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ABSTRACT

Context. High-z submillimetre galaxies can be used as a background sample for gravitational lensing studies thanks to their mag-
nification bias. In particular, the magnification bias can be exploited in order to constrain the free parameters of a halo occupation
distribution (HOD) model and some of the main cosmological parameters. A pseudo-tomographic analysis shows that the tomographic
approach should improve the parameter estimation.
Aims. In this work the magnification bias has been evaluated as cosmological tool in a tomographic set-up. The cross-correlation
function (CCF) data have been used to jointly constrain the astrophysical parameters Mmin, M1, and α in each of the selected redshift
bins as well as the cosmological parameters ΩM , σ8, and H0 for the lambda cold dark matter (ΛCDM) model. Moreover, we explore
the possible time evolution of the dark energy density by also introducing the ω0, ωa parameters in the joint analysis (ω0CDM and
ω0ωaCDM).
Methods. The CCF was measured between a foreground spectroscopic sample of Galaxy And Mass Assembly galaxies and a back-
ground sample of Herschel Astrophysical Terahertz Large Area Survey (H-ATLAS) galaxies. The foreground sample was divided
into four redshift bins (0.1–0.2, 0.2–0.3, 0.3–0.5, and 0.5–0.8) and the sample of H-ATLAS galaxies has photometric redshifts >1.2.
The CCF was modelled using a halo model description that depends on HOD and cosmological parameters. Then a Markov chain
Monte Carlo method was used to estimate the parameters for different cases.
Results. For the ΛCDM model the analysis yields a maximum posterior value at 0.26 with [0.17, 0.41] 68% C.I. for ΩM and at 0.87
with [0.75, 1] 68% C.I. for σ8. With our current results H0 is not yet constrained. With a more general ω0CDM model, the constraints
on ΩM and σ8 are similar, but we found a maximum posterior value for ω0 at −1 with [−1.56,−0.47] 68% C.I. In the ω0ωaCDM
model, the results are −1.09 with [−1.72,−0.66] 68% C.I. for ω0 and −0.19 with [−1.88, 1.48] 68% C.I. for ωa.
Conclusions. The results on Mmin show a trend towards higher values at higher redshift confirming recent findings. The tomographic
analysis presented in this work improves the constraints in the σ8 − ΩM plane with respect to previous findings exploiting the mag-
nification bias and it confirms that magnification bias results do not show the degeneracy found with cosmic shear measurements.
Moreover, related to dark energy, we found a trend of higher ω0 values for lower H0 values.
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1. Introduction

The gravitational lensing effects of area stretching and amplifi-
cation cause in general an apparent modification of the number
of high-redshift sources observed in the proximity of low-
redshift structures (see e.g., Schneider et al. 1992). This effect,
called magnification bias, thus increases the probability of
such sources being included in a flux-limited sample (see e.g.,
Aretxaga et al. 2011). As a result, a non-negligible signal is
expected when computing the cross-correlation function (CCF)

? The cleaned MCMC chains for the ΛCDM, ω0CDM, and
ω0ωaCDM cases are only available at the CDS via anonymous ftp
to cdsarc.u-strasbg.fr (130.79.128.5) or via http://cdsarc.
u-strasbg.fr/viz-bin/cat/J/A+A/656/A99

between two source samples with non-overlapping redshift dis-
tributions, for example galaxies and quasars (Scranton et al.
2005; Ménard et al. 2010), Herschel sources and Lyman-break
galaxies (Hildebrandt et al. 2013), and the cosmic microwave
background (CMB, Bianchini et al. 2015, 2016).

Throughout this work we use submillimetre galaxies (SMGs)
as the background sample. Given their steep luminosity func-
tion, very faint emission in the optical band, and typical red-
shifts of z > 1−1.5, they are an optimal sample (see e.g., dis-
cussion on their boost in fluxes in Aretxaga et al. 2011) for the
CCF studies when used as background sample, as confirmed
for example in Blain (1996), Negrello et al. (2007, 2010, 2017),
González-Nuevo et al. (2012, 2021), Bussmann et al. (2012,
2013), Fu et al. (2012), Wardlow et al. (2013), Calanog et al.
(2014), Nayyeri et al. (2016), and Bakx et al. (2020). In addition,
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Dunne et al. (2020) report a serendipitous direct observation of
high-redshift SMGs around a statistically complete sample of
12 250 µm selected galaxies at z = 0.35, which were targeted by
ALMA in a study of gas tracers.

Moreover, the magnification bias signal by SMGs was
observed by Wang et al. (2011) and measured at >10σ
by González-Nuevo et al. (2014). Such measurements were
improved and used in studies within the halo model formal-
ism in González-Nuevo et al. (2017) to conclude that the lenses
are massive galaxies or even galaxy groups and/or clusters,
with a minimum mass of Mlens ∼ 1013 M�. Along the same
line, Bonavera et al. (2019) used the magnification bias signal
to study the mass properties of a sample of quasi-stellar objects
(QSOs) at 0.2 < z < 1.0 acting as a signpost for a lens, yielding a
minimum mass of Mmin = 1013.6+0.9

−0.4 M� and suggesting that the
lensing effect is produced by a cluster-size halo near the QSOs
positions. Furthermore, Cueli et al. (2021) assessed the potential
of magnification bias CCF measurements as a way of constrain-
ing the halo mass function according to two common parametri-
sations (the Sheth & Tormen and the Tinker fits), finding general
agreement with traditional values along with a hint at a slightly
higher number of halos at intermediate and high masses for the
Sheth & Tormen fit.

Since the gravitational deflection of light travelling close to
the lenses depends on cosmological distances and galaxy halo
properties, magnification bias can be used as an independent cos-
mological probe to address the estimation of the parameters in
the standard cosmological model. In Bonavera et al. (2020), the
measurements of this observable are used in a proof of concept
with the purpose of constraining some cosmological parameters,
finding interesting limits for ΩM (>0.24 as a 95% C.I.) and σ8
(<1.0 as a 95% C.I.). Finally, in González-Nuevo et al. (2021),
different biases in the source samples are analysed and corrected
in order to obtain the optimal strategy to precisely measure and
analyse unbiased CCFs at cosmological scales. Even if measure-
ments based on different observables (CMB anisotropies, Big
Bang nucleosynthesis, SNIa observations, BAOs; Hinshaw et al.
2013; Planck Collaboration XIII 2016; Planck Collaboration VI
2020; Fields & Olive 2006; Betoule et al. 2014; Ross et al.
2015) are in general agreement with the current lambda cold
dark matter (ΛCDM) model, the need for independent cosmo-
logical probes is driven by the fact that recently there have
been some hints that suggest a modification of this frame-
work, such as the Hubble constant’s differing measurements
(H0 = 74.03 ± 1.42 km s−1 Mpc−1 and 67.4 ± 0.5 km s−1 Mpc−1

by Riess et al. (2019) and Planck Collaboration VI (2020),
respectively) and the degenerate ΩM and σ8 relationship
(e.g., Heymans et al. 2013; Planck Collaboration XXIV 2016;
Hildebrandt et al. 2017; Planck Collaboration VI 2020).

A plethora of works have addressed the issue of probing the
distribution of mass in the Universe via measurements of cosmic
shear, the gravitational lensing effect causing a coherent distor-
tion of galaxy images. Performed for the first time at the begin-
ning of the millennium (Bacon et al. 2000; Van Waerbeke et al.
2000; Wittman et al. 2000; Rhodes et al. 2001), cosmic shear
measurements have benefited from a rapid and considerable
refinement of its methodology in order to analyse the results
from recent weak lensing surveys such as the Dark Energy Sur-
vey (DES; Dark Energy Survey Collaboration 2016), the Kilo-
Degree Survey (KiDS; de Jong et al. 2013), and the Hyper
Suprime-Cam survey (HSC; Aihara et al. 2018). Constraints on
ΩM , σ8, and the dark energy equation-of-state parameter (ω)
have thus been obtained in recent works (e.g., Hildebrandt et al.
2017; Troxel et al. 2018; Hikage et al. 2019) by means of a

tomographic analysis, that is, by splitting the redshift distribu-
tion of galaxies in several bins and measuring the shear CCF
between galaxies in different bins (Hu 1999).

Analogously to what is done in shear studies, a tomographic
analysis might improve the results on the cosmological parame-
ters, particularly by allowing a better estimation of the halo occu-
pation distribution (HOD) parameters. Slightly different values
for these parameters are expected when probed in separate red-
shift bins. This is demonstrated in González-Nuevo et al. (2017),
where tomographic studies on the HOD parameters are also per-
formed by splitting the foreground sample in four bins of red-
shift, namely 0.1 < z < 0.2, 0.2 < z < 0.3, 0.3 < z < 0.5
and 0.5 < z < 0.8. It has been found that while Mlens

1 is almost
redshift independent, there is a clear evolution in Mlens

min , which
increases with redshift in agreement with theoretical estimations.
Moreover, González-Nuevo et al. (2021) use a background sam-
ple of the Herschel Astrophysical Terahertz Large Area Survey
(H-ATLAS) galaxies with photometric redshifts z > 1.2 and two
independent foreground samples, Galaxy And Mass Assembly
(GAMA) galaxies with spectroscopic redshifts and Sloan Digi-
tal Sky Survey (SDSS) galaxies with photometric redshifts, with
0.2 < z < 0.8 in order to perform a simplified tomographic anal-
ysis, obtaining constraints on the cosmological parameters ΩM
(0.50+0.14

−0.20) and σ8 (0.75+0.07
−0.10) as a 68% C.I.

This work constitutes a step forward from Bonavera et al.
(2020). We explore the possibility of improving the constraints
on ΩM , σ8, and H0 by adopting the unbiased samples of
González-Nuevo et al. (2021) and introducing a tomographic
analysis by jointly estimating the HOD parameters in four differ-
ent bins of redshift along with the aforementioned cosmological
parameters. We also add the possibility of allowing different val-
ues for the dark energy equation of state parameter, ω, to study
the possible redshift evolution of the predominant energy contri-
bution of the Universe.

For a flat cosmology with a constant dark energy equation of
state, Allen et al. (2008) found ω = −1.14 ± 0.31, using Chandra
measurements of the X-ray gas mass fraction in 42 galaxy clusters.
When combining their data with independent constraints from
cosmic microwave background and SNIa studies, they obtain
improved value of ω= − 0.98 ± 0.07. In Suzuki et al. (2012), for
the same constant-ω model, SNe Ia alone give ω= − 1.001+0.348

−0.398
and SNe combined with the constraints from BAO, CMB, and H0
measure ω = −1.013+0.068

−0.073 (68% C.I.). Planck Collaboration VI
(2020) set the tightest constraints from the combination of Planck
TT,TE,EE+lowE+lensing+SNe+BAO toω0 = −1.03± 0.03, but
when using Planck TT,TE,EE+lowE+lensing alone is consid-
erably less constraining (see Fig. 30 in Planck Collaboration VI
2020); for example, they obtain ω0 = −1.56+0.19

−0.39 (68% C.I.)
with the baseline model base_w_plikHM_TT_lowl_lowE.
When the ωa parameter is not fixed to ωa = 0, they find
the tightest constraints for the data combination Planck
TT,TE,EE+lowE+lensing+BAO+SNe to ω0 = − 0.957 ± 0.080
and ωa = − 0.29+0.32

−0.26 (68% C.I.), but ω0 = −0.76 ± 0.20 and
ωa = − 0.72+0.62

−0.54 (68% C.I.) Planck+BAO/RSD+WL (see
Table 6 in Planck Collaboration VI 2020) and ω0 = − 0.59+0.29

−0.26
and ωa = − 1.33 ± 0.79 (68% C.I.) for the baseline
base_w_wa_plikHM_TT_lowl_lowE_BAO (parameter grid
table in the PLA).

For ωa Alam et al. (2017) find a value of −0.39 ± 0.34
with a cosmological analysis of BOSS Galaxies combin-
ing Planck+BAO+FS+SN and a value of −1.16 ± 0.55 with
Planck+BAO. They also find a strong ω0 − ωa correlation.

Results on the ω parameter have also been provided by the
Dark Energy Survey (DES Abbott et al. 2018) Year1. From a
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Fig. 1. Normalised redshift distribution of the background (red line)
and foreground (blue line) samples. The coloured areas represents the
selected ranges of redshift: in red the 1.2 < z < 4.0 interval for the
background SMGs sample and in different shades of blue the 0.1 < z <
0.2, 0.2 < z < 0.3, 0.3 < z < 0.5, and 0.5 < z < 0.8 bins for the
foreground GAMA galaxies.

starting point using only the Y1 ξ±(θ) information, a value was
found of ω = −0.99+0.33

−0.39 at 68% C.I. By combining different
observations, the best finding is ω = −1.00+0.05

−0.04 for the DES
Y1+Planck+JLA+BAO combination at 68% C.I. An improve-
ment of 12% is reported by Porredon et al. (2021) from the
combination of galaxy clustering and galaxy-galaxy lensing by
optimising the lens galaxy sample selection using information
from DES Year3 data and assuming the DES Year1 METACALI-
BRATION sample for the sources. Recently, DES Collaboration
(2021) have found a value of ω = −0.98+0.32

−0.20 with the DES Y3
3×2pt analysis.

This paper is organised as follows. Section 2 provides a
description of the data used in this work. Section 3 presents
the methodology we followed in the measurement, modelling,
and study of our observable. The results we obtained on the
astrophysical constraints with a fixed ΛCDM cosmology are
described in Sect. 4, and those on the cosmological constraints
in Sect. 5. Finally, Sect. 6 summarises the conclusions that can
be drawn from our findings.

2. Data

In this work we use the same background and foreground
samples as in Bonavera et al. (2020), and the CCF data are
computed according to the mini-Tiles scheme detailed in
González-Nuevo et al. (2021). We prefer the mini-Tiles to the
Tiles scheme because of the minimum surface area correc-
tions required and the better statistics (about 96 mini tiles of
≈2 × 2 deg2, to be compared with about 24 different tiles of
≈4 × 4 deg2 each).

The foreground sources are selected in the GAMA II spec-
troscopic survey (Driver et al. 2011; Baldry et al. 2010, 2014;
Liske et al. 2015). They consist of ∼225 000 galaxies with spec-
troscopic redshifts of 0.1 < z < 0.8 and a median value of zmed =
0.28. The same sample was used in González-Nuevo et al.
(2017, 2021), and Bonavera et al. (2020), and is referred to as
the zspec sample in the last of the three. In this work we divided
the foreground sample into four redshift bins: 0.1−0.2, 0.2−0.3,
0.3−0.5, and 0.5−0.8. These redshift ranges were chosen in order

to obtain a similar number of sources in each bin. Moreover, with
respect to our previous works, we included sources at lower red-
shifts (0.1–0.2) in order to add some potentially useful informa-
tion for the tomographic analysis. Figure 1 shows the redshift
distribution of the background sources and the regions that rep-
resent the four selected bins of redshift. Since the spectroscopic
redshifts for the foreground sources have negligible errors, there
is no overlap in the redshift distribution among bins and no
source is misplaced in the wrong bin.

The background sample consists of Herschel (Pilbratt et al.
2010; Eales et al. 2010) sources detected in the three GAMA
fields (total area of ∼147 deg2) and the part of the south galac-
tic region (SGP) that overlaps with the foreground sample
(∼60 deg2). Details concerning the generation of the H-ATLAS
catalogue can be found in Ibar et al. (2010), Pascale et al.
(2011), Rigby et al. (2011), Valiante et al. (2016), Bourne et al.
(2016), and Maddox & Dunne (2020). A photometric redshift
selection of 1.2 < z < 4.0 has been applied to ensure no
overlap in the redshift distributions of lenses and background
sources (red area in Fig. 1), thus being left with 57930 galax-
ies (∼24% of the initial sample). The process of redshift esti-
mation is described in detail in González-Nuevo et al. (2017)
and Bonavera et al. (2019). It consists in a minimum χ2 fit to
the SPIRE data, and to PACS data when available, of the SMM
J2135-0102 template SED (the Cosmic Eyelash at z = 2.3;
Ivison et al. 2010; Swinbank et al. 2010). It has been found
to be the best overall template having ∆z/(1 + z) = −0.07
with a 0.153 dispersion (Ivison et al. 2016; Lapi et al. 2011;
González-Nuevo et al. 2012).

The background redshift distribution used during the analy-
sis (red line) is the estimated p(z|W) of the galaxies selected by
our window function (i.e. a top hat for 1.2 < z < 4.0), taking
into account the effect of random errors in photometric redshifts
on the redshift distribution, as done in González-Nuevo et al.
(2017). In the same work it is concluded that the possible cross-
contamination (sources at lower redshift, z < 0.8, with pho-
tometric redshifts >1.2) can be considered statistically negligi-
ble even when considering the photometric redshift uncertainties
(see González-Nuevo et al. 2017, and references therein).

3. Methodology

3.1. Foreground angular auto-correlation function

First of all, we performed an auto-correlation analysis on the
GAMA sample to obtain a first estimate of the HOD param-
eters for the foreground sample. As in Bonavera et al. (2020),
we relied just on the H-ATLAS fields G09, G12, and G15 and
selected the normalising redshift quality (column NQ) greater
than 2 and the spectroscopic redshift (column Z) in the range
0.05 < zspec < 0.6, resulting in a sample with zmed = 0.23.

In each field the number density of galaxies is estimated
as Vfield = Afield · ∆dC , where ∆dC is the comoving dis-
tance difference between the chosen maximum and minimum
redshifts and Afield is the area of the field, computed as in
Bonavera et al. (2020). The angular auto-correlation function
w(θ) is estimated with the Landy-Szalay estimator (Eq. (1),
Landy & Szalay 1993),

w̃(θ) =
DD(θ) − 2DR(θ) + RR(θ)

RR(θ)
, (1)

where DD, DR, and RR are the normalised data-data, data-
random, and random-random pair counts for a given angular
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separation θ. Its errors are obtained by extracting 128 bootstrap
samples from each field.

According to the halo model formalism (see e.g.,
Cooray & Sheth 2002), the average number density of galaxies
at a given redshift can be expressed as

ng(z) =

∫ Mmax

Mmin

〈Ng〉(M)n(M, z) dM, (2)

where n(M, z) is the halo mass function, which we assume to
match the Sheth & Tormen fit in this work (Sheth & Tormen
1999), and Ng(M) = Ncen(M) + Nsat(M) is the mean num-
ber of galaxies in a halo of mass M, which we split into
contributions from central and satellite galaxies, respectively.
As in Bonavera et al. (2020), we adopt the three-parameter
(α,Mmin,M1) HOD model by Zheng et al. (2005), where Mmin is
the minimum halo mass required to host a (central) galaxy, and
M1 and α describe the power-law behaviour of satellite galax-
ies: Nsat(M) = (M/M1)α. Moreover, we assume the projected
two-point correlation function (obtained using the standard Lim-
ber approximation), w(rp, z), approximately constant in the given
redshift bins [z1, z2]. This is a good approximation considering
that the auto-correlation varies less than 10% between different
bins, and thus even less inside a single bin (see Fig. A.1). In any
case, the variation is smaller than the error bars. Therefore, the
angular auto-correlation function can be approximated as

w(θ, z) ≈
[∫ z2

z1

dz
dV(z)

dz
n2

f (z)
]
·w[rp(θ), z)] = A ·w[rp(θ), z)], (3)

where dV/dz is the comoving volume unit, n f (z) is the nor-
malised redshift distribution of the foreground population, and z̄
denotes the mean redshift of the interval. In this way the normal-
isation factor, A, can be taken into account as a free parameter
along with Mmin,M1, and α, which simplifies and speeds up the
calculations.

3.2. Foreground-background angular CCF

Having performed a preliminary analysis of the auto-correlation
within the foreground sample, we now turn to the corresponding
analysis with the CCF, the actual main observable we mean to
probe. As described in detail in González-Nuevo et al. (2017)
and Bonavera et al. (2020), its measurement is performed via
a modified version of the Landy & Szalay (1993) estimator
(Herranz et al. 2001),

w̃ f b(θ) =
D f Db(θ) − D f Rb(θ) − DbR f (θ) + R f Rb(θ)

R f Rb(θ)
, (4)

where D f Db, D f Rb, DbR f , and R f Rb are the normalised
foreground-background, foreground-random, background-
random, and random-random pair counts for a given angular
separation θ.

The tiles scheme is the one described in
González-Nuevo et al. (2021) and referred to as mini-Tiles
therein, shown with red points in Fig. 2. The selected redshift
bins are 0.1−0.2 (top left), 0.2−0.3 (top right), 0.3−0.5 (bottom
left), and 0.5−0.8 (bottom right). The measurement was com-
puted as in Bonavera et al. (2020), the only difference being that
median values were preferred because splitting the data into
bins of redshifts reduces the statistics. For each redshift bin, we
jointly estimate the corresponding HOD parameters together
with the cosmological parameters. The only difference with
respect to the auto-correlation analysis is that, in the CCF case,

the HOD describes only those galaxies and satellites acting as
lenses, not the statistical properties of the full sample.

For the theoretical description, we adopt once again
the halo model formalism by Cooray & Sheth (2002), as in
González-Nuevo et al. (2017) and Bonavera et al. (2019, 2020),
and compute the foreground-background source CCF adopting
the standard Limber (Limber 1953) and flat-sky approximations
(see e.g., Kilbinger et al. 2017, and references therein) as

w f b(θ) = 2(β − 1)
∫ ∞

0

dz
χ2(z)

n f (z)W lens(z)∫ ∞

0
dl

l
2π

Pgal−dm(l/χ2(z), z)J0(lθ), (5)

where

W lens(z) =
3
2

H2
0

c2

[ E(z)
1 + z

]2 ∫ ∞

z
dz′

χ(z)χ(z′ − z)
χ(z′)

nb(z′), (6)

nb(z) (n f (z)) is the unit-normalised background (foreground) red-
shift distribution, χ(z) is the comoving distance to redshift z,
J0 is the zeroth-order Bessel function of the first kind, and
β is the logarithmic slope of the background sources number
counts N(S ) = N0S −β, which is assumed to be β = 3 (as
in Lapi et al. 2011, 2012; Cai et al. 2013; Bianchini et al. 2015,
2016; González-Nuevo et al. 2017; Bonavera et al. 2019). The
quantity

E(z) ≡
√

ΩM(1 + z)3 + ΩDE f (z),

which neglects all contributions to the energy density from cur-
vature or radiation, includes a redshift-dependent function f (z)
that considers the potential time evolution of the dark energy
density. By assuming that the barotropic index of dark energy is
given by

ω(z) = ω0 + ωa
z

1 + z
, (7)

one easily obtains that the dark energy density evolves with red-
shift as ρ(z) = ρ0 f (z), where

f (z) = (1 + z)3(1+ω0+ωa)e−3ωa
z

1+z (8)

and ρ0 is the dark energy density at z = 0. Equivalently, the red-
shift evolution of the dark energy density parameter is given by

ΩDE(z) =
ΩDE f (z)

ΩM(1 + z)3 + ΩDE f (z)
. (9)

It should be noted that the cosmological constant is recovered by
setting ω0 = −1 and ωa = 0.

Some comments should be made regarding the halo mod-
elling of the galaxy-dark matter power spectrum in Eq. (5),
Pgal−dm(k, z). As in the auto-correlation analysis, we use the
HOD model of Zheng et al. (2005) to describe how galax-
ies populate dark matter halos. Additionally, halos are identi-
fied as spherical regions with an overdensity equal to its virial
value, which is estimated at every redshift using the approxima-
tion of Weinberg & Kamionkowski (2003). We adopt the usual
NFW halo density profile (Navarro et al. 1996) and concentra-
tion parameter given in Bullock et al. (2001).

Lastly, the cross-correlation is computed between each indi-
vidual bin and the background sample, and not among the differ-
ent bins. Thus, there are only two possible ways to introduce
a cross-contamination between different foreground bins. The
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Fig. 2. CCF data computed on Herschel SMGs (as background sample) and GAMA galaxies (as lenses sample) in the mini-Tiles data sets (red
points) for the different redshift bins (from left to right, top to bottom): 0.1–0.2 (Bin1), 0.2–0.3 (Bin2), 0.3–0.5 (Bin3), and 0.5–0.8 (Bin4). The
empty circles are the data discarded from the MCMC analysis, as explained in the text. The best fits performed in this work are also shown: the
runs allowing for astrophysical parameters only (solid line) and for astrophysical and cosmological parameters: σ8, ΩM , and h (dotted line); σ8,
ΩM , h, and ω0 (dashed line); and σ8, ΩM , h, ω0, and ωa (dash-dotted line). In the left panel the peaks of the marginalised 1D posterior distributions
are used, and in the right panel the mean is used.

first, only important at small angular scales, would be the
unlikely double lensing event or the alignment along the line
of sight of at least three galaxies: two lenses in two different
bins of the foreground sample and a source from the background
sample. Considering the typical lensing probability, O(10−3), the
double-lensing probability would be ofO(10−6), thus completely
negligible from the statistical point of view.

The second possibility is related to a background source
amplified by a lens belonging to a higher redshift bin that appears
by chance at intermediate angular separation from a foreground
galaxy belonging to a lower redshift bin. From the point of
view of the lower redshift bin sample, as the lens and the fore-
ground galaxy are not physically related, this magnified back-
ground source is indistinguishable from the other background
field galaxies. In other words, this background source is taken
into account both from the data and the random pairs counting,
cancelling out any potential contribution to the final measured
CCF for the lower redshift bin sample. For this reason, this sec-
ond potential cross-contamination is also negligible. Therefore,
the CCFs estimated for the different foreground redshift bins can
be considered statistically independent.

3.3. Parameter estimation

The estimation of parameters is carried out via a Markov
chain Monte Carlo (MCMC) algorithm, performed using the
open source emcee software package (Foreman-Mackey et al.
2013), which is an MIT licensed pure-Python implementa-
tion of the Affine Invariant MCMC Ensemble sampler by
Goodman & Weare (2010). In each MCMC run the number of
walkers is set to four times the number of parameters to be esti-
mated, N, and the number of iterations is chosen between 3000
and 5000. Therefore, up to 20000N posterior samples are gener-
ated per run. With these posteriors, we then compute an average
autocorrelation time, τ, of the estimated autocorrelation times
for each parameter (with the get_autocorr_time() function).
Next we process the MCMC output by introducing a burn-in of
2τ and a thinning of τ/2 when flattening the chain1. The result-
ing chains differ in length for each case, which depends not only

1 As suggested in the tutorials section of the official emcee3.0.2 doc-
umentation at https://emcee.readthedocs.io/en/stable/

on the different number of walkers used in the MCMC run, but
also on the τ value on each case. We lastly test the convergence
of the chains using GETDIST (Lewis 2019).

As already discussed, in the most basic run the astro-
physical parameters to be estimated in our analysis are Mmin,
M1, and α (different for each redshift bin), while the cos-
mological parameters are ΩM , σ8, and h (defined via H0 =
100 h km s−1Mpc−1) since with the current samples we cannot
constrain Ωb, ΩDE, and ns yet. Consequently, we assume a flat
universe with ΩDE = 1 − ΩM and keep the rest fixed to the best-
fit Planck Collaboration VI (2020) values of Ωb = 0.0486 and
ns = 0.9667. As already explained, this tomographic analysis
also introduces the possibility of a redshift variation of the dark
energy density and allows us to explore beyond ΛCDM by esti-
mating the ω0 and ωa parameters, according to Eq. (7). More-
over, given that we are in the weak lensing approximation (see
Bonavera et al. 2019, for a detailed discussion), only the CCF
data in this regime (θ ≥ 0.2 arcmin) are being taken into account
(red filled circles in Fig. 2).

Within the Bayesian approach to parameter estimation, both
a prior and a likelihood distribution need to be specified. For the
latter a traditional Gaussian likelihood function is used. Taking
into account the spectroscopic redshifts of the foreground sam-
ple (i.e. no overlap between bins) and that the different CCFs
can be considered statistically independent (i.e. negligible cross-
contamination), there is no need to take into account the covari-
ance inside the likelihood function.

With regard to the selection of the astrophysical parameter
priors, we perform a preliminary MCMC run on astrophysical
parameters only (setting all cosmological parameters to Planck
values) with flat (uniform) priors on each redshift bin corre-
sponding to those of Bonavera et al. (2020). With this test we
conclude that Bin 1 results indicate lower masses for the lenses:
the galaxies in this redshift bin are very local, so their mass
is smaller than that estimated in Bonavera et al. (2020) and we
need a smaller value for Mmin. On the other hand, Bin 4 needs
higher priors for Mmin: either the mass of the lenses is big-
ger at higher redshifts or we need higher mass to measure the
lensing effect. As a consequence, considering that masses are
likely to increase with redshift, we decide to set the follow-
ing uniform priors for the astrophysical parameters in redshift
bin i:
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Fig. 3. One-dimensional posterior distributions of the HOD parameters log (Mmin/M�), log (M1/M�), and α (from left to right) in each redshift bin
for the auto-correlation run. Results for Bins 1–4 are depicted as black solid, red dashed, blue dotted, and green dash-dotted lines, respectively.

log Mmin ∼ U[ai, bi], where

[a1, b1] = [10.0, 13.0] [a2, b2] = [11.0, 13.0],
[a3, b3] = [11.5, 13.5] [a4, b4] = [13.0, 15.5];

log M1 ∼ U[ci, di], where

[c1, d1] = [12.0, 15.5] [c2, d2] = [12.0, 15.5],
[c3, d3] = [12.5, 15.5] [c4, d4] = [13.0, 15.5];

and α ∼ U[0.5, 1.5] for all bins. Such values are different from
the flat priors ranges set for the auto-correlation case (log Mmin ∼

U[9, 16], log M1 ∼ U[9, 16] and α ∼ U[0.1, 2.5]): they are
still included in the wider auto-correlation priors, but knowing
already the outcome of the preliminary run, they have been cho-
sen to be smaller in order to avoid possible waste of iteration in
the runs. As regards the prior distributions of the cosmological
parameters to be estimated, they are set to the same ones used
in Bonavera et al. (2020): ΩM ∼ U[0.1−0.8], σ8 ∼ U[0.6−1.2],
and h ∼ U[0.5−1.0]. The ω0 and ωa uniform priors were chosen
to follow theU[−2.0, 0.0] andU[−3.0, 3.0], respectively.

4. Astrophysical constraints with fixed ΛCDM
cosmology

This section is dedicated to discussing the results from runs
where the astrophysical parameters were the only free param-
eters within a Planck ΛCDM cosmology using the auto- and
cross-correlation function measurements. The corner plots and
more detailed results of all the cases described here are provided
in Appendices A and B.

4.1. Auto-correlation analysis

The priors and results for the auto-correlation run are listed in
Table A.1: from left to right, the columns denote the redshift
bin, the parameter in question, its prior distribution and the mean
(µ), median, 68% credible interval and peak of its marginalised
1D posterior distribution. Figure 3 depicts the one-dimensional
posterior distributions of the astrophysical parameters for this
run: from left to right, log Mmin, log M1, and α for Bin 1 (black
solid line), Bin 2 (red dashed line), Bin 3 (blue dotted line), and
Bin 4 (green dash-dotted line).

An increase with redshift in log Mmin is observed, the peak in
the posterior distributions being at values of 11.55, 11.95, 12.60,
and 13.38, from Bin 1 to Bin 4. This is due to a typical selection
effect: at a higher redshift, objects with a higher luminosity are

more likely to be observed (see Fig. 23 in Driver et al. 2011).
The same increase is present in the plot for log M1, peaking at
12.74, 13.06, and 13.76 in Bin 1, Bin 2, and Bin 3, respectively.
This parameter does not display a peak for Bin 4, as happens
for α, which cannot be constrained in this redshift interval. As
regards the rest of the bins, α peaks at almost the same value in
Bin 1 and Bin 2 (1.07 and 1.08, respectively) and at a slightly
higher value (1.28) in Bin 3.

4.2. CCF analysis

As already discussed, we first performed a MCMC run on
only the astrophysical parameters in all four redshift bins, the
cosmology being fixed to Planck values. The resulting cor-
ner plots for each bin are depicted in Fig. B.1, and the corre-
sponding marginalised posterior distributions are summarised in
Table B.1. The one-dimensional posterior distributions for the
log Mmin, log M1, and α parameters are shown in Fig. 4 (from
left to right) for the four different bins (black solid, red dashed,
blue dotted, and green dash-dotted lines for Bin 1, 2, 3, and 4,
respectively).

The results regarding Mmin show a general agreement with
what is found in the auto-correlation run. The wider distribu-
tions still indicates an increase with redshift, and although Bin
1 results are not informative (only providing a 68% upper limit
of 11.09), Bin 2 and Bin 3 peak at 11.80 and 12.54, respectively,
and a slight disagreement can be observed for Bin 4, which peaks
at 13.69.

The results for M1 are generally different with respect to the
auto-correlation case, where the increase with redshift is high-
lighted in Fig. 3. In particular, in Bin 1 and Bin 2 not much can
be said about the posterior distributions (lower limits at 13.28
and 13.56, respectively). Moreover, Bin 3 peaks at 12.95 and
Bin 4 at 14.09, contrary to the auto-correlation results, which
provide just a lower limit. Concerning the α parameter, Bin
3 is the only one showing a peak at 1.16 in the marginalised
posterior distribution, being the results on the rest of the bins
inconclusive. A similar trend is found by González-Nuevo et al.
(2017): they obtain Mmin = 12.61+0.06

−0.09 and M1 = 15.01+0.30
−0.38

for Bin 1, Mmin = 12.74+0.09
−0.11 and M1 = 14.79+0.52

−0.38 for Bin 2,
Mmin = 13.27+0.11

−0.12 and M1 = 14.97+0.35
−0.38 for Bin 3, and Mmin =

14.36+0.14
−0.10 and M1 = 14.96+0.28

−0.19 for Bin 4. The results are also in
agreement with those from the corresponding non-tomographic
run by Bonavera et al. (2020): they give Mmin = 12.41+0.17

−0.07 and
M1 = 13.65+0.29

−0.54 at 68% C.I.
Therefore, there is a clear disagreement between the CCF

and the auto-correlation results. This is not unexpected since the
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Fig. 4. One-dimensional posterior distributions of the HOD parameters log (Mmin/M�), log (M1/M�) and α (from left to right) in each redshift bin
for the CCF run with a fixed cosmology. Results for Bins 1–4 are depicted as black solid, red dashed, blue dotted and green dash-dotted lines,
respectively.

CCF is related only to the characteristics of the lenses and not
to those of the global sample. From the point of view of the
CCF, those foreground galaxies not acting as lenses are invisi-
ble or non-existent, and they only contribute to the random part.
For example, the higher Mmin value in the last bin with respect
to the auto-correlation case suggests that, at a higher redshift
(with respect to the other three bins), the mass of the object
acting as a lens is higher than the average mass of the whole
Bin 4 sample. This is due to the fact that, at a greater distance,
only the most massive objects can actually act as lenses in order
to compensate the lower lensing probability (Lapi et al. 2012;
González-Nuevo et al. 2017). We therefore think that it is not safe
to use the auto-correlation results as Gaussian priors on the astro-
physical parameters for the cosmological runs, or even to perform
a joint analysis, since they might be non-representative of the lens
sample in the CCF data. Any use of information from the auto-
correlation analysis would introduce an uncontrollable bias in the
cosmological results. Moreover, given the tight auto-correlation
HOD constraints, they will completely overrun the cosmological
analysis if used as Gaussian priors or in a joint analysis. For these
reasons we decide to focus on the CCF measurements and to only
perform runs with uniform HOD priors in this work.

5. Cosmological constraints

This section constitutes the core of this work. We study the cos-
mological constraints that can be derived from the measured
CCFs. We performed a series of MCMC runs on the HOD and
cosmological parameters jointly under the assumptions of dif-
ferent cosmological models (ΛCDM, ω0CDM, and ω0ωaCDM).
In particular, we focus on the cosmological parameters ΩM , σ8,
h, ω0, and ωa, to whose effect the CCF is more sensitive, while
keeping the rest fixed to Planck values. The corner plots and
more detailed results of all the cases described here are provided
in Appendix B.

5.1. ΛCDM model vs ω0CDM and ω0ωaCDM models

We performed three different MCMC runs: the first within the
ΛCDM cosmology (i.e. setting ω0 and ωa to −1 and 0, respec-
tively); the second within the so-called flat ω0CDM model
(where ω0 is a free parameter, but ωa is set to 0); and the third
and most general model, a flat ω0ωaCDM model (where both
parameters are left free). In all three runs the astrophysical HOD
parameters are also allowed to vary in the different ranges we
discussed in Sect. 3.3.

The derived marginalised posterior distributions of the astro-
physical log Mmin (first column) and log M1 (second column)
parameters in each redshift bin (1–4, from top to bottom) are com-
pared in Fig. 5 (α is not shown because it is unconstrained in most
of the cases). We also add the results from the fixed cosmology
case (see Sect. 4). There is overall agreement among all cases.

On the other hand, Fig. 6 compares the corresponding results
for the cosmological ΩM , σ8 and h parameters (from left to
right, respectively) of the three cosmological models assumed
in this subsection (depicted as before with red dashed, blue dot-
ted, and green dash-dotted lines) with the previous results by
Bonavera et al. (2020) (shown in solid black).

The results for the ΛCMD model, which includes only ΩM ,
σ8, and h in the cosmological analysis, are shown in Fig. B.2
and Table B.2. The trend for the astrophysical parameters (see
red dashed line in Fig. 5) is similar to the fixed cosmology run
in Sect. 4. For the cosmological parameters, there is a substan-
tial improvement with respect to the non-tomographic analysis
carried out in Bonavera et al. (2020) (black solid line in Fig. 6).
They obtain a lower limit of 0.24 at 95% C.I. on ΩM , only a
tentative peak around 0.75 for σ8 with an upper limit of 1 at
95% C.I., while we have a detection of ΩM = 0.33 [0.17, 0.41]
(mean value and 68% C.I.) and a maximum in the posterior dis-
tribution at 0.26. We note that the preference for lower values
of ΩM in the present analysis with respect to Bonavera et al.
(2020) is a consequence of a better treatment of the estima-
tor biases (González-Nuevo et al. 2021). We also report a con-
straint on σ8 of 0.87 [0.75, 1.0] at 68% C.I. The ΩM and σ8 val-
ues are respectively slightly lower and higher than those found
in González-Nuevo et al. (2021) (0.50 and 0.75, respectively).
However, when opening the dark energy related parameters, the
constraints on σ8 and ΩM loosen, especially that on ΩM . In the
ΛCDM case the one-dimensional plots in Fig. 6 (red dashed
lines) display clear peaks except in the case of the h parameter,
where we just obtain a low significant peak at 0.67 for h.

The corresponding corner plots and summarised results from
the ω0CMD model, which allows the ω0 parameter to be free
while keeping ωa fixed to 0, are shown in Fig. B.3 and Table B.3.
The trend for the parameter distributions in this second case
(blue dotted lines in Figs. 5 and 6) is similar to the ΛCDM case.
The only exceptions are a broader posterior distribution for Mmin
in Bin2 and Bin4, a clear peak for M1 in Bin 2 (there is no peak
in the ΛCDM case), and h, which is not constrained, showing
a preference towards lower values. In particular, the ΩM and σ8
parameters peak at 0.26 and 0.85, respectively (being compatible
with the findings of the ΛCDM case).
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Fig. 5. One-dimensional posterior distributions for log (Mmin/M�) (first
column) and log (M1/M�) (second column) in Bins 1, 2, 3, and 4 (from
top to bottom, respectively) for the run on just the HOD parameters
(black solid lines) and for the three runs on the astrophysical and cos-
mological parameters jointly, namely within ΛCDM (red dashed lines),
within ω0CDM (blue dotted lines), and within ω0ωaCDM (green dash-
dotted lines).

The results from the third and most general model
ω0ωaCDM, which gives freedom to both ω0 and ωa are shown in
Fig. B.4 and Table B.4. As shown in Figs. 5 and 6 (green dash-
dotted lines), there is overall agreement with the other cases:
we obtain peaks for ΩM and σ8 at 0.21 and 0.84, respectively,
which are slightly lower than the other cases. Instead, h is uncon-
strained, favouring lower values as in the other cases.

The contour plots of the two-dimensional posterior distribu-
tion for ΩM andσ8 in all three cases are shown in Fig. 7 (in green,
red, and blue, respectively)2. For comparison purposes, the results

2 The 1σ and 2σ levels for the 2D contours are 39.3% and 86.5%, not
68% and 95%. Otherwise, there is no direct comparison with the 1D
histograms above the contours.

by Bonavera et al. (2020) are also shown (in black). As in Fig. 6,
the improvement with respect to previous results with magnifica-
tion bias can be appreciated: the lower limit on ΩM is still present,
especially in the ΛCDM case and even if it lowers and worsens
in the ω0CDM and ω0ωaCDM cases (see Tables B.3 and B.4,
respectively), they are in general more constraining in the ΩM-
σ8 plane with respect to the non-tomographic case. On the other
hand, upper constraints to the distributions are achieved in the
tomographic case with the three runs.

The best-fit models for the CCFs obtained in all these cases
are shown in Fig. 2. In the left panel we use the peak of each
one of the marginalised 1D posterior distributions (although it is
not the same as the maximum of the n-dimensional posterior dis-
tribution), while we use the associated mean values for the right
panel. In particular, the solid line represents the results from the
fixed cosmology case whereas the dotted, dashed, and dash-dotted
lines are used for the three runs where cosmology was taken into
account (ΛCDM, ω0CDM, and ω0ωaCDM, respectively). When
using the maxima of the posterior distributions, the fixed cosmol-
ogy results provides the lowest curves while the ω0ωaCDM one
the highest. On the other hand, when using the mean values major
differences among the different runs are not found.

The reduced χ2 values for the best fits with the mean (peaks
values of the 1D posterior distributions) are 0.36 (0.54), 0.44
(1.42), 0.44 (1.14), and 0.56 (2.86) for the cases of fixed cos-
mology (36 d.o.f.), ΛCDM (33 d.o.f.), ω0CDM (32 d.o.f.),
and ω0ωaCDM (31 d.o.f.), respectively. It should be noted that
when using the n-dimensional best fit, the reduced χ2 obviously
improves (1.05 for the ω0ωaCDM case). The bigger values for
the peaks case are mostly due to the worst best fit in Bin 3. It is
interesting that the ω0CDM case has a comparable or better χ2

with respect to the ΛCDM case. It should be noted that emcee
is not an optimiser, but a sampler. As such, and in the context
of Bayesian statistics, the single tuple of parameters that best
fits the data (that is, the maximum of the n-dimensional poste-
rior distribution) cannot be associated with credible intervals for
each individual parameter. What can be done is to marginalise
over the rest of the parameters in order to obtain one-dimensional
distributions, the maximum of which will not, in general, coin-
cide with the individual value of the aforementioned tuple. This
explains why χ2 values for individual fits have to be interpreted
with care, since the most meaningful information comes from
the overall distributions, not from point estimates. In conclu-
sion, the different cases considered in this work show a general
agreement regarding the posterior distributions, although there
are slight changes in the peak positions, well within 1σ limits in
most cases.

5.2. The Dark Energy equation of state

In this subsection we focus on the dark energy equation of state
and what we can learn about it from our results. Figure 8 shows
the contour plot of the two-dimensional posterior distribution for
h and ω0. The results from the run within ω0CDM is shown
in red, while those corresponding to ω0ωaCDM are depicted
in blue. The green bar represents the run within ΛCDM. We
find a mean value of −1.00 and a maximum of the posterior
distribution of −0.97 for ω0 ([−1.56,−0.47] 68% C.I.) for the
ω0CDM model. Under the ω0ωaCDM model we derive −1.09
and −0.92 for ω0 [−1.72,−0.66] C.I. and −0.19 and −0.20 for
ωa [−1.88, 1.48] 68% C.I. for the ω0ωaCDM model.

Moreover, Fig. 9 displays the contour plot of the two-
dimensional posterior distribution of ω0 and ωa. There seems
to be a degeneracy direction, with ωa having higher values for
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Fig. 6. One-dimensional posterior distributions of ΩM , σ8, and h (from left to right) for the results in Bonavera et al. (2020) (black solid lines),
and for the three MCMC runs performed jointly on the astrophysical and cosmological parameter in this work, namely within ΛCDM (red dashed
lines), within ω0CDM (blue dotted lines), and within ω0ωaCDM (green dash-dotted lines).
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Fig. 7. Contour plot of the two-dimensional posterior distribution of ΩM
andσ8 for the three MCMC runs where the astrophysical and cosmolog-
ical parameters are jointly analysed, namely within ΛCDM (in green),
within ω0CDM (in red), and within ω0ωaCDM (in blue). Moreover, in
order to compare with previous results, those by Bonavera et al. (2020)
are shown in black. The contours are set to 0.393 and 0.865.

lower values of ω0. This anti-correlation is at 30%. Taking into
account the results from these alternative models (ω0CDM and
ω0ωaCDM), our measurements are in agreement with ΛCDM
(ω0 = −1 and ωa=0) at 68% C.I.

However, since the previous cases were not able to constrain
the h parameter, we now investigate if ω0 is somehow affected
by changes in H0. In order to do so, we performed a MCMC run
on the astrophysical parameters and ω0 by fixing the rest of the
cosmology to Planck values, and then comparing the results with
a similar MCMC run with the exception of H0 being fixed to the
value from Riess et al. (2019, H0 = 74.03± 1.42 km s−1 Mpc−1).

The results are shown in Figs. B.5 and B.6 and summarised
in Tables B.5 and B.6 (for the cases fixing H0 to the Planck and
Riess et al. (2019) values, respectively). The marginalised pos-
terior distribution for ω0 peaks at −0.69 ([−1.31, −0.38] at 68%
C.I.) and −0.86 ([−1.29, −0.45] at 68% C.I.) for the Planck and
Riess value of H0, respectively. These results show that ω0 tends
to higher values when the Planck H0 value is used.
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Fig. 8. Contour plot of the two-dimensional posterior distribution of
h and ω0 for the three MCMC runs where the astrophysical and cos-
mological parameters are jointly analysed, namely within ΛCDM (in
green), the within ω0CDM (in red), and within ω0ωaCDM (in blue).
The contours are set to 0.393 and 0.865.

However, we note a degeneracy in the ω0 − Mmin plane: a
higher ω0 tends to prefer a lower Mmin, a phenomenon that is
evident in Bin 3, but especially in Bin 4. In both bins the degen-
eracy is at about 50%. The same results can also be seen in the
previous general runs (see Figs. B.3 and B.4), for both redshift
bins. In Bin 4 is where we generally have the greatest differ-
ence in Mmin when compared with the auto-correlation results.
This difference disappear for higher ω0 values, making Mmin in
agreement with the auto-correlation findings.

Therefore, we observe that fixing H0 to the hRiess and hPlanck
values produces shifts towards ω0 > −1 values in the derived
maximum of the 1D marginalised posterior distribution. How-
ever, both cases are still compatible with the ΛCDM model at
the 68% C.I.

5.3. Comparison with other results

As in Bonavera et al. (2020), we compare our cosmological con-
straints with those obtained using the shear of the weak grav-
itational lensing (some of which are known to be in tension).
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Fig. 9. Contour plot of the two-dimensional posterior distribution of ω0
and ωa for the MCMC run within ω0ωaCDM. The contours are set to
0.393 and 0.865.
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Fig. 10. Comparison among the contour plots in the ΩM – σ8 plane from
Planck CMB lensing (blue), CFHTLenS (cyan), KV450 (grey), DES
(magenta), and HSC (yellow) and the results from this work (green).
Differently from the other 2D plots in this work, the contours here are
set to 0.68 and 0.95.

In particular, Fig. 10 shows the contour plots for the posterior
distribution of ΩM and σ8 (68% and 95% C.I., for a direct
comparison with the literature, which are different from the
values of 39.3% and 86.5% used in the corner plots shown in
the previous sections) from the publicly released CMB lensing
from Planck (Planck Collaboration VIII 2020, in blue), cosmic
shear tomography measurements of the Canada-France-Hawaii
Telescope Lensing Survey (CFHTLenS, Joudaki et al. 2017, in
cyan), first combined cosmological measurements of the Kilo
Degree Survey and VIKING based on 450 deg2 data (KV450,
Hildebrandt et al. 2020, in grey), first-year lensing data from the
Dark Energy Survey (DES Troxel et al. 2018, in magenta) and

2.00 1.75 1.50 1.25 1.00 0.75 0.50 0.25 0.00
0

0CDM
0 aCDM

Allen et al. (2008)

Suzuki et al. (2012)
Planck_2
Planck_1
Abbott et al. (2018)

Fig. 11. Comparison of ω0 results of this work at 68% C.I.
(ω0CDM model in red and ω0ωaCDM model in yellow) with find-
ings from some other experiments: DES (magenta), Planck_1 (baseline
base_w_wa_plikHM_TT_lowl_lowE_BAO, cyan), Planck_2 (baseline
base_w_plikHM_TT_lowl_lowE, blue), supernovae (purple), x-ray
measurements (green).

two-point correlation functions of the Subaru Hyper Suprime-
Cam first-year data (HSC, Hamana et al. 2020, in yellow). For
completeness, we also show results from Planck CMB temper-
ature and polarisation angular power spectra (in dark blue). The
results of this work are shown in green (ΛCDM).

It should be noted that we do not attempt to adjust the dif-
ferent priors to our fiducial set-up as an in-depth comparison
is beyond the scope of this paper. Moreover, it should be con-
sidered that these results span different redshift ranges and are
affected by completely different systematic effects with respect
to the magnification bias measurements (which thus represent a
complementary probe to weak lensing).

The combination of this external data set identifies degener-
acy directions that are clearly visible in Fig. 10. As already antic-
ipated in Bonavera et al. (2020), the tomographic results confirm
that the magnification bias does not show the degeneracy found
with cosmic shear measurements. In order to further confirm this
conclusion, we perform a principal component analysis (PCA)
on the ΛCDM results. The first principal component is σ8Ω−0.36

M ,
almost orthogonal to the cosmic shear degeneracy. At present
this component is constrained at a level of ∼18%, and therefore it
cannot be considered a proper degeneracy. Better constraints are
needed before deciding if magnification bias results can be fur-
ther improved by analysing this component, as commonly done
with S 8 in cosmic shear analyses.

With respect the ω0CDM and ω0ωaCDM models, our results
are in agreement with recent findings in literature. They also
have a comparable precision when referring to non-combined
results from other experiments see Fig. 11 for the ω0 comparison
of the 68% C.I. from this work (red bar for the ω0CDM case and
yellow one for theω0ωaCDM case) with findings by other exper-
iments. For example, in the ω0CDM case, Allen et al. (2008)
(green bar) obtain ω = −1.14 ± 0.31, Suzuki et al. (2012) (pur-
ple bar) ω = −1.001+0.348

−0.398, Planck3 ω0 = −1.56+0.19
−0.39 (baseline

base_w_plikHM_TT_lowl_lowE; blue bar), and Abbott et al.
(2018) (magenta bar) ω = −0.99+0.33

−0.39. In the ω0ωaCDM case,
Planck3 results obtain ω0 = −0.59+0.29

−0.26 and ωa = −1.33 ± 0.79
(baseline base_w_wa_plikHM_TT_lowl_lowE_BAO; cyan bar).

3 See the parameter grid tables in the PLA Planck Collaboration. 2018,
Planck Legacy Archive, https://pla.esac.esa.int/
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Moreover, the strong degeneracy between ω0 and ωa is also
found in Alam et al. (2017) using models that allow the evolving
equation of state (see Eq. (7)) in a flat universe, and constraints
on ωa are also found to be poor ωa = −0.39 ± 0.34.

Even if our results are not yet very constraining, they put
somewhat interesting limits to the other external results and
do not present the typical degeneracy that characterises cosmic
shear results. It is very likely that in the future, more constrain-
ing magnification bias samples can offer a complementary probe
able to break the degeneracy and improve the dark energy con-
straints.

6. Conclusions

In this work we exploited the magnification bias effect, sim-
ilarly to Bonavera et al. (2020) and following the work by
González-Nuevo et al. (2017) and Bonavera et al. (2019) on
high-z submillimetre galaxies, to perform a tomographic anal-
ysis with a view of searching for constraints on the free param-
eters of the HOD model (Mmin, M1, and α), but also on the cos-
mological ΩM , σ8, h, ω0, and ωa parameters in four different
cases (fixed cosmology, ΛCDM, ω0CDM, and ω0ωaCDM). To
perform this analysis we split the foreground sample into four
bins of redshift with approximately the same number of lenses:
0.1–0.2, 0.2–0.3, 0.3–0.5, 0.5–0.8.

For the astrophysical parameters, we could not success-
fully constrain the α parameters in any of our redshift bins.
In some cases the posterior distributions showed a broad peak
(e.g., in Bin 3 with a mean value at 1.09 [0.92, 1.43] 68%
C.I. for the ω0CDM case). In Mmin we found upper limits in
most of the cases for Bin1 (<10), suggesting that at lower red-
shifts the average minimum mass needed might be lower than
in the other cases and more difficult to constrain, perhaps also
due to the larger uncertainties in these data. In Bin2 the situa-
tion slightly improved; we obtained broad peaks in all cases at
log10(Mmin/M�) ∼ 12. In Bin3 and Bin4 the 1D distributions
have clear maxima for most of the cases at log10(Mmin/M�) ∼
12.5 and at 13.7, respectively. The results on Mmin confirm
the values by González-Nuevo et al. (2017), showing the trend
towards higher values at higher redshift. For M1 the situation
worsens again, setting lower limits for most of the cases with the
exception of Bin3 and Bin4 (peaking at about log10(M1/M�) ∼
13 and 14, respectively).

For the cosmological parameters, for ΩM we obtained some-
what lower values with respect to the González-Nuevo et al.
(2021) findings; the highest are the ΛCDM and ω0CDM cases
with a maximum at 0.26 and the lowest the ω0ωaCDM case with
a maximum at 0.21. On the other hand, we found slightly higher
values for σ8, peaking in all cases between 0.84 and 0.87. Unfor-
tunately h is not constrained yet, obtaining just a low significant
peak at 0.67 in the ΛCDM case.

The tomographic analysis presented in this work improves
the constraints in the σ8 − ΩM plane with respect to
Bonavera et al. (2020) and it confirms that magnification bias
results do not show the degeneracy found with cosmic shear
measurements. Further progress with this approach is subject to
the possibility of increasing the statistics in each redshift bin,
which is necessary to reduce the uncertainties on the CCF data
at large scales.

Moreover, we were able to study the barotropic index of
dark energy ω and its possible evolution with redshift, obtain-
ing results in agreement with current findings in literature
and with a similar constraining level, finding a peak at −0.97
([−1.56,−0.47] 68% C.I.) and at −0.92 ([−1.72,−0.66] 68%

C.I.) for ω0 in the ω0CDM and ω0ωaCDM cases, respectively.
For ωa we obtain a peak at −0.20 ([−1.88, 1.48] 68% C.I.) and a
30% anti-correlation with ω0.

Finally, we explored the impact on ω0 when fixing H0 to
either the Planck Collaboration VIII (2020) or the Riess et al.
(2019) values. We set the cosmological parameters to the Planck
values (Planck Collaboration VIII 2020) and ran only on the
HOD parameters and ω0 with H0 first fixed to the value deter-
mined by Planck and then to the value by Riess et al. (2019). We
found a trend of higher ω0 values for lower H0 values.
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Appendix A: Auto-correlation data

The auto-correlation data and results are listed in this section.
Figure A.1 shows the auto-correlation data points (red dots) and
the best fit obtained with the mean values of the posterior distri-
butions (blue solid line) for BIN1 to BIN4 (from left to right,

top to bottom). The one-halo (red dotted line) and two-halo
(green dashed line) terms are also shown separately. Table A.1
lists the results in each redshift bin (first column, BIN1 to BIN4
from top to bottom) for the analysed parameters (second column,
log Mmin, logM1, α, and A). The priors, mean, median, 68% C.I.,
and peak are shown in columns three to seven, respectively.
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Fig. A.1. Auto-correlation data points (in red) and the best fit to the model (blue solid line) for the four redshift bins. The red dotted line and the
green dashed line show the one-halo and two-halo terms, respectively.

Table A.1. Prior distributions and results in each redshift bin for the parameters studied in the auto-correlation run.

Bin Parameter Prior µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 9.0, 16.0] 11.58 11.57 [11.52, 11.61] 11.55
log(M1/M�) U[ 9.0, 16.0] 12.68 12.69 [12.61, 12.77] 12.74

α U[ 0.1, 2.5] 1.06 1.06 [1.01, 1.12] 1.07
A U[ -5.0, -1.0] −2.49 -2.48 [−2.57,−2.36] −2.41

BIN2 log(Mmin/M�) U[ 9.0, 16.0] 11.97 11.97 [11.94, 11.99] 11.95
log(M1/M�) U[ 9.0, 16.0] 13.05 13.06 [13.03, 13.08] 13.06

α U[ 0.1, 2.5] 1.08 1.08 [1.01, 1.14] 1.08
A U[ -5.0, -1.0] −2.55 -2.54 [−2.58,−2.48] −2.53

BIN3 log(Mmin/M�) U[ 9.0, 16.0] 12.60 12.60 [12.59, 12.60] 12.60
log(M1/M�) U[ 9.0, 16.0] 13.81 13.77 [13.68, 13.83] 13.76

α U[ 0.1, 2.5] 1.22 1.25 [1.06, 1.47] 1.28
A U[ -5.0, -1.0] −2.72 -2.72 [−2.79,−2.66] −2.72

BIN4 log(Mmin/M�) U[ 9.0, 16.0] 13.39 13.38 [13.38, 13.39] 13.38
log(M1/M�) U[ 9.0, 16.0] 15.29 15.34 [15.06, 16.00] 16.00

α U[ 0.1, 2.5] 1.69 1.71 [1.42, 2.50] 1.84
A U[ -5.0, -1.0] −2.63 -2.61 [−2.66,−2.54] −2.60

Notes. The columns denote the bin, the parameter in question, and its prior distribution, and the mean (µ), median, 68% C.I., and peak of its
marginalised 1D posterior distribution.
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Appendix B: Corner plots and tables

In this section we present the 1D and 2D posterior distributions
as well as the priors and the results for the MCMC tomographic
runs discussed in this work for the CCF case: the astrophysical
only case with fixed cosmology to Planck (Fig. B.1 and Table
B.1) and the astrophysical and cosmological cases (ΛCDM in
Fig. B.2 and Table B.2, ω0CDM in Fig. B.3 and Table B.3 and
ω0ωaCDM in Fig. B.4 and Table B.4). Moreover, Fig. B.5 and
Table B.5 show the case where the cosmology is fixed to the
Planck values, and Fig. B.6 and Table B.6 the case where the
cosmology is fixed to the Planck values, except for h (which is
the value provided by Riess et al. (2019)).

The relevant 1σ and 2σ levels for a 2D histogram of sam-
ples is 39.3% and 86.5%, not 68% and 95%. Otherwise, there

is no direct comparison with the 1D histograms above the con-
tours. For visualisation purposes, each panel of Figs. B.2, B.3,
and B.4 shows the astrophysical parameters posterior distribu-
tion in each bin, together with the cosmological parameters. The
cosmological parameters posterior distributions are the same in
all panels as the fit is performed jointly on the four redshift
bins.

The columns in the tables are, from left to right: the bin
to which the astrophysical parameters refer and the cosmolog-
ical case when present, the names of the parameters, the pri-
ors choice for the run and the mean, median, 68% confidence
intervals (C.I.), and the peak of the posterior distributions. The
> and < signs in the C.I. column refer to lower and upper limits,
respectively.
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Fig. B.1. Corner plots for the fixed cosmology case, the cosmology being fixed to the Planck value. The posteriors distributions in Bin1, Bin2,
Bin3, and Bin4 are shown from left to right, top to bottom. The contours are set to 39.3% and 86.5%
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Table B.1. Priors and results for the fixed cosmology case using the Planck values.

Fixed Cosmology
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.82 10.76 < 11.09 10.00
log(M1/M�) U[ 11.0, 15.5] 13.79 13.93 > 13.28 14.63

α U[ 0.5, 1.5] 0.96 0.93 < 1.12 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.76 11.76 [11.37, 12.21] 11.80

log(M1/M�) U[ 12.0, 15.5] 14.04 14.13 > 13.56 15.41
α U[ 0.5, 1.5] 0.98 0.97 − 0.50

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.42 12.48 [12.25, 12.80] 12.54
log(M1/M�) U[ 12.5, 15.5] 13.18 13.10 [12.54, 13.36] 12.95

α U[ 0.5, 1.5] 1.09 1.11 [0.92, 1.43] 1.16
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.64 13.66 [13.51, 13.85] 13.69

log(M1/M�) U[ 13.0, 15.5] 14.47 14.46 [13.79, 15.03] 14.09
α U[ 0.5, 1.5] 1.05 1.07 > 0.88 1.50

Notes. The columns denote the bin, the parameter in question, and its prior distribution, and the mean (µ), median, 68% C.I., and peak of its
marginalised 1D posterior distribution.
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Fig. B.2. Corner plots for the ΛCDM case, with the astrophysical parameters and ΩM , σ8, and h set as free parameters; the rest of the cosmological
parameters are fixed to the Planck values. The posteriors distributions in Bin1, Bin2, Bin3, and Bin4 are shown from left to right, top to bottom.
The contours are set to 39.3% and 86.5%.
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Table B.2. Priors and results for the ΛCDM case, with the astrophysical parameters and ΩM , σ8, and h set as free parameters.

ΛCDM
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.87 10.84 [10.07, 11.38] 10.34
log(M1/M�) U[ 11.0, 15.5] 13.91 14.04 > 13.49 14.43

α U[ 0.5, 1.5] 0.97 0.95 − 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.74 11.75 < 11.96 11.92

log(M1/M�) U[ 12.0, 15.5] 14.16 14.27 > 13.72 15.50
α U[ 0.5, 1.5] 0.93 0.90 [0.52, 1.07] 0.80

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.47 12.50 [12.25, 12.80] 12.52
log(M1/M�) U[ 12.5, 15.5] 13.46 13.37 < 13.64 13.41

α U[ 0.5, 1.5] 1.05 1.07 > 0.91 1.50
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.59 13.61 [13.43, 13.85] 13.65

log(M1/M�) U[ 13.0, 15.5] 14.44 14.44 [13.83, 15.12] 14.23
α U[ 0.5, 1.5] 1.01 1.01 − 1.50

COSMO ΩM U[ 0.1, 0.8] 0.33 0.31 [0.17, 0.41] 0.26
σ8 U[ 0.6, 1.2] 0.87 0.87 [0.75, 1.00] 0.87
h U[ 0.5, 1.0] 0.72 0.71 < 0.79 0.67

Notes. The rest of the cosmological parameters are fixed to the Planck values. The column information is the same as in Table B.1.
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Fig. B.3. Corner plots for the ω0CDM case, where the rest of the cosmological parameters are fixed to the Planck values. The posteriors distribu-
tions in Bin1, Bin2, Bin3, and Bin4 are shown from left to right, top to bottom. The contours are set to 39.3% and 86.5%.
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Table B.3. Priors and results for the ω0CDM case and ωa fixed to zero.

ω0CDM
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.83 10.77 < 11.11 10.05
log(M1/M�) U[ 11.0, 15.5] 13.77 13.84 > 13.23 13.74

α U[ 0.5, 1.5] 0.95 0.92 < 1.12 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.75 11.72 [11.16, 12.10] 11.67

log(M1/M�) U[ 12.0, 15.5] 13.95 13.99 [13.19, 15.18] 14.20
α U[ 0.5, 1.5] 0.98 0.96 − 0.59

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.53 12.55 [12.27, 12.90] 12.57
log(M1/M�) U[ 12.5, 15.5] 13.43 13.34 [12.60, 13.73] 13.17

α U[ 0.5, 1.5] 1.03 1.05 − 1.23
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.59 13.60 [13.31, 13.94] 13.75

log(M1/M�) U[ 13.0, 15.5] 14.27 14.19 [13.49, 14.67] 14.09
α U[ 0.5, 1.5] 1.07 1.10 > 0.92 1.50

COSMO ω0 U[ -2.0, 0.0] −1.00 -1.00 [−1.56,−0.47] −0.97
ΩM U[ 0.1, 0.8] 0.38 0.35 [0.13, 0.47] 0.26
σ8 U[ 0.6, 1.2] 0.87 0.86 [0.73, 0.98] 0.85
h U[ 0.5, 1.0] 0.70 0.67 < 0.75 0.50

Notes. The rest of the cosmological parameters are fixed to the Planck values. The column information is the same as in Table B.1.
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Fig. B.4. Corner plots for the flat prior case on the astrophysical parameters and ΩM , σ8, h, ω0, and ωa cosmological parameters. The posteriors
distributions in Bin1, Bin2, Bin3, and Bin4 are shown from left to right, top to bottom. The contours are set to 0.393% and 0.865%.
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Table B.4. Priors and results for the MCMC run on the astrophysical parameters and the cosmological parameters: ΩM , σ8, h, ω0, and ωa.

ω0ωaCDM
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.98 10.95 [10.32, 11.52] 11.06
log(M1/M�) U[ 11.0, 15.5] 13.71 13.82 [13.07, 15.35] 14.08

α U[ 0.5, 1.5] 0.91 0.87 < 1.06 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.80 11.79 [11.30, 12.25] 11.88

log(M1/M�) U[ 12.0, 15.5] 13.94 14.00 [13.28, 15.26] 14.17
α U[ 0.5, 1.5] 0.96 0.94 < 1.13 0.50

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.53 12.58 [12.31, 12.94] 12.67
log(M1/M�) U[ 12.5, 15.5] 13.44 13.37 [12.73, 13.80] 13.30

α U[ 0.5, 1.5] 1.06 1.09 > 0.92 1.27
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.69 13.71 [13.48, 13.99] 13.80

log(M1/M�) U[ 13.0, 15.5] 14.58 14.61 [14.13, 15.31] 14.84
α U[ 0.5, 1.5] 1.00 1.00 − 1.50

COSMO ωa U[ -3.0, 3.0] −0.19 -0.21 [−1.88, 1.48] −0.20
ω0 U[ -2.0, 0.0] −1.09 -1.11 [−1.72,−0.66] −0.92
ΩM U[ 0.1, 0.8] 0.34 0.31 [0.11, 0.41] 0.21
σ8 U[ 0.6, 1.2] 0.88 0.87 [0.72, 1.01] 0.84
h U[ 0.5, 1.0] 0.70 0.67 < 0.76 0.50

Notes. The column information is the same as in Table B.1. The rest of the cosmological parameters are fixed to the Planck values.
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Fig. B.5. Corner plots for the flat prior case on the astrophysical and ω0 parameters with h fixed to the Planck value. The posterior distributions in
Bin1, Bin2, Bin3, and Bin4 are shown from left to right, top to bottom. The contours are set to 3.93% and 86.5%.
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Table B.5. Priors and results for the MCMC run on astrophysical parameters and the cosmological ω0.

Fixed Cosmology and ω0 with hPlanck
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.88 10.83 < 11.19 10.01
log(M1/M�) U[ 11.0, 15.5] 13.92 14.10 > 13.50 15.15

α U[ 0.5, 1.5] 0.94 0.91 < 1.08 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.74 11.72 [11.22, 12.12] 11.78

log(M1/M�) U[ 12.0, 15.5] 13.96 14.03 [13.34, 15.32] 14.47
α U[ 0.5, 1.5] 0.94 0.90 < 1.09 0.50

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.46 12.47 [12.16, 12.87] 12.46
log(M1/M�) U[ 12.5, 15.5] 13.33 13.27 [12.73, 13.67] 13.33

α U[ 0.5, 1.5] 1.09 1.12 > 0.97 1.34
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.58 13.56 [13.25, 13.86] 13.52

log(M1/M�) U[ 13.0, 15.5] 14.43 14.40 [13.77, 15.07] 14.18
α U[ 0.5, 1.5] 0.98 0.98 − 0.80

COSMO ω0 U[ -2.0, 0.0] −0.95 -0.90 [−1.31,−0.38] −0.69

Notes. The rest of the cosmological parameters are fixed to the Planck values. The column information is the same as in Table B.1.
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Fig. B.6. Corner plots for the flat prior case on the astrophysical and ω0 parameters with h fixed to the Riess value. The posterior distributions in
Bin1, Bin2, Bin3, and Bin4 are shown from left to right, top to bottom. The contours are set to 39.3% and 8.65%.
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Table B.6. Priors and results for the MCMC run on astrophysical parameters and the cosmological ω0, with the h fixed to Riess et al. (2019).

Fixed Cosmo and ω0 with hRiess
Bin Param Priors µ median 68%C.I. Peak

BIN1 log(Mmin/M�) U[ 10.0, 13.0] 10.92 10.89 > 11.23 11.02
log(M1/M�) U[ 11.0, 15.5] 13.71 13.81 [13.02, 15.32] 14.63

α U[ 0.5, 1.5] 0.95 0.93 < 1.11 0.50
BIN2 log(Mmin/M�) U[ 11.0, 13.0] 11.71 11.68 [11.13, 12.03] 11.68

log(M1/M�) U[ 12.0, 15.5] 13.95 14.02 [13.42, 15.46] 14.36
α U[ 0.5, 1.5] 0.94 0.92 < 1.10 0.50

BIN3 log(Mmin/M�) U[ 11.5, 13.5] 12.42 12.45 [12.09, 12.89] 12.53
log(M1/M�) U[ 12.5, 15.5] 13.27 13.18 [12.58, 13.49] 13.10

α U[ 0.5, 1.5] 1.05 1.07 [0.84, 1.40] 1.14
BIN4 log(Mmin/M�) U[ 13.0, 15.5] 13.61 13.61 [13.32, 13.90] 13.62

log(M1/M�) U[ 13.0, 15.5] 14.46 14.46 [13.84, 15.10] 14.27
α U[ 0.5, 1.5] 0.97 0.95 − 0.66

COSMO ω0 U[ -2.0, 0.0] −0.93 -0.91 [−1.29,−0.45] −0.86

Notes. The rest of the cosmological parameters are fixed to the Planck values. The column information is the same as in Table B.1.
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