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Foreword

It is with great pleasure that we present the Proceedings of the 26" Congress of Differential Equations and Appli-
cations / 16" Congress of Applied Mathematics (XXVI CEDYA / XVI CMA), the biennial congress of the Spanish
Society of Applied Mathematics SEMA, which is held in Gijén, Spain from June 14 to June 18, 2021.

In this volume we gather the short papers sent by some of the almost three hundred and twenty communications
presented in the conference. Abstracts of all those communications can be found in the abstract book of the
congress. Moreover, full papers by invited lecturers will shortly appear in a special issue of the SEMA Journal.

The first CEDYA was celebrated in 1978 in Madrid, and the first joint CEDYA / CMA took place in Mélaga in
1989. Our congress focuses on different fields of applied mathematics: Dynamical Systems and Ordinary Differ-
ential Equations, Partial Differential Equations, Numerical Analysis and Simulation, Numerical Linear Algebra,
Optimal Control and Inverse Problems and Applications of Mathematics to Industry, Social Sciences, and Biol-
ogy. Communications in other related topics such as Scientific Computation, Approximation Theory, Discrete
Mathematics and Mathematical Education are also common.

For the last few editions, the congress has been structured in mini-symposia. In Gijén, we will have eighteen
minis-symposia, proposed by different researchers and groups, and also five thematic sessions organized by the
local organizing committee to distribute the individual contributions. We will also have a poster session and ten
invited lectures. Among all the mini-symposia, we want to highlight the one dedicated to the memory of our
colleague Francisco Javier “Pancho” Sayas, which gathers two plenary lectures, thirty-six talks, and more than
forty invited people that have expressed their wish to pay tribute to his figure and work.

This edition has been deeply marked by the COVID-19 pandemic. First scheduled for June 2020, we had to
postpone it one year, and move to a hybrid format. Roughly half of the participants attended the conference online,
while the other half came to Gijén. Taking a normal conference and moving to a hybrid format in one year has
meant a lot of efforts from all the parties involved. Not only did we, as organizing committee, see how much of the
work already done had to be undone and redone in a different way, but also the administration staff, the scientific
committee, the mini-symposia organizers, and many of the contributors had to work overtime for the change.

Just to name a few of the problems that all of us faced: some of the already accepted mini-symposia and
contributed talks had to be withdrawn for different reasons (mainly because of the lack of flexibility of the funding
agencies); it became quite clear since the very first moment that, no matter how well things evolved, it would be
nearly impossible for most international participants to come to Gijon; reservations with the hotels and contracts
with the suppliers had to be cancelled; and there was a lot of uncertainty, and even anxiety could be said, until we
were able to confirm that the face-to-face part of the congress could take place as planned.

On the other hand, in the new open call for scientific proposals, we had a nice surprise: many people that would
have not been able to participate in the original congress were sending new ideas for mini-symposia, individual
contributions and posters. This meant that the total number of communications was about twenty percent greater
than the original one, with most of the new contributions sent by students.

There were almost one hundred and twenty students registered for this CEDYA / CMA. The hybrid format
allows students to participate at very low expense for their funding agencies, and this gives them the opportunity
to attend different conferences and get more merits. But this, which can be seen as an advantage, makes it harder
for them to obtain a full conference experience. Alfréd Rényi said: “a mathematician is a device for turning coffee
into theorems”. Experience has taught us that a congress is the best place for a mathematician to have a lot of
coffee. And coffee cannot be served online.

In Gijén, June 4, 2021

The Local Organizing Committee from the Universidad de Oviedo
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Asymptotic aspects of the logistic equation under diffusion

José C. Sabina de Lis', Sergio Segura de Leén?
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Abstract
This talk is devoted to describe the nontrivial solutions to
—A,,u=/1|u|p_2u— [u]92u x€Q
u=0 x € 0Q.

Exponents satisfy 1 < p < g while 2 > 0 is a bifurcation parameter. We are confining ourselves to the case
where Q is a ball and solutions are radial. More importantly, we are discussing the asymptotic behavior of these
solutions as p — 1+. We are further stating not only the existence of such limits but even introducing the limit
problem which such limits solve.

1. Introduction
This talk is firstly devoted to describe the nontrivial solutions to the nonlinear eigenvalue problem:

{—Apu = Au|P2u — |u|?%u, x €, (L.D)

u=0, x € 0Q,

where Q c R¥ is a bounded smooth domain, v is outer unit normal, A is a positive (bifurcation) parameter and
Apu =div (IVu|P~2Vu) is the p-Laplacian operator. The exponents p, ¢ are assumed to satisfy,

1<p<g. (1.2)

The case p = 2 is the logistic problem, a well-known model in population dynamics (see [17], [6], also [8] for
related applications). As for the nonlinear diffusion regime p # 2, a detailed discussion of its positive solutions has
been performed in [10-12], [15] and [9], the latter specially concerned with the one—dimensional case. Regarding
the problem (1.1) observed in a N-dimensional domain Q, see [13] for existence results on a closely related
problem.
A further feature we are going to address is the analysis of the limit perturbation of problem (1.1) as p — 1.
Namely,
-Aju = /li - |u|q‘2u, x €Q,
Jue] (1.3)
u=0, x € 0Q,

where Aju = div (ﬁ) is the one—Laplacian operator. Such operator finds its natural applications in a broader
u

class of fields ranging from image processing ( [4], [18]) to torsion theory ( [16]).

Due to the fact that the N—dimensional versions of problems (1.1) and (1.3) are plagued of technical obstacles,
main emphasis here will be put on their radial versions. In such case, Q = B(0, R) c RV is a N-dimensional ball
with N > 2. It should be remarked that the one—dimensional versions of (1.1) and (1.3),

—(Jux|P™2uy)x = AulP~u — |u|9%u, 0<x<R,
(1.4)
u(0) =u(R) =0, :
and
_(u_x) =/ll—|u|q_2u, 0<x <R,
luxl ) ul (1.5)
u(0) =u(R) =0,

have been recently studied in [21] (problem (1.4) goes back to [14]).

This note is organized as follows. Basic results, specially those concerning the limit problem (1.3) are reviewed
in Section 2. A global description of the set of nontrivial solutions to (1.1) in a ball is presented in Section 3. The
features on the limit behavior of solutions to (1.1) as p — 1+ are described in Section 4.

CEDYA/CMA 332 ISBN 978-84-18482-21-2
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2. Background results

By a (weak) solution u € Wé P(Q) N L4(Q) to (1.1) it is understood that equality

/|Vu|”_2Vqu=/l/|u|”_2uv—/|u|q_2uv,
Q Q Q

holds for every test function v € Cé (). In fact it can be checked that such test functions can be allowed to belong

to Wy'P(Q) ([22)).
Analysis of (1.1) in a ball B(0, R) is closely linked to the radial eigenvalues to
—Apu = AulP~2u, x € B(0O,R), @1
u=0, x € 0B(0,R), '

which will be designated as,
O<Aip<dap<....

We refer to [7], [23] and [20] for a detalied account (also [2] for an early source). Eigenvalues in the unit ball
B(0, 1) are more conveniently expressed as A, , = w}, for certain positive numbers w,. Thus, eigenvalues in the
ball B(0, R) turn out to be A, ,, = R Pw}.
Following the nowadays well settled down approach in [3] and [4] we introduce the concept of a solution to
(1.3). Framework space is
BV(Q) = {u € LY(Q) : Du € Co(Q,RN)'},

that is, the space of functions in L' (Q) whose gradient Du is a vectorial zero order distribution, whose components

define finite Radon measures D;u, 1 <i < N (see [1] for a comprehensive source on this space).

To introduce the concept of weak solution to (1.3), the problematic term % must be conveniently replaced

with a suitable field z € L*(Q, RN ). On the other hand, the formulation of a Green identity is required in order to
test with functions v € BV (Q). Anzellotti’s theory is instrumental for these purposes. A featured result in [5] is

the identity,
/(Z,Dv)+/vdivz=/ v|z, v] ds, 2.2)
Q Q oQ

which holds for every z € LZ", (QRN) :={ze L°(QRN): divze LY (Q)}andv € BV,(Q) := BV(Q)NLI(Q).
To account for every term in (2.2) it is shown in [5] that the normal component [z, v] has a well-defined trace on
0Q which belongs to L*(9Q). In addition, the scalar product z - Du is extended as a bilinear mapping (z, Du),
from C'(Q, RY) x Wh-1(Q) to L3(Q, RN) x BV, (Q) in the following distributional way:

{(z, Du), ¢) = —‘/Qudiv (¢z), v e Cy(Q).

It is shown in [5] that (z, Du) defines a finite Radon measure in € such that
|(z, Du)(B)| < ||z]|eo| Du|(B),

B c Q being a Borelian and |Du| standing for the total variation of Du.
We are now ready for the next definition.

Definition 2.1 A function u € BV, () defines a (weak) solution to (1.3) provided that there exist z € L;’;’, (Q,RM),
Izl < 1, B € L*(Q), [|Bllo < 1 such that,

i) —divz = A8 — |[u|?7%u, in D' (Q),
ii) Bu = |u| and (z, Du) = |Dul, in D’(Q),
iii) [z, v]u = —|u| on L'(4Q), (boundary condition).
Remark 2.2 Boundary condition in iii) is suggested by two features. First one, the fact that the weak— limit

u € BV(Q) of a sequence u, € W(;’l () could eventually exhibits a nonzero trace on the boundary. Second one,
that solutions of (1.3) could be approximated as p — 1 by corresponding solutions to (1.1).
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3. Radial solutions

A general view on the nontrivial solutions to (1.1) in a ball is contained in the next statement.

Theorem 3.1 Assume 1 < p < 2. Then, problem

(3.1)

—Apu = Alu|P~2u — |u|9%u, x € B(O,R),
u = O’ X € 63(0, R),

exhibits the following features.

i) [Range and amplitude] Nontrivial solutions are only possible when A > A1, while the normalized amplitude
@ = 777 [,

satisfies @ < 1.

ii) [Positive solutions] There exists a unique positive (radial) solution u, for all A > A, ,, bifurcating from u = 0
at A = Ay, while:

1
A ar|lugille =1 asd — .
iii) [Existence of branches] For alln > 2, a symmetric family +u, ,(r) of nontrivial radial solutions, exactly defined

forall A > A, p, bifurcates fromu = 0 at A, ;, and,

1
AP |lugnllo =1 asd — oo,

iv) [Nodal properties] Every u, , (r) vanishes exactly at n — 1 values ry € (0, R).
v) [Continuity of the branches] Bifurcated branches +u, , define a continuous curve C, when parameterized by the

1
normalized amplitude a = 1”77 ||lu||, 0 < @ < 1. More precisely, there exist continuous mappings @ — A, (@),
a - u,(a) e W(;’p(B(O, R)), 0 < a < 1, such that,

U, = Uy (@), A=A, (a).

Proof (Sketch) The scaling u(r) = /lﬁv(t), t= /l%r, transforms (3.1) into,

N-1

1
—(|velP™2vy), - [velP=2v, = v|P~2y = [v|972, 0<t<ArPR,

v(0)=a, v(0)=0,

(3.2)

where:
maxv = «a, O<ax<l,

and v must satisfies the boundary condition:
1
v(APR) = 0.

The initial value problem (3.2) admits a unique C? solution v = v(-, @) which is defined in [0, o) and satisfies
lim; e (v(2), v¢(2)) = (0,0). Moreover, v exhibits infinitely many simple zeros,

0<01(a) <O(a) < <Op(a)<---, 0, — .
Functions 6,, (@) are shown to be continuous in a € (0, 1) and,
lim 0,(a) =way  lim () = oo,
where w, = 4, ,(B(0, 1))1%.

To solve (3.1) amounts to:
1
AP R =0,(a) o A=R77P0,(a)’.

By setting this value of A in the expression for u:

u(r) = A@sv(Arr.a), 0<r<R,
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oy (@), uy (@)

Fig. 1 Family C,, of nontrivial solutions bifurcated from u = 0 at 4 = A, . Only a half of C,, has been depicted. That one
corresponding to u(0) > 0. It is stressed that its exact range of existence is [, , ).

the family u,, , is obtained. Moreover by defining:

1 1

An(@) = R7P8,(a)?, un(r,@) = 47 v(A7 r, @),

uy.,} is alternatively represented as a continuous curve (A, (@), u,(@)) in R X WP (B 0, R)). It should be also
, y 1€p 0
observed that u, (-, @) vanishes at the points,

Or (@)
()’

e =R =1,...,n.

Assertion concerning the existence of the family u, , exactly at the interval [4, ,, o) is a consequence of the
estimate:
Op(@) >w,, O0<a<l.

The proof of this fact deserves a delicate proof and it is also omitted (see [22]). O
Remark 3.2 The existence of a global continuum C,; bifurcating from zero at 4 = A,, , was stated in [12] (see

also [19]). Theorem 3.1 improves these results in two regards. Firstly, family of solutions u, , is shown to exists
exactly at the range A > A, ,,. Secondly, ours is not a mere continuum C;; but rather a global continuous curve Cj,.

4. Limit behavior

The sequence,

0<A <Ay <---
of radial eigenvalues to —Aj,
A=A x € B(0,R),
] 4.1)
u:O, anB(O,R),

has been recently studied in [20]. Among other featured properties it is shown there that,

;i_)ml Anp = An, for every n € N,

Our next result describes a set of distinguished nontrivial radial solutions to (1.3). Those ones obtained as the
limit of solutions to (1.1) as p — 1. In addition this precise feature of the solutions is characterized by a suitable
energy condition. In the forthcoming statement, the reference zeros 6,, introduced in the proof of Theorem 3.1
are involved. It should be remarked that they also depends on p > 1 and an important fact to be reported is the
existence of their limits §,, as p — 1+ (see ii) below). Figure 2 depicts this dependence through a simulation.

Theorem 4.1 The structure of the set of radial nontrivial solutions to

\

—div (—”) AL a2, x € B(0,R),
[Vl |

u=0, x € 0B(0,R),

can be described as follows.

335



ASYMPTOTIC ASPECTS OF THE LOGISTIC EQUATION UNDER DIFFUSION

0.7

0.5F
0.4
0.3F

0.2F

. ﬁ | o
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-0.3 !
0 0 15 20

Fig. 2 Profiles of v(z) and corresponding zeros 6,, for varying values of p > 1. Simulation has been performed for N = 3,
q =3, @ =0.7. Then, chosen values of p are p =2, p = 1.5, p = 1.1 and p = 1.01. Plots become steeper as p decays to
unity.

i) [Normalized amplitude estimate] Nontrivial solutions are only possible if 1 > dy. Moreover, the normalized

amplitude a = /l_ﬁ |||l of such solutions satisfies,
O<a<l.
ii) [Limits of zeros] There exists a family of smooth functions 8, (@),
0<6i(a) < (a)<---,

such that,
limlé?n(a/)zén(a), O<a<l.
p—

iii) [Existence] To every radial eigenvalue A,, there corresponds a symmetric family +ii, , of nontrivial solutions
which bifurcates from u = 0 at A,,. In addition, such family is defined for each A > A, while the normalized
amplitude of its members satisfies,

1
/Ilim A ianlleo = 1.
iii) [Smoothness] Family +ii, , constitutes a smooth curve En in R x BV(B(0, R)) when parameterized by the

normalized amplitude 0 < @ < 1. More precisely, a decreasing family of smooth positive functions @ — a,(a)
exists such that by setting,

on
A(@) =R 0(@),  dn(0) =477 ) (-0 @ix,,
k=1

Ok-1(@) Rék(a)) hen
én(a) | én(a/) '

*iy ., = ip(@) for A =2, ().

X1, being the characteristic function of the interval I, = (R

iv) [Convergence of branches] Let C,, be the n—th curve of nontrivial solutions introduced in Theorem 3.1. Then
Cpn — Cn asp — 14,

in the sense that,
liml (An(@), un(@)) = (Au(@), iin(@)) in R x BV(B(0, R)),
p—)

forevery0 < a < 1.
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(e p (@), u ()

(o (), T, (1))

Fig. 3 Convergence of branches as p — 1+.

v) [Uniqueness] Every nontrivial solution u to (4.1) fulfilling the ‘energy’ condition,

d q N-1
— (/l|u - ﬂ) =- ity | in D(0,R)". 4.2)
dr q r

necessarily belongs to some of the previous families C,, = {+ii An}

Proof (Sketch) A first step of compactness nature is the following (subindex p refers to dependence on p). Family
v (-, @) of solutions to (3.2) admits a subfamily, still denoted v, while a function vi € BV, (0, oo) exists so that,

Vp = Vi weakly in LS(O,b;tN_1 dt)yasp — 1,

forevery b >0and 1 < s < o0.
A second step consists in proving that v = v} (¢) solves in the sense of Definition 2.1 the initial value problem,

_(L)_N-ILZL_W-%, i >0,
[vel /), t el Yl (4.3)

v(0+) = a, v:(0) =0,

together with the energy condition,

e N-1
(IVI—ﬁ) =- vl inD(0,R)". (4.4)
q/, t

A third and crucial step is showing that problem (4.3) constrained with condition (4.4) exhibits a unique solution.
Moreover, such solution can be expressed in the exact form,

v1(0) = =D an1x(g, .00 (),
n=1

for a precisely computed pair A,,, 6,,, of monotone sequences of positive numbers satisfying A, — 0 and ,, — oo.
Final step is checking that family it; , can be defined as,

dan(r) = /lﬁvl(/lr), where 1 = R™'6,.

To this purpose suitable candidates for z and S in Definition 2.1 must be furnished.
A detailed account of the (lengthy) proofs of all these assertions is contained in [22]. (]

Remark 4.2
a) Functions 8,,(«) and @, (a) can be recursively computed starting at n = 0 with values 8y(a) = 0, @y (a) = a.

b) Further families of nontrivial solutions to (4.1) not satisfying the energy condition (4.2) can be found. A
characteristic property of such solutions is that they vanish in nonempty interior regions.

337



ASYMPTOTIC ASPECTS OF THE LOGISTIC EQUATION UNDER DIFFUSION

Acknowledgements

J. Sabina has been supported by DGI under Grant MTM2014-52822-P; S. Segura has been partially supported by
MCIyU & FEDER, under project PGC2018-094775-B-100.

References

(1]

(2]

3

—_

[4]

[5

—

(6]

(71

(8]

[9

—

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

Luigi Ambrosio, Nicola Fusco, and Diego Pallara. Functions of Bounded Variation and Free Discontinuity Problems. Oxford Mathe-
matical Monographs. The Clarendon Press, Oxford University Press, New York, 2000.

Aomar Anane. Etude des valeurs propres et de la résonance pour l'opérateur p—Laplacien. Thése de doctorat. Université Libre de
Bruxelles, 1987.

Fuensanta Andreu, Coloma Ballester, Vicent Caselles, and José M. Mazén. The Dirichlet problem for the total variation flow. J. Funct.
Anal., 180(2):347-403, 2001.

Fuensanta Andreu-Vaillo, Vicent Caselles, and José M. Mazoén. Parabolic Quasilinear Equations Minimizing Linear Growth Functionals,
volume 223 of Progress in Mathematics. Birkhduser Verlag, Basel, 2004.

Gabriele Anzellotti. Pairings between measures and bounded functions and compensated compactness. Ann. Mat. Pura Appl. (4),
135:293-318 (1984), 1983.

Robert Stephen Cantrell and Chris Cosner. Spatial ecology via reaction-diffusion equations. Wiley Series in Mathematical and
Computational Biology. John Wiley & Sons, Ltd., Chichester, 2003.

Manuel A. del Pino and Raiil F. Manasevich. Global bifurcation from the eigenvalues of the p-Laplacian. J. Differential Equations,
92(2):226-251, 1991.

Paul C. Fife. Mathematical aspects of reacting and diffusing systems, volume 28 of Lecture Notes in Biomathematics. Springer-Verlag,
Berlin-New York, 1979.

J. Garcia-Melidn and J. Sabina de Lis. Stationary patterns to diffusion problems. Math. Methods Appl. Sci., 23(16):1467-1489, 2000.

J. Garcia-Melidn and J. Sabina de Lis. Stationary profiles of degenerate problems when a parameter is large. Differential Integral
Equations, 13(10-12):1201-1232, 2000.

J. Garcia Melidn and J. Sabina de Lis. Uniqueness to quasilinear problems for the p-Laplacian in radially symmetric domains. Nonlinear
Anal., 43(7, Ser. A: Theory Methods):803-835, 2001.

J. Garcia-Melidn and J. Sabina de Lis. A local bifurcation theorem for degenerate elliptic equations with radial symmetry. J. Differential
Equations, 179(1):27-43, 2002.

Jorge Garcia-Melidn, Julio D. Rossi, and José C. Sabina de Lis. Multiplicity of solutions to a nonlinear elliptic problem with nonlinear
boundary conditions. NoDEA Nonlinear Differential Equations Appl., 21(3):305-337, 2014.

Mohammed Guedda and Laurent Véron. Bifurcation phenomena associated to the p-Laplace operator. Trans. Amer. Math. Soc.,
310(1):419-431, 1988.

Shoshana Kamin and Laurent Véron. Flat core properties associated to the p-Laplace operator. Proc. Amer. Math. Soc., 118(4):1079—
1085, 1993.

Bernhard Kawohl. On a family of torsional creep problems. J. Reine Angew. Math., 410:1-22, 1990.

J. D. Murray. Mathematical biology. I, volume 17 of Interdisciplinary Applied Mathematics. Springer-Verlag, New York, third edition,
2002. An introduction.

Leonid I. Rudin, Stanley Osher, and Emad Fatemi. Nonlinear total variation based noise removal algorithms. Physica D: Nonlinear
Phenomena, 60:259-268, 1992.

Bryan P. Rynne. Simple bifurcation and global curves of solutions of p-Laplacian problems with radial symmetry. J. Differential
Equations, 263(6):3611-3626, 2017.

José C. Sabina de Lis and Sergio Segura de Leén. The limit as p — 1 of the higher eigenvalues of the p-Laplacian operator —A,,. To
appear in Indiana Univ. Math. J., 2019.

José C. Sabina de Lis and Sergio Segura de Le6n. 1d-logistic reaction and p—laplacian diffusion as p goes to one. Ricerce di Matematica,
2021.

José C. Sabina de Lis and Sergio Segura de Ledn. Logistic reaction coupled to p—laplacian diffusion as p goes to 1. Preprint, 2021.

Wolfgang Walter. Sturm-Liouville theory for the radial A, -operator. Math. Z., 227(1):175-185, 1998.

338





