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Abstract: Six different particle size distribution (Gates–Gaudin–Schuhmann (GGS), Rosin–Rammler
(RR), Lognormal, Normal, Gamma, and Swebrec) models were compared under different metallurgi-
cal coke grinding conditions (ball size and grinding time). Adjusted R2, Akaike information criterion
(AIC), and the root mean of square error (RMSE) were employed as comparison criteria. Swebrec and
RR presented superior comparison criteria with the higher goodness-of-fit and the lower AIC and
RMSE, containing the minimum variance values among data. The worst model fitting was GGS, with
the poorest comparison criteria and a wider results variation. The undulation Swebrec parameter was
ball size and grinding time-dependent, considering greater b values (b > 3) at longer grinding times.
The RR α parameter does not exhibit a defined tendency related to grinding conditions, while the k
parameter presents smaller values at longer grinding times. Both models depend on metallurgical
coke grinding conditions and are hence an indication of the grinding behaviour. Finally, oversize
and ultrafine particles are found with ball sizes of 4.0 cm according to grinding time. The ball size of
2.54 cm shows slight changes in particle median diameter over time, while 3.0 cm ball size requires
more grinding time to reduce metallurgical coke particles.

Keywords: particle size distribution; metallurgical coke; comminution

1. Introduction

Metallurgical coke is a crucial raw material in the iron and steelmaking industry and
is considered a critical raw material in the EU due to its high consumption volume and the
strong EU import dependence [1–3]. Heat supplier, reducing agent, adequate permeability,
and burden mechanical support are the features that render it a fundamental material
for blast furnaces that perform metallurgical processes such as cast iron, ferroalloy, lead,
and zinc production, and in kilns for lime and magnesium production [4,5]. According to
particle size, metallurgical coke is used at different process stages. Coke ranging between
24–40 mm is the main form for blast furnaces; this so-called nut coke is added in ironmaking
with ferrous and flux mineral layers from 6 to 24 mm, and coke breeze is considered the
energy source for sintering or pelletising with particle size less than 6 mm [6].

Suitable coke selection enhances the steel production line, saves coke utilisation,
minimises dust generation, reduces the significant amount of greenhouse gases discharged
into the atmosphere, namely, CO2, SO2, and NOx, and optimises energy usage [7–9].
Chemical composition, mechanical strength, thermal resistance, and particle size are the
most significant parameters for selecting metallurgical coke [6,10]. However, the coke
particle size and shape play an essential role in blast furnace and sinter plants. Coke
mean particle size determines the fluid flow resistance, the upward gases and downwards
metal liquids passing efficiency, and the iron production rate. The coke bed formation and
permeability are also strongly related to particle size and combustion behaviour in the
sintering process.
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Despite the abovementioned importance of coke particle size distribution (PSD),
particle size control has not been studied enough. Many fine recycled particles from
chipping in crushing processes or waste in the coke oven cause an overproduction of
particulate matter and uncontrolled coke size distributions [11–22]. Poor coke without
quality classification creates disturbances in the sinter plant and the blast furnace operation,
producing excess dust, heat losses, inefficient reaction rates, and fluid flow obstruction.
This situation has driven environmental regulation to propose eliminating or partially
substituting metallurgical coke in sinter production [8,13]. Various studies [14–23] have
evaluated the effect of defined ranges of coke particle size in steelmaking performance as a
means of process optimisation. The thickness of combustion zone, flame front, chemical
reactions kinetics, and iron-bearing phase formation (hematite, magnetite, and gangue) are
broadly affected by coke PSD in sinter and blast furnace plants [15–17].

Modelling the metallurgical coke PSD allows quantitatively assessing the breakage
behaviour. Several benefits in the iron and steel processes are obtained when the PSD is
adequately characterised, with effective diameters (D50, D80) measured, and the effect of
its variation on the processes is known. Many models have been developed to predict
and describe the PSD of granulated materials. Perfect et al. [24] tested three distribution
functions based on two parameters for different fertilisers. Lognormal, Rosin–Rammler
and Gate–Gaudin–Schuhmann were fitted by nonlinear regression analysis. According to
the goodness-of-fit of R2, they concluded the Rosin–Rammler is the more accurate model
to describe material fertiliser. Botula et al. [25] evaluated ten PSD models in soils of the
humid tropics. The findings demonstrated that the three and four-parameters Fredlund
and three-parameter Weibull and four-parameter Anderson presented an excellent fitting
correlation to soils. Bu et al. [26] characterised the coal grinding process (wet and dry ways)
using PSD models, namely, GGS, Gaudin–Meloy, RR, modified RR, and Swebrec. They
found that the RR and Swebrec showed outstanding fitting performance.

The current paper compares GGS, RR, Gamma, Normal, Lognormal, and Swebrec
distributions at different metallurgical coke grinding conditions to select the best fitting
models and represent the metallurgical coke PSD. Finally, the association of PSD model
parameters with the grinding process was analysed for the best two models.

2. Materials and Methods

A metallurgical coke sample from Boyacá (Colombia) was used in the grinding process.
The original sample was crushed in a roll mill (Denver Equipment Co., Denver, CO, USA)
and sieved 100% under six mesh (3.35 mm). Product PSD is depicted in Figure 1, and
the elemental and proximate analyses are shown in Table 1. A dataset of 144 PSD was
collected from grinding under different dry conditions. Grinding tests were carried out in
a laboratory steel ball mill with 0.20 m in diameter and 0.20 m long. Three ball sizes (2.54,
3.00, and 4.00 cm) and eight grinding times (0.5, 1, 2, 3, 4, 5, 6, and 10 min) were used to
evaluate the product PSD. The operational mill conditions remained fixed: the fraction of
critical speed (ϕc) was 0.75; the ball filling fraction (J) was 0.3; the fraction of powder bed
(f c) and void filling (U) were 0.12 and 1, respectively.
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Figure 1. Metallurgical coke PSD in the feed to the ball mill. 

Table 1. Metallurgical coke composition analysis (%). 
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SiO2 Fe2O3 Al2O3 CaO Others Σ 
76.87 0.91 0.047 28.90 26.73 10.62 10.28 23.45 100 

The six PSD models assessed are shown in Table 2. Gate–Gaudin–Schuhmann [27] 
and Rosin–Rammler [28] models have been the most popular and oldest functions used 
to describe PSD in granular materials. GGS was developed in the metalliferous mining 
industry and is described with a size parameter (largest particle size) and a distribution 
parameter [27]. The RR model was defined to evaluate the coal fragmentation processes 
but has been broadly used in many industries. The RR size parameter corresponds to 
63.21% cumulative undersize, and the shape parameter defines the spread of sizes [28]. 
Even though these are handy models, the fitting accuracy depends on the material nature 
and size ranges.  

A short description of the most common powder PSD models is presented below. 
The Gamma distribution [29,30] presents two functional parameters related to the median 
and standard deviation. Yang et al. [29] compared the PSD prediction between Gamma 
and other models, obtaining the Gamma distribution as the best fit. Normal and Lognor-
mal are also two-parameter models, using the mean diameter (logarithmic mean if 
Lognormal) and the standard deviation. According to Buchan [31], the Lognormal is more 
suitable in describing PSD in soils. 

The three-parameter Weibull distribution is defined by fitting, size, and shape pa-
rameters. Esmaeelnejad et al. [32] compared different models to describe soil PSD, con-
cluding that the Weibull model was the most accurate for all samples studied. Another 
three-parameter distribution is the Swebrec distribution, introduced by Ouchterlony [33] 
to predict PSD by rock blasting and crushing fragmentation. The parameters are the max-
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Figure 1. Metallurgical coke PSD in the feed to the ball mill.

Table 1. Metallurgical coke composition analysis (%).

Sample C H O N S

Metallurgical Coke 82.55 0.79 14.46 1.3 0.9

Fixed Carbon Volatiles Moisture
Ash

SiO2 Fe2O3 Al2O3 CaO Others Σ

76.87 0.91 0.047 28.90 26.73 10.62 10.28 23.45 100

The six PSD models assessed are shown in Table 2. Gate–Gaudin–Schuhmann [27]
and Rosin–Rammler [28] models have been the most popular and oldest functions used
to describe PSD in granular materials. GGS was developed in the metalliferous mining
industry and is described with a size parameter (largest particle size) and a distribution
parameter [27]. The RR model was defined to evaluate the coal fragmentation processes
but has been broadly used in many industries. The RR size parameter corresponds to
63.21% cumulative undersize, and the shape parameter defines the spread of sizes [28].
Even though these are handy models, the fitting accuracy depends on the material nature
and size ranges.

A short description of the most common powder PSD models is presented below. The
Gamma distribution [29,30] presents two functional parameters related to the median and
standard deviation. Yang et al. [29] compared the PSD prediction between Gamma and
other models, obtaining the Gamma distribution as the best fit. Normal and Lognormal
are also two-parameter models, using the mean diameter (logarithmic mean if Lognormal)
and the standard deviation. According to Buchan [31], the Lognormal is more suitable in
describing PSD in soils.

The three-parameter Weibull distribution is defined by fitting, size, and shape param-
eters. Esmaeelnejad et al. [32] compared different models to describe soil PSD, concluding
that the Weibull model was the most accurate for all samples studied. Another three-
parameter distribution is the Swebrec distribution, introduced by Ouchterlony [33] to
predict PSD by rock blasting and crushing fragmentation. The parameters are the maxi-
mum size xmax, the size with 50% cumulative undersize x50 and the undulation parameter
b. In the work of Osorio et al. [34], the Swebrec model was evaluated in the wet grind-
ing process of quartz ore, obtaining an excellent fitting adjustment. Menéndez-Aguado
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et al. [35] presented the Swebrec distribution to fit sediment particle size distribution with
a high correlation between experimental and model data.

Table 2. Particle size distribution models.

Particle Size Models Cumulative Distribution Function Independent Variables

Gamma F(xi) = Γ(β, xi/α)
Γ(β)

α, β

Lognormal F(xi) = 1
2 + 1

2 er f
[

lnxi−µ√
2σ

]
GMD †, σ

Normal F(xi) = 1
2 + 1

2 er f
[

xi−µ√
2σ

]
µ, σ

Rosin–Rammler F(xi) = 1 − exp[−(
xi
λ )

k
] λ, k

Schuhmann F(xi) =
(

xi
K

)α
K, α

Swebrec F(xi) = 1

1+

[
ln( xmax

xi )
ln( xmax

x50 )

]b xmax, x50, b

†—Geometric Mean Diameter.

In this study, the model comparison was carried out using three statistical indices.
The adjusted R2 (Equation (1)) measures the discrepancy between predicted and observed
data [36]. Akaike’s information criterion (Equation (2)) examines the model goodness-
of-fit imposing penalties for additional fitting parameters [37]. Finally, the mean root of
squared error (RMSE) presented in Equation 3 is the residual error, i.e., the information not
contained in the model. The criteria selected are widely used in PSD model selection and
in assessing model prediction [25,29,32,36]. The adjusted R2 is a traditional goodness-of-fit
measurement, but it is mainly considered in linear models’ interpretation. Additionally, to
assure the model selection, RMSE and AIC were used. These criteria are more appropriate
to measure the goodness-of-fit in nonlinear models [28,38].

R2
adj = 1−

(
RSS

N−P
TSS
N−1

)
(1)

where RSS is the residual sum of squares, N is the number of PSD data points, P is the
number of independent variables in a particle size distribution model, and TSS is the total
sum of squares.

AIC = N· ln
(

RSS
N

)
+ 2P (2)

RMSE =

(
RSS
N

)0.5
(3)

A custom Python script was employed in the fitting procedure, which is provided
in the Supplementary Material. All models were compared with the experimental PSD
data using the least-squares method to find the best fitting parameters, and the model
presenting the best values of the three statistics were selected. The least-squares procedure
was obtained considering a nonlinear optimisation method, and the residual sum of squares
is calculated with the minimisation function established in Equation (4).

RSS =
n

∑
i=1

(
Pi,measure − Pi,predicted

)2
(4)

where Pi,measured and Pi,predicted represent experimental and model cumulative passing
material, respectively. Box plots were employed as graphical representation to provide
more insights into the different behaviour of PSD models. Finally, metallurgical coke’s
more stable grinding conditions are defined using a colour map graph about the two best
model parameters.
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3. Results
3.1. Comparison of PSD Models’ Goodness-of-Fit

Figure 2 depicts the Box plots of statistical indices. The model with the better goodness-
of-fit was obtained under descriptive statistics (see Table S1) considering the higher adjusted
R2, the smaller RMSE and lower AIC. The adjusted R2 (Figure 2a and Figure S1) provides
values greater than 0.95 in all models, excluding the GGS distribution, which produced
adjustments less than 0.8. The Schuhmann distribution data are widely spread out from
the mean with the larger standard deviation, as depicted in the Box plot. Lognormal and
Normal models explain completely well the experimental PSD with adjustments varying
between 0.95–0.99. However, the Lognormal model adjusted slightly better than Normal
model due to the great fitting in 4.00 cm grinding media. Gamma, Rosin-Rammler, and
Swebrec exhibit values close to 1.0 and relatively narrow dispersion data; therefore, they
were considered the models with superior fitting performance, providing an excellent PSD
prediction for the material.

Akaike’s information criteria (AIC) Box plot is shown in Figure 2b. It was used
to compare the model quality fit and identify the better fitting model, for an increment
in goodness-of-fit requires lower AIC values. The AIC results were consistent with R2

and RMSE estimations, achieving minimum values in Gamma, Rosin–Rammler, and
Swebrec distributions. However, the Swebrec model presented the least standard deviation.
Lognormal and GGS models depicted poor fits with large mean and standard deviation
values about AIC estimator.
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Figure 3 summarises the models’ criteria in a normalised bar chart. There are three
bars (adjusted R2, AIC, and RMSE) for each distribution, representing the fitting results.
GGS and Normal exhibit the larger RMSE values, while Lognormal function shows great
AIC values. In addition, GGS presents the lowest adjusted R2 and larger AIC (the closer
this criterion to one, the smaller its actual value). Gamma, RR and Swebrec distributions
illustrate the better value points according to the three selected criteria, indicating the
excellent correspondence between model prediction values and observed data. Though
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AIC penalised the model with additional parameters, the Swebrec model, which has three
independent variables, is among the better-fitting functions.
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3.2. Models’ Prediction Ability in Grinding Conditions

Figure 4 shows the PSD obtained (experimental and fitted) after different grinding
times in the laboratory ball mill, with 3.00 cm in diameter grinding media balls. The same
behaviour was observed in the case of 2.54 cm and 4.00 cm ball diameter (See Supplemen-
tary Material, Figures S2 and S3). The GGS model shows a more significant deviation under
all the evaluated grinding conditions. After one minute’s grinding, the predicted value
deviates from the experimental value. This model considers a linear relationship between
cumulative fraction and the particle diameter in the log-log scale, where the slope is the α

parameter, which does not describe the experimental metallurgical coke grinding product.
Normal and Lognormal distributions exhibit, in general, high goodness-of-fit. However,
as Normal PSD illustrates, the predicted results decrease at a longer grinding time and
smaller grinding media diameter. The Lognormal shows excellent fitting at grinding times
over 3 min with all ball sizes, especially with grinding media of 4.00 cm. The curve fitting
performance of Gamma, RR, and Swebrec are highly recommended for metallurgical coke
grinding products in all evaluated scenarios with an adjusted R2 range between 0.98–1.0.
Model parameter prediction ability for the three abovementioned models were suited
correctly with the ball size and grinding time values studied.
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3.3. Distribution Parameters’ Assessment

In light of the above results, Swebrec and RR models were selected to assess the
distribution parameters under different grinding conditions. Figure 5a depicts a rise in the
undulation parameter b as grinding time increases. Comparing the b parameter variation
with different grinding media is relatively stable until 3 min, after which superior b values
(b > 3) are achieved for all ball sizes. Smaller undulation parameters are obtained with
2.54 cm ball diameter and the larger ones with 4.00 cm diameter. This situation can be
associated with the ball energy delivery at grinding time under 3 min; the x50 (see Figure 5b)
remains directly related to the ball size, with the x50 at 2.54 cm being smaller than the x50 at
4.00 cm. The undulation parameter can indicate a change in fracture behaviour, ranging
from normal breakage at a shorter time and smaller grinding media, passing by chipping,
and finally, achieving material pulverisation at a longer time and larger ball diameter.

The λ and k RR parameters are illustrated in Figure 6. The particular behaviour of
the shape parameter λ (Figure 6a) between 0 to 8 min grinding time is evidenced. The
smaller parameter value, linked with the larger fines quantity, is formed using the ball
size range 2.54–3.00 cm. A widening is noticed at grinding times shorter than 2 min, with
3.00 and 4.00 cm ball sizes. Scale parameter k (Figure 6b) presents smaller values at longer
grinding times. The value increases from 2.54 to 3.00 cm, decreasing afterwards to 4.00 cm
ball size. Larger ball sizes (3.00 and 4.00 cm) lead to greater k values’ variation with the
grinding time.
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Table 3 shows the x50 values measured and predicted by the Swebrec model under
different grinding conditions. The median diameter decreases when increasing the grinding
time in all cases (as expected, due to the comminution action). The variation is different for
each ball diameter; higher grinding kinetics is observed in the case of 4.00 cm ball diameter
at grinding times longer than 2 min.

Table 3. Median diameter x50 according to Swebrec distribution, at different grinding times.

Grinding Time (min)

Ball Size (cm)

2.54 3.00 4.00

Measured Predicted Measured Predicted Measured Predicted

0.5 1015 1010.03 1520 1523.44 1605 1603.40
1.0 850 840.75 1400 1378.12 1380 1362.85
2.0 830 826.46 1250 1226.03 725 734.81
3.0 512 504.06 800 802.39 360 366.17
4.0 450 448.56 790 800.87 380 386.72
5.0 390 407.5 420 436.00 300 308.40
6.0 280 311.88 380 384.10 216 216.11
10 265 265.44 225 226.40 190 193.22
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4. Discussion

Grinding conditions influence the product PSD, and the accuracy of the fitting distri-
bution is highly dependent on the selected model. Statistical indexes used in this study,
namely adjusted R2, AIC, and RMSE, have been widely used to the goodness-of-fit as-
sessing of different PSD and have presented advantages in the models’ calibration by
least-squares method [25,29,32,35].

Both RR and Swebrec functions show excellent fitting performance for all grinding
conditions studied, whereas GGS indicated the poorest yield fitting. These results agree
with previous research, which reported better fitting of RR and Swebrec to grinding
products and an accurate description of PSD [26,34,39]. Menéndez-Aguado et al. [35]
compared different distribution models to sediments and found that the Swebrec model
had better performance than Normal, Lognormal, Weibull, and Gamma functions. The
undulation Swebrec parameter related to grinding conditions showed dependence on the
grinding time and the ball size but only after 4 min for the last mentioned condition. In the
case of grinding times less than 4 min, the b parameter seems to be independent of grinding
media. As the particle size decreases with the grinding process (Figures 4 and 5), the
undulation parameter value increases with high values when chipping action predominates
in the fracture process, resulting in a fines overproduction.

Regarding RR parameters, the shape parameter λ (Figure 6a) shows more stability in
the central region, which means that the distribution is highly affected by conditions at
lower and greater times. Meanwhile, at grinding times of 3–8 min, λ remains between 0.9–
1.2, indicating a more wide size interval and a lower slope in the PSD. The scale parameter
k (Figure 6b) presents a sensible change in the stability at 4 min grinding time. At grinding
time less than 4 min, 3.00 and 4.00 cm ball sizes produce a limited size range with the
feature that as ball size increases, the larger fragments do not break, resulting in larger
values of k and λ, and indicating an inefficient ball-particle interaction. This situation could
indicate that when using 3.00 and 4.00 cm grinding media, the dominant fragmentation
mechanism is the chipping abrasion instead of impact breakage.

Although GGS is a popular model used in many sectors, it does not present sound
goodness-of-fit in metallurgical coke PSD grinding products under the considered condi-
tions. The GGS predicts distribution with a linear relationship between cumulative weight
and particle size in the log-log scale. However, the actual metallurgical coke grinding
product shows higher percentage of fines than the model prediction. This result is aligned
with previously reported results, which found that the RR gets better PSD fitting than the
GGS model [24,40,41].

The Gamma distribution offers an excellent approximation to predict metallurgical
coke PSD, but the statistical parameters were more lacking than in the Swebrec and RR
models. As shown in Figures 2 and 4, the Gamma function has some outliers in the adjusted
R2 due to shorter grinding times.

Under the grinding test conditions, the production of fines accelerates with all grinding
media tested after 3–4 min, producing a widening of the PSD. It has been established in
previous studies that the grinding efficiency is related to ball size selection [42–44]. Over
time, the metallurgical coke breakage in 4.0 cm balls presents significant variation with
undergrinding for 0.5–1 min and overgrinding to grinding time from 3–10 min; 4.00 cm
grinding media is perhaps too large, creating voids inside the ball charge and generating
less normal forces into particles. These results are consistent with Austin et al. [45] and
Khumalo et al. [46] results, which established that the larger ball size action is directed
to larger particles whereas small grinding media action is preferent on finer particles.
Additionally, Austin et al. [45] proposed that the impact force of collision involving large
ball sizes gives larger quantities of fines and more catastrophic fracture behaviour. Ball
sizes of 2.54 and 3.00 cm evidence small sudden changes in median diameters. However,
lower ball size produces lesser x50 sizes, considering balls of 3.00 cm show more grinding
to achieve a defined particle size than balls of 2.54 cm. The relationship between ball-
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particle size for breaking metallurgical coke improves with small ball sizes, possibly due to
increased collision frequency.

The assessment of the coke grinding product comparing different particle size func-
tions was carried out. The Swebrec distribution function presented outstanding fitting
conditions in grinding products compared to traditional distributions. It is interesting to
note that Swebrec parameters, such as GGS and RR models, are related to the fine particles’
produced quantities. Therefore, in agreement with other authors [26,34,35], Swebrec func-
tion’s employment could pose a good alternative to evaluate and control PSD in grinding
processes and small particles. Additionally, the metallurgical coke particle range addressed
in this study is considered a critical point in steelmaking, especially in sinter plants. The su-
perior sinter properties have been obtained with 3.35 mm undersize [15–17]. As mentioned
above, coke particle size influence the sinter porosity, microstructural phases and thermal
properties of the sinter bed. The metallurgical coke PSD evaluation in the range between
3.35 mm to 0.212 mm is consistent with Umadevi et al. [15], which found that the use of
this size range increases the calcium ferrite phase and decreases the number of the bigger
pore size, thus decreasing coke quality and the coke strength index. On the other hand,
Dabbagh et al. [16] evaluated the coke PSD effect on the maximum temperature of the
sinter bed and the flame front velocity, finding that the particles ranging from 3.35 mm to
0.212 mm increase the heat production and favour the diffusive processes of the sinter bed.

5. Conclusions

Several PSD models were evaluated on metallurgical coke grinding products using
adjusted R2, root means of square error (RMSE) and Akaike’s information criterion (AIC)
as statistical indices. Variety of grinding media size and grinding time were employed to
investigate the goodness-of-fit to PSD models based on different grinding conditions.

• The two better-fitting models, considering grinding media size and grinding time
variations, were Swebrec and RR distribution models, presenting superior goodness-of
fit-to all defined behaviour conditions.

• The Swebrec distribution undulation parameter b showed larger values to all ball sizes
after grinding 4 min with high data at 4.00 cm ball size.

• The Rosin–Rammler λ parameter does not show a defined tendency with grinding
conditions. However, with a 2.54 cm ball size, a less spread-out PSD is obtained,
ranging λ values between 0.9–1.20. k parameter values are clearly defined with lesser
sizes and greater ball size and grinding times.

• The Swebrec and RR models predicted well the metallurgical coke grinding prod-
uct PSD. Regarding the Swebrec distribution function, it presented excellent fitting
conditions in grinding products compared to traditional distributions.

• Oversized and ultrafine particles were found with 4.00 cm ball size depending on
the grinding time. The 2.54 cm ball size results showed a slight variation of particle
median diameter with time, while 3.00 cm ball size required more grinding time to
reduce metallurgical coke particle size.

• The PSD model goodness-of-fit strongly depended on metallurgical coke grinding con-
ditions.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/
10.3390/met11081288/s1, Figure S1: Box plot to compare the particle size models base on adjusted
R2 criterion, excluding Gates Gaudin Schuhmann distribution, Figure S2: Cumulative distribution
functions with 2.54 cm ball size, at different grinding times, Figure S3: Cumulative distribution
functions with 4.0 cm ball size, at different grinding times, Table S1: Statistical descriptors for three
criteria, Table S2: Custom script to determine fitting parameter by least square method.
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