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Abstract

We analyze the numerical approximation of a control problem governed by a non-
monotone and non-coercive semilinear elliptic equation. The lack of monotonicity
and coercivity is due to the presence of a convection term. First, we study the finite
element approximation of the partial differential equation. While we can prove exis-
tence of a solution for the discrete equation when the discretization parameter is small
enough, the uniqueness is an open problem for us if the nonlinearity is not globally
Lipschitz. Nevertheless, we prove the existence and uniqueness of a sequence of solu-
tions bounded in L®°(£2) and converging to the solution of the continuous problem.
Error estimates for these solutions are obtained. Next, we discretize the control prob-
lem. Existence of discrete optimal controls is proved, as well as their convergence to
solutions of the continuous problem. The analysis of error estimates is quite involved
due to the possible non-uniqueness of the discrete state for a given control. To over-
come this difficulty we define an appropriate discrete control-to-state mapping in a
neighbourhood of a strict solution of the continuous control problem. This allows us to
introduce a reduced functional and obtain first order optimality conditions as well as
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error estimates. Some numerical experiments are included to illustrate the theoretical
results.

Mathematics Subject Classification Primary 49K20 - 35J61 - 65M15 - 49M25

1 Introduction

In this paper, we consider the numerical approximation of the optimal control problem

P) min J() =~ / 3 (6) = ya ()P dx + 2 / W2(x) dx,
2 Jo 2 Ja

uelUyq

where 2 C R", n = 2 or n = 3, is a convex domain with boundary I", y, is the
solution of the following state equation

Ay +b(x)-Vy+ f(x,y) =uin £2, .0
y=0onT, ’

A is an elliptic operator, b : £2 —> R”" is a given function, and f : 2 x R — R
is non-decreasing monotone in the second variable. Moreover, yg € L?(£2) is a given
function, v > 0, and

U = {u € L*(2) :a < u(x) < pforae. x € 2}

with —0co < @ < B < +4o0. This problem is studied in [12], where existence and
uniqueness results for the equation, as well as existence of optimal controls and opti-
mality conditions are obtained. For the convenience of the reader, these results are
summarized in Sect. 2. In this work, we will discretize the problem and obtain approx-
imation results. The reader is also referred to [8,15] for a similar control problem
associated to a non-monotone quasilinear elliptic equation. The main difference with
respect to the above equation is that the operators considered in [8,15] are coercive,
while our equation is neither monotonone nor coercive.

In Sect. 3 we study the approximation of the state equation by finite elements.
The reader is referred to [32] for the linear case or [8,16,22] for the case of non-
monotone but coercive quasilinear equations. In the quasilinear case, the discrete
equation has at least one solution for every &, which easily follows from an application
of Brouwer’s fixed point theorem and the coercivity of the operator. However, there
is not a uniqueness result. In the linear case, we only can prove existence of solution
if h is small enough, but we have a unique solution for each of these values of 4.
In the semilinear discrete case corresponding to (1.1), the existence of a discrete
solution requires, as in the linear case, a parameter 4 small. But, as in the quasilinear
case, the uniqueness of discrete solutions is an open issue. We prove existence and
uniqueness of a discrete solution if the equation is linear or if the non-monotone term is
bounded. In the general case we can prove the existence and uniqueness of a bounded
sequence of solutions as 4 tends to 0, but we cannot rule out the possible existence of
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a divergent sequence of solutions in the L°°(£2)-norm. Error estimates are provided
for the bounded approximations of the solutions of the state equation.

In Sect. 4 we discretize the control problem, using either piecewise constant or
continuous piecewise linear approximations of the control. We prove the existence of
anumber ¢ > 0 such that the discrete optimal control problem has at least one solution
(¥n, up) for every discretization parameter 1 < hg. We also prove the boundedness
of these solutions in H} (22) x L?(£2). Moreover, every limit in the H} (2) x L?(£2)
weak topology when i — 0 of a sequence of discrete solutions is a solution of the
continuous optimal control problem. In addition, the converge is not only weak, it is
strong in the H(} (£2) x L%(£2) topology. Next, we define a discrete control-to-state
mapping in a neighborhood of a strict solution of the continuous problem, as well as an
associated reduced functional and we state first order optimality conditions. In Sect.
5 we obtain error estimates and in the last section we include a numerical experiment.

To finish this introduction let us mention some papers concerning error estimates for
the numerical approximation of non-linear elliptic control problems. Early references
for the numerical analysis of linear quadratic control problems are the papers [23] and
[24]. The first reference we are aware of dealing with the numerical approximation of
optimal control problems governed by a semilinear elliptic equation is [3]; state con-
straints were included in the analysis in [29]. Different aspects of Neumann boundary
optimal control problems have been treated in [9,13] or [26]. The case of Dirichlet
boundary control was first treated in [14]. In all these references, the equations were
coercive and monotone. Optimal control problems governed by quasi-linear elliptic
equations have been studied in [8,16,17,20]. In these works, the equations were coer-
cive but not monotone. It is also worth mentioning the works [2,30]. In the first one, the
authors investigate under which conditions discrete local minima are indeed global.
In the second one the authors study how to numerically verify second order optimality
conditions, which are very important for the study of local minima for non-convex
optimal control problems.

NOTATION: Along the paper we will consider the following operators

n n
Ay ==Y 0(a;j()dyy) and A%p == Y 3y (aj(x)dye),  (1.2)
i,j=1 i,j=1
Ay = Ay +b(x) - Vy and A*p = A% — div[b(x)g]. (1.3)

As usual we will denote C(£2) the space of continuous functions in §2, the clo-
sure of £2. C%3(£2) is the space of Holder functions in 2 if 0 < § < 1 and of
Lipschitz functions if § = 1. For p € [1,400], s > 0, we will denote L”(S2)
and W*P(£2) respectively the Lebesgue and Sobolev spaces. We also abbreviate
H(2) = WS2(). H(} (£2) is the space of elements in H'(£2) with null trace on I".
H~1(£2) is the dual of HO1 (£2). See [1] for definitions and further properties of these
spaces. In the Sobolev space HO1 (£2) we take the norm

1

2
||y||H5(Q)=([(2|Vy<x)|2dx) :
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According to the Poincaré inequality, there exists a constant C; such that
I¥l22) < Callylpy@) ¥y € Hy(£2). (1.4)

From this inequality and Sobolev’s embedding theorem, we also know that there exists
a constant K such that

IVlie2) = Kellylly @) Yy € Hy (£2). (1.5)

We will denote ¥ = HO1 (2)NC(£2), which is a Banach space when endowed with
the norm

Ivlly = Iylgr @) + Iylc@)-

2 Preliminary results

Assumption 1 We assume that £2 is a convex domain in R” with n = 2 or 3. We also
suppose that £2 is polygonal if n = 2 or polyhedral if n = 3. I" denotes its boundary,
which is Lipschitz. The following conditions are satisfied by the coefficients of the
operator A:

a;j € CON(Q) fori, j=1,...,n,
n

34 > Osuchthat Y aij(n&; = A5 Ve € R" and forac.x € 2, 1)

ij=I
beLP(2)withp>2ifn=2and p >3ifn =3, and divb € L*(£2).
(2.2)

The following properties on the operators A and A* were proved in Theorem 2.2,
Corollary 2.4, Theorem 2.5 and Corollary 2.6 of [ 12]. The proofs of these results make
use of [25, Theorems 2.2.2.3 and 3.2.1.2].

Theorem 2.1 Under Assumption 1, both operators A and A* define isomorphisms
between the spaces HOl (82) and H=Y(2), and H?*(§2) N H& (£2) and L%(£2).

Regarding the Eq. (1.1) we make the following assumption on the non-linear func-
tion f.

Assumption 2 Function f : £2 x R — R is a Carathéodory function, monotone
non-decreasing with respect to the second variable, and satisfying

[fCx,y2) — fx, yD)| < dpm(x)y2 — yilforae.x € Qand|y;| <M, i=1,2.
(2.3)

{ f(-,0) € L2(£2) and VM > 0 3¢y € L?(£2) such that
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The following result concerning existence, uniqueness and regularity of a solution
of (1.1) follows from Theorems 2.6 and 2.8 of [12].

Theorem 2.2 Under Assumptions 1 and 2, for every u € L*(82) the Eq. (1.1) has a
unique solution y, € H2(2)N HOl (£2). Moreover, the estimate

Ivull i) = Cap (Il 2y +1) V€ LA(2) 2.4)

holds for some constant C 4y depending on A and f.

Additional regularity assumptions on f are necessary to consider the differentia-
bility of the functional J.

Assumption 3 We suppose that f : 2 x R — R is a Carathéodory function of class
C? with respect to the second variable satisfying:

0
f(,0) € L2(.Q) and a—f(x, y) >0 fora.e.x € £2 and Vy € R. 2.5)
y

For every M > 0 there exists a constant C ¢ p > 0 such that

82
a—JZC(x, v)| < Cy ymforae. x € 2 andforall [y| <M. (2.6)
y ,

af
‘ a.. (-x ) y) ' +
dy
For every M > 0 and ¢ > 0 there exists 6 > 0, depending on M and ¢, such that

a%f 9% f

8—y2(x, ) — 8—y2(x, yD| <e if|yil, [y2l <M, |y2 —y1] <6, forae. x € 2.

Q.7

It is easy to check that Assumption 3 implies Assumption 2. Typical examples of
functions satisfying these assumptions are f(x,y) = ap(x)y?" 1l or f(x,y) =
ap(x) exp(y), where ag € L>°(£2), ap(x) > 0, and n is a positive integer.

Concerning the differentiability of J we have the following result [12, Theorems
2.12 and 3.2 and Corollary 2.6].

Theorem 2.3 Let us suppose that Assumptions 1 and 3 hold. Then, the mapping G :
L%(2) — Y given by G(u) = y, is well defined and of class C*. Moreover, given
u,v € L2(2), z, = DG )v is the solution of

0
Az+b(x)~Vz+£(x,yu)z=vin $2,
z=0o0nT.

2.8)
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The functional J is of class C2. Moreover; given u, v, vy, vy € LZ(SZ) we have
J' (v = / (pu + vu)vdx, (2.9)
Q
" 82f
J@ene) = [ [1=es5eo0|amimde+v [ wnd @10
9] dy 7]

where z,, = DGu)v;, i = 1,2, and ¢, € H*(2)N HO1 (82) is the unique solution of
the adjoint equation

: 0 .
A*p — div[b(x)p] + %(x, Yu)® = Yu — Ya in 82,
p=0o0nT.

@2.11)

Since (P) is not a convex problem, we distinguish between local and global solutions.
We say that u is a local solution of (P) if there exists & > 0 such that

J@) < Jw) Vu € Uy : lu—ulp2) <e

As usual, we say that u is a strict local solution if the above inequality is strict whenever
u # u. The reader is referred to [12, Definition 3.3 and Lemma 3.4] for a discussion
of different notions of local solutions.

Theorem 2.4 Under Assumptions 1 and 3, (P) has at least one solution. Moreover, if i
is a local solution of (P), then there exist two unique elements y, § € H>(£2)N HOl (£2)
such that

Ay +bx)-Vy+ f(x,y)=uinS2,
{y =0onT, (2.12)
A*¢ — div[b(x)@] + ﬂ(x VNe=y—yiin$2
ay ’ (2.13)
o=0o0nTr,
/ (@ +vi)u —u)dx >0 Yu € Uy. (2.14)
Q

Further, the regularity u € HY(2) N C(2) holds. In addition, if Uy = L2(2), then
we have it € H*(2) N Hy (2).

This theorem follows from [12, Theorems 3.1 and 3.6, and Corollary 3.7].
We finish this section by establishing the second order optimality conditions. To
this end, we define the cone of critical directions as follows:

i =1{v e L2(.Q) : J'(@)v = 0 and (2.15) holds}
>0 ifulx,t)=aqa,

vix, 1) { <0 ifax,t) =4 2.15)
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Let us observe that (2.14) implies that

>0 ifiax) =a,

@(x) +vit(x) { <0 ifi(x) =B

Therefore, if v € L%(£2) satisfies (2.15), then J'(@)v > 0 holds, and J'(#)v = 0 if
and only if v(x) = 0 whenever ¢(x) + vu(x) # 0.

In the case where there are not control constraints, namely Uyg = LZ(.Q), then
J'(i1) = 0and C; = L2(£2).

Theorem 2.5 Under Assumptions | and 3, if it is a local solution of (P), then J" (it)v> >
0 Vv € Cy. Conversely, if u € Uy satisfies (2.12)—(2.14) along with (y, ¢) and

J"(@)w? >0 YveCy\ {0}, (2.16)
then there exist € > 0 and k > 0 such that

_ K _ _
J(u) + Ellu — u||i2(9) < J) Yu € Und : lu —itll 2oy < & 2.17)

This result was established in [12, Corollary 3.9].

3 Approximation of the state equation

In this section we consider the finite element discretization of the Eq. (1.1). The goal
is to prove the existence of solution for the discrete problems and to derive some error
estimates. We proceed in three steps. First we study the linear equation; see Lemma
3.1. Next we replace the local Lipschitz condition stated in Assumption 2 by the more
restrictive global condition (3.12). Using this condition, we prove the existence of a
unique discrete solution in Theorem 3.5 and error estimates in Theorem 3.6. Finally,
we remove assumption (3.12) to obtain the main result of this section, Theorem 3.7.
It will be assumed, without express mention, that Assumption 1 holds.

From Theorem 2.2 we know that, under the Assumptions 1 and 2, givenu € L?(£2),
(1.1) has a unique solution y € H 22)N H(} (£2). In the rest of the section u# denotes
a fixed element of L2(£2) and y the corresponding solution of (1.1).

To formulate a discrete version of (1.1) we introduce a quasi-uniform family of
triangulations {7}, }~0 of £2; cf. [5, Definition (4.4.13)]. We denote N, the number
of interior nodes of 7;. Associated with these triangulations we consider the finite
dimensional spaces

Vi ={yn € C(2): ynr € PI(T)VT € Ty and y, =0on I'},
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312 E.Casas et al.

where Pi(T) denotes the space of polynomials in 7 of degree less than or equal to
one. Now, we introduce the discrete version of (1.1) as follows

Find y;, € Y}, such that

a(yn, z1) + /Q £y ()2 () dx = /Q w(X)zn () dx Yop € vy OV

Above a : H'(2) x H'(£2) —> R denotes the bilinear form associated to the
operator A

a(yr, y2) = (Ay1, )Q)Hfl(g),Hol(_Q)

n

- /Q ( Y @i ()0, y10g;y2 + [b(x) - Vyl]yz) dx.

i,j=1
From Theorem 2.1 we have
la(y1, y2)| < ”A”L(HOI(Q)’H*I(Q))”.VI ||1-101(Q)||Y2||H01(_Q)'
Due to the presence of b in the definition of the bilinear form a, it is not necessarily

coercive. However, we can prove, see [12, Lemma 2.1] that it satisfies Garding’s
inequality. There exists C 4 p such that

A 2 2 1
az,2) = izl o) = Caslizllz gy V2 € Hy($2). (3.2)

From [12, Corollary 2.6] we know that A* : H2(£2) N H(} (£2) — L%(R2) is an
isomorphism. Then, we argue similarly to [32] to deduce the the following result.
Lemma3.1 Let ay € L*(£2) be a non-negative function. There exists haa > 0
depending on A and ||ag|| 12(s2) Such that the variational problem

Find yy, € Yy, such that

a(yn, z1) + /Q a0 () Y ()2 () dx = /Q w0 dx Vo e vy O

has a unique solution for every h < h 4 4, and for every u € L%(£2). Moreover, there
exists a constant C 4 4, depending on A and ay such that

il = CaalA™ wWllgg) Vi = haa: (3.4)

Proof Because of the linearity of the system (3.3), it is enough to show the existence of
h 4.4, such that the only solution of the homogeneous problem is y, = 0. Therefore,
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let us assume that yj, € Y}, satisfies
a(Yn, zn) +/ ao(x)yn(x)zn(x)dx =0 Vzp € Yj. (3.5)
Q

Then, from Garding’s inequality (3.2) and the fact that ap > 0 we get

A
_ 2 2 . 2
0=a(yn, yn) +/an(X)yh(X)dx > leyhllH(}(m Caslynllzzigy,

hence

Cap
Iyall g 2y = 2y T||)’h||]_2(9)~ (3.6)

Now, let us take ¥ € H2(£2) N H& (£2) satisfying of A*Y + agyy = yp, in 2. We
have

112 = Kae (llaoll 2@y + 1) Il 2@

see Lemma 3.2 below. Let us denote by Y, € Y, the HOl (£2) projection of ¥ on Yy,
ie.

/ Vi - Vzpdx = / V- Vzpdx Vzj € Y. (3.7)
2 2
Then, there exist constants ¢, and oo such that

1V = Vil < GVl < aKa(laolg) + 1)z, G8)

1 = Dl < Exch® 2 I¥ ) < GooKas (Naoll 2@y + 1)H2 2 Inl2cay;
(3.9)

see Theorems 18.1 and 19.3 of [18].
Now, from (3.5) we get

1301y = fg (AP + a0y yn dx = alyn ¥) + /Q aotryn dx

—aGm ¥ — P + /Q ao (W — V)i dx

=< ||A||£(H(}(Q)7H—l(g))”yh”HOl(_Q)”I// - 1//h”HOl(_Q)
+ ||ao||L2(9)||Yh||L2(Q)||¢ = YnllL=)-
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314 E.Casas et al.

From the estimates (3.8) and (3.9) we get
11220y = AN gy -1 o 19l gg €2 K ae (Tlaol 2y + 1) llynl 2
+ llaoll 2y foe K e (ol 2@y + 1) 22 33 -

Taking i1 > 0O such that

R 2-12 1
laoll 22 e K a(llaoll 2y + 1)y * = 5. (3.10)
we deduce for h < h

Il 2y < 2041 £ty -1 2K e (ol 2y + 1) Al g oy
Now, we select &, as follows

Cap

a LN Al g 1 @n@aKas (laoll gy + 1) = 1. B.11)

Finally, we infer from (3.6) that y, = 0if A < min{hy, h2}.
Let us conclude the demonstration by proving the estimate (3.4). To this end we set
h A4 =min{hy, hy}/2.Lety € Y be the solution of Ay = u in £2 and let y; € ¥}, be

the solution of (3.3) for 2 < h 4 4,. Then, using again ¥ and Y, and arguing similarly
as we did above, we get

131y = /Q (A + ao¥)yn dx = alyn V) + /Q ao¥ryn dx
— alm ¥ — ) + fg a0 — Pwyyndx + /Q ufp dx

— alym ¥ — ) + /Q ao (W — Iy dx + aly, ¥)

=< ”A”L(H(%(Q)’H—l(_@))”yh”Hé(g)uw - Iph”[—]ol(g)
+ llaoll 2y Iynll 2@y 1Y — Ynlle)
+ ”AHL‘,(HOI(_Q)’Hfl(Q))“y”]-lol(g)”w}l”[-[ol(gy

Then, using that & < hj, and taking into account that IIIﬁhHH(} @) = ||W||H01 @) =

1V 120y < Kar (”Cl()”LZ(_Q) + 1) lvnll 22(2)» see Lemma 3.2 below, and arguing as
above we deduce

Il 22y < 204l £ -1y é2 K e (laoll 2y + 1) Al gy

+ 21 Al 213 iy, -1 ey Ko (90l 2202y + 1) 191 -
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Moreover, since i < hy/2 we obtain

1 A
Iyell2e) < 3 mHYh”HOI(Q)

+ 21 Al 3 2y, -1 Ko (a0l 2y + 1) 191 g -
and
1 A
il = 56, e
2 2 2 2
+ 8IAIZ 1 o1 Ko (N0 ll22 1) 1511 -
Now, from (3.2) we obtain
A o = Canlsnlae < alm ) + | aot)yRer) da
4 Hi@) ~ 4 L2(Q) = ' o h
:/;2’4)% dx =a(y, yn) < ||A||£(H01(_Q)’H—|(Q))”yHHOI(Q)”yh”HOI(Q)~

Then, from the last inequalities we infer

2
§ | yn ”H(} () = ”‘A”C(HOI (2),H-1(2)) ”y”HOl ) lyn ”H(Jl )
2
2 2 2

Young’s inequality implies

2l ) < AR 2 8Cask3 (laoliey + 1)) Iy
16"ty = W ot m-1@n)\ 4 AbB A (1901L2(2) A
This implies (3.4). Indeed, it is enough to observe that y = A~ u. O

Lemma 3.2 Let ag € L*(£2) be a non-negative function. For every u € L*($2) there
exists a unique solution € H2(.Q) N HO1 (£2) of

A*Y +apyr = uin £2,
Yv=0o0nT.

Moreover, there exists a constant K g+ only depending on A* such that

120y = Kas (laoll 20y + 1) lunll 2oy Vi € L),
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316 E.Casas et al.

Proof The existence and uniqueness of a solution ¢ € H 2(2)nN Hol(.Q) follows
from [12, Corollary 2.6]. Let us prove the estimate. To this end we set u = u™ — u ™,
where ut = max{u, 0} and u~ = — min{u, 0}. Now, we take V1, ¥, ¢1 and ¢, in
H%(2) N H}(£2) satisfying
A*Y +apyy = ut and A¥Yn +agyr = u”,
A*¢r =ut and A*pr =u".

Then, the identity ¥ = ¥ — ¥, holds. From the comparison principle proven in [12,
Lemma 2.8] we know that all the above functions are non-negative. Using the same

Lemma and the fact that A* (Y| —¢1) = —aoyr; < 0and A*(Yr — o) = —agyp <0,
we infer that 0 < 1 < ¢p; and 0 < ¥, < ¢». Hence, we have

IV llLe2) < IWillLe2) + 1¥2llLe@) < IP1llLe@) + é21lLe(2)-

Now, from Theorem 2.1 we obtain

Ipillze(2) < Cllutll 2y and ligallze(e) < Cllu™ll2¢0).,

where C depends on .A*. Combining the above inequalities it follows

1l = C(In iz + ey ) < 2CNul 2y

Using the above estimate and applying again Theorem 2.1 to the equation A*y =
u — agyr we infer

1122y = €Il 2y + laoll 2 1 ()

= Cmax(1, 2} (1 + laoll 22, ) el 22y

which proves the lemma. O

Remark 3.3 Notice that in the proof, we have also stated the existence of a constant
K 5’40* which does not depend on ag such that

[VllLe@) < Kpllull 20

Since the non-linear discrete Eq. (3.1) is neither monotone nor coercive, the proof
of existence or uniqueness of solution is not obvious. We will establish the existence
for h small enough. In a first step, we make the following assumption
Assumption2’ f : £ x R — R is a Carathéodory function, monotone non-
decreasing with respect to the second variable, and satisfying

{ oy € L?(£2) such that [ f(x, )| < ¢r(x) Yy € Rand
|f(x,y2) = fO, yDl < @p(x)ly2 — yil forae. x € £2 and Vyi, y» € R.
(3.12)
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Remark 3.4 Let us observe that under Assumption 2, given M > 0 and setting
Sm(x,y) = f(x, Proji_p 4 a1()), we have that fi satisfies Assumption 2”. Indeed,
we have

{ [ (e, < [f e, O] + @ ()| Proji_ps 4any O] < 1F (%, 0)] + dm (x) M,
[fm (G, y2) — fu(x, yDI < oy (X)|y2 — y1l.
(3.13)

Hence, (3.12) holds with

¢r(x) = 1f(x,0)] + ¢p(x) max(M, 1).
This property will be used later to remove the Assumption 2’.

It is obvious that (3.12) is more restrictive than (2.3). Indeed, Assumption 2 obvi-
ously follows from the above hypothesis. Later we will get rid of this assumption.
Now, we address the existence of a solution of (3.1). In the next theorem we apply
Lemma 3.1 withap =0, and weseth g =h 40and C4 = C4 .

Theorem 3.5 If Assumptions 1 and 2’ hold, then there exists 0 < h 4, = h 4 inde-
pendent of u such that (3.1) has a unique solution.

Proof. Let us take & € (0, h4]. We define the function F : ¥, — Y, where
Fp(wp) = yn(wy) satisfies

a(yn(wn), zn) =/ [u(x) — f(x, wp(x)]zn(x) dx Vzj € ¥y
Q
From Lemma 3.1 we know that y;, (wy,) is well defined and
1wl ) < CAlAT @ = FC 0Dl -

From this inequality and (3.12) we deduce that ||y, (wy,) ”Ho' @) =7 Ywy, € Yj with

r=Cy4 sup IIA_I(M - fC, wh))“HO‘(Q)

wpeYy

-1

=< C.A”A ”Lt(H’l(.Q),H(} (_Q))CQ(””‘”Lz(Q) + ||¢f ||L2(Q))
From this estimate, the continuity of F;, and Brouwer’s fixed point theorem we obtain
the existence of at least one fixed point y,. Obviously, yj is solution of (3.1). It
remains to prove the uniqueness of a solution for 4 small enough. Let us assume that

Y1, Yh,2 € Yy are two solutions of (3.1). Then subtracting the equations satisfied by
these solutions we get

a(Yn2 = Yn1> Yn,2 — Yi,1) +/ LfCe,yn2) — f&, yr,0)1n2 — yr,1)dx = 0.
12,
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Using (3.2) along with the monotonicity of f we get

A
T2 = 1l o) = Canllyna = yuilizag, <0 (3.14)
We define
S yna(0)) = FOynax)
: : if yp2(x) n1(X),
ap(x) = Y2 (X) = yn,1(x) Y Y

0 otherwise.

From (3.12) we get that ap € L*(£2) and [laoll;2(q) < ll¢sll12(2)- Now we take
Ve Hz(.Q) N HO1 (£2) such that A*Y 4+ apy = yn2 — yn.1 in 2. According to
Lemma 3.2 we have that ||/ [l 2() < K.a«(1+ 67l 202))1yh2 = Y1l 22y We
denote by g@h € Yy the H(} (£2)-projection of i in Yj; see (3.7). Then, from (3.14),
the definition of ag, the choice of ¥ and 1/Afh € Y, and using (1.4), (1.5), (3.8) and that
Y1 and yy, 2 are solutions of (3.1) we infer

Lllyhz—thllz < lvn2 — vl = | [A*Y +ao¥1(yn2 — yn,1) dx
4Cpp A H @) = AL22) o ; ,

=a(yn2 — yn1,¥) + /.(z[f(x’ yn2) — f(x, yn, )] dx

= a2 =yt =P+ [ L7 302) = S 310 = D) d
= ”A”L(H(; (Q)’Hfl(g))”y}z,Z - }%,1”]—10' (Q)”w - l/Afh”]-]()] (2)
+ ||¢f||L2(Q)||yh,2 — Yh,1 ||L4(_Q)||W - &h ||L4(S2)
< (M2 .- + 197120 KB )1V = Bl gy 132 = 31 gy
= (”A”ﬁ([-](} (2),H-1(2)) + ||¢f”LZ(Q)K??)éZh”l/’”HZ(.Q)||)7h,2 — Yh,1 ||H0' (£2)

= (”A”L(Hg(rz),ﬂ—l(g)) + ||¢f||L2(Q)K?2>KA*(1 +psllz200))é2 b

Iya2 = ynill2@) ez = ¥l gl o)
=< (”A”£(H(}(Q)7Hfl(g)) + ||¢f||L2(Q)K_%2>C.QKA*(1 + ”‘Pf”LZ(Q))éZ h

2
1yn2 =yl q)-

From this inequality we obtain that y, » — y,,1 = 0if

h<h =min{hg, =0,
Af { A 4cA,bc}

@ Springer



Approximation of control problems of... 319

where
C= (”A”[;(H(}(Q),Hfl(g)) + ||¢f||L2(Q)K?2>CQKA*(1 + ||¢f||L2(Q))62- o

Next we prove some error estimates for y — yy,.
Theorem 3.6 If Assumptions 1 and 2’ hold, then there exists ho < h 4, r and constants
My, r and Mo A, § independent of u such that for every h < hg
1y = yullzz) + 1Y = il gy < Mas (Il +1)0% (315)

1y =yl < Moo, ay (Nl 2y +1)H273, (3.16)

where y and yy, denote the solutions of (1.1) and (3.1).

Proof The proof is divided into three steps.

Step 1. |ly — )’h”LZ(.Q) < Kihlly — yh”HOI(_Q)'
We proceed similarly as we did in the proof of the above theorem. We define

flx, y@x) — fx, yp(x))
ap(x) = y(x) — yn(x)
0

if y(x) # yn(x),

otherwise.
Now we take ¢ € H?(£2) N H}(£2) such that A*Y + apy = y — y; in £2, and

1/};1 € Y}, as the projection of v in Yj. Then, subtracting the equations satisfied by y
and yj, using the estimate of Lemma 3.2 and taking ¢, as in (3.8), we obtain

1y = 41220 = /Q (AP + a0y (y — y) dx
=a<y—yh,¢>+/g[f<x,y>—f(x,ymwdx
—a(y =y — ) + /Q[f(x, V) — FGe W — ) dx

< (||A||£(H3(9),H4(9)) + ||¢;-||Lz(m1<é)||y — gy 1V = Wl g )

=< ("A”g([{(}(g),p]*l(g)) + ||¢f||L2(_Q)Ké>||y - )’h”HOl(Q)éZh”I/f”Hz(Q)
< Killy — yh”H(%(_Q)”y - yh”LZ(.Q)h’

which proves the desired estimate with a constant
K = (I 2ggca. -1 + 165120 KB ) 2K ae (14167112 )

independent of u.
Step 2. 1y = vull gy < Kzl 2y + 1)
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Let us denote 3, € Y}, the projection of y in Yy, so that
/ VI, Vz, dx :/ VyVzndx Nz € Yy.
Q Q
Hence, we have with (2.4)

1y = Sl gt ) = E2Cas (Nl 2y + 1) (3.17)

From the estimate proved in Step 1, (3.2) along with the monotonicity of f, and

(3.17) we get for
A
h<hy=minihg s, |[——
0 { ATy 20K12CA,,,}

the following estimate

A
Sy =l ) = a0 =y =+ [ 1763 = £l = dx
2
=a(y = yn.y =)+ _/ [f e y) = F (e ym)(y = ) dx
2
= (llAllﬁ(HO](Q)yﬂfl(Q)) + H‘Z’f”LZ(.Q)K?z)”y — Yh ||H01 @y — j}hHHOl(Q)

= (40 2yt + 1971262 K2 )1y = nll gy iy @2Cas (Il 2y + 1),

which proves Step 2 with

Ky = (”A||£(H01(Q),H—'(Q)) + ||¢f||L2(9)K522)52CA,f’
and (3.15) follows for M 4 = K> max{1, K1}.

Step 3. Proof of (3.16). The proof of (3.16) follows from (3.15) and the inverse
inequality

_n
lznllLe(2) < coo2llznlif2(2yh™ 2 Yzn € Ya,

where ¢ 2 in independent of 7; see [18, Theorem 17.2]. Though the proof is quite
classical we include it here for convenience of the reader. Taking y, € Y as the
function interpolating y at the nodes of the triangulation, we know, see [18, Theorem
16.2 and Theorem 17.1], that

ly = Fallo2) < Cooh® 21yl p2ey and lly — Full 2@y < G201Vl 2(0)-
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Hence, we have with (2.4)

Iy = yullLe2y < NIy — Inllre@) + 130 — yrllLe ()

<1y = InllLe2) + coo2llFn — yullL2c2yh ™2

<y = nllLe) + Coo,2(||5’h =yl + 1y — thILz(m)h_7
< @ooCa,y + o028 + oo 2Ma P (Il 2y + 1)H23,
which implies (3.16). ]
Now, we replace Assumption 2’ by the weaker Assumption 2’.

Theorem 3.7 Under Assumptions 1 and 2, forall M > 1+ Iyllc(o) there exists hy >
0 such that for every h < hy (3.1) has a unique solution yj, satisfying ||ynll ¢y < M.
Moreover, there exist constants Ky and K« p1 independent of u such that

Iy = sullzzcy + 01 = il g ) = Ko (Nl 2y + 1), (3.18)

Iy = yullzeca < Koot (Il 2 + 1)273. (3.19)

Further, if there exist other solutions {Yu}n<n,, of (3.1) with y, # ¥y for all h, then
limy, ||§h||c(_(}) = oQ.

Proof Given M, we define the function f); : 2 x R — R by
fM(xv y) = f(-xv PrOJ[fM,JrM](y))

Then, according to Remark 3.4, fj; satisfies the conditions (3.12). Moreover, if y is
the solution of (1.1), then fys(x, y(x)) = f(x, y(x)) in £2, thus y also satisfies

Ay +b(x) - Vy+ fu(x,y) =uin £2,
y=0onI".

According to Theorem 3.5, there exists hy = h A, fy» Which depends on A and
I/ G, O)llL2(e) + max(M, 1)[|éum |12 () butis independent of u, such that the varia-
tional problem

Find y;, € Y}, such that

a()’h,Zh)+/QfM(X,yh(x))zh(x) dx :/QM(X)Z;,(X)dx Yz, € Yy (3.20)

has a unique solution for every i < hj;. Moreover, from Theorem 3.6 we have the
estimate

”y - )’h||L°°(.Q) =< MOO,A,f]v[(”u”LZ(Q) + 1)]’12_7.
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Taking %)y such that

0 <hpy < hy and MOO,A,fM(nuuLz(Q) + 1)hfu‘ <1, (3.21)

[N

we have

Ivnllcia < 1y = alle, + 1le@ < M.

Hence, fy(x, yp(x)) = f(x,yn(x)) in §2 for all A < hy;. Consequently, y, is a
solution of (3.1). Moreover, if y, is another solution of (3.1) such that || y;, lee) =M,
then 3, also solves (3.20). Hence, Theorem 3.5 implies that y;, = y;,. Moreover, the
estimates (3.18) and (3.19) follow from (3.15) and (3.16).

Finally, let us assume that {y;, }; <5, are solutions of (3.1) with y, # y;,. We argue by
contradiction and assume that there exists a constant C, such that ||y, || c) = Coo

for all i < hy. We take M = max{l + I¥lle@) Cx}. Then, y, and y, are two
different solutions of (3.20) for every 4 < h;, which contradicts the uniqueness
already established. O

Using the previous theorem, we are going to establish a well defined local mapping
up — yp by ignoring those solutions of (3.1) with big C(§2)-norms.

Theorem 3.8 Suppose that Assumptions 1 and 2 hold. Let y € Y be the solution of
(1.1) corresponding to the control u € L%(2). Given p >0 arbitfary, there exist
p* > 0and hg > 0 such that (3.1) has a unique solution y,(u) € B,Z* (y) for every

u e Bp(ﬁ) C L*(2) and for all h < hq, where

- _ -y _ _
By(@) = {u e LX) : llu —iill 20y < pland B).(G) = {y € Y : |y = 5lly < p*).
Furthermore, there exist constants K> and K o such that
13 = 9@l 20y + bl = 30 gy ) = Ko (il 2y + 0 +1)02 (322)
1yu = 1@ @) = Koo (lill 2y + o+ 1)H273 Vu e By, (3.23)

where y, and yy(u) are the solutions of (1.1) and (3.1), respectively, associated with
the control u.

Proof Let us fix p > 0. In [12, Lemma 3.5], it was proved the existence of a constant
M, such that

lyu = ¥lly < Mpllu —itllj20) < Mpp Vu € B, (ir). (3.24)
Hence, we have
||yu||c(_r}) =< ”}_’”C(Q) +Myp Vu € B,o(ﬁ)‘
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Now, we set M = 1+ [| ]| ¢(g) + Mpp. According to Theorem 3.7 and (3.21), there

exists hps > 0 such that for all h < hy, and for every u € B’p (u) (3.1) has a unique
solution yy, (u) satisfying ||y, (u)|| c(&) < M.Moreover, the estimates (3.18) and (3.19)
hold for y, —yn (u). Further, itis enough to observe that [|u| ;2 (o) < |||l 2(o)+p holds
to deduce (3.22) and (3.23). Finally, we define p* = 1 + M, p and take ho € (0, hpy]
such that

_ 2-1
(Nll 2y + o+ 1) (Kaho + Kooy ) < 1. (3.25)

Then, for every u € B, (i), (3.24) implies that y, € B).(3) holds. Furthermore,
(3.22), (3.23) and (3.25) imply

lyn@) = ¥lly < llya@) = yully + v = ¥lly <1+ Mpp = p* Vh < ho.

Hence, y,(u) € B:;* (u) holds. Thus, we have proved that (3.1) has a solution in
Bg* () N Y, forevery u € Bp (). It remains to prove the uniqueness. This follows
from the fact that 7o < hjs and, thanks to (3.25), any element y;, € BZ* (u) satisfies

”yh”c(fz) <llyn — )_’”c(fz) + ||y||c(_(z) = P* + ||y||c(_(}) =M. |

4 Approximation of the control problem (P)

In this section, we discretize the control problem (P) and study the convergence of the
discretizations. To this end, we suppose without express mention that Assumptions 1
and 2 hold.

Let us consider the functional 7 : L2(£2) x L%(2) — R given by

1
T (y,u) = E/Q(y(X)—yd(X))zder%/guzdx.

Let us denote by U}, one of the following two spaces:

U =U) = {uy, € L*(2) : upr € Po(T) VT € Tp},
Uy =U} = {up € C(2) : upr € PI(T)VT € Tp),

where Py(T) and P;(T) denote the space of polynomials in 7' of degree 0 and < 1,
respectively. We also set Uaa,p = Up N Uxg. f Uy = LI,?, then we will denote 17y, :
L2(2) — Z/I}? the L%(£2) linear projection. If U), = L{é, then IT, : L2(2) — L{é
will denote Cartensen’s quasi-interpolation operator. In both cases it is known that
IT,u converges to u in L2(£2) as h tends to O for all u € Lz(.Q), and ITpu € Uyqg p for
all u € Uyg.

@ Springer



324 E.Casas et al.

We will approximate Problem (P) by the problem
Pr) min{J (yn, un) : (Yn, un) € Yy x Uaq,p satisfies (4.1)}.

where
a(yh,Zh)Jerf(x,yh(x))z;z(x)dx =/Quh(x)1h(x)dx Vzp € Yy (41)

Theorem 4.1 There exists hg > 0 such that problem (Py) has at least one solution
(Yn» up) for all h < hg. Moreover, if {(Yn, un)}tn<n, is a sequence of solutions of
problems (Py), then it is bounded in HO1 (£2) x L?(£2) and there exist subsequences
converging weakly in HO1 (£2) x L*(2). In addition, if a subsequence, denoted in
the same way, satisfies that (yp, up)—(y, u) in Hé (2) x L2(2) as h — 0, then
(v, u) € Y xUyq, u is a solution of (P) with associated stated y, and (yp, up) — (y, it)
strongly in HO1 (£2) x L2(2).

Proof Claim 1—Existence of discrete solutions: Let us prove the existence of a solution
of (Py,) for every h small enough. Let F, : Y), x Upgp —> Y, 2‘ be the mapping defined
by

(Fn(ynsun), wh)yy,y, = a(yn, wn) +/ Lf(x, yn) —uplwpdx Ywp € Yy,
2

Since Fy is continuous and Uyq j is closed, then the set of feasible points (yp, up)
for (Py), which is Fh_l({O}), is closed in Y, x Uy. Moreover, J is continuous and
coercive. Hence, it is enough to prove the existence of feasible points for (P,). We
choose a constant u € U,g,, to guarantee u € U,q,, for every h > 0. This can be
donebyu =aifo > —oo,oru = B if B < oo, or u = 0 otherwise. According to
Theorem 3.7, there exists hg > 0 such that (4.1) has a solution yj, (u) € Y for every
h < hg satisfying y, (#) — y, in Y. Therefore, (y,(u), u) is a feasible point for (Py,)
for every h < hy.

Claim 2—Uniform boundedness of discrete solutions in HOl (£2) x L2(£2) and weak
convergence: Let us denote by {(yn, un)}n<n, a sequence of solutions for problems
(Pn). We prove the boundedness of this sequence in HO1 (£2) x L%(£2). Since

T Ons i) = T (yn(w), u) = T (Yu, u),

we infer that {(ys, un)}h<n, 1S bounded in L%(£2) x L*(£2). Moreover, since (¥, iij,)
satisfies (4.1), taking z; = yj, in (4.1) we deduce from (3.2) and the monotonicity of

f
Ao =2 - = - -
7l @) = Cavlinllzz gy = aGn. yu) + | LF (6. n) = f(x. 0)I3n dx
2

_ f Ly — f(x. 0)17 dx.
2
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From here we obtain Vi < hy.

A _ _ _
19050 0y = Caplinlgag + (||uh||Lz(m + /¢ 0>||Lz(m)||yh||Lz(m.

This inequality along with the boundedness of {(yi, n)}n<p, 10 L2(2) x L3(2)
implies that {yj, }, <, is bounded in H(} (£2) as well.

Since {(Yn, Un)}n<n, is bounded in Hg (£2) x L%(£2), it has weakly convergent
subsequences in this topology. Now, we take a subsequence, denoted in the same way,
such that

_ - _h—>0 _ __ . 1 2
(Yn> up) — (v, u) in Hy(£2) x L7(£2),

50 222 5 in L2(2) and 5 (x) — F(x) ace. in 2.

Claim 3—Validity of the state equation for the limit element: The proof of this
claim is split into three main steps: First, we prove that f (-, y,) — f(:, y) strongly in
L'(£2). Next, we use this to prove (4.3), which is a weak version of (1.1) for bounded
test functions. Finally, we prove that y € L°°(£2) to conclude this part of the proof.

To prove that f(-, y,) — f(:, y) strongly in L1(£2), we show that {f(x, yn(x)) —
f(x, 0)}h<n, 1s uniformly integrable. Then, the convergence will follow from Vitali’s
convergence theorem and the pointwise convergence of the sequence f(x, y,(x)) —
f(x,y(x)) in £2; see [4, Volume I, Theorem 4.5.4] or [31, Chapter 6, Exercise 10].

We get from (4.1) and the boundedness of {(3., itn)}h<n, in Hy (2) x L*(£2) the
existence of a constant C such that

fg LF e, ) — £ (r. )15 dx

= fg[fth — [, 0)Iyndx —a(yp, yn) = C Yh < ho. 4.2)

Let ¢ > 0 be arbitrarily small. Using (2.3) with M = 2C /e, we deduce the existence
of a function ¢, € L2(£2) such that

2C 2C
£ G y) = f&, 0 = e (1Y) = e () — if |yl < <

From the integrability of ¢, we infer the existence of Ao > 0 such that

82
Pe(x)dx < —.
/{x:@(x)zxo} ’ 4c

Letusset A = 2C€ﬁ and 2, = {x € 2 : |f(x, yn(x)) — f(x,0)| > A}. We notice
the following properties:

@ Springer



326 E.Casas et al.

— If x € 24 and |3, (x)| > %€, then

g

CLF G ) — £ 0)]yn ().

£ e 3 (0)) = f(x, O] = 5=

— If x € £2;; and |74 (x)| < 2 then

2C
Lf (e, yn () = f(x, 0)] < ¢s(x)7 and ¢¢(x) = Ao.

From here, and using (4.2), we infer

2C
f 1F G a () — fx.0)]dx < == e (x) dx
2 € Jixige (x)=20}
+ % [f(x. () — f(x, 0)]Fn(x) dx <e.
p,1

Since A was chosen independently of 4, the uniform integrability follows and
S 3n) = f(.y) strongly in L'(£2).

Next, given z € HO1 (£2) N L°°(£2), we can take a sequence {zj }n<pn, With z;, € ¥
for every h such that z; — z in HO1 (£2) and ||lzpllLe(@2) < lzllL(g). For instance,
we can take z;, Carstensen’s quasi-interpolation of z; see [7]. Hence, using Lebesgue’s
dominated convergence theorem, we can pass to the limit in (4.1) and deduce that

a(y,z) +/ f(x, Mzdx =/ iizdx Vz € Hj (£2) N L>®(£2). (4.3)
2 2

Finally, we prove that y € L°°(£2), and consequently, by a truncation argument, it
will follow that (4.3) holds for all z € HO1 (£2) Let us set

a(y,z) Za()’,Z)+CA,b/ yzdx,
2

where C 4 j is given by (3.2). Then we have that a is coercive in HO1 (£2) and

ay,z) +/ [f(x,y) — fx,0)]zdx = / [u+Carpy— f(x,0)]zdx VzeY.
2 2
4.4

The above identity holds, in particular, for yx = Proj;_; 14(y) for every k > 1:

a5, i) + [Q LF (. 5) — £x. )]y dx

:/ [u+Carpy — f(x,0)]yrdx Yk > 1. 4.5)
2
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Moreover, from Fatou’s Lemma, (4.5), denoting g = u + Capy — f(x,0) € L2(2)
and taking into account that a(y, yx) > a(yk, yx) > 0, we have

/9 [ (x50 — £, 0)]5(e) e <lim i fg LF Ge. 5000 — £, )]y (x) dx

<liminf / g3k (x)dx < / g(0)F(x)dx.
k—oo Jo I?)
(4.6)

Hence, [f (-, )= f(-. 0)]y € L'(£2) holds. Since 0 < [f (x, y(x)) — f (x, 0) ]y (x) <
[f(x,y(x)) — f(x,0)]y(x), we can apply the Lebesgue’s dominated convergence
theorem to pass to the limit in (4.5):

a6 + [ 1.5 = fx, 05 dr = [l +Cans = 5,05 dr.
Then, combining this identity and (4.5), we get for y¥ = § — y;:
ay. y") + /me, M) = [ 0l dx = /Q gy' dx V= 1.
From the monotonicity of f and the definition of y* we get
A1y = 80% 1) <3609 < /ngkdx Vk > 1.

Then, we can proceed as in [34, Theorem 4.1] or [35, §7.2] to infer the existence of
ko such that y* = 0 for k > ko. Hence, y € L% (£2) holds. Moreover, from (2.5) and
(2.6) we deduce that f(-,y) € L*(£2). Therefore, we have that Ay € L?(£2) and,
consequently, y € C(£2); see [12, Corollary 2.2]. Thus, y € Y and (4.3) implies that
y is the solution of (1.1) associated with .

Claim 4—Optimality of u: Let us prove that u is a solution of (P). First, notice that
it follows from the inclusion Uy p C Uyg that i € Uyg. To prove the optimality, we
take an arbitrary element u € Uy and set up = IThu € Uyq ;. Moreover, Theorem
3.7 implies that there exists y, (1) € Y, solution of (4.1) for every i small enough
and such that y, (#,) — y, in Y. Hence, we deduce from the optimality of (yj, iy)

Jw)=J(y,u) < liinigf T (Y, up) < limsup J(yp, in)
- h—0

< limsup J (ypun), up) = J (yu, u) = J (u).

h—0

Since u was taken arbitrary in U,q, the above inequalities prove that i is a solution of

P).
Claim 5—Strong convergence in Hé (2) x L2(£2). If we take above u = i we
deduce from the previous inequalities and the strong convergence y;, — ¥ in L%(£2)

@ Springer



328 E.Casas et al.

that [|unllz2e) — llull 2(e) and, hence, up — u strongly in L2(£2). Finally, we
prove the strong convergence y, — y in H(} (£2) as follows

a(y,y) < liminfa(yy, y,) < limsupa(yn, yn)
h—0 h—0

< limsup/ [itn — f(x,0)]yp dx —liminf/ [f(x, ) — f(x,0)]9n dx
h—0 J h—0 Jo

= /9 [ — f(x,0)]ydx — /Q[f(x, Y) = fx. 0)]ydx = a(y,y),

where we have used (4.6). The above inequalities imply that a(ys, yn) — a(y, y).
Hence, from (3.2) and the weak convergence y,—y in Hé (£2) we infer that y, — y
strongly in H(} (£2). O

Next, we prove a kind of converse theorem. More precisely, we assume thati € Uyg
is a strict local minimum of (P) with associated state y. This means that there exists
p > 0 such that

Jw) < J() VYue (Bp(ﬁ) N Uaa) \ {u}. 4.7)

Under assumptions of Theorem 4.1 there exists p* > 0 and i > 0 such that for every
u € B,(u) there exists a unique solution of (4.1) y;(u) € BZ* (y); see Theorem 3.8.

Then, for every i < ho we have a well defined mapping G, : B, (it) —> Bg* ) NYy,
given by G (1) = yp(u). Now we define the functional Jj, : Bp (u) — R by

1
Tn(@) = T O, u) = E/Q(yh(u)—yd)zdx—i—gfguzdx.

Associated with J;, we define the discrete control problem

(P7) _min Jn(up).
up€B, ()NUad,n

Theorem 4.2 Under Assumptions 1 and 2, and with the above notations, there exists
h, € (0, hol such that (Pf) has at least one solution uy, for every h < h,. Moreover,

the convergence uj, }:9 uin LZ(.Q) holds.

Proof Since ITju }ZQ i, then there exists i, € (0, ho] such that IT,u € Bp(ﬁ)ﬂUad,h
forevery h < h,.Hence, B 0 (1) NUqq, 5, s a compact non-empty subset in L4, for every
h < h,. Let us prove that Jj, is continuous. Let {u}72, C Bp(ﬁ) be a sequence
converging to uy in Uy,. Let {yy (uhk)},fil C 1_3};* (y) N Y}, be the associated discrete
states. From the boundedness of this sequence in Yj, we deduce the existence of a

. k— 00
s_ubsequence, denoted in the same way, such that y,(upx) — yp, for some y; €
B[{* (y) N Y. Now, it is immediate to pass to the limit in the Eq. (4.1) satisfied by
(Yhk» unk) and to deduce that y, = yj, (up,). Since every subsequence of {yy (uhk)},fil
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converges to the same limit yj, (¢},), it follows that the whole sequence converges to
yu(up). This proves the continuity of Gj and, consequently, the continuity of Jj.
Therefore, (PZ ) consists of the minimization of a continuous function on a non-empty
compact set, which implies the existence of a solution i.

It remains to prove that {itj }s<n, converges to u strongly in L%(£2). First, from the
boundedness of {uy}n<p , C Bp (1) and the inclusions Uyq p, C U,g we deduce the
existence of a subsequence, denoted in the same way, and an element & € Bp ()NUyq
such that it, —~ii in L?(£2). This implies that Ya, — yistronglyinY;see[12, Theorem
2.9]. Therefore, using (3.22) and (3.23) we infer

IynCan) = yally < llynCun) = ya, lly + llya, — yally — 0.
This convergence and the optimality of i, imply

J() < li{lni(r)lf Jn(up) < limsup Jp(ip) < limsup Jp(IThu) = J(u). (4.8)
- h—0 h—0

This inequality and (4.7) lead to the identity # = i. Moreover, (4.8) implies that
i, — i strongly in L?(£2). This property is satisfied by every weakly convergent
subsequence of {un}n<n,, hence the whole sequence converges strongly to i. O

Remark 4.3 By selecting h, sufficiently small, we have that the solutions i of (Pz)
belong to the open ball B, (iz). Indeed, this is an obvious consequence of the strong
convergence i, — i in L? (£2). From now on, we will assume that /2, has been chosen
so that iy, is included in the open ball. From Theorem 3.8 we deduce that (yj, (i), up)
is a local solution of (Py). Thus, Theorem 4.2 proves that strict local solutions of (P)
can be approximated by local solutions of (Pp).

The next goal is to derive the optimality conditions satisfied by a solution of (PZ ). To
this end, we firstly analyze the differentiability of the mapping G, and the functional
Jp.

Theorem 4.4 Suppose that Assumptions 1 and 3 hold. Then, there exists h o < ho such
that for every h < f_zp the mapping Gy, : B,(u) — Yj, is of class C2. Moreover, if
h = G}, (w)v foru € By(u) and v € L2(.Q), then zj, is the unique solution of the
variational problem

Find zj, € Y}, such that
0
a(Zh,wh)Jr/Q%(x,yh(u))Zh(x)wh(X)dx =LU(X)wh(x)dx Ywy, € Yy.
4.9)

Proof For every h < ho let Fj, : Y, x B,(#) — Y}’ be the mapping defined by
(Fnyns w), wi)yr y, = alyn, wh) +/ Lf(x, yn) —ulwpdx Ywy € Yy,
2
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It is clear that Fj is of class C? and F,(Gp(u), u)) = 0 Yu € B, (u). Hence, the
differentiability of G, is a consequence of the implicit function theorem applied to
Fin. We only need to prove that

0F
a—h(yh(u),u) Y — Y}
y
dF; d
<a—h(yh(u),u)Zh,wh> =a(Zh,wh)+/ —f(x,yh(u))Zhwhdx
y YY), o dy

is an isomorphism. This is equivalent to prove that (4.9) has a unique solution z, € Yj
foreveryu € L2(£2).We prove this. First we observe that yj, (1) € B}:* (y)Yu € B,(u).
Therefore, ||y e = p* Yu € B, (i) holds. From (2.6) we infer the existence
of a constant C s ,+ such that

af -
5(}6, yh@)| = Cypx Yu € By(u).
Then, Lemma 3.1 implies the existence of /1 » < hodependingon C s ,+ and A such that

(4.9) has a unique solution for every h < ﬁp and for all (u, v) € B,(u) x L%(2). O

As an immediate corollary of the above theorem we get the differentiability of the
objective functional Jj,.

Corollary 4.5 Under the assumptions of Theorem 4.4, the mapping Jj : B, () — R
is of class C*Vh < h,, and

Jywyv = / (on () +vu)vdx V(u,v) € B,(u) x LZ(SZ), (4.10)
2

where ¢, (u) € Yy, is the adjoint state, i.e. it is the solution of the variational problem

Find ¢y, € Yy, such that
0
a(wy, ©n) +/ %(x, yr(W)ppwy dx = / (yn(u) — yg)wp dx Ywy € Yp,.
Q 2
4.11)

Let us observe that (4.11) is a linear system of equations, adjoint to the one defined
by (4.9). Therefore, the existence and uniqueness of a solution of (4.11) is a conse-
quence of the same property for (4.9).

Now, we can formulate the first order optimality conditions satisfied by a solution
of (P}).

Theorem 4.6 Assume that h < h = min{A,, ﬁp} with h, and ﬁp given by Theorems
4.2 and 4.4. Then, (PZ) has a solution uy, in the open ball B, (i) for every h < h.
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Moreover, for any of these solutions there exist two unique functions yn, ¢ € Yj
satisfying

a(yn, wp) +/ SO, ywp dx =/ upwp dx Ywy € Yy, (4.12)
Q Q
_ aof o _
a(wp, on) + | — &, ywopwpdx = | (Yn — Ya)wpdx Yw, € Yy,  (4.13)
2 0y Q
/ (on +viup)(up —up)dx >0 Yup € Ugg - (4.14)
Q

Proof The existence of a solution of (PZ ) in the open ball follows from Remark 4.3.
Then, the inequality J}:(ﬁh)(uh —up) > 0Vup € Uag,p, holds for every h < h. This
along with (4.10) leads straightforward to (4.12)—(4.14). O

5 Error estimates

In this section, we suppose that Assumptions 1 and 3 hold. In the whole section u
will denote a strict local solution of (P) with associated state y and adjoint state ¢.
Following Theorem 4.6, in the sequel we will assume that 4 < /, and we consider
the discrete problems (PZ ) having solutions u;, € B, (i) N Uy, and satisfying the
optimality conditions (4.12)—(4.14). We know that u; — u strongly in L%(2). The
goal is to provide some error estimates for the difference u — uj,. We will distinguish
two cases depending on the set Uyq. Firstly we analyze the case where Uyg C L*(£2),
next we treat the case where U,g = L?(£2). Let us prove a preliminary result that we
will use later.

Theorem 5.1 Let u € B,(ii) be arbitrary. Let ¢ € H*(22) N Hy(2) and ¢, € Yy,
denote the solutions of (2.11) and (4.11), respectively. Then, there exist constants ko
and koo such that

le = enlli2i@) +hlle = enllgi o) < keh® Vu € By(i). (5.1)
g — @nllo@) < keoh® 3 Vu € B, (i) (5.2)

Proof First, we recall that || yy, e = p* Yu € B,(u). Hence, with (2.6) we get
af 3?f _
(@ )| + |55 )| = Cppe Vu € By(@), (5:3)
dy dy

Now we introduce the function ¢" € H2(£2) N HO1 (£2), the unique solution of

. ) .
A% — div[b(x)g"] + %(x, )¢ = yi () — vq in 2,
¢ =0onT.

(5.4)
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From Lemma 3.2 we deduce the existence of a constant C; such that || ¢” || w2 < Ci
Yu € B,(u). From the continuous embedding H*(2) C C(2) we get that

||(ph||c(é) < C2 Yu € B,(u). On the other side, from (3.18) we obtain for some
constant K»

1y — Yl 20y < K2h* Vu € By (). (5.5)

Now, we write ¢ — @ = (¢ — @)+ (¢" — @5 (1)) and we estimate both summands.
For the first summand we subtract the equations (2.11) and (5.4):

0
A*(p — o) — div(b() (g — ") + %(x, (@ — o)
0 0
= (yu — yn(w)) + [a—f(x, yr(u)) — —f(x, yu)} o
y dy

Using the mean value theorem, we have that there exists a measurable function 0 <
0(x) < 1 such that, if we name y = y;,(u) + 0(y, — v, (u)), then

9 9 2 .
%(x, yn(m)) — %(x, Yu) = 8—;;(96, W n ) — yu).

Using Lemma 3.2, (5.3), the boundedness of {(ph}h in C(£2), and (5.5) we infer

le — o" a2

el ad
< ol = @l + | e 30 = )

h
oo 19" lc@)

?*f
< C3<1 + Ha—yz()ﬁ y)

hy —
i 19 et ) 1 = @) 22

< C3(1+ CrpC)llyu — Wl 2y < C3(1+ C e COK R Vu € By(id).
(5.6)

To estimate the term ¢” — @, (1) we observe that the equation satified by ¢y, () is
the corresponding discretization of the equation satisfied by ¢”. Both equations are
linear. Hence, we can use [32] to deduce that

le" = on@llz2@) + hllg" = on@)ll 1 (o) < Cah® Yu € B,(@).

Using the estimate in L2(£2), interpolation error estimates, and an inverse inequality
we obtain

lo" — @n (@)l oo(2) < Csh>™3 Yu € B, (). (5.7)
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The reader can also consider to apply Theorem 3.6 with a function f that is linear
and change the equation by its adjoint. Finally, (5.1) and (5.2) follow from the above
estimates and (5.6). O

Error estimates can be deduced from the abstract error estimate of [17, Theorem
2.14].

Lemma 5.2 Let u be a local minimizer of (P) with associated state y and satisfying
(2.16). Let {(yp,, up)} be a sequence of local minimizers of the problems (Py,) converg-

ing strongly to (y, ) in HO1 (2) x L%(2) (see Theorem 4.2 and Remark 4.3). Then,
there exists hy > 0 such that for every h < hy

_ _ - - —11/2
I = inl 20y < C[h* + 1 — unll2ayg) + J' @ wn — )] Yty € Una -

Proof We use [17, Theorem 2.14]. To this end, we have to check the Assumptions
(A2), (A3) and (A7) of [17]. First we observe that there exist positive constants r, M
and M> suchthat forall v, vy, v € Lz(.Q) and allu € Uyq such that ||u —u||Lz(9) <r

| (uyv| < My ||U||L2(Q), 17" () (v1, v2)| < M2||U1||L2(Q)||02||L2(Q)-

Moreover, for every ¢ > 0 there exists § > 0 such that for all u;, uy € L°°(£2) with
lu; — itll L@y <7, i =1,2,and Yv € L*(£2)

|(J (1) = T (w2))v| < ellvll2e)

her = wrllzeee) < 8= { ") = " @)?| < elolldy -

Hence, (A2) holds. Assumption (A3) says that for any element u € Uyq there exists a

family {up}p~0 with up € Uyq j, such that |lu — uy, ||L2(_Q) — O when & — 0, which is
well known to be satisfied for our choices of Uyq . Finally, estimate (5.1) implies

[(Jp(u) — T () (up — i) =/Q(<ph(u) — @u)(up, — i)dx

< llon() — oull 22y llun — il 20

<koh*|lup — il 2(g2)-

Therefore, Assumption (A7) holds with ¢ = h?. Then, [17, Theorem 2.14] claims
the existence of a constant C independent of & such that

_ _ _ - -\11/2
i = inll 20y < C[h* + 1 — unll2ayg) + I/ @ n — )] Yun € Unan ¥h < ho,

and the result follows. O

Next, we obtain error estimates for unconstrained problems.
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Theorem 5.3 Suppose Uyg = Lz(.Q) and set U, = Ué, i = 0,1. Let u be a local
minimizer of (P) with associated state y and satisfying (2.16). Let {(yn, un)} be a
sequence of local minimizers of the problems (P),) converging strongly to (y, i) in
Hé (2) x L*(82). Then there exists hg > 0 such that

it — il 20y < Ch'™ Vh < ho.

Proof We apply Lemma 5.2. In this case J/'(#) = 0. For i = 0 we take u;, = ITji
and for i = 1, we take u, = I,u, the nodal interpolation of u# and the result follows
from the approximation properties of the projection in the L>(£2) sense and the nodal
interpolation respectively. i

In the following result, we obtain error estimates for constrained problems.

Theorem 5.4 Suppose —o00 < a or B < 00 and set Uy, = Z/l;;, i =0,1. Let u be a
local minimizer of (P) with associated state y and satisfying (2.16). Let {(y, up)} be
a sequence of local minimizers of the problems (Pp,) converging strongly to (y, u) in
H(} (2) x L*(82). Then there exists hg > 0 such that

& — iinll 22y < Ch Vh < ho.

Proof We apply again Lemma 5.2 with u, = ITyu € Uag,, where we recall that
IT), is either the linear projection in the L?(£2) sense onto L{g or Carstensen’s quasi-
interpolation operator, depending on the approximation space for the controls. In both
cases we have that [[u — up | 120y < Ch; see [21, Lemma 4.3] for Carstenen’s quasi-
interpolation operator. For the last term we have

J'@) up — i) = / (@ +vi)(up —w)ydx < Cllg +vitll g1 ) llun — il g-1(2)
2

< Ch?,

where the estimate [|u, —ull -1y < Ch? follows by duality for the L?(£2) projection
and is proved in [21, Lemma 4.4] for Carstenen’s quasi-interpolation operator. O

Finally, we deduce error estimates in the norm of L°°(§2). We start with a result
for the adjoint state.

Corollary 5.5 Let us suppose that the assumptions of Theorem 5.3 or Theorem 5.4 are
satisfied and let ¢ € H*(2) N Hy (2) and @, € Yy, be the solutions of (2.13) and
(4.13). Then there exists ho > 0 and a constant C independent of h such that

16 — @nllLe(2) < CR*™"* Vh < hy.
Proof By the triangle inequality

lo = @nllLey < 1@ — @, Loy + l@a, — @rllLe().
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Using eithfir Theorem 5.3 or Theorem 5.4, we have that there exists some i > 0 such
that uy, € B, (u) for all h < hg. Therefore, we can use (5.2) to obtain

lpa, — @nllLoe@) < kooh*™/?

Using the same technique as in the proof of Theorem 5.1 and the Sobolev embedding
H?(2) < L*(£2), which is valid for n < 3, we have that

@ — @iy llLe2) < C3(1+ Cr pxCOHIY — i, | L2(2)-

Next, we use [12, Lemma 3.5] and either the estimate proved in Theorem 5.4 or the
ones proved in Theorem 5.3, depending on wether we have control constraints or not.
Since i, € B, (u) for all i < hg, we know that there is a constant M B, (@) such that

1y = vl 222y = Mgp(,;)”’z —unll2ey < Ch.

The result follows from the previous estimates, just taking into account that 2 —n /2 <
1. O

To deduce error estimates for the control variable in L°°(£2), we replace Assumption
(2.2) and the assumption on the target y; by the following one, which is not very
restrictive in practice:

b e LP(2) with p > n, divh, yg € L4(£2) with g > 2, (5.8)

Using that £2 is convex, we know that there exists some 2 < p < min{p, ¢} such that
¢ € WZP(£2); see, e.g., [25] for n = 2 and [19, Corollary 3.12] for n = 3.

Corollary 5.6 Let u be a local minimizer of (P) with associated state y and satisfying
(2.16). Let {(yn, up)} be a sequence of local minimizers of the problems (Py,) converg-
ing strongly to (y, u) in H(} (£2) x L*(£2). Suppose further that one of the following
conditions is satisfied:

L. Uy =U} and Uy = L*(2);
2. Uy =U)) and (5.8) holds;
3. Uy =U}, n =2 and (5.8) holds.

Then there exists hg > 0 and a constant C independent of h such that
||I/_t — ﬁhHLoo(_Q) < Ch27n/2 Vh < ]’l().

Proof Case 1—Uj, = U,! and Uyq = L*(£2). The optimality conditions (2.14) and
(4.14) and Corollary 5.5 lead straightforward to

- r_ _
it = o) = ~1I@ = @ulli=@) = Ch>™"/2 Yh < hy.
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Case 2—U), = Z/l,? and (5.8) holds. In this case (2.14) and (4.14) lead to

_ . 1_ _ . 1 _
u(x) = Projy, g <—;§0(X)> , ur = Projy, g (‘Wfoph(x)dX) VT € Ty,

where Proj[a,ﬂ](s) = max(«, min(B, s)) and ur is the constant value of uy; at the
triangle 7. From the mean value theorem, for every element 7' € 7, we deduce the
existence of some x7 € T such that

/Tst_)h(X)dx = |T|@n(xT).

Since Proj, g)(s) is a contraction, we have that for every 7' € 7;, and almost every
xeT,

1
) — iy ()| = Je(x) —ur| = Z19(x) = gn(x7)l- (5.9

Since ¢ e_Wz'l’(.Q) for some p > 2, by the Sobolev imbedding theorem, also
@€ CO(R2)fors = 1ifn =2and some 1/2 < § < 1 depending on p if n = 3.
Therefore, there exists a constant Ag > 0 such that

lp(x) — on(xr)] < |@(x) — @(xr)| + [@(x1) — @n(x7)]
< Agh® +11¢ — @nllL(2).- (5.10)

From (5.9), (5.10), Corollary 5.5 and the fact that 2 — n/2 < §, we have that
it (x) — ity (x)| < Ch*™? forae. x € 2,

and the result follows.

Case 3—U), = L{hl, n = 2 and (5.8) holds. If there are no control constraints, we
are in the situation of Case 1, so we assume that —oo < « or § < +00. In this case,
(4.14) implies that iy, is the projection in the Lz(.Q)-sense of —%(,Z)h onto Uyq p, but
we do not have a pointwise projection formula.

The estimate follows from the results of [28, Sections 3,4]. Notice that, although
that reference is about linear equations, the proof only requires L?(£2)-error estimates
for the control, which we have in Theorem 5.4, L°°(§2)-error estimates and Lipschitz
regularity for the adjoint state, which we have from Corollary 5.5 and assumption
(5.8) and the fact that the discrete optimal control is a projection in the L2(§2)-sense
of — %(Z)h. Notice also that the technique of proof cannot be translated to n = 3, since
the analogous of [28, Lemma 3.5] for n = 3 does not hold. O

Remark 5.7 Under additional regularity conditions, higher orders of convergence can
be proved. Indeed, let us suppose that ¢, € W2 (£2) forsome p > nifu € L®(£2).
For n = 2, condition (5.8) is sufficient for this regularity, while for n = 3 we have to
assume that b, div b, y; € LP(£2) for some p > 3 and also that the internal angles of
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£2 are small enough; see [19]. Using the same technique as in the proof of Theorem 5.1
together with [33, Theorem 2.1], [6, Theorem 2.2], and the fact that {u,} is bounded
in L°°(£2), we obtain

- 21 2_n
9z, — @nllL=(@) < Ch™ 7 |loghlllga, lw2r2) = Cplloghlh™ 7.

From this estimate, it can proved as in Corollaries 5.5 and 5.6, that

_ 1 _ _n .
i = nllL=i@) ==1¢ = GullL=ce) < Cplloghlh* 7 if Uy = U} and Upg = L*(2)

o 1. _ .
lit — ipllpe(2) <Agh + ;llf/) —@nllLe2) < Ch itU, =U,

where Ag is the Lipschitz constant of ¢.

Assume that we have that ¢, € W2 P (§2) forall p < +ooifu € L>(£2). If further
U, = L{}: and Uyg = L%(£2), then we obtain by setting p = |logh| in the above
inequality

o 1
i = dnllo2) = ~1I@ = Pulli=@) < C|logh|*h*.

See [11, Lemma 3] for the proof of a similar result. This high regularity can be
achieved, for instance, if b, divb, yg € Lﬁ(.Q) for all p < +o0 and §2 is a rectangle
or a rectangular parallelepiped or its boundary I is of class C1!.

Also, when U, = U,ﬁ and Uyg € L?(£2), the order of convergence usually observed
in experiments for the L?(§2)-error of the control is O (h3/%). A detailed explanation
of this phenomenon can be found in [10, Section 10]. In our case, this order is achieved
if p > n. The proof is based on the assumption that the measure of set U{T' € 7}, :
i ¢ H*(T)} is of order h. This assumption is not restrictive and is usually satisfied in
practice; see [27].

6 Numerical experiments

We are going to build an example with an explicitly known local solution satisfying
the second order sufficient optimality condition (2.16).

Let us consider £2 = (0, 1), Ay = —Ay, f(x,y) = exp(y), v = 1 and b(x) =
(B(x1),0) if n = 2 or b(x) = (B(x1),0,0) if n = 3, where B(x) = 5x3/4(1 — 2x).
With these choices, Assumptions 1, 2 and 3 are satisfied, but notice that Assumption 2’

does not hold. The lower control constraint will be @ = —oo and we will investigate
both the upper unconstrained case 8 = oo and the constrained case g = 272"~ 1,
To define the target state y,, we first define ¢(x) = —JT_ | x;(1 — x;) and i(x) =

Projie, g1 (—@(x)/v). Next, we take y € H 22N HO1 (£2) solution of the state equation

and set yz(x) = Ap(x) +div(b(x)p(x)) + y(x) — g—{(x, y(x))@(x). (In practice, we
do not have y, but we can use yy, (i) to compute a good approximation of yg).
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Table 1 Experimental order of convergence for the control error

n Piecewise constant controls Continuous piecewise linear controls
Unconstrained Constrained Unconstrained constrained
12 L L2 L® 12 L>® 12 L®

2 1.0 1.0 1.0 1.0 2.0 1.9 1.5 1.0

3 1.0 1.0 1.0 1.0 2.0 2.0 1.8 1.1

Table 2 Experimental order of convergence for the state error

n Piecewise constant controls Continuous piecewise linear controls
Unconstrained Constrained Unconstrained Constrained
L2 L® L2 L® L2 L® L2 L®

2 2.0 2.0 2.0 2.0 2.0 2.0 2.0 1.9

3 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.1

With these choices, it is clear that (u, y, @) satisfies first order optimality conditions
(2.12)—(2.14). From (2.10), we have

J" (@)t = / (1 - gz)(x)eW)) 22(x)dx +/ v2(x)dx Yv € L*(R2).
2 2

Since ¢(x) < Oforall x € £2, the condition (2.16) holds and hence # is a local solution
of (P).

The problem is discretized using the finite element method. To solve the discrete
problems, we use a semi-smooth Newton method as described in [10, Section 14]. The
success of the conjugate gradient method used to solve the unconstrained quadratic
programs arising in the optimization process is an indication that the solutions of the
finite dimensional problems are strict local minima.

The mesh of size h; = 27 is obtained splitting £2 into 2" congruent cells obtained
by translation of (0, 2;)" and dividing each cell into n! n—simplices. In this family
of meshes, the experimental order of convergence for the error of the variable z €
{u, y, ¢} measured in the norm of X = L2(£2) or L>°(£2) can be computed as

EOC; =logy(llzn;_y — Zllx) —logy(llzn; — Zllx)-

We report on the L?(§2) and L°°(£2) experimental order of convergence of the error
for the control, the state, and the adjoint state fori = 8ifn =2,andi =5ifn = 3.
We summarize the results Tables 1, 2 and 3.
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Table 3 Experimental order of convergence for the adjoint state error

n Piecewise constant controls Continuous piecewise linear controls
Unconstrained Constrained Unconstrained Constrained
L2 L® L2 L® L2 L® L2 L®

2 2.0 1.9 2.0 1.9 2.0 1.9 2.0 1.9

3 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
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in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.
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