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1 Introduction and general idea

A major line of research motivated by the Maldacena conjecture [1] is the study of super-
symmetric and conformal field theories in diverse dimensions. Since the early 2000’s efforts
have been dedicated to the classification of Type II or M-theory backgrounds with AdSd+1
factors. These backgrounds are conjecturally dual to SCFTs in d dimensions with different
amounts of SUSY. For the case in which the solutions are half-maximal supersymmetric,
important progress in classifying string backgrounds and the mapping to quantum field
theories has been achieved.

Indeed, for N = 2 SCFTs in four dimensions, the field theories studied in [2] have holo-
graphic duals first discussed in [3], and further elaborated (among other works) in [4–10].
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The case of five dimensional SCFTs was analysed from the field theoretical and holo-
graphic viewpoints in [11–25], among many other interesting works. An infinite family of
six-dimensional N = (1, 0) SCFTs was discussed both from the field theoretical and holo-
graphic points of view in [26–34]. For three-dimensional N = 4 SCFTs, the field theoretical
aspects presented in [35] were discussed holographically in [36–41], among other works. The
case of two-dimensional SCFTs and their AdS3 duals is very attractive, not only for the
rich landscape of two dimensional CFTs, but also for the connection with the Physics of
black holes. In this case, recent progress was reported for half-maximal supersymmetric
(for AdS3) backgrounds, see for example [42–56]. All these solutions geometrise various
perturbative and non-perturbative aspects of conformal field theories in diverse dimensions.

A natural extension is the study of backgrounds with an AdS2 factor [57–72]. These
should be dual to superconformal quantum mechanics (SCQM). The similarities between
the superconformal algebras in one and two dimensions or, by duality, the geometric re-
lations between AdS2 and AdS3-spaces, suggest in particular that the studies of [49–56]
could be extended to the AdS2 case. Some studies involving AdS2 geometries were moti-
vated by developments in black holes Physics, whilst others drew inspiration from a purely
geometric or field theoretical viewpoint, or both [73–85].

Surprisingly, the case of AdS2/CFT1 is less understood than its higher dimensional
cousins. Indeed, various subtleties take place in the study of AdS2 backgrounds [86–90].
Let us summarise some of them.

A conformal quantum mechanical theory needs to have only SL(2,R) global symmetry
(aside from possible supersymmetry and associated R-symmetry). Nevertheless, the anal-
ysis of [74–76], implies that whilst the isometry of AdS2 is SL(2,R), asymptotically the
group of symmetry is one-copy of the Virasoro algebra. The central charge of the algebra
is proportional to the inverse Newton’s constant in two dimensions.

The connection between AdS3 and AdS2 geometries was discussed from the field theory
perspective in [77, 78]. These authors prove that quantising a two dimensional CFT using
Discrete Light Cone Quantisation (DLCQ) is equivalent to decoupling one of the chiral
sectors of a CFT. In this paper we use these ideas to connect AdS3 and AdS2 string
solutions in geometrical fashion.

In the context of JT-gravity, the authors of [80] found flows interpolating between
AdS3 and AdS2 spaces. These correspond to the reduction of AdS3 along a space-like
direction. There may be a relation between those solutions at the IR fixed point, and the
backgrounds we find in this work. The authors of [78] found that black holes with generic
AdS2 near horizon geometry have an entanglement entropy related to the two-dimensional
Newton’s constant, according to,

SEE = 1
G

(2)
N

.

They show that this entanglement entropy coincides with the entropy of a black hole whose
near horizon contains the AdS2. In the present paper we perform explicit holographic
calculations that hint at a relation between three quantities: the number of vacuum states
of the SCQM, the partition function for the one dimensional SCFT when formulated on a
circle and the entropy of a black hole that has AdS2 near horizon geometry.
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We enlarge the classification of SCFTs and AdS2-string backgrounds, dealing with the
case of N = 4 SCQMs and AdS2 string geometries with an SU(2)-isometry. This leads
us to the study of SCQM that are more elaborated than those usually analysed in the
bibliography. We define our SCQM to be the strongly coupled IR fixed point of N = 4
UV-finite quantum mechanical quiver theories, that we precisely specify. Our new N = 4
AdS2 background solutions in Type IIB, are a trustable dual description of the CFT1
dynamics, whenever the number of nodes of the quiver and the ranks of each gauge group
are large. We also need that the flavour groups (geometrically realised on source-branes)
are widely separated in the geometry (we refer to this as the flavour groups being “sparse”).

We present precise proposals for the N = 4 conformal quantum mechanics. We study
various aspects of the SCQMs using the dual backgrounds. These include: number of vacua,
Chern Simons coefficients, symmetry breaking, expected values of Wilson lines, couplings,
etc. We uncover a novel and intriguing relation between a suitably defined “central charge”
(associated with the number of vacua above mentioned) and the product of electric and
magnetic charges for each Type IIB background.

The contents of this work are distributed as follows. In section 2 we review the AdS3
backgrounds in massive IIA that act as “seed” for our new infinite family of AdS2 solu-
tions in Type IIB. We revisit the two-dimensional N = (0, 4) SCFTs dual to these back-
grounds and improve on the existing bibliography by discussing the superpotential terms.
In section 3 we present our new family of AdS2 backgrounds and study in detail various
geometrical aspects. In section 4 we present a concrete proposal for our N = 4 SCQM
and perform holographic calculations that encode field theoretical aspects of our strongly
coupled CFT1s, with some emphasis on the holographic central charge above mentioned.

In section 5 we discuss a connection between the number of vacua of the SCQM and
the RR sector of our supergravity solutions. We show that the holographic central charge
is related to a product of electric and magnetic charges of the D-branes present in the
background. We also present a new extremal principle in supergravity from which the
central charge of the SCQM can be obtained. Our results extend and generalise those in
the existing literature by the inclusion of sources and boundaries. Moreover they suggest
new ways for the construction of the extremising functionals. In section 6 we present our
conclusions, with an invitation to colleagues working on field theoretical aspects of N = 4
SCQM to check some of our predictions using their favourite exact methods. Various ap-
pendices complement geometrical aspects of the backgrounds. Field theoretical observables
of the strongly coupled quantum mechanical system are also holographically computed.

2 Seed backgrounds and associated CFTs

In this section we review discuss the solutions to massive IIA supergravity (with localised
sources) obtained in the recent work [49]. These backgrounds provide the “seed” from
which the new AdS2 supergravity solutions presented in this work are derived. New results
will also be presented.

For brevity, we restrict ourselves to a particular case of the generic backgrounds in [49].
The generic case is analysed in appendix A. The Neveu-Schwarz (NS) sector of these
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solutions reads,

ds2 = u√
ĥ4h8

(
ds2

AdS3 + h8ĥ4

4h8ĥ4 + (u′)2
ds2

S2

)
+

√
ĥ4
h8

ds2
CY2 +

√
ĥ4h8

u
dρ2, (2.1)

e−Φ = h
3
4
8

2ĥ
1
4
4
√
u

√
4h8ĥ4 + (u′)2, H3 = 1

2d
(
−ρ+ uu′

4ĥ4h8 + (u′)2

)
∧ volS2 ,

where Φ is the dilaton, H = dB2 is the NS 3-form and the metric is written in string frame.
The warping functions ĥ4, h8 and u have support on ρ. We denote u′ = ∂ρu and similarly
for ĥ′4, h′8. The RR fluxes are

F0 = h′8, F2 = −1
2

(
h8 −

h′8u
′u

4h8ĥ4 + (u′)2

)
volS2 , (2.2a)

F4 = −
(

d
(
uu′

2ĥ4

)
+ 2h8dρ

)
∧ volAdS3 − ∂ρĥ4volCY2 , (2.2b)

with the higher fluxes related to them as F6 = − ?10 F4, F8 = ?10F2, F10 = − ?10 F0. The
background in (2.1)–(2.2b) is a SUSY solution of the massive IIA equations of motion if
the functions ĥ4, h8, u satisfy (away from localised sources),

ĥ′′4(ρ) = 0, h′′8(ρ) = 0, u′′(ρ) = 0. (2.3)

The first two are Bianchi identities. Hence the presence of localised sources will be indicated
by delta-function inhomogeneities. In contrast, u′′ = 0 is a BPS equation.

The Page fluxes, defined as F̂ = e−B2 ∧ F , are

F̂0 = h′8, F̂2 = −1
2

(
h8 − h′8(ρ− 2πk)

)
volS2 ,

F̂4 = −
(
∂ρ

(
uu′

2ĥ4

)
+ 2h8

)
dρ ∧ volAdS3 − ∂ρĥ4volCY2 . (2.4)

We have allowed for large gauge transformations B2 → B2 + πkvolS2 , for k = 0, 1, . . . , P .
The transformations are performed every time we cross an interval [2πk, 2π(k + 1)]. The
ρ-direction begins at ρ = 0 and ends at ρ = 2π(P + 1). This will become apparent once
the functions ĥ4, h8, u are specified below.

Various particular solutions were analysed in [49]. Here we consider an infinite fam-
ily of backgrounds for which the ĥ4, h8 functions are piecewise continuous. These were
carefully studied in [50–52], where a precise dual field theory was proposed. The above
mentioned range of the ρ-coordinate is determined by the vanishing of the functions ĥ4 and
h8. Generically these functions read,

ĥ4(ρ) = Υh4(ρ) = Υ


β0
2πρ 0≤ ρ≤ 2π

αk+ βk
2π (ρ−2πk) 2πk≤ ρ≤ 2π(k+1), k= 1, ..,P −1

αP − αP
2π (ρ−2πP ) 2πP ≤ ρ≤ 2π(P +1),

(2.5)

h8(ρ) =


ν0
2πρ 0≤ ρ≤ 2π

µk+ νk
2π (ρ−2πk) 2πk≤ ρ≤ 2π(k+1), k := 1, . . . ,P −1

µP − µP
2π (ρ−2πP ) 2πP ≤ ρ≤ 2π(P +1).

(2.6)
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0 1 2 3 4 5 6 7 8 9
D2 x x x
D4 x x x x x
D6 x x x x x x x
D8 x x x x x x x x x
NS5 x x x x x x

Table 1. BPS brane intersection underlying the geometry in (2.1)–(2.3). The directions (x0, x1)
are the directions where the 2d dual CFT lives. The directions (x2, . . . , x5) span the CY2, on which
the D6 and the D8-branes are wrapped. The coordinate x6 is the direction associated with ρ.
Finally (x7, x8, x9) are the transverse directions realising an SO(3)-symmetry associated with the
isometries of S2.

The quantities (αk, βk, µk, νk) are integration constants. By imposing continuity we deter-
mine,

αk =
k−1∑
j=0

βj , µk =
k−1∑
j=0

νj . (2.7)

Below, we summarise aspects of the two dimensional field theories dual to the back-
grounds (2.1)–(2.3) for the solutions determined by eqs. (2.5)–(2.6). We also present new
aspects of these field theories.

2.1 The associated dual SCFTs

As was explained in the papers [50–52], for the functions ĥ4, h8, u in eqs. (2.5)–(2.6), the
backgrounds in eqs. (2.1)–(2.3) are associated with a Hanany-Witten [91] set-up indicated
in table 1. Using this brane set-up, dual two-dimensional CFTs with N = (0, 4) SUSY
were proposed. These CFTs describe the low energy, strongly coupled dynamics of two
dimensional quantum field theories. The field theories are encoded by the quiver in figure 1.
The difference between this quiver and those proposed in [50–52] is the presence of (4, 4)
matter connecting flavour and colour groups. These correspond in figure 1 to the vertical
(bent) lines. In the limit that makes the holographic backgrounds trustable (that is, long
quivers with large ranks and sparse flavour groups), these (4,4) hypermultiplets do not affect
the matching of observables discussed in [50–52]. In fact, their contribution is subleading
and not captured by supergravity.

The absence of gauge anomalies constrains the ranks of the flavour groups to be

Fk = νk−1 − νk, F̃k = βk−1 − βk. (2.8)

These are precisely the quantised numbers of D8 and D4 flavour (source) branes derived
from eq. (2.4) These conditions are unchanged by the presence of the N = (4, 4) bifunda-
mentals connecting flavour and colour groups, which (being vectorial) do not count towards
the anomaly.

Numerous checks for the validity of this proposal were presented in [50–52]. The
right-handed central charge of the SCFTs is computed by identifying it with the U(1)R
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α3 αK

µK

α1

F1 F2 F3 FK

F̃1 F̃2 F̃3 F̃K

α2

µ1 µ2 µ3

Figure 1. A generic quiver field theory whose IR is dual to the holographic background defined by
the functions in (2.5)–(2.6). The solid black lines represent (4, 4) hypermultiplets, the wavy lines
represent (0, 4) hypermultiplets and the dashed lines represent (0, 2) Fermi multiplets. N = (4, 4)
vector multiplets are the degrees of freedom in each gauged node.

current two-point function. The works [92, 93] found that for a generic quiver with nhyp
hypermultiplets and nvec vector multiplets the central charge is,

cCFT = 6(nhyp − nvec). (2.9)

The papers [50–52] present a variety of examples of long linear quivers with sparse flavour
groups and large ranks for each of the nodes. In each of these qualitatively different
examples, it was found that the field theoretical central charge of eq. (2.9) coincides with
the holographic central charge (at leading order, when the background is a trustable dual
description to the CFT). Note that this matching is not changed by the presence of the
extra (4, 4) hypermutiplets mentioned above. The “sparse” character of the flavour groups
makes their contribution subleading.

The expression for the holographic central charge derived in [50–52] is,

chol = 3π
2GN

VolCY2

∫ 2π(P+1)

0
ĥ4h8dρ = 3

π

∫ 2π(P+1)

0
h4h8dρ. (2.10)

We used that GN = 8π6 (with gs = α′ = 1) and that ΥVolCY2 = 16π4.

2.1.1 Superpotential

Now, we present a new development, adding value to this review-section. Let us discuss the
superpotential terms that can be written due to the presence of the (4, 4) hypermultiplets
connecting D2-D4 and D6-D8 branes. In two dimensions with N = (0, 4) SUSY, we can
write interactions in terms of a superpotential W [92–95],

S =
∫

d2xdθ+W, W = ΨaJ
a(Φi). (2.11)

Studying the strings stretched between the different branes in the Hanany-Witten set-up,
we find the massless fields described in figure 2 (left side). We depict only one “interval”
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F D8

F̃ D4

NS1 NS2

MD6

ND2

Y

Σ

Z

Ψ̂

Ψ

F̃

F

N

M

Figure 2. On the left, we plot one cell in the Hanany-Witten set-up, in between the NS-five
branes NS1 and NS2. The solid black lines represent (4, 4) hypermultiplets, the curvy lines (0, 4)
hypermultiplets and the dashed lines (0, 2) Fermi multiplets. On the right, we plot the field content
of one cell in the quiver (same convention). Y,Z are (4, 4) hypers, Σ denotes a (0, 4) hyper. The
(0, 2) Fermi fields are denoted by (Ψ, Ψ̂). The gauge nodes contain (4, 4) vector multiplets.

of the whole Hanany-Witten set-up. The blue and red lines denote N -D2 branes and M -
D6 branes, there are also F D8 and F̃ D4 flavour branes. The D2 and D6 colour branes
are joined by a wavy line, representing a (0, 4) hyper (denoted by Σ in the right figure).
Dashed lines represent (0, 2) Fermi multiplets, joining D2-D8 and D4-D6 pairs. These
are denoted by Ψ, Ψ̂ in the right figure. We also have solid black lines, representing (4, 4)
hypermultiplets, joining D2-D4 and D6-D8 branes and denoted by Y,Z on the right panel of
figure 2. This “interval” is connected via (0, 2) Fermi multiplets and (4, 4) hypermultiplets
with a similar next-interval as indicated in figure 1.

As discussed above, these new (4, 4) matter fields Y, Z have no-effect on anomalies and
their effect on the central charge is subleading. Their presence was emphasised in [56].
They allow to write a superpotential term.

The superpotential interaction is obtained by closing the “triangle”, contracting in-
dexes appropriately in the circuit D8-D2-D6-D8 and D4-D6-D2-D4. This suggests that we
should include cubic superpotential terms of the form,

W ∼ Y ΣΨ + ZΣΨ̂. (2.12)

In appendix B we give more details about the Lagrangian associated with the quiver
QFT in figure 1. Putting together all this information, the full Lagrangian describing the
UV dynamics is written there. This dynamics conjecturally flows in the IR to a CFT with
small N = (0, 4) SUSY [50–52].

After this summary of the “seed” backgrounds and dual SCFTs, let us now focus on
the new infinite family of backgrounds and the associated SCQMs.

3 New Type IIB backgrounds

In this section we present a new infinite family of AdS2 backgrounds of Type IIB super-
gravity. They are obtained by applying T-duality on the seed backgrounds defined by
eqs. (2.1)–(2.3), along a direction inside AdS3.
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Consider the backgrounds of eqs. (2.1)–(2.3). Write AdS3 as a fibration over AdS2,

ds2
AdS3 = 1

4

[(
dψ̃ + η

)2
+ ds2

AdS2

]
with dη = volAdS2 . (3.1)

ds2
AdS2 = −dt2 cosh2 r + dr2, η = − sinh rdt.

We T-dualise on the fibre direction to obtain the new solutions (more general configu-
rations are discussed in appendix A). These backgrounds have the structure AdS2 × S2 ×
CY2 × Iρ × S1

ψ. The NS sector reads,

ds2 = u√
ĥ4h8

(
1
4ds

2
AdS2 + ĥ4h8

4ĥ4h8 + (u′)2
ds2

S2

)
+

√
ĥ4
h8

ds2
CY2 +

√
ĥ4h8

u
(dρ2 + dψ2) ,

e−2Φ = h8

4ĥ4

(
4ĥ4h8 + (u′)2) , H3 = 1

2d
(
− ρ+ uu′

4ĥ4h8 + (u′)2

)
∧ volS2 + 1

2volAdS2 ∧ dψ ,

(3.2)

where ψ is the T-dual-coordinate, with range [0, 2π].
The RR sector is given by

F1 = h′8dψ , F3 =−1
2

(
h8−

h′8u
′u

4h8ĥ4 +(u′)2

)
volS2 ∧dψ+ 1

4

(
d
(
u′u

2ĥ4

)
+2h8dρ

)
∧volAdS2 ,

F5 =−(1+?) ĥ′4 volCY2 ∧dψ=−ĥ′4 volCY2 ∧dψ+ ĥ′4h8u
2

4ĥ4(4ĥ4h8 +(u′)2)
volAdS2 ∧volS2 ∧dρ ,

F7 = 4ĥ2
4h8−uu′ĥ′4 + ĥ4(u′)2

8ĥ4h8 +2(u′)2
volCY2 ∧volS2 ∧dψ

− 4ĥ4h
2
8−uu′h′8 +h8(u′)2

8h2
8

volAdS2 ∧volCY2 ∧dρ ,

F9 =− ĥ4h
′
8u

2

4ĥ8(4ĥ4h8 +(u′)2)
volAdS2 ∧volCY2 ∧volS2 ∧dρ , (3.3)

where F7 = − ? F3 = and F9 = ?F1. We also quote the explicit expression of ?H3,

?H3 = 2ĥ2
4

4ĥ4h8 + (u′)2
volCY2 ∧ volS2 ∧ dρ

− ĥ′4h8uu
′ + ĥ4u

′ (uh′8 + h8u
′) + 4ĥ2

4h
2
8

2h2
8
(
4ĥ4h8 + u′2

) volAdS2 ∧ volCY2 ∧ dψ .

One can check that the Type IIB equations of motion are satisfied imposing the BPS
equations and Bianchi identities: u′′ = 0 and ĥ′′4 = 0, h′′8 = 0. A violation of the Bianchi
identities is admissible at points where brane sources are located. We consider solutions
like those in eqs. (2.5)–(2.6).
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We perform a large gauge transformation B2 → B2 + kπvolS2 . This naturally divides
the interval Iρ in (P + 1)-cells of size 2π. The Page forms F̂ = e−B2 ∧ F are,

F̂1 = h′8 dψ ,

F̂3 = 1
2
(
h′8(ρ−2πk)−h8

)
volS2 ∧dψ+ 1

4

(
u′
(
ĥ4u

′−uĥ′4
)

2ĥ2
4

+2h8

)
volAdS2 ∧dρ ,

F̂5 = 1
16

((u−(ρ−2πk)u′) (uĥ′4− ĥ4u
′)

ĥ2
4

+4(ρ−2πk)h8

)
volAdS2 ∧volS2 ∧dρ

− ĥ′4volCY2 ∧dψ ,

F̂7 = 1
2
(
ĥ4−(ρ−2πk)ĥ′4

)
volS2 ∧volCY2 ∧dψ

−
(

4ĥ4h
2
8−uu′h′8 +h8(u′)2

8h2
8

)
volAdS2 ∧volCY2 ∧dρ ,

F̂9 =−
(
u2h′8−h8uu

′+(ρ−2πk)(h8u
′2−uu′h′8 +4ĥ4h

2
8)

16h2
8

)
volAdS2 ∧volS2 ∧volCY2 ∧dρ.

(3.4)

To describe the brane set-up, we use that ĥ4 and h8 are continuous polygonal functions
with discontinuous derivatives, as in eqs. (2.5)–(2.6). We compute,

dF̂1 = h′′8dρ ∧ dψ, dF̂3 = −1
2h
′′
8 × (ρ− 2πk)dρ ∧ volS2 ∧ dψ, (3.5)

dF̂5 = −ĥ′′4dρ ∧ volCY2 ∧ dψ, dF̂7 = −1
2 ĥ
′′
4 × (ρ− 2πk)dρ ∧ volS2 ∧ volCY2 ∧ dψ,

dF̂9 = 0, (3.6)

with

ĥ′′4 = 1
2π

P∑
j=1

(βj−1 − βj)δ(ρ− 2πj), h′′8 = 1
2π

P∑
j=1

(νj−1 − νj)δ(ρ− 2πj), (3.7)

ĥ′′4 × (ρ− 2πk) = h′′8 × (ρ− 2πk) = xδ(x) = 0.

Inspecting the Page fluxes, the electric parts tell us what type of branes we have in the
system. The exterior derivative of the dual magnetic form dF̂8−p being nonzero, indicates
that the Dp brane is a source in the background (flavour branes). In contrast, dF̂8−p = 0
indicates that these branes are dissolved into fluxes (colour branes). We then find a brane
set-up consisting of (colour) D1 and D5 branes, extending in between NS-five branes. This
is complemented by (sources) D3 and D7 branes. There are also fundamental strings
dissolved into flux. We list the brane content in table 2 and the associated Hanany-Witten
set-up in figure 3.
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0 1 2 3 4 5 6 7 8 9
D1 x x
D3 x x x x
D5 x x x x x x
D7 x x x x x x x x
NS5 x x x x x x
F1 x x

Table 2. Brane set-up underlying the geometry in (3.2)–(3.3). x0 is the time direction of the ten
dimensional spacetime. The directions (x1, . . . , x4) span the CY2, x5 is the direction associated
with ρ, (x6, x7, x8) are the transverse directions realising the SO(3)-symmetry of the S2, and x9 is
the ψ direction.

F0D7 F1D7

F̃0D3

β0D1

ν0D5 (ν0 + ν1)D5

(β0 + β1)D1

F̃1D3

NS NS NS

Figure 3. The Hanany-Witten set-up corresponding to the background in eqs. (3.2)–(3.3).

Let us study the quantised Page charges, defined by integrating the Page magnetic
flux,1

QDp = 1
2κ2

10TDp

∫
F̂8−p = 1

(2π)7−p

∫
F̂8−p . (3.8)

The functions ĥ4, h8 are as those in eqs. (2.5)–(2.6). The integrals over volumes are,

ΥVolCY2 = 16π4,

∫
dψ = Volψ = 2π, VolS2 = 4π.

The different brane charges in each interval [2πk, 2π(k + 1)] are

QD1 = 1
(2π)6

∫
Σ7
F̂7 =

(ΥVolCY2

16π4

)
×
(VolS2

4π

)
×
(Volψ

2π

) (
h4 − h′4(ρ− 2πk)

)
= αk,

QD3 = 1
16π4

∫
Σ5
F̂5 = 1

16π4

∫
[ρ,Σ5]

dF̂5 =
(ΥVolCY2

16π4

)
×Volψ

∫
dρh′′4 = βk−1 − βk,

QD5 = 1
4π2

∫
Σ3
F̂3 =

(VolS2

4π

)
×
(Volψ

2π

) (
h8 − h′8(ρ− 2πk)

)
= µk,

QD7 =
∫

Σ1
F1 =

∫
[ρ,Σ1]

dF1 = Volψ
∫
h′′8dρ = νk−1 − νk. (3.9)

Notice that we have used the expression for the second derivatives in eq. (3.7).
1The relevant constants are,

TDp = 1
(2π)pgsα′

p+1
2
, 2κ2

10 = (2π)7g2
sα
′4, TNS5 = 1

(2π)5g2
sα′3

, α′ = gs = 1.
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The structure of singularities in the two ends of the ρ-interval is studied in appendix C.
Referring to the set-up in table 2 and figure 3, in the [2πk, 2π(k + 1)] interval we have
αk = ∑k−1

j=0 βj D1 colour branes and µk = ∑k−1
j=0 νj D5 branes. We also have (βk−1 − βk)

D3 and (νk−1 − νk) D7 sources (flavour branes).
We close here our analysis of the new AdS2 geometries. Below, we present a proposal

for the dual super conformal quantum mechanics. Matchings between holographic and
field theoretical calculations, together with some holographic predictions for these quantum
mechanical systems at strong coupling, are discussed in the next section.

4 Field theory and holography

In this section we discuss the N = 4 super-conformal quantum mechanical theories pro-
posed as duals to our backgrounds in eqs. (3.2)–(3.3). As anticipated in section 2.1, we
provide a UV N = 4 quantum mechanics, that conjecturally flows to a super conformal
quantum mechanics dual to our AdS2 backgrounds.

The bottomline is that the quantum mechanical quiver is the dimensional reduction
of the two dimensional QFTs presented in section 2.1. Let us discuss two approaches into
the quantum mechanical theory.

One approach is based on the works [73, 77, 78]. In these papers it is suggested that
the transition from AdS3 to AdS2 should be thought of in CFT2 → CFT1 language as a
discrete light-cone quantisation of the two dimensional CFT. This is to be taken in a limit
such that, of the original SL(2,R)× SL(2,R) symmetry of the seed CFT2, only one of the
sectors is kept. The other sector needs infinite energy to be excited. Writing the boundary
metric of AdS3 as a cylinder, ds2 = −dt2 + dφ2, and changing coordinates to u = t + φ

and v = t − φ, we have ds2 = −dudv. In these variables the identification of coordinates
[t, φ]→ [t, φ+ 2πR] demands [u, v]→ [u− 2πR, v + 2πR]. The scaling u→ eγu, v → e−γv

keeps the metric invariant. In the limit γ → ∞, keeping Reγ = R̃ fixed, the CFT2 then
lives on a space consisting on time and a null-circle. The energies scale in such a way that
the left sector decouples and the right sector has En = n

R̃
(see [77, 78] for the details).

The T-dualisation along the ψ̃-direction performed in section 3 is equivalent to starting
with a given N = (0, 4) SCFT2 as those described in section 2.1 and DLCQ it, keeping the
N = 4 SUSY right sector. Similar ideas have been discussed recently in [85]. In purely
field-theoretical terms, we start with the Lagrangian alluded to in section 2.1 (written in
appendix B) and dimensionally reduce it to a matrix model where we keep only the time
dependence and the zero modes in the ψ̃-direction.

A second interesting way to think about our quantum mechanical theory is inspired
by the works [96, 97]. In these references the same brane set-up depicted in table 2 was
proposed in order to describe half-BPS Wilson and ’t Hooft loops in 5d gauge theories
with 8 supercharges. These defects were described by quiver quantum mechanics with
the same field content that we described in section 2.1, after dimensional reduction. Our
quiver quantum mechanics exhibit however additional constraints, that are inherited from
the anomaly cancelation conditions of the seed 2d CFT. We will see in [98, 99] that more
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general quivers such as the ones constructed in [96, 97] are dual in the IR to AdS2 solutions
not related to AdS3 upon T-duality.

In summary, our proposal is that the dynamics of the UV quantum mechanical systems
of interest, is described by the dimensional reduction along the space-direction of the N =
(0, 4) SCFT2 discussed in section 2.1. To be concrete: consider the Type IIB backgrounds
described in eqs. (3.2)–(3.3) with the functions ĥ4, h8 given in eqs. (2.5)–(2.6). These
solutions are dual to an N = 4 superconformal quantum mechanics that arises in the IR
of a generic quiver quantum mechanics, with the matter content depicted in figure 1. The
dynamics is inherited from the two-dimensional N = (0, 4) Lagrangian by dimensional
reduction. We can read the ranks of colour and flavour groups from the Page charges
computed in eqs. (3.9). In the kth entry, corresponding with the [2πk, 2π(k + 1)] interval
of the geometry, we have U(αk) and U(µk) colour groups — with αk = ∑k−1

j=0 βj , µk =∑k−1
j=0 νj . These are coupled via bifundamental hypermultiplets and Fermi multiplets with

the adjacent nodes. The connections with the kth flavour groups of ranks SU(νk−1 − νk)
and SU(βk−1 − βk) is mediated by Fermi fields and by bifundamental hypermultiplets.

The authors of [97] impose that the numbers of D3 and D7 (sources/flavour) branes
must equal the difference of two integers. In our formalism this is automatic. The integers
are identified with the ranks of the colour groups (be it D1 or D5) on each side of the
interval. We have that the number of D3 sources is (βk−1−βk) and analogously (νk−1−νk)
for the number of D7 flavours. These numbers are positive as guaranteed by the convex
character of our polygonal functions ĥ4, h8. The quiver is identical to and inherited from
that of the two-dimensional “mother” theory — see figure 1. The superfields involved in
writing the Lagrangian are also inherited, as explained in appendix B.

In what follows, we perform some holographic calculations that inform us about the
strong dynamics of these conformal quantum mechanical quivers.

4.1 The holographic central charge

The definition of central charge in conformal quantum mechanics is subtle. In a one-
dimensional theory, we have only one component of Tµν . If the theory is conformal, the
trace of this quantity must vanish, and this implies that Ttt = 0. One way to think about
central charge is to consider a conformal quantum mechanics which has many ground states
(but no excitations). One may associate this quantity with the “central extension” of the
Virasoro algebra that appears in the global charges of the two-dimensional dual gravity, as
discussed in [74–76]. We can also associate this “central charge” with the partition function
of the quantum mechanics when formulated on a circle, as discussed for example in [83].

Though we refer to it as “holographic central charge” the quantity that we present
below should be interpreted as a “number of vacuum states” in the associated SCQM. To
define it, we shall use the logic discussed in [100–102].

We follow the prescription in [101, 102]. Being the field theory zero-dimensional,
some of the steps in the calculation need some care. The relevant quantity in this case is
the volume of the internal space (the part not belonging to AdS2). Analogously, we are
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computing Newton’s constant in an effective two-dimensional gravity theory,

1
GN,2

= Vint
GN,10

. (4.1)

Following the formalism of [101, 102] for the backgrounds described in eqs. (3.2)–(3.4),
we find

Vint =
∫

d8x
√
e−4Φ det g8,ind =

(VolCY2VolS2Volψ
4

)∫ 2π(P+1)

0
ĥ4h8dρ. (4.2)

The comparison with eq. (2.10) indicates that, under suitable rescaling, this quantity is
related to the central charge of the seed 2d SCFT.

We define the “holographic central charge” of the conformal quantum mechanics to be

chol,1d = 3
4πG2

= 3Vint
4πGN

. (4.3)

Computing explicitly with eq. (4.2) and using that (in the units gs = α′ = 1) GN = 8π6,
we find

chol,1d = 3
π

∫ 2π(P+1)

0
h4h8dρ, (4.4)

in agreement with the two-dimensional result in eq. (2.10). This is compatible with the
findings of the paper [77], that suggest that the chiral sector remaining when DLCQ is
applied to a 2d CFT has the same central extension in the Virasoro algebra.

On purely field theoretical terms, this result tells us that the number of vacua of the
N = 4 SCQM obtained by dimensional reduction of the two-dimensional “mother theory”,
responds to the expression obtained in [93], namely

cqm = 6(nhyp − nvec). (4.5)

The numbers of N = 4 hyper and vector multiplets in the one dimensional theory are
inherited from those in the two dimensional “mother” theory. The agreement between cqm
in eq. (4.5) and cCFT in eq. (2.9) is the field theoretical translation of the equality of the
holographic central charges in two dimensions, eq. (2.10), and in one dimension, eq. (4.4).

It is interesting to draw a comparison with the works [103–106]. These papers make
crucial use of the dimension of the Higgs branch for a quiver quantum mechanics with
gauge group ΠvU(Nv) and bifundamentals joining each colour group with the adjacent
ones. This quantity is given by,

M =
∑
v,w

NvNw −
∑
v

N2
v + 1. (4.6)

We propose that the calculation in eq. (4.4) captures the same information as eq. (4.6).
Note that our quantum mechanical theories have a field content that is more involved than
the ones considered in [103–106]. Let us illustrate this with an example (similar calculations
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ν 2ν Pν (P + 1)ν

(P + 1)ββ 2β Pβ

Figure 4. The quantum mechanical system that conjecturally flows in the IR to the SCQM
described by the backgrounds obtained from eqs. (4.7)–(4.8).

can be done for other quivers). The example we choose is represented by the functions,

h8(ρ) =
{

ν
2πρ 0 ≤ ρ ≤ 2πP

νP
2π (2π(P + 1)− ρ), 2πP ≤ ρ ≤ 2π(P + 1). (4.7)

ĥ4(ρ) = Υh4(ρ) = Υ
{

β
2πρ 0 ≤ ρ ≤ 2πP

βP
2π (2π(P + 1)− ρ), 2πP ≤ ρ ≤ 2π(P + 1). (4.8)

According to the rules presented in section 4, the N = 4 quantum mechanical quiver is
the one depicted in figure 4. We calculate the expressions for the one dimensional central
charge cqm in eq. (4.5) and its holographic counterpart chol,1d in eq. (4.4). These expressions
should coincide in the holographic limit with the dimension of the Higgs branch in eq. (4.6).
Using the definitions in eqs. (4.4) and (4.5) we calculate

nhyp =
P∑
j=1

(
j(j + 1)(ν2 + β2) + j2νβ

)
, nvec =

P∑
j=1

j2(ν2 + β2), (4.9)

cqm = 3P (P + 1)(ν2 + β2) + (2P + 1)(P + 1)Pνβ ∼ 2βνP 3

chol,1d = 2βν(P 3 + P 2) ∼ 2βνP 3.

We see that in the holographic limit (large P, ν, β) the results of eqs. (4.4) and (4.5) coincide.
At the same time we see that the dimension of the Higgs branch moduli space in eq. (4.6) is
precisely counting the number of hypers minus the number of vectors. Note that our quiver
has hypers joining the links not only “horizontally” but also “vertically”, in comparison
with the quivers considered in [103–106].

Following [50–52], the reader can produce a variety of test-examples showing the coin-
cidence of the calculations of eqs. (4.4), (4.5) and (4.6) in the holographic limit (it should
be interesting to explore sub-leading corrections!). We shall come back to the holographic
central charge and relate it to an extremisation principle in section 5.

Let us now discuss predictions for the strong coupling dynamics of our SCQMs.

4.2 Chern-Simons terms

Let us discuss the possible “dynamical” term for the gauge multiplet. In (0+1) dimensions
this is a Chern-Simons (CS) term. Let us motivate their presence with a small detour
on anomalies.

The authors of [107] present a detailed study on the conflict between gauge symmetry
and global symmetry (charge conjugation in this case). They study the action of l-fermions
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on a time circle of size T , in the presence of a U(1) gauge field At(t). The system has
Lagrangian, gauge and charge conjugation transformations given by,

L = ψ̄(i∂t +At)ψ.
ψ → eiΛψ, ψ̄ → ψ̄e−iΛ, At → At + ∂tΛ(t), At → −At. (4.10)

For configurations that are periodic in the circle, the partition function (for l fermions with
the above Lagrangian) is,

Z =
∫
DψDψ̄e−i

∫ T
0 dtL = det(i∂t +At)l = (1 + eia0T )l, (4.11)

a0T =
∫ T

0
At(t)dt.

This is invariant under both large and small gauge transformations, but not under charge
conjugation. A way to recover the charge conjugation invariance is through the introduction
of a counterterm

Lct = e−ik
∫ T

0 Atdt = e−ika0T . (4.12)

This is a CS-term. In itself, it is gauge invariant but not charge conjugation invariant. If
2k = l, its presence cancels the lack of invariance under charge conjugation in eq. (4.11).
We can regularise the partition function of an even number of fermions, such that gauge
invariance and charge conjugation are both preserved. If the number of fermions is odd,
we just loose the charge conjugation invariance.

In summary, for the case of (0 + 1)-dimensions the Chern-Simons term is of the form

SCS = κCS

∫
dtAt.

The coefficient κCS must be quantised. As above, consider the theory on a circle of length
T . Performing a large gauge transformation, At → At + ∂tΛ with parameter Λ = 2πn

T t, we
find that the Chern-Simons action changes,

SCS → SCS + κCS2πn.

Imposing that eiSCS is single-valued under large gauge transformations, we find that
ei2πnκCS = 1, which quantises the Chern-Simons coefficient.

4.2.1 Holographic calculation of the Chern-Simons coefficients

Let us holographically compute the Chern Simons coefficients for each gauge group in the
quantum mechanical quiver derived by dimensional reduction of that in figure 1. The
presence of the CS term is of non-perturbative origin. We calculate it using the Type IIB
AdS2 description of the system. To do so we use a D1 brane probe extended in [t, ρ], with
a gauge field (of curvature Ftρ) excited on it. The Wess-Zumino term for the D1 brane
probe reads,

SWZ =TD1

∫
Cp ∧ e2πF2 =TD1

(∫
C2+2π

∫
C0Ftρdtdρ

)
= −2πTD1

∫
dt
∫
dρAt∂ρC0. (4.13)
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In the last equality we have used that the RR field C2 has no pull-back on this probe.
Moreover, we have set the gauge Aρ = 0 and imposed that the gauge field At takes the
same values at the extrema of the interval. Keeping in mind that the axion field C0 is only
well-defined in regions where h′8 is a constant,2 where it reads C0 = h′8ψ, we find,

SWZ = −2πTD1

∫
dtdρAt(t, ρ)ψh′′8 = −2πTD1ψ(νk−1 − νk)

∫
dtAt(t, 2πk) = κCS,I

∫
Atdt.
(4.14)

Using eq. (4.13) we have that the Chern-Simons coefficient in the interval [2πk, 2π(k + 1)]
is then given by,

κCS,I [k, k + 1] = ψ
(νk−1 − νk)

2π . (4.15)

Therefore, in order to keep the CS coefficient well quantised, we can allow discrete changes
of the coordinate ψ,

ψ → ψ +
( 2πl
νk−1 − νk

)
, with l = 1, . . . , (νk−1 − νk). (4.16)

These changes indicate that not all positions in ψ are allowed for the D1 probes. In other
words, the U(1)ψ isometry of the background is broken to Zνk−1−νk . On the other hand,
the presence of the source D7 branes implies a change in the Chern-Simons coefficient, as
the slopes of the function h8 change.

A very similar calculation for a D5 brane that extends on [t, ρ,CY2] gives a Chern
Simons coefficient for the gauge groups in the lower row that is

κCS,II[k, k + 1] = ψ
(βk−1 − βk)

2π . (4.17)

We find that the U(1)ψ is broken to Zβk−1−βk and Zνk−1−νk , by the Chern-Simons terms
in the lower and upper rows respectively. If they have no common subgroups the U(1)ψ
is completely broken. Notice also that the sum of all the Chern-Simons coefficients gives∑
k κCS[k, k + 1] = NFψ, where NF is the sum of the total number of D7 brane sources in

the upper row and the total number of D3 branes sources in the lower row.
These are non-trivial predictions for the strongly coupled dynamics of our N = 4

SCQM. In appendix D we discuss additional ones. We now go back to discussing the
holographic central charge from two different perspectives.

5 Holographic central charge, electric-magnetic charges and a minimisa-
tion principle

In this section we present different ways of understanding the holographic central charge
given by eq. (4.4). We give a two-fold presentation. In section 5.1, that is more physically
inspired, we show that the expression in eq. (4.4) is related to a product of electric and mag-
netic charges associated with our backgrounds. In section 5.2 we present a more geometrical
approach, finding that the expression (4.4) can be obtained via an extremisation principle.

2Due to the presence of sources, see eqs. (3.4)–(3.5), the axion field is not globally defined.
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5.1 The relation between central charge and Page fluxes

We study the link between the holographic central charge of the SCQM in eqs. (4.2)–(4.4)
with the integral of electric and magnetic fluxes in the ten dimensional space. We see this
explicitly by working with the Page fluxes in eqs. (3.4).

This calculation is the string theoretic realisation of an argument presented in [74] for
two dimensional AdS2 gravity. In this reference it was proposed that the central charge
of the SCQM should be related to the (square of the) electric field in an effective AdS2
gravity theory coupled to a gauge field.

Consider a Dp brane, to which we can associate electric F̂p+2 and magnetic F̂8−p Page
field strengths. We define the “density of electric and magnetic charges”, ρeDp and ρmDp, as
the forms

ρeDp = 1
(2π)p F̂p+2, ρmDp = 1

(2π)7−p F̂8−p. (5.1)

The electric charge, obtained by integration of the charge density form, will turn out to
be infinite, as it involves the integration of the volume form of the non-compact AdS2
spacetime. We will work with these definitions, having in mind that a regularisation will
be necessary after the integrations are performed, see for example [108].

Consider the product of electric and magnetic charge densities in eq. (5.1), and its
integration over all space for the D-branes present in our backgrounds. We show that
(after regularisation) this product is proportional to the holographic central charge given
by eq. (4.4).3 We calculate the integral of electric and magnetic densities in eq. (5.1)
using the Page fluxes derived in eq. (3.4), and the ordered basis [t, r, S2,CY2, ρ, ψ]. The
calculation leads to∫ 3∑

k=0
(−1)kρeD(2k+1)ρ

m
D(2k+1) (5.2)

=
∫

dρ
(
ĥ4h8

2 + 1
16∂ρ

[
2uu′−u2

(
(ĥ4h8)′

ĥ4h8

)])
VolAdS2

(VolS2

4π2

)(VolCY2

16π4

)(Volψ
2π

)
.

Up to a boundary term, this is proportional to eq. (4.4), the expression for the holographic
central charge of our AdS2 backgrounds.

Hence, we learn that the holographic central charge in eq. (4.4), measuring the number
of vacua of the associated SCQM, is proportional to the (regularised) product of electric
and magnetic charge densities. We see this relation as a generalisation of the proposal
in [74], showing that the central charge in the algebra of symmetry generators of AdS2
with an electric field is proportional to the square of the electric field. In our case, for a
fully string theoretic set-up, we have objects with electric and magnetic charges and both
enter the calculation.

This links the holographic central charge, usually calculated from the dilaton and the
metric of the internal space, as shown by equations (4.1) and (4.2), with an expression

3In order to show this we use that only one of the components of F̂5∧ F̂5 needs to be taken into account,
due to its self-duality, and that some sign flips are necessary in order to work with the absolute values of
the charges and avoid unwanted cancellations.
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purely in terms of the RR-sector. It would be nice to see a similar logic at work in higher
dimensional AdS-solutions.

5.2 An extremisation principle

In this section we present a minimisation principle in supergravity that will lead to the
expression for the holographic central charge in eq. (4.4). Our presentation falls in line with
the ideas that extremisation problems in quantum field theory are realised in supergravity
through the extremisation of certain geometrical quantities. Various examples exist of this
mirroring of extremal principles. The most relevant to us are the ones studied in [83, 109–
113]. In these papers a geometrical quantity is defined in supergravity that coincides upon
extremisation with the holographic central charge of the systems under study. In some
cases this defines the central charge of the dual field theory. We point out some extensions
and differences with the approach of [83, 109–113].

Let us follow the idea of [109, 110]. These authors consider a particular family of
backgrounds (in eleven dimensional supergravity) of the form AdS2 × Y9, containing an
electric flux F4 and preserving N = (0, 2) SUSY. Aside from the AdS2 factor, these
backgrounds are quite different from the ones we discuss here (or their lift to M-theory,
in the case in which h8 is constant [55]). Nevertheless, the lesson from [109, 110] is that
the central charge can be written in terms of an extremised functional. This functional
is defined as an integral of various forms in the geometry Y9, and it is such that, once
extremised, equals a weighted volume of the internal space. Importantly, the manifold Y9
in [109, 110] has no boundary. In our case, we have a boundary and we allow for the
presence of sources.

In order to implement these ideas we define certain differential forms on the X8 internal
space tranverse to our AdS2 solutions, X8 = [S2,CY2, ρ, ψ]. We construct these forms
restricting the Page forms in eq. (3.4) to the manifold X8. For example, from F̂1 we
generate the one-form

F̂1 −→ J1 = h′8dψ. (5.3)

From the Page form F̂3 in eq. (3.4) we generate a second one-form, plus a three-form,

F̂3 −→ F1 =
(
h8
2 + u′2ĥ4 − uu′ĥ4

8ĥ2
4

)
dρ, J3 = −1

2(h8 − h′8(ρ− 2πk))volS2 ∧ dψ. (5.4)

The other forms generated from the Page fluxes are,

F3 = 1
16

((u−(ρ−2πk)u′)(uĥ′4−ĥ4u
′)

ĥ2
4

+4(ρ−2πk)h8

)
volS2∧dρ,

J5 =−ĥ′4volCY2∧dψ, F5 =−
(

4ĥ4h
2
8−uu′h′8+h8(u′)2

8h2
8

)
volCY2∧dρ,

J7 = 1
2(ĥ4−ĥ′4(ρ−2πk))volCY2∧volS2∧dψ, (5.5)

F7 =−
(

4(ρ−2πk)ĥ4h
2
8+u2h′8−h8uu

′−(ρ−2πk)uu′h′8+(ρ−2πk)h8u
′2

16h2
8

)
volCY2∧volS2∧dρ.
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With the forms in eqs. (5.3)–(5.5), we define the functional,

C = i

∫
X8

(J3 + iF3)∧(J5 + iF5)−(J1 + iF1)∧(J7 + iF7) (5.6)

= 1
16

∫
X8

(
8ĥ4h8 +u2

(
ĥ′24

ĥ2
4

+ h′28
h2

8

)
−2uu′

(
ĥ′4

ĥ4
+ h′8
h8

)
+2u′2

)
volCY2 ∧volS2 ∧dρ∧dψ.

Let us remind that the functional C is defined in terms of the restriction on X8 of the Page
fluxes. This can be minimised by imposing the Euler-Lagrange equation for u(ρ) from the
“Lagrangian” in eq. (5.6). This equation reads

2u′′ = u

(
ĥ′′4

ĥ4
+ h′′8
h8

)
. (5.7)

Imposing the Bianchi identities
h′′8 = 0, ĥ′′4 = 0, (5.8)

this leads us to the BPS equation of our class of solutions (3.2)–(3.3),4

u′′ = 0. (5.9)

Note that the fluxes are quantised, due to the type of solutions we consider for ĥ4, h8 — see
eqs. (3.9). It is interesting that here we impose the Bianchi identities in eq. (5.8) leading to
the BPS eq. (5.9). This is different from the procedure followed in previous bibliography.

On the solutions to eqs. (5.8), (5.9), which we refer to as “on-shell’, the functional is
extremised to be,

C|on-shell =
(VolCY2VolS2Volψ

2

)∫ 2π(P+1)

0

(
ĥ4h8 + ∂ρM

)
dρ. (5.10)

with M = 1
8

(
2uu′ − u2

( ĥ′4
ĥ4

+ h′8
h8

))
.

We now compare equations (4.4) and (5.10). Up to a boundary term (present in X8 but
not in the boundary-less Y9 of [109, 110]), the inverse Newton’s constant in two dimensions
in eq. (4.1), the internal volume Vint in eq. (4.2) and the C|on-shell in eq. (5.10), all converge
into the same calculation. Our proposed duality implies that these geometrical quantities
count the number of vacua of the dual SCQM, according to eqs. (4.4)–(4.5).

Let us come back to eq. (5.6), and analyse it for the case in which we have sources.
After integration by parts we write it as,

C = 1
16

∫
X8

(
8ĥ4h8 +N + ∂ρM

)
dρ, with

N = u2
(
ĥ′′4

ĥ4
+ h′′8
h8

)
, M = 2uu′ − u2

(
ĥ′4

ĥ4
+ h′8
h8

)
.

4Below, we analyse the situation in which sources are present. This implies the presence of delta-function
sources as in eq. (3.7).
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Using eq. (3.7), the term N can be seen to give a finite result proportional to the quotient
of the number of flavours by the number of colours in each node. Let us understand the
boundary term in more detail. For the solutions in eqs. (2.5)–(2.6) the boundary term is
divergent. We can associate this divergence with the presence of sources. Consider for
example a solution for ĥ4, h8 of the type in eqs. (2.5)–(2.6) with u = u0 (a constant). In
that case evaluating the boundary term we find

∫ 2π(P+1)

0
∂ρM = lim

ε→0

u2
0
ε

(ν0 + β0 + αP + µP ) = lim
ε→0

u2
0
ε

(
N total

D3 +N total
D7

)
. (5.11)

We have used that ĥ4(ρ = 0) = h8(ρ = 0) = ε and the same for the corresponding values at
ρ = 2π(P +1). Then we take ε→ 0, finding a divergent result in terms of the total number
of sources present in the background. Notice that in the limit of long quivers (P large)
with large ranks for colour group nodes U(αk) and U(µk) and sparse flavour groups, both
the boundary termM and the bulk term N , conveniently renormalised, are subleading in
these numbers (P, αk, µk) with respect to the first term, proportional to the holographic
central charge in eq. (4.4). For this we need to define the functional C in eq. (5.6) with a
suitable counter-term that removes the divergence when ε→ 0.

It should be interesting to attempt the calculation presented here in different systems,
like those in [51] or in higher dimensional AdS-spaces, to check if similar extremisation
principles are at work. In particular, it would be interesting to understand the geometrical
meaning of the forms in eqs. (5.3)–(5.5).

In summary, the presentation above shows that the holographic central charge, origi-
nally defined purely in terms of the NS-NS sector — see eqs. (4.2)–(4.4), is also encoded
in the forms of eq. (5.5) and the functional (5.6). The contents of this section link the
holographic central charge with the product of electric and magnetic brane charges and
with an extremisation principle. These geometrical quantities are capturing the number of
vacua of the N = 4 SCQM.

6 Summary and conclusions

Given that this is a long and dense paper, the reader may find useful to start with a
summary. We describe the main new ideas and calculations presented, pointing to the
sections and equations that best describe them.

We start in section 2 with a summary of the seed-backgrounds in massive IIA, dual
to two-dimensional N = (0, 4) SCFTs. The new material is written in section 2.1. There
we discuss in detail the field content of the two dimensional field theories. Also, in sec-
tion 2.1.1 we presented the superpotential for these two-dimensional field theories. Details
and generalisations are given in appendices A), (B.

In section 3, we have constructed new AdS2 solutions to Type IIB supergravity
with N = 4 supersymmetry. This infinite family of solutions is precisely written in
eqs. (3.2)–(3.7). The Page charges are calculated and the Hanany Witten set-up sum-
marised in table 2.
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In section 4, we propose explicit quiver quantum mechanics that should flow in the
IR to the SCQM dual to the backgrounds in section 3. Some aspects of the dynamics of
the SCQM have been calculated using the dual description. For example the number of
vacua, that we equated with the holographic central charge of the SCQM. This quantity
is derived in eqs. (4.1)–(4.4). Our expressions are tested with an example in eqs. (4.7)–
(4.9), showing the precise match between a field theory and holography calculations. The
holographic central charge is in turn identified with the partition function of the quantum
mechanics when formulated on a circle [83]. We have seen that this quantity is related
to the “seed” two-dimensional N = (0, 4) SCFT right-moving central charge. This is an
explicit manifestation of the DLCQ upon which both CFTs are related. In this section
we also presented predictions for the conformal quantum mechanics. For example, we
calculated the Chern-Simons coefficients in eqs. (4.13)–(4.17). This lead to a prediction for
the number of vacua and the anomalous breaking of the symmetry U(1)ψ. Wilson loops,
baryon vertices and gauge couplings have been studied in appendix D.

In section 5, we link the holographic central charge (a quantity originally defined in
terms of the NS-NS sector of the solutions) to the RR sector of our AdS2 backgrounds. In
particular, we have shown that it is related to the integral of the product of the electric
and magnetic charge densities of the D-branes present in the system — see eq. (5.2).
This generalises the proposal in [74], where the central charge in the algebra of symmetry
generators of AdS2 is related to the square of the electric field. In our controlled string
theory set-up, all electric and magnetic charges of the D-branes present in the solution
enter the calculation. In this same section, we have presented an extremisation principle
following the general ideas about geometric extremisation in [83, 109–113], from which we
have derived the holographic central charge. Our extremising functional is constructed in
terms of the electric and magnetic RR fluxes associated to the solutions, see eqs. (5.3)–(5.6).
Our results extend those in [83, 109–113], by the presence of sources and boundaries.

Let us end with some proposed research for the future. It would be interesting to see if
a similar relation between the holographic central charge and products of Ramond fluxes,
holds for other classes of solutions, especially higher dimensional ones. That would allow
for a physical principle underlying the construction of the purely geometric extremising
functional. Moreover, it would be interesting to find a field theory interpretation for the
extremisation construction found for our AdS2 solutions. Being the R-symmetry non-
Abelian it is not clear why an extremisation should be necessary in order to identify the
right R-symmetry from which the central charge should be constructed. This issue clearly
deserves a more careful investigation.

It would be interesting to relate, in the holographic regime, the calculations of an
index (at leading order) with our holographic central charge. More generally, it would be
interesting to apply exact calculation techniques to our quiver quantum mechanics in order
to understand the properties of the SCQM in the infrared. Related to this is the possibility
of learning about supergravity using exact results, along the lines of [114].

It would be interesting to find a defect interpretation for our AdS2 solutions, possibly
along the lines in [115]. In this reference the AdS3 “seed” solutions from which our AdS2
solutions have been constructed were interpreted as surface defects within the 5d Sp(N)
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gauge theory dual to the AdS6 Brandhuber-Oz background [11]. It is likely that, upon T-
duality, our solutions would find a similar interpretation, this time in terms of line defects,
within the T-dual of the Brandhuber-Oz background [13, 23]. It would be interesting to
find a flow interpolating these solutions with this AdS6 background. These flows may be
found in six dimensional supergravity, like those in [47, 48, 66, 115–117].

It should be possible to try to find compactifications of Type IIB supergravity to AdS2
times an eight manifold, of the form M8 = S2 × CY2 × S1

ψ × Iρ. Having these gauged
supergravities may allow to study flows away from AdS2, along the lines of those in [118].

Finding an interpretation of our solutions in the context of 4d black holes is clearly
a direction that should be investigated, possibly along the different lines of [85, 119–122].
It should be important to clarify the relation between the number of vacua/holographic
central charge and the entropy of these black holes, as advanced around eq. (4.1). It
would be interesting to understand the role of the freedom in choosing ĥ4, h8 and their
implications for black holes. Similarly, it would be interesting to explore the uses of the
formalism developed in [123, 124], applied to our particular systems. Along this line, the
possibility of understanding our AdS2 backgrounds as the emergent dynamics in [125, 126]
is interesting to explore.

We hope to tackle some of these problems in the near future.
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A AdS3 and AdS2 backgrounds in full generality

In section 2 we discussed a particular set of solutions in class I of the paper [49] and
in section 3 we discussed the T-dual of these “seed” backgrounds. In this appendix we
summarise the general backgrounds in class I of [49] and perform the T-duality on the
AdS3 fibre, generating AdS2 backgrounds that generalise those of section 3.

The Neveu-Schwarz sector of the generic AdS3 backgrounds in [49] reads,

ds2 = u√
ĥ4h8

(
ds2

AdS3 + ĥ4h8

4ĥ4h8 +(u′)2
ds2

S2

)
+

√
ĥ4
h8

ds2
CY2 +

√
ĥ4h8

u
dρ2 ,

e−Φ = h
3/4
8

2ĥ1/4
4
√
u

√
4ĥ4h8 +(u′)2 , H3 = 1

2d
(
−ρ+ uu′

4ĥ4h8 +(u′)2

)
∧volS2 + 1

h2
8
dρ∧H2 .

(A.1)
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Here the metric is given in the string frame, Φ is the dilaton and H3 = dB2 is the NS
three-form. In the general case the warping function ĥ4 has support on (ρ,CY2). The RR
fluxes are,

F0 = h′8 , F2 = − 1
h8
H2 −

1
2

(
h8 −

h′8uu
′

4h8ĥ4 + (u′)2

)
volS2 ,

F4 = −
(
d
(
uu′

2ĥ4

)
+ 2h8dρ

)
∧ volAdS3 − ∂ρĥ4volCY2 −

h8
u

(?̂4d4ĥ4) ∧ dρ

− uu′

2h8(4ĥ4h8 + (u′)2)
H2 ∧ volS2 ,

(A.2)

with the higher fluxes related to these as F6 = − ?10 F4, F8 = ?10F2, F10 = − ?10 F0, and
where ?̂4 is the Hodge dual on the CY2. It was shown in [49] that supersymmetry holds
whenever,

u′′ = 0 , H2 + ?̂4H2 = 0 , (A.3)
which makes u a linear function of ρ. H2 can be defined in terms of three functions g1,2,3
on CY2,

H2 = g1(ê1 ∧ ê2 − ê3 ∧ ê4) + g2(ê1 ∧ ê3 + ê2 ∧ ê4) + g3(ê1 ∧ ê4 − ê2 ∧ ê3), (A.4)

where êi are a canonical vielbein on CY2 (see section 3.1. of [49]). Hence, the Bianchi
identities of the fluxes impose (away from localised sources),

h′′8 = 0 , dH2 = 0,
h8
u
∇2

CY2 ĥ4 + ∂2
ρ ĥ4 + 2

h3
8
(g2

1 + g2
2 + g2

3) = 0.
(A.5)

In the case when H2 vanishes and ĥ4 has support on the ρ coordinate only, we are in the
case of the solutions reviewed in section 2.

We T-dualise the previous backgrounds on the Hopf direction of AdS3 by parametrising
it as in (3.1). Performing T-duality on ψ̃ results in the dual NS sector,

ds2 = u√
ĥ4h8

(
1
4ds

2
AdS2 + ĥ4h8

4ĥ4h8 +(u′)2
ds2

S2

)
+

√
ĥ4
h8

ds2
CY2 +

√
ĥ4h8

u
(dρ2 +dψ2) ,

e−2Φ = h8

4ĥ4

(
4ĥ4h8 +(u′)2) ,

H3 = 1
2d
(
−ρ+ uu′

4ĥ4h8 +(u′)2

)
∧volS2 + 1

h2
8
dρ∧H2 + 1

2volAdS2 ∧dψ ,

(A.6)

and the RR sector is,
F1 = h′8dψ ,

F3 =−1
2

(
h8−

h′8u
′u

4h8ĥ4 +(u′)2

)
volS2 ∧dψ− 1

h8
H2∧dψ+ 1

4

(
d
(
u′u

2ĥ4

)
+2h8dρ

)
∧volAdS2 ,

F5 =−(1+?10)
(
∂ρĥ4volCY2 + h8

u
(?̂4d4ĥ4)∧dρ+ uu′

2h8(4ĥ4h8 +(u′)2)
H2∧volS2

)
∧dψ ,

(A.7)
where F7 = − ?10 F3 = and F9 = ?10F1.
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In the case when H2 vanishes and ĥ4 has support on the ρ coordinate only, we are in
the case of the solutions constructed in section 3.

B N = (0, 2) and N = (0, 4) theories and quantum mechanics

In this appendix we briefly discuss the QFTs that conjecturally flow in the IR to a strongly
coupled CFT. The discussion requires some standard aspects of two dimensional N = (0, 2)
and N = (0, 4) supersymmetric theories. As these are well summarised in other works —
see for example [92–94] — we shall not give too many details.

N = (0, 2) multiplets. Let us list the field components of the three types of N = (0, 2)
multiplets, namely the vector U , chiral Φ and the Fermi Ψ multiplets

U : (uµ, ζ−, D) , Φ : (φ, ψ+) , Ψ : (ψ−, G) . (B.1)

The subscript on the fermions refers to their chiralities under the SO(1, 1) Lorentz group.
D is a real and G a complex auxiliary field.

A vector U has the following expansion in superspace5

U = u0 − u1 − 2iθ+ζ̄− − 2iθ̄+ζ− + 2θ+θ̄+D . (B.2)

The corresponding field strength is obtained by means of

Υ = [D+,D−] = −ζ− − iθ+(D − iu01)− iθ+θ̄+(D0 +D1)ζ− , (B.3)

where D+ and D− are the supercovariant gauge derivatives [95]. It turns out that Υ is a
Fermi multiplet — it satisfies D+Υ = 0. We shall give a more precise definition of a Fermi
multiplet momentarily.

A chiral field Φ is a superfield that satisfies the following equation

D+Φ = 0 , (B.4)

and therefore expands out in components as

Φ = φ+
√

2θ+ψ+ − iθ+θ̄+(D0 +D1)φ , (B.5)

where D0 and D1 stand for the time- and space-components of the usual covariant deriva-
tive.

A Fermi superfield instead satisfies the following equation

D+Ψ = E(Φi) , (B.6)

where E(Φi) is a holomorphic function of the chiral superfields Φi. E should be chosen
in such a way that it transforms as Ψ under all symmetries. Solving (B.6) leads to the
following expansion for Ψ

Ψ = ψ− − θ+G− iθ+θ̄+(D0 +D1)ψ− − θ̄+E(φi)− θ+θ̄+ ∂E

∂φi
ψ+i , (B.7)

5N = (0, 2) superspace is parametrised by two real spacetime coordinates, x± = x0 ± x1, and two
complex Grassmann variables θ+ and θ+ subject to a reality constraint.
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where G is an auxiliary complex field. The holomorphic function E can be shown to appear
in the Lagrangian as a potential term. There is also another type of superpontential we
can consider for N = (0, 2) theories. For each Fermi multiplet Ψa we can introduce a
holomorphic function Ja(Φi) such that

SJ =
∫

d2xdθ+∑
a

Ja(Φi)Ψa + h.c. . (B.8)

It must be stressed that the superpotentials E and J cannot be introduced indepen-
dently. It turns out that, in order for supersymmetry to be preserved, they have to satisfy
the following constraint

E · J =
∑
a

EaJ
a = 0 . (B.9)

Let us now move on to listing N = (0, 4) supermultiplets.

N = (0, 4) multiplets. N = (0, 4) supermultiplets are usually given in terms of
N = (0, 2) supermultiplets, pretty much as in 4 dimensions N = 2 superfields are built
from N = 1 superfields. Again, let us list them first.

Multiplets N = (0, 2) building blocks component fields SU(2)L × SU(2)R
Vector Vector + Fermi (U,Θ) (uµ, ζa−, GA) (1, 1), (2, 2), (3, 1)

Hyper Chiral + Chiral (Φ, Φ̃) (φa, ψb+) (2, 1), (1, 2)

Twisted hyper Chiral + Chiral (Φ′, Φ̃′) (φ′a, ψ′b+) (1, 2), (2, 1)

Fermi Fermi + Fermi (Γ, Γ̃) (ψ′a−, Gb) (1, 1), (2, 2)

The N = (0, 4) vector multiplet is made of an N = (0, 2) vector multiplet and an
adjoint N = (0, 2) Fermi multiplet Θ. The field content is that of a gauge field uµ and
two left-handed fermions ζa−, a = 1, 2, in addition to a triplet of auxiliary fields GA,
A = 1, 2, 3. The gauge field is a singlet under the SU(2)L × SU(2)R R-symmetry while the
two fermions transform as (2,2). The triplet of auxiliary fields transforms as (3,1) under
the R-symmetry.

There are two different types of hypermultiplets, the hypermultiplet and the twisted
hypermultiplet. Both of them are formed by two N = (0, 2) chiral multiplets, therefore
they both contain two complex scalars (φa) and two right-handed fermions (ψb+). They
differ from each other because of the different representations under the R-symmetry group,
as we can see from the table above.

If we want to couple the hypermultiplet to the vector multiplet, we should consider
the following coupling between the hyper (Φ, Φ̃) and the adjoint Fermi field Θ

JΘ = ΦΦ̃⇒W = Φ̃ΘΦ . (B.10)

On the other hand, coupling a twisted hypermultiplet to the gauge sector requires an E-type
of superpotential

EΘ = Φ′Φ̃′ , (B.11)

with indices in Φ′Φ̃′ set to have EΘ transforming in the adjoint of the gauge group.
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Finally, we can have an N = (0, 4) Fermi multiplet, which is made of two N = (0, 2)
Fermi multiplets. It contains two left-handed fermions which are singlets of SU(2)L ×
SU(2)R R-symmetry. No further coupling between Γ, Γ̃ and Θ is possible.

As in the quiver of figure 1, there appear also N = (4, 4) vector and chiral multiplets,
it is worth mentioning how N = (4, 4) superfields decompose in N = (0, 4) language.

N = (4, 4) multiplets. There are two types of N = (4, 4) superfields, the vector and
the hypermultiplet.

Multiplets N = (0, 4) building blocks N = (0, 2) building blocks
Vector Vector + Twisted Hyper (U,Θ), (Σ, Σ̃)
Hyper Hyper + Fermi (Φ, Φ̃), (Γ, Γ̃)

The N = (4, 4) vector multipled is comprised of an N = (0, 4) vector multiplet and
a N = (0, 4) twisted hypermultiplet. The twisted hypermultiplet is usually denoted as
(Σ, Σ̃). They are coupled to the gauge sector via the E-type potential

EΘ = [Σ, Σ̃] . (B.12)

N = (4, 4) hypermultiplets are made of an N = (0, 4) hypermultiplet and an N = (4, 4)
Fermi multiplet, all in all (Φ, Φ̃), (Γ, Γ̃). As before, Φ and Φ̃ are coupled to the gauge
sector via

W = Φ̃ΘΦ . (B.13)

We conclude this part by stressing out that there are couplings between N = (0, 4)
Fermi multiplets Γ, Γ̃, hypermultiplets Φ, Φ̃ and twisted hypers Σ, Σ̃. They involve both
superpotential and E-terms

W = Γ̃Σ̃Φ + Φ̃Σ̃Γ , (B.14)

and
EΓ = ΣΦ , EΓ̃ = −Φ̃Σ . (B.15)

It is easy to see that

E · J = Φ̃[Σ, Σ̃]Φ + Φ̃Σ̃ΣΦ− Φ̃ΣΣ̃Φ = 0 . (B.16)

B.1 N = 4 quantum mechanics

As we argued in the main text, the N = 4 superconformal quantum mechanics dual to the
IIB backgrounds discussed around (3.2) and (3.3) is given by the dimensional reduction of
the CFT in figure 1. Thus, we start with a general discussion on compactification of 2d
N = (0, 4) theories. These are usually formulated in terms of N = (0, 2) multiplets, so we
start by reducing them first.
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N = 2 supersymmetry multiplets. In N = 2 quantum mechanics we have two real
supercharges with an SO(2) R-symmetry. Equivalently, they can be rearranged as two
complex supercharges Q and Q with a reality constraint, and U(1) R-symmetry. They
satisfy the algebra

Q2 = Q
2 = 0 , {Q,Q} = H , (B.17)

with H the hamiltonian. Moreover, if we denote by J the R-symmetry generator we have

[J,Q] = −Q , [J,Q] = Q , [J,H] = 0 . (B.18)

Let us now see what N = 2 supermultiplets in quantum mechanics are relevant for
us. Much of the construction is obtained from the dimensional reduction of 2d N = (0, 2)
reviewed above.

As we have seen in the previous section, the 2d N = (0, 2) vector multiplet consists
of a two-dimensional gauge field uµ, a left-handed (complex) fermionic field ζ− and a real
auxiliary field D. They are all valued in the adjoint representation of the corresponding
gauge group. In the following we will just set ζ− ≡ ζ, as there is no chirality in 1d. After
reduction, we have uµ = (ut, σ), where ut is the one dimensional gauge field and σ a
real scalar. The supersymmetric kinetic term for an N = 2 vector multiplet in quantum
mechanics is

Lvector = 1
2g2 tr

[
(Dtσ)2 + iζ̄D

(+)
t ζ +D2

]
, (B.19)

where D(±)
t = Dt ± iσ and Dt is the usual covariant derivative Dt = ∂t + iut for fields in a

generic representation of the gauge group.
A 2d N = (0, 2) chiral multiplet consists of a complex scalar boson φ and a right-

handed (complex) fermionic field ψ+ in some unitary representation of the gauge group.
As before, we will only be concerned with the fundamental and adjoint representations.
Again, in going down to 1d we will drop the sub-index. The supersymmetric kinetic term
for an N = 2 chiral multiplet in quantum mechanics reads

Lchiral = Dtφ̄Dtφ+ iψ̄D
(−)
t ψ + φ̄(D − σ2)φ− i

√
2φ̄ζψ + i

√
2ψ̄ζ̄φ . (B.20)

A 2d N = (0, 2) Fermi multiplet consists on a left-handed (complex) fermion ψ− and
an auxiliary field G. In the following, we will make the identification ψ− ≡ η and ψ+,i ≡ ψi
if (φi, ψ+,i) is a chiral multiplet. The Lagrangian for a generic Fermi multiplet reads

Lfermi = iη̄D
(+)
t η + |G2| − |E(φi)|2 − η̄

∂E

∂φi
ψi − ψ̄i

∂E

∂φ̄i
η . (B.21)

In addition to the E-term potentials it is possible, for each Fermi multiplet Ψa, to introduce
a holomorphic function Ja(Φi) which gives rise to interactions of the form

LJ = GaJa(φi) +
∑
i

ηa
∂Ja

∂φi
ψi + h.c. . (B.22)

As remarked already, the superpotentials E and J cannot be introduced independently. In
order for supersymmetry to be preserved, they must satisfy ∑aEaJ

a = 0.

– 27 –



J
H
E
P
0
3
(
2
0
2
1
)
2
7
7

N = 4 supersymmetric systems. The N = 4 supermultiplets that are relevant to our
construction are given just by dimensional reduction of N = (0, 4) and N = (4, 4) super-
multiplets. Two-dimensional N = (0, 4) and N = (4, 4) supermultiplets are given in terms
of N = (0, 2) multiplets, according to the discussion in the previous section, summarised
in the two tables above. The dimensional reduction of the 2d theory depicted in figure 1
is then readily done according to the rules above. In particular, a two-dimensional gauge
field always reduces to one-component gauge field plus a scalar in one dimension. Scalars
and fermions remain untouched. In the case of the fermions, this is due to the fact that in
both one and two dimensions the minimal spinor representation is one-dimensional. Super-
symmetric interactions for the UV Lagrangian can be added as long as the condition (B.9)
is satisfied. See for instance [92].

Before ending this section, let us give one remark about the R-symmetry of the
IR theory.

R-symmetry. The R-symmetry group of supersymmetric N = 4 quantum mechanics
is SO(4) = SU(2) × SU(2). As we flow to the IR and hit a fixed point, given that it
exists, we should find that our quantum mechanics realises some classified superconformal
algebra. When N = 4, we have essentially two possibilities: d(2, 1;α), with two su(2)’s
R-symmetries, or su(1, 1|2), with one su(2) only.

The d(2, 1;α) global algebra is often referred to as large superconformal algebra and α is
a parameter which parametrises the relative strength of the two Kac-Moody levels, k− and
k+ of the SU(2) R-symmetries. Given that we have only one SU(2) (realised geometrically
on the S2) and given also that in the parent AdS3×S2 backgrounds supersymmetries were
in the (1,2; 2) of SL(2,R) × SL(2,R) × SU(2)R, we are naturally led to the conclusion
that the (global) superalgebra realised by our backgrounds and the dual field theories is
the su(1, 1|2) superalgebra.6 Also, superalgebras in one and two dimensions are closely
related — each chiral sector of a 2d SCFT provides a superalgebra and its realisation for a
1d superconformal QM — and this makes it possible to identify central charges in 1d and
2d [77].

C Singularity structure at the ends of the ρ-interval

In this appendix we study the asymptotic behaviour of the backgrounds in eq. (3.2), for
defining functions ĥ4, h8 given by eqs. (2.5)–(2.6). Other possible ways of bounding the
space can be considered following [49, 50]. We distinguish two cases:

• u = cuρ: At ρ = 0, we find a regular background. In turn, at the end of the ρ-interval
(which we denote by ρ = 2π(P +1)−x for small x) we find a metric and dilaton that
behave as,

ds2 ∼ 1
x

ds2
AdS2 + x(dx2 + dψ2 + ds2

S2) + ds2
CY2 , e−2Φ ∼ 1. (C.1)

6The su(1, 1|2) is also realised by taking the limit α→∞ in the d(2, 1;α) algebra.
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CY2 CY2

e−2φ
ψ

ψ

S2

S2

0

2π(P + 1)
ρ

Figure 5. Behaviour of the solutions at both ends of the ρ-interval for u = u0ρ. The S2 vanishes,
while the S1

ψ is finite at ρ = 0 but shrinks to zero size at ρ = 2π(P + 1). The CY2 has finite size at
both ends.

This is a superposition of O1 and O5 planes, extended on AdS2 (and smeared on the
CY2) and AdS2 × CY2 respectively (see for example around equation (3.38) of the
paper [49]).

• u = u0: At both ends of the interval, the metric and dilaton asymptote similarly.
The expansion of the background at both ends is,

ds2 ∼ 1
ρ

(ds2
AdS2 + ds2

S2) + ρ(dρ2 + dψ2) + ds2
CY2 , e−2Φ ∼ ρ2. (C.2)

This indicates the superposition of O3 and O7 planes, extended on AdS2 × S2 (and
smeared on the CY2) and AdS2 × S2× CY2 respectively.

In both cases we find that in approaching the end of the interval, the ψ-cycle becomes of
vanishing size. T-dualising in this direction we recover the seed backgrounds discussed in
section 2.

Analysing the volume of the compact submanifolds of the solutions in eqs. (2.5)–(2.6)
with u′ = 0, we run into the possibility that some of these submanifolds have infinite
size. However, in spite of a divergent warp factor, the “stringy size” of the submanifold is
actually finite or vanishing at the ends of the space. The finite stringy-volume case does
not pose any problem in interpreting a D-brane wrapping such cycle. The case in which
the cycle shrinks may suggest an interpretation of the singularity in terms of new massless
degrees of freedom (branes wrapping the shrinking cycles) that the supergravity solution
is not encoding.

For the case in eqs. (2.5)–(2.6), with u = u0ρ and hence non-vanishing u′, the back-
ground is smooth at ρ = 0, but it presents a singularity at ρ = 2π(P + 1). We analysed
this singularity around eq. (C.1). A pictorial view of this background is given in figure 5.
In the case in which u′ = 0, the asymptotic behaviour given in eq. (C.2) is sketched in
figure 6.

In spite of the two sphere having divergent volume, we find that the stringy volume of
the S2 calculated as,

Vs[S2] =
∫

volS2 e−Φ
√

det[g +B] = 2π

√√√√h2
8

(
u2

16ĥ4h8
+ (ρ− 2πk)2

4

)
, (C.3)
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CY2 CY2

e−2φ

ψψ

S2

S2

0
2π(P + 1)

ρ

Figure 6. Behaviour of the solutions at both ends of the ρ-interval for u = u0. The S2 diverges
while the S1

ψ shrinks at both ends. The CY2 remains finite.

is finite for ρ = 0 and ρ = 2π(P + 1). A brane wrapped on S2 will then have finite energy
and will not pose problems when considering its backreaction.

D Holographic calculation of QFT observables

In this appendix we discuss the holographic calculation of various field theoretical ob-
servables of the strongly coupled quantum mechanics. We focus on Wilson loops, baryon
vertices and gauge couplings.

D.1 Wilson loops

As we mentioned in the main text we expect that our conformal quantum mechanics are
related to the more general theories describing line defects inside five dimensional N = 2
SCFTs, studied in [96, 97]. This opens the possibility that the VEV of a Wilson (or ’t Hooft)
line can be exactly computed using localisation, along the lines described in [97, 108]. Here
we discuss the holographic calculation of a particular Wilson line that can potentially be
checked with some exact methods.

Consider a fundamental string extended on AdS2, parametrised with coordinates (t, r)
as in eq. (3.1). The string has a profile ρ = ρ(r). The induced metric and NS-NS 2-form
field, as well as the action for the string, are obtained from eqs. (3.1)–(3.2). They read,

ds2
ind = u

4
√
ĥ4h8

(−dt2 cosh2 r + dr2) +

√
ĥ4h8

u
ρ′2dr2,

B2 = ψ0
2 cosh rdt ∧ dr,

SF1 = 1
2π

∫
dtdr cosh r

 u

4
√
ĥ4h8

√
1 + 4ĥ4h8

u2 ρ′2 − ψ0
2

 . (D.1)

We solve the equations of motion for this probe string if

∂ρ

 u

4
√
ĥ4h8

 = 0, u = u0ρ, ĥ4 = β

2πρ, h8 = ν

2πρ. (D.2)
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The solution in eq. (D.2) implies that the string is sitting close to the beginning of a generic
quiver, for the functions ĥ4, h8 in eqs. (2.5)–(2.6). The on-shell action for this string is,

Son-shell = 1
2π

∫
dtdr cosh r

(
πu0

2
√
νβ
− ψ0

2

)
= 1

2π

(
πu0

2
√
νβ
− ψ0

2

)
VolAdS2 . (D.3)

This is the quantity that we associate with the expected value of this particular Wilson loop.
There is another solution with constant profiles u ∼ h8 ∼ ĥ4 ∼ 1. This solution does

not fall within the analysis of this paper. Instead, it can be thought of as the reduction
and T-dual, along the fibration in S3, of the background AdS3×S3×K3. Other interesting
defect-like operator, the baryonic vertex, is discussed below.

D.2 Baryonic vertex

We study here a couple of probe branes that we can identify with baryonic vertices. As
in the paper [127], there will be an integer number of fundamental strings ending on them
and their tension will be of order Tbar ∼ 1/gs.

We consider first the gauge groups that come from D5 branes in the interval
[2πk, 2π(k+ 1)], for which the number of branes is µk. For this gauge group, we consider a
probe consisting on a D3 brane extended along [t, S2, ψ] at some fixed value ρ = 2πk. The
induced metric, NS-NS B-field and BIWZ action read,

ds2
ind,D3 = − u

4
√
ĥ4h8

cosh2 rdt2 +
u
√
ĥ4h8

∆ ds2
S2 +

√
ĥ4h8

u
dψ2, ∆ = 4ĥ4h8 + u′2,

B2 = 1
2∆

[
(2πk − ρ)∆ + uu′

]
volS2 −

sinh r
2 dt ∧ dψ, (D.4)

SBI = TD3

∫
e−Φ

√
det[g +B] dt ∧ dψ ∧ volS2 = TD3

(
u

8

√
h8

ĥ4

)
|ρ=2πk(8π2)

∫
dt,

SWZ = TD3

∫
C4 + f2 ∧ C2 = −TD3

∫
t
at

∫
S2×S1

ψ

F̂3 = µk
2π

∫
t
at.

We used that f2 = da1. We see that the mass of this particle is given by Mbar =
π2TD3

(
u
√

h8
ĥ4

)
|ρ=2πk. We also observe that µk strings must end on it, to cancel the

charge of the object on S2 × S1
ψ. This is the baryonic vertex for the gauge group U(µk).

With a probe D7 brane extended in [t,CY2, S2, ψ] at some fixed value of ρ = 2πk, we
find analogously,

ds2
ind, D7 = − u

4
√
ĥ4h8

cosh2 rdt2 +
u
√
ĥ4h8

∆ ds2
S2 +

√
ĥ4
h8

ds2
CY2 +

√
ĥ4h8

u
dψ2,

∆ = 4ĥ4h8 + u′2, B2 = 1
2∆

[
(2πk − ρ)∆ + uu′

]
volS2 −

sinh r
2 dt ∧ dψ, (D.5)

SBI = TD7

∫
e−Φ

√
det[g +B] dt ∧ dψ ∧ volS2 ∧ volCY2

= TD7 VolCY2VolS2Volψ

u
8

√
ĥ4
h8

∣∣
ρ=2πk

∫
dt,

SWZ = TD7

∫
C8 + f2 ∧ C6 = −TD7

∫
t
at

∫
S2×CY2×S1

ψ

F̂7 = αk
2π

∫
t
at.
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In this case we find that the mass of the particle isM =TD7 VolCY2VolS2Volψ
(
u
8

√
ĥ4
h8

)
|ρ=2πk,

and that there should be αk fundamental strings ending on it.

D.3 Gauge couplings

The gauge coupling of each node can also be computed holographically. We follow a
prescription that works in higher dimensional systems. For αk gauge groups we study the
action of D1 branes extending in [t, ρ] with ρ ∈ [2πk, 2π(k+1)] (at fixed values of the other
coordinates). For the µk gauge groups, we study D5 branes that extend on [t, ρ,CY2] with
ρ ∈ [2πk, 2π(k + 1)], also at fixed values of all other coordinates.

We compute the Born-Infeld and Wess-Zumino actions of these branes. We associate
the coefficient of the BI parts with the gauge couplings. For the D1 brane probe we consider
here, for which the gauge field is taken to be zero and for which the NS two form has zero
pull-back on the brane worldvolume, the induced metric, Born-Infeld-Wess-Zumino action
and gauge coupling g2

YM,1 read,

SBIWZ = TD1

∫
dtdρe−Φ

√
−det[gind]−TD1

∫
C2 (D.6)

ds2
ind,D1 =− u

4
√
ĥ4h8

cosh2 r0dt2 +

√
ĥ4h8

u
dρ2, C2 = sinh(r0)

4

(
∂ρ

(
uu′

2ĥ4

)
+2h8

)
dρ∧dt,

SBI =−TD1

∫ 2π(k+1)

2πk
dρ
√
h8

ĥ4
(4ĥ4h8 +u′2)

∫
dt cosh r0

4 ,

SWZ = TD1

∫ 2π(k+1)

2πk
dρ
(
∂ρ

(
uu′

ĥ4

)
+2h8

)∫
dt sinh r0

4 ,

Notice that this probe D1 brane becomes extremal (its tension equals its charge) when
u′ = 0 and when the brane is placed near the boundary of AdS2 (that is, r0 → ∞).
Probably under these circumstances the branes are calibrated. We can define the gauge
coupling from the coefficient of the Born-Infeld term. We find for αk gauge groups,

1
g2

YM,1[k, k + 1] = 1
2π

∫ 2π(k+1)

2πk
h8dρ = 2µk + νk

2 . (D.7)

Notice that this coupling is dimensionless.
Similarly for the µk gauge groups we find, using a D5 brane in [t, ρ,CY2] (at fixed

values for all other coordinates),

ds2
ind,D5 = − u

4
√
ĥ4h8

cosh2 r0dt2 +

√
ĥ4h8

u
dρ2 +

√
ĥ4
h8

ds2
CY2 , (D.8)

C6 =
(

4ĥ4h
2
8 − uu′h′8 + h8(u′)2

8h2
8

)
sinh r0dρ ∧ dt ∧ volCY2 ,

SBI = −TD5VolCY2

∫ 2π(k+1)

2πk
dρ

√
ĥ4
h8

(4ĥ4h8 + u′2)
∫

dt cosh r0
4 ,
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SWZ = TD5VolCY2

∫ 2π(k+1)

2πk
dρ
(

4ĥ4h
2
8 − uu′h′8 + h8(u′)2

8h2
8

)∫
dt sinh r0,

1
g2

YM,2[k, k + 1] = 1
2π

∫ 2π(k+1)

2πk
h4dρ = 2αk + βk

2 .

In the last line we observe that this particular D5 brane probe is extremal for the solutions
with u′ = 0 and at r0 →∞.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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