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Gijón (Asturias), Spain

June 14-18, 2021

Editors:
Rafael Gallego, Mariano Mateos

http://cedya2020.es
https://sema.org.es
https://www.uniovi.es
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Foreword

It is with great pleasure that we present the Proceedings of the 26th Congress of Differential Equations and Appli-
cations / 16th Congress of Applied Mathematics (XXVI CEDYA / XVI CMA), the biennial congress of the Spanish
Society of Applied Mathematics SEeMA, which is held in Gijón, Spain from June 14 to June 18, 2021.

In this volume we gather the short papers sent by some of the almost three hundred and twenty communications
presented in the conference. Abstracts of all those communications can be found in the abstract book of the
congress. Moreover, full papers by invited lecturers will shortly appear in a special issue of the SEeMA Journal.

The first CEDYA was celebrated in 1978 in Madrid, and the first joint CEDYA / CMA took place in Málaga in
1989. Our congress focuses on different fields of applied mathematics: Dynamical Systems and Ordinary Differ-
ential Equations, Partial Differential Equations, Numerical Analysis and Simulation, Numerical Linear Algebra,
Optimal Control and Inverse Problems and Applications of Mathematics to Industry, Social Sciences, and Biol-
ogy. Communications in other related topics such as Scientific Computation, Approximation Theory, Discrete
Mathematics and Mathematical Education are also common.

For the last few editions, the congress has been structured in mini-symposia. In Gijón, we will have eighteen
minis-symposia, proposed by different researchers and groups, and also five thematic sessions organized by the
local organizing committee to distribute the individual contributions. We will also have a poster session and ten
invited lectures. Among all the mini-symposia, we want to highlight the one dedicated to the memory of our
colleague Francisco Javier “Pancho” Sayas, which gathers two plenary lectures, thirty-six talks, and more than
forty invited people that have expressed their wish to pay tribute to his figure and work.

This edition has been deeply marked by the COVID-19 pandemic. First scheduled for June 2020, we had to
postpone it one year, and move to a hybrid format. Roughly half of the participants attended the conference online,
while the other half came to Gijón. Taking a normal conference and moving to a hybrid format in one year has
meant a lot of efforts from all the parties involved. Not only did we, as organizing committee, see how much of the
work already done had to be undone and redone in a different way, but also the administration staff, the scientific
committee, the mini-symposia organizers, and many of the contributors had to work overtime for the change.

Just to name a few of the problems that all of us faced: some of the already accepted mini-symposia and
contributed talks had to be withdrawn for different reasons (mainly because of the lack of flexibility of the funding
agencies); it became quite clear since the very first moment that, no matter how well things evolved, it would be
nearly impossible for most international participants to come to Gijón; reservations with the hotels and contracts
with the suppliers had to be cancelled; and there was a lot of uncertainty, and even anxiety could be said, until we
were able to confirm that the face-to-face part of the congress could take place as planned.

On the other hand, in the new open call for scientific proposals, we had a nice surprise: many people that would
have not been able to participate in the original congress were sending new ideas for mini-symposia, individual
contributions and posters. This meant that the total number of communications was about twenty percent greater
than the original one, with most of the new contributions sent by students.

There were almost one hundred and twenty students registered for this CEDYA / CMA. The hybrid format
allows students to participate at very low expense for their funding agencies, and this gives them the opportunity
to attend different conferences and get more merits. But this, which can be seen as an advantage, makes it harder
for them to obtain a full conference experience. Alfréd Rényi said: “a mathematician is a device for turning coffee
into theorems”. Experience has taught us that a congress is the best place for a mathematician to have a lot of
coffee. And coffee cannot be served online.

In Gijón, June 4, 2021

The Local Organizing Committee from the Universidad de Oviedo
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Acosta-Soba D., Guillén-González F. and Rodrı́guez-Galván J.R. . . . . . . . . . . . . . . . . . . . . . . . 8

An optimized sixth-order explicit RKN method to solve oscillating systems
Ahmed Demba M., Ramos H., Kumam P. and Watthayu W. . . . . . . . . . . . . . . . . . . . . . . . . . . 15

The propagation of smallness property and its utility in controllability problems
Apraiz J. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Theoretical and numerical results for some inverse problems for PDEs
Apraiz J., Doubova A., Fernández-Cara E. and Yamamoto M. . . . . . . . . . . . . . . . . . . . . . . . . . 31

Pricing TARN options with a stochastic local volatility model
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González-Vida J.M., Ortega S., Macı́as J., Castro M.J., Michelini A. and Azzarone A. . . . . . . . . . . . . 197

On Keller-Segel systems with fractional diffusion
Granero-Belinchón R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

An arbitrary high order ADER Discontinous Galerking (DG) numerical scheme for the multilayer
shallow water model with variable density
Guerrero Fernández E., Castro Dı́az M.J., Dumbser M. and Morales de Luna T. . . . . . . . . . . . . . . . 208

Picard-type iterations for solving Fredholm integral equations
Gutiérrez J.M. and Hernández-Verón M.A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

High-order well-balanced methods for systems of balance laws based on collocation RK ODE solvers
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Asymptotic analysis of the behavior of a viscous fluid between two very
close mobile surfaces

José M. Rodríguez 1, Raquel Taboada-Vázquez1
Universidade da Coruña, Departamento de Matemáticas, Spain

Abstract
The aim of this work is the study of the behavior of an incompressible viscous fluid moving between two

closely spaced surfaces, also in motion. To carry out this work we use the asymptotic expansion method that
allows us to formally justify two different models starting from the same initial problem: a lubrication model and
a shallow water model. The type of model that yields depends on whether the fluid is“pressure dominated” and
on the boundary conditions imposed. We discuss in detail under what conditions each of the models would be
applicable.

1. Introduction
In this work, we are interested, in a first step, in justifying using the asymptotic development technique, a lubrication
model in a thin domain with curved mean surface.
The asymptotic analysis method is a mathematical tool that has been widely used to obtain and justify reduced

models, both in solid and fluid mechanics, when one or two of the dimensions of the domain are much smaller than
the others. In particular, in fluid mechanics, these technique has been applied to derive lubrication models, shallow
water models, tube flow models, etc. (see, for example, [1]- [9], [11]- [12], and many others). Here, we follow the
steps of [2], but changing the starting point.
We consider a three-dimensional thin domain, Ω𝜀

𝑡 , filled by a fluid, that varies with time 𝑡 ∈ [0, 𝑇], given by
Ω𝜀
𝑡 =

{(𝑥𝜀1 , 𝑥𝜀2 , 𝑥𝜀3 ) ∈ R3 : 𝑥𝑖 (𝜉1, 𝜉2, 𝑡) ≤ 𝑥𝜀𝑖 ≤ 𝑥𝑖 (𝜉1, 𝜉2, 𝑡) + ℎ𝜀 (𝜉1, 𝜉2, 𝑡)𝑁𝑖 (𝜉1, 𝜉2, 𝑡),
(𝑖 = 1, 2, 3), (𝜉1, 𝜉2) ∈ 𝐷 ⊂ R2

}
(1.1)

where ®𝑋𝑡 (𝜉1, 𝜉2) = ®𝑋 (𝜉1, 𝜉2, 𝑡) = (𝑥1 (𝜉1, 𝜉2, 𝑡), 𝑥2 (𝜉1, 𝜉2, 𝑡), 𝑥3 (𝜉1, 𝜉2, 𝑡)) is the lower bound surface parametriza-
tion, ℎ𝜀 (𝜉1, 𝜉2, 𝑡) is the gap between the two surfaces in motion, and ®𝑁 (𝜉1, 𝜉2, 𝑡) is the unit normal vector:

®𝑁 (𝜉1, 𝜉2, 𝑡) =
𝜕 ®𝑋
𝜕𝜉1
× 𝜕
®𝑋

𝜕𝜉2




 𝜕
®𝑋

𝜕𝜉1
× 𝜕
®𝑋

𝜕𝜉2







(1.2)

The lower bound surface is assumed to be regular and the gap is assumed to be small with regard to the dimension
of the bound surfaces. We take into account that the fluid film between the surfaces is thin by introducing a small
non-dimensional parameter 𝜀, and setting that

ℎ𝜀 (𝜉1, 𝜉2, 𝑡) = 𝜀ℎ(𝜉1, 𝜉2, 𝑡) (1.3)

where
ℎ(𝜉1, 𝜉2, 𝑡) ≥ ℎ0 > 0, ∀ (𝜉1, 𝜉2) ∈ 𝐷 ⊂ R2, ∀ 𝑡 ∈ [0, 𝑇] . (1.4)

Let us suppose that the fluid motion is governed by Navier-Stokes equations since we consider that it is an
incompressible newtonian fluid,

𝜌0

(
𝜕𝑢𝜀𝑖
𝜕𝑡 𝜀
+ 𝜕𝑢

𝜀
𝑖

𝜕𝑥𝜀𝑗
𝑢𝜀𝑗

)
= −𝜕𝑝

𝜀

𝜕𝑥𝜀𝑖
+ 𝜇

(
𝜕2𝑢𝜀𝑖
𝜕 (𝑥𝜀1 )2

+ 𝜕2𝑢𝜀𝑖
𝜕 (𝑥𝜀2 )2

+ 𝜕2𝑢𝜀𝑖
𝜕 (𝑥𝜀3 )2

)
+ 𝜌0 𝑓 𝜀𝑖 , (𝑖 = 1, 2, 3) (1.5)

𝜕𝑢𝜀𝑗

𝜕𝑥𝜀𝑗
= 0 (1.6)

where repeated indices indicate summation ( 𝑗 takes values from 1 to 3), 𝜌0 is the fluid density, ®𝑢𝜀 is the velocity,
𝑝𝜀 is the pressure and ®𝑓 𝜀 is the density of applied volume forces.

XXVI CONGRESO DE ECUACIONES DIFERENCIALES Y APLICACIONES
XVI CONGRESO DE MATEMÁTICA APLICADA
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Now, we consider a reference domain independent of 𝜀 and 𝑡

Ω = 𝐷 × [0, 1] (1.7)

related to Ω𝜀
𝑡 by the following change of variable:

𝑡 𝜀 = 𝑡 (1.8)
𝑥𝜀𝑖 = 𝑥𝑖 (𝜉1, 𝜉2, 𝑡) + 𝜀𝜉3ℎ(𝜉1, 𝜉2, 𝑡)𝑁𝑖 (𝜉1, 𝜉2, 𝑡) (1.9)

where (𝜉1, 𝜉2) ∈ 𝐷 and 𝜉3 ∈ [0, 1], and we make a change of basis to a new basis { ®𝑎1, ®𝑎2, ®𝑎3}, where

®𝑎1 (𝜉1, 𝜉2, 𝑡) =
𝜕 ®𝑋 (𝜉1, 𝜉2, 𝑡)

𝜕𝜉1
(1.10)

®𝑎2 (𝜉1, 𝜉2, 𝑡) =
𝜕 ®𝑋 (𝜉1, 𝜉2, 𝑡)

𝜕𝜉2
(1.11)

®𝑎3 (𝜉1, 𝜉2, 𝑡) = ®𝑁 (𝜉1, 𝜉2, 𝑡) (1.12)

The details about the change of variable and basis can be found in [13].
The velocity and the applied forces (®𝑢𝜀 , ®𝑓 𝜀) are written in the new basis (1.10)-(1.12) as follows:

®𝑢𝜀 = 𝑢𝜀𝑖 ®𝑒𝑖 = 𝑢𝑘 (𝜀) ®𝑎𝑘 (1.13)
®𝑓 𝜀 = 𝑓 𝜀𝑖 ®𝑒𝑖 = 𝑓𝑘 (𝜀) ®𝑎𝑘 (1.14)

so

𝑢𝜀𝑖 = (𝑢𝑘 (𝜀) ®𝑎𝑘 ) · ®𝑒𝑖 = 𝑢𝑘 (𝜀)𝑎𝑘𝑖 (1.15)
𝑓 𝜀𝑖 = ( 𝑓𝑘 (𝜀) ®𝑎𝑘 ) · ®𝑒𝑖 = 𝑓𝑘 (𝜀)𝑎𝑘𝑖 (1.16)

where 𝑎𝑘𝑖 = ®𝑎𝑘 · ®𝑒𝑖 , and we assume that the velocity, the pressure and the applied forces can be developed in powers
of 𝜀 as in [2], [1], [6], [11] and [12]:

𝑢𝑖 (𝜀) = 𝑢0𝑖 + 𝜀𝑢1𝑖 + 𝜀2𝑢2𝑖 + · · · (𝑖 = 1, 2, 3) (1.17)
𝑝(𝜀) = 𝜀−2𝑝−2 + 𝜀−1𝑝−1 + 𝑝0 + 𝜀𝑝1 + 𝜀2𝑝2 + · · · (1.18)
𝑓𝑖 (𝜀) = 𝑓 0𝑖 + 𝜀 𝑓 1𝑖 + 𝜀2 𝑓 2𝑖 + · · · (𝑖 = 1, 2, 3) (1.19)

Taking into account (1.15)-(1.16), equations (1.5)-(1.6) yield (𝑖 = 1, 2, 3):

𝜌0

(
𝜕 (𝑢𝑘 (𝜀)𝑎𝑘𝑖)

𝜕𝑡 𝜀
+ 𝜕 (𝑢𝑘 (𝜀)𝑎𝑘𝑖)

𝜕𝑥𝜀𝑗
(𝑢𝑘 (𝜀)𝑎𝑘 𝑗 )

)
= −𝜕𝑝(𝜀)

𝜕𝑥𝜀𝑖

+ 𝜇
(
𝜕2 (𝑢𝑘 (𝜀)𝑎𝑘𝑖)
𝜕 (𝑥𝜀1 )2

+ 𝜕
2 (𝑢𝑘 (𝜀)𝑎𝑘𝑖)
𝜕 (𝑥𝜀2 )2

+ 𝜕
2 (𝑢𝑘 (𝜀)𝑎𝑘𝑖)
𝜕 (𝑥𝜀3 )2

)
+ 𝜌0 𝑓𝑘 (𝜀)𝑎𝑘𝑖 (1.20)

𝜕 (𝑢𝑘 (𝜀)𝑎𝑘 𝑗 )
𝜕𝑥𝜀𝑗

= 0 (1.21)

Next, we substitute developments (1.17)-(1.19) in Navier-Stokes equations written in the reference domain
((1.20)-(1.21)) and we identify the terms multiplied by the same power of 𝜀. In this way we obtain a series of
equations that will allow us to determine the terms of the previous developments.
In the next two sections we summarize the results obtained in [13].

2. A new generalized lubrication model
If we assume that the fluid slips at the lower surface (𝜉3 = 0), and at the upper surface (𝜉3 = 1), but there is
continuity in the normal direction, so the tangential velocities at the lower and upper surfaces are known, and the
normal velocity of each of them must match the fluid velocity, we derive the following generalized lubrication
equation:

1√
𝐴0
div

(
ℎ3√
𝐴0
𝑀∇𝑝−2

)
= 12𝜇

𝜕ℎ

𝜕𝑡
+ 12𝜇 ℎ𝐴

1

𝐴0

(
𝜕 ®𝑋
𝜕𝑡
· ®𝑁

)

− 6𝜇∇ℎ · ( ®𝑊0 − ®𝑉0) + 6𝜇ℎ√
𝐴0
div(

√︁
𝐴0 ( ®𝑊0 + ®𝑉0)) (2.1)
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where the pressure is approximated by 𝜀−2𝑝−2

𝐴0 = 𝐸𝐺 − 𝐹2 (2.2)
𝐴1 = −𝑒𝐺 − 𝑔𝐸 + 2 𝑓 𝐹 (2.3)

𝑀 =

(
𝐺 −𝐹
−𝐹 𝐸

)
(2.4)

and 𝐸, 𝐹, 𝐺, 𝑒, 𝑓 , 𝑔 are the coefficients of the first and second fundamental forms, respectively, of the surface
parametrized by ®𝑋 . ®𝑉0 = (𝑉01 , 𝑉02 ) and ®𝑊0 = (𝑊01 ,𝑊02 ) are the approximations of order 0 on 𝜀 of the tangential
velocity at the lower and upper surfaces respectively.
Once 𝑝−2 is calculated we have the following approximation of the three components of the velocity:

𝑢01 =
ℎ2 (𝜉23 − 𝜉3)
2𝜇𝐴0

(
𝐺
𝜕𝑝−2

𝜕𝜉1
− 𝐹 𝜕𝑝

−2

𝜕𝜉2

)
+ 𝜉3 (𝑊01 −𝑉01 ) +𝑉01 (2.5)

𝑢02 =
ℎ2 (𝜉23 − 𝜉3)
2𝜇𝐴0

(
𝐸
𝜕𝑝−2

𝜕𝜉2
− 𝐹 𝜕𝑝

−2

𝜕𝜉1

)
+ 𝜉3 (𝑊02 −𝑉02 ) +𝑉02 (2.6)

𝑢03 =
𝜕 ®𝑋
𝜕𝑡
· ®𝑁 (2.7)

If we consider the classic assumptions to derive Reynolds equations (domain independent of time, 𝑥3 = 0 in
(1.1), upper surface fixed, lower surface moving in the 𝑥1-direction with constant velocity), we re-obtain the classic
Reynolds equation (see [10]) from (2.1).

3. A new thin fluid layer model
During this process we have observed that, depending on the boundary conditions, other models can be obtained.
In this section, we change the boundary conditions that we imposed in the first case: instead of assuming that we
know the velocities on the upper and lower boundaries of the domain, we assume that we know the tractions on
these upper and lower boundaries. In particular, we assume that the normal component of the traction on 𝜉3 = 0
and on 𝜉3 = 1 are known pressures (𝜋𝜀0 and 𝜋

𝜀
1 ), and that the tangential component of the traction on these surfaces

are friction forces depending on the value of the velocities on 𝜕𝐷.
Under these assumptions we derive a shallow water model that allow us to determine ℎ, 𝑉01 and 𝑉

0
2 :

𝜕ℎ

𝜕𝑡
+ ℎ√

𝐴0
div

(√︁
𝐴0 ®𝑉0

)
+ ℎ𝐴

1

𝐴0

(
𝜕 ®𝑋
𝜕𝑡
· ®𝑁

)
= 0 (3.1)

𝜕𝑉0𝑖
𝜕𝑡
+
2∑︁
𝑙=1

(
𝑉0𝑙 − 𝐶0𝑙

) 𝜕𝑉0𝑖
𝜕𝜉𝑙
+
2∑︁
𝑘=1

(
𝑅0𝑖𝑘 +

2∑︁
𝑙=1

𝐻0𝑖𝑙𝑘𝑉
0
𝑙

)
𝑉0𝑘 = − 1

𝜌0

(
𝛼0𝑖
𝜕𝜋00
𝜕𝜉1
+ 𝛽0𝑖

𝜕𝜋00
𝜕𝜉2

)

+ 𝜈
{ 2∑︁
𝑚=1

2∑︁
𝑙=1

𝜕2𝑉0𝑖
𝜕𝜉𝑚𝜕𝜉𝑙

𝐽0𝑙𝑚 +
2∑︁
𝑘=1

2∑︁
𝑙=1

𝜕𝑉0𝑘
𝜕𝜉𝑙
(𝐿0𝑘𝑙𝑖 + 𝜓(ℎ)0𝑖𝑘𝑙)

+
2∑︁
𝑘=1

𝑉0𝑘 (𝑆0𝑖𝑘 + 𝜒(ℎ)0𝑖𝑘 ) + 𝜅(ℎ)0𝑖
}
+ 𝐹0𝑖 (ℎ) −𝑄0𝑖3

(
𝜕 ®𝑋
𝜕𝑡
· ®𝑁

)
(𝑖 = 1, 2) (3.2)

where the coefficients 𝛼0𝑖 , 𝛽
0
𝑖 ,𝐶

0
𝑙 , 𝐻

0
𝑖𝑙𝑘 , 𝐽

0
𝑙𝑚, 𝐿

0
𝑘𝑙𝑖 ,𝑄

0
𝑖3, 𝑅

0
𝑖𝑘 , 𝑆

0
𝑖𝑘 depend only on the lower bound surface parametriza-

tion, ®𝑋 while the coefficients 𝐹0𝑖 (ℎ), 𝜓(ℎ)0𝑖𝑘𝑙 , 𝜒(ℎ)0𝑖𝑘 ), 𝜅(ℎ)0𝑖 depend both on the parametrization and on the gap ℎ.
The detailed definition of these coefficients is given in [13].
Let 𝜋00 be the approximation of order 0 on 𝜀 of the pressure 𝜋

𝜀
0 . Then, we obtain the following approximations

of the velocity and the pressure:

𝑢0𝑖 = 𝑊
0
𝑖 = 𝑉0𝑖 𝑖 = 1, 2 (3.3)

𝑢03 =
𝜕 ®𝑋
𝜕𝑡
· ®𝑁 (3.4)

𝑝0 =
2𝜇
ℎ

𝜕ℎ

𝜕𝑡
+ 𝜋00 (3.5)
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4. Conclusions
Thus, two new models that can not be found in the literature, as far as we know, are presented here. Both models
have been derived starting from the same initial problem, an incompressible viscous fluid moving between two
closely spaced surfaces.
The method used to justify them allows us to answer the question of when each of them is applicable. We reach

the conclusion that the magnitude of the pressure differences at the lateral boundary of the domain is key when
deciding which of the two models best describes the fluid behavior.
Boundary conditions tell us which of the two models should be used when simulating the flow of a thin fluid

layer between two surfaces: if the fluid pressure is dominant (that is, it is of order 𝑂 (𝜀−2)), and the fluid velocity
is known on the upper and lower surfaces, we must use the lubrication model; if the fluid pressure is not dominant
(that is, it is of order 𝑂 (1)), and the tractions are known on the upper and lower surfaces, we must use the shallow
water model. In the first case we will say that the fluid is “driven by the pressure” and in the second that it is “driven
by the velocity”.
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