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ARTICLE INFO ABSTRACT

Keywords: The Quantum Circuit Compilation Problem (QCCP) is challenging to the Artificial Intelligence community. It was

Quamul.11 circuit compilation already tackled with temporal planning, constraint programming, greedy heuristics and other techniques. In this

Scheduling paper, QCCP is formulated as a scheduling problem and solved by a genetic algorithm. We focus on QCCP for

gla:{_esPa':. Quantum Approximation Optimization Algorithms (QAOA) applied to the MaxCut problem and consider Noisy
ptimization

Intermediate Scale Quantum (NISQ) hardware architectures. Based on the fact that these algorithms apply a set of
basic quantum operations repeatedly over a number of rounds, we propose a genetic algorithm approach, termed
Decomposition Based Genetic Algorithm (DBGA), that in each round extends the partial solutions obtained for
the previous ones. DBGA is compared to the state of the art across a set of conventional instances. The results
of the experimental study provided interesting insight in the problem structure and showed that DBGA is quite
competitive with the state of the art. In particular, DBGA outperformed the best current method on the largest
instances and provided new best solutions to most of them.

Genetic algorithm

1. Introduction

It is widely accepted that quantum computing may represent the next
big step in the field of computation as it could contribute to solve some
extremely hard problems. Much in the same way as classic computers
operate on logical gates, quantum computing relies on quantum gates
operating on quantum bits (qubits), each qubit representing a quantum
state (qgstate), i.e., a superposition of the two pure gstates, denoted |0)
and |1). Executing a quantum algorithm on a quantum hardware en-
tails evaluating a set of quantum gates on qubits (one or two in this
study) representing the proper gstates, this process being subject to some
constraints imposed by both the algorithm and the hardware. We con-
sider herein the hardware technology termed Noisy Intermediate Scale
Quantum (NISQ) processors [1]. As an example, Fig. 1 shows four NISQ
quantum chip designs inspired by Rigetti Computing Inc. [2] with dif-
ferent number of qubits (N = 4,8,21,40) distributed in weighted and
undirected graphs. Each qubit is identified by an integer and it is lo-
cated in a node. Two qubits connected by an edge are adjacent, which
represents that a 2-qubit gate may be executed on those qubits. The type
of connecting line, either dashed or continuous, has to do with the pro-
cessing time of the gates on these qubits. A quantum algorithm may be
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viewed as a series of quantum gates that must be applied on the qubits
over time (see Fig. 3(b)).

Due to the fact that binary gates can only be applied to adjacent
qubits, when a gate must be applied on two particular gstates, we have
to ensure that they are located on adjacent qubits. To this end, it may
be necessary moving gstates from one qubit to another, which is done
by means of swap gates, i.e., gates that just swap the gstates of two
adjacent qubits. Furthermore, two gates cannot be applied on the same
qubit at the same time. These facts raise the problem of distributing the
calculations on the specific hardware, which is known in the literature as
Quantum Circuit Compilation Problem (QCCP) and may be formulated
in the planning/scheduling framework.

In this work, we investigate the use of genetic algorithms to solve
the QCCP. In particular, we will focus on the model described by Ven-
turelli et al. in [3], where the authors proposed a benchmark - called
Venturelli’s set herein - and explored the use of temporal planners to
synthesize compilation plans characterized by minimum makespan (i.e.,
the circuit’s depth). This model was considered in further proposals [4—
6] and is characterized by: (i) the class of Quantum Approximate Op-
timization Algorithm (QAOA) applied to the MaxCut problem [7], and
(ii) the specific hardware architecture depicted in Fig. 1.
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Fig. 1. Four quantum chip designs with different number of qubits.

Due to the fact that QAOA is based on the application of the same set
of gates over a number of rounds, we propose a decomposition based ap-
proach termed Decomposition Based Genetic Algorithm (DBGA), which
builds solutions incrementally. It runs for a number of rounds and, in
each one, it applies a genetic algorithm to the subproblem given by the
current round, starting from solutions to the previous rounds. Our ap-
proach is quite different in many aspects from the genetic algorithm pro-
posed in [5] for the same problem; among others the chromosome en-
coding, the decoding algorithm, the heuristic population initialization,
the diversification operator or the decomposition strategy are specific
to DBMA.

One of the key points of DBMA is the coding/decoding schema: in
each round r, a chromosome is composed by the sequence of quantum
gates in the round r together with a partial solution to the subproblem
of rounds 1,...,r — 1. Each gate operates on a pair of gstates, and the
chromosome indicates the pair of adjacent qubits in which it must be
executed. The decoding algorithm inserts the minimum number of swap
gates to move the gstates to the corresponding qubits. Other elements
such as the diversification mechanism or the initialization procedure
also contributed to the algorithm performance; but it was the decom-
position approach the element that most clearly contributed to make
DBMA an outstanding algorithm.

In the experimental study, we analysed the contribution of the com-
ponents of DBGA and compare it to the best methods in the state of the
art that, as far as we know, are the genetic algorithm proposed in [5] and
the rollout heuristic proposed in [6]. In these experiments, DBGA shows
better performance than these two methods; in particular, it reached
new best solutions for 48 of the 50 largest instances of the considered
benchmark set.

The remainder of the paper is organized as follows. In the next
section, a literature review is presented. In Section 3 the formal def-
inition of the QCCP for MaxCut is given. Section 4 describes the De-
composition Based Genetic Algorithm (DBGA) proposed to solve the
QCCP. Section 5 reports the experimental study. The main conclusions
and some ideas for future research are summarized in Section 6. Ad-
ditionally, we include two appendices. Appendix A describes the ba-
sis of the Quantum Approximate Optimization Algorithm (QAOA), and
Appendix B describes how QAOA may be applied to the MaxCut prob-
lem.

2. Literature review

Despite the issue related to the compilation (a.k.a. qubit map-
ping [1]) of quantum circuits is relatively new, a number of works in
the literature have been published in the recent years, which tackle the
QCCP from different perspectives, leveraging different techniques and
targeting different objectives.

After the approach presented in [3], temporal planning was also ex-
ploited in [8], where it was combined with Constraint Programming
(CP) to produce warm-start solutions. In that paper, the authors con-
sidered two variants of the QCCP; the first one accounts for crosstalk
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interactions between qubits (QCCP-X), while the second includes the
ability to arbitrarily initialize qubits (QCCP-I'). The qubit initialization
problem was also analysed in [9].

In [4] the authors proposed a greedy random search heuristic to solve
the same problem, where the main contribution is a lexicographic two-
key ranking function for quantum gate selection. The first key acts as a
global closure metric aimed to minimize the makespan, and the second
one is a local metric acting as “tie-breaker” to avoid cycles. This heuristic
improved the results reported in [3].

Later, in [5], the same authors proposed a genetic algorithm exploit-
ing a novel chromosome encoding, where each gene controls the itera-
tive selection of a quantum gate to be inserted in the solution; to this
end they used the ranking function proposed in [4]. This genetic algo-
rithm improved the results reported in [4]. Besides, they tackled the two
extensions QCCP-X and QCCP-I.

In [6] three approaches were proposed to solve the problem: 1) a
schedule builder guided by a priority rule, which is a variant of that
proposed in [4]; this rule selects one among the eligible gates in each
iteration based on distances between the current qubits of the gstates
involved in the eligible p-s gates; 2) a rollout based sequential decision
making approach, which decides on which operation to schedule next
based on the makespan projection given by the aforementioned priority
rule, and 3) a stochastic version of the rollout heuristic, which iteratively
switches between rollout and the priority rule in order to improve the
exploration capabilities of the method. As far as we know, this paper
reports the best results to date on the benchmark set proposed in [3].

A significant amount of papers in the literature analyze quantum
compilation algorithms that add swaps to the ideal circuit, focusing on
IBM QX architectures, so that the circuit’s behavior can be readily simu-
lated on the IBM’s Qiskit framework.? In particular, in [10] the analysis
is targeted at minimizing the number of additional quantum gates nec-
essary to perform the compilation, the rationale being that the fewer the
gates, the shallower the circuit’s depth. Similarly, depth minimization
is the primary objective of the heuristic-based compilation procedure
proposed in [11].

Still focusing on IBM QX architectures, the analysis carried out in
[12] aims at minimizing both the number of gates in the final circuit
realization (leveraging swaps, bridges and reversals), and the time oc-
curred for the compilation process. In [13] an interesting analysis is
made about the trade-off between the number of swap gates introduced
to realize the compilation process and the circuit’s depth, highlighting
the fact that the minimization of the number of swaps and the minimiza-
tion of circuit’s depth may be mutually conflicting objectives. In [14],
some approaches to solve the quantum compilation problem using off-
the-shelf MILP solvers, such as Gurobi, have been investigated. Other
heuristics were also applied with success to the QCCP as, for example,
simulated annealing and lookahead heuristics [15].°

Another very interesting approach to the quantum circuit compila-
tion problem is to take into account different performance parameters.
In [16] for instance, the authors consider the gate error rates to produce
circuit realizations that maximize the circuit’s fidelity, while attempting
to minimize the number of swap and/or bridge gates. A similar approach
that takes into account the analysis of gate error rates has been used
in [17,18].

A relatively new approach to quantum circuit compilation is based
on learning. The work [19] presents a procedure to convert the approx-
imate compilation problem into an auxiliary quantum variational algo-
rithm native on the hardware. Whereas in [20] an iterative learning
procedure is used to solve both the compilation problem and the gate
synthesis problem.

1 This problem is denoted QCCP-V in [5].
2 https://qiskit.org/
3 In this paper, the problem is called Quantum Circuit Transformation.
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Fig. 2. MaxCut problem instance on a graph with 7 nodes. Each node is asso-
ciated with a particular gstate ¢; and such associations define the compilation
objectives. The right side of the figure shows the list of p-s and mix quantum
gates to be planned for and executed, in this case we consider p = 2.

Another recent approach for quantum circuit compilation is that pre-
sented in [21]. The quantum gates are heuristically separated in layers
such that all gates in the same layer can be concurrently executed, then
a layer ordering is heuristically decided, and finally a compiler backend
introduces permutation layers (i.e. swap gates) that move the gstates so
that the quantum gates of the next layer can be performed. The authors
extend the study in [22] by proposing the QAIM heuristic to improve the
initial location of gstates, and different heuristics to perform the layer
ordering, including one that takes into account the reliability of the op-
erations in order to maximize the success probability of the circuit.

3. Quantum circuit compilation problem formulation

In the QCCP, we are given a tuple P = (C,, Ly, OM). C, is the input
quantum circuit, which represents the quantum algorithm to solve the
problem at hand. L, is the initial assignment of gstates to qubits and
OM is a representation of the quantum hardware as a multigraph.

If the problem at hand is MaxCut, the input quantum circuit
can be defined as Cy = (Q,P-S, MIX,{&ar>8ena}-TCy), Where O =
{q;,..-,qn} is the set of gstates which, from a planning and scheduling
perspective, represent the resources necessary for each gate’s execution.
P-S and MIX are, respectively, the set of p-s and mix gate operations,
for the first one some mathematical formulations are given in Egs. (B.7),
(B.8) and (B.9), while for the second the formulation is that of Eq. (B.6).
As they operate on two and one gstates respectively, we use the nota-
tions p-s(g;, q;) and mix(g;). Two fictitious gates g, and g,,, are also
considered that do not operate on any gstate. Every quantum gate re-
quires the uninterrupted use of the involved gstates during all its pro-
cessing time, and each gstate ¢; can be processed by at most one gate at
a time.

TC, is a set of precedence constraints imposed on the P-S, M I X and
{&start» 8ena } S€ts. Every gate in P-S and M TX must be executed after
Zsare and before g,,,. According to the number of rounds p of the QAOA
algorithm (see Appendix A), P-Sand M I X sets are organized into p steps
that must be interleaved as P-S,, M1 X, P-S,, MIX,, ..., P-S,, MIX,. All
the gates belonging to the step P-S,(M I X,) involving a specific gstate g;
must be executed before all the gates M 1X,(P-S,,,) involving the same
gstate ¢;, for r=1,2,...,p (for r=1,2,...,(p — 1)). Therefore, p is the
number of compilation passes. The p-s gates are commutative, so they
may be executed in any order. Figure 2 (left side) shows an example of a
graph upon which the MaxCut problem is to be executed, corresponding
to the problem instance no. 1 of the subset characterized by N =8, u =
0.9 and p =2 (see Section 5.1). The list of p-s and mix quantum gates
that must be executed during the compilation procedure is shown on
the right side of the figure. The compilation problem depicted in the
figure requires two compilation passes (i.e. p = 2).

OM is a representation of the quantum hardware as an undirected
graph OM =V, E,_, E s Tirixs Tpss Tswap)> Where Viy = {ny ... ny } is
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Double arcs means that a binary gate takes the two inputs
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(d) Gantt chart, representing the operations on each gstate
over time.

Fig. 3. Example of MaxCut instance (a) and one possible solution, considering
only one round (i.e. p = 1), represented by a quantum circuit (b), a solution
graph (c) and a Gantt chart (d).

the set of qubits (nodes) of the hardware. E,_, and E,,,,, are the sets* of
undirected edges (n;, n;) which represent adjacent locations where the
gstates ¢; and g; of the gates p-s(q;. q;) or swap(q;. q;) can be allocated to;
mix gates can be executed at any node. 7, 7, and zy,,, represent the
durations for the different types of gates. In our study, 7,,;, = 1, 7,4, = 2
and 7,_j is 3 if the gate is executed in a continuous edge and it is 4 when
it is executed in a dashed edge (see Fig. 1).

A feasible solution is a tuple .S = (SW AP, TC), which extends the
initial circuit C,, with a set SW AP of swap gates, added to guarantee
the adjacency constraints for the gstates in P-S gates, and a set TC of ad-
ditional precedence constraints such that for each gstate g; a total order

4 In this study, both sets are in fact the same.
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is imposed among the set of operations requiring ¢;. 7C must guarantee
that the gstates (g;, ;) of all p-s and swap gates are allocated on adja-
cent qubits. The makespan of a solution corresponds to the maximum
completion time of the gate operations in S.

A schedule may be viewed as a solution graph G¢ = (Vg, Eg), where
Vs = {&art> 8ena } U P-SUSWAP U MIX and E represents the partial or-
der on the operations in Vg defined by TC,, and TC. Figure 3(c) shows
an example, in some cases there are two equivalent arcs between two
nodes, this is just to emphasize that they correspond to binary gates
sharing the two gstates. The costs in the arcs are the durations of the
operations in the origin. The makespan of the schedule is given by the
longest path cost from g, to g,,s, Which is called critical path.

The goal of the QCCP is to find a feasible solution with the minimum
makespan. In [23] QCCP is proven to be NP-hard.

As an example, consider a toy instance in the chip with N =4
(see Fig. 1(a)), in which the following four gates: p-s(q;. 4,), p-s(4;, 43),
D-5(¢2, g3) and p-s(gs, q,) must be executed. Figure 3a shows a graph of
a MaxCut instance with 4 nodes (the number of nodes must be lower
than or equal to the number of qubits in the quantum chip). Figure 3b
shows a solution in form of compiled quantum circuit, considering only
one round, i.e. p = 1 (be aware that a swap gate was required to ensure
adjacency compliance). Figure 3c shows the equivalent solution graph,
whose critical path has cost 16. Notice that p-s and swap gates have two
predecessor nodes and two successor nodes each (unless they operate
on the same gstates of the predecessor or successor gates, which is rep-
resented by means of double arc, as mentioned), which correspond to
the previous (resp. next) gates executed on the corresponding two gs-
tates. mix gates have only one predecessor and one successor, since they
operate on only one gstate. In any case, if a gate is the first (resp. last)
one executed on a gstate, then its predecessor (resp. successor) is the
node g, (resp. node g,,,). Finally, Fig. 3d shows the Gantt chart of
the solution, with makespan 16.

4. The decomposition-based genetic algorithm

Given the particular structure of the problem, specifically the fact
that a problem instance is composed by a set of p rounds and that in
each round the same sets of p-s and mix gates must be scheduled, we
propose an incremental procedure that in each step r € {1, ..., p} solves
the subproblem defined by the rounds 1, ...,r. To be more precise, the
proposed DBGA works in a decomposition-based approach and tries to
optimize the scheduling of the p-s gates in round r, given a number of
solutions to the subproblem defined by rounds 1,...,r—1 (mix gates
in round r are trivially scheduled after all p-s gates that involve the
corresponding gstate).

Hence, in each round DBGA takes solutions from the previous round
and “extends” them by adding the corresponding gates of the new round.
This is done by means of a genetic algorithm, and so it first creates an
initial population of solutions, which are evolved by using selection,
recombination, replacement and diversification operators, until a ter-
mination condition is met. The flow chart of DBGA is depicted in Fig. 4,
and its main components are detailed in the following subsections.

4.1. The coding scheme

As pointed, one execution of the GA starts from a set of solutions
to the subproblem 1,...,r — 1 calculated in previous steps, and builds
schedules to the subproblem 1, ..., r. Therefore, a chromosome has to
include a solution to the subproblem 1,...,r — 1 and the encoding of a
candidate schedule for the p-s gates in round r. To this end, we propose
encoding a chromosome by a triplet of the form (sg,_;, chl, ch2), where
sg,_ is a solution graph for the subproblem 1, ..., — 1 and chl and ch2
are two chains of symbols; chl is a permutation of the set of the p-s gates
in round r and ch2 is a sequence of pairs of adjacent qubits of the same
length as chl. This encoding must be understood so as the gate p-s(g;, q;)
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Fig. 4. Flow chart of DBGA.

in a position of chl must be executed on the pair of qubits {n;,n;} in
the same position in cA2; and the schedule must be built taking into
account the earliest starting times of the quantum gates on the qubits
after the partial solution to the subproblem 1, ...,r — 1, as we will see in
Section 4.3.

4.2. Recombination and mutation

Regarding crossover and mutation, any operator devised for permu-
tation encoding may be adapted. The crossover operates on components
chl and ch2 at the same time to generate two offspring. Each offspring
takes the sg component from one parent. In our experiments, we ex-
tended the well-known partial mapping crossover (PMX). This operation
isillustrated in Fig. 5. Besides, we consider a single mutation (mut1) that
consists in swapping two positions (the gate and the pair of qubits) cho-
sen at random.
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Fig. 5. Illustration of the crossover operator. A subset of p-s gates with their
destination qubits are taken from the first parent and put in the same positions
in one offspring. The remaining p-s gates with their destination qubits are taken
from the second parent and inserted in the remaining positions of the offspring
keeping their relative order.

With the above operators, only the pairs of qubits allocated to the
p-s gates in the initial population would be considered in the evolution-
ary process. So, some other operators should be considered that may
introduce new genetic material in the form of new candidate pairs of
qubits for the p-s gates. To this end, we propose using another single
mutation (mur2) that changes the pair of qubits for one p-s gate by a
random pair of adjacent qubits sharing one qubit with the original pair.
When a chromosome is mutated, one of the operators is chosen with
equal probability.

4.3. The decoding algorithm

Building a schedule from a chromosome is the most critical issue
given the particular characteristics of the QCCP. To this end, the decod-
ing algorithm iterates over the ch1 component of the chromosome and
takes the actions required to schedule the p-s(g;, q;) gate in each position
on the pair of qubits {n,,n,} in the same position in ch2. These actions
introduce the necessary swap gates to move the gstates ¢; and g; to the
qubits n;, and n;. In general there may be many possibilities to do that
and it is not clear which is the most appropriate in each circumstance.
Besides, it is not easy to encode in the chromosome one among the full
set of options. For these reasons, we opted to use a strategy that min-
imizes the number of swap gates in each scheduling decision. In this
way, the proposed encoding/decoding schema does not guarantee that
at least one of the feasible chromosomes can encode an optimal schedule
to the p-s gates in round r (after a schedule for the subproblem defined
by rounds 1, ..., r — 1); in other words, the search space is not dominant.

Let D(x, y) be the length of the shortest path between the qubits x and
y in the quantum hardware Q M, trivially, this distance is the minimum
number of swap gates required to move a gstate in qubit x to qubit y.

Let n(q) be the qubit holding the gstate g at a given time. To move
the gstates ¢; and g; from their current qubits n(g;) and n(g;) to the tar-
get qubits n, and n; we choose the option that minimizes the overall
number of swap gates; namely ¢; is moved to n, and g; is moved to n, if
D(n(q;), ny) + D(n(q;), n;) < D(n(g;), n;) + D(n(g;),n;) and the alternative
is taken otherwise. The chosen paths are called a pair of minimal paths.
The number of swap gates required is given by the length of these paths
as it is proven in the following result, where d(g;) and d(q;) denote the
“destination” qubits of gstates ¢; and g; respectively.

Proposition 1. Let n(g,),...,d(g;) and n(g;),...,d(q;) be a pair of mini-
mal paths chosen to move the gstates g; and q; from the qubits n(q;) and
n(q;) to the qubits n, and n;, then the number of swap gates required is
D(n(g;), d(g;)) + D(n(g;),d(g;)).

Proof sketch. If the two paths are disjoint, i.e., they have not any qubit
in common, the result fulfils trivially as each path is translated into a set
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Fig. 6. Illustration of how Algorithm 1 could move two gstates ¢; and ¢; from
their initial qubits 8 and 5 to the destination qubits 2 and 3.

of gates that is independent from the gates of the other path. However, if
both paths have some qubit in common, it is possible that one swap gate
in one path involves two qubits holding ¢; and g;, which could prevent
one of these qubits from being moved with just the minimum number
of swaps. However, if this were the case, instead of scheduling a gate
swapping ¢; and ¢;, we may change their destinations instead, and so
the swap gate is not actually necessary and the qubits may go to the new
destinations with no additional swaps. []

Algorithm 1 shows the decoding algorithm that is applied to a chro-
mosome (sg,_;,chl, ch2) to obtain a schedule (a solution graph sg,) to
the subproblem defined by the rounds 1, ..., r. It iterates on the p-s(g;, ¢ )
gates in chl and each one is scheduled in the pair of qubits {n;,n;} in
the same position in ch2. To do that, it starts calculating a pair of mini-
mal paths path, and path, from the current qubits of the gstates ¢; and
q; to the destination qubits n, and n,. Then, the arcs in these paths are
considered following the order in each path, and for each one the as-
sociated swap gate is introduced in the partial solution. In this process
the arcs from the two paths may be interleaved trying to avoid revers-
ing two adjacent qubits holding ¢; and ¢;. However, if in one iteration
this is the only option then the remaining paths from the gstates to
their destinations are swapped instead of swapping the qubits. In this
way, the number of swap gates can be maintained to the minimum (see
Proposition 1).

Figure 6 depicts the decisions that could be taken by Algorithm 1 in
the case of a single p-s(g;, q;) gate such that the destination pair of ad-
jacent qubits is {n3,n,}, path; = ng — ns — n3 — n, and path; = ns — n;
(graphically represented by the dashed lines), in a 8-qubit quantum ma-
chine (see Fig. 1(b)). Let us suppose that the first swap to be selected
by the algorithm brings g; from qubit n5 to qubit n; (Fig. 6(b)), and the
second swap brings ¢; from qubit ng to qubit ns (Fig. 6(c)). It is now
evident that the condition {n3,n,} = {n(q;),n(¢;)} holds (if ¢; continued
its path towards qubit n,, it would have to swap its position with g;,
thus reversing the latter’s position); therefore, the algorithm enters the
“else” branch performing a destination swap (Fig. 6(d)), ultimately dis-
patching g; to qubit n, (Fig. 6(e)) and ¢; to qubit n; (Fig. 6(f).

After introducing all the p-s gates, the mix gates are inserted on each
qubit holding a gstate.

We have also implemented a small improvement in the described
decoding procedure: each time a swap gate is inserted, we check if one
of the involved gstates has executed a mix gate that ends just when
the swap gate starts (see Fig. 7(a)). If that is the case, we reverse the
order of the mix and the swap gates (see Fig. 7(b)), as in this way we
may be able to improve the makespan (if SW A P; of Fig. 7(b) is on the
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MIX

MIX

Fig. 7. Additional improvement step within the decoding procedure of
Algorithm 1: in case (a) the reversal of the gates MIX and SW AP, may im-
prove the makespan (see subfigure (b)) if SW AP, is on the critical path of the
resulting solution. Whereas in case (c) the makespan might be worse if the M I X
gate is on the critical path of the resulting solution, as subfigure (d) shows.

critical path of the resulting solution) as much as the duration of the
mix gate. However, the described reversal is only performed if the last
gate executed by the other involved gstate ends at a time lower than or
equal to the starting time of the mix gate (see Fig. 7(a)), as in that case
we can ensure that the makespan cannot be worse. On the contrary,
Fig. 7(c) shows a case where the above described reversal might not
be convenient (see Fig. 7(d)), particularly if that M IX gate is on the
critical path of the resulting solution.

4.4. General structure of DBGA

The general structure of the proposed DBGA is shown in Algorithm 2.
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the genetic algorithm (GA) to extend the solutions from round r — 1 to
round r. DBGA returns the best solution graph obtained in the last round.

4.5. The genetic algorithm

Algorithm 3 shows the GA proposed to obtain solutions in each round

Require: A set SG,_;, of popSize solution graphs for subproblem
1,...,r —1, the sets of gates P-S, and MIX,. The Parameters: popSize,
P,, P,. The quantum circuit QM.

Ensure: A set SG, of popSize solution graphs for subproblem 1, ..., r.
Initial Population: for each sg,_; € SG,_; generate an initial chromo-
some (sg,_;, chl, ch2), where chl is a random permutation of the gates
in P-S, and ch2 is a set of connections in O M, which may be calculated
either at random or by some heuristic;

Evaluation: The decoding algorithm is applied to the initial chromo-
somes to extend the solution graphs sg,_, to the first series of solution
graphs sg, in accordance with components ci1 and ch2 in each chro-
mosome;
while not Termination Condition do
Selection: The chromosomes in the population are organized into
random pairs;
Recombination: Each pair of chromosomes is mated and the off-
springs mutated in accordance with probabilities P, and P,, respec-
tively;
Evaluation: The decoding algorithm is applied to the offsprings to
extend the solution graphs sg,_; to new solution graphs sg,;
Replacement: for each pair of two parents and its two offspring, the
two best solutions are selected for the next population;
Diversification: After a number of generations without improve-
ment, some of the chromosomes sharing the same fitness are mu-
tated a number of times;
end while
SG, « solution graphs sg, of the popSize chromosomes in the popu-
lation;
return The set of solution graphs SG,;

Require: A QCCP problem instance P with a set of gstates Q, p rounds
and P-S, and SWAP, sets of gates in each round r € 1, ..., p. The quan-
tum hardware QM. The set of Parameters of the GA: popSize, P,, P,,.

Ensure: A schedule H for instance P on circuit QM.

Distribute the gstates in Q on the qubits of QM;
SG, « set of popSize initial solution graphs;
forr = 1topdo

SG, < GA(SG,_;,P-S,,MIX,, Parameters);
end for
return The best schedule in SG;

Algorithm 2 : The Decomposition-Based Genetic Algorithm. It builds a
schedule to a QCCP instance P iterating on the rounds 1,...,p of P. In
each iteration r it builds schedules for round r compatible with partial
solutions of the subproblem 1, ...,r— 1.

It takes as input a QCCP instance P having p rounds and a quantum
hardware QM, and produces a schedule H for P on QM. The algorithm
starts distributing the gstates on the qubits; here we assume that the
initial distribution is the same for all candidate solutions. Then the initial
solution graphs SG, are calculated. These are trivial solution graphs of
the form g;,;, — g..4 representing solutions of the fictitious round 0. The
algorithm iterates on the number of rounds, and in each iteration it calls

Algorithm 3 : The Genetic Algorithm. It builds a number of schedules
for round r of a QCCP instance P after partial solutions to the subprob-
lem defined by the rounds 1, ...,r — 1.

r. It starts from a set popSize of solution graphs SG,_, for the subprob-
lem 1, ...,r — 1 and produces a set of solution graphs SG, of the same size
for the subproblem 1, ..., r. Initially, it builds the initial popSize chro-
mosomes of the form (sg,_;, chl, ch2), for each sg,_, in SG,_,; taking in
principle chl as random permutations of the p-s gates of round r and ch2
as a sequence of the same length as chl of random pairs of connected
qubits in QM (in Section 4.5.1 we will see a heuristic alternative). The
initial chromosomes are evaluated to obtain the first candidate solution
graphs sg, for each one. Each chromosome registers its own solution
graph sg, along the algorithm’s iterations.

Then, GA iterates until the Termination Condition is fulfilled. This con-
dition being that there is no improvement in a given number of consec-
utive generations. In each iteration, the chromosomes in the population
are organized into random pairs, which are then mated and mutated.
The resulting offsprings are evaluated (Algorithm 1) to obtain new so-
lution graphs sg,. Finally, in the replacement step two chromosomes
are selected using tournament between each two parents and their two
offspring.

We have observed in some preliminary experiments that sometimes
the algorithm tends to converge prematurely. So, we introduced a di-
versification step in which after a number of consecutive generations
without improvement, all but one of the chromosomes with the same
fitness value are mutated a number of times in order to reintroduce va-
riety in the population.
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Finally, GA returns a set of popSize solution graphs SG, which will
be used as input values for the next iteration, if r < p, or they represent
solutions to the whole problem, if r = p.

4.5.1. Heuristic initial population

Random generation of initial chromosomes is able to obtain diver-
sity in the genetic material of the population, but it often happens those
random chromosomes are so bad that a genetic algorithm can hardly
converge to good solutions after a large number of generations. For this
reason, it could be better to exploit some heuristic to seed at least some
part of the population with individuals representing good solutions. This
may help reaching better solutions quickly, at the risk of premature
convergence. In any case, heuristic seeding demonstrated to be good in
some well-known problems as Travelling Salesman Problem [24], where
the Nearest-Neighbour heuristic is exploited, or the Job Shop Schedul-
ing Problem [25], where the authors used variable and value ordering
heuristics for some specific types of instances.

We propose to use here a kind of Nearest-Neighbour heuristic to
build the ch2 component of the chromosomes. The idea is quite simple:
the p-s gates in chl are visited from left to right and each gate p-s(¢;. q;)
is allocated to one of the closest pair of adjacent qubits (n;, n;), consid-
ering the notion of minimal pair of paths as distance between pairs of
qubits; so the candidate destination qubits are of the form

(ny,n;) = argmin{min(D(n(q;), n) + D(n(qj), n),
D(n(g,). ')+ D(n(gy). ). (n.n) € E,_,)

In case of ties, a continuous edge of the graph is chosen, as the p-s
gate takes lower execution time.

It is clear that in general the candidate destination is not unique, in
that case one of them is chosen at random. Besides, we may give priority
to arcs joining qubits not selected previously to favour parallel execution
of gates. In this way, the initialization procedure may obtain a diversity
of heuristic ch2 components.

4.6. Analysis of DBGA

As mentioned, we believe that the key point of DBGA that makes
a difference w.r.t. previous methods is that of decomposition. In do-
ing so, DBGA tries a number of solutions for round r that are created
from evolved solutions to the subproblem 1,...,r — 1; therefore it has
more chance of success when evolving good solutions to the subprob-
lem 1, ..., r than a greedy heuristic as stochastic rollout, which only tries
a solution for round r after each partial solution for the subproblem
1,...,r — 1. On the other hand, as the decomposition approach is a kind
of local optimum strategy that reduces the search space, it is different
from other strategies as the rollout heuristic proposed in [6] or the ge-
netic algorithm (GA) proposed in [4] that consider the whole problem at
once, and so it may lead to suboptimal solutions. We believe that this is-
sue has to be clarified through experimental study. Another point that is
worth mentioning is the encoding/decoding schema used in DBGA. The
double chain encoding allows a p-s gate to be executed on any pair of
adjacent qubits disregarding the current positions of its gstates. Clearly,
this may lead to really bad solutions if the initial chains chl and ch2
are uniformly generated. For this reason, we have proposed a heuristic
strategy that tries to locate the p-s gates in the proximity of the current
positions of their gstates. Then, from this initial situation, DBGA has the
flexibility to move the p-s gates towards more convenient qubits that
might be in farther locations.

5. Experimental study

In order to analyse the components of the proposed DBGA and to
make a comparison with the state of the art, we performed an experi-
mental study trying to follow good practices and recommendations out-
lined in [26], as for example that of considering multiple independent
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runs so that statistical methods can deliver significant conclusions, or
that of publishing results in public repositories. Our algorithms were im-
plemented in C+ + and the target machine was Intel Core i5-7400 CPU
at 3.00 GHz with 16 GB RAM. As the proposed algorithms are stochas-
tic, we performed 10 independent runs per instance in order to obtain
statistically significant results. For each run we registered the best solu-
tion reached and the time taken. Hence, for each instance we report the
average makespan and some dispersion measure, as the standard devi-
ation, or the best and worst of the 10 solutions, as well as the average
time taken in one run.

In the next subsection we describe the benchmark instances consid-
ered. Then we detail the running parameters of DBGA and analyze the
contribution and effectiveness of each of its components. Afterwards,
we compare the results from DBGA with those of the best state-of-the-
art methods, which as far as we know are those reported in [6] and [5].
Finally, we also compare our method with those presented in [21] and
[22].

5.1. Benchmark set

The experimental study was carried out across the instances pro-
posed in [3], which may be downloaded from the web.> The benchmark
consists of instances of several sizes, depending on the number of qubits
of the quantum chip considered (N € {4, 8,21,40} (see Fig. 1)). For each
chip size, different utilization levels (u € {0.9,1.0}) and number of re-
quired compilation passes (p € {1,2}) are considered. The benchmark
includes 50 instances for each combination of { N, p, u}; each instance is
representative of a graph G to be partitioned by the MaxCut procedure.
The instances with utilization level u = 0.9 are built randomly choosing
90% of the available gstates to allocate over the N qubits of the instance
graph G, while the instances with u = 1.0 are built by possibly allocat-
ing all the gstates over the N qubits of the graph G. In our experimental
study we only consider those instances with utilization level u = 1.0 and
required compilation passes p = 2, as they are the most challenging.

5.2. Running parameters

From some preliminary experiments, we propose the following set of
parameters for DBGA for all instances: population size of 1000 chromo-
somes, crossover rate P,=100% and mutation rate P,,=5%. The heuristic
method described in Section 4.5.1 for initializing the population is ap-
plied to all chromosomes.

To establish the remaining parameters, we looked at the experiments
performed in [6], where the proposed rollout heuristic was implemented
in Matlab and run on Intel i7 processor, 16GB RAM and Windows 7
operating system. In [6], all runs for instances with N = 8 were limited
to a maximum of 60 s, whereas for all remaining instances a maximum
time limit of 300 s was imposed. The genetic algorithm proposed in
[5] was implemented in Java and given 60, 300 and 600 s for instances
of size 8, 21 and 40 respectively.

In order to take similar or less time than the above values, the stop-
ping condition for each compilation pass was established to 800 con-
secutive generations without improving the best solution found so far.
Finally, the diversification operator is performed every 10 generations
without improvement, considering a maximum of 5 mutations per chro-
mosome.

Although we have to be aware that, as pointed in [26], the time com-
plexity can be influenced by multiple factors, including the hardware
in which the experiments are run and the software of the implementa-
tion in use, such as the operating system, the programming language
and/or the compiler/interpreter. A change in any of these factors could
significantly alter the performance estimation of the algorithms under
comparison, and so making a totally fair comparison is difficult.

5 https://ti.arc.nasa.gov/m/groups/asr/planning-and-
scheduling/VentCirComp17_data.zip
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Table 1
Results of DBGA compared with versions without problem decomposition and/or without the diversification
procedure.
DBGA no dec. no div. DBGA no dec. DBGA no div. DBGA
Instance Avg. o Time Avg. o Time Avg. c Time Avg. c Time
N = 8 Instances
1 37.0 0.0 3.1 37.0 0.0 3.6 37.0 0.0 4.1 37.0 0.0 4.9
2 34.6 0.7 3.5 35.1 11 3.9 34.8 0.63 4.1 34.7 1.16 5.2
3 32.2 0.42 3.0 32.2 0.42 3.7 32.2 0.42 4.2 32.0 0.0 5.2
4 33.0 0.82 3.3 33.3 0.95 3.8 33.4 0.7 4.2 32.9 0.57 5.2
5 28.0 0.0 3.2 28.0 0.0 4.0 29.2 0.92 4.1 28.2 0.42 5.1
6 33.6 0.84 3.2 34.2 1.03 3.9 34.0 0.0 4.3 34.3 0.48 5.0
7 30.9 0.32 3.0 30.6 0.52 3.7 31.0 0.0 4.0 30.4 0.52 5.0
8 33.3 0.48 3.4 33.3 0.48 4.3 34.0 0.0 4.6 33.7 0.48 5.3
9 35.8 0.92 3.9 36.1 0.99 4.5 36.2 1.03 4.6 35.1 0.32 5.5
10 35.9 0.74 4.1 35.1 0.32 4.7 34.0 0.0 4.7 35.8 1.32 5.7
#best 5 3 2 5
N =21 Instances
1 56.1 4.93 37.2 53.3 2.21 40.4 48.6 217 37.4 47.6 1.07 53.9
2 51.5 2.55 31.7 52.1 2.33 33.5 50.3 1.57 34.0 48.7 1.64 43.8
3 53.3 2.06 42.5 50.3 3.30 47.7 46.7 1.42 38.6 46.9 1.52 48.1
4 48.0 3.59 34.0 45.9 2.69 35.7 48.1 2.56 37.2 47.6 1.96 54.5
5 56.0 3.86 32.7 56.7 3.53 39.3 52.3 2.00 38.4 50.9 2.28 56.1
6 50.7 2.26 32.6 50.6 2.72 34.5 49.8 2.78 36.0 51.4 1.96 41.2
7 61.0 2.94 34.4 61.8 5.65 36.6 55.8 2.57 39.6 55.0 3.02 47.4
8 52.8 4.76 35.1 48.7 2.83 38.5 47 .4 0.84 36.4 47 .4 1.51 45.6
9 57.6 2.01 31.7 54.6 2.37 36.6 52.9 2.08 36.0 53.1 2.02 44.3
10 63.1 4.15 37.5 59.4 3.37 40.8 54.1 2.73 40.9 55.2 2.15 47.1
#best 0 1 5 5
N =40 Instances
1 84.0 4.42 122.9 73.3 7.76 146.4 68.0 4.37 127.2 62.3 3.13 151.7
2 96.3 4.81 151.7 90.9 6.23 203.4 80.3 6.41 148.8 72.5 2.72 177.1
3 100.3 7.04 157.7 84.1 9.27 158.4 78.2 6.63 152.3 70.2 3.43 170.5
4 106.7 10.98 184.7 95.3 6.17 177.7 86.2 8.73 146.6 75.4 6.06 198.4
5 100.9 8.72 149.2 88.7 6.11 172.3 81.1 3.78 143.4 72.0 5.44 183.1
6 110.2 8.89 136.6 96.1 10.19 166.5 90.4 6.59 147.3 78.7 5.06 189.6
7 100.0 8.60 153.9 91.3 10.58 155.8 80.4 7.49 140.1 70.9 4.91 172.1
8 88.2 3.43 146.4 78.9 8.29 152.3 76.0 4.88 124.2 65.3 3.47 151.8
9 99.3 7.90 162.8 83.1 9.69 179.1 77.4 5.85 139.8 67.9 2.42 178.8
10 102.7 6.15 136.9 86.3 8.51 154.5 84.7 4.08 131.2 75.8 6.11 188.0
#best 0 0 0 10

We mark in bold the lowest average result in each instance.

5.3. Analysis of DBGA

Before summarizing the full results from the experimental study, we
will visualize some results with regards to the contribution of the com-
ponents of DBGA to its performance. To analyse the performance of the
decomposition strategy and the diversification strategy, we have run
three variants of DBGA on the first 10 instances in each subset with
u=10 and p =2, considering N =8, N =21 and N =40. In the first
variant, the problem is not decomposed into p rounds but it is solved at
once, in the second one the diversification phase is removed, and in the
third one neither decomposition nor diversification are exploited. In ei-
ther case, the stopping condition was adjusted in order to obtain similar
running times. The results of these experiments are reported in Table 1.
In particular, we show the average makespan obtained in the 10 runs,
which is arguably the most relevant performance measure in order to
compare variants, and also the standard deviation and the average time
in seconds taken in one run.

We can see that both the diversification operator and the problem
decomposition strategy get DBGA to perform better and better with in-
creasing size of the instances, as the average result generally improves
while the standard deviation is comparable or even lower. The fact that
decomposing the problem produces better results than solving the prob-
lem at once suggests that the difficulty of the whole problem is really
high.

Regarding the diversification operator, Fig. 8(a) and (b) show the
evolution of two executions of DBGA for the instance no. 4 of the subset
characterized by N =40, u = 1.0 and p = 2 with and without using this

operation. As we can see, when it is not used, the average and best
makespan tend to be quite similar after a number of generations in each
round. However, the diversification operator produces clear differences
between average and best values, in turn improving the final solution.
Notice the large jump in makespan around generation 1600, which is
caused by the algorithm switching from the first round to the second.

Figure 8 (c) shows the convergence pattern for the same instance
when the whole problem is solved at once, i.e., without decomposition
in two steps. In this case, the encoding includes two permutations ch11
and ch12 of p-s gates and two permutations ch21 and ch22 of pairs of
destination qubits for the first and second rounds respectively, and the
crossover operates on the permutations of each round. We can observe
that the algorithm is unable to converge over the first 200 generations,
and that finally it reaches a worse solution than the original DBGA.

Finally, Fig. 8(d) shows the convergence pattern with neither diver-
sification nor decomposition. In this case both the convergence pattern
and the final solution reached are the worst of the four versions.

5.4. Comparison to the state of the art: GA and RH

As pointed, the best results so far on the considered instances are
those produced by the genetic algorithm (GA) proposed in [5] and the
rollout heuristic (RH) proposed in [6].

Tables 2, 3 and 4 summarize the best, average and worst makespan in
10 runs obtained by GA, RH and DBGA on instances with N = 8, N = 21
and N =40 respectively. Besides, we show the average time taken (in
seconds) for each algorithm in one run.
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Detailed results (in makespan) from GA, RH and DBGA on the instances with N = 8. For GA
and DBGA, the values marked in bold are better or at least equal than the values obtained
by RH. The time limit for RH and GA is 60 s.

GA RH DBGA

Inst Best  Worst  Avg. Best  Worst  Avg. Best  Worst  Avg. Time
1 35 39 37.6 35 35 35.0 37 37 37.0 5.1
2 33 37 34.7 36 36 36.0 33 35 345 52
3 32 34 32.7 31 31 31.0 32 33 32.1 5.0
4 32 33 32.7 32 34 33.8 32 34 33.1 5.2
5 27 28 27.6 27 27 27.0 28 29 28.1 5.1
6 33 36 34.1 35 35 35.0 34 35 34.1 5.0
7 31 32 31.9 31 31 31.0 30 31 30.3 5.0
8 32 33 329 34 34 340 33 34 33.8 53
9 37 41 38.4 35 35 350 35 35 350 55
10 37 40 38.3 38 38 380 34 37 346 5.6
11 36 40 37.2 38 38 38.0 39 40 39.2 5.7
12 36 38 37.0 33 33 33.0 34 37 34.8 5.3
13 30 33 31.8 32 32 320 32 33 32.1 5.4
14 31 32 319 32 32 320 32 32 320 49
15 33 36 343 35 36 355 34 34 340 55
16 31 34 32.1 32 32 320 32 32 32.0 48
17 36 38 37.3 36 36 36.0 32 32 320 52
18 29 30 29.9 29 30 29.2 29 31 30.4 5.1
19 31 33 32.0 32 32 320 32 32 320 52
20 31 32 31.9 31 32 31.1 30 30 30.0 53
21 25 27 26.4 27 27 27.0 26 28 27.0 5.0
22 44 45 44.8 39 39 39.0 40 41 40.9 5.3
23 36 37 36.6 35 37 36.0 36 37 36.9 5.5
24 33 35 34.6 32 32 320 33 35 33.8 5.9
25 37 40 385 38 39 383 37 38 37.3 57
26 26 30 28.3 29 29 29.0 29 29 29.0 5.2
27 35 39 36.6 34 34 340 36 37 36.3 5.6
28 30 32 30.6 32 32 320 30 30 30.0 5.1
29 37 38 37.7 35 37 35.1 37 37 37.0 5.6
30 32 33 32.9 31 32 31.2 30 31 309 58
31 33 36 33.6 32 32 320 32 34 32.3 5.6
32 35 40 37.3 35 37 359 35 38 355 55
33 41 44 42.9 42 42 42.0 42 45 43.8 5.7
34 34 37 36.2 35 35 35.0 34 34 340 55
35 34 39 36.1 38 38 380 39 39 39.0 5.5
36 27 29 28.7 28 29 282 30 32 31.2 5.7
37 34 37 35.7 35 35 35.0 35 36 35.6 5.4
38 28 30 29.1 29 30 299 28 30 288 53
39 29 32 31.3 30 30 30.0 28 32 30.6 5.5
40 44 45 44.5 37 38 37.1 39 39 39.0 5.5
41 33 40 37.2 35 35 350 36 39 36.7 5.9
42 31 33 322 33 34 33.1 33 33 33.0 5.4
43 33 35 34.1 32 34 33.1 32 32 320 51
44 39 42 40.8 39 41 39.9 40 43 42.2 6.0
45 36 39 37.3 38 38 38.0 36 37 369 5.1
46 32 35 33.5 34 34 340 34 34 340 53
47 41 43 42.0 38 39 388 37 38 37.8 52
48 32 33 329 33 33 33.0 33 33 33.0 5.0
49 37 40 385 36 37 36.1 38 40 38.4 5.5
50 31 33 32.2 30 32 31.3 31 33 31.8 5.2
#bold 35 18 32 26

At a first glance, we can observe that the three methods produce
similar makespan values on the instances with N = 8, and that RH and
DBGA are better than GA in the remaining instances. Besides, DBGA
seems comparable to RH on the instances with N = 21.

Regarding the largest instances (N = 40), Table 4 shows that DBGA
running with the parameters given in Section 5.2 (last columns in the
table) produces the best results. In this case, DBGA established new best
solutions for 48 out of the 50 instances of the set and reached the best
known solution for one more instance. However, given the differences in
the implementations (RH is implemented in Matlab and DBGA is imple-
mented in C+ +) the time taken by DBGA may not be comparable to the
time limit given to RH. Therefore, to establish a fairer comparison be-
tween the methods, we performed new experiments on these instances
giving DBGA about 10% of the time given to RH in [6]. To do that,
we reduced the population size to 800 chromosomes and the number

of consecutive generations without improving the best solution to 200.
The results of these experiments are reported in the columns labeled
“DBGA (less running time)” of Table 4; even though they are slightly
worse than before, we can see that they are still better than the results
from RH.

We have performed some statistical tests to better analyze the dif-
ferences between DBGA and RH (as GA clearly obtains overall worse re-
sults than those other methods). As we have multiple-problem analysis,
we used non-parametric statistical tests, as suggested in [26]. First, we
ran a Shapiro-Wilk test to confirm the non-normality of the data. Then
we used paired Wilcoxon signed rank tests to compare DBGA and RH on
each set of instances, depending on the chip size. In these tests, the level
of confidence used was 95% and the alternative hypothesis was “the dif-
ference between DBGA and RH is lower than 0”. The p-value obtained
with this test was 0.0000004929 for N = 40 (when giving DBGA its full
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Detailed results (in makespan) from GA, RH and DBGA on the instances with N = 21. For
GA and DBGA, the values marked in bold are better or at least equal than the values
obtained by RH. The time limit for RH and GA is 300 s.

GA RH DBGA

Inst Best  Worst  Avg. Best  Worst  Avg. Best  Worst  Avg. Time
1 51 59 55.5 49 53 51.2 46 50 47.6  53.9
2 53 60 56.9 50 55 529 47 52 48.7 43.8
3 47 55 50.0 42 48 45.7 44 49 46.9 48.1
4 48 50 49.0 44 48 456 45 51 47.6 54.5
5 52 60 56.6 52 54 53.0 47 54 509 56.1
6 51 58 53.9 50 55 529 48 54 51.4 412
7 58 65 61.5 55 57 56.5 50 60 55.0 47.4
8 50 59 54.4 49 52 50.4 45 51 47.4  45.6
9 58 64 60.3 54 56 544 51 56 53.1 44.3
10 56 64 59.9 54 60 56.7 52 60 55.2  47.1
11 46 53 49.9 47 51 489 43 51 47.1 40.5
12 60 67 62.2 56 62 58.7 53 57 55.1 38.9
13 46 49 47.4 43 45 44.4 42 50 44.0 397
14 48 56 52.1 46 48 46.2 46 57 51.4 41.9
15 48 54 50.9 46 48 47.4 43 46 44.3 373
16 63 71 66.1 57 64 60.3 52 58 55.2  41.3
17 57 62 59.3 50 52 50.7 52 56 53.3 44.3
18 57 64 58.9 54 61 59.4 50 55 52.4  39.0
19 57 64 61.1 56 62 59.3 49 57 53.1 42.3
20 55 63 59.4 50 53 51.8 51 58 53.3 40.3
21 54 61 58.4 51 54 51.7 52 58 55.0 48.7
22 55 62 58.7 54 55 545 51 57 53.5 41.6
23 54 59 56.1 48 51 50.1 49 56 52.3 41.1
24 50 60 56.0 50 55 53.7 49 57 529 452
25 53 60 56.4 50 53 50.7 51 59 55.7 43.7
26 52 56 54.0 46 52 478 43 50 459 414
27 63 73 67.7 61 66 62.7 56 68 64.3 44.2
28 46 55 51.8 47 51 49.8 46 57 50.1 46.6
29 49 60 54.2 47 50 486 47 55 50.0 40.2
30 54 65 57.9 53 56 55.0 51 57 54.2 423
31 57 64 60.9 52 57 55.5 55 61 58.4 42.8
32 51 60 54.4 52 52 52.0 47 50 48.4 388
33 52 62 56.9 52 57 55.8 49 56 50.7 41.0
34 57 61 58.2 51 56 53.7 53 56 54.2 39.2
35 48 56 52.0 45 51 486 45 52 46.9 405
36 51 60 56.1 49 55 52.3 49 58 53.2 42.6
37 56 64 59.4 51 54 529 52 56 53.0 38.3
38 57 65 61.4 53 55 53.6 53 57 55.8 43.0
39 55 65 60.1 50 55 52.1 50 64 58.0 38.4
40 54 61 57.5 48 57 529 50 55 51.9 39.2
41 52 56 54.4 49 53 509 47 49 48.6 36.3
42 52 60 55.5 50 53 51.0 49 54 51.5 39.8
43 45 56 52.0 47 51 485 50 54 51.5 43.3
44 50 56 53.2 47 52 49.4 47 50 489 39.0
45 44 53 48.8 40 47 439 44 49 46.3 42.1
46 42 47 45.0 42 46 443 43 48 45.2 41.6
47 53 57 54.8 52 53 52.1 51 55 53.8 41.8
48 47 56 51.1 43 47 46.4 45 53 49.1 40.7
49 60 67 62.6 54 58 57.3 54 62 57.4 46.3
50 53 61 56.7 53 57 54.7 50 56 52.7 42.7
#bold 9 1 35 26

running time), or 0.004589 (with reduced run time), showing that there
exist statistically significant differences in the average makespan be-
tween DBGA and RH, in both short and long runs of DBGA. The p-value
for N =21 instances was 0.242 (0.761 if we consider the opposite al-
ternative hypotheses), and so in these intermediate instances there are
not statistically significant differences between the results of both meth-
ods. Finally, in instances with N = 8 the p-value is 0.9034 (0.0988 if we
consider the opposite alternative hypotheses), and so in these small in-
stances the differences are again not statistically significant. In conclu-
sion, in large instances DBGA is significantly better than the previous
state-of-the-art methods, whereas in small and intermediate instances
it is not worse. Moreover, we argue that the results in larger instances
are more relevant, as the size of the future quantum hardware will be
progressively larger.
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The detailed schedules of the best solutions found by DBGA for all
instances considered in this experimental study are openly available on
the web®

As an example, Fig. 9 shows the Gantt chart of the best schedule
obtained by DBGA to the instance no. 2 of the subset characterized by
N =8, u=1.0 and p = 2. This schedule has a makespan of 33, which is
lower than the makespan of 36 reported in [6] for the same instance.

Regarding all previous experiments, it can be argued that the ob-
tained makespans are not realistic, as typically a p-s gate requires at
least 2 native gates and swap requires at least 3 native gates, whereas in

previous experiments we assumed 7,,,,, = 2 and 7,_; = 3 or 4. For this

swap s

6 Repository section in http://di002.edv.uniovi.es/iscop
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Detailed results (in makespan) from GA, RH and DBGA on the instances with N = 40. For GA and DBGA, the values marked
in bold are better or at least equal than the values obtained by RH. The time limit for RH is 300 s and for GA is 600 s.

GA RH DBGA (less running time) DBGA
Inst. Best  Worst  Avg. Best  Worst  Avg. Best  Worst  Avg. Time Best  Worst  Avg. Time
1 77 87 81.4 65 70 69.3 61 69 64.7 31.3 58 68 62.3 151.7
2 92 107 98.0 74 77 759 67 78 73.2 356 69 77 725 177.1
3 83 98 89.2 71 77 74.5 68 84 74.5 32.7 65 75 70.2 170.5
4 87 104 93.9 74 82 77.3 71 97 80.3 42.0 68 86 75.4 198.4
5 84 99 93.6 78 78 780 67 89 77.9 371 66 82 72.0  183.1
6 87 103 96.3 81 83 82.1 76 89 81.5 37.8 72 86 78.7 189.6
7 86 98 93.4 79 83 80.8 63 84 73.7 33.8 63 80 70.9 172.1
8 74 90 83.0 68 77 73.7 63 80 70.3 30.3 61 73 65.3 151.8
9 77 95 89.5 66 67 66.9 67 81 739 347 64 72 67.9  178.8
10 88 101 95.8 80 80 80.0 69 88 79.4 36.4 69 86 75.8 188.0
11 80 99 84.5 68 72 70.5 64 79 70.9 34.5 67 81 72.7 155.7
12 85 98 90.9 74 77 756 70 81 759 346 70 89 783 1627
13 75 88 81.3 62 65 64.5 65 72 67.1 29.9 59 74 65.5 131.9
14 89 98 93.1 74 84 78.9 72 86 78.9 32.4 68 79 73.7 139.0
15 84 96 89.3 78 78 780 69 84 754 312 67 75 72.0 1657
16 82 94 87.4 77 78 77.9 68 81 74.6 35.6 65 84 72.5 164.1
17 87 96 91.5 78 78 78.0 67 79 72.1 34.2 67 82 73.3 151.8
18 90 108 99.3 79 82 80.4 73 92 81.6 32.7 72 84 78.5 155.2
19 70 85 81.2 70 71 70.9 62 73 66.3 31.6 61 70 65.1 130.8
20 87 105 97.9 78 85 81.5 68 104 83.2 38.0 73 93 82.0 197.7
21 79 97 86.9 77 81 79.9 69 86 76.6 37.2 68 81 73.8 172.4
22 79 98 90.0 76 81 78.3 64 85 751 352 67 80 74.6  160.1
23 74 86 79.8 63 67 65.0 66 79 74.5 34.8 66 82 72.3 156.1
24 83 92 88.1 80 80 80.0 61 71 66.6 31.6 63 73 67.0 157.0
25 75 95 86.5 71 75 747 71 86 765 336 64 76 71.6  146.0
26 90 100 94.3 81 84 82.1 67 79 72.4 31.3 63 78 69.6 167.8
27 89 100 93.0 81 81 81.0 72 920 79.7 30.5 72 86 75.8 134.1
28 93 105 100.3 88 88 88.0 68 86 76.2 36.4 70 83 76.5 165.0
29 74 91 84.0 77 77 77.0 62 71 66.8 30.1 64 72 66.9 137.2
30 79 92 85.1 72 75 73.4 64 77 70.6 31.6 60 73 67.3 141.3
31 81 98 92.0 69 74 71.7 71 85 75.2 37.2 66 80 72.7 149.3
32 66 78 73.9 62 68 65.5 56 64 607 289 53 62 58.4 1321
33 84 92 89.8 73 75 73.8 64 73 68.4 29.5 60 75 65.6 137.5
34 79 93 86.1 73 75 70.8 66 82 74.6 35.6 60 75 68.2 147.4
35 75 90 85.5 70 74 71.3 66 81 725 289 63 77 70.9  149.1
36 95 107 101.0 80 88 86.5 74 83 79.4 33.8 73 83 76.7 162.6
37 82 96 89.8 73 77 74.7 69 86 77.3 36.5 70 79 75.5 152.8
38 72 88 83.8 72 77 73.9 65 71 67.9 29.6 62 72 66.5 142.7
39 82 103 93.8 82 82 82.0 69 79 73.4 34.0 66 81 74.9 158.4
40 79 92 87.1 69 76 72.6 67 80 73 31.2 64 81 71.7 152.4
41 98 105 101.5 76 76 76.0 75 91 82 30.8 68 84 74.8 138.0
42 81 91 85.9 65 68 67.1 66 74 69.4 336 61 83 709 1545
43 81 96 89.1 72 75 73.6 63 76 70.5 31.4 63 77 68.1 142.1
44 78 97 90.3 68 82 76.0 65 85 75.9 32.1 65 82 75.6 166.3
45 89 101 95.9 69 81 734 72 84 776 311 69 85 754  153.6
46 91 99 95.1 78 78 78.0 68 82 73.6 32,5 65 75 70.0 154.3
47 89 105 99.2 78 82 78.3 76 83 78.5 31.4 69 79 74.1 147.8
48 69 91 83.9 75 77 76.5 66 82 72.1 34.1 63 75 69.6 149.5
49 89 101 93.3 73 83 80.1 70 88 76.9 30.0 71 88 77.5 145.2
50 78 95 87.6 74 85 76.1 66 78 70 31.9 64 79 69.3 142.0
#bold 5 0 44 32 49 40
reason, we have redone the experiments with DBGA using 7,,,, = 3 in the methods proposed in [21] and [22], denoted CFH (Compilation Flow

order to see the differences in makespan. Table 5 shows the obtained
makespans, and we do not show the computational times for clarity, as
they are similar to those reported in Tables 2, 3 and 4. As expected,
the best makespan reached is worse in 149 of 150 instances (being the
same in the other instance). It is also remarkable that the best makespan
obtained is in average 10.6% worse in N = 8 instances, 17.7% worse in
N =21 instances, and 23.7% worse in N = 40 instances. This makes
sense, as bigger quantum architectures usually require more swaps, as
gstates travel longer distances, and so increasing z,,,, from 2 to 3 pro-
duces the most difference.

wap

5.5. Comparison to the state of the art: CFH

In this section we compare the performance of the proposed DBGA
algorithm with the performance obtained by several configurations of
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Heuristics) in the following. Table 6 shows the results obtained by using
three different sets of 5 adapted instances (a total of 15 instances) taken
respectively from the three benchmark sets introduced in Section 3 and
characterized by the values N = 8,21,40, u = 1.0, and p = 2. It should
be noted that, as opposed to our approach which is based on an ab-
stract representation of the quantum gates (whose durations are generic
and not related to any particular quantum architecture), the approach
used in [21,22] is built on top of the Qiskit” framework and therefore
follows a specific gate model in which the used gates (p-s, swap, and
mix) are expressed in terms of sequences of native gates made available
by the Qiskit backend simulator, where each native gate has a conven-
tional unit time duration. In particular, all p-s and swap gates are ex-

7 https://qiskit.org/
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Table 5
Detailed results (in makespan) of DBGA when using z,,,,, = 3 instead of 7, = 2.
N = 8 Instances N =21 Instances N = 40 Instances
Inst Best Worst Avg. Best Worst Avg. Best Worst Avg.
1 39 39 39.0 53 60 56.1 74 85 79.7
2 37 39 38.0 52 62 57.0 83 94 88.8
3 36 37 36.7 51 60 56.3 83 101 91.3
4 35 36 355 55 61 57.3 87 115 99.6
5 33 33 33.0 59 68 62.5 81 99 88.4
6 38 38 38.0 55 61 57.9 87 107 99.6
7 33 33 33.0 61 71 65.6 85 107 94.8
8 37 37 37.0 55 61 57.1 79 92 84.3
9 41 41 41.0 58 68 62.9 78 108 89.9
10 37 37 37.0 60 68 63.7 86 111 98.0
11 44 45 445 51 57 55.1 76 102 85.4
12 39 40 39.9 61 68 64.1 87 109 94.0
13 36 37 36.4 50 54 51.1 72 90 78.1
14 36 37 36.2 55 69 599 85 99 92.0
15 36 36 36.0 50 53 51.4 82 97 89.0
16 36 36 36.0 63 68 65.9 82 99 90.8
17 33 33 33.0 60 62 60.8 78 108 89.1
18 33 34 33.8 58 67 61.5 85 98 92.3
19 35 36 35.1 59 73 65.4 70 92 77.4
20 32 33 322 58 67 62.8 90 111 100.4
21 30 30 30.0 55 69 63.3 81 102 91.5
22 46 47 46.8 61 65 62.9 83 92 87.8
23 40 43 40.3 59 64 62.0 86 96 91.3
24 34 37 349 57 66 61.2 74 89 80.3
25 39 41 40.2 60 67 64.0 76 99 89.0
26 31 31 31.0 53 60 56.0 79 89 85.5
27 38 39 386 72 80 748 85 94 89.5
28 32 32 32.0 56 63 58.2 90 102 94.7
29 37 39 37.2 55 62 59.1 72 90 81.3
30 33 35 342 57 68 63.5 79 89 83.0
31 34 37 352 62 72 68.6 87 107 94.5
32 40 43 40.5 55 61 57.7 68 83 72.9
33 45 47 46.5 54 67 59.4 77 92 83.6
34 39 40 39.3 62 66 64.1 84 94 89.2
35 42 42 42.0 52 60 56.5 78 96 85.3
36 34 35 34.7 59 68 63.6 90 106 97.2
37 39 39 39.0 60 65 62.0 83 97 90.8
38 32 33 325 61 68 646 78 94 81.9
39 32 37 33.7 62 74 69.1 86 95 90.1
40 44 45 449 59 65 60.0 81 96 88.5
41 39 43 40.8 53 57 542 83 102 91.8
42 37 37 37.0 56 63 59.4 76 90 82.3
43 37 37 37.0 59 65 609 76 103 86.9
44 43 44 439 58 60 585 82 101 91.2
45 39 40 39.2 51 56 529 82 102 92.7
46 40 40 40.0 49 56 52.7 77 94 87.3
47 41 41 41.0 61 66 63.2 84 102 91.7
48 37 37 37.0 53 60 56.2 79 100 87.7
49 42 43 42.9 68 79 72.2 85 110 93.1
50 35 37 353 61 65 62.3 77 88 83.6

pressed in terms of 3 native gates (and hence their duration is equal
to 3), while all mix gates are expressed in terms of one native gate.
Therefore, in order to allow for a fair comparison with CFH (the code
is available at https://github.com/mahabubul-alam/QAOA-Compiler),
we had to make some modifications to the instances used for the
comparison, adapting the gate durations used in our model to the
ones used in Qiskit and described above. By allowing for the previ-
ous modifications on our side, the value of the circuit’s depth coin-
cides with the circuit’s makespan, and the obtained results can be fairly
compared.

Moreover, given that our approach does not entail any initial map-
ping decision process during the compilation (i.e., the i-th gstate is sup-
posed to rest on the i-th qubit at the beginning) we decided to introduce
an additional initial mapping option in the CFH’s code that allows for
the same initial conditions. We called this new option dummy initial-
ization. Table 6 compares DBGA with the six different solving strate-
gies proposed in [21,22]. In particular, we consider two different initial

12

mapping methods: (i) dummy, which sets each qubit i =1... N to the
corresponding gstate i, and (ii) QAIM, which applies an heuristic proce-
dure described in [22]. All benchmark instances have been solved using
the following solving strategies: IP, IC and IterC.

In order to make the two solving approaches comparable with re-
gard the CPU time, we have considered the most CPU intensive solv-
ing configuration, that is the solving method IterC and QAIM as initial
mapping, and we have empirically determined the following minimal
integer upper bounds in the CPU time: 2 s for N =8 instances, 5 s
for N =21 instances and 20 s for N = 40 instances. To achieve simi-
lar CPU times, we set the population size of DBGA to 400 chromosomes
and the stopping condition at 200 generations (for each compilation
pass) without improving the best solution found so far. The results with
this configuration are shown in columns “DBGA (less running time)”.
Additionally, results with the standard set of parameters described in
Section 5.2 take longer computational time and are shown in columns
“DBGA”.


https://github.com/mahabubul-alam/QAOA-Compiler

L. Arufe, M.A. Gonzdlez, A. Oddi et al.

®
<]

Avg Best

o N A O
S © o o

Makespan
@
o

My
| i

I l
LT OR—

B D
o o

n
o

o

400 800 1200 1600 2000 2400 2800
Generations

(a) DBGA.
180

Avg Best

160 |
140§
120| \

Makespan
» [+2] © 8
o o o o
|

n
o

300 600 900 1200 1500 1800 2100 2400
Generations

(b) DBGA without the diversification operator.

300 [
iy

Avg Best

250

n
o
S

Makespan
g

0

o
[S)

[$]
=]

300 600 900 1200 1500 1800
Generations

(¢) DBGA without decomposing the problem in
two rounds.

soof Best

Avg

250 N

Makespan
- = o
o o o
o o o
-
) 4

<)
(=]

300 600 900 1200 1500 1800 2100
Generations

(d) DBGA without the diversification operator
and without decomposing the problem in two
rounds.

Fig. 8. Convergence graphs of different versions of the genetic algorithm.

13

Swarm and Evolutionary Computation 69 (2022) 101030

Require: A QCCP problem instance P with p rounds. The quantum
hardware QM. A chromosome (sg,_;,chl,ch2). sg,_, is a solution
graph for the subproblem 1, ...,r — 1, chl is a permutation of the p-s
gates in round r. ch2 is a chain of connections in QM of the same
length as chl.

Ensure: A solution graph sg, for subproblem 1, ..., r on circuit OM
S8 < S&r-1
for each p-s(g;, q;) in chl (and {ny, n;} in ch2) from left to right do

Let path; < n(g;) - d(q;) and path; < n(q;) ~ d(q;) be a pair of min-
imal paths from {n(g;), n(g;)} to {ny,n;} in OM;
while {n(q,) # d(g))} or {n(q)) # d(q;)} do
(n,n") < (n(g;), succ(n(g;)) or (n(q;), succ(n(q;)) if possible such
that {n,n"} # {n(q;),n(q;)};
if {n,n'} # {n(g;),n(q;)} then
insert a swap gate on qubits {n,n’} and update sg,;
n < n'; // advance in path, or in path,
else
swap in path; and path, the subpaths from the current qubits
n and ' to their destination qubits, so that the new paths
become n,n’ w n, and n’ w n, if the old paths were n,n’ ~ n,
and n’ w n, respectively;
end if
end while
insert a p-s gate on qubits {n,,n;} (where gstates {g;, ¢ ;1 are now
hold) and update sg,;
end for
insert a mix gate on each qubit holding a gstate;
return The solution graph sg,;

Algorithm 1 : Decoding algorithm. Given a chromosome in round r, it
produces a solution graph for the subproblem defined by rounds 1, ..., r.
succ(n(qy)) denotes the successor of qubit n(g,) in pathy,.

Inspecting Table 6, we observe that within the imposed CPU times,
the makespans® produced by the DBGA algorithm are always better than
those obtained by CFH (even those of the “less running time” configura-
tion); the greater the size of the benchmark sets, the larger the improve-
ment obtained by DBGA. In our opinion the main reasons for the DGBA
advantage are the following: (i) all the solving strategies proposed in
[21] and [22] are heuristic single-pass strategies, whereas DBGA adopts
a single-pass strategy at decoding level and uses a genetic-based opti-
mization strategy (described in Fig. 4) to effectively explore the search
space and find better quality solutions; (ii) the methodology proposed
in [21,22] follows a loosely coupled approach, in which the p-s gate
scheduling (in terms of assignment to the different layers) and the swap
gate synthesis and insertion are performed in two different and sepa-
rate steps, whereas in other approaches proposed in the literature (e.g.,
[4,5]) the previous two solving phases are inherently interleaved (and
hence, one can take advantage of the decisions made by the other at all
times during the solving process).

Last but not least, an element that may significantly affect the dura-
tion of the compiled circuit is the number of swap gates. We have ob-
served the best solutions obtained by CFH (in terms of number of swap
gates), compared with our DBGA solutions (considering the “less run-

8 In the case of the algorithms described in [21] and [22] in order to calcu-
late comparable makespan values with DBGA, we have generated a set of read-
able instances for the code available at https://github.com/mahabubul-alam/
QAOA-Compiler. For each obtained solution represented as set of native gate for
the used Qiskit backend simulator, we have subtracted the value 2 to the pro-
duced depth value; indeed, the depth represents the longest sequence of native
gates in the output solution (each one has a conventional unitary duration) and
the value 2 corresponds to the duration of the circuit’s first and last layer, where
the first layer is used to realize the initial mapping and the last layer is used to
perform the measurement operations. In fact, such devices are not considered
in the model proposed in Section 3.
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Results of DBGA compared with those obtained by several configurations of the CFH proposed in [21] and [22].

CFH + Dummy CFH + QAIM DBGA (less running time) DBGA
Instance P 1C IterC P 1C IterC Best Worst Avg. Time Best  Worst  Avg. Time
N = 8 Instances
1 51 44 41 62 47 53 32 32 32.0 0.5 32 32 32.0 4.7
2 61 41 54 62 44 50 32 35 34.1 0.6 32 35 32.6 5.5
3 43 38 42 52 56 42 32 32 32.0 0.5 32 32 32.0 5.2
4 76 50 54 67 47 55 38 38 38.0 0.6 38 38 38.0 5.4
5 53 32 42 49 38 33 29 32 30.7 0.6 29 31 29.2 5.2
N =21 Instances
1 126 152 112 143 125 101 53 59 55.4 3.0 50 59 54.0 22.5
2 128 152 102 123 149 113 53 59 54.5 3.2 53 56 53.3 20.4
3 138 107 105 103 125 103 56 74 60.5 3.8 50 62 56.7 27.1
4 108 119 110 116 116 110 53 62 57.3 3.1 53 56 54.2 23.9
5 120 104 100 157 128 101 50 62 55.9 3.0 50 59 54.8 21.4
N =40 Instances
1 184 152 140 209 149 159 65 86 77.4 12.6 62 83 73.2 71.4
2 227 185 171 214 176 186 83 110 95.8 15.9 76 91 83.5 94.1
3 182 164 178 219 188 163 77 94 88.9 15.1 74 85 80.3 80.6
4 218 194 193 195 125 180 83 107 92.9 17.4 76 101 86.7 92.1
5 226 221 186 219 200 187 91 119 98.4 149 77 92 85.3 83.6
We mark in bold the best result in each instance.
h
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Fig. 9. Gantt representation of the best solution to the instance no. 2 of the subset characterized by N =8, u = 1.0 and p = 2.

ning time” configuration). As an example, the values for the five N = 40
instances are as follows:

e Instance 1: 191 Vs. 110 (+ 73.6%)
« Instance 2: 223 Vs. 155 (+ 43.8%)
« Instance 3: 205 Vs. 165 (+ 24.2%)
o Instance 4: 181 Vs. 174 (+ 4.0%)

« Instance 5: 223 Vs. 174 (+ 28.1%)

From the previous values it is possible to conjecture that one of the
reasons that explain the good results obtained with DBGA is the rela-
tively lower number of swap gates compared with solutions from CFH.

6. Conclusions and future work

We have seen that Constraint Optimization is a suitable framework to
formulate the Quantum Circuit Compilation Problem (QCCP); this prob-
lem may be naturally defined as a scheduling problem where gstates rep-
resent resources and gates are operations that require the exclusive use
of one or more gstates to be performed. We focused in the class of Quan-
tum Approximate Optimization Algorithms (QAOA), in which the same
set of quantum gates must be applied for a number of rounds. This fea-
ture allowed us to develop a Decomposition Based Genetic Algorithms
(DBGA) that proved to be quite competitive with the state of the art.
To do that, we had to devise a suitable encoding/decoding mechanism,
which was not an easy task. Due to the extreme difficulty of the prob-
lem, a coding scheme that may represent any problem solution becomes
impractical. So, we opted by a simplified encoding that fixes the qubits
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where the gstates of a (binary) gate must be for the gate to be executed.
This raised the issue of how to move two gstates from a pair of qubits to
another pair of destination qubits. This may be done in many ways and
we opted here to design an algorithm that minimizes the moves, i.e.,
the number of swap gates required, which may not be a globally opti-
mal strategy. In spite of that, the proposed encoding/decoding schema
proved to be really good. This is justified by the fact that it was able to
outperform some of the best methods in the state of the art.

In our opinion, the key point of the proposed DBGA is that it exploits
the fact that the QAOA is composed by a sequence of rounds, in each of
which the same set of gates must be scheduled. Therefore, the algorithm
iterates on the number of rounds and, in each one, it searches for a
schedule of the gates in the current round. Of course, this is a local
optimal strategy that do not necessarily converge to a global optimum.
However it empirically showed to be very efficient, and it is expected
that it will scale up better in the number of rounds than other strategies
dealing with the whole problem at once.

This work leaves open some lines for future research. For example,
more expressive coding schemas and new decoding algorithms and ge-
netic operators could help to better explore the search space. Besides,
devising neighbourhood structures to improve the solutions built by
the decoding algorithm could help to reach new and hopefully better
solutions that are not reachable with the current enconding/decoding
schema. These structures may then be exploited in Local Search (LS)
algorithms that may in turn be combined with the GA into a Memetic
Algorithm [27-29]. Memetic Algorithms demonstrated to be good in
solving a variety of extremely hard combinatorial problems as, for ex-
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ample, the travelling salesman problem [30], or a number of scheduling
problems [31-35], and so they are expected to be efficient in solving the
QCCP as well.

It will be also interesting to consider the application of QAOA to
problems other than MaxCut, as for example to the Graph Coloring Prob-
lem, which was already considered in [36].

However, the most interesting line for future work is probably to
consider the mentioned extensions of the problem, initially proposed in
[8], and also considered in [5]. These extensions are: 1) variable initial-
ization of gstates (QCCP-I) and 2) crosstalk constraints (QCCP-X). The
variable initialization of gstates makes the problem harder to solve, as
the initial positions of qubits would be additional decision variables. On
the other hand, the crosstalk constraint forbids the concurrent execution
of two gates on neighbouring qubits. The motivation is to avoid possi-
ble interferences that may be produced between qubits and so to devise
more robust solutions.

Finally, it is worth to remark that quantum computing technologies
are quickly evolving, and so an essential line of future work is to adapt
the solving methods to the newly developed hardware architectures and
emerging technologies.
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Appendix A. Quantum approximate optimization algorithm

QAOA as proposed in [7] leverages quantum-gate based computing
to solve combinatorial optimization problems expressed as:

m
maximize: Z C,(2)

a=1

(A1)

where C,(z) are clauses on a vector of decision binary variables z =
(2, ..., 2,). So, the goal is to find the assignment of z; € {0,1},1<i <n,
that maximizes the number of clauses that are satisfied.

To apply QAOA to solve this problem, the user has to translate the
clauses C,(z) into equivalent quantum Hamiltonians C,, by promoting
each variable z; to a quantum spin, i.e., a qubit, and then select a number
of rounds p and two angles 0 < f < r and 0 <y < 2r for each round.
Then, starting from the » qubits in a gstate

1 1
[+) = —I0) + —I1), (A2)
V2 V2
the following problem Hamiltonian
He=) Cq (A3)
a=1
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and the mixing Hamiltonian

Hp =)' X; (A4)
j=1

where
0 1

Xj= (1 0) (A5)

is the standard Pauli matrix X, are applied alternatively over the p
rounds to generate the final state

p
lw, (7. B)) = H =i Hp =i He | 4 y®n

(A.6)
r=1
where
n
e~ ibHp — H e Xj (A7)
j=1
and
m
eirrHe — He—inCu (A.8)

a=1

This state is measured to obtain an approximate solution to the prob-
lem defined in Eq. (A.1), whose expectation value is given by

(w, 7. B Hclw, 7. B) (A.9)

If the values of p, § and 7 are well selected, the state of the qubits
after this transformation will represent a good solution to the problem
defined in Eq. (A.1) with high probability, and the quality of the solution
increases with the number of rounds. The selection of § and 7 is not a
trivial issue and there are some proposals in the literature [7]. A usual
approach is starting from some initial values and then perform simplex
or gradient based optimization.

Appendix B. QAOA applied to MaxCut

The MaxCut problem is a paradigm in combinatorial optimization
that is particularly advantageous for QAOA for two reasons: (i) all
clauses in the objective function have the same structure, hence only
one quantum Hamiltonian needs to be designed, and (ii) the clauses
involve only two decision variables.

In the MaxCut problem, we are given an undirected graph G =
(V,E), where V = {1,...,n} is a set of nodes and E is the set of arcs.
The goal is to establish a partition of the set V' into two subsets V| and
V_, so that the number of arcs in E connecting nodes of the two subsets
is maximized, in other words, the goal is

maximize: Z l(1 - 0;0;) (B.1)
(i,))EE
-1 ifkeV,,
= B.2
%k { 1 ifkeV,, (B2)

Note that a single transformation z = (¢ + 1)/2 converts the variables
from the ¢ € {—1,+1} space to the z € {0, 1} space.

In this case, we have a Hamiltonian C, for each arc (i, ), which
depends on just these two variables, so it may be denoted as C;;, and
given that it operates on a 2-qubit state it has size 4 x 4. From Eq. (B.1),
the computational basis {|00), |01),]10),|11)} may be considered as gs-
tates of a physical system with energies 0,1,1,0 respectively; therefore,
following [37] the Hamiltonian may be represented by the matrix

= (B.3)

@]
|
[=NeNeNe]
S O = O
S = O O
[=NeNeNe)
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which can be written as

1
Cy;= E(I_Zi®zj) (B.4)
where Z; and Z; are both the Pauli matrix

1 0
() ) ®9

Therefore, the exponential terms in Egs. (A.7) and (A.8) can be ex-
panded considering that

‘ [0 1
-ip,
e

1 0] [ cos(B,) —isin(f,)
B <_l Sin(ﬂr) COS(ﬂr) ) (B6)
and
0 0 0 0
o1 0 o
o o 1 of (1 o 0 0
0 0 0 0)_|0 ™ 0 0
¢ “lo o e oo ®7
0 0 0 1

The operators in Egs. (B.6) and (B.7) have to be implemented by
means of the set of quantum gates available in the target quantum com-
puter. In particular, in the Rigetti architectures® the first one could be
implemented as RX(24,) and the second by means of the composition of
the two 2-qubit gates CPHASEO1(-y,) CPHASE10(-y,).

Alternatively, in [22] the phase separator operator is synthesized by
two CNOT gates and a RX(y/2) operator on the second qubit in between
them yielding the matrix

e~in/4 0 0 0
0 eitr/4 0 0
0 0 eite/4 0 (B.8)
0 0 0 emin/4

Furthermore, in [38] the phase separators are performed by the
R, ,(y) operator with the following equivalent matrix

e~irr/2 0 0 0
0 ern/2 0 0
0 0 oitr/2 0 (B9
0 0 0 e~ir/2

As mentioned, to execute a binary gate on two gstates, these states
must be located on adjacent qubits. For this purpose, the use of a number
of swap gates is generally necessary; a swap gate operates on two qubits
swapping their gstates by implementing the following operator

0
(B.10)

S O O =
S o = O
=l =]

0
1
0

which is performed by the SWAP gate in Rigetti systems, and may be
implemented by three consecutive CNOT gates, the second one taking
the second qubit as control and the first as target.
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