arising from
the fluctuations along the Calabi–Yau; and a N ¼ ð4; 4Þ
twisted hypermultiplet arising from combining the scalar in
the decomposition of the 3d vector and the fluctuations in
R3.22 In order for the D2 brane to end on the NS5’s we must
impose Neumann boundary conditions on the fields. This
sets to zero the N ¼ ð4; 4Þ twisted hypermultiplet, leaving
just the N ¼ ð0; 4Þ vector multiplet and the N ¼ ð0; 4Þ
hypermultiplet, in the adjoint ofUðNÞ. Note that this does not
combine into a N ¼ ð4; 4Þ vector multiplet. This is one
difference between our quiver here and the quivers appearing

previously in [39], where the nodes were taken to be
N ¼ ð4; 4Þ vector multiplets.
Having identified the multiplets from a stack of D2 branes

in the same segment let us consider D2 branes in adjacent
segments. Strings stretching between D2-branes which are
not adjacent are massive, the massless modes are located at
the intersection of the twoD2-braneswith theNS5 brane, but
what are these massless modes? From the structure of the
Chan-Paton factors of the two end-points it is clear that this
must be bi-fundamental matter. The two D2-branes must
meet on the NS5 brane, this fixes the degrees of freedom
moving in the Calabi–Yau directions. What remains is to
move in the directions of R3 and following [78] we obtain
scalars transforming in the 2 of SUð2ÞRwhich combine into a
twisted-hypermultiplet. This hypermultiplet is in fact aN ¼
ð4; 4Þ twisted hypermultiplet as can be seen by studying the
supersymmetry parameters of the brane setup.
We have seen that the D2-D2 strings furnish our quiver

with two types of matter multiplets. We have gauge nodes
containing a N ¼ ð0; 4Þ vector multiplet and a N ¼ ð0; 4Þ
hypermultiplet in the adjoint, while the nodes are connected
to the adjacent ones via bifundamental N ¼ ð4; 4Þ twisted
hypermultiplets.

2. D6-D6 strings

Next consider the D6-D6 strings. This is in fact T-dual
(or mirror symmetric) to the case of the D2-D2 strings
considered previously. Therefore the spectrum is the same.
We have gauge nodes with a N ¼ ð0; 4Þ vector multiplet
and N ¼ ð0; 4Þ hypermultiplet in the adjoint, connected to
adjacent nodes by bifundamental N ¼ ð4; 4Þ twisted
hypermultiplets.

3. D2-D4 strings

For the D2-D4 strings we may again make use of a
duality to obtain a well-studied setup. T-dualizing along
one Calabi–Yau direction one obtains a stack of D3-branes
ending on a D5-brane whose world volume contains the R3

factor. This is precisely the setup in [78] and the massless
modes are the position of the D3-branes inside the D5

TABLE VI. We give the summary of the multiplets arising from the different strings stretching from the branes in
the setup. The segment column determines whether the branes lie in the same segment or in adjacent segments. For
strings that do not contribute massless modes we have ignored their contribution in the table, for example D4-D4
strings.

String Segment Multiplet Representation

D2-D2 Same N ¼ ð0; 4Þvector þN ¼ ð0; 4Þ hyper Adjoint
D2-D2 Adjacent N ¼ ð4; 4Þ twisted hyper Bi-fundamental
D6-D6 Same N ¼ ð0; 4Þvector þN ¼ ð0; 4Þ hyper Adjoint
D6-D6 Adjacent N ¼ ð4; 4Þ twisted hyper Bi-fundamental
D2-D6 Same N ¼ ð0; 4Þ hyper Bi-fundamental
D2-D6 Adjacent N ¼ ð0; 2Þ Fermi Bi-fundamental
D2-D4 Same N ¼ ð4; 4Þ twisted hyper Bi-fundamental
D4-D6 Same N ¼ ð0; 2Þ Fermi Bi-fundamental

21To see this use that the preserved supersymmetry parameters
of a D2 brane lying along 012 satisfy ϵL ¼ Γ012ϵR while for an
NS5 brane lying along 013456 and localized at fixed points in 2,
the preserved supersymmetry parameters satisfy ϵL ¼ Γ013456ϵL
and ϵR ¼ −Γ013456ϵR. Here 3456 span the directions of the
Calabi–Yau and 2 is the direction of the interval.

22To distinguish between the scalars forming hypermultiplets
or twisted hypermultiplets one should consider the transforma-
tion properties of the fields under the R-symmetry of the solution.
In the present setup the R-symmetry is SU(2) which is the double
cover of the SO(3) rotations acting on R3. We see then that the
fluctuations along the Calabi–Yau directions should be singlets
under the SU(2) and therefore neutral under the R-symmetry and
consequently hypermultiplets. Conversely the fluctuations arising
from the KK-reduction of the gauge field and the fluctuations in
R3 are charged under the R-symmetry and are therefore twisted
hypermultiplets.
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brane. This gives rise to a bi-fundamental N ¼ ð4; 4Þ
twisted hypermultiplet.

4. D6-D4 strings

For the D6-D4 strings note that the massless modes arise
from the fluctuations of the string endpoints stretching
between the two branes. Since all bosonic degrees of
freedom are fixed in order that the two branes intersect
there are no fluctuations and therefore no bosonic zero
modes. Instead we obtain a Fermi multiplet. We may see
this more concretely by noting that the setup is T-dual to the
D0-D8 system. Using [79] we see that the strings give rise
to a bifundamental N ¼ ð0; 2Þ Fermi multiplet.

5. D2-D6 strings

The final fundamental strings thatwemust consider are the
D2-D6 strings.We have two cases to consider.When the two
branes are in the same interval the setup is T-dual to the D0-
D4where theD4 iswrappedon theCalabi–Yau twofold. This
gives rise to aN ¼ ð0; 4Þ hypermultiplet, parametrizing the
location of the instanton within the D4 brane world volume.
Finally, when strings stretch between a D2 and D6 brane

in adjacent intervals we may T-dualize to a D1-D5 system
where we view the D1 as ending on the D5 which is
wrapped on the Calabi–Yau twofold. This gives rise to a
N ¼ ð0; 2Þ Fermi multiplet.

APPENDIX B: MASSIVE QUIVERS

In the main text we have emphasized that the quivers we
propose to be dual to the geometries studied in Sec. III differ
from those studied in similar setups in [39]. In this Appendix
we will apply the knowledge learnt in studying our setup to
correct the massive quivers first studied in that reference.We
will set the fractional branes to vanish and reinstate the
nontrivial Romans mass which leads to new flavor D8-
branes.23 As in the previous section, let us study the massless
multiplets arising from the strings stretching between the
various branes of the setup.Wemay use the previous analysis
and supplement it with the new multiplets arising from
strings stretching between theD8-branes to theD2-, D4-, and
D6-branes.
First, the D2-D8 system is T-dual to the D6-D4 system

studied above and we conclude that the D2-D8 strings give

rise to a bifundamental N ¼ ð0; 2Þ Fermi multiplet.
Similarly the D6-D8 system is T-dual to the D2-D4 system
studied above and therefore we have a N ¼ ð4; 4Þ twisted
hypermultiplet. Finally, strings stretching between the D4
and D8-branes do not contribute massless multiplets to the
quiver. Having identified the massless modes we can
construct the quiver, which is given in Fig. 3.
Let us now check that our proposal is first anomaly free

and secondly that the central charge matches the gravita-
tional result obtained in [39]. Using similar arguments to
the case considered in the main text, and the relations

βk ¼ αkþ1 − αk; νk ¼ μkþ1 − μk; ðB1Þ
it follows that the quiver is anomaly free.
The Brown–Henneaux formula for the central charge

gives the simple result

cBH ¼
XP
k¼0

ð6αkμk þ 3ðμkβk þ αkνkÞ þ 2βkνkÞ: ðB2Þ

The first thing to note is that only the first term is
generically an integer multiple of 6, despite being dual
to a N ¼ ð0; 4Þ SCFT. As we pointed out earlier this is not
necessarily a contradiction since Brown–Henneaux does
not give cR but the sum [80]

cBH ¼ cL þ cR
2

; ðB3Þ

and furthermore higher derivative corrections may still
contribute to the subleading terms. Using the constraints
(B1) we may write

FIG. 3. The 2d N ¼ ð0; 4Þ quiver dual to the massive type IIA
solutions. As before, the blue lines denote N ¼ ð4; 4Þ twisted
hypermultiplets, the red lines denote N ¼ ð0; 4Þ hypermultiplets
and green dashed lines are N ¼ ð0; 2Þ Fermi multiplets. The
round nodes are N ¼ ð0; 4Þ vector multiplets plus N ¼ ð0; 4Þ
adjoint hypermultiplets, while the rectangular nodes are flavor
symmetries.

23Due to the different completions of the solutions there is no
limit in which one can recover the massless case without
fractional branes from the massive case studied in this Appendix.
The issue arises because the quiver in the massive case studied
here is the one obtained when there are both D4 and D8 branes
ending the space and there is no consistent way of removing these
D8 branes in trying to take a massless limit. One may instead
consider a massive quiver where the space does not end with D8
branes, that is, the function h8 does not vanish at the endpoints in
the dual gravity solution. However this modifies the quiver
studied in [39] which is the quiver we will discuss here.
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cBH ¼
XP
k¼0

ð6αkμk þ αkμkþ1 þ αkþ1μk − 2αkμkÞ: ðB4Þ

We now want to compare this with the field theory result,
keeping in mind that this is not the cR that one computes in
field theory. Following our earlier discussion, the contri-
bution to the central charge from the field theory is given by
6 times the number of isolatedN ¼ ð0; 4Þ hypermultiplets.
For the quiver at hand this is

cR ¼ 6
XP
k¼1

αkμk: ðB5Þ

We can also compute the gravitational anomaly using (4.6).
We find

cL − cR ¼
XP
k¼1

ðαkðμkþ1 − μkÞ þ μkðαkþ1 − αkÞÞ

¼
XP
k¼1

ðαkμkþ1 þ αkþ1μk − 2αkμkÞ: ðB6Þ

Finally combining (B5) and (B6) we should compare the
gravity result to

cCFTBH ¼ cR þ
1

2
ðcL − cRÞ

¼
XP
k¼1

�
6αkμk þ

1

2
ðαkμkþ1 þ αkþ1μk − 2αkμkÞ

�

¼
XP
k¼1

�
6αkμk þ

1

2
ðαkðμkþ1 − μkÞ þ μkðαkþ1 − αkÞÞ

�
:

ðB7Þ

We note that the leading order terms match exactly without
the need for any scaling argument as used in the literature
previously. We believe that once higher order corrections to
the gravity computation are taken into account one will
obtain a match even at subleading order. One curiosity of
our results is that the central charge as computed from
gravity, (B4), is exactly cL. We leave understanding this and
the higher derivative corrections to future work.
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