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Abstract

In this paper, we analyze optimal control problems governed by an elliptic partial differen-
tial equation, in which the control acts as the Dirichlet data. Box constraints for the controls
are imposed and the cost functional involves the state and possibly a sparsity-promoting
term, but not a Tikhonov regularization term. Two different discretizations are investigated:
the variational approach and a full discrete approach. For the latter, we use continuous
piecewise linear elements to discretize the control space and numerical integration of the
sparsity-promoting term. It turns out that the best way to discretize the state equation is to
use the Carstensen quasi-interpolant of the boundary data, and a new discrete normal deriva-
tive of the adjoint state must be introduced to deal with this. Error estimates, optimization
procedures and examples are provided.
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proximation
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1 Introduction

Let Q C R? be a convex polygonal domain with boundary T', —0o < a < 3 < 400, yq € LP(Q)
for some p > 2, and p > 0. We will study the following control problem

Join J (u) = F(u) + pj(u), (P)
where 1
F(u) = §|\yu — yall 720, 3 (u) = [lullLr(r),
and

Ua ={ue LT :a<u(r) <p forae zel}.

Above y, denotes the state associated to the control u related by the following state equation

Ay, = finQ, y,=wuonT, (1)
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where f € H=(Q). Here A denotes the operator

2

Ay = - Z arj (ai,jal‘iy) + aoy,

ij=1

where ag € LP(Q), p > 2, satisfies ag > 0, and the coefficients a; ; € C%1(Q2) satisfy the uniform
ellipticity condition

2
IAa > 0 such that Aalé]> < Y a;;6¢ V6 R and aa. z € Q.

ij=1

The solution of equation must be understood in the transposition sense; see Definition
below. This problem has two special distinguishing characteristics: the control acts as Dirichlet
boundary data and there is a non-differentiable sparsity promoting term, namely j(u). Moreover,
we do not introduce a regularizing Tikhonov term.

Since the so-called seminal papers for these topics, [I3] for Dirichlet control problems in 2006
and [23] in 2009 for sparse optimal control problems, there has been an increasing interest in both
of them in the last years. Just to give a measure of this interest, the first one has 85 citations
and the second one 100 citations, according to Web of Science, at the moment of writing these
lines. Nevertheless, the author is not aware any work dealing with sparse Dirichlet optimal control
problems.

The main difficulty in the study of boundary Dirichlet optimal control problems lies in the
lack of regularity of the solution. Even for Tikhonov regularized problems the optimal control is
usually not even in H'(T'); see [I]. This leads to serious difficulties in both the analysis and the
numerical approximation of this kind of problems. In the case at hand, one cannot improve the
regularity of the optimal control via the adjoint state equation and the optimality system, so the
situation is even worse than the one described in [I].

The plan of the paper is as follows. In Section [2] we provide first order optimality conditions
and state the sparsity properties of the optimal control. One of the objectives of this work is
to introduce a discretization that preserves these sparsity properties. In Section [3] we first recall
two different ways to discretize the state equation: using the L?(I')-projection or the Cartensen
interpolant of the boundary data. Unlike the L?(I')-projection, the Carstenen interpolant of a
continuous piecewise linear function need not coincide with itself. This has been seen in the
literature as a disadvantage for application in optimal control; see [2 Remark 2.13]. We show
how to circumvent these difficulties: the computation of the derivative of the resulting discrete
functional requires the definition of a new approximation of the normal derivative of the adjoint
state, different from the discrete normal derivative defined in [13]. We devote the second part of
Section 3| to discuss the properties of this new concept.

In Section [d] we discuss the variational discretization of the control problem. The control is not
discretized. This approach is quite effective to solve problems with bang-bang or bang-off-bang
solutions; see [14] for a discussion about bang-bang solutions in the distributed case. In Section
we discretize completely the problem. To preserve sparsity we use a numerical integration
formula to compute the non-differentiable sparsity-promoting term as is done in [9] or [I§]. Error
estimates are obtained for the two kinds of approximation for both the control and the state
variable. In Section [6] we explain how to solve the problems and in Section [7] we show with
some examples the properties discussed along the paper. The orders of convergence obtained in
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sections [4] and [5| are by no means optimal. The experimental orders of convergence obtained for
the examples in Section [7] are higher than the theoretical ones in all the studied cases.

In this work we deal with convex polygonal domains to simplify the exposition. Similar
results can be achieved for nonconvex polygonal domains, taking into account the decomposition
of the adjoint state into a singular part plus a regular part carried out in [I]. On the other
hand, we deal with the general elliptic operator with Lipschitz coefficients A. Up to our best
knowledge, all the references to the study of Dirichlet control problems have been written for the
Laplace operator —A. All of the necessary results about regularity and approximations of partial
differential equations involving —A are valid in our context, and we have included justifications
and even some detailed proofs where we thought that the “translation” was not immediate.

The other choice we do is that the equation is linear, and this is because it is not clear to us how
to treat the problem in the case of a semilinear equation. To deal with a semilinear equation we
should obtain a second order sufficient optimality condition for a strong local minimum involving
some norm of the state, and then prove somehow convergence of the discrete optimal states to
the optimal state in that norm. This technique is used for distributed control problems using the
norm of L*°(Q) in [10] and [I1I]. A simple inspection of a 3D graph of a solution should be enough
to convince us that uniform convergence of the states is impossible in our case; see e.g. Figure
in Section [/} Some stronger concept of local minimum should be used, involving, for instance,
the L?() norm of the states.

Through all the work, (-,-) denotes the inner product in L?(2) and (-,-)r the inner product
in L2(T).

2 The continuous problem
Before introducing the definition of transposition solution, we recall a classical regularity result.

Lemma 2.1. For all g € L*(Q) there exists a unique ¢, € H(2) N H2(Q), variational solution
of
Ap=ginQ, p=0onT. (2)
Further
1004 Bgllr2ry < CligllLz(a), (3)

where O,,. ¢4 is the co-normal derivative of ¢4 associated to A*, the adjoint operator of A, given
by

2
Aty =— Z Oz, (a;,i0,y) + aoy,

ij=1

Proof. Existence and uniqueness of ¢, € H{(Q) follows from Lax-Milgram theorem. H?()-
regularity follows from the convexity of Q; see [15, Theorem 3.1.3.2].

A proof of the regularity of 9,,.¢, in H'/?(T") for the case A = —A can be found in [I2,
Lemma A.2]. In Appendix [A| we adapt that proof for the general operator considered here. [

Thanks to Lemma the next definition is meaningful.
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Definition 2.2. For every u € H~'/2(I') and f € H~'(Q), we say that y, € L?(Q) is the
transposition solution of if

(y,g) =(f, ¢9>H’1(Q),H1(Q) — (u, 6VA*¢!J>H*1/2(F),H1/2(F) Vg € LQ(Q)a
where ¢, € H} () N H?(Q) is the unique variational solution of (2).

Notice that, if we denote yq the solution of for w = 0, which is a variational solution and
belongs to HY(Q) C L"(Q) if r < +o0, and redefine y4 := yq4 — yo, our problem is equivalent to

. 1 2 .
Jnin J(u) = 5 llyu = Yallzz o) + miw), (P)

where
Ay, =0inQ, y,=uonT. (4)

Therefore, in the rest of the work, we assume without loss of generality that f = 0.
We will denote Y = H/2(Q) N L>°(Q). This is a Banach space endowed with the norm

1Ylly = 1Yyl mr2@) + 19l @)

Theorem 2.3. Set 0 < s < 1/2. For every u € H=*(T) there exists a unique y,, € H/?75(Q)
solution of , and

Yl 1722 () < Cllull -1y
If, further, w € L>®(T"), then y, € Y and

1Yully < [l - ()

Proof. The first result can be found in the proof of [I, Theorem 2.5] and the second one in [,
Theorem 2.8]. They are proved A = —A, but the proofs only makes use of the definition in the
transposition sense and the maximum principle for variational solutions, so the results also apply
to the general operator A considered in this work. O

Remark 2.4. Since ) is convex polygonal, we know that there exists p* > 2 such that, for
g € L"(Q) with r < p*, ¢, € W27(Q), see [15], and 9,,.¢, = W'=/""(T), see [12, Lemma
A.2]; the proof can be adapted as we have done for Lemma Taking also into account that
HY2(Q) < L*(Q), regarding the regularity of the target state yy and of ag, we assume for
simplicity that p <4 and 2 < p < p*, since a greater p would not lead to better regularity of the
adjoint state; see Lemma [2.5] below.

In the next lemma we collect some basic facts for later reference.

Lemma 2.5. The control-to-state operator G(u) = y.,, where y,, is the transposition solution of
equation (@), is linear continuous from L*(T') to HY/?(Q) and its restriction to L=(T') is linear
continuous imto Y.

The functional F is of class C* in L*(T'), for all u,v € L*(T")

F'(u)v = (=yapu,v)r and F"(w)o? = |y, 72(q), (6)
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where @, € HE(Q) NW?2P(Q) is the unique variational solution of
A=y, —yainQ, @=0onT, (7)

and ]
F(u+wv) =F(U)+F’(U)v+§llyvlliz<g)~ (8)

Proof. The statements about G follow straightforward from Theorem [2.3] The regularity of the
adjoint state follows from the assumption done in Lemma [2.1

Since G is linear, its derivative can be computed as G'(u)v = y, and the expression for
the derivatives of F' follow using the chain rule and integration by parts in a standard way.
Equation is simply the Taylor expansion of F' and follows just taking into account that F' is
quadratic. O

The function j is not differentiable, but it is convex and Lipschitz. We denote j'(u;v) its
directional derivative in the direction v. The convexity of j implies that

3 (usuz —ur) < j(u2) — j(ur) Yur,us € L'(T).

We denote 9j(u) the convex subdifferential of j at w.

Existence of a solution u € U,q of (]E[) follows in a standard way. From 7 we have that
the control-to-state mapping is injective, and therefore the functional is strictly convex, so the
solution is unique. First order optimality conditions read as follows.

Theorem 2.6. Let u € Uaq be the solution of . Then, there exists a unique triplet y € Y,
@€ HI(Q)NW?2P(Q) and X € 9j(u) such that

Ay=0inQ, g=uonT, (9a)
Ao=9g—yamQ, @=0o0nT, (9b)
(=0, @+ pAu —@)r > 0 Vu € Upg. (9c)
Further,
(=04 Py u—t)r + pj(u) — pj(t) = 0 Vu € Ug. (10)

This theorem is proved in the same way as [, Theorem 3] with the obvious changes. From
the following corollary can be deduced in a straightforward way using the technique of [0,
Theorem 3.1].

Corollary 2.7. Suppose that the assumptions of Theorem[2.6] hold.
If 0,,.0(x) < —p then u(x) = . If O,,.¢(x) > p then u(x) = B.
If > 0 then A € W=1/PP(T") and

< . 1 _
A(z) = Proji_q 41 (M&,A* @(x)) .

If, further, a < 0 < B and |0, ,.¢(x)| < p, then a(x) = 0.

The regularity of A follows from the regularity of 9. @; see Remark In particular, since
p > 2, X is a continuous function.

Under a structure assumption, we can deduce further properties of the control and enhanced
first order optimality conditions; see [19, Lemma 6.3].
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Lemma 2.8. Suppose that
there exists K > 0 such that meas{w el: ‘|8,,A*<,27(:r)| - u‘ < 5} < Ke Ve > 0. (H)
Then u(x) € {a, B} if p =0, u(z) € {,0,8} if p >0 and

. L 1 _
(=0 e pyu — W) + pj(u) — pj(a) > m”“ — @)1 (r) Yu € Una. (11)

Remark 2.9. 1. In [20] it is shown by an example that the assumption of Lemma may not
be reasonable for 2D controls, and they replace the bound Ke by the more realistic Ke” for
some 0 < v < 1. In our case, since the controls are 1D, the assumption is fulfilled in normal
situations, although it is possible to build academic 1D examples where it is nor fulfilled;
see [I1l Section 7].

2. If the assumptions of Lemma do not hold, then the optimal control may have singular
arcs and the adjoint state does not provide any information about them; see Example

3. For Dirichlet optimal control problems posed over convex polygonal domains, it is known,
see [1], that 0,,.% is a continuous function that vanishes at the corners of the domain.
This means that, if g > 0, then the optimal control will be zero in a neighbourhood of the
corners. This can be clearly seen in all the examples in Section [7}

We finish this section with a property of the optimal state.
Lemma 2.10. Let @ be the solution of (]E[) For any u € Uyq we have

Sl — 930 < J(w) — I(@).
Proof. Using , @ and 7 we have that
T(w) =F(u) + pj(w)
=F(a) + pj(a) + /() — ) + pioe) — 1 () + 3 3 — 9oy
= (@) + (<D0 @~ W+ () — @) + 3 I~ 33200
>J(#)+ 3 e~ 9.
Therefore, we have that

1 _ _
Sl = 3@y < Tw) - I(@).

3 Discretizations of the state and adjoint state

For all y, 2 € H(Q2), we define

2
a‘(yv Z) = Z (ai,jamiyv aI]Z) + (aoy, Z)

ij=1
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Let {T»}n be a quasi-uniform family of triangulations of . For the discretization of the state
and the adjoint state we use the space of linear finite elements Y;, C H*(),

Yi = {yn € C(Q): yp € PY(T) VT € Tp}.
We abbreviate Y0 = Y3, OH& (Q) and Y,f the space of functions that are the trace of some element
of Yh.

In Section [4) we will not discretize the control (variational discretization), but in Section
we will use functions in Y, (continuous piecewise linear approximations). We will denote
Uh,ad = th N Upq.

Following [2], we define two different approximations of the state equation. For every u €
L3(T), yn(u) € Y}, is the unique solution of

a(yn,np) = 0 for all n, € Yio, yn(u) = mpu on T, (12)

where either m,u = Pju is the projection in the L?(I") sense onto Y,}“, as proposed by Berggren
in [3], or mpu = Zpu is Carstensen quasi-interpolant. In case we need to distinguish them, we
denote y/ " (u) and y; " (u), otherwise, we simply write yj,(u). We also introduce

1 1
Ph _ P 7z _ oy
By () = 5 llyy" (u) — yall72 (o) and Fy" (u) = 2l (w) = yallZz(),
and do the same convention for Fy,(u).
Let us briefly recall the properties of both approximations. Regarding the L?(T") projection,

we have that Pju is the unique element of Y, that satisfies
(P, vp)r = (u,vp)r Yu € L*(T') and vy, € Yy .

Notice that if uj, € YhF, then up = Prup and yf*" (up) = up, on I. It is also remarkable that it is
possible that u € U,q, but Pru & U,q; see Figure
To define Carstensen interpolation, denote Ny = dim th and {z; }jV:F ; the boundary nodes of

the triangulation. For 1 < ¢ < Nr, define e; as the unique function in YhF such that e;(z;) = d; ;.

We define
= (u, e))r
Thu = e
. ;(17€j)re]

For the scalar product in YhF

Nr
(un,vn)n = Y ujv;(1,¢;)r, (13)
j=1
it is straightforward to deduce the identity
(Znu, vi)n = (u,vp)r Yu € L*(T) and vy, € Vi (14)

The Carstenen interpolant of a function u;, € Y;I need not coincide with itself, so in general
ygh (up) # up on T'. On the other hand, u € U,q implies Zpu € U,g.

In the following result, we recall the concept of variational discrete normal derivative intro-
duced in [13], which we denote or . ¢n because it will match the state equation when we use P,
and introduce a new one, which we denote 852 ¢p, because it will match the state equation when
we use Zj,. We follow the same convention as for yy(u) and Fj,(u) and write 9% ¢y, to refer to

Vg
common properties of both 3,?:* o5, and GEZ Op.
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Theorem 3.1. Consider g € L(S2), and let ¢j, € Yio be the solution of

a(nn, on) = (9,1n) V0n € Yao.

Then, there exists a unique 35:; én € Y} solution of

(O dn: Cn)r = alCh dn) — (9,Cn) VCn € Y,

and a unique 0", ¢n € Y} solution of

O b1y )i = a(Ch, d1) — (9,Cn) Yon € Vi

Proof. Existence and uniqueness of 8,13:* ¢n is proved in [I3] Proposition 4.2].

For the second part, we decompose Y}, = Yo @Y,?, where Yh8 is isomorphic to Y,f . If ¢ € Yho,
then the equation is trivially 0 = 0, so we are left with the functions in Yha .

Abusing notation, we denote for j = 1,...,Nr, ¢; € Yha the function that coincides with
e; € th and is zero in the interior nodes of the triangulation. The system defining the coefficients

of 852 ¢r in this basis is a diagonal system, that trivially has a unique solution. O

The utility of the new discrete normal derivative is shown in the following Lemma. It tells us
how to compute exactly the derivative of the discrete functional F} when we use the Carstensen
interpolant to approximate the boundary data of the state equation.

Lemma 3.2. For every u,v € L*(T)
Fy(wv = (=0, on(u),v)r,
where @p(u) is the solution of
a(mn, en) = (Yn(w) = Ya, M) Vnn € Yao. (15)

Further, for every u,v € L*(T) and v, € Y;'
/ /
F (wv = (=05 on(u), Tpv)n,  FP (won = (~Zh0E . o3 (w), vn)n.

Proof. The property for th is well known; see [13] eq. (4.6)].

Let us prove the expressions related to the Carstensen interpolant approach. First we apply
the chain rule; next, we use the definition of discrete normal derivative related to the Carstensen
interpolant of the Dirichlet data given in Theorem together with the fact that y%" (v) = Thv

on I'; in a third step, we use the fact that ga%h (u) € Ypo together with the discrete state equation
(12); and, finally, we apply to obtain:

F (w)o =(ui (u) = ya, yp" (v)) = (=022 07" (u), Tno)n + " (v), 7" (u))

=(=001, o (w), Tho)n = (=001, 3" (), 0)r.

If, further v, € YhF, applying again ,

/
Fir (wyvp = (=02, gn (w), vn)r = (=Zu0L" . @r" (u), vp) -
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We collect in the following results the approximation properties of Carstensen interpolant, the
finite element approximation of the state equation and the discrete variational normal derivative.
Other error estimates for the Carstensen quasi interpolation in negative Sobolev norms can be
found in [21]

Lemma 3.3. There exists C > 0 such that
lw — Tpull 2y < ChY2||ul a2y Yu € HYA(T), (16)
|l — Zhull gr-1/2ry < ChY2||ullpo(ry Vu € L*(T). (17)
Proof. Using the convexity of s together with 0 < e; < 1 and Zj\f:rl e; = 1, we have that for
every up = Z;Vil uje; € Y},

2

NF NF
lunll32 ) = / > ujej(x) | do < / > udej(x)de = (un, up)n.
j=1 j=1

Using this, , and Cauchy-Schwarz inequality, we deduce that for all u € L?(T),
1 ZnullZ2 ) < (Tnw, Tnw)n = (u, Znu)r < [|Tnull 2 m)llull L2y,

and hence
1 Zrul 22y < llullz2(ry- (18)

So we also have trivially that

Hu 7Ihu||L2(F) < 2||u||L2(p) Yu € LQ(F)

In [5, Theorem 3.1.2] it is proved that
Hu — IhU”LZ(F) < Ch”uHHl(F) Yu € Hl(I‘)

Estimate follows, therefore, by interpolation.

Estimate can now be obtained by duality. Since we do not have orthogonality with
respect to the inner product in L?*(T), we write the argument in detail. Let V = {v € HY/?(T) :
[0ll gri/2(ry = 1.}. Using that u € L*(T'), (14) and (16)), we have

v = Zhull g-1/2(ry = su‘[;(u — Znu, v) g-1/2(ry, gr/2(ry = sup(u — Zpu, v)r
IS

veV
= sgg(u — Thu,v — Ipo)r + (u, Zpo)r — (Zpu, Zpo)r
= sgg(u — Zhu,v — Zpo)r + (Znu, Znv)n — (Znu, Zpo)r
= stelg(u, v = Zpo)r — (Znu, v — Zpo)r + (Znu, Zpo)n — (Zpu, Zpo)r
= ls)lel‘l/)(% v —Tpv)r < sup [ullL2)llv = Znvll L2(r)

< SU‘I; |\U||L2(r)h1/2||U||H1/2(r) = Chl/2||uHL2(F)~
ve



10 M. Mateos

Lemma 3.4. Consider u € L*(T') and let y,, and yp(u) be respectively the transposition solution
of and the solution of . Then, there exists C > 0 independent of u such that

lyu — yn(w)| L2 (0) < Ch1/2||u||L2(F)~ (19)

Proof. This estimate is proved in [2 Corollary 3.3] for both choices of mpu. The proof in that
reference relies on duality techniques, the regularity of the solution and an estimate in [I7, Lemma
3.2] of the discrete harmonic operator. All the steps can be repeated successfully for a general
operator A using the discrete operator A,mpu = yp(u) instead of the discrete harmonic operator.
The estimate for this operator follows in the same way as in [I7] because y, satisfies the same
regularity requirements as the harmonic extension of . O

Theorem 3.5. Let g be an element of L?(Q). Consider ¢ € H?(Q) N HE(Q) the unique solution
of
Ap=gimQ, $=0o0onT

and ¢y, € Yyg its finite element approzimation satisfying
a(nn, ¢n) = (9,mn) Y € Yao.
Then, there exists C > 0 independent of g such that
100ae®— O nllzary < CRY?|glli2(), (20)
||3LLA*¢hHH1/2(r) < Cligllzzco)- (21)

Proof. Estimates and for 7 . ¢n are obtained in [I3, Theorem 5.7 and Corollary 5.8].
Let us prove both estimates for c’)fz ¢p,. By the triangle inequality

100 e = 022 Dnll 20y < 100 e @ = TnOupu bll2(ry + 1TnBope d — 022 0l L2y (22)
From and Lemma, we have that
1004 = TnOu. Bll 2y < CBY2 0y 40 Dl pr1r2(ry < CB gl 20 (23)

Let us estimate the L?(I')-norm of ej, = TnOy . ¢ — 0t ¢y, € th. First we notice that

VpAx

lenllZzry =(en. en)r = (en, Tnen)n = (Tndy,. ¢, Inen)n — (054 dn, Inen)n

= (4 &, Tnen)r — (071, én, Inen)n.-

Now we are going to compute the two terms in the right hand side of this equality. For the first
one, we multiply both terms of the equation A¢ = g by yf" (en) € Yy, C HY(Q) and apply Green’s
formula, to obtain

(9, 2" (en)) = a(yy" (en), ) — (Oy,. &, Tnen)r.

For the second one, we use the definition of the discrete normal derivative 0

BTt

Zh

L%, ¢n given in Theorem

(9, 2" (en)) = alyy" (en), dn) — (532* ®h, Inen)n.
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Gathering the last three equalities, we obtain that

lenlZ2ry =alys" (en), ¢ — én) < 116 = dnllar o1y (en) 0y

—1/2|

<Chllgll2llenll g2y < ChllgllLz@h ™ “llenll L2 r)-

where we have used the H?(Q) regularity of ¢ (see Lemma [2.1]), the classical finite element error
estimate, that

Iy (en) L) < ClIZnenll gay < Cllenll gy

(see [4, Lemma 3.2] for the first estimate and apply [5, Theorem 3.1] and interpolation for the
second estimate), and an inverse inequality. So we have that

lenllzzry < ChY2(|gll L2 (o) (24)

Estimate follows from , and .
To prove we write introduce the term 7,0, ,. ¢, which belongs to H'/2(T'), and apply an
inverse inequality, the continuity of Z, in H/?(T), and to obtain

1072 dnll ey < N Tnduse Bl grsecey + 1002, dn — Tndu yu bl vz ry
<C0y . Dl /oy + CH208 ¢n — Tn0o s bllz2(ry < Cllgllrze)-

Vp*

Here, the continuity of Zj, in H/?(T') follows by interpolation between the estimate for the
continuity in L?(T") proved in and the continuity in H(I") proved in [5, Theorem 3.13]. O

To obtain error estimates for the control variable, we will use the following result.

Corollary 3.6. Consider u € U,a, and let @, € HF(Q)NH?(Q) and ¢p(u) € Yao be the solutions
respectively of @ and . Then, there exists C > 0 independent of u such that

100 40 o0 — 5,7“ en(uw)lL2r) Ch'/?, (25)
HBSA* on(Wllmrze < C. (26)

VARV

Proof. Define ¢ € H?(2) N Hg(£2) the solution of
Ao=yp(u) —yginQ, p=0o0nT.

We have that ¢p(u) is the finite element approximation of ¢. Estimate follows from the
triangle inequality, Lemma estimate 7 and the fact that U,q is bounded.

100 4 o= on (W | L2(0) < 10040 0w = Oue Dl 20y + 10040 & — DL o (w) || 2T
<Cllyu — yn (W)l r2@) + CB2lyn () — yall 2y < ChY2.

Estimate is deduced directly from and the fact that, taking into account that U,q is
bounded, we have |[yn(v) — yallz2) < lyn(W)llz2) + Yallz2@) < Cllullz@) + |vallz@). O
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4 Variational approach

For the variational approach, we consider both techniques to impose the boundary data. We will
label with a subscript v the quantities related to this approach.
Taking into account that Fj may stand both for FhIh or F}Zjh, we select 7y, € {Zp,Pr} and
consider the semi-discretized problem
min Jy(u) := Fp(u) + pj(u). (Py)
uEUaq
It it standard to check that (P,| has a solution @, € U,q. First order necessary conditions
read as follows.

Theorem 4.1. Let u, € Uaq be a solution of (Py). Then, there exists a unique triplet yn v € Y,
Phyv € Yno and Ay € 0j(uy) such that

a(Gn,v,Mn) = 0 for all np, € Yo, Ynv = maty on I (27a)
a(mn, Phv) = Fhy — Ya.mn) for all n, € Yio. (27b)
(=0 . @y + pAv,u — Uy)r > 0 Vu € Uy, (27¢)
Further,
(_61}:14* Phyvy U — QV)F + ,UJ(U) — pj(ay) >0 Vu € Uaq- (28)

The discrete version of Corollary follows in the same pointwise way, just replacing u and

Oy,. @ by y and 8] G -
Remark 4.2. Notice that the solution need not be unique. Neither the projection operator Pp
nor the quasi-interpolation operator Z;, are injective. Therefore, if u, is a solution, any other
admissible u, such that 7,4, = mpu, will satisfy the discrete state equation. If y = 0, then it is
immediate that u, is also a solution of . For p > 0, this will be the case if u, also satisfies
Juy) = j(ty).

Unlike other problems discretized variationally, e.g., [8, Theorem 3.2], here the discrete control
TpUy may not be a solution of . If we choose the L?(I')-projection, then Py, may overshoot
the control constraints and hence it would not be in U,q. On the other hand Z,Z,u, may be
different from 71, so ygh (Zny) would be different from g, .

We have the following error estimate for the state variable.

Theorem 4.3. Let u € U,q be the solution of , Uy € Uuq be a solution of (P.), and § €
Hl/Q(Q), Unv € Yy be respectively the solutions of the state equations and (27a)). Then there
exists C > 0 such that

17 = vl 2@y < ChY* ¥h > 0.

Proof. By the triangle inequality
19 = Onvllzz) <19 = ya, 2@ + e, — Invllzzo)-

Using that || [|z2r) < (8 — a)|T|'/2, we deduce from estimate that the second summand is
of order h'/2. To estimate the first one, using Lemma we obtain

1 _ _ _
§||yﬂv — 32 < J(ay) — J (1)

:<J(av) - Jv(ﬂv)) + (Jv(ﬂv) - Jv(ﬂ)) + (Jv(ﬂ) - J(a)) — [+ II+III.
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The second term is negative due to the optimality of u,. Estimates for the first and third terms
follow in the same way. Let us do III. Using , we obtain

|Jy(a) — J(u)| =|Fp(a) 4 pj(n) — F(ﬂ)+uj(ﬁ)\
/ | (yn (@ — (5 — ya)?| du
- / (@) — 7)o (8) + 7 — 290)] de
<llyn (@) = Fll2 ) llyn(@) + 7 — 2yallz2 (o) < Ch'/?, (29)
and the estimate follows. O

For bang-bang or bang-off-bang solutions satisfying the structure assumption, we have also
information on the behaviour of the control.

Theorem 4.4. Let u € Uyq be the solution of (P)) and @y € Uaq be a solution of (P,)). Suppose
that the structure assumption in Lemma|2.§ is satisfied. Then, there exists C > 0 such that

@ — @y L2y < ChY3.

Proof. Taking v = u in , U = Uy in , and adding up both inequalities, we have

: U u D - = _
m\luv - UH%l(F) < (8[,”14* B — Oy @y 1y — W)r

=<5um Py = O e (i), Uy — W) + (D4 () = Dy p Py Uy — W)r

<(0 VA*thv — Oy p(Uy), Uy — W)y

<||0} .. Pnv — O A*@(iV)H[ﬂ(F |y — |2
Sohl/z(ﬁ—a)l/zﬂuv—UHLl(F), (30)

where we have used estimate (25), that ||ty — @z ) < 8 — o and

(O - i) = By @,y — ) =(F' (@) = F'(i)) (i — Gv) = =17 = ya, [l 0. (31)

This inequality follows from the mean value theorem, the fact that F' is quadratic, and @
From we have that

lay, — @357, < ChY/2,

which concludes the proof. O

5 Full discretization

For the full discretization, we only consider the Carstensen interpolant of the boundary data. For
_<Nr r
up = ;1 uje; €Y, , we define

Nr
n) =Y lu;l(1,¢;)r
j=1

We will make use of the following properties:
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Lemma 5.1. For all up, € Y} and all u € LY(T),

in(un), (32)
/(w). (33)

Proof. Take up, = Z;V:rl uje;. Using the triangle inequality, that e;(z) > 0 and the linearity of

the integral we have:

Nr Nr Nr
J(un) :/F ;ujej(x) dx < ;/F lujle;(x)dx = 12:21 lujl(es, Dr = jn(un).

Take u € L' (I"). Using the definition of Zyu, that e;(z) > 0, the triangle inequality for integrals
and that Zjvzrl ej(z) = 1 we obtain:

Nr ] Nr Nr
(@ =t e =32 [u@eeia] < 3 [ utwes @

Nr Nr
-3 /F [u@)] Y es(@)dr = j(w)

O

Given a discrete control uy, € Y;', we denote 9y, j, (uy) the subdifferential of j, (uy) with respect
to the scalar product (-, ), defined in . This means that

Ap € 8hjh(uh) C YhF if and only if ()\h,vh — uh)h —|—j(uh) — j(vh) <0V, € th“. (34)
Lemma 5.2. Consider uj, = Z;V:FI uje; € VY. Bvery A\, € Onjin(up) satisfies
[A;| <1 forall j and \; = sign(u;) if u; # 0. (35)
Conwversely, every A\, € YhF satisfying belongs to Opjn(un)-

The proof is straightforward taking into account the diagonal structure of the scalar product

(., ')h~
Consider the discrete problem
min Jh(uh) = FhIh’ (uh) + pin(up). (Pr)
up€UR,aa

It it standard to check that (Pp)) has a unique solution @y, € Uj,_ aq. First order necessary conditions
read as follows.

Theorem 5.3. Let iy € Upaq be the solution of (Pg)). Then, there exists a unique triplet
Un € Yi, @n € Yio and A, € Opjn(un) such that

a(Yn,mn) = 0 for all gy, € Yio, yn = Lpup on T (36a)
a(nn, n) = (Yn — ya, M) for all Ny € Yho. (36b)
(=Zn0%" @1 + pAn, up — @n)p > 0 Yuu € Up aa- (36¢)
Further,
(=02, @nyun — tn)r + pin(un) — pjn(tin) > 0 Yup € Upad. (37)
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Proof. The proof follows the same lines as that of [7, Theorem 3. Equatlon ) follows from
the last expression for the derivative of FIn ;" obtained in Lemma |3.2| and . O

Denote now @, = Z;Vil aje;, on = Ihazh* Pn = Zj\]:rl qgjej, and A\, = Z;V:rl Xjej. The
sparsity properties of the components of the optlmal control follow from (36¢) and the “diagonal”
structure of the scalar product (-,-); that allows us to write (36¢) as

(0 + 1A (t — ;) 2 0Vt € [a, 5]
for every j € {1,..., Nr}. This is not possible using Py,

Corollary 5.4. If qgj < —pu, then uj; = a. If éj > u, then u; = f.

If p > 0, then
- ) ¢j>
A; = Proj;_ ( .
J [—1,1] 1

If, further, a <0 < 8 and |¢;| < p, then @; = 0.

The above result does not only show how the sparsity properties of the optimal control are
inherited by its discrete approximation, but is also the key to build an efficient optimization
algorithm.

Next we prove convergence of the solutions of the discrete problems to the solution of (]ED and
error estimates. We start with the optimal states.

Theorem 5.5. Let u € U,q be the solution of (P| . Up, € Upaq be the solutzon of (Pg) and let
y € HY2(Q) and gy, € Yy, be respectively the solutions of the state equations (9a)) and (36a)). Then

there exists C > 0 such that
15 — Gnllz2) < ChY* Wh > 0.

Proof. By the triangle inequality

19 = Ynllrz) < 19— van 22 + Yan — Onllzz@

Using that [|@]|r2r) < (8 — @)|T[*/2, we deduce from estimate that the second summand
is of order h'/2. To estimate the first one, using Lemma the optimality of uy, the fact that
Inu € U aq, and we have that
1 9 i
§||yah = Yll7200) < J(an) — J(a)
Z(J(’ﬁh) - ) + (Jh —Jy Ihu))

+ (Jn(Tpa) — F(Znu) + F(Inu) — J(ﬂ))

+ (FZ(Tya) + pjn(Tna) — F(Tha) + F(Tna) — F(a) — uj(a)))

(v
<(F(an) + pj(an) — F (an) — Mjh(ﬂh))
(£
<(F(an) — FI( uh)) + (FhIh(Iha) —F(Iha)) + (F(Ihﬂ) —F(ﬂ)))
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Estimates for the first and second terms of order h'/2 follow as in . To estimate the third
term, we use Theorem and estimate ([17))

F(Tna) — F(a) = /

A ((yzha —ya)? — (- yd)2>d35

:/Q ((yzhﬁ — g)(yzha +y— de)Big)dx

<yzwa — Ylle2@ lyzna + ¥ — 2yall2 )
<C|\Zpa — all gr-1/2) < ChM2,

O

Theorem 5.6. Let u € U,q be the solution of (]E) and let Uy, € Upaq be the solution of (Pp)).
Suppose that the structure assumption is satisfied. Then, there exists C > 0 such that

H’U, - ﬂhHLl(F) < Ch'/*.
Proof. Testing the enhanced first order optimality condition of (]E) for u = 4y and the first
order optimality condition (37)) of the discrete problem (Pp|) for up = Zpu € Up a4, we have

_ _ . . 1 _ _
(=Ovu@yin — U+ pj(un) —  pj(a) Zmnuh - UH%I(F)’
(=02, &ny Tntt — un)r + pjn(Tnt) — pjn(in) >0.
Adding up both inequalities and taking into account and we have

1 = —112
m”uh —U||L1(r)

IN

(=0 pe @, U — Wr + (05", @n, Tntt — tp)r (38)
=(—0y,. P+ 852 @h, Un — Lpu)r + (—0y .. @, Tnt — U)r.
For the second term, we have from Lemma and estimate that
(=00pe @ Inti — W)r < 10y, @l /2120 — @l gr-1/2(ry < CHY2.
Next we insert 0, ,. ¢z, and @ into the first term to obtain

(—ype @+ 02" Gp iy — Tnu)r = (= 0y ye @ + Doy Py U — InT)r
+ (=00 4 P, + O P1, U — Tnt)r
=(=0y e @+ Ou\. iy, U — U)T
+ (=004 P + Oy Py U — TpU)r
+ (=0upu Py, + O Pnyun — W
+ (=0u Py, + 0Lt Pny i — Tyu)p = 1 + 1T + ITT+ IV.
As in (31), using (8) the first term is negative:

I'=—lya, — §ll72) <0.
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An estimate for the second term follows from Lemma and :
11 < | = B o4 Do 12 | Tt — Wl 172y < R,

To estimate the third term, we first use and that [|t, — @||p~r) < B — « and in a second
step Young’s inequality for p = 4/3, ¢ = 4, to deduce the existence of C' > 0, that may depend

on o and S but is independent of h, such that
IIT <|| = Oy, + 027 @l 2yl — @l L2(ry

_ _1/2 ~ 1 U U
<CHY2(8 = 0 Pljun = al iy < OWF* + gl = alfs oy

For the fourth term we use Lemma and
IV < (| = O Pan lraey + 1102, @nll giveey) 1 Znt — ll 1720y < ChY2.

The result follows gathering all the estimates and taking the term m lan — ﬁH%l(r) to the left
hand side of (38). O

6 Optimization algorithms

Let us consider a Tikhonov regularization of . For € > 0, consider

min J®(u) := J(u) + g(U, u)r, (P°)

u€U,q

For every € > 0, problem has a unique solution u® € U,q. We compute (an approximation
of) u®~, for a sequence {e,,} \, 0. Finally, we approach @ =~ u*¥ for some ¢y small; see [19]. At
each step, we use an adaptation of the active set algorithm described in [23, Algorithm 2] taking
the solution of the previous step as initial guess. For n = 1 we take 0 as starting point. Let us
briefly describe the algorithm to solve .

For every € > 0, there exists A\* € 9j(u®) such that

(=00 4u Pus + pA® +eu’,u —u®)p > 0 Vu € Upg.
For w € L?(T'), denote ¢ = 9,,,,. ¢, € W'=1/PP(T') < C(I") and define the active sets as

Ay ={z el : ¢(x)+p < eal,
J_={zeTl: ea<¢(x)+pn<0},
Ao ={z el |p(z)| < p}, (39)
Jy={zel: 0<d(z)—pu<ef},
Ag={z €T eB < §(x) — u}.
Noticing that on J+ we have that \* = +1, that the active sets cover all I', and that they are

pairwise disjoint, we can write the active set algorithm described in Algorithm [} Notice that
can be written as an unconstrained differentiable linear-quadratic optimal control problem.
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Algorithm 1: Active set algorithm for problem .

1 Initialize & = 0, choose initial point «*, and compute 3* = y,+ and ©*¥ = @«
2 repeat
3 Compute ¢F = ) as ok
4 Compute the active sets using
5 Solve for uF+1 gyk+l ph+l
y* L =y euf ™ =0, ., " — pon Jy
gok+1 =Py k41 5uk+1 :&,A* ngJrl + M on J_ (40)
w1 =a on A,

Pt =0 on Ag

uFt =4 on Ag

6 Set k=k+1
7 until convergence

Algorithm 2: Fixed point iteration to solve . Variational discretization.
Data: 7, € {Pp,Zn}
Define uy = a in A, uy = f in Ag, ugy = 0 elsewhere
Initialize i = 0, u® = uy
repeat
Compute ¢ — 9%, (')
wH = L6 ) on J_, utt = H(6F — ) on Ly, ut! = on A
i=i+1
until convergence

N o ok W=

To this, denote A = A, U Ag U Ag, define uy = o in A,, up = B in Ag, uy = 0 elsewhere and
consider the linear space V = {u € L?(I') : u=0on A}. Then is equivalent to

. 1 €
Find uy = argmin = ||y, — (yq — yuA)Hiz(Q) + u/ udx — u/ udz + = (u,u)d;
uev 2 Iy 2

uk+1

= Up + uj.
The reader is referred to [16] for optimization algorithms for differentiable linear-quadratic Dirich-
let control problems.

Adaptation of Algorithm [1| to the variational discretization described in Section [4]is straight-
forward. One just has to select the discretization method 7, € {Pp,Zs} and replace J,,. by the
corresponding discrete normal derivative 81}}“ . To solve the system in , a fixed point iteration
can be used. See Algorithm [2] It is worth noticing that if we know that the solution is bang-bang
or bang-off-bang it is possible to adapt the algorithm described in [14] to solve directly (Py)); see
Algorithm
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Algorithm 3: Variational discretization. Problem with bang-bang or bang-off-bang
solution.
Data: 7, € {Ph,Ih}

1 Initialize & = 0, choose initial point u*
2 repeat

3 Compute up, = mpu”

4 | Use uy to compute y*+1 = y;, (u*)

5 Use y*+1 to compute 1 = ¢, (u¥)
6 Compute ¢* = 9 o+

a if oF Tl (z) < —p
7 | Set uFtl(z)=<¢ 0 if [pF(2)] < p

B if gFt(a) > p

8 Set k=k+1
9 until convergence

To solve the full discrete problem, the proper Tikhonov regularization makes use of the inner
product introduced in . For € > 0, we consider

. €
min  Jy o (up) = Jp(un) + = (wn, up)n- (Ph.e)
wup €U aa 2

This approach is known as the mass lumping. It has been used, in the framework of distributed
controls, in [9] or [I8] eq. (4.32)] for problems with sparsity promoting terms. A thorough study
for problems without sparsity promoting terms can be found in [22].

For uj, = Zjﬁl uje;, denote ¢, = Ihafz*gof“ (up) = Z;V:rl ¢jej. We define the active sets
related to uy, as

A ={j: ¢j+ﬂ§€a}a
J_={j: ea < ¢; + pn <0},
Ao ={j: [¢;] < n},
Jp={j: 0<¢; —p<ef},
Ag={j: eB < ¢; —u}.

Adaptation of Algorithm [I]is now straightforward. In this case, it is possible to solve the discrete
version of system directly. Denote I and B the sets of interior and boundary nodes, K, M,
and B the stiffness (related to the operator A), mass and boundary mass matrices for the finite
element method and let D be the diagonal matrix of size N such that D;; = (e;, 1)r for j € B.
We also use T for the identity matrix. For different sets of indexes L, K, we denote Ap, x the
submatrix of X formed by the rows indexed by IL and the columns indexed by K. As in MATLAB,
we use the colon notation “:” for all the indexes. Vectors representing the discrete functions
are denoted in boldface, u, y, ¢, yq, 1, and 0. We denote C = D~'B so that the Cartesen
interpolant of u;, can be computed by means of Cu. Using the vector £ to represent the discrete
normal derivative introduced in Theorem the discrete version of system in can be written
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Ky = — KigCu
Ki1er =Mipryr + MpsCu — My .yq
D¢ =Kp 11 — Mp 1y — MppCu + Mg .yq
ely_pu =TIy BC&{+1u
ely, pu :IJ+7]BC£ —1pu
Iy, pu =la Zp,5u =0 Ia,pu =183

Finally, we can do ¢ = C£ to compute the active sets of the next step.

7 Examples

Let Q be (0,1)2, A = —A, f = 0. All the examples are solved using a uniform mesh with 256
edges per side.

Example 7.1. Bang-off-bang optimal control

Consider yq(z) = 2sign(z; — x2), —a = f = 0.5 and p = 0.218. All three approaches
are tested: variational with L2-projection, variational with Carstensen interpolant and full dis-
cretization approach (e = 1.7 x 1071%). We obtain the following optimal values for the different
approximations.

JPn(aPr) ~ 1.817457  JTn (alr) ~ 1.817462  Jy, (1) ~ 1.817463

Graphs with the optimal control and states, as well as the discrete normal derivatives used, can
be found in Figure[I] We clearly observe a bang-off-bang optimal control. You may notice how
the jump points appear naturally for the variational approach, (figures [Ld|and , and also how
the use of Carstensen interpolant (Figure prevents the optimal state from overshooting the
control constraints on the boundary, a phenomenon which occurs for the L?(I') projection (Figure

Ta).
Example 7.2. Optimal control with singular arcs

We consider the example presented for the first time in [I3, Section 8]. Consider yq(z) =
|z|~2/3, & = —1 and 8 = 2. In that reference, is solved for ¢ = 1 (and of course pu = 0).
The bounds are not attained by the solution and the value of the optimum for that problem is
JE=H(uE=) =~ 0.97383.

We solve problem for = 0.218 using the full discrete approach (¢ = 4.1 x 10713). We
obtain Jj (uy) = 0.87889. Graphical representation of the solution, where the singular arcs can
be clearly seen, is presented in Figure

Example 7.3. A doubtful case

We take the same data as in Example but with the bounds —a = § = 0.5. For the full
discretization approach (¢ = 6.5 x 107%) we obtain the solution shown in Figure [3c| with

Jn(up) =~ 0.99842.
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(b) Variational approach with

Carstensen interpolation. Opti- (c) Full discretization. Optimal

(a) Variational approach with

2 . . . .
L#(T")-projection. Optimal state. mal state. state.
| fo ¢+ A4 N !
T T T —Smen A O on — L85
. B o e A . —,
I — 3 00 ) u].‘n ) ) 00 00 ) o1 00
0.0 1,0 a1 1) 0,0)
(d) Variational approach with (e) Variational approach with (f) Full discretization. Optimal
lonal approas Carstensen quasi-interpolation. control. Optimal control and
L?(T")-projection. Optimal con- i . .
trol and negative discrete normal Optimal control and negative new  Carstensen interpolant of the nega-
derivative ogf the adioint state discrete normal derivative of the tive new discrete normal derivative
J ’ adjoint state. of the adjoint state.

Figure 1: Results for Example Solutions of bang-off-bang type.

We seemingly observe a bang-off-bang optimal control, but u;, has a few components u; ¢
{c,0, 8}, marked with black dots in Figure [3d

Then we try to use Algorithm [3| to look for a bang-off-bang solution of the variational dis-
cretization, but it loops forever between two admissible controls ul and u2, changing the switching
points back and forth; see figures[3aJand[3b] This does not seem an effect of the mesh size, because
the switching points of both functions are not near one another. To fix ideas, we set 7, = Zy.
We obtain the following values.

Jo(ul) ~ 1.00852 J,(u?) ~ 1.00323

One may notice that the value of Jj (%) is smaller than J,(u®), for i = 1,2. But, for any i,

solution of , using , we have
Jo(y) Ty () = FP (an) + pj (@) < Fir (an) + pn(n) = Jn ().

This fact, together with the non-convergence of Algorithm [3] may be an indication that the
optimal control is not of the bang-off-bang type.

Experimental orders of convergence. As we said in the introduction, the obtained orders
of convergence are far from being optimal. Just to give a sense of this, we have measured some
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Figure 3: Results for Example A doubtful case.

errors and orders of convergence in the previous examples. We define

ey = n, = Thpir l2)s €k = T, — Gnyp, L)

for the full discretization and analogously for the variational discretization and we report on the
experimental order of convergence (EOC) obtained as the slope of the regression line of log hy, vs.
log ey.

For Example the state EOC for the variational approach with Carstensen interpolation
is 1.04, while the control EOC is 1.01; for the full discretization, we obtain 0.91 and 0.99. In
Example[7.2] the control has singular arcs, so we only report on the state EOC, which is 0.78. It
is clear that these numbers are far from the expected 1/3 or 1/4 given by the theoretical results.

A On the regulairty of the conormal derivative

Let ¢, € H?(Q) N H{ () be the solution of (2). Let us prove in detail that ,,. ¢, € H/*(T').
Let us denote (S;)o<;j<ng the vertices of 2, numbered counterclockwise and with the conven-

tion that Sy = Sn,. Each side of T" is denoted I'; = [S;_1,.5;], where 1 < j < Ng. The trace of

Ve, on T belongs to (H'/2(T"))2. Thus the trace of V¢, on T'; belongs to (H'/?(T';))? and the
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Lipschitz regularity of the coefficients a;; implies that 0, ,. ¢4 € H1/2(I‘j). Moreover we have the
estimate

00 4x Dgll 121,y < CllgllL2 -

To show that 0, ,. ¢4 belongs to H'2(T") we have to analyze the behaviour at the corners S; =
I'; NTj41. Following [15], we parametrize I'; ;1 by setting z;(c0) = S; + W;Tﬁ(sjﬂ — S;) with
0 S g S ‘Fj+1‘7 and Fj by l'j(—(f) = Sj — |I‘Lj\(Sj - ijl) with 0 S g S |F]| For 0 S g S (5j =

min{|T;|, [Tj411}, zj(0) € Tj41, 2j(—0) € T and |zj(0) — Sj| = |zj(—0) — S;| = 0. According
to Theorem 1.5.2.3.c in [I5], to prove that 9,,. ¢, € HY/2(I'; UT;41), we have to show that

/6j [0v 40 bg(25(0)) = By Gy (i (=0))?
0

g

do < +o0. (41)

First notice that |¢g]lg2) < Cllgllr2). Since ¢y € H?*(Q), then Vo, € (H'(Q))?, and the
usual trace theorem says that 0;¢, € H'/?(T) for i = 1,2. As is shown in the first part of the
proof of Theorem 1.5.2.3.c) in [I5], this implies that

/5‘7 |0i9(2(0)) = iy (;(—=0))?

0 g

do < +o0, (42)

for i+ = 1,2. We are going to transform the integral in into a combinations of integrals
involving the partial derivatives. To do that, without loss of generality, we can suppose that I';
is on the negative part of the z axis, S; is at the origin and I'j;1 C {(—ong,on1) | 0 <o}, so
that the normal and tangent vectors to I'; and I'j41 respectively are v; = (0,—1)7, 7; = (1,0)
and vjy1 = (n1,n2)T, 7541 = (—n2,n1)T where ny > 0 and n? + n3 = 1. The functions
r,8,71,7v2 € COYT; U 41) defined as

ng + 1
1
Y1 =n1011 + N2a21+n2s, r=—" — a2,

Y2 = — G292, s =ai2 + a22,

satisfy that

.ATl/j =r7; +7e1+yeonly

T
A Vi1 = STj41 + Y1€1 -+ Y2€2 On Fj+1,

where AT is the transpose matrix of

a = () om) ) = (5) maa= (1),

Therefore, we have
O g 09 (25(0)) = Oy by (2 (=0)) = 5(2(0)) 07 pg(x(0)) — 7(25(=0))0rdy(x;(—0))

+71(2j(0))01dg(25(0)) — 11(2(=0))0104(25(—0))
+72(25(0)) 02y (25 (0)) — y2(25(—0))02gg(25(—0))).
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Since ¢, = 0 on I', the tangential derivatives in that expression are zero. Therefore, we only have
to prove for i = 1,2 that

/5-7 17i(2(0)) iy (7(0)) = 7i((=0)) iy (7 (=0))|
0

g

2
do < +o0.

To prove this, we first insert the term ;(x;(0))0;¢4(x;(—0)) and apply Young’s inequality. Next
we apply the fundamental theorem of Calculus and take advantage of the Lipschitz regularity of
7; to obtain

/6" [i(;(0)) 9y (25(0)) = 7w (=0))Didg (i (=0))*
0

g

< /57 |vi(z;(0))0ipg(2;(0)) — Vi(xj(‘f))ai(bg(xj(_a)”zda
0

a

+2/‘”‘ i (2(0))Diby (2(=0)) = 7i(wj(=0))Dibg (s (=0))I*
0 g

% i0g(2;(0)) — 0ipg(m(—0))|?
e

0

g

/‘” 10:6(x(0)) = Didoy(wj (=)

0 g

% iz (o)) = 7l (—0))|?
+2/0 Pi3(0)) = 2@ I 5 0 (o)) 2do

S2||%‘”%°¢(1"j+1)

+2

/% |, 7 ((5))ds?

0

10:6g(wj(~0))[*do

5 19, ) Y e
SQH%H%OO(F"“)/O |0ig(x()) U&%(x]( L)

+8[17ill 2o (rjur, 4 03 10i00 | Zar,

which is finite thanks to and the fact that the trace of 9;¢, is in H'/?(T') < L*(T).
Making the same analysis for each corner, we have proved the claimed regularity.
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