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RESUMEN (en espaiiol)

Esta memoria se concibié con el propésito general de profundizar en los conocimientos
existentes respecto de los sistemas diferenciales quasi-homogéneos. Esta clase de sistemas
polinomiales tiene interesantes propiedades, y en el caso particular de dimensién 2 han sido
estudiados por numerosos investigadores. No asi en dimension 3 y superiores. La tesis se
presenta bajo el formato de compendio de publicaciones, y consta de tres articulos
interrelacionados entre si.

En el plano, se proporciona una clasificacion de los quasi-homogéneos sobre la base del
concepto de vector peso, especialmente en términos del vector peso minimo. Ademas, se
obtiene el numero exacto de diferentes formas de sistemas quasi-homogéneos de un grado
arbitrario, poniéndose de manifiesto una relacion entre este nimero y la funcidn indicatriz de
Euler. Finalmente, se aportan implementaciones en software para algunos de los resultados
anteriores.

En el espacio, se desarrolla un algoritmo que proporciona todas las formas de sistemas quasi-
homogéneos de un grado dado. En la practica, con este algoritmo se ponen a disposicion de
los investigadores todos los sistemas quasi-homogéneos tridimensionales. Haciendo uso del
mismo, se enumeran todos los sistemas de este tipo de grado 2, y posteriormente se hace un
estudio de la integrabilidad analitica de dichos sistemas.

Siguiendo con la integrabilidad, se ha realizado un analisis completo del estado del arte del
llamado método de Yoshida, un sistema que en muchas ocasiones puede ser de utilidad para
determinar las integrales primeras analiticas de sistemas quasi-homogéneos en cualquier
dimension.

Los resultados obtenidos a lo largo de la investigacién y presentados en esta memoria han sido
publicados en varias revistas de alto nivel y se han presentado como ponencias en diversos
congresos internacionales para dotarlos de la mayor difusion posible. Por otra parte, los
desarrollos sofware implementados han sido puestos a disposicion de la comunidad cientifica
internacional a través de la pagina web https://matemat51.epv.uniovi.es/gsd.

RESUMEN (en Inglés)

This report was conceived with the general purpose of deepening the existing knowledge
regarding quasi-homogeneous differential systems. This class of polynomial systems has
interesting properties, and in the particular case of dimension 2 they have been studied by
numerous researchers. Not so in dimension 3 and higher. The thesis is presented under the
format of a compendium of publications, and consists of three interrelated articles.

On the plane, a classification of quasi-homogeneous is provided on the basis of the weight
vector concept, especially in terms of the minimum weight vector. Furthermore, the exact
number of different forms of quasi-homogeneous systems of an arbitrary degree is obtained,
showing a relationship between this number and the Euler totient function. Finally, software
implementations are provided for some of the above results.

In space, an algorithm is developed that provides all forms of quasi-homogeneous systems of a
given degree. In practice, this algorithm makes all quasi-homogeneous three-dimensional
systems available to researchers. Making use of it, all the systems of this type of grade 2 are
listed, and later a study of the analytical integrability of these systems is made.

Continuing with integrability, a complete analysis of the state of the art of the so-called Yoshida
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method has been carried out, a system that on many occasions can be useful to determine the
first analytical integrals of quasi-homogeneous systems in any dimension.

The results obtained throughout the investigation and presented in this report have been
published in several high-level journals and have been presented as papers at various
international conferences to give them the widest possible dissemination. On the other hand,
the implemented software developments have been made available to the international
scientific community through the website https://matemat51.epv.uniovi.es/gsd.
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Resumen

v amussoada tiene como objetivo fundamental profundizar en
los conocimientos existentes acerca de los sistemas diferenciales
quasi-homogéneos. Esta clase de sistemas polinomiales posee propiedades
importantes y, en el caso particular de dimensiéon 2, han sido estudiados
desde diversos puntos de vista por parte de varios autores. Sin embargo, es
escaso el niimero de publicaciones relativas a dimensiones superiores a 2.

En la memoria se proporciona una clasificaciéon de los sistemas
quasi-homogéneos en el plano sobre la base del concepto de vector peso vy,
maéas concretamente, en términos del vector peso minimo. A continuacion, se
obtiene el niimero exacto de formas diferentes de sistemas quasi-homogéneos
de un grado arbitrario, y se pone de manifiesto una relaciéon entre este niimero
y la funcién Indicatriz de Euler. Ademaés, se aportan implementaciones en
software para algunos de los resultados anteriores.

Por otra parte, en el caso del espacio se desarrolla un algoritmo
que proporciona todas las formas normales de sistemas quasi-homogéneos
maximales de un grado dado, lo que en la practica equivale a determinarlos
todos. Utilizando el algoritmo, se enumeran todos los sistemas de este tipo
de grado 2, y posteriormente se hace un estudio de la integrabilidad analitica
de dichos sistemas.

El estudio de la integrabilidad ha llevado a realizar un anélisis completo
del estado del arte del llamado método de Yoshida, un procedimiento que en
determinadas ocasiones es de utilidad para obtener las integrales primeras
analiticas de sistemas quasi-homogéneos de cualquier dimension.

La tesis se presenta bajo el formato de compendio de publicaciones, y
consta de tres articulos interrelacionados entre si.

Los resultados obtenidos a lo largo de la investigacién y expuestos
en esta memoria han sido publicados en revistas incluidas en el Science
Citation Index y se han presentado como ponencias en diversos congresos
internacionales para dotarlos de la mayor difusion posible. Por otra
parte, los desarrollos de software implementados han sido puestos a
disposicion de la comunidad cientifica a través de la pagina web
https://matemat51.epv.uniovi.es/gsd.
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Abstract

The main objective of this report is to deepen the existing knowledge
about quasi-homogeneous differential systems. This class of polynomial
systems has important properties and, in the particular case of dimension
2, they have been studied from various points of view by several authors.
However, the number of publications relating to dimensions greater than 2
is scarce.

The report provides a classification of quasi-homogeneous systems in
the plane based on the concept of the weight vector and, more specifically,
in terms of the minimum weight vector. Furthermore, the exact number
of different forms of quasi-homogeneous systems of an arbitrary degree is
obtained, and a relationship between this number and the Euler totient
function is revealed. In addition, software implementations are provided for
some of the above results.

On the other hand, in the case of space, an algorithm is developed that
provides all normal forms of maximal quasi-homogeneous systems of a given
degree, which in practice amounts to determining all of them. Using the
algorithm, all systems of this type with grade 2 are listed, and subsequently
a study is made of the analytical integrability of these systems.

The study of integrability has led to a complete analysis of the state of the
art of the so-called Yoshida method, a procedure that on certain occasions is
useful to obtain the analytical first integrals of quasi-homogeneous systems
of any dimension.

The thesis is presented under the format of a compendium of
publications, and consists of three interrelated articles.

The results obtained throughout the investigation and presented in
this report have been published in journals included in the Science
Citation Index and have been presented as reports at various international
congresses to provide them with the widest possible dissemination.
On the other hand, the implemented software developments have
been made available to the scientific community through the website
https://matemat51.epv.uniovi.es/gsd.
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Capitulo 1

Introduccion

1.1. Sistemas dinamicos

Movimiento y ecuaciones diferenciales

El estudio del movimiento de los cuerpos ha atraido a la humanidad desde
los origenes del pensamiento cientifico. En el caso particular de la Mecanica
Celeste, civilizaciones de la Edad Antigua como la egipcia o la mesopotamica
ya establecieron conjeturas acerca del misterioso desplazamiento de los
objetos del Sistema Solar, fundamentadas en la observacion de la repeticiéon
de ciclos. El salto cualitativo méas importante en la comprensién de estos
fenémenos se produce con el desarrollo del Calculo Infinitesimal en el siglo
XVII. Esta nueva rama de la Matematica, en conjuncién con las leyes de la
Fisica, se convertiria en la herramienta méas adecuada para el estudio y la
comprension del movimiento.

En aquella época, el enfoque del Célculo era el de modelizar la realidad a
través de ecuaciones diferenciales. A pesar de tratarse, en muchas ocasiones,
de ecuaciones de gran simplicidad y elegancia, su resoluciéon analitica
resultaba ser una tarea ardua o incluso inabarcable. La ingente labor de
los més grandes matematicos de los siglos XVIII y XIX desemboc6 en una
teoria completa para las ecuaciones diferenciales ordinarias lineales, pero los
sistemas no lineales permanecieron fundamentalmente inaccesibles, mas all&
de aproximaciones a soluciones de problemas simples muy cercanos (métodos
de perturbacion).

Henri Poincaré

Dicho planteamiento cuantitativo es parcialmente reemplazado a finales
del siglo XIX gracias a las aportaciones de Henri Poincaré [18]. El matematico
francés desvincula el estudio de las ecuaciones diferenciales de la mera
resolucién analitica y, combinando el Anélisis con la Geometria, se centra
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en la topologia de las soluciones. El calculo efectivo de las mismas pasa a un
segundo plano, y asi surge lo que se conoce como teoria cualitativa, que da
origen a la actual disciplina de los Sistemas Dindamicos.

Poincaré concibe un sistema dindmico como un campo de vectores en un
espacio de fases, de forma que las soluciones serdn curvas regulares tangentes
en cada uno de sus puntos al vector con origen en dicho punto. En esencia
un sistema dinamico esta definido por un conjunto de elementos (los puntos
del espacio de fases), cada uno de ellos con un estado (su posicion), junto
con una regla que especifica como evolucionan esos estados en el tiempo (el
campo de vectores). La descripcion geométrica global de todas las soluciones,
el llamado retrato de fases del sistema, aporta valiosa informacion sobre la
existencia de situaciones estacionarias, elementos atractores o repulsores, o
comportamientos peridédicos.

Aunque la perspectiva clasica se centra en el anélisis de ecuaciones
diferenciales ordinarias, las cuales derivan en los denominados sistemas
dinamicos continuos, aparecen otro tipo de sistemas dindmicos, llamados
discretos, que consisten en el estudio cualitativo de ecuaciones en
diferencias o de iteraciones de un difeomorfismo definido sobre una variedad
diferenciable. Estos tiltimos modelizan situaciones en las que el cambio ocurre
en intervalos discretos de tiempo. Ambos tipos, continuos y discretos, estan
estrechamente relacionados, como ya se pone de manifiesto en los trabajos de
Poincaré. De manera mas formal, dado un espacio topolégico X y un grupo
aditivo G, un sistema dindmico sobre X es una terna (X, G, ®) donde

P: X xGE—X
es una aplicacién continua tal que:
a) ®(z,0) ==, Ve e X
b) ®(z,s+1t) =D (P (z,1),s), Vs,t € G, Vo € X

El espacio X es el espacio de fases, y del sistema dindmico se dice que es
continuo o discreto segin que G sea R o Z. En el caso continuo, se denomina
flujo a la aplicacion ® (z,t).

Teoria del Caos

A lo largo de todo el pasado siglo y de lo que va del presente, la teoria
de Sistemas Dinamicos se ha desarrollado notablemente. Un gran nimero
de matematicos y grupos de investigaciéon han continuado con el trabajo
emprendido por Poincaré, destacando las contribuciones de Birkhoff [2],
Andronov y Pontriagin [I], Lorenz [16], Smale [20], Moser [17] y Hénon
[13]. En la actualidad se tienen en cuenta tanto los aspectos cualitativos
como los cuantitativos, y la asociacién de ambos enfoques contribuye a una
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comprension plena de los Sistemas Dinamicos. Tanto los estudios puramente
tedricos como aquellos apoyados en la experimentacién con software de
célculo numérico concluyen que, independientemente de la sencillez de las
ecuaciones, el comportamiento asintético de las soluciones puede revelar
trayectorias de gran complejidad. Este tipo de dindmica cadtica se pone
de manifiesto, por ejemplo, con la presencia de los denominados atractores
extmﬁosﬂ En 1963, E. L. Lorenz [16] encuentra de forma casual un sencillo
sistema polinomial de grado 2 con un comportamiento de esta naturaleza,
que ha pasado a la posteridad como el experimento que da origen a la Teorfa
del Caos.

En relaciéon con lo anterior, una de las aportaciones mas significativas del
estudio de los Sistemas Dinamicos ha sido un cambio de concepcién en cuanto
a la naturaleza del Universo. La existencia de atractores extranos da lugar a
una ruptura definitiva con el modelo determinista que durante siglos dominé
la Fisica. A pesar de los importantes obstaculos que para el determinismo
habfan supuesto la Mecénica Estadistica y la Mecanica Cuéntica, ain se
podian encontrar justificaciones que permitian suponer que para modelos
simples el comportamiento seria siempre predecible y regular. Los sistemas
cadticos muestran que este punto de vista no es realista.

Los Sistemas Dinédmicos ofrecen a partir de aqui un contexto abstracto,
un marco tedérico y una metodologia que permiten sean aplicados a la
modelizaciéon de problemas en todas las areas cientificas y tecnologicas.
En esta memoria se realizan aportaciones en el marco de la clasificaciéon
y de las técnicas de integrabilidad de la clase de los sistemas diferenciales
quasi-homogéneos, que dan lugar a sistemas dindmicos continuos.

1.2. Sistemas diferenciales polinomiales

Sistemas y campos vectoriales

Un sistema polinomial de ecuaciones diferenciales en R™ se define por

dwi
dt

donde las funciones P; pertenecen al anillo de polinomios sobre R en
las variables reales x1,...,x,, y las funciones x; (t) son reales de variable
real, todo ello para i = 1,...,n. Se denomina grado del sistema al valor
h = méx{hy,...,h,}, siendo h; el grado del polinomio P; para todo i entre
1 y n. Asociado al sistema se tiene el campo wvectorial polinomial

=1, = P (x), x = (z1,...,xn) € R", 1=1,...,n, (1.1)

!Por atractor se entiende un conjunto compacto invariante del espacio fase que contiene
una Orbita densa y que posee un recinto de atraccion de interior no vacio. Si ademas
la orbita es exponencialmente expansiva, i.e., los errores en las condiciones iniciales se
amplifican exponencialmente con el tiempo, se dice que es un atractor extrano.
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X = (Py,..., P,). Este campo vectorial define un sistema dinamico de tipo
continuo. De aqui en adelante, se denotara por X indistintamente al sistema,
o al correspondiente campo vectorial. Finalmente, por X* = (Plk7 - P,’f) se
denotaré la parte homogénea de grado k del sistema, con k variando de 0 a
h.

Obsérvese que los sistemas que se estan englobando en esta definicion
estan constituidos por ecuaciones diferenciales de primer orden, auténomas
y con coeficientes constantes. Ademas, el nimero de funciones desconocidas
xi, ..., Ty coincide con el nimero de ecuaciones del sistema.

Soluciones y 6rbitas

Una solucion del sistema (|1.1)) es una funcion F (t) = (¢1 (¢), ..., ¢n (1)),
definida en un intervalo I € R y con valores en R™, tal que para todo t € I
se tiene que

d

0O =P (1), n(t),  i=1m.

Dado que las funciones P;, por ser polinémicas, son lo suficientemente
regulares, los teoremas de existencia y unicidad para ecuaciones diferenciales
aseguran que para cada punto xg € R™ existe una tnica solucion Fx, (t) de
definida para t € I, y tal que Fx, (0) = Xo.

Las soluciones Fx (t) del sistema diferencial definen el flujo del
correspondiente sistema dindmico continuo asociado, flujo que viene dado
por @ (z,t) = Fx(t),conx € R" y t € I.

Se denomina drbita del punto xg € R™ al conjunto {Fx, (t):t € I}. La
orbita de x¢ define una curva en R”, llamada curva integral, que representa la
trayectoria que describe el punto xg al evolucionar con el tiempo. En el caso
n = 2, los mencionados retratos de fases son representaciones geométricas
en el plano del comportamiento asintético de las curvas integrales més
significativas del sistema, indicando con una flecha el sentido de recorrido
de la Orbita a través del tiempo.

Las 6rbitas mas sencillas de un sistema se corresponden con sus puntos
singulares. Se dice que xg € R" es un punto singular o critico de si se
verifica que P; (xo) = 0 para todo ¢ entre 1 y n. En estos casos las orbitas
son triviales, puesto que Fy, (t) = xo para todo t € I, lo que significa que el
punto se mantiene fijo en la dindmica inducida por el sistema diferencial.

Otras orbitas de gran importancia en el estudio de los sistemas
diferenciales son las soluciones periodicas. Se dice que {Fx (t) : t € I} es una
orbita periodica de si existe un nimero real T' > 0, denominado periodo
de la orbita, tal que Fx (t +7T) = Fx (t) para todo t € I. En aquellos casos
en los que una Orbita peridédica esta aislada, es denominada ciclo lz’mitdﬂ

2La segunda parte del conocido Problema 16 de Hilbert se plantea la obtencién del
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Por otra parte, se dice que una curva f (z1, ...,x,) = 0 en R™ es una curva
inwvariante del sistema si contiene las 6rbitas de todos sus puntos, es
decir, si para cada solucion Fx (t) del sistema verificando f (Fx (0)) = 0, se
tiene que f (Fx (t)) = 0 para todo t € I.

1.3. Integrabilidad

Integrales primeras

El céalculo explicito de las soluciones de un sistema diferencial polinomial,
tratado desde el punto de vista puramente analitico, es por lo general una
tarea de gran dificultad, o incluso inabordable. Una alternativa a la bsqueda
de las soluciones es el estudio de las integrales primeras. Se define integral
primera del sistema en un abierto 2 C R™ como aquella funcién no
constante H : {2 — R que permanece constante sobre toda solucion Fy (t)
de (L.1)); es decir, H (Fx (t)) = ¢ € R para todos los valores de ¢ tales que
Fx (t) € £2. Notese que, de acuerdo con esta definicion, las curvas H (x) = ¢
son invariantes para el sistema, para todo ¢ € R.

Una integral primera es global cuando {2 = R", y se designa como
polinomial (resp. analitica) en caso de que H sea una funcién polinomial
(resp. analitica).

Proposicion 1. Dadas Hi y Ha, ambas integrales primeras en §2 de , e
verifica que las funciones A\Hy+uHo, HiHy y %, con A\, it € R, son también
integrales primeras del sistema en sus respectivos dominios de definicion.

Demostracion. Se deduce facilmente de la definicion de integral primera. [

Proposicion 2. Dada una funcion analitica H : 2 C R" - R, H es una
integral primera analitica de en {2 si y solo si el gradiente de H es
perpendicular al campo vectorial de , es decir, si

en (2.

Demostracion. Si H es una integral primera de (|1.1]), entonces para cualquier
solucion F (t) = (¢1 (t) , ..., dn (t)) definida sobre {2 se tiene que H (F (t)) es
constante. Derivando respecto de t se obtiene

" OH D;
Z ] (¢1 (t)7""¢n (t)) ot

(t) =0,

numero méaximo y la posicién relativa de los ciclos limite de los sistemas diferenciales
polinomiales de grado n.
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y utilizando que F' (t) es una solucion de (1.1f), se llega a

"~ 0H

S S (B1(8)s s 60 (D) P (61 8) s 60 (1) = 0,
i=1 '

lo que, teniendo en cuenta que todo punto x € (2 esta en la imagen de alguna

soluciéon del sistema, demuestra la primera implicaciéon. La implicacién

reciproca se prueba invirtiendo el proceso. O

En dimension 2, los sistemas hamiltonianos X = (Py, P;) son un ejemplo
clasico de sistemas con integral primera. FEn este caso existe una funciéon
H : R? = R, llamada Hamiltoniano, tal que P; = ng y Py = —g—g, y por
tanto la propia funciéon H constituye una integral primera de X.

Integrabilidad completa

Un conjunto de funciones reales sobre R™ Hi,...,H, se dice
funcionalmente independiente si el rango de la matriz r X n

OH4 . OH4

ox1 Oxn
S (x)

0H, .. OH,

o0x1 OTn

toma el valor r en todos los puntos x € R™ donde la matriz esté definida,
con la excepciéon a lo sumo de un subconjunto de medida de Lebesgue
cero. Geométricamente, esto se traduce en que los respectivos gradientes
V H;(x) son linealmente independientes en todos los puntos x € R™. En caso
contrario, las funciones se denominan funcionalmente dependientes.

Un sistema diferencial polinomial en R™ (1.1) se dice completamente
integrable cuando posee n — 1 integrales primeras analiticas funcionalmente
independientes. En caso de tener alguna integral primera, pero en un niimero
inferior a n — 1, el sistema se denomina parcialmente integrable.

El interés en la propiedad de integrabilidad completa radica en el hecho
de que si para un sistema determinado se puede demostrar la existencia
de Hq, ..., H, 1 integrales primeras funcionalmente independientes, entonces
las o6rbitas quedan determinadas por la interseccion de los conjuntos
invariantes F; = {H{l (t)|teR}, i =1,..,n — 1. Incluso el caso de la
integrabilidad parcial es provechoso, ya que conocer una integral primera
implica conocer superficies de dimensién n — 1 invariantes para las érbitas,
y el comportamiento de estas ultimas sobre las superficies puede asi ser
estudiado con la ventaja de haber reducido en una dimensién el problema
original.
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Factores integrantes en el plano

En el estudio de la integrabilidad de un sistema diferencial X = (Py, P»)
en R? son de especial relevancia los llamados factores integrantes. Una
funcion analitica R : 2 C R? — R no idénticamente nula en (2 se dice
factor integrante del sistema X si se verifica que para todo (z1,z2) € (2,

0(P-R) 0(Py-R)

=— . 1.2
81‘1 6$2 ( )

En tal caso, el sistema es completamente integrable en {2, ya que se tiene la
integral primera

H(z1,10) = /(R-P1) (1, 22) dra + f (21) ,

donde f(x;) se determina considerando que g—ﬁ(m,zg) =

— (P2 R) (z1,x2). Obsérvese que el caso trivial en el que R es una
constante da lugar a los sistemas hamiltonianos.
Por otra parte, si V : 2 C R? = R es una funcién verificando

ov ov opP; n 6P2>

— P+ —P=V|+—+ ==
1+ 2 (81‘1 8m2

8$1 8:@ (13)

para todo (z1,z2) € 2, a V se le denomina inverso de factor integrante
del sistema X. Es facilmente comprobable que V' verificara (1.3) si y solo
si R = - satisface (1.2) en {(z1,22) € 2:V (z1,22) # 0}, por lo que la
existencia de un inverso de factor integrante también implica integrabilidad
completa en R?, salvo para aquellos puntos donde dicha funcién se anule.

1.4. Sistemas quasi-homogéneos

Conceptos basicos

Sea ZT el conjunto de los enteros positivos y R* el conjunto de los
reales positivos. Un sistema diferencial polinomial en R™ se dice
quasi-homogéneo si existen s1, ..., s, d € ZT tales que para cualquier o € RT,
la condicién

Pi(a® 1, ..., 0% z,) = o P (2, . xy) (1.4)

se verifica para i =1,...,n.

En este caso, v = (s1,...,8,,d) se denomina vector peso del sistema
, los valores s1, ..., s, son llamados exponentes peso del sistema, y d es
el grado peso del sistema respecto de los citados exponentes peso. El ntimero
de vectores peso de un sistema quasi-homogéneo siempre es infinito, como
muestra el siguiente resultado:
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Proposicion 3. Si v = (s1,...,8,,d) es un vector peso de un sistema
quasi-homogéneo , entonces para cualquier valor k € 7Z7T, también
w = (ks1,....ksn, k (d — 1) + 1) es un vector peso de (1.1)).

Demostracion. Sean k € ZT y o € RT. Por ser v un vector peso de (1.1]), se
tiene que tomando B = of € R*, se verifica

P; (a’“lxh --~,0<""“S"fvn) =P (8721, ..., 87 ) =

= IBSi_1+dR; (.’Bl, ceey .’Bn) = Oéksi—'_k(d_l)Pi (xla B xn)

para todo i € {1,...,n}. O

La proposicién anterior facilita un modo de agrupar los vectores peso de
un sistema quasi-homogéneo: se llama familia de proporciones (g, ..., A\n) €
(Q+)n_1 al conjunto del vectores peso de |b que verifican s; = \;s; para
1 = 2,...,n. Notese que en un mismo sistema puede existir méas de una familia
de vectores peso. Un ejemplo de ello es el sistema plano

Py (z1,72) = 7i22, Py (w1, 33) = 2123, (1.5)

para el cual cualquier vector de la forma (s1,s2,81 + s2+ 1), con 1 y 2
enteros positivos, constituye un vector peso.

Ademas, dentro del conjunto de vectores peso de un sistema
quasi-homogéneo es posible definir una relacién de orden parcial: dados dos
vectores peso v = (81,...,8p,d) y W = (t1,...,tpn,€), se afirma que v < w
cuando s; < t; parai=1,....,ny d < e. Como muestra el ejemplo , no
se trata necesariamente de una relacién de orden total.

Cuando existe un vector peso vy, verificando que vy, < v para todo
vector peso v del sistema, se denomina vector peso minimo a vyy,.

Los sistemas quasi-homogéneos son una generalizacion de los
homogéneos. Un sistema se dice homogéneo de grado h si en él
todas las funciones polinomiales P; son de grado h, o equivalentemente,
si dado cualquier @ € R, P;(ax) = o"P;(x) para todo x € R" y
para todo ¢ = 1,...,n. Por tanto, un sistema homogéneo de grado h es,
en particular, un sistema quasi-homogéneo que tiene por vector peso a
v = (k,....;k,k(h—1)+ 1), para todo k € Z*. No obstante, histéricamente
se introdujeron primero los sistemas homogéneos; partiendo de la idea de
homogeneidad e introduciendo diferentes pesos para las variables, el concepto
de quasi-homogeneidad surgié después de manera natural.

En los trabajos [7] y [8], que forman parte de esta memoria, se establecen
algoritmos para la determinacion de todos los sistemas quasi-homogéneos de
un grado dado. Para ello se centran en la biisqueda de aquellos sistemas
que sean maximales. Un sistema quasi-homogéneo se dice mazimal
si cualquier nuevo monomio que se anada a su estructura manteniendo
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el grado h del sistema hace que este deje de ser quasi-homogéneo.
Conociendo los sistemas maximales, se pueden determinar todos los sistemas
quasi-homogéneos, ya que el resto son casos particulares de maximales en los
que alguno de los monomios ha sido anulado.

Invariantes por similitud

En algunos de los primeros trabajos sobre el tema, Yoshida y otros [11]
23| no trataron estrictamente con sistemas quasi-homogéneos, sino con otro
tipo de sistemas de ecuaciones diferenciales denominados invariantes por
similitud. Esta clase de sistemas se caracteriza por la existencia de ciertos
nimero racionales g1, ..., g, tales que se verifica

Pi (€921, ...,e9mx,) = 9P (4, ..., ) (1.6)

es verificado para cualquier ¢ € RT = R \ {0} y para i = 1,...,n. Los
invariantes por similitud poseen dos propiedades fundamentales: en primer
lugar, son invariantes bajo la transformaciéon

t— e, 2 = e, ..., xn — Ty, (1.7)
para cualquier constante e € RT. Por otra parte, si el sistema de ecuaciones
P (c1y...,cn) = —gici, i=1,..,n,

tiene alguna soluciéon no nula (ci, ..., ¢, ), entonces, asociada a ella, se conoce
un tipo especial de solucién del sistema diferencial:

@ (1) = (art™, ..., cnt™9") .

Hay que senalar que las condiciones y son equivalentes si se hace
gi = si/(d—1) y se toma ¢ = a?~!. Como consecuencia, los sistemas
quasi-homogéneos pertenecen al conjunto de los invariantes por similitud
siempre que cuenten con algin vector peso (si,...,8,,d) con d # 1. Se
verifica entonces que todos los vectores peso de la familia a la que pertenece
(81, ..., Sn,d) dan lugar a los mismos valores g1, ..., gn.

Descomposicion polinémica

Los sistemas quasi-homogéneos no deben ser confundidos con los
polinomios quasi-homogéneos. Un polinomio sobre R, P (zy,...,z,) es
quasi-homogéneo con exponente peso s = (s1,...,8,) € (ZT)" y grado peso
k € ZT cuando para cualquier o € RT, se tiene que

P (o zy,...,a%x,) = o P (21, ..., 2) . (1.8)

Obsérvese que, en virtud de lo anterior, los sistemas quasi-homogéneos
con vector peso v = (81, ..., Sp, d) seran aquellos en los que su componente
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i-ésima verifique ser un polinomio quasi-homogéneo con exponente peso s =
($1,...,8n) ¥ grado peso s; — 1 4+ d, para todo i = 1, ..., n.
El conjunto de los polinomios quasi-homogéneos con exponente peso s =

S1y...y Sn rado peso k esté constituido por las funciones de la forma
y e y g p p
Z Axroagr,
(e1y...,en)ED

donde A representa coeficientes reales arbitrarios, nulos o no, y D representa
la coleccién de soluciones no negativas de la ecuacion diofantica sje; +-- -+
Snen = k.

Es obvio que un polinomio quasi-homogéneo con exponente peso s =
(s$1,...,8n) v grado peso k es también un polinomio quasi-homogéneo de
exponente peso ps y grado peso pk, para cualquier valor p € Z™. Por tanto,
puede asumirse que med (s1, ..., ) = 1.

Proposicion 4. Dados los polinomios quasi-homogéneos P (x1, ..., xy),

Q (z1,...,xy), ambos con exponente peso s = (81,...,5n) y grado peso ki, y
R (z1,...,2zp), con exponente peso s = (s1, ..., Sp) y grado peso ka, se verifican
las siguientes propiedades:

a) Todos los monomios que constituyen P son, en particular, polinomios
de exponente peso s = (s1, ..., Spn) y grado peso ki.

b) El polinomio P + @ tiene exponente peso s = (S1,...,5n) y grado peso

k1.

¢) El polinomio P - R tiene exponente peso s = (81,...,5n) y grado peso
k1 + ko.

d) El polinomio (8% tiene exponente peso s = (S1,...,8,) y grado peso

ki — s;, para todo i =1, ...,n.

Demostracion. Las tres primeras afirmaciones se demuestran de manera
sencilla en base a la definicién de polinomio quasi-homogéneo. Se probara la
altima afirmacion. Se parte de que para cualquier o € R,

P(a®tzy, ..., x,) = o P (21, ..., x) .

Reordenando términos y derivando respecto de z; se deduce que

) gy D

&U'P(ml,...,xn) =« 833{P(oz511:1,...,as":vn) a’l
(2 (2
lo que lleva a que
oP _s, OP
D (@®lzy, ..., xy,) = oM SZ% (T15 s 2n)
1 7

y esto demuestra el resultado d). O
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Proposicion 5. Dada una funcion analitica H : 2 € R* — R y un
vector arbitrario s = (s1,...,8,) € (ZT)", es posible expresar H de forma

tnica como H = Y Hy, donde cada Hy, es un polinomio quasi-homogéneo
kel
con exponente peso s y grado peso k € ZT, e I un subconjunto de enteros

POSItIV0S.

Demostracion. Cualquier monomio Axll...xg", con A€ Ry fB,....,0, €N,

es en particular un polinomio quasi-homogéneo de exponente peso s y grado
n

peso k = > s;3;. Como funcion analitica, H es una suma (finita o infinita)
i=1

de monomios, lo que, uniendo en un polinomio P, todos los monomios de

grado peso k, demuestra la existencia y unicidad de la descomposiciéon H =

S H,. O
kel

Integrabilidad y sistemas quasi-homogéneos

La siguiente propiedad fundamental respecto de la integrabilidad de los
sistemas quasi-homogéneos ha sido probada por Llibre y Zhang [I5] para el
caso de las integrales primeras polinomiales. Se demuestra aqui de manera
similar para las analiticas.

Proposiciéon 6. Sea un sistema quasi-homogéneo en R™ con wvector
peso v .= (81, ...,8n,d), y sea H : 2 € R" — R una funcion analitica cuya
descomposicion unica en polinomios quasi-homogéneos de exponente peso s =

(81,...,8n) es H = > Hy. Entonces H es una integral primera de sty
kel
solo si cada polinomio Hy es una integral primera de .

Demostracion. Como H = > Hj, es una integral primera analitica, se tiene

kel
que
- OH,
> (2 5] r=o
=1 kel

y en consecuencia

> (i: %Z;“PJ =0. (1.9)

kel \i=1

Como Hy y P; son polinomios quasi-homogéneos de exponente peso s =
(81, ..., 8n) y grados pesos respectivos k y s;—1+d, la Proposici()ndetermina
que > %—%Pi es un polinomio quasi-homogéneo de exponente peso s =
(81,...,8n) v grado peso k — 1 + d, para todo k € I. Por tanto, y también
debido a la Proposicion {f todos los monomios que constituyen y .-, %—ﬂ“ﬂ
tienen grado peso k — 1 + d, por lo que no pueden coincidir con ningin
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monomio de Y ; %Pi conr € I, r # k. Esto, junto con 1' implica que

%PZ-EO Vk el,

=1

lo que prueba la condicién necesaria. La condicién suficiente es obvia en
virtud de la Proposicion [T} O

De la proposicion anterior se deduce uno de los resultados mas relevantes
en relaciéon con la integrabilidad de los sistemas quasi-homogéneos: el estudio
de las integrales primeras analiticas se reduce a la busqueda de aquellas
integrales primeras polinomiales quasi-homogéneas que tengan los mismos
exponentes peso que el sistema.

Corolario 7. Un sistema quasi-homogéneo en R™ con vector peso v =
(81, ..., Sn, d) tiene una integral primera analitica si y solo si tiene una integral
primera polinomial quasi-homogénea con exponente peso s = (S1, ..., Sn).

Algunos de los escasos procedimientos para la integraciéon de sistemas
quasi-homogéneos se basan en esta propiedad. En particular el método de
Yoshida, que hemos analizado en profundidad en el articulo [9] incorporado
en esta memoria, se centra en la biisqueda de integrales primeras polinomiales
de tipo quasi-homogéneo. Esta técnica se basa en la correspondencia entre
ciertos valores caracteristicos de dichas integrales primeras y otros valores
inherentes al sistema diferencial, los llamados exponentes de Kowalevskaya.

Mientras que para dimensiones n > 3 las referencias en cuanto a
la integrabilidad de sistemas quasi-homogéneos son escasas, en el caso
particular del plano existe mas bibliografia disponible. En Garcia et al. [10]
se prueba la existencia de un inverso de factor integrante para cualquier
sistema quasi-homogéneo plano, lo que se fundamenta en los dos resultados
que a continuacién se reproducen:

Lema 8 (Formula de Euler generalizada). Sea X = (P, P») un sistema
quasi-homogéneo en R? con vector peso v = (s1, s2,d). Entonces se verifica

que
0P, OP;
— (si—1+d)P, 1.1
02, +82x28x2 (s +d) (1.10)

$1x1
para it =1, 2.

Demostracion. Como X es quasi-homogéneo con vector peso v = (s1, s2,d),
entonces para ¢ = 1,2 se cumple

P; (o a1, a%?x9) = o~ p, (r1,22) .

Derivando esta expresion respecto de «, se obtiene

ox1 Oxa

s1a1 g

(@ x1,a’?x9) + S92 Ly (@™ x1,a’?xg) =
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= (si — 14+d) a* 1P (21, 22)
con lo que tomando o = 1 se concluye la demostracion. O

Proposicién 9. Sea X = (Pi, P,) un sistema quasi-homogéneo en R? con
vector peso v = (s1, S2,d). Entonces se verifica que la funcion

V (z1,22) = s121Pa + saxo Py (1.11)
es un tnverso de factor integrante de X.

Demostracion. De acuerdo con la definicion ((1.3), una funcion V : 2 C
R? — R sera un inverso de factor integrante si se cumple

M=—P+ —PFPh-V|—
1+ 2 3901 Bxg

ov oV oP; n oPy\ _ 0
8951 6&32 -

Utilizando a continuacion la expresion (|1.11f), se obtiene que

oP. oP oP 0P
M= (1P + s101=— — somg—— | Py+( 5101 = — 89 P — somg— | Po—
ox1 ox1 Oy O

oP, 0P
— (81:171P2 — SQSL‘QPl) ( ! 2> .

87.%'1 6:B2
Por ultimo, teniendo en cuenta ([1.10]), se llega a que
M = (32 - 1+d)P2P1 — (81 — 1+d)P1P2—|—81P1P2—82P1P2 =0.
O

En el articulo [9] hemos proporcionado contraejemplos que muestran que,
en dimensiéon 3, los sistemas quasi-homogéneos no mantienen la anterior
propiedad de integrabilidad del plano.

1.5. Funcién ¢ de Euler

Definicién y propiedades

Por su trascendencia en la elaboraciéon de esta memoria, se analizan aqui
las propiedades mas importantes de la funcidn indicatriz ¢ de Euler. Dicha
funcion se define, para cada n € Z", como el niimero de enteros positivos
menores o iguales que n y coprimos con n:

en)={rez* : 1<r<n, med(n,r)=1}| (1.12)

Leonhard Fuler es quien la define en primera instancia en 1763,
denotéandola con la letra 7 y con la particularidad de que 7 (1) = 0.
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Posteriormente, en su tratado Disquisitiones Arithmeticae de 1801, Gauss
establece la notacién con la letra ¢ y fija la definicion actual , en la
que ¢ (1) = 1. El término totient, denominacion alternativa para referirse a
esta funcion, es acuniado por Sylvester [3] en 1879.

Es trivial que cuando p € Z* es primo, ¢ (p) = p—1, ya que todo ntimero
primo es coprimo con todos sus anteriores. En base a ello y por induccién en
k, también se prueba facilmente que

@ (pk) =p" (1 — ;) (1.13)

para el caso de que p sea primo y k un ntmero entero positivo.

En el ambito de la Teoria de Numeros, una funciéon f : A C Z — Z se dice
multiplicativa si f (1) =1y ademas f(a-b) = f(a)- f(b) en el caso de que
a 'y b sean primos entre si. Obsérvese que una funcién multiplicativa queda
completamente definida con tan solo conocer su comportamiento sobre las
potencias de los ntimeros primos. La siguiente propiedad fue establecida por
Hardy y Wright [12], y se aporta aqui una demostracion alternativa:

Proposicion 10. La funcion indicatriz ¢ de Euler es multiplicativa.

Demostracion. En esta prueba se denota por (u,v) al maximo comun divisor
de u y v, de forma que (u,v) = 1 equivale a que u y v son coprimos. En
varios puntos de esta demostraciéon se utilizaran las siguientes propiedades
conocidas de divisibilidad:

v (u,vw) =1 <<= (u,v) =1y (u,w) =1
v (u,v) =1 <<= (u,v(modu)) =1

Sean a, b enteros positivos coprimos, y sea ¢ = ab. Denotaremos por A
(respectivamente B, C') el conjunto de enteros positivos menores o iguales
que a (respectivamente, menores o iguales que b, ¢) y coprimos con a
(respectivamente, coprimos con b, ¢). Se trata de demostrar que el cardinal de
C coincide con el de Ax B, para lo cual se define una aplicacion f : C' — AxB

tal que
f(z) = (z(moda),z(modb)) (1.14)

En primer lugar, f esta bien definida: si z € C, entonces
(z,¢) =1=(z,a) =1= (z(moda),a) =1= z(moda) € A,

y de forma idéntica se prueba que z (modb) € B.

En segundo lugar, se vera que f es una biyeccion. Dado (x,y) € A x B,
puesto que (a,b) = 1, el Teorema Chino del Resto garantiza que existe un
valor tnico z € {1,2,...,c} tal que es solucion del sistema de congruencias

z=x(moda),

z =1y (modb). (1.15)
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Ademas, z € C, ya que en caso contrario (z,c) # 1 y entonces o bien (z,a) #
1, o bien (z,b) # 1 (o ambos). En el primer supuesto,

(z,a) #1 = (x (mod a),a) # 1= (z,a) # 1=z ¢ A

El segundo supuesto también lleva a contradiccion. El caracter biyectivo de
f se deriva de que, en base a ((1.14) y (1.15)), se tiene que f (2) = (z,y). O

A través del resultado anterior se puede establecer una férmula para
¢ (n), sea cual sea el valor de n:

Proposicién 11. Dado n € ZT,
1
¢ (n) :nH<1—), (1.16)
p

donde el producto recorre los distintos niumeros primos p que dividen a n.

Demostracion. Sea n = p’flpé€2 ---p¥ la descomposicién tinica en primos
de n. Utilizando repetidamente la multiplicidad de ¢ (Proposicion [10]) y la

propiedad (1.13)),

pn
O
La siguiente propiedad es debida a Gauss:
Proposicién 12. Dadon € Z™,
n=>Y (),
qn
donde la suma recorre los distintos enteros positivos q que dividen a n.
Demostracion. Partiendo del conjunto F = {%}Z:p de cardinal n, se
n
reducen las fracciones que lo componen y se obtiene R = {%} X donde los
T 1/:

diferentes ¢; coinciden exactamente con los divisores positivos de n y p; es
coprimo con ¢; para todo i = 1,...,n. Asi, se puede reescribir R de la forma

R = |J D1, siendo
aym™
q =1

qln
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donde g representa un divisor de n, pg los numeradores de las fracciones de
R con denominador ¢, y m? (1 < m? < n) el ntimero de fracciones de R con
denominador gq.

Sea ¢ = 5 un divisor positivo de n cualquiera, con 1 < d < n entero. Se

tiene:
pd
= pf es coprimo con ¢ para todo T eDn

= Si p es un entero positivo menor o igual que g y coprimo con ¢, como
pd < gd = n, se tiene que %l € F, y por tanto, reduciendo con factor
comiin d, g € D1,

= Dados i,j € {1,...,m%}, si i # j entonces p] # p{, ya que si no darfan
lugar a la misma fraccién de R.

En consecuencia, m? = ¢ (q), y como el cardinal de R es n, el resultado
queda demostrado. O

Aplicaciones

La funcién indicatriz de Euler aparece con mucha frecuencia dentro de la
Teoria de Numeros elemental, como por ejemplo en el Teorema de Eulerﬂ

Teorema 13 (de Euler). Dados a, b € Z* coprimos,
a?®) =1 (modb).

La funcién ¢ estd también relacionada con el problema matematico
conocido como conjetura de Goldbach, sobre la expresion de todo nimero
entero mayor o igual a 4 como la suma de dos ntimeros primos. Hoy en dia,
los calculos numéricos han llevado a demostrar que la conjetura es cierta
hasta 4 - 10'*® [19], pero atin no hay una prueba general. Para obtener esta
demostracién, es importante sefialar que la conjetura también puede ser
formulada como la existencia, para todo entero positivo m, de primos p;
y pe tales que ¢(p1)+¢(p2) = 2m. Esta formulacion equivalente nos permite
estudiar los aspectos més generales problema, incluyendo el caso en el que
P1 ¥ P2 NO SON NUMEros primos.

Asimismo, en la tltima seccion de sus Disquisitiones, Gauss demuestra
que un poligono regular de n lados se puede construir con regla y compés si
©(n) es una potencia de 2.

En un 4mbito més préactico, el sistema de encriptacion RSA, desarrollado
en 1979 por Rivest, Shamir y Adleman, es el algoritmo més utilizado en el
mundo tanto para cifrar como para firmar digitalmente. El sistema RSA

3Este resultado es una generalizacién del Pequerio Teorema de Fermat: Si p es primo
y @ € N no es divisible entre p, entonces a?~* = 1 (modp) .
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implica elegir dos enormes nimeros primos p; y p2, calcular n = pipo
y k = ¢(n), y encontrar dos nimeros e y d tales que ed = 1(mod k).
Los ntimeros n y e (la clave piblica) se divulgan al puablico y d (la clave
privada) se mantiene oculta. Un mensaje, representado por un entero m
tal que 0 < m < n, se codifica calculando S = me(mod n) y se descifra
calculando t = Sd(mod n). Romper el sistema de cifrado equivale por tanto
a conocer k = ¢(n), o lo que es lo mismo, a factorizar n, ya que por (1.16)),
o(n) = (p1 — 1) (p2 — 1). Si los primos p; y p2 son grandes, la factorizacion
requiere tal esfuerzo computacional, que constituye una tarea insalvable en
la practica.

Obsérvese que, inversamente, conocer ¢ (n) también nos proporciona los
valores de p1 y p2: p(n) = (p1 — 1) (p2 — 1) equivale a que p; + p2 = n —
¢ (n)+1, y conocido este valor junto con la realcion p1ps = n, se obtienen p; y
p2 mediante la resolucion de la sencilla ecuacion cuadratica 22 — (py + p2) z+

p1p2 = 0.

1.6. Algoritmos

Impacto y desarrollo

Se entiende por algoritmo (un término cuyo origen esta en el matematico
persa de los siglos VIII-IX Al-Khowéarizmi) un conjunto ordenado y finito
de operaciones que permite hallar la soluciéon de un problema. Ademés,
este proceso suele ser iterativo. La Algoritmia, la ciencia que se dedica al
diseno y analisis de los algoritmos, se interesa principalmente por aquellos
calculos que por su complejidad necesitan del apoyo de una méquina de
computo. Pero también son algoritmos los métodos que se ensenan en las
escuelas para realizar a mano sumas, restas, multiplicaciones o divisiones.
No en vano, algunos de los algoritmos més famosos de la Historia, como
el de Euclides para calcular el maximo comun divisor de dos enteros, o la
Criba de Eratostenes para hallar nameros primos, tienen mas de 2000 anos
de antigiiedad.

En el proceso de ejecuciéon de un algoritmo no cabe ninguna decision
subjetiva, ni tampoco deben de entrar en juego factores como la intuicién o
la creatividad. Debe constituir, por el contrario, una serie de instrucciones
con el nivel de detalle suficiente como para que el usuario tenga claro en todo
momento cual es el siguiente paso que tiene que llevar a cabo.

Como se ha dicho, la bisqueda de algoritmos eficientes es muy anterior
a la época de las computadoras. Mateméticos de todas las épocas, como
Gauss, Leibnitz, Babbage, Lovelace o Turing, han puesto sus esfuerzos al
servicio del tema, hasta que el desarrollo exponencial de las capacidades de
los ordenadores, a partir de los afios 50 del pasado siglo, trae consigo una
revolucién en la teoria de los algoritmos. En las tltimas tres décadas, aspectos
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como la computaciéon cuéntica, que a diferencia de la clasica funciona
sobre los principios de la mecanica cuéntica, han dado lugar al desafio de
desarrollar algoritmos especificamente para esta clase de computadoras. En
nuestros dias, los principales organismos internacionales del ambito de la
Ciencia y la Ingenierfa coinciden en que el estudio, disefio y construccion
de algoritmos es una necesidad ineludible para numerosos aspectos de la
vida. Herramientas como Google, Facebook, Amazon o Netfliz, que en cierto
modo controlan las vidas de muchas personas, no se podrian entender sin
sus algoritmos subyacentes de seleccién automatizada de la informacioén.

Pseudocédigo

Es necesario fijar un modo para la descripcién de los algoritmos. Los
lenguajes naturales, como el espanol o el inglés, no estan adaptados para ello,
pues necesitan de largos y ambiguos textos para detallar las estructuras de
control maés sencillas. Por otra parte, optar por un lenguaje de programacién
concreto implica una eleccién a priori que condicionara al programador a la
hora de llevar a cabo el proceso de implementacién.

El algoritmo publicado en el articulo [8], correspondiente a esta tesis,
es presentado en pseudocodigo, también denominado lenguaje de descripcion
algoritmica. Dicho lenguaje no estd disenado para ser ejecutado por una
computadora, sino para la lectura humana. Se trata de un primer borrador
con el que representar de manera sencilla las estructuras de control propias
del algoritmo, pero prescindiendo de detalles que no son esenciales y con
independencia de cualquier lenguaje de programaciéon. Para su posterior
ejecucioén, ha de ser traducido a un lenguaje en particular.

Esta neutralidad respecto de los lenguajes de programaciéon favorece la
claridad del algoritmo, ya que el programador puede concentrarse en la logica
y en las estructuras de control y no preocuparse de las reglas de un lenguaje
especifico. Por otra parte, un algoritmo descrito en pseudocodigo necesita
mucho menos espacio y es méas facil de modificar si se descubren errores que
una vez ya esté codificado en un lenguaje de programacion.

Las ventajas citadas convierten al pseudocddigo en el medio mas
comunmente utilizado para documentar algoritmos, ya sea en articulos
cientificos, en libros de texto o en las fases iniciales de desarrollo del software.

No se cuenta con un modelo estandar para el lenguaje pseudocéddigo,
tal que haya sido aceptado como patrén por la mayoria de los estamentos
internacionales tecnologicos, cientificos y educativos. No obstante, las
diferentes variantes (véanse por ejemplo [4], [5] o [6]) presentan unas sintaxis
muy similares. En esta tesis se ha optado por un pseudocédigo basado en
vocablos de la lengua inglesa y disenado para LaTeX [6], cuyas principales
estructuras se describen a continuacion:
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i) Datos de entrada

Mediante una instruccién Input al principio de cada algoritmo, se indican
los datos de entrada del mismo. Por ejemplo,

‘ Input: grado del sistema (n)

senala que la semilla que el algoritmo necesita para funcionar es el grado del
sistema.

ii) Datos de salida

La sentencia anterior suele ir acompafiada de una instruccién Output,
para clarificar los datos de salida. Por ejemplo,

‘ Output: vector peso minimo del sistema (wyy,)

indica que, como resultado de su ejecucién, el algoritmo devolveré el vector
peso minimo del sistema.

iii) Funciones

Las funciones permiten independizar del resto del algoritmo series
de secuencias que por si mismas formen una unidad, posibilitando asi
una programaciéon modular. Una funcién puede ser invocada en miltiples
ocasiones a lo largo de la ejecucion del algoritmo, por lo que son una
herramienta adecuada para codificar procesos repetitivos. Reciben uno o
varios datos de entrada, que se declaran entre paréntesis al principio, y
generan una salida, que se indica al final del cuerpo de la funcién, tras la
palabra return. Por ejemplo,

Function CALCULARWM(B;, B;, Bp)
instrucciones;
return w,

end

representa una funcién de nombre CALCULARWM que tiene por entrada los
valores B;, Bj, B}, y devuelve el valor wp,.

iv) Asignacién de datos

La asignaciéon de un valor a una variable se indica en pseudocé6digo
mediante un simbolo de flecha (<—). La flecha apunta desde el valor asignado
hacia la variable que se esta actualizando. Por ejemplo,
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’ d < 2mr

establece el valor 27r para la variable d.

v) Control condicional

Las estructuras de control condicional verifican que se ejecuten o no
instrucciones en funcién de si una determinada afirmacién es verdadera o
falsa. Permiten asi la toma de decisiones en el desarrollo del algoritmo. Por
ejemplo,

if condicion then
| instrucciones

hara que se lleven a cabo instrucciones si y solo si condicion es verdadera.
También se pueden presentar estructuras condicionales multiples, en las que
se evaltian varias condiciones sucesivamente. Por ejemplo,

if condiciony then
| instrucciones

else if condiciong then
| instruccionesp

else
| instruccionesc

end

ejecutard instruccionesa si se cumple condiciona. En caso contrario, se
ejecutara instruccionesg si se cumple condicidong. Si tampoco se verifica
condiciong, se ejecutard instruccionesc.

vi) Control iterativo

Las estructuras de control iterativo representan la ejecucién de un bloque
de instrucciones un namero prefijado de veces. Por ejemplo,

for i < 1 to N do
| instrucciones

end

ejecuta instrucciones N veces, empleando como indice la variable i.
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vii) Anidamiento

Toda estructura de control puede constituir una instrucciéon mas dentro
de otra estructura superior, de forma que se forman configuraciones anidadas
con diferentes niveles. Por ejemplo,

for i < 1 to N do

if condicion then
| instrucciones g

else
| instruccionesp

end
end

ejecuta N veces la estructura de control condicional en la que se evalaa
condicion, empleando como indice la variable .

Algoritmia y sistemas quasi-homogéneos

En 2013 Belén Garcia, Jaume Llibre y Jests Suarez Pérez del
Rio publican el articulo Planar quasi-homogeneous polynomial differential
systems and their integrability [10], el cual constituye uno de los principales
puntos de partida para el desarrollo de esta tesis. En dicho trabajo se
estudian los sistemas diferenciales quasi-homogéneos en dimension 2, y se
proporciona un algoritmo para obtener todos los sistemas de esta clase de
un grado dado. Haciendo uso del propio algoritmo se obtienen todos los
campos vectoriales quasi-homogéneos de grados 2 y 3. Ademas de esto, en [10]
se tratan cuestiones referentes a la integrabilidad de los quasi-homogéneos
planos, como la demostracién de que todos ellos tienen una integral primera
de tipo Liouville, o la caracterizaciéon de todos aquellos de grado 2 o 3 con
integral primera polinomial, racional o analitica.

El mencionado trabajo ha sido citado hasta el momento en varias docenas
de articulos, algunos de los cuales (ver por ejemplo [I4], [21I]) hacen una
aplicaciéon explicita de este algoritmo para generar listados completos de
sistemas quasi-homogéneos.

Por su parte, Xiong y Han [22] han publicado un algoritmo de
caracteristicas similares, también para determinar la lista de sistemas
quasi-homogéneos en el plano, pero en el cual el input no es el grado, sino el
grado peso. Adicionalmente, estos autores proporcionan algunas condiciones
necesarias para la existencia de centros en los sistemas quasi-homogéneos.

En la linea de estas publicaciones, en los trabajos [7] y [8] aportamos
algoritmos para el conteo y la determinacién de sistemas quasi-homogéneos,
tanto en el plano como en el espacio.
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MATLAB

Debido a su complejidad computacional, tanto el algoritmo publicado
por Garcia et al. [10] como los algoritmos desarrollados en el articulo 7] son
especialmente indicados para su implementaciéon mediante el uso de lenguajes
de programaciéon para computadoras. Se han desarrollado los dos resultados
mencionados, utilizando para ello el lenguaje de programacién M, incluido
en la herramienta de software mateméatico MATLAB.

MATLAB es un producto propietario de la compaifiia The Mathworks,
creado por el matematico y programador de computadoras Cleve Moler en
1984. Se ha optado por MATLAB, de entre las multiples opciones en cuanto
a lenguajes de programacion, por tratarse de un software multiplataforma
especialmente apropiado para los calculos matematicos, y muy extendido en
universidades y centros de investigacion y desarrollo. Se estima que MATLAB
es empleado por mas de un millébn de personas en &mbitos académicos y
empresariales.

Los citados algoritmos codificados en MATLAB se encuentran
disponibles para su libre descarga en la direcciéon web

‘ https://matemat51.epv.uniovi.es/gsd ‘

1.7. Estructura de capitulos

Tras esta Introducciéon, en la que se ha llevado a cabo un repaso del
estado del arte de los aspectos matemaéticos de relevancia en esta memoria,
en el Capitulo [2| se detallan los objetivos que se establecieron como punto
de partida de la misma. El Capitulo [3] constituye la parte mas importante
de la memoria, ya que en él se reproducen los tres articulos que componen
esta tesis, bajo el formato de compendio de publicaciones. Cada articulo se
organiza en una seccién, y en otra seccién adicional al final se proporcionan
los indicadores relativos a la calidad de las publicaciones. El Capitulo
agrupa la discusién de resultados, las conclusiones y las lineas futuras de
trabajo. A continuacion se detalla la bibliografia utilizada, aunque hay que
subrayar que cada uno de los tres articulos cuenta a su vez con su propia
bibliografia. La memoria se cierra con el capitulo de Anexos, en los que
se recopilan los diferentes documentos, impresos e informes de inclusién
preceptiva.



Capitulo 2

Objetivos

El objetivo general de esta tesis consistia en ampliar los conocimientos
existentes acerca de los sistemas diferenciales quasi-homogéneos,
principalmente en dimensiones 2 y 3. Para ello se establecieron los
siguientes objetivos especificos:

= Establecer algoritmos para la determinacién de todos los sistemas
diferenciales quasi-homogéneos.

» Implementar los algoritmos anteriores en algin lenguaje de
programacion concreto.

= Contabilizar el niimero de sistemas diferenciales quasi-homogéneos en
funcién de su grado.

= Desarrollar en profundidad conceptos relacionados con la organizacion
de los sistemas quasi-homogéneos (vector peso minimo, familias de
vectores peso, sistemas maximales...).

= Estudiar en qué situaciones se produce la unicidad del vector peso
minimo.

= Estudiar la integrabilidad de sistemas quasi-homogéneos en
dimensiones superiores a 2.

= Analizar el grado de utilidad del método de Yoshida para la integraciéon
de sistemas quasi-homogéneos.
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Capitulo 3

Articulos publicados

Esta tesis doctoral se presenta bajo la modalidad de compendio de
publicaciones. Siguiendo este formato, la tesis estd constituida por tres
trabajos relacionados con la misma linea de investigacion (los sistemas
diferenciales quasi-homogéneos) y publicados por el doctorando con
posterioridad al inicio de los estudios de doctorado, en revistas incluidas
en el Science Citation Index. En este capitulo se recoge una copia de los
tres articulos tal y como han sido publicados en sus respectivas revistas,
respetandose asi la maquetacién original de cada una de ellas. Las referencias
son las siguientes:

GARCIA, B., LOMBARDERO, A. Y PEREZ DEL Rio, J.S., Classification

and counting of planar quasi-homogeneous differential systems through their
weight vectors, Qual. Theory Dyn. Syst. 17, 541-561 (2018).

GARCIA, B., LLIBRE, J., LOMBARDERO, A. Y PEREZ DEL Rio, J.S.,
An algorithm for providing the normal forms of spatial quasi-homogeneous
polynomial differential systems, Journal of Symbolic Computation 95, 1-25
(2019).

GARCIA, B., LLIBRE, J., LOMBARDERO, A. Y PEREZ DEL Rio, J.S.,

Analytic integrability of quasi-homogeneous systems via the Yoshida method,
Journal of Symbolic Computation 104, 960-980 (2021).
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3.1. Classification and counting of planar
quasi-homogeneous differential systems
through their weight vectors

Los sistemas quasi-homogéneos tienen interesantes propiedades y han
sido estudiados desde diferentes enfoques: integrabilidad, centros, ciclicidad,
estabilidad estructural, retratos de fase, ciclos limite, etc. En particular,
Garcia, Llibre y Pérez del Rio [10] estudiaron estos sistemas desde el punto
de vista de su clasificacion, elaborando un algoritmo para generar, para cada
grado fijado, todos los sistemas de este tipo en el plano.

El objetivo del articulo que se reproduce a continuacién era, por
una parte, proporcionar un método de clasificacion de los sistemas
quasi-homogéneos planos en funcién de sus vectores peso minimos, a la
vez que desarrollar en profundidad este tultimo concepto. Por otra parte,
se pretendia abordar la tarea de contabilizaciéon de esta clase de sistemas,
asi como proporcionar una implementaciéon en un lenguaje de programacién
del citado algoritmo de [10] .

Ademas de alcanzar los objetivos anteriores, en este trabajo se probo la
unicidad del vector peso minimo para los sistemas quasi-homogéneos planos y
se hall6 una relacién entre el ntimero de estos sistemas y la funciéon indicatriz
 de Euler. El algoritmo fue codificado en MATLAB, proporcionédndose como
un anexo online al articulo.

Los autores de este trabajo han sido:

» Belén Garcia (Universidad de Oviedo) - belen.garcia@uniovi.es -
ORCID 0000-0003-2257-0621

» Anton Lombardero (Universidad de Oviedo) -
lombarderoanton@uniovi.es - ORCID 0000-0003-1017-8913

» Jests Suarez Pérez del Rio (Universidad de Oviedo) - jspr@Quniovi.es -
ORCID 0000-0003-0003-0157

El articulo fué publicado en octubre de 2018, en el volumen 17 de la revista
Qualitative Theory of Dynamical Systems.
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Abstract The quasi-homogeneous systems have important properties and they have
been studied from various points of view. In this work, we provide the classifi-
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We consider polynomial differential systems in the plane, of the form
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where P, Q € C[x, y]land (P, Q) # (0, 0). The dots denote derivatives with respect
to the independent variable ¢, which can be real or complex, and with C [x, y] we
mean the ring of polynomials with coefficients in C and complex variables x and y.
We say that the system (1) has degree n if n = max {/, m}, where [ and m are the
degrees of the component polynomials P and Q, respectively. Finally, with X; =
(P (x,y), Ok (x, y)) we denote the homogeneous part of degree k of the system, k
varying between 0 and n.

A polynomial differential system (1), denoted by S (P, Q) or by S when it does
not lead to confusion, is quasi-homogeneous if there exist three positive integers s1,
52, d verifying that for any o € RT = {a € R, a > 0},

P’ x,ay) =" P(x, y), Q@ x,ay) = a0, y).

In this case, v = (s1, 52, d) is denominated a weight vector of the system S, s and
sy are called weight exponents of S, and d is the weight degree of the system relative
to the weight exponents s1 and s;.

The quasi-homogeneous systems are a generalization of the homogeneous systems,
a system class that has been profusely studied. A system (1) is called homogeneous
of degree n if P and Q are homogeneous polynomials of degree » in the variables x
and y. We consider the zero polynomial as homogeneous of any degree, so that in this
definition it is possible for the system components P or Q to be zero, provided that
(P, Q) # (0,0).

By the definition of homogeneous polynomial, a polynomial differential system is
homogeneous of degree n if and only if for any o € R,

P(ax,ay) =a"P(x,y), Qax,ay)=a"Q(x,y).

Therefore, homogeneous systems are particularly quasi-homogeneous, and the set
of the homogeneous systems of degree n coincides exactly with the set of the quasi-
homogeneous systems that have the vector (1, 1, n) as one of their weight vectors.

The quasi-homogeneous polynomial differential systems specifically homogeneous
have been investigated by many authors, the quadratic homogeneous have been studied
in [11,27-29,32,35], the cubic homogeneous in [7], and the homogeneous systems of
arbitrary degree in [4,7,9,24]. In the aforementioned works one can find an algorithm
for the study of phase portraits of homogeneous polynomial vector fields of any degree,
the classification of all phase portraits of homogeneous polynomial vector fields of
degree 2 and 3, the algebraic classification of homogeneous polynomial vector fields
and the characterization of the structural stability of the homogeneous polynomial
vector fields.

The quasi-homogeneous polynomial differential systems (particularly those non-
homogeneous) have also been studied by several authors from different points of view,
such as integrability [2,6,13,16,20,26,34,36], structural stability [30], cyclicity [14],
centers [1,25], normal forms [3] or limit cycles [2,8,21,23].

Recently, Garcia et al. [12] have published an algorithm to obtain all non-
homogeneous quasi-homogeneous polynomial differential systems of a given degree.
Using this algorithm they have obtained all quadratic and cubic systems in this class.
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Subsequently, the authors of [22] and [33], also using the algorithm described in [12],
have classified all systems of degree 4 and 5 respectively. Other applications of [12],
related to centers and integrability, can be seen in [5,15].

With this work we try to deepen the study and classification of quasi-homogeneous
polynomial differential systems from the standpoint of weight vectors, while we con-
solidate a new line of research regarding this type of differential systems.

In the set of weight vectors of a quasi-homogeneous system S, a binary relation
< can be defined as follows: given two weight vectors w = (s1, 52,d) and w =
(51, 82, d), we say that

w<w (2)

when 51 < 57, 2 < 5> and d < d are verified. It is clearly a partial order (reflexive,
symmetric and transitive) on the set of weight vectors of S.

We say that a weight vector w;,, = (s]", 55, d*) of a quasi-homogeneous system
S is the minimum weight vector S if for any weight vector w = (sq, s2, d) of S is
verified that w,, < w, or equivalently, if s{ < 51, 55 < 57 and d* < d. Note that in
[12] this concept was named minimal weight vector of the system.

The binary relation < is not a total order, because for example (1, 3, 4) and (2, 2, 3)
are weight vectors in the system

X =xy, y=y% (3)

but not comparable. However, we will show that the set of weight vectors of any quasi-
homogeneous polynomial differential system without null components has minimum
for the order relation <, which constitutes the first of the main results of this work:

Theorem A A quasi-homogeneous polynomial differential system S (P, Q) verifying
that P - Q # 0 has minimum weight vector.

The minimum weight vector of the system can be used as an element for algebraic
classification of the quasi-homogeneous systems of certain degree n. In this paper
we develop such classification, and we conclude that (1, 1, n) is the minimum weight
vector of the system for every homogeneous system of degree n without null compo-
nents. This is not the case for non-homogeneous quasi-homogeneous systems. As one
can see in [12], in this last set there exists a large variety of both algebraic forms and
minimum weight vectors.

To obtain the exact number of non-homogeneous quasi-homogeneous systems we
will use a classical tool of number theory, Euler’s totient function that we denote by
. This function is defined, for each n € Z™, as the number of positive integers less
than or equal to n that are coprime with n:

pn)=|{reN:1<r<n, ged(n,r)=1}]|, 4)

and its main properties are shown, for example, in [18]. The function ¢ is strongly
related to important mathematical problems such as, for example, the well-known
Goldbach’s conjecture about the expression of each integer greater than or equal to 4
as the sum of two primes. Nowadays, the numerical computations have led to prove
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that the conjecture is true up to 4 - 10'® (see [31]) but there is no a general proof yet.
In order to obtain this proof, it is important to remark that the conjecture can be also
formulated as the existence, for every positive integer m, of primes p and ¢g such that
¢(p) + ¢(g) = 2m. This equivalent formulation allows us to study the more general
problem in which p and g are not necessarily primes (see, for example, [17]).

For other applications of the function ¢ in different fields of mathematics, one can
see, for example, [19].

Using the function ¢ we can set the second of the main results of this paper.

Theorem B The number c (n) of non-homogeneous quasi-homogeneous polynomial
differential systems of degree n is given by:

i c(1)=0, c2)=6, c@3) =16 (5)
() cn)=2cm—1)—cmn—2)+20pn+1) (6)
or, equivalently,
n k+1
cm)=10n—14+23 > ¢ ()) (7)
k=4 j=5

forn > 4, where ¢ is Euler’s totient function.

The paper is organized as follows: in Sect. 2.1 we develop the concept of family
of weight vectors of a quasi-homogeneous system, and we derive some properties
thereof. This is utilized in Sect. 2.2 for a complete classification of quasi-homogeneous
polynomial differential systems based on their weight vectors. The section concludes
with the proof of Theorem A.

Section 3 is devoted to the proof of Theorem B.

Section 4 focuses on the software implementation of some of the contents of this
work and of Garcia et al. paper [12]. To do it, we have used the programming lan-
guage included in the software package MATLAB. Specifically, we have implemented
the algorithm published in [12] in a program that returns in .tex format all non-
homogeneous quasi-homogeneous systems of a n degree provided by the user. We
also developed a program based on Theorem B, dedicated exclusively to count sys-
tems. In both cases we provide the corresponding web links in order to download this
software.

2 Weight Vectors of Quasi-Homogeneous Polynomial Differential
Systems

2.1 Weight Vector Families
We recall from [12] a fundamental relationship between the coefficients and the weight

vectors of a quasi-homogeneous polynomial differential system. We write the P and
Q system polynomials separated into their homogeneous parts:



Classification and Counting of Planar Quasi-Homogeneous... 545

l J
P(x,y) = Z Pi(x,y), where Pj(x,y) = Zai’j_ix’y]_l, (8)
j=0 =
and :
m J S
Q(x,y) = 0Qj(x,y), where Q;(x,y)=> bijx'y/™". (9
j=0 =

Proposition 1 Given a quasi-homogeneous system S:

L. If the coefficient a; j—; of P is not null, then for every weight vector (s1, 52, d) of
S is verified:
@G—Ds1+G—i)so=d—1 (10)

2. If the coefficient b; j_; of Q is not null, then for every weight vector (s1, 52, d) of
S is verified:
ist+(—i—1sr=d—-1 (11)

Proof For any polynomial system (1) we have, according to (8), that given positive
integers s1, s2 and o > O:

A
P (a’'x,ay) = Pj (' x, a’y) ZZ ,-,j_,-a"“x"a(j_")szyj_i
Jj=01i=0

M-

~
|
=)

J
Z B alSH-(J 0)52 0 yJ [ (12)
i=0

Il
T M

If in addition the system is quasi-homogeneous, it shall fulfill that given « > 0 and
for any of its weight vectors (s1, s2, d):

I
P (O{slx, aszy> — CVSH_d_lP (x,y) = asH—d—l Zzai,j—ixiyj_i' (13)
j=01i=0

Then, by (12) and (13):

a; j—iaiSI+(j_i)S2 = a; j_iasri—d—l
for any weight vector (si, s2, d) of the system, and therefore, if a; j—; # 0, (10)
is satisfied. The equality (11) can be proved similarly using a permutation between

(x, P)and (y, Q). O

Definition 2 Given a quasi-homogeneous system S and A € Q™ the weight vector
family of the system with ratio A is defined as the set of weight vectors of S where the
proportion between the exponents s and s7 is A,

Fs(}) = {(sl, s2,d) weight vector of S : o k} .
82
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Note that a system may have more than one family of weight vectors. In fact, we
will prove that the only two possible assumptions for a quasi-homogeneous system
are to have a unique family of weight vectors or, in some homogeneous cases, to have
infinite families. An example of the second situation is the system

X = xzy, y = xyz, (14)

for which any vector (a, b, a + b + 1), a and b being positive integers, forms a weight
vector.

Proposition 3 Given a weight vector (s1, s2,d) € Fs (L) and r = g e Qt with p
and q coprime, a vector (rsy, rsa, d*) is also a S weight vector if and only if g divides

gcd (s1, 82) and d* = r (d — 1) + 1. Furthermore, this new vector also belongs to
Fs (A).

Proof Note first that (rsy,rs2, ¥ (d — 1) + 1) is a vector of positive integers if and
only if g divides s1, s and d — 1, or equivalently when ¢ divides ged (s1, s2,d — 1).
Ever since, by (10), d — 1 is a linear combination of s and s3, it is enough that ¢
divides gcd (s1, 52).

As (s1, 52, d) 1s a weight vector, for any o > 0, one has that

P x,ay) = o1 P(x, y).
On the other hand » € Q™, whereby o” > 0, and consequently

P (ars1x’ 0{rszy) =P ((ar)sl X, (ar)sz y)
— (()/)SH—OZ_1 P(x,y)=a177E@=Dp (x ).

Therefore, (rs1, rs2, d*) is a weight vector if and only if * = r (d — 1) + 1. The
system component Q provides an equivalent conclusion. Finally, (rsy, rs2, r (d — 1)+
1) also belongs to the family of (s, 52, d) because the weight exponents keep the same
proportion {1 O

The above proposition provides a method to, given a weight vector, get infinite
different weight vectors of the same family, simply by varying r through Z* . Therefore
we conclude that any weight vector family has infinite elements.

The proposition also supplies a procedure for obtaining new vectors by reducing the
weight exponents just dividing them by a common factor g € Z* which also divides
d — 1. Obviously in this way we will not obtain an infinite number of vectors, but a
finite quantity never greater than the number of common divisors of s1 and s;.

Note that if (s1, 52, d) and (s, 52, d*) are weight vectors in the same system S,
then it is concluded that d = d* simply by taking » = 1. That is to say, given a weight
vector in a system with fixed exponents, the weight degree is uniquely determined.

Proposition 4 Ifw = (s1,s2,d) and w = (s_l, 52, c?) are weight vectors belonging
the same family Fg (A) of a quasi-homogeneous system S, the following statements
are equivalent:
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(i) s1 < 1.
(ii) s2 < 2.
(i) d <d.

Proof The equivalence between (i) and (ii), when s; = Asp and 51 = Asy with A > 0,
is obvious. Let us see the equivalence of (i) and (iii).
Suppose P # 0. As w and w are weight vectors of Fg (1), for any o, 8 > 0:

P (en.ats) e tp 1

and i i o
P (BT By) = BT P (5 ). (16)
where k = %
Sfl
Setting S = a*1 > 0, (16) becomes:

51

Pmea“w>=a“mﬂ*“Pcnw. (17)
Then, by (15) and (17), and because P is not zero in the whole plane,

SU(d—
! =" C 1).

Exponential functions are injective, whereby d — 1 = % (cz — 1). In conclusion,
& < lifandonlyifd <d.
If P =0, then Q # 0, and the result is demonstrated in a similar way. O

This result is not necessarily true when the two weight vectors belong to different
families, as we already noted in the Introduction when we mentioned that both (1, 3, 4)
and (2, 2, 3) are weight vectors of the quasi-homogeneous system (3).

However, the above proposition allows to apply the order relation (2) to any pair of
weight vectors of a family Fs (1): givenw = (s1, 52, d) and W = (s7, 2, d) belonging
to Fs (A), we can say that w < w if any condition (i), (i1) or (ii1) of Proposition 4 is true.
If we impose such restriction, and contrary to what happens when we applied it to the
entire set of weight vectors of a system, < is a total order relation, and consequently
any weight vector family will be a totally ordered set. Now we will prove the existence
of its minimum.

Corollary 5 Any weight vector family Fs (1) of a quasi-homogeneous system S has
one minimum with respect to the total order relation <, which we denote by W, ).

Proof To find the minimum of Fg (1) in regard to < is equivalent to finding the
minimum of all weight exponents s; existing in the family, since there is only one
vector in Fg ()) for each s1. This minimum can always be found because the weight
exponents are positive integers. O
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Proposition 6 Ifv = (s1, s2,d) € Fs (L), then v is the minimum vector of its family
if and only if s1 and s> are coprime.

Proof Let v, = (51, 52, d) be the minimum weight vector of the family, and let us
suppose that s; and s, share a common divisor ¢ > 1. If P # 0, then there is a not
null coefficient a; ;_;, and by Proposition 1, (i — 1)s1 + (j —i)s» =d — 1, then g
would also divide d — 1, and using r = Lin Proposition 3, w;, ;) would not be the
family minimum. If P = 0, then Q # 0 and it is proved identically.

On the other hand, the fact that the weight exponents are coprime implies, also by
Proposition 3, that they can not be reduced more. Neither can the weight degree, due
to Proposition 4. O

It is clear that any weight vector of a family Fg (1) can be obtained by multiplying
the weight exponents s1 s> of any other vector by a given positive rational number,
since all share the same ratio A. Now we will see that starting from the minimum
vector of the family w,,(;), all F5 (1) can be generated exclusively by multiplications
by positive integers.

Proposition 7 If w,,;) = (si", 55, d*) is the minimum weight vector in a family
Fs (L), then

Fs (A) = {(rsik,rs;,r(d* — 1) +1):re Z+}.

Proof Let v = (s1,52,d) € Fs(X). As 51 and s> keep the same proportion A as s7
and s5, a positive rational number r = g, with p and g coprime, necessarily has to
exist, such that s; = rs{ and s, = rs3. On the other hand, by Proposition 3, d must
ber(d*—1)+1.

Ifr = g is a non-integer rational, then ¢ > 1 and, also by Proposition 3, g must
be a common divisor of sT and s; Then, by Proposition 6, w;, ) would not be the
Fs (A) minimum vector.

This proves the inclusion “C”. The inclusion “D>” follows directly from Proposi-
tion 3. O

As a consequence, we get that the weight degree d* of the minimum vector w,, ()
determines the character of all the family weight degrees:

Corollary 8 If Fg (1) is a vector family of a quasi-homogeneous system S, either all
vectors that compose it have weight degree d = 1, or all have weight degree d > 1.

A minimum weight vector of the system w,,, = (s}, 55, d*) verifies s} < 51,55 < 52
and d* < d for any other weight vector w = (s1, 52, d) of S, so it must be a vector
that minimizes all existing family minimum vectors w,,,) in S. The uniqueness of w,
would be obvious, but to demonstrate their existence in almost all quasi-homogeneous
systems, it is required to study in detail this class of systems, which we will develop
in the next section.
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2.2 Homogeneous and Non-homogeneous Quasi-Homogeneous Polynomial
Differential Systems

Proposition 9 Given a polynomial differential system (1), the following statements
are equivalent:

(1) The system is homogeneous.
(11) The system has a weight vector v = (s, s2, d) where s1 = s».
(111) The system has a weight vector family Fg (A) with ratio . = 1.

Proof The assertions (i1) and (iii) are clearly equivalent. It is also clear that (i) implies
(ii), just by taking the vector (1, 1, n). We will demonstrate the implication (ii) = (i).

We consider that the system has a weight vector v = (s, s, d). We will assume that
P # 0, so there is a coefficient a; j_; # 0 (in case of Q # 0 the proof is similar).
This, by Proposition 1, implies

@i—Ds+(—-i)s=d—1=(—-—1)s=d—-1
and therefore s divides d — 1. Then, by Proposition 3 it follows that (1, 1, ds;l + 1)
is a weight vector of the system, so it will be homogeneous. O

Corollary 10 A quasi-homogeneous  polynomial  differential ~ system  is
non-homogeneous if and only if all its weight vectors v = (s1, 52, d) verify s1 # s7.

However, as we have seen in the example (14), not all weight vectors of a homo-
geneous system must necessarily have its two weight exponents equal.

Now we state two results for the classification of homogeneous systems based
on their vector families. In this classification we consider all existing homogeneous
systems, not only the maximal (maximal in the sense given in [12]). In fact, there is
only one maximal homogeneous system of degree n, the one that owns all possible
monomials both in P and Q (a total of n + 1 monomials in each component). All
other homogeneous systems can be considered particular cases of it simply by making
some of its coefficients zero.

Proposition 11 A homogeneous polynomial differential system of degree n with more
than one nonzero monomial in any of its components P or Q verifies that Fg (1) =
{(s, s,(m—1)s+1) : 5s€ Z+} is the only weight vector family of the system.

Proof First, it has to be noted by Proposition 9 that Fg (1) must be a weight vector
family of the system. We will prove that in fact it is unique.

Suppose that component P has two different monomials. Then there exist i, j €
{0,1,...,n},i # j,suchthata; ,_; # Oanda;,_; # 0. Then, based on Proposition
1, for any weight vector (s1, 52, d) of the system it is true that:

(i—Dsi+m—i)ss=d—1, (18)
GJ—Dsi+(n—j)sa=d—1, (19)
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and combining both equations the resultis (i — j) (s; — s2) = 0. Asi # j, we obtain
s1 = sp = s, and from (18) and (19) it follows that the weight degree d must be
(n—1)s + 1.

If there are two nonzero monomials in the Q component, the proof is similar. O

Proposition 12 A homogeneous polynomial differential system of degree n that has
at most one nonzero monomial in both components P and Q fits within one and only
one of the following situations:

0]
(i)

(ii-a)

(ii-b)

If P or Q are null, then the system has an infinite number of weight vector
families, and given any positive rational A, the Fg (L) family exists.
If PQ # 0, for the system

i

P(x,y) = aj,_ix'y"",
Q(x,y)=bj,_jx)y"/,

for certaini, j € {0, 1, ..., n}, we distinguish between:

If j =i —1, when i > 0, then the system has an infinite number of weight
vector families, and given any positive rational A, the Fg (1) family exists.
If j #i—1,then Fs (1) = {(s, s,(n—1)s+1) : s € Z"'} is the only weight
vector family of the system.

Proof First, it is noted that the three mentioned cases cover the full range of possibil-
ities in terms of algebraic structure of a system of the mentioned characteristics.

(1)

(ii)

Let us suppose Q = 0, so that thereisi € {0, 1, ..., n} such that the system is

i

P(x,y) =aj,_ix'y"",
0 (x,y) =0,

with a; ,—; # 0 as the only condition. By Proposition 1, for any weight
vector (s1,52,d),d = (i —1)s1 + (n —1i)s2 + 1, with this being the only
condition for all the system weight vectors. Let A = g € Qf, pand ¢
being coprime positive integers. Then the family whose minimum vector is
Wn) = (p,q, (i —1)p+ (n—i)g+1)hasratio A.

The case P = 0 is demonstrated similarly.

When g; ,—; and b; ,—; are nonzero, Proposition 1 implies that for any weight

vector v = (s1, 52, d) of the system it is verified that
i—Ds1+mnm—i)so=d—1 (20)

and
jsi+n—j—1)sr,=d—1. (21)

The equalities (20) and (21) translate into (i — j — 1) (s — s2) = 0, and so we
distinguish:
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(i-a) If j = i — 1, being i > 0, then (20) and (21) mean the same, and d =
(i —1)s1+(n —i)sy+ 1is the only condition for weight vectors of the system
(s1, s2,d), so we are in the same situation as in (1).

(i1-b) If j #i — 1, then s1 = sp = s for any weight vector (sy, 52, d), and therefore
Fs (1) is the only family. Also, for a weight exponents s, by (20) and (21) it
follows that the weight degree d hastobe (n — 1) s + 1.

O

From Propositions 11 and 12, which classify all the homogeneous polynomial
systems, it is deduced an important property for such systems:

Proposition 13 All homogeneous polynomial differential systems of degree n verify-
ing P- Q # 0 have w,, = (1, 1, n) as the minimum vector of the system.

Proof In systems with a single family Fg (1), the assertion is obvious.

Systems with an infinite number of families have at most one nonzero monomial
in both components, and v = (1, 1, n) is a weight vector of the system that clearly
minimizes the weight exponents s1, s2. Then, let w = (p, ¢, d) be any other weight
vector, whereby p > 1, g > 1. As P # 0, there is exactly one coefficient a; ,—; # 0,
that must verify i > 0, since the case ap , 7# 0 implies Q = 0 when there is at most
one nonzero monomial in Q. So, by (10):

d=(G—-Dp+m—ig+1>G—-D+n—i)+1=n

and therefore d > n, so in conclusion (1, 1, n) is the minimum vector of the system.
O

Remark 14 The previous Proposition does not cover the trivial case of homogeneous
systems with a null component. However, most of these systems also have (1, 1, n) as
minimum vector. As it follows from the above demonstration, the unique exceptions
are

X =apny", y=0, (22)

and
x =0, y=byox", (23)

being the degree n > 1. These two are the only n-degree quasi-homogeneous polyno-
mial differential systems in the plane with no minimum vector of the system. It is easy
to prove the nonexistence of minimun in this two cases, because (1, 1, n) and (n, 1, 1)
are weight vectors of (22) and (1, 1, n) and (1, n, 1) are weight vectors of (23).

The set of quasi-homogeneous systems is not limited to those homogeneous, as
can be seen by noting that ¥ = xy, y = y? + x is a quasi-homogeneous system
with weight vector (2, 1, 2), but non-homogeneous. This leads to a division of the
quasi-homogeneous systems into two mutually exclusive groups: one of those who
are particularly homogeneous and other of those that not are. The second group is
studied in later sections of this paper and in [12], where, fixed a n degree, is provided
an algorithm to obtain all. Also from [12] it can draw conclusions about their weight
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vector families. There, these systems are classified according to their weight degree d
is equal to or greater than 1 in all their vectors, and the following results are obtained:

Proposition 15 A non-homogeneous quasi-homogeneous polynomial differential sys-
tem of degree n has a unique weight vector family, and fits into one and only one of
the following situations:

(1) Ifanyweight vectorv = (s1, 52, d) of the system verifies thatd = 1 and s1 > s3,
then the minimum weight vector of the system is w,, = (n, 1, 1).
(i1) Ifany weight vectorv = (s1, 52, d) of the system verifies thatd = 1 and s1 < s3,
then the minimum weight vector of the system is w,, = (1, n, 1).
(ii1) If any weight vector v = (s1, s2, d) of the system verifies thatd > 1 and s; > s»,
then the minimum weight vector of the system is

[kt k (=1 k+(p—1)1
" (gcd (t,k) ged(t, k)’ gcd (¢, k) )

where

Xn = (Pp(x,¥), Qn (x,y)) = (ap,n—pxpy”_p, bp—l,n—p+1xp_1y”—1’+1> :

being azzv,n—p +b]27—1,n—p+l # 0, is the highest homogeneous part (withn degree)

of the system,

Xnt =P (x,y), On—s (x,y))

n—t— —1
= (aq,n—t—qqu 1, bq—l,n—t—q+1xq y

’

n—t—q—H)

being ag ,,_;_, + qu_Ln_t_qJrl # 0, is any other non-zero homogeneous part

(with n — t degree) of the system, and k = q — p.
(iv) If any weight vector v = (s1, 52, d) of the system verifies thatd > 1 and s1 < s,
then the minimum weight vector of the system is

_( k—1 K (n—l)k—(p—l)t)
W =\ ged (1, k) ged (1, k) ecd (7, k)

where

Xn = (Pl’l (-xa y) ’ Qn (X, y)) = (ap,n_pxpyn—p’ bp—l,n—p+1xp_1yn_p+l> ’

being ai’n_p +b;—1 —p+] # 0, is the highest homogeneous part (withn degree)

of the system,

Xn—t = (Pt (x,y), On—t (x,))

. n—t— —1 . n—t—qg+1
= <aq,n—z—qqu 1, bq—l,n—t—q—HXq y 1 ),
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being a;n_t_q + bé—l,n—t—q—i—l % 0, is any other non-zero homogeneous part
(with n — t degree) of the system, and k = p — q.

Proof The existence of a single weight vector family in this class of systems fol-
lows from [12, Propositions 9—10]. Note that any quasi-homogeneous system (and
particularly non-homogeneous) with a unique family is necessarily located in one of
the four listed options: according to Corollary 8, it mustbe d = 1 or d > 1 for all its
vectors; also, because it is not homogeneous, 51 7# s, (Corollary 10), and inequalities
s1 > s7 and s1 < s7 are also mutually exclusive, and only one of them is fulfilled for
all vectors of the family.
Paragraph (i) is demonstrated in [12, Proposition 9]. These systems are those of the
form
X = aony" +aox, y=bory, (24)

for any degree n > 2.
Paragraph (i1) is also deduced from [12, Proposition 9]. These are the symmetric
systems of those of type (24):

X =ajx, y=buox" +bory, (25)

for any degree n > 2.
Meanwhile, paragraphs (iii) and (iv) have been proved in [12, Proposition 10]. O

Thus, we have now everything we needed to prove the main result of the section:

Proof (Proof of Theorem A) A quasi-homogeneous polynomial differential system
verifying P - Q # 0, either it is homogeneous or it is not. If so, Proposition 13
ensures that w,, = (1, 1, n). If it is not, Proposition 15 shows that the system must
also have a minimum vector of the system. O

Remark 16 We already noted that given a quasi-homogeneous system the only possi-
bilities are either to have a single weight vector family or to have an infinite number of
families. As we have seen, systems with an infinite number of families, always homo-
geneous, have a weight vector family for any ratio A € Q. Regarding unique-family
systems, which can be both homogeneous and non-homogeneous, it is possible find
one whose family be Fg (1), whatever A € Q:

— With Fg (1) as unique family, we have the homogeneous system of those seen in
Propositions 11 and 12 (ii-b), as for example:

)'c:x2+y2, y =Xy,

or

— With Fg (n) as unique family, being n a positive integer greater than 1, we have
the non-homogeneous systems of type (24).
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1
n
the non-homogeneous systems of type (25).
— With Fg (%) as unique family, being a and b coprime integers greater than 1, we

have, for example, the following non-homogeneous system:

— With Fg ( ) as unique family, being n a positive integer greater than 1, we have

This is a quasi-homogeneous system with minimum vector of the system
(a,b,ab —a — b+ 1) and a unique weight vector family of ratio 7.

3 Number of Non-homogeneous Quasi-Homogeneous Polynomial
Differential Systems

In [12] the authors provide a general algorithm for get all non-homogeneous quasi-
homogeneous polynomial differential systems of certain degree n, but without
addressing their count. The aim of this section is to contribute with a formula that
provide the number of systems of this class according to the degree n.

Lemma 17 Ifn > 1, Euler’s totient function (4) matches the number of elements of
the set

{(t,k) eZt xZt 1 t+k=n, ged(t, k)= 1}.
Proof Note first thatif n > 1, ¢ (n) matches the number of elements of the set
Ay, ={reN:1<r<n, ged(n,r)=1}.
Then, we establish the bijection between A, and
B, = {(t,k) €eZtTXZT i t+k=n, ged(t, k) = 1}
defined by
w:.:reA, - (rn—r)eB,.

The w application is well defined: as it holds that 1 < r < n, then (r,n—r) €
Zt x Z7, and because n and r are coprime, the Euclidean algorithm ensures that
1 = ged (n, r) = ged (r,n — r). Besides, w is trivially injective, and also surjective:
given (t,k) € By, thent € {l,...,n—1}andk =n —¢t. If gcd(n,t) = p > 1,
then p divides ¢ and n, and therefore k. As a consequence, gcd (¢, k) # 1, against our
hypothesis. Thereupon t € A,,, and (¢, k) = w (¢). O
Proposition 18 The number c| (n) of non-homogeneous quasi-homogeneous polyno-

mial differential systems of degree n such that for every weight vector v = (s, s2,d)
it is verified that s1 > s> and d > 1 is given by:
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) al)=0, c1@=2, a3 =7,
i) citn)=2cc(n—1)—c1(n—2)+¢emn+1) forn=>4,

where @ is Euler’s totient function.

Proof The specific cases c¢1 (1) = 0, ¢1 (2) = 2 and ¢ (3) = 7 are demonstrated in
[12], therefore (i) is proved. Let’s prove (ii).

As proved in [12, Proposition 6], any quasi-homogeneous system on which s1 # s>
for one of its vectors meets that all homogeneous parts of P and QO components
have at most one nonzero monomial. Particularly, let p the only value in the set
{0,1,...,n — 1} such that the highest-degree homogeneous part of the system, X,,,
is defined by (apn—px?y" P, bp_1 n_pp1x?~1y"PTL)if p =£ 0 and (ag,,y", 0) if
p = 0. Let’s enumerate the number of systems of degree n by counting independently
how many systems there are for each possible value of p. For reasons of calculation,
we define M, (a) (1 < a < n) as the set of all existing systems of degree n that verify
p = n — a. Also, let m,, (a) be the number of elements of M,, (a), so that

ct(n) = my(a). (26)
a=1

As is proved in [12], there is a bijection between M, (a), being n > 2, and the set
of maximal compatible linear equation systems composed of the equation

eg_a Ol=m—-—a—-1)si4+asr+1=d
and of one or more equations of the type
e;_a[k]z(n—a—l—k—l)sl—l—(a—t—k)sz—l—l:d

being s1, 52 the unknowns, d a parameter that can be considered as a constant, and 7, k
positive integers verifyingt € {1,...,a}andk € {1,...,a —t 4 1}, or equivalently,
satisfying the constraints

2<t+k<a+1. 27)

Also in [12, Proposition 12] it is observed that the necessary and sufficient condi-
tion for the compatibility of the system formed by equations 62_ 4 0], efj_ 4 k1] and
e [kalis

kitr = kotq. (28)

Therefore, the count of the quasi-homogeneous systems in M,, (a) set is equivalent
to counting the aforementioned maximal compatible linear systems of equations, and
under (27) and (28) this is equivalent to counting the equivalence classes of the set
defined by

E(@)={tkeZ"xZ" : 2<t+k=<a+1} (29)

subject to the equivalence relation

(t,k) = (r,s) <= ts = kr.
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So, m, (a) = |E (a)/~|. We note that the value of m, (a) only depends on a and is
independent of the degree n, so we will denote it by m (a) and (26) is rewritten as

ctin)y =Y ma, (30)
a=1

and, hence,
mmn)y=crmn)—cr(n—1). 31

In order to obtain the value of ¢ (n), first we note that according to (29) it follows
that

E(a):E(a—l)UG(a),

being G (a) = {(1,k) € Z* x Z" : t + k = a + 1}, and therefore m (a) is obtained
by adding to m (a — 1) the number of new equivalence classes arising from G (a).

We claim that (¢, k) € G (a) will form a new equivalence class in E (a) if and only
if t and k are coprime:

1. If ged (z, k) = 1, then we suppose that already exists (¢1, k1) € E (a) being
tky = tik. Then, by Euclid’s theorem, ¢ must divide #; and k must divide ki, so
t+k <t +ki.Beingt +k =a+ 1and (11, k1) € E (a), it can only be true the
equality t + k = t1 + k1, which along with that ¢ divides #; and k divides k1, implies
t =ty and k = k;.

2. 1f ged (¢, k) = p > 1, then there are #1, k; positive integers satisfying ¢ = pt;
and k = pky, whereby tky = t1k, and (z, k) belongs to the same equivalence class
that (11, k1).

In conclusion, and making use of Lemma 17:

m()=m(@—1)+|{t,k)yeG() : ged(t,k)y=1}|=m@—1)+¢p@a+1),
(32)

and therefore, by (30), (31) and (32):

n—1

ci() =) m()+mm =c(n—1)+mn)

a=1
=ctn—D4+mmn—-1D+¢m+1)
=cm—D+Ccrn—1)—-—c(n=2)+en+1)
=2ccn—1)—cr(n—2)+¢pn+1).

One of our hypothesis was that the degree n should be greater than or equal to 2,
so that the above formula works for values n > 4. O

Proof (Proof of Theorem B) Specific cases ¢ (1) = 0, c(2) = 6 and ¢ (3) = 16 are
demonstrated in [12], considering that there only partial counts are made. This proves
(). Let’s prove (ii).
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Following the classification given to the quasi-homogeneous systems in Corollary 8,
we distinguish between systems with weight degree d > 1 in all vector, and systems
with weight degree d = 1 in all vector. On the other hand, the fact that we are dealing
with non-homogeneous systems ensures (see Corollary 10) that weight exponents of
any vector do not match (s1 # s2), so we also will differentiate between s; > s> and
s1 < $2:

(a) Case d > 1:

Let ¢ (n) be the number of n degree systems of this type which verify s; > s for
every weight vector, being n > 4. By Proposition 18 we know that

com)y=2ccn—D—c1n=2)+on+1.

The situation s; < s is symmetrical and counts the same number of quasi-
homogeneous systems of degree n. Thereby, ¢ (k) = 2cj (k) for any k > 4, and
we conclude:

cn)=2Qcin—1)—c1(n=2)+¢pn+1))
—2c(n—1)—c(m—2)+20mn+1). (33)

(b) Case d = 1:
As shown in [12, Proposition 9], this situation is reduced, for counting purposes,
to two particular cases, whatever the degree n. With s; > s> we have the system

P (x,y) = aony" + ajox,
0 (x,y) =boy,

and with s1 < 57, the system

P (x,y) = ajox,
Q (x,y) = buox" + bo1y.

Adding these two systems increase by 2 units all values c(k), but does not vary the
recursive formula (33).

We are going to demonstrate the analytical formula (7) by induction: we check that
it is valid for n = 2, 3, keeping in mind that the summations where n < 4 are zero.
Let’s suppose (7) true forn —2 and n — 1, 1.e.

n—2 k+1
cn=2)=10n-2)—14+2>"> ¢ (j), (34)

k=4 j=5

n—1k+1
cn—D=10n—1—1442>"> 9. (35)

k=4 j=5
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Then, using (33), (34) and (35) we have:

cn)=2(10n—-1)—14) — (10(n —2) — 14)

n—1 k+1 n—2k+1
+4) D> 9N =2) ) 9D +200n+1)
k=4 j=5 k=4 j=5
n—2k+1 n—2 k+1
_10n—14+4ZZ¢(1)—222¢<n+42¢<])+2¢m+1>
k=4 j=5 k=4 j=5
n—2k+1
_10n—14+2ZZ¢(])+4Z§0(])+2¢(11+1)
k=4 j=5 Jj=5
n—2 k+1 n+1
_10n—14+2ZZ¢(1)+2Z¢(1)+2Z¢(1)
k=4 j=5
n k+1
=10n— 1442 "> 9 ()).
k=4 j=5

4 Implementations in MATLAB

The algorithm published by Garcia et al. [12], which provides all non-homogeneous
quasi-homogeneous systems of a given degree, and the result stated in Theorem B
of this article, which counts them, are both particularly suitable for implementation
using computer programming languages. We have developed the two mentioned results
by using the M programming language, included in the mathematical software tool
MATLAB.

MATLAB is a proprietary product of the company Mathworks, created in 1984 by
the mathematician and computer programmer Cleve Moler. We have chosen MAT-
LAB, from among the many options for programming languages, because it is a
software platform especially suitable for mathematical calculations, and remarkably
widespread in universities and research centers. It is estimated that MATLAB is uti-
lized by more than one million people in academia and business.

4.1 The Program gh.m

The gh.m program prompts the user for a degree n, and returns a numbered list con-
taining all quasi-homogeneous polynomial differential systems of degree n which
particularly are not homogeneous, together with the minimum weight vector of each
system. The output is embodied in a IXTEX format document (.tex), that is created in
the same folder where the program is located, under the name quasihomog_degn.tex
and being n the degree of the systems. Information is also provided to the user via the
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execution console, associated with the systems construction process, such as the full
list of maximal systems of equations used. In order not to slow execution times, and
as they are unnecessary, symbolic variables are never used. The program is based on
the algorithm of [12], which only provides, among the systems mentioned, those that
verify s1 > s7 1n all its weight vectors (s1, 52, d). This computerized version of the
algorithm also returns the symmetric systems, with s; < s for every weight vector,
in addition to the 51 = s, systems, so the list is complete.

Using the R2014a version of MATLAB, the program is limited to system degrees
below 385. Starting from this value there will be a memory capacity error, because
its execution requires the creation of huge storage matrices. We have implemented on
other program version that allows for degrees up to 5500, but at the cost of dramatically
increasing run times. Even in the version we provide, the large amount of computation
required causes run times above the minute from grade 30 onwards.

The program consists of three modules: the aforementioned gh.m script performs
the main functions, and calls the addMonomial.m function, which is responsible for

building the KTEX code for each monomial of a system, and also calls printLa-
texSyst.m, which writes each of the systems in the .tex output document.

4.2 The Program counterQH.m

Although gh.m already performs the systems counting, it has the problem of execution
times for higher degrees. The counterQH.m program receives a degree n from the
user and is limited to counting the number of non-homogeneous quasi-homogeneous
polynomial differential systems of that degree, without stopping at their algebraic
construction. For this it employs the expression (5) in Theorem B of this article. Being
a recursive formula, it needs almost no internal memory allocation to work, and so the
program has no limits on the degree n introduced, except those set by the user based
on the execution times. In any case, these are very low: for degrees below 10,000 the
response is almost instantaneous, the degree 100,000 executes in less than 30s, and
the degree 1,000,000 in less than 5 min.

As program output, no new document is created, and it is provided through the
execution console. In addition to the total number of n-degree systems, the same
information is provided for systems of lower degree.

This program is also divided into three modules: counterQH.m is the main script,
and that is where the recursive formula (5) is implemented. Meanwhile, counterQH.m
calls the eulersTotient.m function, which is responsible for calculating the values of
Euler’s totient function ¢ (n) by the formula, published in [18],

1
= 1——),
¢ (n) nﬂ( p)

pln

in which p | n represents each different prime number p that divides n. As noted in
[10], all prime numbers greater than 3 may be expressed on the form 6k £ 1, with
k € N. Checking these values is one of the most efficient iterative solutions when
factoring a number through successive divisions is required. This task is delegated
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to primeFactors.m function, which returns the list of all prime divisors of n without
repetitions.

Both programs can be freely downloaded at this web address: http://xixon.epv.
uniovi.es/gsd.

As an example of use of counterQH.m, we show the number of non-homogeneous
quasi-homogeneous systems of a few different degrees:

n n° systems n n° systems n n° systems
1 0 11 420 25 3940

2 6 12 534 50 28,414

3 16 13 660 100 214,802

4 34 14 802 500 25,634,774
5 56 15 960 1000 203,858,766
6 90 16 1150 5000 25,360,684,978
7 132 17 1352 le+4 2.0276e+11
8 186 18 1590 le+5 2.0265e+14
9 248 19 1844 le+6 2.0264e+17
10 330 20 2122 le+7 2.0264e+20

We remark that the number of systems grows asymptotically as n°.

Acknowledgements The authors are partially supported by a Grant Number MTM2014-56953-P of the
Spanish Government.
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3.2. An algorithm for providing the normal forms
of spatial quasi-homogeneous polynomial
differential systems

Varios autores han contribuido al desarrollo de algoritmos para la
determinacién y enumeraciéon de los sistemas quasi-homogéneos existentes:
los anteriormente citados trabajos de Garcia et al. [10] y Xiong [22],
ademéas del articulo [7] de esta tesis, profundizan en este tema, pero
todos ellos restringiéndose a sistemas bidimensionales. Se planted por tanto,
como objetivo de este articulo, la elaboracién de un algoritmo tal que,
fijado un entero positivo n, devolviera todos los sistemas quasi-homogéneos
tridimensionales de grado n. Al contrario que en el plano, para los sistemas
quasi-homogéneos en R? se disponia de poca literatura cientifica y, antes
de la aparicion de este trabajo no habia sido publicado ningiin método que
permitiese determinarlos todos.

Ademés del mencionado objetivo, y en un plano més tedrico, en este
articulo se identific6 una familia de sistemas quasi-homogéneos, denominados
mazimales, a partir de los cuales se podian deducir todos los demas. Estos
sistemas maximales en R? verifican poseer siempre un vector peso minimo,
que ademaés es anico dentro de los sistemas quasi-homogéneos de su grado,
actuando asi como «coédigo de identificacién» del sistema. Finalmente,
utilizando la implementacién del algoritmo, se obtuvo la lista de todos los
sistemas quasi-homogéneos maximales de grado 2 en R3,
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1. Introduction
We deal with spatial polynomial differential systems of the form

x=P(x,y,2), y=Q(kx,y,2), z=R(x,y,2) (1)

where P, Q,R € C[x, y, z], with degrees nq, ny, n3 respectively. As usual C[x, y, z] denotes the ring
of polynomials in x, y and z with coefficients in C. The dot denotes derivative with respect to an
independent variable t, which can be real or complex. We say that the degree of the system is n =
max{ny, ny, n3}. From now on a polynomial differential system (1) will be denoted by S(P, Q, R), or
by S when it does not lead to any confusion.

Let Z* denote the set of positive integers, and R the set of positive reals. A polynomial differen-
tial system S (P, Q, R) is quasi-homogeneous (from here on, simply QH) if there exist s1, $3,s3,d € Z*
such that for an arbitrary o € RT,

P(asx, a2y, a%3z) = a1~ 1T4P(x, y, 2),
Q (@%'x, a2y, a%3z) = a2~ 114 Q (x, y, 2), (2)
R(@Six, %2y, a¥z) = a3~ 1H4R(x, y, 2).

We call s1, s and s3 weight exponents of S, and d the weight degree with respect to the weight
exponents si, S and Ss3.

Suppose that a system S is QH, with weight exponents s1, sy and s3 and with weight degree d. In
this case we state that w = (s, 2, s3,d) is a weight vector of the system S.

In the set of weight vectors of a QH system S it is possible to define a partial order relation as
follows: given two weight vectors of S, w = (s1, 52, s3,d) and v = (s7, s§, s}‘, d*), we write that w<v
when

S1 <S¥, sy <s3 s3<si d<d*. 3
1 2 3

We say that a weight vector wy, is the minimum weight vector of the QH system S if for any other
weight vector w of the system S it is verified that wy,<w.

A QH system is called maximal if any new monomial added to its structure maintaining the degree
of the system prevents it to be QH.

As an example consider the polynomial differential system

X=xyz+ x2,
y=y*z+xy, (4)
z=yz% +xz.

It is a QH system with weight vector (2,1, 1, 3), as can be seen from (2). But this system is not
maximal, because it can be completed to

x=xyz+y3 +x2,
y=y?z+x2* +xy, (5)
z=yz22 +y? +xz,

which still is QH with the weight vector (3,2, 1, 4).

We will focus our study on the maximal QH systems, considering the rest as particular cases of
these in which some monomials are zero. A non-maximal system will possess all the weight vectors
of those maximal systems to which it can be completed, and perhaps other new weight vectors.
All the weight vectors of (5), i.e. the set {(3a, 2a,a,3a+1):ae Z+}, are also weight vectors of (4),
besides others as the mentioned (2,1, 1, 3).

The QH systems are a generalization of the homogeneous systems, to which they contain as a
particular case. Several reasons motivate their study. For example, if a system S is QH with weight
vector v = (s1, Sz, S3,d), being d > 1, then S is invariant under the changes of variable x; — a"ix;,
t — o~ !t, for any o« € Rt, where w; =s;/(d —1) for i =1, 2, 3. In addition, the structural properties
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of QH systems allow to find their possible analytic first integrals through the Kowalevski exponents,
see Yoshida (1983).

In the literature many authors have made contributions to this field, and in recent times it
generates an increasing interest. The integrability has been studied extensively, highlighting the con-
tributions of Garcia et al. (2013), Kozlov (2015) and Llibre and Zhang (2002). In Liang et al. (2014)
the phase portraits are studied. The centers and limit cycles are discussed in Geng and Lian (2015),
Li and Wu (2016), Tang et al. (2015) and Xiong et al. (2015). Chiba (2015) and Yoshida (1983) have
explored the Kowalevski exponents. Other topics such as the period function of the sum of two quasi-
homogeneous (Alvarez et al., 2017), or the isochronicity and normal forms (Han and Romanovski,
2012) have also been treated recently. On the other hand, Garcia et al. (2018) have studied the clas-
sification and counting of this class of systems in dimension 2. Although the mentioned previous
papers deal with systems in the plane, the area of QH systems in the space has recently begun to be
explored, as shown by the works of Huang and Zhao (2012), devoted to the limit set of trajectories,
and Liang and Torregrosa (2016), which studies the centers of a certain class of 3-dimensional QH
systems.

The objective of this work is to develop an algorithm that provides, given a degree n supplied by
the user, all normal forms of existing spatial QH polynomial differential systems of degree n. As we
have said, we will restrict ourselves to maximal QH systems. A similar objective, but for systems in
the plane, have been carried out in Garcia et al. (2013). However, to the best of our knowledge, there
is no work focused on supplying the complete set of 3-dimensional QH. We provide such an algorithm
in the present paper, which will be of valuable assistance for the development of future works in the
field of study of polynomial differential systems

This work is organized as follows. In Section 2 we present some properties about weight vectors
of QH systems, besides providing some concepts like the weight vector family. Section 3 deals with
the particular case of homogeneous QH systems. In Section 4 we introduce the concept of brick, that
is the unitary element with which we will later build the QH systems. Section 5 contains some of the
most important theoretical results, such as Theorem 15, which states that the maximal QH systems
have a single family of weight vectors, or the fact that the minimum weight vector can be constituted
as a unique identifier in this type of systems. Section 6 contains the main practical results used
directly by the algorithm, which is described in pseudocode in Section 7. The work is closed with the
list of all QH systems of degree n = 2, obtained by applying the algorithm, see Section 8.

2. Some results on weight vectors

Given a QH system S (P, Q, R), where
nq np ns
P=>"P, Q=) Q. R=) R (6)
k=0 k=0 k=0

we define its homogeneous parts of degree k, P, Q and Ry as:

k  k—p1
kep1—
Pr(x,y,2) = Z Z ap1p2kfp1fp2xp]ypzz Pimbz (k=1,2,..,m), (7)
p1=0py=0
k  k—q
k—q1—
QU Y, 2) =Y > bgigk—q,-go X" yPZTNTR (k=1,2,..,m)),
q1=0q>=0
k k—tq
t1 ,,t2 k—t1—t
Rk(X, y, Z) = Z Z Ctltzk—ﬁ—tzx l.y 22( 172 (k = 19 2» ceey n3) )
t1=0t,=0

being the coefficients ap, p,k—p,—p,» Dgigok—q1—g, a0 Ctytpk—t;—t, cOmplex numbers.
Now we are going to obtain some properties of the coefficients of the QH systems. The equations
included in the following result provide information of great relevance about the structure of the QH
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systems, because they are the key for determining whether a monomial is present in the system or
not.

Proposition 1. Given a QH system S (P, Q, R), being Py, Q; and Ry its homogeneous parts of degree k, and
p1, P2, 1, G2, t1, t2, p1+ P2, 1 +q2, t1 +t2 €{0,1,...,k}, then

Apyprk—p1—py; 0= (p1 — 1)s1 + pasa + (k—p1 — p2)s3=d — 1, (8)
bgigsk—qi—qo 0= q1s1+ (2 — Ds2 + (k—q1 — q2)s3 =d — 1, 9)
Ctytok—t1—to #0=>t151+ sy +(k—t1—ta —1)s3=d —1, (10)

for any weight vector w = (s1, S2, S3,d) of S. If S is a maximal system, then the three reciprocal implications
are also true.

Proof. We will do the proof for the coefficients of Py, because the proofs for the coefficients of Qj
and Ry are identical. Let {w;};; be the weight vector set of the QH system S.
Due to (6) and (7) we have that

n k k—p

k—p1—
P(X’ y7 Z) = Z Z Z aPlPZk—m—pzxm yp2z P1—DP2

k=0 p1=0py=0

satisfies

P(ex,a®2y, a®3z) =

n k  k—pq

_ p1S1+D282+(k—p1—DP2)S3 4,P1 4,P2 ,k—P1—D2
_Z Z Z Apypok—p1—pr & X yrez .
k=0 p1=0p2=0

Then it follows from the fact that S is QH (see (2)) that

p1S1+p2s2+(k—p1—p2)s3 _ s1—1+d
Apipak—p1—pr & =0p,prk—p1—p, & , (11)

for all coefficients, for all w € {w;};c; and for any o € R*. Then we fix a coefficient a,, p,k—p;—p,
corresponding to the k-degree monomial

p14,02 ,k—p1—p2
Apipok—p1—p2 X" Y772 . (12)

Due to (11), if ap, p,k—p;—p, # 0,

(p1—Ds1+pasa+(k—p1 —p2)s3=d—1 (13)

is necessarily fulfilled for all w € {w;};.;, and thus the necessary condition (=) is proved.

We now study the sufficient condition (<) supposing that S is maximal. For the fixed values
p1, P2, k, we have that (13) meets for any w € {w;};;. Suppose, by reductio ad absurdum, that
ap, pok—p;—p, = 0, that is the monomial (12) is not present in Py. Let us see that a new monomial can
be added to P, by maintaining the QH character of the system. The new system S’ (P/, Q/, R/) will
be

P’ (x,y,2) = P (x, y,2) + xP1yP2zk—P1-P2

Q'=q, R'=R.
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Then if we take any weight vector of S, w € {w;};.;, we have due to (13) and since S is QH, that
P (a'x, 0y, a®z) =
—p (0[51)(, sy, 06532) + P151+P252+(k—p1—D2)s3 xP1 ypzzk—Pl—Pz
—P (aslx, sy, 06532) 4 oS1—1Hdyp ypzzk—pl—Pz
— 1 1+d [P (X, y,2) + xP1 ypzzk—m—l?z]

=9 1Hp (x, y, 2),

for an arbitrary @ € R*. As this same property is also fulfilled for Q" and R’, we get that S’ is also a
QH system. As a consequence S was not maximal, a contradiction. O

Corollary 2.If a QH system S has a monomial of degree k, then there exist x1,xy € {—1,0, ...,k}, —1 <
X1 + xy <k, verifying
X151 +x250+(k—x1 —x) —1s3=d—1

for any weight vector (s1, 2, 53, d) of S.

Proof. It is deduced from Proposition 1 by taking into account that pj, q;, t; € {0, 1, ...,k} for i =
1,2. O

Corollary 3. If a system S (P, Q, R) is QH, then Po = Qg = Rg = 0.

Proof. The equivalence (8) shows that if Py =ag 0,0 is not null, then d <0, a contradiction. Also, if
Qg or Rg are different from zero, we obtain the same conclusion from (9) and (10). O

The following results are a direct consequence of Corollary 2, taking into account that a system
must have some coefficient different from zero.

Remark 4. (i) A necessary condition for a vector w = (s1, $2, 53,d) € (ZJF)4 to be a weight vector of
some QH system is that gcd(sq, s2, s3) be a divisor of d — 1.

(ii) Given a QH system S, the weight degree d of any weight vector is uniquely determined by the
weight exponents s{, sp and ss.

The following result proves that the set of weight vectors of a QH system is infinite, and also
provides a method for constructing new weight vectors from a given one.

Proposition 5. Given a weight vector (s1, S2,53,d) of a QH system S and r = g € Q" with p and q co-

prime, the vector (rsy,1s2,1s3,d*) is also a weight vector of S if and only if q divides gcd (s1, s2, s3) and
d*=rd-1)+1.

Proof. Note first that (rs1,rsy,1s3,7(d — 1)+ 1) is a vector of positive integers if and only if g divides
gcd (sq, S2, S3,d — 1). Taking into account that gcd (s1, s2, s3) is a divisor of d — 1, it is enough that g
divides gcd (s1, $2, 53).
As (s1, 52, 53,d) is a weight vector, for any o > 0, we have that

P’ 'x, 02y, a®2) = a5 1P(x, y, 2).
On the other hand r € Q", whereby " > 0, and consequently

P(ars1x’ Olrszy’ O[rS3Z) — P((Olr)sl X, (ar)sz y, (ar)s3 Z)

= (ar)51+d_1 P(x,y,2)

=™t @=Dp(x y 7).
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Therefore (rs1, sy, rs3, d*) will be a weight vector if and only if d* =r(d — 1) 4+ 1. Similar conclusions
hold for Q and R. O

Given a QH system S and A, u € Qt, the weight vector family Fs (A, ) of S with ratio (A, i) is
defined as the set of weight vectors of S where the proportion between the exponents s; and s, is A
and the proportion between the exponents s; and s3 is u:

. S1 S1
Fs(\, n) = {(51,32,33,d) weight vector of S : g =l and g = M} .

Note that in this definition it is not relevant the value that can take the weight degree d, which
is uniquely determined by s1, s; and s3. Moreover, if we fix the system S and the family Fs (A, w),
the first weight exponent s; of a weight vector uniquely determines the rest of the vector, because
Sy = S1/A, S3 = S1/m and, as we said before, the weight degree d depends functionally on sq, s
and ss.

However, fixed two values A and u, and given two systems S and T, it can happen that families
Fs (A, ) and Ft (A, ) are different. In this case the weight exponents of the vectors match but not
necessarily the weight degrees.

Given a weight vector family Fs (A, ), a weight vector that minimizes the rest of vectors of the
family in the sense of the order relation (3) is called the family generator and we denote it by g, ).
Now we will prove that g, exists for every family. As it happens in two dimensions (Garcia et al,,
2018), we have:

Proposition 6. Given a weight vector family Fs (1, ) of a QH system S, it is verified that:

(i) The family generator g, ) exists.
(ii) Givenw = (s7, s3,s3,d*) € Fs (A, 1), then g ) = w if and only if gcd(s7, 53, 53) = 1.

Proof. Let w = (s7, s3,s3,d*) be the only weight vector of the family Fs (A, w) that verifies s7 < s
for every (s1,52,53,d) € Fs (A, ). This weight vector always exists, because the weight exponents
are positive integers; and it is unique, as two weight vectors of Fs (X, u) with the same weight
exponent s7 are identical. We will see that w is the generator of Fg (A, w). Let v.=(s1,s2,3,d) be
any weight vector of Fs (A, u). From s <s; we easily follow that s =sj/A <s1/A =5, and s =
s7/m < s1/n = s3. To prove d* <d, we suppose P # 0. As w and v are weight vectors of Fg (A, w),
for any «, 8 > 0 we have:

*
51

P (asTx,aT]y,ozﬁZ> =17 P (x,y,2) (14)
and

P(px BTy, piiz)=p 1P (v y,2). (15)

51
Then, setting 8 =« 1 > 0, (15) becomes:
* ST ﬁ * ﬁ _

P(oc51x,oley,onz>:ocsl+51 C 1)P(x,y,z). (16)

So, by (14) and (16), and since P is not zero in the whole plane, we have
d*—1 i(d—l)

o = .

The exponential function is injective, hence d* — 1 = g (d —1). As a conclusion,

st <sy & d* <d. (17)
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If P=0, then Q #0 or R=#0, and the result is proved in a similar way. Thus w < v and accordingly
W=28G.):

Now let g, ) = (s7,55,53,d*) be the family generator, and we suppose that sq, s and s3 share
a common divisor g > 1. Making use of r = 1/q in Proposition 5, g, ,) would not be the family
generator.

On the other hand, the fact that the weight exponents are coprime implies, also by Proposition 5,
that they cannot be reduced more. Neither the weight degree, due to (17). O

The reason for calling such vector of Fg (A, ) family generator is clear when we observe that the
whole family can be constructed based on g, ,), multiples. It is clear from the above results that

Fs (h, ) ={(as},as3,as5,a(d*—1)+1) :aeZ"},

being g. ;) = (57, 53, 53, d*) the family generator of Fs (A, ).

As a consequence a weight vector family is always contained in an unidimensional linear variety
of R* passing through the point (0,0, 0, 1). The linear variety that contains the family generated by
(s7,585,83,d%) is xo + L, where xo = (0,0,0,1) and L = Span (sj‘ 5,83, d* — 1) is the vector subspace
with basis (s’f,sz,s;,d* — 1). For the same reason, a dimension 1 variety of R* cannot contain two
different families, even if the families belong to distinct systems. Or it contains a unique whole family,
or it does not contain any.

The next question is how many weight vector families can have a QH system. There are
many examples of systems with more than one family of weight vectors. As an example, sys-
tem (4) has {(a,b,a—b,a+ 1):a,beZ%anda > b} as a set of weight vectors, which means that
F(a/b, a/ (a — b)) is a weight vector family of (4) for every pair a,b € Z* verifying a > b. Therefore
this is a case of infinite number of families.

The fact that a system S has more than one weight vector family implies that the existence of
the minimum weight vector wy, of S is not guaranteed. If it exists, it should be the minimum of all
family generators, and this minimum may not be reached. However in systems with a single family
Fs (A, n) we have that g ;) = Wp. We will show in Theorem 15 that the maximal QH systems, the
main object of our study, always fulfill the property of having a unique family, and therefore they
have minimum vector of the system.

3. The homogeneous maximal case

We say that a polynomial differential system S (P, Q, R) is homogeneous of degree n if
P(ax,ay,az) =a"P(x, y, 2),
Q(ax,ay,az) =a"Q((x,y,2),
R(ax,ay,az) =a"R(x, y, 2)
for every o € R. This is equivalent to verifying that all the monomials that constitute S are of de-
gree n. All homogeneous polynomial differential systems belong to the set of QH systems. In order to
verify this property, it is enough to take (1,1, 1,n), or any of its multiples, as weight vector. We will

now see that the reciprocal is also true, whereby the homogeneous systems of degree n are totally
determined as those having (1,1, 1,n) as a weight vector.

Proposition 7. If the system S(P, Q, R) is QH and w = (s, s, s, d) is a weight vector of S, then the system is
homogeneous.

Proof. If n is the degree of S, we can apply Corollary 2 to the weight vector w and k =n to obtain
(n—1)s=d—1, so s —1+d =ns. Therefore, from (2) we get
P’x,a’y,o’z2) =a™P(x,y,2),
Q’x, o'y, a’z) =™ Q(x, Y, 2), (18)
R®x,a°y,a°z) =a™R(x, y, 2).
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Now we observe that any positive parameter 8 can be written in the form «® just taking o =

ﬁ% > 0 and therefore, by using (18), the system verifies P(Bx, By, Bz) = B"P(x,y,z), Q (8x, By, Bz) =
B"Q(x,y,z) and R(Bx, By, Bz) = B"R(x, y, z), that is, the system is homogeneous. O

The system constructed with all possible monomials of degree n is the only maximal homogeneous
system of degree n. We will denote this system by H,. The only weight vector family of H, is

Fu, (1, ={(@,a,a,an—1)+1) :aeZ"},

being wp, = (1,1, 1,n) the minimum weight vector. Again non-maximal homogeneous systems are
very varied and generally have more weight vectors than the maximal one.

4. Bricks and compatibility

We will use the weight vectors to list the set of maximal inhomogeneous QH systems. With the
aim of reduce the total number of cases, in what follows we will consider only those weight vectors
(s1, 52, 53, d) that verify

$1>S2 > S3. (19)

Also, taking into account Proposition 7, and with the aim of determining just the inhomogeneous
systems, we impose that the condition

S1>S83 (20)

must be also verified. That is, we are going to construct the maximal systems that have among their
weight vectors someone satisfying (19) and (20). In this way we simplify our study, significantly
reducing the number of systems to study. The rest of systems are symmetrical to those obtained
with these restrictions, without doing more than permutations on the variables x, y and z. As an
example, if we find system (5), whose weight vectors, the set {(3a, 2a,a,3a+1):ae Z*}, verify the
restrictions (19) and (20), we are automatically finding five more systems, as there are six possible
permutations of the variables x, y and z. One of these systems is obtained by permuting the variables
x and y, and has as weight vectors the set {(Za, 3a,a,3a+1):ae Z+}:

x=x2z+ yz% +xy,
y=xyz+x +y%,
z=xz> +x* + yz.

In order to simplify the equations involved in the process, and taking into account the restrictions
(19), we define the new variables s1, s3, s3 and d as follows:

S]=S51—5S3, S9=5Sy—53, S3=s53, d=d—1+s3. (21)

It follows from (19), (20), (21) and from the fact that the weight vectors are made of positive
integers, that these new variables verify the constraints

$§1,52,53,d € Z, (22)
$1>52>0, (23)
s1>0, (24)
d>s3>0. (25)

Given a weight vector w = (sq, S, S3,d) that satisfies (19) and (20), the new vector w =
(s1,52,53,d) obtained by the change of variables (21) is called the transformed vector of w, and
we denote the implicit bijection by w =t (w). A transformed vector always verifies the conditions
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(22), (23), (24) and (25). Reciprocally, given a transformed vector W = (s7, $3, 53, d), its corresponding
weight vector w=t"! (W) = (s1, S, 53, d) can be obtained from the transformation:

S1=S1+5S3, Sy=S2+53, S3=53, d=d—s3+1. (26)

The transformed vectors are also grouped into families. That is the weight vector family
Fs (x, u) = {(asy,asz,as3,a(d—1)+1) : a€ Z*} is transformed by t into the set

Fs(h, p) = {(as},as’z,as'g,aa) : an+},

which is called the transformed weight vector family of Fs (A, p). While a weight vector family was
contained in a straight line of R* passing through the point (0,0, 0, 1), a transformed weight vector
family exists within a more simple unidimensional subspace of R%. As previously, a subspace of R*
of dimension 1 cannot contain two different transformed weight vector families.

The following result, an improved and simplified version of Corollary 2, will be an important tool
in this work, and shows the close relationship between the monomials of a QH system and a certain
type of homogeneous linear equations.

Proposition 8. A maximal QH system S has a monomial of degree k if and only if there exist x1,Xy €
{—1,0,...,k}, =1 < x1 + x2 <Kk, verifying
X151 + X253 + ks3 =d (27)

for any transformed vector (51, $», 53, d) of S.

Proof. Using of the change of variables (21), the equivalences of Proposition 1 can be rewritten for
transformed vectors, as

Up, pok—p1—py 706 (p1 — 1)S1 + p2sy +ks: :_Ei,
bgigok—aq1-q, 7 0 € G151 + (@2 — 1)s2 + ks3 =d,
Ct1t2k—t1 —ty §é 0< t1$_1 + t25_2 + ks__?, =d.

Therefore, the proof is completed by simply taking into account that S is a maximal system and
pi, qi, ti €{0,1,...,k} fori=1,2. O

As a consequence of Proposition 8, we have an interesting property of the maximal QH systems:
certain monomials of the same degree k, belonging to each of the three homogeneous parts Py, Qf
and Ry, are related. That is, if one of them appears in a given maximal system, the other two also
appear.

Corollary 9. Given a maximal QH system S(P, Q,R) of degreen, 1 <k <n, x1,x2 €{0,1,...,k—1},0 <
X1 +x2 <k—1, then

Ax;+1,%0.k—x1—x,—1 7 0 & bx1,xz+1,k—x1 —xy—1 F 0 Cx; xp k—x1—x, # 0

Proof. By Proposition 8, the three inequalities of the statement are equivalents to the verification of
equation (27) for every transformed vector of S. O

Fixed a degree k, some monomials of Py, Q) and Rj are not related with other monomials. They
appear freely within the QH maximal systems. This happens because they have zeros as exponents of
the variables x, y or z. These are the following:

1. Monomials of the homogeneous part P, with exponent 0 in the variable x, as

k—
Aop,k—p, Y7225 P2 (0<p2 <k),
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which are present in the system when the equation —si + p2sy + ks3 = d is verified for any
transformed vector (s1, S2, S3,d).
2. Monomials of the homogeneous part Qj with exponent 0 in the variable y, as

k—
ap,ok—p, X1 ZP1 (0<p1<k),

which are present in the system when the equation pys1 — s2 + ks3 =d is verified for any trans-
formed vector (sq, S, $3,d).
3. Monomials of the homogeneous part R, with exponent O in the variable z, as

k_
apk—p;0XP1 Yy P1 (0 < p1 <k),

which are present in the system when the equation pqsi + p2s2 +ks3 =d, with pq + p2 =k, is
verified for any transformed vector (s1, S2, S3, d).

From now on, when we speak of a brick of a system, we will refer to one of these sets of linked
monomials, that are the simplest constituent elements of the maximal QH systems. We denote by
[x1, x2; k] the brick associated with the equation (27). Bricks can contribute to the system with three
monomials, one in each of the components P, Q and R, or with only one if they are in any of
the special situations studied before. The brick [x1, x2; k] contributes to the component P with the
monomial

X1+1 .,%2 Zk—x1 —x2—1

y

to the component Q with the monomial

Ax141,x), k—x1—x3—1X

b

X1 ,X2+1 k—x1—x2—1
bX1,X2+1,k—X]—X2—]x ly Tz 17

’

and to the component R with the monomial

k—x1—

Cx1,xz,k—x1—xzxxlyxzz =,

Although as we said two of these monomials may be null. When necessary, we will summarize the
contributions of [x1, x2; k] with

(P, Q ’ R) — (Xx1+1 yxz Zk—x1 —x2—1 ’ Xx1 yxz+lzl<—x1 —x2—1 ’ Xx1 yxz Zk—x1 —xz> ]

We denote by By the set of bricks of degree k, meaning brick of degree k those [x1, x2; k] that
contribute with monomials of such degree. From the constraints for x; and x; stated in Proposition 8
we deduce that given k € Z™ we have

Bk = {[XlsXZ;k] P X1,X2 ecZ and -1 <X1,X2,X1+ X Sk} . (28)

Table 1 shows the bricks of By together with their associated equations and the contributions to the
maximal systems in which they are present.

For a fixed degree k the set of bricks Bk can be represented graphically in the plane by simply
taking into account the restrictions on the integers x1, x2, which will act as abscissa and ordinate
in this graphic, respectively. In the region of the plane corresponding to Bs, shown in Fig. 1, it is
observed that the bricks that contribute with a single monomial correspond to the border points of
the region.

Proposition 10. An inhomogeneous QH system of degree n can be constructed with
n3 Con? 4 29
6 6

different bricks.
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Table 1

The set of bricks of degree 1 (B1).
[x1, %25 1] X151+ x5 +53=d (P.Q.R)
[—1,0; 1] —s51+s3=d (z,0,0)
[0,—1;1] —SH+s3=d (0, z,0)
[-1,1;1] —Si+$H+s53=d (¥,0,0)
[0,0;1] s3=d *.¥.2)
[1,-1;1] S1—S2+s53=d (0,x,0)
[0,1;1] SS+s3=d (0,0, y)
[1,0;1] si+s3=d (0,0,x)

[0,1;3]
)

[3,0;3]

[-1.0;3]  [[0,0;3] (1,0,3] [2,0,3]
L 4 4 4

0-13  [1-1:3] [2-13] |[3.-1;3]
° e

Fig. 1. B3 region in the plane.

Proof. An inhomogeneous QH system of degree n can be constructed with the bricks of the sets By,
k € {1, ...,n}. The cardinal of By, which matches the number of bricks of Hy, is

(k+1) (k + 6)

243+ ..+ k+2)+k+1)= :

Then, the total number of available bricks is

n 3
k+1)(k+6) n 5 29
1; 5 o T+

As an example, the maximal system (5) is split into the bricks that compose it. This QH system is
built of five bricks with degrees running from 2 to 3.

X = +xyz +y3 +x2

y o= +yz +xz? +xy

z = 4yz? +xz +y?
Brick: 0,1:3] [1,-1:3] [-1,3:3] [1,0:2] [0,2:2]

In the next two results we will study when two given bricks can coexist in the same QH system,
that is, their compatibility. It is obvious that in this sense there must be restrictions. Otherwise, there
would only be one possible maximal QH system of degree n, constituted by the % +2n? + %n
bricks mentioned in Proposition 10. We will start by analyzing the compatibility of a pair of bricks,
understanding for compatible bricks those that can coexist in a QH system, and incompatible those
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that cannot do so under any circumstances. Note that brick compatibility is not equivalent to the
compatibility of their respective associated equations (27), because the equations can have common
solutions (s1, S2, S3, d), but without satisfying the conditions (22), (23), (24) and (25).

Proposition 11. Let x1, X2, y1, 2, k, p € Z be such that —1 < x1,x2,X1 + X2 <k, =1 <y1,y2,y1+y2<p
and 0 < p < k. The bricks [x1, x2; k] and [y1, y2; p] are compatible in an inhomogeneous QH system if and
onlyifY1 >0,0rY1+Yy, >0, beingYi=y; —xj,i=1,2.

Proof. First we note that the compatibility of [x1, x2; k] and [y1, y2; p] within the same inhomoge-
neous QH system means that there is some transformed vector (s1, Sy, S3,d) that satisfy the system

X151 + X252 + ks3 — El_: 0,
Y151 + Y282+ ps3 —d =0.

This system has the infinite set of solutions

{(or, B, Y1 +Y28)/(k —p), (X1x + X28)/(k—p)) : o, B R},

where Y;j = y; — x; and X; = ky; — px; for i =1, 2. But the solutions that count for compatibility are
those being a transformed vector, i.e., those verifying (22), (23), (24) and (25).

We start by proving that the compatibility implies Y; > 0 or Y; + Y > 0, that is, if Y{ <0
and Y1 + Y, <0 then there are no values of o« and B in the conditions of statements (22), (23),
(24) and (25). Since k — p is positive, it is sufficient to prove that Y o« + Y8 is negative or zero,
so consequently statement (25) does not hold. If Y;{ <0 and also Y, <0, then Yia + Y28 <0
for all o, B € N. Otherwise, if Y1 <0 and Y, > 0, from condition Y; + Y, <0 it is deduced that
Y1 <-Y;, and since 8 —« <0, it follows that Yia + Y28 < (—Y2)a+Y,8=Y, (8 — o) <0 for every
o, eN.

To study the reciprocal implication we distinguish two cases:

Case Y1 > 0. Let « =k — p and g =0, so we obtain the solution (k — p, 0, Y1, X1). It is clear that
conditions (22), (23), (24) are verified with these values, and also that s3 =Yy > 0. To prove d > s3,
note that d —s3 =X; — Yy =(k—1)y1 — (p — 1) x1 and that Y; > 0 implies y1 > x; > —1, so y; > 0.
All this, together with 0 < p —1 <k — 1, means that (k—1)y; > (p — 1) x1, so d > s3.

Case Y1+Y32 > 0. Now we set o« = 8 =k — p, obtaining the solution (k — p,k — p, Y1 + Y2, X1 + X2),
and the proof is identical as in the previous case, although now d —s3 = (X1 + X3) — (Y1 +Y2) =
(k=1 (y1+y2)—(p—1) (X1 +x2), and Y1 + Yy > 0 implies y1 +y2 >x1 +x > —1,s0d >s3. O

Note that, in addition to the transformed vector obtained in the proof, there is not a single family
of transformed vectors, but there are infinitely many families, contained in a two-dimensional vector
subspace of R4.

We have studied the compatibility for two bricks of distinct degrees. On the other hand, two bricks
of the same degree k are always compatible; even all bricks of degree k are mutually compatible,
giving rise to the maximal homogeneous system Hg. But this is a compatibility that, in the search
for exclusively inhomogeneous systems, we are not interested in. The following result establishes
the conditions of compatibility between bricks of the same degree in the case of inhomogeneous
systems. Note that previous papers (Garcia et al., 2013, 2018) have shown that the mentioned type of
compatibility does not exist in two-dimensional QH systems.

Proposition 12. Let x1, X2, y1, Y2,k € Z be with —1 < x1,X2, y1, V2,X1 + X2, y1 + y2 <k, and k > 1. Two
different bricks [x1, x2; k] and [y1, y2; k] are compatible in an inhomogeneous QH system if and only if Y1 =0,
or—Y,/Yy>1,beingYi=y;—xjfori=1,2.

Proof. First we note that the compatibility of [x1, x2; k] and [y1, ¥2; k] V\Lithin the same inhomoge-
neous QH system means that there is some transformed vector (s1, S2, 53, d) that satisfy the system
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X151 + X252 + ks3 — c_i_: 0,
Y151 + Y252 +ks3 —d =0.

The matrix expression of the system, after Gaussian transformations, adopts the form

X1 X2 k -1

Y1 Y 0O 0 /)°
The bricks are not the same, so it must be verified that le + le # 0. As a conclusion the rank of the
system is 2, and the set of solutions is

{(Yoa, =Yia, B, (Yox1 —Yixp)a +kB) : a, B R}, (29)

where Y =y; —x; fori=1, 2.

We start by proving that the compatibility of the two bricks implies Y{ =0, or —Y,/Y1 > 1, or
equivalently, that when —Y;/Yq <1 is verified, being Yy # O, then the bricks are incompatible. The
solutions (s1, 52, s3,d) have to be of the form (29), so when —Y;/Y; < 1 is verified we have [s3| > |s1].
In that case (sq, s2,53,d) cannot be a transformed vector, and therefore there is no compatibility
between the bricks.

To prove the reciprocal implication we distinguish two cases:

Case Y1 = 0. The solutions are in this case

{(Yaa, O, B, Yoxqax +kB) : o, B € R},

where Y, # 0. Setting « = 1/Y, and 8 =1 we obtain the solution (1, 0, 1, x; 4+ k). Taking into account
that x; > —1 and that k > 1, the solution is a vector that satisfies the requirements (22), (23), (24)
and (25), so it is a transformed vector.

Case —Y/Y1 > 1. Note that in this case Y; #20 and 0 < —Y1/Y3 < 1. To find a transformed vector,
we will take from the solutions (29) the case « =1/Y,, 8 =1:

_ - -Y Y1
$1,52,83,d) =1, —,1,x1 — —x» + k).
(51,52, 53,d) ( Y 1Ty, + )
This vector trivially satisfies the conditions (23) and (24) and fulfills s3 > 0 of condition (25). Therefore
we only need to prove d > s3, that is,

" +k>1
X1 — —X k .
1 Y, 2 =

If x>0,as xy>1and k> 2, then x; — Y1x3/Y2 +k>1+(=Y1/Y2)xy > 1.

In the case xp = —1, then x; > 0 because x; +x; > —1, and as well k > 2. Then x; — Y1x2/Y2+ k=
X1 —(=Y1/Y2) +k>2—(=Y1/Y2) > 1.

Finally if the vector obtained is not formed by integers, it is sufficient to multiply it by |Y3| to
meet (22) and accordingly obtain a transformed vector. O

Remark 13. Proposition 12 does not study the compatibility between pairs of bricks of degree 1, that
is, the bricks of B4. If we study case by case all the possible compatibilities, we observe that here are
some special situations that slightly modify the previous result. In general, Proposition 12 is true, but
with the following exceptions:

1. The brick [—1,0; 1] has as associated equation —s; + s3 = d, which is incompatible with the
requirements (24) and (25). Therefore, this brick can never exist in a QH system.

2. The compatibility between the bricks [0, —1; 1] and [—1, 1; 1] is not verified, contrary to what
would be deduced from the application of Proposition 12.
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5. wy,; as a unique identifier of maximal QH systems

Lemma 14. Given a brick [x1, x2; k| belonging to By, it is satisfied that:

(i) [x1,x2 + 1; k], [x1, X2 — 1; k], or both belong to By.
(ii) [x1 + 1,x2 — 1; k], [x1 — 1, X2 + 1; k], or both belong to By.

Proof. Let k € Z™ be and [x1, x2; k] € By.
From the definition (28) we know that the bricks of By are exactly those [p, q; k] that verify the
conditions

(@p,qeZ, ((b)y—-1<p=<k, ()—-1=<q=<k, (@ —1=<p+q=k.

(1) Let [x1,x2;k] = [x1,—1;k] € Bx. Then (a) and (d) imply 0 < x; <k, so [x1,x3+1;k] =
[x1,0; k] € By.

On the other hand, if [x1, x2; k] € Bk, being 0 < x, <k, then [x1, xy — 1; k] belongs to By, except if
x1 =—1 and x, = 0. But in such a case [x1,x2 + 1; k] =[—1, 1; k] € Bk.

(ii) Let [x1,x2; k] € Bx where x1 > x. Then, by (b) and (c), 0 <x; <k and —1<x; <k—1.As a
consequence [x1 — 1, xy + 1; k] verifies (a), (b), (c) and (d), so [x; — 1, x3 + 1; k] € Bk.

In a similar way we can prove that [x1 + 1,xy — 1; k] € Bx when xq < x3.

Now let [x1, x2; k] € Bk being x; = x3. By (d), we have that —1 < 2x1, 2x3 <k, so 0 <xq, xp < ’5‘
and being k > 1, we conclude 0 <x1, x <k — 1. Thus [x;1 +1,x3 — 1;k], [x1 — 1,x2+ 1;k]€Bx. O

Theorem 15. A maximal QH system has a unique weight vector family.

Proof. The case of maximal homogeneous systems has already been studied in section 3. The maxi-
mal homogeneous system of degree n, H,, only has the weight vector family Fy, (1, 1).

We will therefore analyze the case of inhomogeneous maximal systems. An inhomogeneous QH
system of degree n must have at least two compatible bricks: one is of the degree of the system n,
[x1, x2; n], and another of degree m < n, [y1, y2; m]. Being compatible, we know from Proposition 11
that either Y1 > 0 or Y1 + Y, > 0 must occur, with Y; = y; — x; for i = 1, 2. Distinguishing these two
cases we will show that there is always a third brick compatible with the two previous ones, so that
it can be added to the system. In addition, we will see that any maximal system formed from these
three bricks has a unique family of weight vectors.

Case Y1 > 0: By Lemma 14 we know that [x1, x2 + 1;n], [x1, X2 — 1; n], or both, belong to B,. We
suppose that [x1, X2 4+ 1; n] € By, because the other case is identical, and we will see that [x1, x, + 1;n]
is compatible with [x1,x2;n] and [y1, y2; m]. The system of equations associated with these three
bricks is

X151 + Xa$3 +ns3 —d =0,
VY181 + Y252 +ms3 —d =0, (30)

X151+ (X2 +1)s3 +ns3 —d=0.

Solving it we observe that it is a system of rank 3 with the following infinite set of solutions of
dimension 1:

Yq n
a, 0, o, Yi+x1)Ja):axeR;.
n—m n—m

Using the inverse transformation (26), we obtain the solution set

Yq Yy Y1 n—1
+1)«, a, a, Yi+x1)a+1) :axeR;,
n—m n-m n-—m n—m

of the corresponding system (30) in the variables sq, s2, s3 and d.
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This space of solutions has dimension 1, and therefore can contain at most one weight vector
family. We will see that it contains that family: if we set « =n — m, the solution of the obtained
system is a weight vector. This solution is

(51,82,83,d)=(Y1+n—m, Y1, Y1, n—DYi+(n—m)x; + 1),

whose components are integers. In order to (s1, sz, S3,d) be a weight vector, we have to check that
S1>5sp>5s3>0and d > 0. Since Y; > 0 and n > m, the first is evident. To prove d > 0, we observe
that being n>m>1, Y; > 0 and x; > —1, the unique problematic case could appear when x; = —1.
When it happens, we have thatd=n—-1)(y1+1)—(n—m)+1=mn—1) y; + m > 0, because y1 >
x1 > —1.

It is possible to ask, since we deal with maximal systems, if adding a fourth brick, and therefore
another equation to system (30), can reduce the number of solutions, thus losing the obtained family.

If we add the brick [z1, zo; p] we have the system of equations in the variables s7, 53, s3 and d

X151 + %2852 +ns3 —d =0,
y1$1+y2$2+ms3 —d =0,
X151+ (x2+1)s2 +ns3 —d=0,
Z151 + 2252 + ps3 —d =0.

If this new system of equations maintains the rank 3, it has the same solutions as (30) and therefore
the corresponding QH system has a unique family of vectors.

If the system reaches rank 4, it would be a determined compatible system with single solution
(0,0, 0,0), which cannot be a transformed vector because it does not satisfy (24) nor (25). Thus any
system containing these four bricks can be QH. Therefore as we add bricks to the system while main-
taining the quality of being QH, we maintain the rank 3 in the corresponding systems of equations,
and also maintain the existence of a unique family of weight vectors.

Case Y1 + Y, > 0: This case is proved almost identically to the case Y; > 0, so we will only point
out the differences. Now the third brick will be [y1 + 1, y2 —1;m] or [y1 — 1, y2 + 1; m], depending
on which of the two exists (see Lemma 14). If we assume that the first one exists, the system of
equations is

X151 + %282 +ns3 —d =0,
V181 + Y252 +ms3 —d = 0,_

Vi+Ds1+y2—1s3+ms3—d=0,

whose solutions are

Y Y n
{(a,a, 1+ 2oe,( m(Y1+Y2)+x1+xz>a>:aeR}.

n—m

Using the inverse transformation (26), we obtain the solutions in the variables sq, s», s3 and d:

{((A+1)a, A+ 1a, Ao, (%(h +Y2) 4+ x4 —|—xz>oz—|—1> " ER},

where A= (Y1 +Y2)/(n—m).
As in the previous case if we take &« =n — m we obtain the particular solution
s1=$2=Y1+Yy+n—m,
s3=Y1+ Y2,
d=n-1)Y1+Y2)+nm—m)(x1+x)+1.

This solution consists of integers, verifies s; > sy > s3 > 0 and verifies d > 0 providing that Y{+Y> >0
implies y1 4+ y2 > X1 + x2 > —1. Therefore, it is a weight vector. O
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Corollary 16. A maximal QH system is made up of at least three bricks.

Proof. As we have seen in Proposition 10, the homogeneous maximal system H, has exactly
(k+ 1) (k 4+ 6) /2 bricks, which exceeds 2 for every n > 0.

An inhomogeneous maximal QH system must have at least two bricks of different degrees. In the
proof of Theorem 15 it is showed that there is always another compatible brick that can be added to
the system. O

Corollary 17. A maximal QH system always has a minimum weight vector of the system.
Proof. Let S be the system, and Fs (A, w) its unique family of weight vectors. Then, Wi =g: 4). O

Corollary 18. Given a maximal QH system S, a weight vector (s1, S2, S3, d) is the minimum weight vector of S
if and only if gcd(sq, s2,53) = 1.

Proof. The proof is an easy consequence of Theorem 15 and Proposition 6. O

An important consequence of Theorem 15 is that a weight vector of a maximal QH system S
verifies conditions (19) and (20) if and only if all other vectors of S verify them. Because of this we
avoid the possibility that, when filtering with (19) and (20), we did not consider other vectors of S
(for example (1, 2, 3,4)) whose presence would imply a modification in the algebraic structure of the
system.

Proposition 19. Two different maximal QH systems of degree n have no common weight vectors.

Proof. Let S and T be two maximal QH systems of degree n that share the weight vector w =
(s1,52,83,d). Let Fs(A, u) and Fy (A, u) be the vector families to which w belongs in S and T
respectively. We will show that S and T are the same system, proving that any monomial of S is
contained in T and vice versa.

Let (12) be a monomial of S. Proposition 1 assures that w verifies the equation of the right side
of (8). Since, by Theorem 15, all the weight vectors of T are those of Fy (A, u), so being of the
form (rsq,rsy,rs3,r(d — 1) + 1) with r a rational number, it is trivial that all of them also verify the
equation (8). Therefore, due again to Proposition 1, the monomial (12) must be present in T. In the
same way, we can show that all the monomials of T are in S, so S and T match. O

It should be noted that if we vary the degree n of the system, then the weight vectors could be
repeated, and therefore also the families. For example, the weight vector w = (2,2, 1, 2) and their
corresponding family appears in the following maximal system of degree 2

X=XZ+ yz,
y=xz+yz,
z=22+x+y,

and also in the following maximal system of degree 3

x=22+xz+yz,
y=23+xz+yz,
z=224+x+y.

Remark 20. As a consequence of the previous results we have that, given a maximal QH system S of
degree n, its minimum weight vector wy, always exists and is a unique identifier of S within the set
of maximal QH systems of degree n.
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6. Constructing the set of maximal inhomogeneous QH systems

By Corollary 16, we know that every inhomogeneous maximal QH system contains a minimum of
three bricks. In addition, Theorem 15 assures that the system has a single family of weight vectors.
Therefore given an n-degree system S of this type, we can always choose three bricks [x1,x2;n],
[V1, y2;m] and [z1, z2; k] in such a way that:

(a) At least one of them is of the same degree as S, but they do not have all the same degree, i.e.,
l<m<n,1<k<n.

(b) Their respective associated equations form a system of rank 3, and therefore its solution space in
R# has dimension 1.

(c) The bricks are compatible. That is, some of the solutions of (b) verify the constraints (22), (23),
(24) and (25).

When three bricks of S satisfy these requirements we say that they form a seed of S. With re-
quirement (a) we force that the three bricks belong to an inhomogeneous system of degree n. From
conditions (b) and (c) it follows that the compatibility between the three bricks is reduced to a single
family of weight vectors. Consequently two distinct maximal systems cannot share a common seed,
although they may share three or more bricks that do not form a seed.

A maximal system always has at least one seed, although it usually owns more. In a later theorem
we will show that if we have a seed of a system S, the rest of the system and its corresponding
family of vectors are totally determined. Thus, all the information about the algebraic structure of a
maximal inhomogeneous QH system is encoded in any of its seeds. So we will start by identifying
them in the following result.

Theorem 21. The bricks [x1, X2; 1], [y1, y2; m] and [z1, z2; k], with 1 <m <nand 1 <k <n, form a seed of
some n-degree maximal inhomogeneous QH system S if and only if the following three conditions hold:

(i) T1 - T <0and |T1| < |T2|,

.. Yi V>
(ii) TZ[T1 T2}>0'
YiT, —Y2T1 _ %T1 —x1T3

(iid) n—m)T, = n-—1Ty "’

whereYi=y; —x;, Ti=k —m)xi+m—k)y; +(m—n)z, fori=1,2.

Proof. The equations associated with these three bricks form the homogeneous linear system

X151 + X255 +ns3 —d =0,
Y151 + Y282 +ms3 —d =0, (31)
2181 + 2282 + ks3 —d =0.

After Gaussian transformations the system can be represented in its matrix form as

X1 X n -1 ? 0
Y1 Y, m—n 0 3_2 —lo (32)
T, T, 0 0 3 0
d
The set of solutions obtained solving this system is
YTy, — YT n(Y1Ty — YT
(Tzoe, ~Tia, 22 1oe,( hle— Y 1)+X1T2—X2T1>Ol>, (33)
n—m n—m

where o € R.
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In order to prove the necessary condition (=), we suppose that the three bricks form a seed.
Then, by (c), some of the solutions of the set (33) verify (22), (23), (24) and (25). Let (7, S2, 53, d)
be one of these solutions, i.e.,, a transformed vector obtained by setting a particular @ € R in (33).
Consequently, s; > s> > 0 and s7 > 0, so (i) must be verified. Also, s; and s3 have the same sign, so
being n —m > 0, we get (ii). Finally, d > s3, and then

_ n a
Ot(—(Y1T2—Y2T1)+X1T2—X2T1)Z (Y1Ty —Y,Tq).

n—m n—m

As @ and T, are not null and have the same sign (because s; > 0), the previous inequality is
equivalent to

n YT, — YT +X1T2—X2T1 - YT, — YT,
n—m Ty Ty T n—m)T,

l

and from this by simple algebraic operations we obtain

YT, —YyTq - x2T1 —x1T>
m—mTy = —-1)T

so (iii) is proved.

To prove the sufficient condition (<) we must verify (a), (b) and (c) of the seed definition. As
n >m, (a) is fulfilled trivially. Due to T, # 0 and n ## m, the system has rank 3, as can be seen just
checking the matrix of (32). Also, as a homogeneous system of equations, it has solutions. There-
fore (b) is true. Now let T, > 0 be. Setting &« =n — m we get the following particular solution of the
set (33):

’

s1=Ta(n—m),

s3=Y1Ty — Y Ty,
d=n(Y1Ty — Y2T1) + (n—m) (X1 T2 — x2T1).

This solution verifies (22), (23), (24) and (25), then (c) holds. If T, <0 we set « =m — n with the
same conclusion. 0O

Theorem 22. If the bricks [x1, x2; n], [V1, y2; m] and [z1, z2; k], with1 <m <nand 1 <k <n, form a seed
of an n-degree maximal inhomogeneous QH system S, then

(i) The brick [t1, t2;1] with 1 <1 <n, belongs to the system S if and only if TRy = T2 R4
S5 & d

Ty T TS A 1
G G G G+

(ii) The minimum weight vector of S is Wy, =

where

Yi=yi—xjfori=1,2,
Ti=k—m)xi+—k)y;+(m—n)z,fori=1,2,
Ri=(l-m)xi+(n—Dy;+m—n)t;, fori=1,2,
S1=1|Y1T2 — Y2T1|+ (n —m) |T2|,

S =1|Y1Ty = YoT1|+ (n —m) |T1],

s3=1Y1T2 — YT,

d=m—1)|Y1T2 = Y2T1| +8(m—m) (X1 T2 — x2T1),
§ =sgn(Ty),

G =gcd (57, 52, 53).
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Proof. (i) Since [x1,x2;n], [y1,y2;m] and [z1, z2; k] form a seed of S, we know that its associated
system of equations (31) has rank 3. A fourth brick [tq,ty;]] also belongs to S if and only if the
increased system

X151 + X252 +ns3 —d =0,

Y1S1+ Y252 +ms3 —d =0, (34)
2151 + 2282 + ks3 —d =0,

t151 +t252 +1ls3—d =0,

which includes the equation associated to [t1, t3;[] maintains the rank 3, because of the rank of (34)
goes up to 4 the system becomes compatible-determined with unique solution (0, 0, 0, 0), and in this
case S would not be QH because it would not have weight vectors. Then the matrix expression of
system (34), after Gaussian transformations, adopts the form

X1 X n -1 S1 0
Y1 Y2 m—n O s21_10
T1 T 0 0 ss| (O] (35)
R1 Ry 0 0 d 0

with Y;, T; and R; being the values of the statement for i = 1, 2. Finally the matrix of (35) has rank 3
if and only if T1Ry =T3R;.

(ii) As seen in (i) the solution space of all the equations associated with bricks of S is the same
as the solution space of (31). That is, it is the set defined in (33). Within (33) there exists the trans-
formed vectors of S. Applying to (33) the inverse transformation t~! given in (26), we obtain the
solutions corresponding to the equations in the variables sq, s, s3, and d, which are

YT, — YT
51:05(12 21+T2>,

n—m
Y{T, —Y>T
pma(NEEET ) a0
n—m
(Ysz—Y2T1>
ss=o0| ——— ),
n—m
Y{T, —Y>T
d:a((n—l)M—l—xJz—xzﬂ)—l—l,

with « € R and Y;, T; being the values of the statement for i = 1,2. The elements of (36) which
are formed by positive integers are the weight vectors of the maximal QH system S. We now obtain
a particular weight vector. For this we can take o = sgn(T,) (n —m). Taking into account that by
Theorem 21 we know that YT, — Y, T; has the same sign of T, and also that when T; is not null it
has the opposite sign of T, we obtain the weight vector of S, w = (7, $2, 3, d), where

$S1=1Y1T2 = YaT1| 4+ (n —m) T2,
$2=Y1To — Yo T1|+ (n —m)|Tq],

s3=|Y1T2 — YoTql,

d=m—1D[Y1T2 = Y2T1|+8(m—m) (x1T2 — x2T1) + 1,
where § = 41 with the same sign as T, i.e., § = sgn (T2). By Proposition 5 and Corollary 18 we know
how to obtain Ehe minimum weight vector wy, of a maximal system from one of its weight vectors
W = (51, 3, $3, d), namely

W — S Sy 3 d—1 1
"7\ ged (51,52, 53) " ged (51,52, 53) " ged (51,52, 83) " ged (51, 52, $3) '

In this way the result is proved by setting d=d—1. O
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Remark 23. Note that if the minimum weight vector of a system S is known, we have an alternative
way other than Theorem 22 (i) to determine whether a brick [t1, t2;[] is in S or not. It is enough to
check if the minimum weight vector of S verifies the equation associated with the brick, that is

t1S1 +tso+ (I —t1 —ty —1)s3=d — 1.

In the same way that happens with the seeds, if we fix the degree of S the whole information
about the algebraic structure of S is in its minimum weight vector. Then when the minimum weight
vector has previously been calculated this is a faster method than the one proposed in Theorem 22 (i).

7. The algorithm

The objective of our algorithm is to find all the maximal QH systems of a certain degree n. The
only homogeneous maximal system is Hp, so the algorithm is focused on the inhomogeneous. The
algorithm is mainly based on Theorem 21, Theorem 22, and Remark 23. Briefly, any system of this
type must have among its constituent bricks one or more seeds. Detected a seed, all information about
the structure of the system can be obtained by using Theorem 22 and Remark 23. Therefore, our first
goal is to get a list of all possible seeds of n-degree systems, for which we will use Theorem 21 with
the help of Propositions 11 and 12. In this way we will obtain all the wanted systems, although there
can be repetitions because two different seeds can generate the same system. We will avoid these
repetitions using the minimum vector of each system as its unique identifier.

It is an algorithm that requires quite computation, which also grows notably when the degree n of
the required systems increases. Because of this, a basic principle of design has been to avoid unnec-
essary calculations. For this reason we have taken different steps that will be discussed later.

Algorithm 1: Determines whether two bricks are compatible.

Input: Two bricks: B; = [xil,xg; ki, Bj= [x{,xg; k]
Output: true if the bricks are compatible, false otherwise

1 Function ARECOMPAT(B;, B)

2 Y1 <X =X ;Yo < x) X

3 if (k' £#k’J)and (Y1 >0o0rY; + Yy > 0) then

4 | return true

5 elseif (ki =k/)and (Y; =00r —Y,/Y; > 1) then
6 | return true

7 else

8 | return false

The algorithm has a modular structure, and is formed by a main process together with four aux-
iliary functions. The criterion that we followed to extract computation from the main body to the
functions has been to isolate those calculations that are repeatedly executed.

In order to facilitate its practical implementation, but at the same time to provide a tool as general
as possible, we present the algorithm in pseudocode. The structure is highly detailed so that their later
translation to any programming language will be simple.

The first function, ARECOMPAT (Bi, B j), receives two bricks and determines whether they are com-
patible or not. We try to avoid unnecessary computation by leaving the function as soon as possible.
We do not consider the special cases of incompatibility stated in Remark 13, since these would fulfill
their function of filtering in a very limited number of executions of the function, and in return we
would have a remarkable computational cost. Besides, the few incompatible cases that are allowed to
pass are subsequently filtered into other functions. We make use of Proposition 11 (Line 3) if both
bricks are of different degree, and of Proposition 12 (Line 5) if the bricks are of the same degree. Note
that in case of bricks of different degrees it is important the order of the inputs: the highest degree
brick must be the first one.
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Algorithm 2: Determines whether three bricks form a seed.

Input: Three bricks:B; =[x\, x; ki1, B; = [x], xJ; ki1, B, = [x?, x0; kP]
Output: true if the bricks form a seed, false otherwise

1 Function ARESEED(B;, Bj, Bp)

2 Ty < (kP — k))xb + (K — kp)xé + (k7 — kHxh

3 if T, =0 then

4 |_ return false

5 Ty < (kP — k)X + (k' — I<P)x{ + (k) —k)xP

6 if T1-T) >00r|Tq| > |T2| then

7 | return false

8 Y1ex{—xa;Y2<—x£—x§

9 if T, - (Y{T, — Y,T1) <0 then

10 | return false
YTy — YT Ti —x1T

11 if 1.2 .2]<x2.] Xlzthen
(ki—ki)Ty — (ki=1)T,

12 | return false

13 L return true

Our second function, ARESEED (Bi, Bj, Bp), determines whether the three bricks B;, Bj, and B,
form a seed or not. The function verifies the requirements stated in Theorem 21. It avoids unnec-
essary computation by exiting the function at the moment in which one of these conditions is not
verified. The calculation of the values of Y1, Y, T1 and T, only takes place when it is indispensable.
Condition (i) of Theorem 21 is checked in Lines 3 and 6; condition (ii) in Line 9; and condition (iii)
in Line 11 of the function.

On the other hand, CALCULATEWM (B,~, Bj, Bp) function accurately reproduces the assertion (ii) of
Theorem 22. That is, it receives three bricks, which are known to form a seed of a maximal QH
system S, and calculates the corresponding minimum weight vector of S.

Algorithm 3: Finds the minimum weight vector of a QH system.

Input: Three bricks that form a seed: B; = [x},x}; k'], Bj = [x{, x%; ki1, By =[x}, X0 kP]
Output: The minimum weight vector wy, corresponding to that seed

Function cALCULATEWM(B;, B}, Bp)

J i
Y1 <% —X;

J i
Y2 <%, — %,

1
2
3
4 | T kP —kxp + (k' = kP)xy + (k7 — kDxy
5 Ty < (kP — k))xh + (kI — kP)x} + (k7 — k)xb
6 § < sign(Ty)

7 | Si < |Y1T2 = YoTq| + (k' — k)| Ty

8 $3 < |Y1Ty — YaTq| 4 (kK — k)| Ty|

9 $3 <« YT, — YT

10 d < (k' = D)|Y1T2 — YoT1| +8(k' — k) (x\ T2 — x,Tq)
11 G <« gcd(sy, $2, 53)

12 Wn<— (=, =, =, =+1

13 return wy,

The last of the auxiliary functions is 1SBRICKINSYSTEM (wm, Bq). As we have seen, the minimum
vector of a maximal QH system stores all information about the algebraic structure of the system.
This function receives the minimum vector wy, of a system S together with a brick Bg, and decides
if Bq is present in S or not (Line 2). It is based on the result stated in Remark 23, because when
we have the minimum vector, this method requires much less computation than the one exposed in
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assertion (i) of Theorem 22. This brief function has the last word in the process of construction of
the maximal QH systems.

Algorithm 4: Determines if a brick is in a maximal QH system with a given minimum vector.

Input: The minimum weight vector wp, = (s1, 52, 53, d) of a QH system and a brick Bg = [x‘]’, xg; k9]
Output: true if the brick is in the system, false otherwise

1 Function I1SBRICKINSYSTEM(Wy;, Bg)

if xqsl +xgsz + (k4 —x‘]] — xg —1)s3=d —1 then
| return true

else
| return false

b wN

The main process of the algorithm (see Algorithm 5) starts by asking the user for the only nec-
essary input datum, that is, the degree n of the maximal QH systems that must be listed. With this
datum we apply Proposition 10 to obtain two values: N (Line 1) is the total number of n-degree
available bricks, that is, the cardinal of B,; and T (Line 2) is the total number of bricks of degree less
than or equal to n, that is, the cardinal of {By}}_,. To avoid repeating systems, we will store in the
matrix Aux the minimum weight vector of each new system that we find.

Algorithm 5: Provides all QH systems of a given degree.

Input: Degree of the systems (n)

Output: List of all QH systems of degree n
(k+1)(k+6)

Ne—F—

T « % +2n% + 2n

Aux < empty matrix of 4 columns
create ordered list of bricks {Bi}iTzl,
fori < 1to N do

for j« N+1toT do

if ARECOMPAT(B;, B) then

forp<—i+1toj—1do

if ARECOMPAT(B;, B ) and ARECOMPAT(B), B;) then
10 if ARESEED(B;, Bj, Bp) then

1 Wy, < CALCULATEWM(B;, Bj, Bp)

12 if wy, is not a row of Aux then

13 add wy; as a new row of Aux

14 forq<1toT do

15 \\ if 1SBRICKINSYSTEM(Wy;, Bg) then

where B; =[x}, x}; k']

OO NGB WN =

| add By to system S

17 output system S

The ordered list of the T available bricks is made in Line 4. These must be ordered so that we can
go over them one by one. The only condition for this order is to place first the N bricks of maximum
degree. Once this is done, the rest of the ordination details are irrelevant to the operation of the
algorithm.

Subsequently, there is a series of nested for loops (Lines 5, 6 and 8) which are intended to run,
without repetitions, all possible trios of bricks made up of at least one brick of degree n and at least
one brick of degree less than n. Thus we assure two things: the degree of the systems obtained from
these trios is n, and the systems are inhomogeneous.

Obviously not all brick’s trios are a seed, so we check each of them by calling the function
ARESEED (Bi, Bj, Bp) (Line 10). In fact, most of trios do not form a seed. So with the aim of saving
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computation of unnecessary calls to this expensive function, we include several conditional structures
(Lines 7 and 9) in which we check every required compatibilities of pairs of bricks. This is done by
means of function ARECOMPAT (Bj, Bj).

For each detected seed, we know that there is a maximal inhomogeneous QH system. But two
different seeds can give rise to the same system, thus producing repetitions. To avoid them, we
obtain the minimum weight vector associated with the seed by calling (Line 11) the function
CALCULATEWM (B,-, Bj, Bp). The easiest way to identify this type of systems is through its minimum
weight vectors. If the minimum weight vector obtained is already in the matrix Aux, it means that
this system has already been found before, in which case we discard it. Otherwise we insert the
vector into Aux and go to the process of building the system.

The function 1SBRICKINSYSTEM (wm, Bq) is called for each of the T available Bricks (Line 15), even
for the three bricks which, by forming the seed, we know that they are in the system. It is a function
with little computation, so establishing filters to avoid calling it in these three particular cases would
have more computational cost than leaving it that way.

Every time the function ISBRICKINSYSTEM (W, Bq) returns true implies that the brick By =

[x‘ll, xg; kq] belongs to the system S we are building. It follows that (see Line 16)

(i) The monomial a X+ y"gz"q_"?_"g_] is added to the P component of S.

q q qa_ 9 11X
x1—|—1,x2,k‘€!—x1 —X;—1

. . 4 1 a1
(ii) The monomial bx‘l’ X+1 kqfngnglxxl yX2t1K=X1-%-1 i5 added to the Q component of S.

q q .
K—x1—% is added to the R component of S.

. X1«
(iii) The monomial il ka1 X Y22
We must take into account here the cases in which a brick contributes with a single monomial,
studied previously in this work.

Finally being the construction process finished, the algorithm returns S in the format that is
considered most appropriated (Line 17). This task is done recursively until the trios of bricks, and

therefore the seeds and the possibility of forming new systems of these characteristics, are exhausted.
8. QH systems of degree 2

The following is the list of normal forms of 3-dimensional maximal inhomogeneous QH systems of
degree 2, obtained by the algorithm described in the previous section. The minimum weight vector
wp, of each system is also provided. Being w;,, the generator of the unique weight vector family
of each system, it is easy to obtain from it the remaining weight vectors. Since these are maximal
systems, the coefficients a, b and c of the systems in the list can take any complex value other than
zero.

% =dagp0y? + do11YZ + ao022% + a100X X = agp22>
. ¥ =bo1oy + boo1z . ¥ =b1oox
S : 2 Ss: 7
Z=1C010Y + Co01Z Z=Co10Y
wWn=(2,1,1,1) Wy =(5,4,3,2)
X = agoaz® + a100x + do10y X =ap11yZ + a100X
S, - ¥ = boo2z? + b1goX + bo1oy Se - ¥ =Dboo2z? + bo1oy
2" 7=conz ® 2=co0iz
wn=2,2,1,1) wn=3,2,1,1)
% =do20y? + do11YZ + o022 X =ap20y? + a100%
. ¥ =b1oox ¥ =bo022* + bo1oy
S3: % S7: 1
Z = C100X Z=Cp01Z
Wn=(3,2,2,2) Wn=(4,2,1,1)
X = appaz? X=ag1yz
¥ =booaz? _ ¥ =boo27? + b1oox
S4: - Sg:
Z=C100X + Co10Y Z=Co10Y

wn=(3,3,2,2) wn=(4,3,2,2)
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X =ar10xy + aio1xz X =a101XZ + ap20*
¥ =bo20y? + bo11yz + boo2z® + b1oox . Yy=Dbo11yz+bioox

Sg: * Si5: %
9 5= c020Y? + €011 Y7 + Co022? + C100% By co022% + co10y
W =(2,1,1,2) W =(3,2,1,2)
X =agy? X = a101X2 + ap20y?
Sio ¥ = boo2z? + b1gox See - y=bho11yz
" z2=0 18" 7 = coo22? + cro0X
wn = (6,4,3,3) W =(4,3,2,3)
X =ag0y? X =agy?
y = booa 22 y = bio1xz
511: 'y_ 002 S17Z '})_ 101
Z==Co10Y Z=~Co10y
wn =(5,3,2,2) wn=(4,3,1,3)
X=ao11yz X =agoy?
V = boop 22 = bio1xz
512: y_ 002 S]gi y_ 101
Z = C100X Z = C100X
wn =(5,4,3,3) wn =(5,4,2,4)
X =amoy? X =a110Xy
. ¥ =boo27? ¥ =boxy?* +binxz
Si3: * _ Si9: 3 _
Z=C100X Z=1C011YZ + C100X
Wi = (7,5,4,4) Wi =(3,2,1,3)
X =0a101XZ + Ao11YZ x=0
. Yy =bio1xz+bo11yz _y=hinxz
S14: 2 S2: s 5
Z=C002Z" + C100X + Co10Y Z=0C020Y" + C100X
wn =(2,2,1,2) wn=(4,2,1,4)

We could add to this list of inhomogeneous systems the only homogeneous maximal QH system
of degree 2, Ho, having w,, = (1,1, 1, 2). Thus, we obtain the complete list of maximal systems of
degree 2.

In particular non-maximal QH systems are also represented in the above list. They are obtained
from the maximals just canceling some of the coefficients, taking into account that we must always
leave at least a monomial of degree 2, and that if we additionally want the system to be inhomoge-
neous, we must also leave some monomials of degree 1.

Another aspect to consider is that, as we have seen, in order to simplify our algorithm this provides
only those systems whose weight vector family satisfies the restriction (19). This is just one of the
six possible restrictions of this type that we can establish. But the remaining QH systems are again
easy to obtain from the list we have. We could add to the 20 inhomogeneous systems of the list
those systems obtained from making permutations of the variables x, y, and z. In this way we arrive
at a total of 102 maximal inhomogeneous systems of degree 2, and not to 120 as one would expect
of multiplying the number of systems by 3!. This is because there are systems, such as S4 or Ss,
which are symmetrical with respect to two of their variables, and therefore there are permutations
that provide repeated systems. Thus, by adding the unique homogeneous system we have a total of
103 maximal QH systems of degree 2.

The number of systems increases notably with the degree. There are 137 inhomogeneous systems
of degree 3 verifying the restriction (19), and we have found 643 systems of degree 4 and 2119
systems of degree 5 making use of our algorithm.
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3.3. Analytic integrability of quasi-homogeneous
systems via the Yoshida method

Como se ha referido anteriormente, los estudios dedicados a los sistemas
quasi-homogéneos en dimensiones superiores a 2, y en particular aquellos
centrados en el tema de la integrabilidad, son escasos. Partiendo del
articulo anterior (Secciéon , en el que se facilita un método para
obtener todos los sistemas quasi-homogéneos de dimensién 3, con este
trabajo se alcanzé un doble objetivo. Por una parte, se realizé6 un analisis
exhaustivo de uno de los procedimientos disponibles para la integracion
de sistemas quasi-homogéneos, el llamado método de Yoshida, aplicable
este a sistemas de dimension arbitraria n. Posteriormente, se emple6 dicho
método para estudiar las integrales primeras analiticas de todos los sistemas
quasi-homogéneos de grado 2 en R3, utilizando para ello la lista de formas
normales obtenidas en el articulo de la Seccion 3.2l

Los autores de este trabajo han sido:

» Belén Garcia (Universidad de Oviedo) - belen.garcia@uniovi.es -
ORCID 0000-0003-2257-0621

» Jaume Llibre  (Universitat Autonoma de  Barcelona) -
jllibre@mat.uab.cat - ORCID 0000-0002-9511-5999

» Anton Lombardero (Universidad de Oviedo) -
lombarderoanton@uniovi.es - ORCID 0000-0003-1017-8913

» Jests Suarez Pérez del Rio (Universidad de Oviedo) - jspr@Quniovi.es -
ORCID 0000-0003-0003-0157

Este articulo ha sido aceptado para su publicacion por la revista Journal of
Symbolic Computation en su préximo volumen 104, que se editara en mayo de
2021. Una version digital ya puede ser consultada en la web de la publicacién
desde el 23 de noviembre de 2020.



Journal of Symbolic Computation 104 (2021) 960-980

Contents lists available at ScienceDirect

Journal of Symbolic Computation

www.elsevier.com/locate/jsc

Analytic integrability of quasi-homogeneous ol
systems via the Yoshida method S

Belén Garcia?, Jaume Llibre”, Antén Lombardero?,
Jests S. Pérez del Rio*
4 Departamento de Matemdticas, Universidad de Oviedo, Federico Garcia Lorca, 18, 33007, Oviedo, Spain

b Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra, Barcelona, Catalonia,
Spain

ARTICLE INFO ABSTRACT
Article history: The objective of this paper is twofold. First we do a survey
Received 24 July 2020 on what we call the Yoshida method for studying the analytic

Accepted 16 November 2020

‘ ; first integrals of the quasi-homogeneous polynomial differential
Available online 23 November 2020

systems. After, we apply the Yoshida method for studying the
Keywords: analytic first integrals of all the quasi-homogeneous polynomial
Quasi-homogeneous differential systems differential systems in R’ of degree 2.

Analytic integrability © 2020 Elsevier Ltd. All rights reserved.
Kovalevskaya exponents

Yoshida method

1. Introduction

In 1983 Haruo Yoshida publishes a number of interesting results (Yoshida, 1983a,b) that establish
conditions for the integrability of some classes of differential systems and provide a way of finding
first integrals for such systems. Later on several authors, such as Bessis (1990), Furta (1996), Goriely
(1996), Llibre and Zhang (2002), Kasperczuk (2007), Liu et al. (2006) and Maciejewski and Przybylska
(2017) have continued to develop his ideas to form what we now call the Yoshida method.

In essence the method is based on the correspondence between certain characteristic values of the
first integrals and others inherent to the differential system (the so-called Kowalevskaya exponents),
which are calculable in a finite number of steps.

The main purpose of this work is to analyze the capabilities of the Yoshida method as a tool for the
integration of quasi-homogeneous differential systems in the space R3, a class of differential systems
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on which these results have been little exploited so far. Additional to this analysis of the Yoshida
method, another of our objectives is to carry out a compilation of the main results on this class of
quasi-homogeneous differential systems published to date on the subject.
Consider an n-dimensional autonomous polynomial differential system of the form
dx; . .
d—tl:xi:P,-(x), X= (X1, ...,Xp) € R", i=1,..,n, (1)
where P; belongs to the polynomial ring over R in the real variables xi,...,x,, for i =1,...,n. As
usual the degree of the system is h = max{hy, ..., hy}, where h; is the degree of P;.
System (1) is called quasi-homogeneous (in the following, simply QH) of weight degree d € Z™* with
weight exponents si,...,s, € ZT when for any a € R™ the following condition is satisfied for i =
1,...,n:

P; (0651X1, ey O[S“Xn) = (Xsi_]+dpi (X1, .., Xn) . (2)

Any vector of positive integers v = (s1, ..., Sp, d) for which (2) holds is called weight vector of the
QH system. Every QH system has an infinite number of weight vectors, because v = (s, ..., Sp, d)
is a weight vector if and only if w = (ks1,...,ksp,k(d — 1)+ 1) is a weight vector for any k € Z™.
Then the weight vectors of a QH system can be grouped into families (see Garcia et al. (2019)):
the set of weight vectors that verify s; = Ajs; for i =2, ...,n forms the family of ratio (A2, ..., 1) €

(Q+)"_1. We will use as the representative vector of a family of weight vectors the one that verifies
gcd (s1, ..., sp) = 1. Besides, according to Garcia et al. (2019), in the set of weight vectors of a QH
system it is possible to define a partial order relation as follows: given two weight vectors, v =
(ai, ...,ap+1) and w = (bq, ..., byy1), we say that v<w when ag; <b; for i =1, ...,n+ 1. If there does
exists a weight vector vy, verifying that vy, <w for any other weight vector w, we say that vy, is the
minimum weight vector of the QH system.

A QH system is called maximal if any new monomial added to its structure maintaining the degree
of the system prevents it being QH. Knowing the maximal systems, we can determine all the QH
systems (Garcia et al., 2019).

The QH systems constitute a set within the polynomial differential systems, which includes homo-
geneous systems as a particular case. For a given degree h the homogeneous systems coincide with
those QH having the weight vector (1, ..., 1, h) among their weight vectors. Starting from the idea of
homogeneity and introducing different weights for the variables, the concept of QH is reached in a
natural way. Therefore these last years the QH systems have been the subject of research by many
authors, especially the planar QH systems and their integrability, see for instance Garcia et al. (2013)
and the references cited therein. However the study of the first integrals of the QH systems in dimen-
sions higher than 2, such as the ones that we are dealing with in this paper, is in general a difficult
problem that has received little attention, see for instance Llibre et al. (2015).

In order to determine the set of normal forms of these systems for a given degree, algorithms have
been developed for both the plane (Garcia et al., 2013, 2018) and the 3-dimensional space (Garcia et
al., 2019).

In some of the preliminary works, Yoshida (1983a) and others (Goriely, 1996) do not strictly deal
with QH systems, but with other types of differential equations called similarity invariants. This set is
characterized by the existence of certain rational numbers g1, ..., g, such that

P; (eglxl, v 8g”Xn) = g8itl Pi(x1, ..., Xn) (3)

is verified for any nonzero real ¢ and for i = 1,...,n. Similarity invariants have two fundamental
properties. First, they are invariant under the transformation

t— e t, x1 — €81xq, ..., Xy — %Xy,

for any constant € € R ~ {0}. Moreover, if the system of equations
Pl (Cl,---,cn):—gici, i:],...,n,
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has some nonzero solution, then the differential system has a solution of the form

@ ()= (cit™8", .., cut7E).

We remark that conditions (2) and (3) are equivalent by simply setting g; = s;/(d — 1) and taking
e =ad~1, Consequently, a QH system belongs to the set of similarity invariant differential systems as
long as it has some weight vector (s, ..., Sp,d) with d # 1. In these cases, (g1, ..., &) represents all
weight vectors of the family of (sq, ..., sy, d). From now on when we talk about QH systems, we will
understand that they are within the similarity invariant type.

This work is organized as follows. Section 2 is devoted to the theoretical bases of the Yoshida
method, including the most relevant theorems of the publications referring to the topic, as well as
several original concepts and results (Definition 2, Propositions 3, 4, 5, 7 and 9) which add new
knowledge and clarity to the method. In Section 3, in order to simplify subsequent calculations, the
canonical forms of the 20 existing QH systems of degree 2 in dimension 3 are obtained. Finally, in
Section 4 we use the results of Section 2 for studying the analytical integrability of the canonical
forms obtained in Section 3.

2. Yoshida method
2.1. Yoshida first integrals

The main goal of the Yoshida method is the calculation of certain type of polynomial first integrals
of a differential system. Given an n-dimensional differential system (1), a non-constant real function
H (x) is a firstintegral of system (1) on an open subset 2 C R" if H is constant over all solution curves
@ (t) = (X1 (t), ..., xn (t)) of system (1) contained in Q. In case that H € C! (£2), then the previous
definition is equivalent to

. oH
Y Pix)— x)=0 (4)
, aXi
i=1
for all x € £2. A first integral is global when §2 matches the system’s domain, and it is called polyno-

mial (resp. analytic, resp. algebraic) if H is a polynomial (resp. analytic, resp. algebraic) function.
A set of real functions Hy, ..., H; is functionally independent in R" if the rank of the r x n matrix

0H1q o0H1q
m T
: PP : (x)
oH, OH;
X1 0Xn

is r at all points x € R" where the matrix is defined, with the exception of a zero Lebesgue-measure
subset. Otherwise the functions are functionally dependent, which geometrically implies that the gra-
dients VH;(x) are linearly dependent at almost all the points x € R".

Several notions of integrability appear in the literature. We will work on this concept through
analytical functions. It is said that system (1) is completely integrable if there exist n — 1 functionally
independent analytical first integrals, and partially integrable if the number of independent analytical
first integrals is less than n — 1. On the other hand authors as Yoshida (1983b) and Goriely (1996)
focus on the algebraic first integrals. They refer to the differential system (1) as algebraically integrable
in the weak sense if there exist k (1 <k <n—1) functionally independent algebraic first integrals H; (X),
i=1,...,k, (which define an (n — k)-dimensional algebraic variety £) and other n — 1 —k independent
first integrals given by the integral of closed 1-form defined on L,

n—k *i
Hi(x):Z/qbij(x)dxj, i=1,..,n—1—k,
j=1
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where ¢;; are algebraic functions of x. Finally their stronger definition of algebraically integrable system
is equivalent to the weak one but setting k =n — 1.

The interest in the search for first integrals lies in the fact that in case we can prove that (1) is
completely integrable, with first integrals Hi,..,Hy—1, then the orbits of the system are determined

by intersecting the invariant set F; = {Hl._1 x)|xe R}, i=1,..,n— 1. Even the case of partial

integrability is interesting, because the knowledge of a first integral implies the knowledge of n — 1-
dimension surfaces in which the orbits live, whose behavior can be studied over these surfaces with
the advantage of reducing one dimension.

QH systems should not be mistaken with quasi-homogeneous polynomials. A polynomial P(xq, ...,
Xn) is quasi-homogeneous with weight exponents s = (s1, ..., Sp) € (Z*)" and weight degree k € Z+ when
for any ¢ e RT,

P (011, ..., 0% Xn) = 0¥ P (X1, ..\ Xn) - (5)

To simplify we will call s-type all those quasi-homogeneous polynomials with weight exponents s,
whatever their weight degree k be. It is obvious that a s-type polynomial with weight degree k is
also of ps-type with weight degree pk for every p € Z™, so we can assume gcd (s1, ..., Sp) = 1.

The set of s-type quasi-homogeneous polynomials with weight degree k is constituted by the func-
tions of the form

81 en
E Axyxn,

where A € R are arbitrary coefficients and D is the collection of non-negative solutions of the dio-
phantine equation sieq + --- + Spep =k.
Given an arbitrary set of weight exponents s = (s1, ..., Sp) € (Z+)n, any monomial x’fﬁ..xﬁ” is s-
n
type of degree k= )" s;B;. As a consequence, given an analytical function H (x1, ..., xp), it is possible
i=1
to split H in a unique form H = ZP", where every Pk is a s-type polynomial of weight degree k,
k

that is PX (a51x1, ..., a®nxy) = & PX (x1, ..., xn).
The following result is proved in Llibre and Zhang (2002) for polynomial first integrals, although
the proof for analytical first integrals is the same.

Proposition 1. Let (1) be a QH differential system with weight exponents s = (s1, ..., Sp) € (Z+)n, and let H

be an analytic function whose decomposition into s-type polynomialsis H =) P*. Then H is a first integral
k

of system (1) if and only if each polynomial P is a first integral of system (1).

From Proposition 1 if we want to study the analytical first integrals of a QH system, it is enough
to know those first integrals that are of s-type, s being the weight exponent of the system. All other
analytical integrals can be built using these.

Definition 2. Let (1) be a QH differential system with weight exponents s = (s, ..., Sy) € (Z+)n. Any
s-type first integral of system (1) is called Yoshida first integral (YFI) of system (1).

With respect to the number of independent YFIs, we have the following result, which although
intuitive, has not been proven as far as we know.

Proposition 3. Let (1) be a QH differential system. The number of functionally independent analytical first
integrals of system (1) matches with the number of functionally independent YFISs.
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Proof. Of course any set of functionally independent polynomial first integrals is in particular a set
of analytical independent functions. Then let {Hq (X), ..., H- (X)} be a set of r functionally indepen-
dent analytical first integrals. So if we conveniently choose the variables x1, ..., X, the value of the
determinant

% (X) . aH] (X)
0X1 0Xr

D= : .
My o Uy
0X1 0Xr

is different from zero for all values of x € R™ except at most for a subset of zero Lebesgue measure.
Since the first integrals H; (X), i =1, ...,r, are analytic functions, they can be expressed as sums of
YFIs,

Hio=) Pl i=1..r
k,‘

and taking into account the properties of the determinants, we reach

'ap’]“() ap’{l()_
— (X X
0X 0Xy
b= 1 .1 R0
R L il
| 0xq 0Xy

At least one of the determinants involved in the previous summation must be non-zero. Let be the
one in which the indexes k1, ..., k; take the particular values ki, ..., kr,, which means that there must

K kr . .
be r YFIs {quo, Pr{ 0} that are functionally independent. O

Returning to the objectives of the Yoshida method, it is now understood why it focuses on the
search for polynomial first integrals, and in particular on YFIs: there may be many other analytical
first integrals, and even others that are also s*-type for different weight exponents s*. However, for
the purposes of integrability of the system, what is of interest is to obtain functionally independent
sets of first integrals with the greatest possible number of first integrals, and this can be achieved by
studying exclusively YFIs.

If the problem is approached from the point of view of algebraic integrability, there are similar
results to the previous ones: based on preliminary works of Bruns (1887), Yoshida (1983a) proved
that every algebraic first integral is built from rational quasi-homogeneous first integrals. On the
other hand, Goriely (1996) proved that the highest number of functionally independent algebraic first
integrals is reached within the subset of the quasi-homogeneous rationals. The latter are therefore the
equivalent in algebraic integrability to what the YFI mean in the field of analytic integrability.

2.2. Balances and Kowalevskaya exponents

When Haruo Yoshida (1983a, 1983b) established the bases of the integration method we are dis-
cussing here, he was recovering the works that Sofia Kowalevskaya (1889) had published at the end
of the 19th century. The ideas of the Russian mathematician, although not lacking in controversy
at the time of its publication, had made a remarkable contribution to the study of integrability in
the classical rigid body problem. However, and perhaps because eventually the method developed
by Kowalevskaya were not appropriate to be applied to other physical phenomena, the fact is that
her advances remained forgotten from the First World War until the beginning of the 80’s, when its
theoretical aspects are recovered for the field of integrability.
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Now we suppose that system (1) is a QH polynomial differential system of weight degree d
with respect to the weight exponents s = (sq, ..., Sp). As we advanced before, we define the vector
g=-s/(d —1). Then any non-trivial solution ¢ = (cq,...,cy) € C"\ {0} of the polynomial system of
equations

Pl (C1,-~~,Cn)+gici:Oa i:17"~9n (6)

is called a balance of system (1). It is clear that the idea of balance makes no sense if d = 1. The
balances take different denominations in the literature, and for example they are called Darboux points
in works of Maciejewski and Przybylska (2017), or way directions in Furta (1996).

Each balance provides a particular solution of the differential system (1), called scale-invariant
solution, of the form

@c (t) = (c1t™8, ..., cpt~8"), (7)
which is deduced trivially from the fact that ¢ is a solution of (6) and that, being system (1) QH,

because

Pi(cit™8, . cat ™ 8) =t P (cy,Cn), i=1,..,0.

Proposition 4. Let (1) be a QH differential system with weight degree d £ 1. If H is a YFl and ¢ = (c1, ..., Cn)
is a balance of the system, then H (c) = 0.

Proof. Let k be the weight degree of H, and (7) the scale-invariant solution linked to the balance c.
If H is a YFI, then by (5) setting o =t"'~¢ we get

H(@c(t) =H (c1t ™8, ...,cat &) =t""“H (c1, ... cn) .

On the other hand, we know that H is constant along the solution @ (t). Since k/1-d # 0, we know
that t*1-? is not constant, and thus we obtain that H (cq, ...,¢;) =0. O

From the proof of Proposition 4 it follows that, if there is more than one balance, and therefore
more than one scale-invariant solution, all of them live on the same level surface of every YFI. So we
have proved the next result.

Corollary 5. Given a YFI H of a QH differential system with weight degree d # 1, any scale-invariant solution
@c (t) is on the level surface determined by H (X1, ..., X;) = 0.

For each balance ¢ the n x n matrix defined by

dP; ..
I<<c)=(1<l~j<c>)=(8—xf<c)+5,~jg,-), i, j=1,..n,
J

is called the Kowalevskaya matrix of the QH differential system associated to the balance ¢, and the
eigenvalues of K(c) are the Kowalevskaya exponents of the balance c. These exponents, calculable in a
finite number of steps, are the values on which all the theory of the Yoshida method for the search
of the first integrals of QH systems is based. It is known that every Kowalevskaya matrix has —1
as eigenvalue. However this Kowalevskaya exponent does not have practical utility in the Yoshida
method. This result has been proven in Furta (1996).

Proposition 6. Let (1) be a QH differential system with weight degree d # 1 and let ¢ = (cq, ..., cy) be a
balance of this system. Then —1 is a Kowalevskaya exponent of ¢ and gc = (g1C1, ..., gnCn) 1S its corresponding

eigenvector.

We will name the eigenvector A, = —1 as the trivial Kowalevskaya exponent, and the rest of the
eigenvalues (A1, ..., An—1) as non-trivial Kowalevskaya exponents.
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2.2.1. Some notes on the number of balances and Kowalevskaya exponents

In a QH system each family of weight vectors determines a single vector g, so the number of
balances depends on the number of families of the system. Note that the only QH systems with
more than one family of weight vectors are special types of homogeneous QH (Garcia et al., 2018).
Having only one family of weight vectors in the system, the polynomial character of (6) and Bezout’s
Theorem guarantee that the amount of balances cannot exceed []i_; h;, being h; the degree of P;
(always provided that d # 1). Obviously it may also be the case that the system lacks them.

We note that the balances are grouped into equivalence classes whose cardinal depends on the
weight degree d of the corresponding weight vector. The relevant fact about this is that all balances
of a certain equivalence class provide the same essential information, that is, the same Kowalevskaya
exponents:

Proposition 7. Let (1) be a QH differential system with weight vector v= (s, ..., Sp,d), d # 1, and let c =
(c1, ..., cn) be a balance. Then all the elements of

By={(rp'c1,...tpca) Ip=1,....,d =1}

are balances of system (1), where rp, runsin Gg = {r e C | ri=1 =1},

Proof. Let r € C be such that r¢~1 = 1. Since v is a weight vector, then

P; (r51c1,...,r5"6n):rs"_”dPi (c1,...,Cn), i=1,..n. (8)
Since c is a balance by (6) and (8) we have

P; (rslq, rsncn) =514 (g = —g; (rsicl.) , i=1,..n

and as a consequence (r51 Cly .y rS"cn) is a balance. O

Remark 8. Note that if v and w are two weight vectors of the same family, the sets By and BY
coincide: if vy, = (s1, ..., Sy, d) is the representative vector of the family (gcd (s1, ..., Sn) = 1), any other
vector of it has the form (ksq, ..., ksy, k (d — 1) + 1), being k € Z*. Therefore the set of complex values
[rksi e C | k@D =1} trivially matches the set {rsi e C | r?~! =1}].

Proposition 9. Under the assumptions of Proposition 7 all balances of the set BY give rise to the same
Kowalevskaya exponents.

Proof. Let K (c¢) be the Kowalevskaya matrix of balance c, i.e.
dP; .
K(c)=(Kjj(©) = — () +éjgj), i,j=1,..,n,
3Xj
and, fixed r € Gg, let K (r°c) be the Kowalevskaya matrix of balance rS¢ = (rcy, ..., r*"cp), that is
oP;
Kij (r°¢) = — (r°c) + 8ijgj, i,j=1,...n.
3Xj
We define the functions f; (x1, ..., x;) = P; (rsl X1, ...,rsﬂxn) for i =1, ...,n, with which we have that

fi=Pijogfori=1,...,n, being g(x1,...,Xy) = (r51x1, rsnxn). Since (s1, ..., Sp, d) is a weight vector
and r4=1 =1, it follows that f; (X1, ..., Xy) =15 P; (X1, ..., Xp), SO

Vfi(X1,...,xn) =1 VP (X1, ....x7), i=1,..,n. (9)

On the other hand, the chain rule sets that V f; (x1, ..., xp) = VPi (g (X1, ..., Xn)) - Jg (X1, ..., xp) for i =
1,...,n, and since Jg (X1, ..., Xp) = diag (rsl, rsn) is a regular matrix with inverse jg_1 (X1, ..., Xp) =
diag (r=,...,r~*"), we can write
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VP (8 (X1 eees X)) = Vfi (X1, s Xn) - J5 T (K1 oo Xn),  E= 1,01, (10)
This implies, due to (9) and (10), that

oP; oP;

! (r''x1, ..., °"xp) =15 —L Xy, .. Xn), Q,j=1,..,n,

0X; 0X;

and consequently, setting (x1, ..., X;) = ¢ and taking into account that on the main diagonal the pow-
ers of r are equal to 1, we obtain

Kij (r°¢) =i 5iKij (©), i, j=1,..,n.

Therefore we only have to take the matrix Jg (X1, ..., X;) as the change matrix to see that the matrices
K (c) and K (rsc) are similar. Therefore they have the same spectrum. O

2.3. Main results of the Yoshida method

Since the early 80’s, when the first outcomes of what could be called the Yoshida method are
published, until today, contributions to the subject have been copious. A large group of researchers
have expanded, not without obstacles neither difficulties, the collection of useful theorems. In this
section we will present in chronological order of publication those that in our opinion are the most
relevant results, together with some comments on how the weaknesses found in the theory have been
partially solved.

Some of these theorems were published focusing on the search for algebraic first integrals, but as
YFIs are algebraic, they are also valid results for the study of analytic first integrals.

The following theorem, due to Yoshida (1983a), constitutes the origin of the whole theory and
relates the Kowalevskaya exponents of a system with the weight degrees of its potential first integrals.
In its original publication, intended for algebraic first integrals, it included the additional condition
that VH (c) be finite, which is unnecessary for polynomial first integrals. Additionally, Yoshida exactly
equates weight degrees with Kowalevskaya exponents, because he takes as the weight exponent of H
the vector g=s/(d — 1) instead of s.

Theorem 10. Let (1) be a QH differential system with weight degree d # 1 and let ¢ be a balance whose non-
trivial Kowalevskaya exponents are {A1, ..., \n—1}. If H is a YFI verifying VH (c) # 0, then its weight degree is
Aj(d—1) forsome je{l,..,n—1}.

The practical use of this result is powerful. Because knowing the Kowalevskaya exponents of a
balance, we limit the search for YFIs to those whose weight degrees adjust to certain values. But
this idea has an important weakness, only partially solved in subsequent publications: any YFI that
does not verify VH (c) # 0 will be “hidden”, outside our search radius. For example, any power HP
of a YFI H will remain hidden, because from Proposition 4, VHP (¢) = pHP~!(c) - VH (¢) = 0. This is
not relevant for the purposes of studying the integrability of the system, because HP is functionally
dependent on H, but unfortunately there exist YFIs that are functionally independent of the rest and
whose gradient is null on all balances:

Example 11. The differential system

x=x*+32%, j=2xu, z=-2xz—y:—u, i=-2xy

is QH with weight vector (s1, s2, 53, 54,d) =(1,1,1,1, 2) and has the following balances:
¢1=(-1,0,0,0), ¢;=(1/2,0,i/2,0), ¢3=(1/2,0,-i/2,0).

The non-trivial Kowalevskaya exponents corresponding to ¢; are {3,1+ 2i, 1 — 2i} while those cor-
responding to ¢, and c3 are {3,1+4i,1—i}. The YFI Hy (x, y, z, u) = x*z + xy? + xu? + 2> of weight
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degree 3, concerns the Kowalevskaya exponent A = 3(d — 1) = 3, which appears in the three bal-
ances. However there is also the YFI H, (x, ¥, z, u) = y* + u? of weight degree 2. We note that the
Kowalevskaya exponent A =2 (d — 1) = 2 does not appear in any of the three balances, as would be
expected, and this is because the aforementioned condition is not met:

VH; (¢) =0, i=1,2,3.

Furthermore it is easy to verify that H; and H, are functionally independent, so if we do not detect
H, we are missing relevant information regarding integrability.

Despite this problem Theorem 10 is very useful because it serves as an orientation regarding possi-
ble weight degrees of existing YFIs. A similar result but focused on the search for sets of independent
YFIs with the same weight degree, is as follows (Yoshida, 1983a):

Theorem 12. Let (1) be a QH differential system with weight degree d # 1 and let ¢ be a balance whose non-
trivial Kowalevskaya exponents are {A1, ..., \n—1}. Let H1, ..., H; be functionally independent YFI with the
same weight degree k. If the vectors VH1 (c), ..., VH, (c) are linearly independent, then the common weight
degree is k = 1 (d — 1) for some j € {1, ...,n — 1}, with A ; being a Kowalevskaya exponent of multiplicity at
leastr.

The following theorem provides a necessary condition for complete integrability. It has experienced
many modifications. It was originally published by Yoshida (1983b) based on the weak conception of
algebraic integrability, although Gonzalez Gascon (1988) warned that the proof was actually only valid
for systems in the plane. Later on Bessis (1990) shows, providing counterexamples, that this theorem
is false in dimensions higher than 2. Finally Goriely (1996) proves that the result is valid as long as
the idea of integrability used is the strong algebraic one (or equivalently, our complete integrability
with analytical functions).

Theorem 13. Let (1) be a completely integrable QH differential system with weight degree d # 1 and let ¢ be a
balance whose non-trivial Kowalevskaya exponents are {A1, ..., An—1}. Then 1 € Q forall je{1,...,n—1}.

Let X be either N or Z. A set of complex values A1, ..., A, is X-independent when
n
Zajkao, ajeX Vjefl,..,n},
j=1

implies that «j =0 Vj {1, ...,n}. Otherwise the set is called X-dependent.
The next theorem, due to Furta (1996), is useful to determine the partial integrability when we
already have a YFL

Theorem 14. Let (1) be a QH differential system with weight degree d # 1 and let ¢ be a balance whose non-
trivial Kowalevskaya exponents are {A1, ..., An—1}. Let H be a YFI verifying VH (c) = 0 whose weight degree
isAj(d—1) forsome je{1,...n—1}.If the set {—1, A2, ..., Aj—1, Aj4+1, ..., An} is Z-independent, then any
other first integral H' of system (1) is a function of H, i.e. H' = F (H), where F is a smooth function.

The following result and its corollary once again relate the Kowalevskaya exponents with the
weight degrees of YFIs, but with an interesting novelty: VH (c) # 0 is no longer required from the
first integrals. Therefore, this theorem captures all YFIs, leaving no “hidden” ones. The credit goes to
Goriely (1996), although after it has been improved by Llibre and Zhang (2002), and finally by Liu et
al. (2006).

Theorem 15. Let (1) be a QH differential system with weight degree d # 1 and let ¢ be a balance whose non-
trivial Kowalevskaya exponents are {\A1, ..., A\n—1}. Let H be a YFI whose weight degree is k. Then there exist
natural numbers a1, ..., ap_1 verifying 0 < a1 + - - - + oq—1 < k such that
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n-l k
Z(Xjkj = -1
i=1

Corollary 16. Let (1) be a QH differential system with weight degree d = 1 and let ¢ be a balance. If the
Kowalevskaya exponents of ¢ are N -independent, then there is no analytical first integral of system (1).

Finally this contribution by Maciejewski and Przybylska (2017), which links the weight vector of
the system with the Kowalevskaya exponents of each existing balances, is useful when there are
computational difficulties in obtaining the Kowalevskaya matrix.

Theorem 17. Let (1) be a QH differential system with weight exponent s = (s1, ..., Sp) € (Z+)n and weight
degree d # 1, and let {c;};c; be the set of balances of the system, whose non-trivial Kowalevskaya exponents
are, respectively, {Ai1, ..., Ain—1) }. Then

= s jZO,...n—1,

Z (14 +rhimn) (g1 +-+ g+ 1)
Al v Aign—1) g1:---"8&n

iel

being gi=s;/(d—-1),i=1,...,n.
3. Canonical forms

In Garcia et al. (2019) an algorithm was published to determine, given a fixed degree, all QH sys-
tems in dimension 3. Such algorithm provides all normal forms of maximal systems. Then all other
quasi-homogeneous systems can be trivially deduced from the maximal set, because they can be con-
sidered as particular cases of the maximal normal forms in which some monomials are zero. Some
interesting properties of the 3-dimensional maximal systems are proved in Garcia et al. (2019), like
the fact that a maximal QH system has a unique weight vector family, or that a maximal QH sys-
tem always has a minimum weight vector. In fact, the minimum vector has a simple characterization
in the unique-family case: a weight vector (s1, s2, s3,d) is the minimum weight vector if and only
if gcd (s1, 52, 53,d) = 1. The existence of the minimum vector vy, added to the fact that two differ-
ent maximal QH systems of the same degree n have no common weight vectors, confers to vy, the
character of unique identifier within the set of maximal systems of degree n.

The simplest type of maximal 3-dimensional QH system is that of degree 2. The algorithm pub-
lished in Garcia et al. (2019) provides 20 normal forms of this type, to which the trivial case of
the homogeneous system should be added. They are the following, accompanied by their respective
minimum vectors:

x=ay% +byz+cz* +dx x=az?
y=ey+ fz y = bz?

Ni: ° Ng:
zZ=gy+hz Zz=cx+dy
Wm=(2,1,171) Wm:(3,3,2,2)
X=az% +bx+cy x=az?
._ 2 ._

N, : %/_dz +ex+ fy Ns : %/_bx
z=gz zZ=cy
wm:(2727171) Wm:(5y4,3,2)
x=ay? +byz +cz? Xx=ayz + bx
._ ._ 2

N3 : %/_dx N : %/_cz +dy
Z=ex z=ez
Wm=(3a2»2’2) Wm:(3927]71)
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x=ay? + bx X =axz+byz
y=cz?+dy y =cxz+dyz
Ny : Nig: . D)
Z=ez z=ez"+ fx+ gy
wnp,=04,2,1,1) wn=(02,2,1,2)
x=ayz X = axz + by?
}'/=bZZ+CX y=cyz+dx
Ng: Nis: )
z=dy z=ez"+ fy
Wm:(41372’2) wm:(37271’2)
X =axy + bxz X = axz + by?
Ne y=cy?+dyz+ez®+ fx No y=cyz
7 z=gy? +hyz+iz? + jx 160 7 _dz? +ex
Wm:(2a171’2) Wm=(4,3,2,3)
x = ay? x = ay?
y =bz% + cx y = bxz
Nio : y Ni7: Y
z=0 z=cy
Wm=(6a4,3’3) Wm:(4’3,1,3)
x =ay? X = ay?
y = bz? y = bxz
N11: y N1g y
z=cy Z=cx
Wm:(5,3,2’2) Wm:(5,4»2,4)
X=ayz X =axy
y = bz? y =by? + cxz
N12 y N]gi y y
Z=CX z=dyz+ex
wp,=(05,4,3,3) wy,=(3,2,1,3)
x = ay? x=0
y =bz? y =axz
Ni3: Nao: °
B x 00 by 4ex
Wm:(7a5’4v4) Wm:(472’]74)

Since these are maximal systems, their coefficients a, b, ... i, j can take any real value other than
zero.

Our intention is to use these families of systems to test the capabilities of the Yoshida method on
three-dimensional QH systems. In order to simplify the calculations as much as possible, we will carry
out a reduction on the number of parameters. Doing a linear change of variables we will preserve
their topological equivalence and they will remain in the class of the QH systems.

Theorem 18. Any maximal quadratic QH system in R> can be written, after a rescaling of the variables and
time, as one of the following systems:

Xx=y>+yz+pz® +x Xx=z22+x+y
S . y=qy+rz  y=pZ+qx+ry
1: ° Sy:

Z=sy+uz Z=sz

Wm=(2,1,1s1) Wm:(2727191)
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S42

Ss5:

Sg:

Sy:

Sg:

Sg:

S]o .

x=py?+qyz+7*

y=x

Z=2X

Wm:(?% 2,272)
X =pz®

y=2
zZ=x+y
Wm:(3’3,2a2)
x =z

y=x

z=y

Wm =(57 45352)
X=yz+ px
y=2*+qy
z=12
Wm:(3,2,1,1)
Xx=y%+x
y==+2>+ py
z=qz
Wm:(4’2,1a1)
X=pyz
y=2z"+x
z=y
Wm:(4’372$2)
X=Xxy +xz

J=py* +qyz+12* +x
z=sy?> +uyz+ vz + wx

wm=(2717172)
x=y?
y=4z%+x
z=0

wm:(67 47 373)
x=y?

y=2

z=y
Wm:(5,3,2,2)

S12:

S14:

8152

Si6:

8172

Sis:

Si9:

Syo:

X=yz

y=2*

Z=x

w, =(05,4,3,3)
x=y?

y=7

Z=x

Wy, = (7,5, 4, 4)
X=pxz+qyz
y=rxz+Ssyz
Z=224x+y
wn,=02,2,1,2)
x=xz+y?
y=pyz+x
z=qz%+ry

W =(3,2,1,2)
X=xz+ y?
y=pyz
Z=qz%+x
w,=(4,3,2,3)
x=+y?

Y =+xz
z=+y

Wy, = (4,3,1,3)
x=y?

y=xz

Z=X
wy,=05,4,2,4)
X = pxy
y=qy* txz
Z=yz+tx
w,=@3,2,1,3)
x=0

y=xz
Z=y?+x

Wi = (4,2,1,4)

where the coefficients p, q, 1, s, u, v, w are nonzero real numbers in all systems.
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Proof. As stated any maximal QH system in R> can be expressed as one of the normal forms N,,. We
denote its components by

Pi(x,y,2) =) hix

1j

k=1

k pk ck
Ainszi(,

i=1,2,3,
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where n; is the number of monomials of the polynomial P;, hi.‘ ef{a,b,c,..., j} SR ~ {0} is the coeffi-
cient of the k-th monomial of P;, and A¥, B¥, C¥ are respectively the exponents of the variables x, y,
z in the k-th monomial of P;, for k between 1 and n;.

To reduce the greatest possible number of parameters, while still obtaining systems that are topo-
logically equivalent to the starting ones, we make the following linear change of variables:

x=aX, y=8Y, z=vyZ, t=4T, (12)

where «, 8, y, § are nonzero real numbers to be determined. With these new variables, system (1)
with n =3 is transformed into

dX—P(XYZ) dY—P(XYZ) dZ—P(XYZ) (13)
dT — 1 9 9 b dT — 2 9 b b dT - 3 9 9 b
where

_ )

P; (X,Y,Z):ij (aX,BY,y2), i=1,2,3, (14)

with g(1) =, g(2) =8, g(3) = y. Taking into account (11) and (14) we get

N

_ ! ) k

Pi(x,y.2)= mh{.‘aAikﬂBikyckaA?YB?zci L i=1,2.3.
k=1

Now we look for the values of «, 8, ¥, § based on hi.‘ efa,b,c, ..., j} coefficients, so that the change
(12) provides a system (13) as simplified as possible, that is, with the largest number of unitary
coefficients. We therefore propose the system of ny 4+ ny 4+ n3 equations in the variables «, 8, y, 8:

) k pk  ~k .
{—,hfocAiC,BBi y% =1suchthat1 <k<n;;i=1,2, 3} .
g ()
In case that this system is compatible only for certain values of the hf.‘, we will successively eliminate
equations from it until it has a solution. Each equation eliminated means a parameter that we cannot
convert to £1. Finally, we get the solution («g, Bo, Y0, do), valid for any hi.‘, which provides the optimal
change (12): x=0woX, y =BoY, z=p0Z, t =60T. Note that this solution always exists if we reduce
equations conveniently, because hi.‘ is nonzero and the equation
) k k k
—_— h’.‘aAiIBBi yCi =1
g
. . 1/ak
has the solution (o, Bo. Y0, 80) = ((g(l)/h{f) 1,1, 1).
Following this procedure with the 20 normal forms Np, it is possible to reduce a maximum of
three parameters in each of them. Next, for each normal form, we provide the optimal change found

and the values taken by the parameters of the canonical forms S, that have not been possible to
reduce to unit values:

s1 (0. B 50) = a1a1 _ac e r_af _bg  h
0’ OJ/O, O - da ’b’d p_bzaq_da _bd’ ad’ d
$2 (0. B 50) = aall e ce _fs_g
07 0’)/07 0 - b’C’ ’b p_abv q_bz’ ba _b
53 @o. Bo. vo.50) = [ d 1 ad? bd
07 0’)/07 0 - Cezscez’ce7 p_cez’ _Ce
4 (@ fore )= 1) p=
O’ O,VO, O - bcd’bd ’bd’ p_bd
S5 (ao, B do) = ! ! ! 1
07 0’)/07 0 - abzczaabczaabC9
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ac ¢ 1 b d
56 (050,/30,)/0,50)= _a_ala_ p=_7 q=_
e’ e e e e
7 o fovodo= (S0 1) p=Sg=¢
0, Po, Y0, 00 b’ 1, " p_b’q_b
S8 (0. B 50) = 1 1 1 1 _ac
0’ 07)/0’ O - bcdz’bdz’bd’ p_bd
s9 (0. B 50) = 1 1 11 _ _d r_ae _ bg u—h v—l W_b]
07 0’)/07 0 - afaavbv p_ 9q b’ _bzv 27 - ) —bv _af

S10 (0, Bo, Y0, %0)

S11 (0, o, Y0, %0)

a c? 1
b3c3 B b1/3c2/3>
a'Bp'r  p#s 1 )

S12 (@0, Bo, Y0, 80) 25 s & ghpags

S13 (0, Bo, Y0, %0)

1 1 1
a BB’ a3hVAcY3 ' BhBc 3] 1)
_a _ﬂ e cg d
eg’ ef
1])p:£ ==Y
a’ a’ a’ bd

S14 (o0, o, Y0, 0)

|_<§3u| =
| —
N———"

[

ﬂ)ul

K]

|

S15 (o, Bo, Y0, %0)

o
—_

S16 (0, Bo, Y0, 0)

Rl= g

S17 (o, Bos Y0, 80)

Sl
Pk

ﬁ

S

ial

B

-

N—

Il
AA AA/\/_\/_\/_\ N /\/\/_\A

1 c'3
1/3b2/3c2/3 ’ 2/3b1/3C1/3 ’ a1/3b2/3 ’ 1)

1 B _b
|cde d\' B ,q d

1/3 CZ
320 (ao"BO’VO’SO):(a2/3b1/3c1/3 PR a2/3b1/3’1>

S18 (0, Bo, Y0, 0)

S19 (o, Bos Y0, 80) =

On the other hand, since the systems of each canonical form S, are a subset of the normal form Np,,
their corresponding minimum vector does not change. O

Example 19. As a sample of the procedure followed in the proof of the previous theorem, detailed
calculations for the reduction of parameters in the normal form N3 are given below. The maximal QH
differential system N3z is

x=ay? +byz+cz®, y=dx, z=ex

Applying the change of variables (12) the system is transformed into
2 osd

25 8 b : B .
PO s Py z Y02 v ®ux. 7= %ex, (15)
o o o B 1%

X =

We are now looking for values for «, 8, y, 8 based on a, b, c, d, e so that the change (12) pro-
vides a system (15) as simplified as possible; that is, with the highest number of unitary coefficients.
Therefore we consider the system of equations

B8 Bys y2s b ad

a=1, =1, ~—c=1, —d=1, —e=1.
o o o B Y

973



B. Garcia, J. Llibre, A. Lombardero et al. Journal of Symbolic Computation 104 (2021) 960-980

Not all values of g, b, c, d, e give rise to a compatible system in the variables «, 8, y, 8. If we eliminate
one of the five equations, this situation remains. But eliminating two equations we have compatible
systems. We should get rid of equations in such a way that the solutions obtained afterwards have no
roots, which leads to some of the parameters a, b, c, d, e having to be positive. We remember that
the only condition for these values is that they are not null. Thereby if we eliminate the first two
equations then we obtain a compatible system whose §-based solutions are
1 5 d 1
o= ——7=, = — _—
ce283

With this result, whatever value § % 0 we take, and in particular for § = 1, the normal form Nj is
transformed into (we have returned, in order to simplicity, to the variables x, y, z, t):

X=py* +qyz+2°
S3: y =X
Z=X
ad? bd -
where p = ) eR~ {0}, qg= - € R . {0}. In short we have eliminated three of the five parameters

and found a canonical form.

4. Application of the method to 3-dimensional QH systems of degree 2

The study of the integrability, that is, of the existence of first integrals, in a differential system
depending on parameters, is generally a difficult problem. Except for some simple cases, this task
is very hard and there are no completely satisfactory methods to solve it. One of the procedures
available for this, provided we treat with QH systems, is the Yoshida method discussed in this article.
With the intention of evaluating the capabilities of this method, without the support of any other
integration tool, we will apply it to every 3-dimensional QH of degree 2, a wide set of systems whose
canonical forms were obtained in the previous section. Note that in this paper and in dimension 3 a
system is considered completely integrable when there are two functionally independent analytic first
integrals, and from Proposition 3 this is equivalent to the existence of two functionally independent
YFIs.

Theorem 20. The differential systems corresponding to the canonical form S; are completely integrable, and
respectively have the functionally independent YFIs H; and G; indicated below, fori =3, 4, 8, 10, 18.

(@) H3(x,y, )=y —z
G3(x,y,2)=3x>—-(1+2p)y> +3y*z2-30+qyz22+(@q-12>
(b) H4(x,y,z) =x— py
G4(x,y,2) =3x? +3py? — 2p23
(c) Hs (x,y,2) =2x — pz?
Gs(x,y,2) =6xz—3y%2+ (2 —2p) 7>
(d) Ho(x,y,2)=z
Gio (x, y, z) = 3x% + 6pxz% — 2y3
(e) Hig(x,y,2) =2y — 22
Gis (X, y,2) = 15x% — 30y%z 4+ 20yZ°> — 42°

Proof. (a) The only balance of the S3 canonical form is
and its corresponding Kowalevskaya matrix is
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12p+6g 124 6¢q
p+q+1 p+qg+1

K (c)=
(©) 1 7 0 ,
1 0 2
which provides the non-trivial Kowalevskaya exponents A1 = 2, A» = 6. Note that when p +q = —1

there is no balance, and therefore no possibility of applying the method.

Following Theorem 10, and taking into account that d = 2, these exponents could provide YFIs of
weight degrees, respectively, k1 = 2 and k, = 6. We will now work with the first of them. We denote
by H3 a possible YFI of S3 with weight degree k1 = 2. In this case both H3 and its monomials must
verify (5) for s = (3, 2, 2). That is, if Ax*y?z¢ is a monomial of H3, with A € R and a, b, c € N, it must
be verified that

Aa3a+2b+2cxaybzc — O{zAXabeC,
for any @ € R™. Then the solutions in the domain of the natural numbers of the diophantine equation
3a + 2b 4 2c =2 will provide the exponents of the potential monomials of H3. The only solutions are
(0,1,0) and (0,0, 1), so to be quasi-homogeneous with weight vector (3, 2, 2, 2), the polynomial must
be of the form H3 (x, y,z) = Ay + Bz, being A and B real coefficients. Furthermore H3 must meet (4)
to be a first integral, this implies that x (A + B) =0 for all x € R. Taking A =1, B = —1, we obtain
the YFI

Hs(x,y,2)=y —z.

Now let G3 be a possible YFI of S3 with weight degree k; = 6. If Ax?y?z° is a monomial of G3,
it must verify Ao3¢+2b+2cxaybzc — 6 AxayP7C for any o € R, so we need the natural solutions of
3a+ 2b + 2c = 6. These are (2,0, 0), (0,3,0), (0,2,1), (0,1,2) and (0, 0, 3), therefore the polynomial
must be of the form Gs3 (x,y,z) = A%> + By3 + Cy%?z + Dyz?> + EZ3, being A, B, C, D and E real
coefficients. It is easy to prove that for G3 to also meet (4), its coefficients must verify the following
system of equations:

2A+D+3E=0, 2qA+2C+2D=0, 2pA+3B+C=0.
The solution (A,B,C,D,E)=3,—-1—2p,3,—3 —3q,q — 1) provides the YFI

G3(x%,y,2)=3x—(1+2p)y’ +3y*2-3(1+qyz> +(q—- 1) 2.

Regarding the case p + q = —1, where as we have pointed out, the method cannot be applied, we
observe that the two YFIs obtained are also valid in this case.
Finally the YFIs H3 and G3 are functionally independent, because the matrix

6x ‘

VH3(x,y,z
3@ YD) _ [ 3142p) )2 46yz-31+q)2
-1 3y*-6(+q@yz+3@—1z

has rank 2 at all points except at most for the null measure set x = 0.

To obtain the YFIs of the rest of the canonical forms, the same procedure must be followed. The
main data in the calculations of each case are the following:

(b) The balance is ¢ = (—12p/(1+ p)?, —12/(1+ p)?,6/ (1 + p)), which provides the non-trivial
Kowalevskaya exponents A1 =3 and Ay =6 and, as d = 2, those are also the possible weight degrees
for the YFIs. With the weight degree 3 we have H4 and with 6 we obtain G4, both being functionally
independent. When p = —1 the system given has no balances, but the two YFIs achieved for p # —1
are also valid.

(c) The balance is ¢ = (72p/(2 + p)%, —24/(2 + p), 12/ (2 + p)), which provides the non-trivial
Kowalevskaya exponents A1 =4 and A, =6 and, as d = 2, those are also the possible weight degrees
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for the YFIs. With the weight degree 4 we have Hg and with 6 we obtain Gg, both being functionally
independent. When p = 2 the system has no balances, but the two YFIs achieved for p # —2 are also
valid.

(d) Since the weight degree of this canonical form is d = 3, two equivalent balances could be ex-
pected for each equivalence class (Proposition 7). However, because the third component is canceled,
both coincide at ¢ = (—12, 6, 0). The Kowalevskaya exponents are A1 = 3/2 and A, =6, and therefore
the potential weight degrees for the YFIs are 3 and 12. From the first we obtain Hy¢ and from the
second Gqg, both functionally independent.

(e) Now d =4 and three equivalent complex balances appear:

(—4)/ 2y2 2)/) (4a 202 —2a>

c1 = —’ _’ o 9 cz = _, _’ a9 9

82 84 7 82 87 847 82
—4p%y 2By 28°y

c3: 85 9 84 9 82 9

where o = /=5, 8 = /—1, y = /5 and § = +/3. The common Kowalevskaya exponents are A; = 4/3
and Ay = 10/3, so the possible weight degrees for the YFIs are 4 and 10. From the first we obtain Hig
and from the second G1g, both functionally independent. O

In all cases of Theorem 20 the Yoshida method provides the maximum level of information. All
Kowalevskaya exponents give rise to a YFI, and therefore there can be no “hidden” analytic first inte-
grals that are functionally independent of the rest. Based on Theorem 10 it is evident that for this to
happen, the gradients of these YFIs cannot be zero on the balances. This is a matter that, as a mere
confirmation, we can verify later. As an example,

45
(v3)

#0
Theorem 21. The differential systems corresponding to the canonical form S; are not completely integrable for
i=5,12,13,17.

Proof. The only balance of the S5 canonical form is ¢ = (—720, 180, —60), and its corresponding
Kowalevskaya matrix is

5 0 —120
Keo=|14 o |,
01 3

13+ /71i
which provides the non-trivial Kowalevskaya exponents 11, = — ¢ Q. The proof for this

canonical form concludes by applying Theorem 13.
The proof is identical for the canonical forms Sy, Si3 and S;i7, which have non-rational

7+ /111 19+ 4/199i nd 5+ 4/13
2 7 )

Kowalevskaya exponents, respectively, 5 5

We are mainly interested in determining if there is complete integrability or not, because only in
this case all the trajectories of the system can be controlled. However we can ask ourselves if any of
these four canonical forms is partially integrable. That is, if they have one and only one functionally
independent YFI. Obviously, if it exists it must be “hidden” because it does not fulfill the gradient
condition. We are going to study, as an example, the canonical form Ss: first, we exclude using Corol-
lary 16 to prove the nonexistence of analytic first integrals, because their conditions are not met
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(A1 + A2 — 13 =0). Therefore without imposing the gradient condition, we are left with Theorem 15:
if there is a YFI of weight degree k € Z™*, there must be 1, @3 € N such that

13+ +4/71i 13 —/71i k
o1 (L)+0{2<7>= , O0<ay+oy <k.

2 2 2—-1

Then +/71i (a1 —ap) =2k — 13 (a1 +a2) € Z, and as a consequence o1 = o =« € Z*. We conclude
that k = 13, and this means that the only possible weight degrees k would be the multiples of 13.

Following a procedure of construction of first integrals identical to that carried out in the proof of
Theorem 20, and with the help of software of computational algebra, we have verified that there are
no YFI of weight degree less than or equal to 104 for this canonical form.

We carried out the same study with the forms Sq, S13 and Si7 and it is proved that, if they are
partially integrable, the YFI's weight degrees would be multiples of 14, 19 and 10, respectively. And
based on this, also as in the previous case we have to discard the existence of first integrals up to
112, 114 and 100 weight degrees, respectively.

In the same way as in the canonical forms of Theorem 20, we can affirm that the Yoshida method
provides a powerful answer in the cases covered by the previous Theorem: there is no complete
integrability. However the rest of the canonical forms present difficulties of various kinds for the
method, which we classify below.

4.1. Problematic cases

i) Not similarity invariant systems (d=1). When all the weight degrees of a QH system verify d =1,
it is not a similarity invariant system. In this case the vector g cannot be defined, and therefore none
of the results of the Yoshida method can be applied. We are in this situation with the canonical forms
S1, Sy, S and S7.

ii) There are no balances. When the system (6) has only the trivial solution, there are no balances,
and then there is no possibility of applying the method either. Within our family of canonical forms,
this situation occurs in Syg, whose system (6) is as follows and only has the solution 0:

W _o 2y +xz2=0 +y2+Z-0

— =0, — XZ =0, X — = VU.

3 3 yr3
It is noteworthy that this canonical form has a very evident YFI of weight degree 4, Hyo(X, y, 2) = x.
Furthermore, the YFI Gao(x, ¥, z) = 6xy — 3xz2 + 2y, of weight degree 6, can be easily found. As both
first integrals are functionally independent, this canonical form is completely integrable. This shows
that the Yoshida method can even “fail” in very trivial cases.

iii) Not all Kovalevskaya exponents provide a YFI. The canonical form S11 has a unique balance ¢ =
(—144/5, —12,6), which in turn provides the non-trivial Kowalevskaya exponents A1 =5 and A, =6.
From the second of them we obtain, using Theorem 10, the YFI Hq1(x, y,z) = 3y? — 2z3. However
the Kowalevskaya exponent A1 =5 does not provide any first integral, which does not exclude the
existence of another independent one. In fact, using alternative integration methods to that of Yoshida,
we know that it exists, because the divergence of S11 is null and we can apply Corollary 6 of Llibre
et al. (2015). It is evident that, if analytical, this hidden first integral G1; would verify VG11 (c) = 0.
However G11 has been searched using software running all its possible weight degrees up to 20, and
the only YFI found are the powers of Hi1. We conjecture that Gq1 is not analytical.

iv) Kowalevskaya exponents depend on parameters. The Yoshida method does not seem efficient to
study the integrability of these kind of canonical forms, which moreover coincide in our study group
with those in which there are degree 2 monomials in the three components x, y, z. These are cases
Sg, S14, S15, S16 and Sqg. The first problem with these canonical forms arises with balances. In all five
cases, very complicated parameter-dependent balances appear, obviously obtained through the use of
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software. As they are made up of too many lines each, we cannot reproduce them here. However in
all forms except Sg there are also simple balances that allow to work with them. In summary:

Form Sg has five unrepeatable balances.

Form S14 has three balances. Two of them are unrepeatable and a third is ¢14 = (0,0, —1).

Form Si5 has three balances. Two of them are unrepeatable and a third is ¢;5 = (0,0, —1/q).
Form Sig has six balances, although they are really reduced to three, because the weight degree
is d = 3 (see Propositions 7 and 9). Of these three, one is unrepeatable and the other two are
clg=1(0,0,—1/r) and ¢35 = (2 — 4r,0, —2).

e Form Si9 has four balances, although they are really reduced to two, because the weight degree
of the form is d = 3. Of these one is unrepeatable and the other is ¢19 = (0, —1/q, 0).

In any case a treatable Kowalevskaya exponent is obtained from one of those unrepeatable balances
(except trivial —1, which always appears), reaching up to 50 pages in some cases. From the simple
balances, existing in the forms Si4, Si5, S1s and Sig, simple exponents do emerge, although all of
them with the common characteristic of being dependent on the parameters of the canonical form. It
is noteworthy that when there are parameters of type +1 (S1g and Si9 forms), the choice made does
not affect the Kowalevskaya exponents that are obtained. Summarizing:

Form S14 has the non-trivial Kowalevskaya exponents, obtained from c14,

)»172:(4—p—s:|:\/p+4qr—2ps+sz)/2.

Form Sq5 has the non-trivial Kowalevskaya exponents, obtained from c;s,

rMm=3-1/q, Air=2-0/.

Form Sig has two balances. From c}s are obtained

M=2-1/r Ax=32—14/r
and from c#; we have
AM=32—2q, Ar=2-—4r.

Form Si9 has the non-trivial Kowalevskaya exponents, obtained from c1g,

M=12-1/q, Ary=3/2—7p/q.

In general the information that we can extract from these exponents is very scarce. Based on Theo-
rem 13 we can establish the most relevant result, which is applied to three of the canonical forms:

Proposition 22. The differential systems corresponding to the canonical forms S5, S1g and S19 are not com-
pletely integrable when any of their parameters is irrational.

But the rest of the theory provides little more: with Theorems 10 and 12 we can establish condi-
tions for potential weight degrees, but the “hidden by the gradient” YFIs will always be left out. For
example it is trivial that a necessary condition for the canonical form Si5 to have two not hidden
YFIs is that its parameters p, q verify

(p,q@) € {(M/n, =1n) Im,ne€ Z . {0}; —1 <m; —2 <n}.

Similar conditions can be obtained for Sig and Si9. Another requirement, which only adds informa-
tion to the above if there are non-rational parameters, can be extracted from Theorem 15:
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Proposition 23. A necessary condition so that the differential systems corresponding to the canonical form
S15 (respectively Sqg, respectively S19) can have some analytic first integral is that q be an affine function of
p, g = Ap + B, being A and B rationals (respectively r of q, respectively q of p).

Proof. To be an analytic first integral of S15 there must be a YFI of a certain weight degree k € Z*. In
such a case there must exist o1, @ € N verifying 0 < a1 + a3 <k and a1 (3 — 1/q) + a2 (2 — p/q) =k.
This is equivalent to have q = Ap 4+ B with A = @2/30;+20y—k, B = @1/3a1+2a—k. The cases S16 and Sqg
are identical. O

We can know little about the canonical forms Sg and Si4. If we disregard the method and test
with possible low weight degrees, we observe for example that Sg has a YFI of weight degree 1 if
and only if the components y and z are proportional, i.e., if s/p = u/q = v/r = w. This first integral is
wy — z. Some other partial results can be obtained.

In summary, the problem with these canonical forms when applying the method is that their
Kowalevskaya exponents depend on the parameters of the form, in addition to being, in many cases,
intractable due to their complexity, even using Mathematica software. In those cases the only knowl-
edge that the Yoshida method provides are some situations of non-integrability, along with particular
results that have little value and that we do not reproduce.

4.2. Conclusions

The Yoshida method has traditionally been undervalued as mere theory with no practical appli-
cation. This is because, in principle, it does not provide information about the expression of the
searched first integrals, but only about their weight degrees. Furthermore, the main result (Theo-
rem 10) presents the mentioned problem of “hidden” YFIs. Thus, until recently, almost all articles
devoted to the topic were purely theoretical works which did not carry out the effective calcula-
tion of first integrals. But more recently, works like Llibre et al. (2015) do contribute with practical
applications. A technique is developed that, based on the knowledge of the weight exponents that
all YFI must have, is capable of constructing the first integral through the resolution of diophantine
equations. However, in order to use this technique, it is necessary to clarify the theory, which gives
it a formal structure and which proves some results that are being used as true. We hope to have
achieved that clarification in subsection 2.1, mainly contributing with the concept of Yoshida First
Integral (YFI) and Proposition 3, which equates the number of analytic integrals of interest with that
of YFIs.

From these considerations it is necessary to evaluate the usefulness of the method as a tool for
the integration of quasi-homogeneous systems. In our study we have obtained conclusive results for
9 out of 20 analyzed forms. For this reason, we can conclude that the Yoshida method is useful in the
practical study of analytical integrability, but that, like any other tool dedicated to this complex task,
it has notable limitations that make it necessary to complement it with other techniques.
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96 CAPITULO 3. Articulos publicados

3.4. Factor de impacto de las publicaciones

Se recoge en esta seccion los indices principales que acreditan la calidad
de las revistas en que se han publicado los trabajos que forman parte de esta
memoria. Se reflejaran los indices mas importantes derivados del Journal of
Citation Reports de Web of Science (indice de impacto, indice de impacto
a b afnos e indice de influencia) y dos criterios alternativos, basados en los
datos de Scopus y utilizados cada vez de manera méas general, como son el
indice CiteScore y el Scimago Journal Rank (SJR).

» El articulo de la Seccion fue publicado en la revista Qualitative
Theory of Dynamical Systems en el ano 2018 y los indicadores
correspondientes a ese afno son:

e JCR:

Indice de Impacto: 0.986. Cuartii Q2 (Tercil T1) en
Mathematics. Posicion: 95 de 314.

Indice de impacto de 5 anos: 0.923. Cuartil Q2 en Mathematics.
Indice de Influencia: 0.395. Cuartil Q3 en Mathematics.
e SCOPUS:

CiteScore: 1.7. Cuartil Q2 en Discrete Mathematics and
Combinatory. Posicion: 23 de 71.

SJR: 0.44. Cuartil Q2 en Applied Mathematics. Posicion: 257 de
552.

» Los articulos de las Secciones y fueron publicados en la
revista Journal of Symbolic Computation en 2019 y 2021. Por razones
obvias s6lo estan disponibles los indicadores de 2019 que reflejamos a
continuacion:

e JCR:

Indice de Impacto: 0.673. Cuartil Q4 en Mathematics, Applied.
Posicion: 215 de 261.

Indice de impacto de 5 anos: 0.890. Cuartil Q3 en Mathematics,
Applied.

Indice de Influencia: 0.559. Cuartil Q2 en Computer Science,
Theory and Methods.

e SCOPUS:

CiteScore: 2.4. Cuartil Q1 en Algebra and Number Theory.
Posiciéon: 12 de 99.

SJR: 0.488. Cuartil Q2 en Computational Mathematics.
Posicion: 76 de 186.



Capitulo 4

Discusion de resultados,
conclusiones y lineas futuras

4.1.

Discusiéon de resultados y conclusiones

Se considera, como conclusiéon general, que los resultados obtenidos
a lo largo del desarrollo de esta tesis tienen un alto grado de conexion
con los objetivos fijados inicialmente (ver Capitulo . Los frutos de esta
investigacion han permitido:

Disenar e implementar los algoritmos que proporcionan los sistemas
quasi-homogéneos para cada grado fijado en dimensiones 2 y 3, lo que
constituye un recurso muy tutil para los investigadores que trabajan
con dichos sistemas.

Obtener el ntmero de formas candnicas de los sistemas
quasi-homogéneos en el plano, utilizando para ello la funcion
indicatriz de Euler, una herramienta importante de la Teoria de
Ntumeros.

Describir y delimitar los sistemas quasi-homogéneos maximales, lo que
permitié una simplificacion importante en la clasificacion en el caso de
dimensién 3 y se espera que lo sea también en dimensiones superiores.

Identificar las propiedades méas importantes de los sistemas
quasi-homogéneos, profundizando especialmente en la estructura de
sus vectores peso y las relaciones entre sus coeficientes.

Analizar con detalle el método de Yoshida para la obtencion de
integrales primeras polinomiales, asi como las aportaciones realizadas
posteriormente por otros autores para el perfeccionamiento del método.

Obtener, para el caso de sistemas quasi-homogéneos de dimensiéon 3
y grado 2, todas las integrales primeras que proporciona el método
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de Yoshida cuando este resulta efectivo, y poner de manifiesto las
fortalezas y debilidades del método cuando se aplica en este contexto.

4.2. Lineas futuras de trabajo

Los préximos objetivos se basan en el desarrollo con mas amplitud de las
lineas generales desarrolladas en esta memoria, asi como en la introduccién
de una nueva linea en el campo de los sistemas diferenciales fraccionarios.
En particular, se pretende:

» Obtener wun algoritmo para la generacion de los sistemas
quasi-homogéneos en una dimensién n arbitraria.

s Estudiar la dindmica global de aquellos sistemas quasi-homogéneos de
grado 2 en dimensién 3 que sean completamente integrables a través
de integrales primeras polinomiales.

= Utilizar métodos alternativos para la obtencién de integrales primeras
polinomiales en los casos en los que el método de Yoshida no resulta
eficiente.

= Extender el concepto de sistema quasi-homogéneo al ambito del
Célculo Fraccionario.
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