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Abstract

Sufficient conditions on a smooth, real-valued function g for the nowhere differentia-
bility of g o p are given, where p is Peano’s curve. This generalizes Sagan’s analytic
proof on the nowhere differentiability of the coordinate functions of p. Most of the
proofs are geometrically intuitive. The interest about the composites g o p stems from
their recent applications in technical branches.

Keywords Nowhere differentiability - Peano curve - Gradient

Mathematics Subject Classification 26A27 - 26A30 - 26B05

1 Introduction

Continuous, nowhere differentiable functions have been fascinating mathematicians
since their discovery by Weierstrass in 1872. Almost each known example of these
functions has been collected in [15]. A deep monograph about this subject can be
found in [4], and more recent advances are given in [1,9].

Peano claimed without proof that the coordinate functions of his famous space-
filling curve p: [0, 1] — [0, 1]? are also nowhere differentiable [12]. A proof for
Peano’s claim was given by Sagan [14] by means of analytical techniques, although
in an earlier paper, Alsina proved the nowhere differentiability of Schoenberg space-
filling curve [2].
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Section 3 is the core of the present paper and its main result is Theorem 1, which
proves that g o p has no finite derivative at any point if g is a real valued, Fréchet
differentiable function with non-null gradient everywhere. Note that among these
functions g are the coordinate functions g(uy, u) = u;, i =1, 2.

The interest in the composites g o p stems from their role in some technical branches
like image compression [5,6,10,11,16,17].

The proof of Theorem 1 is geometrically intuitive in contrast with most of the
known proofs of the existence of continuous, nowhere differentiable functions, which
are mainly analytic. Let us remark that there are two examples built ad hoc to shed
geometric light on the subject of nowhere differentiability: the Bolzano function [4,15]
and Koch'’s curve, which resembles a beatiful trace italienne [3].

Section 3 ends with Propositions 1 and 2 which complement the information pro-
vided by Theorem 1.

The Peano curve considered in this article has been taken from [7] because of its
simple geometric construction. This curve is briefly described in Sect. 2 and will be
denoted by p from now on (see comments about the geometric Peano curve in Chapter
2 in [14]). However, it must be pointed out that the methods used here can be applied
to most of continuous space-filling curves.

The main tools used are two: the first is the geometric properties of the gradient of
g, denoted as Vg as usual. If || - || is a fix norm on R?, the second tool is that there exist
a pair of positive constants k£ and K such that k|la —b| < ||p(a) — pD)|1? < Kla—b|
if @ and b are numbers in [0, 1] which are close enough (in particular, p is a Holder
function of class H'/? as defined in [13]). This property of p can be guessed from
the well-known fact that the function p borrowed from [7] preserves the Lebesgue
measure, that is, if A is a Borel-Lebesgue subset of I then the value of the Lebesgue
measures of A and p(A) coincide. In particular, this implies g o p and g have the same
distribution function. Thus, although g o p is a very bad function from the point of
view of differentiability as shown in the results of Sect. 3, g o p is as well behaved as
g from the point of view of integrability which enables the implementation of simple
techniques of integration like those of [8] if g sufficiently simple.

Notation: N represents the set of positive integers; R denotes the set of real numbers
andR :=RU {—o00, co}. The unit interval [0, 1] is denoted by /. The set of all limit
points of a subset A of R is denoted by A” asusual. Given f: A —> Rand# € ANA/,
the derivative of f at g is the limit

lim, 2O — f(0) c

t—1to t—1o

R

if it exists, in which case is denoted by f’(t9). If 1 € A N[A N (=00, 1p)] (alt.,
to € AN[AN (ty, 00)]), the left-sided (alt., right-sided) derivative of f at #q is the
number f’ tg) = f |im(—oo,t0] (to) if the derivative at #y of the restriction of f to
A N (=00, fy] exists (alt., f/(tg') = f |14ﬂ[to,oo) (to) if it exists). If f has a finite
derivative at each r € A,~that is, f/(r) € R—then, f is said to be differentiable.
Given an open set Q2 in R”, f: Q@ — R"™ (n,m € N) is said to be Fréchet
differentiable at xo € 2 if there exists a linear mapping L: R" — R such that
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Nowhere Differentiability Conditions on Composites

limy s 1 £ (x) = f(xo) — L(x — x0)|l/llx — xp|| = 0, in which case, L is denoted
by d f (x¢) (let us remind that Fréchet differentiability does not depend on the chosen
norms in R” and R™).

The distance in R? will be measured with the norm ||(x, y)|leo := max{|x|, ||},

which will be simply denoted as || (-, -)|| for short. Let us recall that \/571 G, Il <
G, oo < 11, )2, where ||(-, -)||2 is the Euclidean norm of RZ.

2 Peano’s Geometric Curve

Henceforth, a (plain) curve is a continuous function f: [a, b] —> R2 where ¢ and b
are real numbers such that a < b; the points f(a) and f (D) are, respectively, termed
as initial and terminal points of the curve f.

A brief geometric description of the space-filling Peano’s curve p: I —> I?
defined in [7] is necessary. Given two bounded, closed intervals L and J in R, L < J
means max / < minJ.

The 9-adic subintervals of / of order k € N have length equal to 1/9* and are labeled
as follows: the intervals of order 1 are I; :=[i/9, (i +1)/9],i =0,1,2,...,8. Each
interval /;,_;, oforderk (i; =0, 1, ..., 8)is divided into nine closed intervals I;, _, ;,
j=0,1,...,8,of length 1/9¥*! such that

. 8
W) 1iyip = Uz lirinj
(1]) [l'l.‘.ik() = Iil...ikl == Iil.‘.ik8'

The interval / will be considered as the 9-adic interval of order 0.
For every k € N, the square /2 is also divided into closed subsquares whose side
length is equal to 1/3; these subsquares are labeled in a Cartesian manner as follows:

i [i—1 i j=1 o
Ci _|:3_k’3_k:|x|:3k ,3_ki|, lfl,]53

Henceforth, these subsquares will be called k-subsquares, and the subintervals of
order k will be called k-subintervals for short. The square /2 will be referred to as the
0-square.

Given n € N, two n-subintervals are said to be adjacent if their intersection is a
singleton; two n-subsquares are adjacent if they share one and only one side; a finite
collection {G;};., of n-subintervals (alt., n-subsquares) is called a chain if they are
pairwise different and G; and G; 1 are adjacent forall 1 <i <m — 1.

Peano’s curve is the uniform limit of a sequence of polygonal curves p,,: I —> I>
which are defined as follows:

The curve pg linearly maps the interval / onto the NE diagonal of /2, so that
po(0) = (0,0) and po(1) = (1, 1) (the graph of py is depicted in Fig. 1, NE).

For n € N, assume that p,_ linearly maps each (n — 1)-subinterval /;, ; , onto
one diagonal of certain (n — 1)-subsquare C. If the graph of p,_i(/;, ;,_,) is of the
form NE (alt., SE; SW; NW) as indicated in Fig. 1, then p, is piecewise defined
by linearly mapping each n-subinterval /;; ;,_,j, 0 < j < 8, onto one diagonal of
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Fig.1 Some corners have been intentionally rounded for clarity

certain n-subsquare contained in C so that the graph of p, |1, ; ;
graph depicted in Fig. 1a (alt., b—d).
Clearly, p |1, ,; _, is continuous, and if i, <8, the terminal pointof p, |1, ;

coincides with the initial point of p, [, ., - Hence, p, is continuous on /.
. . =
The crucial properties of the curves p,, are:

replicates the

(iii) if A and B are adjacent n-subintervals, then p,(A) and p, (B) are contained in
adjacent n-subsquares;

@iv) if B is an n-subinterval and p,(B) is contained in a n-subsquare C, then
Ptk (B) C C forall k € N;

(v) for each n-subinterval [;, , there is a unique n-subsquare C such that

pn(l;,..i,) C C, and vice versa: for every n-subsquare C there exists a unique

n-subinterval /;, _;, suchthat p, (1}, ;,) C C;the n-subsquare C will be labeled

asC = D;, .,

It can be proved from (iii), (iv) and (v) that the curves p, converge uniformly to a
continuous curve p: [ —> [ 2 Moreover, it is easy to see that for every (xo, yo) €
12, there exists a sequence (C,) where each C, is a n-subsquare, C;, D Cp4+1 and
{(xo yo)} = ﬂ 2 1Cn. Let I, be the only n-subinterval such that p,, (I,,) C Cy. Then,
(I,) is a decreasmg sequence of compact intervals. Thus, {to} = N7, I, for some
to € 1.1t 1is straightforward that p(t9) = (xo, yo) and therefore, p(I) = I 2 The same
argument proves p(l,) = C, for all n. As a consequence, p satisfies the following
properties:

(iii”) if A and B are adjacent n-subintervals, then p(A) and p(B) are contained in
adjacent n-subsquares;

(iv’) if B is a n-subinterval and p, (B) is contained in a n-subsquare C, then p(B) C
C;

v’) pU;,..i,) = Di,. ., forallnand all 0 < iy < 8.

@ Springer
| SPI

Journal: 40840 Article No.: 1182 [_| TYPESET [__|DISK [_]LE [__| CP Disp.:2021/8/26 Pages: 11 Layout: Small-Ex




G
]
]
S
(=W}
-
o
=
+—
=
<

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

Nowhere Differentiability Conditions on Composites

(vi’) if t and 7 belong to a n-subinterval J then [t — 7| < 1/32” and |[p(t) — p(D)| <
1/3". Moreover, if m is the smallest positive integer for which there exists
a chain {K,-};":Jrl2 of n-subsquares with p(t) € K| and p(tr) € K, 42, then
It — 1| = m/3".

Detailed proofs of these facts can be found in [7] (see also [12,14] or [15]) or can be
done by the reader.

Given n € N U {0}, the ending points of the n-subintervals are called n-nodes.
In particular, a n-node is a (n + k)-node for any non-positive integer k. The set of
all n-nodes for any n is denoted A and its elements are called nodes, that is, N' =
{k/9":ne NU{0}, k=0,1,2,...,9"}.

The images of the nodes of every n-subinterval J = [fo, ¢1] are a pair of opposite
corners of the n-subsquare p(J) and moreover, p(t;) = pp+r(t;) for i = 0,1 and
for k = 0,1,2,.... It is very easy to check that the remaining pair of corners of
p(J) are p(&) and p(&;) where & := 19 + 97" Z,?il 2/9% = 1y + (1/9"4) and
& = t1 — (1/9"4). The numbers &; are called n-pseudonodes or just pseudonodes
if the order n is not specified. Note that p(§;) ¢ p,(I) for any n € N. The set of all
pseudonodes of any order will be denoted as F, each element of p(N) will be called
an attainable corner and each element of p(F), a non-attainable corner.

3 Main Results

Theorem1 Let g: R2 — R be a Fréchet differentiable function such that
Vg(x,y) # (0,0) at each (x,y) € R Let f := g o p, where p is the Peano
curve. Then f is continuous and moreover:

(1) f has no finite derivative at eacht € I;
(i) additionally, if g is of class C? then f has no infinite derivative at any t €
IN(FU{0, 1}).

Proof The continuity of f is immediate since g and p are continuous. In order to prove
(i) and (ii), fix #p € I and let (xo, yo) := p(t0). As Vg(xo, yo) # (0,0), it will be
assumed without loss of generality that g—i(xo, yo) =: o # 0 (the case g—f(xo, yo) #0
is similar).

For every n € N, let L, be a n-subinterval such that

Ly D Lysyand {to) = 002 Ly, M

Denote C,, := p(L,), so that (xo, yo) = N2 ,Cy.

Let s be the orthogonal line to Vg (xo, yo) that passes through (xo, yo). In the case
when #9 € N\{0, 1}, if k is the smallest nonnegative integer such that ¢y is a k-node,
then two adjacent k-subintervals /;,. ;,_,;j and I _;,_, j+1 contain fy; an appropriate
choice of L among these two k-subintervals produces that s N p(Ly) is infinite, and
once L; has been selected, the choice of the following intervals Ly is univocally
determined by condition (1). Consequently,

s N Cpis infinite for alln € N U {0}iftg € I\(F U {0, 1}). 2)
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(i) Let r denote the parallel line to the Y-axis that passes through (xo, yp). Note
that  cannot be orthogonal to Vg(xq, yo) and s # r because o # 0.

Given n € N, let T and B, respectively, denote the top side and the bottom side of
Cp.The set (T U B) Nr has exactly two elements. Among these two elements, choose
the one is furthest from (xg, yg). Clearly, the element so chosen is of the form (xg, y;),
and as the length of the sides of C,, is 1/3", then

30 = (0, yn) — (xo0, yo) Il < 3% (€))
Assume yo < y, (if y, < yo, the actions to be done are similar). Let C :={C;,;: [ <
Jj < q} be a collection of (n 4 2)-subsquares vertically stacked and contained in
C, such that (xo, yo) € Ciy and (xg, y,) € Cipg (note 1 </ < g < 32y Let
J; = p_l(Ciol) and J, = p_l(CiOq) and take #, € ¢ such that p(t,) = (x0, yn)-
Inequality (3) yields 3/3"2 < ||(x0, y») — (x0, o) I, so [ and ¢ satisfy |/ — ¢q| > 4.
In plain words, this means that there are at least three squares of C between C;,; and
Ciyq (see Fig. 2), and as C is the shortest chain of (n + 2)-subsquares connecting C;;
with Cjy, (Vi°) yields |1, — 1o > 3/ 9"+2 Moreover, as both p(ty) and p(to) belong
to Cp, it is immediate that |, — 19| < 1/ 32", and this and (3) eventually gives

-1 < lp(tn) — po)l <33,
|tn - Z‘0|

3 “

Since g is Fréchet differentiable, there is a function w: R2 —> Rsuchthatw(x, y) =
0 as (x, y) = (xo, yo) and

g(x, y) — g(xo, yo) = dg(xo, yo)(x —x0, y — yo) + [[(x —x0, y — yo) | @(x, y). (5)
Plugging (x, y) = p(ty) and (xo, yo) = p(t) into (5), we get
ftn) = ft0) = dg(p(t0)) (pltn) — pt0)) + I p(ta) — pli0) | @(p(ta)).  (6)
As dg(p(t0)) = (3 (x0. y0). @) and p(ty) — p(to) = (0. yu — yo). it follows
|dg(p(t0)) (p(tn) = p(t0))| = la| - [|p(ta) = p(t0)]l. ©)
Moreover, as p is continuous and 7, — fy as n — 00, there is ng € N such that
|l (p&))] < lee/2] for alln > no. ®)

Thus, dividing both sides of (6) by #,, — o and taking their absolute values, a consecutive
application of (7), (8) and (4) leads to

‘ fty) — f (10) lorl 31 ©

o] — |Ol| lp(tn) — p@o)ll _ ]
|t — 10 2
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Nowhere Differentiability Conditions on Composites

Since t, — t9 as n — oo, formula (9) shows that f has not a finite derivative at 7.
(i1) One and only one of the following three cases may happen:

(a) (xg, y0) € IntC,, for all n;
(b) there exists ng € N such that (xg, yo) € FrC,\p(N U F) for all n > ng;
(c) (x0, yo) is an attainable corner of C,, for all n > ng but (0, 0) # (xg, yo) # (1, 1).

Assume (a) holds. Then, for every n € N there exists m > n and a pair of positive
integers k and / such that

(x0, y0) € K33 C U Kij =K CC,

1<i,j<5
k—14+i k+i l—1+j I+
Kij = |: Im+2 3m+2] X |: 3m+2 3m+2:|‘ (10)

Let us label as J;; the corresponding (m + 2)-subinterval so that p(J;;) = K;; and
to € J33.

Choose (x,, y,) € s N FrK. Note that (x,, y,) belongs to some of the sixteen
external (m + 2)-subsquares that form K, that is, (x,, y,) € K, for some pair (u, v)
with u € {1,5} or v € {1,5}. Let 7, € J,, such that p(z,) = (x,, y,). Clearly,
|, — to] < 1/3%" and || p(z,) — p(to)|l < 2/3™F2. Clearly, any chain of (m + 2)-
subsquares connecting K33 with K, must have at least three (m + 2)-subsquares so,
by virtue of (vi’), 1/32""*+2) < |1, — 19| < 3/320"*2) Hence,

Ip(za) — pto) I
|t — tol

<4. (11)

Next, since g is of class ce, Young’s formula provides ¥ : R?2 — IR such that
Y(x,y) — Oas (x,y) = (xo, o) and
g(x,y) — g(xo, yo) = dg(xo, yo)(x — x0,y — yo)

1
+§d2g(m, ¥0)(x — x0, y = y0)@ + [ (x — x0, ¥ — yo)I*¥ (x, y).
(12)

where d? g(x0, yo) denotes the bilinear form associated with the hessian matrix of g.
Note that the orthogonality between the vectors p(t,) — p(tp) and Vg (xo, yo) yields

dg(xo. yo)(p(ta) — p(to)) = 0. (13)

Moreover, by virtue of (11) there is a constant M such that

@
- 11
M) < M foralln € N (14)

d*g(x0, yo) (
|t — ol
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Fig.2 . C, T s p(tn)
I N A Loy
T
P(Tn)
Li-r-r-r-r—r;sxy R
S R R T A B oL
| | | | | i |
S T T T TR U S B
I R Cil
yok,L,L,L,L,L,},L,L_ 0
| | | | | | |
V,L,L,L,L,L,F,vavr
o I
1/3n V,L,L,L,L,L,I__L_l__
| | | | | | | |
L_L_L_L_L_L_L_L_L_
n+2
AR DAV

and since T, — 1o, inequality (11) yields

Ip(za) — pto) I

(15)
|Tn — tol

I/I(P(tn)) N U 0.

Thus, plugging (x, y) = p(1,) — p(tp) into (12) and dividing both sides of the resulting
identity by |7, — fo|, an implementation of (13), (14) and (15) shows that the sequence
(gp(ta) — gp(t0))/(ty — t0)) is bounded. Therefore, since 7, —> fo, [ cannot have
an infinite derivative at #y and this ends the proof for case (a).

If the case (b) holds then (xg, yo) belongs to one and only one side of C,; if (xo, o)
belongs to the left side (alt. right, top, bottom side) then (xq, yp) belongs to the left
side of C,, for all n > ng (alt. right, top, bottom side). Given n > ng, denoted by L
(alt. R, T, B) its left side (alt., right, top, bottom side). Then there exists m > n and a
pair of positive integers k and / such that

3.5
(XO,YO)€K33CUUK,~1-=:KCC”
i=1j=1
k=141 k+1i =14+ I+
Kij:|: 3m+2 ’3m+2:| [ 3m+2 ’3m+2:| (16)

and labeling as J;; the corresponding (m + 2)-subinterval so that p(J;;) = K;; and
to € J33, and replacing (10) by (16), the same argument for proving (a) works now
for case (b) when (xg, yo) € L. The remaining cases when (xg, yo) € R (alt., T, B)
are similar (the case (xg, yp) € L with m = n is depicted in Fig. 2).

The case (c) admits a similar proof as case (b). Note that for case (c) is crucial that
(2) holds true. O

The reason why each point £ € FU{0, 1} is excluded in Theorem 1 is that s N p(J)
may be finite, where J is a n-subinterval containing & such that p(§) is a corner of
p(J). However, if s N p(J) is infinite, the following result can be stated:
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Fig.3 . Enio Enya E,

©01) .
[ T—vs)

T~

Lob=oLk=olk=

1/3"

o p(t)

Proposition 1 Assume g: R> — Riis of class C? and let € € J N (F U0, 1}) where
J is a n-subinterval and p(§) is a corner of p(J). Let s be the line orthogonal to
Vg(p (S)) that passes through p(§) and assume s N p(J) is infinite. Then g o p has
no derivative at §.

Proof As s N p(J) is infinite, the same arguments of Theorem 1 (ii) work for & and
therefore, if f'(£) exists, it cannot be infinite. But Theorem 1 shows that f/(&) cannot
be finite either. This proves that f has no derivative at &. O

If the assumption that s N p(J) is infinite is replaced in Proposition 1 by its negation
then, s N p(J) must be a singleton. Therefore, the following result completes the
information.

Proposition 2 Let g: R? —> R be adifferentiable functionandlet& € JN(FU{0, 1})
where J is a n-subinterval and p(§) is a corner of p(J). Let s be the line orthogonal to
Vg (p (S)) that passes through p (&) and suppose s\ p(J) is a singleton. Let f = gop.
Then, the following statements hold:

(1) if& €10, 1} then, there exists f'(£);

(ii) if &€ € F then, both sided derivatives f'(§7) and f'(§T) exist but f'(§7) #
fIE™).

Proof Only the case & = 1/4 will be demonstrated since the others admit a similar

proof. Recall p(§) = (0, 1) is a non-attainable corner. In order to avoid cumbersome
notation, let us relabel

Jn = 13/'1'3,
Ey:=Ci3n = p(Jy)
Ky = E)\Eys1 n € N.

Note that £ € Int J,, for all n. Consider Young’s formula

gx,y) —g@0,1) =dg0, D(x,y = 1) + [[(x, y — Dllw(x, y) (17

where w(x, y) — 0Oas (x, y) — (0, 1).
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A. Martinez-Abejon

Without loss of generality, assume the bound vector Vg(1, 0) with initial point
at (1,0) points inwards the square /2. A moment of reflection will show that the
hypotheses on Vg(1, 0) give a real number 8 > 0 such that dg(0, 1)(x) > B for all
unitary vectors u = (u1, up) such that u; > O and up < 0.

Take m € N so that | (x, y)| < B/2 for all (x, y) € E,,. Hence,

pt) — pé) ) B
d —_ T — >0, all T 18
g(p@)(”p(l)_p@)” +o(p®) = 5 > 0. allr e (18)

and in combination with (18),

g(p) —g(p®) | <0, t € (—o0, &) NIy,
t—¢& >0, te (& 00)NJy,.

19)

Next, given any ¢ € J,,\{§} = U7, (Ju\Jn+1), let n > m such that € J,\J,11, 80
p(t) € K,.Since E, 1, is separated from K, by a double belt of (n+2)-subsquares (see
Fig. 3), (vi’") proves 1/32" 4 < |1 —&| < 1/3%" and 1/3" "2 < || p(t) — p(&) || < 1/3",

o}
t —_
Ip(@) — p&)l S 312, 20)
|t — &l
Thus, from (17), (18) and (20),
g(p®) —g(P®)| _ Blp@®) = p@EIl _ Bn
>——" - > 3" e ] . 21
— S 5 e In\E). @D
Since & € IntJ,, the length of J,, is 1/32’" and m can be chosen as large as one
pleases, it is straightforward from (19) and (21) that there exist f/(§~) = —oo and
f'E) =o0. o
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