ANALYSIS OF A HYBRIDIZABLE DISCONTINUOUS GALERKIN SCHEME
FOR THE TANGENTIAL CONTROL OF THE STOKES SYSTEM
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Abstract. We consider an unconstrained tangential Dirichlet boundary control problem for the
Stokes equations with an L? penalty on the boundary control. The contribution of this paper is
twofold. First, we obtain well-posedness and regularity results for the tangential Dirichlet control
problem on a convex polygonal domain. The analysis contains new features not found in similar
Dirichlet control problems for the Poisson equation; an interesting result is that the optimal control
has higher local regularity on the individual edges of the domain compared to the global regularity on
the entire boundary. Second, we propose and analyze a hybridizable discontinuous Galerkin (HDG)
method to approximate the solution. For convex polygonal domains, our theoretical convergence
rate for the control is optimal with respect to the global regularity on the entire boundary. We
present numerical experiments to demonstrate the performance of the HDG method.
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1. INTRODUCTION

Let © C R? be a convex domain with a polygonal boundary I' = 9€2. For a given target state yg, we
consider the following unconstrained Dirichlet boundary control problem for the Stokes equations:

: 1 gl
min J(u),  J(u) = 5 yu —yalfe@) + glluld, (1.1)
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where y,, is the solution, in a sense to be defined later, of

—Ay+Vp=f inQ,
V-y=0 in{,
y=u onl, (1.2)

/p=&
Q

U C L?(T) is the control space and vy > 0 is a fixed constant.

Control of fluid flows modeled by the Stokes or Navier-Stokes equations is an important and active area of
interest. After the pioneering works by Glowinski and Lions [33] and Gunzburger [32/43-48], many important
developments have been made both theoretically and computationally in the past decades. For an extensive
body of literature devoted to this subject we refer to, e.g., [45,|9,(12}/141|30,31}/49}50,/59, (66 74} 78,|84-86]
and the references therein. Despite the large amount of existing work on numerical methods for fluid flow
control problems, we are not aware of any contributions to the analysis and approximation of the tangential
Stokes Dirichlet boundary control problem. Work on this problem is an essential step towards the analysis
and approximation of similar Dirichlet boundary control problems for the Navier-Stokes equations and other
fluid flow models.

In this work, we focus on the case where the control acts tangentially along the boundary through a
Dirichlet boundary condition. This scenario has broad applications to optimal mixing and heat transfer
problems. Omari and Guer in [72] conducted a numerical study of the effect of wall rotation on the enhance-
ment of heat transport in the whole fluid domain. Gouillart et al. in [38-40,81] studied in detail this crucial
effect of moving wall on the mixing efficiency for the homogenization of concentration in a 2D closed flow
environment. These problems naturally lead to the study of tangential boundary control and optimization
of fluid flows. Recently, Hu and Wu in [52}[53\/56,/58|] provided rigorous mathematical approaches for optimal
mixing and heat transfer via an active control of Stokes and Navier-Stokes flows through Navier slip bound-
ary conditions. Other tangential boundary control problems for fluid flows have been considered by Barbu,
Lasiecka and Triggiani [64(7,/63,64] and Osses [73]. However, the authors are not aware of any existing work
on approximation and numerical analysis for these problems.

Discontinuous Galerkin (DG) methods are widely used for fluid flow problems since they can capture
shocks and large gradients in solutions. However, most existing DG methods are commonly considered to
have a major drawback: the memory requirement and computational cost of DG methods are typically much
larger than the standard finite element method.

Hybridizable discontinuous Galerkin (HDG) methods were proposed by Cockburn et al. in [23] as an
improvement of traditional DG methods. The HDG methods are based on a mixed formulation and utilize a
numerical flur and a numerical trace to approximate the flux and the trace of the solution. The approximate
flux and solution variables can be eliminated element-by-element. This process leads to a global equation for
the approximate boundary traces only. As a result, HDG methods have significantly less globally coupled
unknowns, memory requirement, and computational cost compared to other DG methods. Furthermore,
HDG methods have been successfully applied to flow problems [17}/24,25](70L/77,82], distributed optimal
control problems [20,57,87], and Dirichlet boundary control problems [37,541[55].

For the Stokes tangential Dirichlet boundary control problem considered here, the Dirichlet boundary
data u € L?(T) takes the form u = ur, where u is the control and T is the unit tangential vector to the
boundary. Formally, the optimal control u € L?(T') and the optimal state y € L?(Q) minimizing the cost
functional satisfy the optimality system

—-Ay+Vp=Ff in Q, (1.3a)
V.y=0 in Q, (1.3b)

Y =ur on T, (1.3¢)
—Az—-Vqg=y—1yq in Q, (1.3d)
V-z=0 in Q, (1.3¢)
z=0 on I, (1.3f)
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Onz = yurt on T (1.3g)

We use an HDG method to approximate the solution of a mixed formulation of this optimality system.
To do this, we first analyze the control problem in We give precise meaning to the state equation
for Dirichlet boundary data in L?(T'), and prove well-posedness and regularity results for the optimality
system . The theoretical results for this problem share some similarities to results for Dirichlet boundary
control of the Poisson equation on a 2D convex polygonal domain [1]; however, there are new components
to the analysis due to the mixed formulation and the regularity results for Stokes equations on polygonal
domains [27]. An interesting feature of our theoretical results is that the optimal control has higher local
regularity (on each boundary edge) than global regularity (on the entire boundary I'). This higher local
regularity for the optimal control is not present for Dirichlet boundary control of the Poisson equation;
furthermore, as we discuss below, this phenomenon may have an effect on the convergence rates of the
approximate solution.

For the HDG method, we use polynomials of degree k4 1 to approximate the velocity y and dual velocity
z, and polynomials of degree k > 0 for the fluxes L = Vy and G = Vz, pressure p and dual pressure q.
Moreover, we also use polynomials of degree k to approximate the numerical trace of the velocity and dual
velocity on the edges of the spatial mesh, which are the only globally coupled unknowns. We describe the
HDG method in and its implementation can be found in the arXiv preprint of this paper [34].

In we prove convergence results for the HDG method. Under certain assumptions on the largest
angle of the convex polygonal domain and the smoothness of the desired state y4, we prove the control
converges at a superlinear rate. Similar superlinear convergence results for Dirichlet boundary control of the
Poisson equation have been obtained in [2}16}3537.54155]. To give a specific example of our results, for a
rectangular domain, y; € H?(Q), and k = 1, we obtain the following a priori error bounds for the velocity
y, adjoint velocity z, their fluxes L and G, pressure p and dual pressure ¢ and the optimal control wu:

ly = ynllo.o = O(*27), IL = Lylo,0 = O(h* %),
Iz = zllo. = O(R*27), IG — Gpllo,o = O(h3/?79),
Ilp = pallo.0 = OG), g~ anlloc = OH>~2),

and
[ — unllo.r = O(R*/*~),

for any € > 0. The rate of convergence for the control u is optimal in the sense of the maximal global
regularity of the control u € H3/ 2=¢(T"). However, the numerical results presented in show higher
convergence rates than the rates predicted by our numerical analysis; we discuss this phenomenon in more
detail in The numerical convergence rates observed here are different than typical numerical
results for Dirichlet boundary control of the Poisson equation.

We emphasize that the HDG method in this work is usually considered to be a superconvergent method.
Specifically, if polynomials of degree k& > 1 are used for the numerical trace and the solution of the PDEs
is smooth enough, then O(h**+2) error estimates can be obtained for the state variable; see, e.g., [57,/764/77].
Hence, from the viewpoint of globally coupled degrees of freedom, this method achieves superconvergence for
the scalar variable. For Dirichlet boundary control problems, to obtain the superlinear convergence rate, one
usually needs a superconvergence mesh or higher order elements for the standard finite element method, see,
e.g., |2,29]. However, the HDG method considered here achieves the superlinear convergence rate without
any special considerations.

2. ANALYSIS OF THE TANGENTIAL DIRICHLET CONTROL PROBLEM

To begin, we set notation and prove some fundamental results concerning the optimality system for the
control problem. In this section, we assume {2 is a convex polygonal domain and the forcing f in the Stokes
equations is equal to zero; if the forcing is nonzero, then it can be eliminated using the technique
in [1, p. 3623].

3



W. Gong, W. Hu, M. Mateos, J. Singler, and Y. Zhang

Throughout the paper, we use the standard notation H™()) to denote the Sobolev space with norm
| llm.0 and seminorm | - | o. Set H™(Q) = [H™(Q)]**2, H™(Q) = [H™(Q)]? and H}(Q) = {v e H'(Q) :
v =0 on I'}. We denote the L?-inner products on L2(Q2), L?(Q2), L*(Q) and L?(T) by

2 2
(L,G)a = Z /QLijGija (¥, 2)a :Z/Qyjzj’,
=1

1,7=1
2
(2, 9)a z/pq, (y,z)r ZZ/WT
Q j=1 T

Define the space H(div; ) as
H(div,Q) = {K € L?(Q) : V-K € L*(Q)}.
Also, we define L3(Q) as
Lg(Q) = {pe L*(Q) : (p,1)a = 0}.

Let {-,-)r denote the inner product in L?(T') and let [-,-]r denote the duality product between H~*(T") and
H*(T) for 0 < s < 3/2, where H*(T') denotes the space of traces of H*1/2(Q) for 0 < s < 3/2. (For
1/2 < s < 3/2 it is the subspace of I H*(T';) satisfying certain compatibility conditions on the corners;
see [41, Theorem 1.5.2.8]. For s = 3/2, this definition would lead to ambiguities.) Following |79} Section 2.1]
we introduce the spaces

Vi) ={ye H(Q):V-y=0, [y-n,1lr =0}, for s >0,
Vi) ={ye H*(Q):V-y=0, y=0o0nT}, for s >1/2,
Vi) ={ue H*(T) : (u-n,l)r =0}, for 0 < s < 3/2.

For —3/2 < s < 0, V*(T') is the dual space of V7°(I'). For s < —1/2, V*(Q) is the dual space of V; *(Q)
and for —1/2 <s < 0, V*(2) is the dual space of V~°(Q).

Consider a target state yq € H, where H — V9(Q) is a function space that will be specified later, and
a Tykhonov regularization parameter v > 0. Consider also a space U < VO(I'). We are interested in the
optimal control problem .

min J(w) = = |1y — yalldr + 5 lul. (P)

where y,, € V9(£) is the unique solution in the transposition sense of the Stokes system (see
below)

—Ay+Vp=0 1in Q,

V.-y=0 in,
y=u onl, (2.1)
(p7 1)Q = 0.

Different choices of the spaces H and U appear in the related literature for Dirichlet control of Stokes
and Navier-Stokes equations. In the early reference [44], H = L*(Q)) and U = V(T'). The natural space
for the controls to obtain a variational solution of the state equation is V1/2(I"). This is the choice
in [28]. In that work, nevertheless, the Tykhonov regularization is done in the norm of L?(T'). To prove
existence of solution, the tracking is done in the space H = V1(2). In the reference [59], the authors work
in a smooth domain with H = V°(Q) and U = V(). This choice involves a harder analysis, but leads to
an optimality system easier to handle. In polygonal domains, this approach leads to optimal controls that
are discontinuous at the corners.

We assume throughout this work that the tracking term for the state is measured in the L?(2) norm. We
investigate the case U = {ut : u € L*(T")}, which corresponds to tangential boundary control; see [6,7]. We
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first precisely define the concept of solution for Dirichlet data in V°(I'), prove precise regularity results, and
use them to introduce a mixed formulation of the problem adequate for HDG methods.

2.1. Regularity results

The definition of very weak solution for data in V°(T") was introduced in [26, Appendix A] and is valid in
convex polygonal domains; see also [80] and |59, Definition 2.1] for a similar definition for the Navier-Stokes
equations and smooth domains. It is worthwhile to mention that the first numerical analysis work for a
Dirichlet problem with irregular boundary datum by using a very weak formulation was given in [8]. Also
in smooth domains, very weak solutions can be defined for data in V~/2(T); see |79, Appendix A]. We
will prove that the optimal regularity V5+1/2(Q) expected for the solution can be achieved. In [69], only
suboptimal regularity V*+/2=¢(Q) for all £ > 0 is proved. We obtain a result comparable to the one given
in [79, Appendix A] for smooth domains.

Let w denote the greatest interior angle of I'. Following [27, Theorem 5.5], we know there exists a number
¢ = &(w) € (0.5,4] that gives the maximal H*({2) regularity for the problem . This means for very
smooth f and h satisfying the compatibility condition (h,1)q = 0 we can only expect that the variational
solution (z¢.n,qs.n) € H () x LE(Q) of the compressible Stokes problem

—Az+Vg=f in{Q,

V-z=h inQ,
z=0 onl, (2:2)
(qa 1)Q =0,

satisfies z € H%/?75(Q) and ¢ € H'/?*3(Q) for s < £ — 1/2. This singular exponent ¢ is the smallest real
part of all of the roots A of the equation
sin?(A\w) — A%sin® w

A2(A—1)

=0, (2.3)

and satisfies that w — ¢ is strictly decreasing, £ > 7/w if w < 7, and 0.5 < £ < 7/w if w > 7.
Let us denote

s* =min{¢ — 1/2,1/2}.
If f € L*(Q) and h € HY(Q) such that (h,1)q = 0, [27, Theorem 5.5(a)] states that for all

0<s<s"=min{{—1/2,1/2}
the solution of (2.2)) satisfies z¢;, € H?/275(Q) and gy, € H'/?75(Q). Moreover, we have that

Izf.mll Ersrevs ) + lagnll ey r < C(1Fllers-120) + 1P gesi2(0)/r)- (2.4)

Notice that although the pressure is uniquely determined as a function with the condition (¢, 1) = 0, the
norm must be taken modulo constant functions.

Remark 2.1. Another remarkable fact is that this result holds for s < 1/2. This means, in particular,
that in convex domains one cannot expect in general to have H?(f2) regularity of z. To obtain this H?((2)
regularity, an additional condition must be made on the divergence of z. If, e.g., h € H}(Q), (h,1)q = 0,
then it follows from |27, Theorem 5.5(c)] or the early reference [62] that the result also holds for s = s*. In
particular, under these assumptions, it is obtained that 2 € H?({2) in convex domains. This fact was used
both in [26] and in [69] to define very weak solutions in convex polygonal domains using h € H}(2) as a
test function. Although the approach works to define the transposition solution, it leads only to suboptimal
regularity results for the solution of the Dirichlet problem.

For later reference, we state the regularity result for the case h = 0.
5
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Theorem 2.1. |27, Theorem 5.5(b)] Suppose f € H'"1(Q) for some 1 < ¢ < £. Then, the unique solution
of the incompressible Stokes problem

—Az+Vg=f inQ,

V-z=0 1in{,
z=0 onl, (2.5)

satisfies z € H'™1(Q), ¢ € H(Q) and
12l zr+e ) + lallme @) /r < CllF -1 (0)-

Although we will pose our control problem for data in w € V°(T), the precise regularity results for the
state equation will follow by interpolation; therefore we need a definition of very weak solution for data in
u € V73(T) for 0 < s < s*. The elements of this space do not always satisfy a condition analogous to
(u-m,1)r =0, i.e., we may have [u,n|r # 0, and it is necessary to take this into account to define a solution
in the transposition sense. Following [79, Eq. (2.2)], we define for (z,q) € H3/2t5(Q) x HY/?*5(Q), s > 0,
the constant

1
c(z,q) = m<q —Onz-m,1)r. (2.6)

This constant satisfies the relation
10nz — qn| L2y = [|Onz — qn + c(2, )| L2(1)-
Using this fact, usual trace theory and (2.4)), we have that for 0 < s < 1/2

10nzg.n = apn -1+ c(Zf 0, ap 00l ey < C(1Fl a2y + 10l gz r)- (2.7)

The following definition makes sense:

Definition 2.1. Consider 0 < s < s* and u € V=5(T). We say y,, € V°(Q), py € (Hl(Q)/R)/ is a solution
in the transposition sense of (2.1)) if (Y4, pw) satisfy

(Y, fla — [p, hla = [w, —0nzgn + qf.am + c(2f.h, g5.0)0]r, (2.8)

for all f € L*(Q) and h € H'(Q)/R such that (h,1)q = 0, where (z£.n,qf.n) € Hg(Q) x L3(£2) is the unique
solution of (2.2) and ¢(z¢ 4, qy,n) is the constant given in (2.6)).
Notice that if w € VO(I'), equation (2.8)) can be written as

(¥, Fla — [p, hla = (u, —Onzg 1 + qf nn)r- (2.9)

The definition follows integrating by parts twice the equation and once the null divergence condition. It
can be written as two separate equations, one tested with f and the other one with h, as in [59] or [79], or
as single equation, cf. [26] or [80].

Next, we state a regularity result analogous to |79, Corollary A.1]. In that reference, a smooth domain
is taken into consideration and the limit cases s = —1/2 and s = 3/2 can be achieved; however, this is not
possible for polygonal domains so the cited result cannot be directly applied.

Theorem 2.2. Suppose u € V*(I') for —s* < s < min{1/2 + &,3/2}. Then the solution of (2.1)) satisfies

H=12(Q)/R if s > 1/2,

w € VIT2(Q) and py,
Yu € (O andpu €\ gz r) i < 1/2.

Moreover, the control-to-state mapping w — y,, is continuous from V*(T') to V5+1/2(Q).
6
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Proof. The proof follows by interpolation. The technique of proof is the same as in |79, Appendix A]
or [1, Section 2], so we will just give a sketch of the proof and check some of the details that are different
from those references.

We first do the regular case. Suppose 1/2 < s < min{1/2 + &,3/2}. From the definition of V*(I") we
know that there exists Y € H*+t1/2(Q) such that the boundary trace of Y equals u. So we have that
F = -AY € H*3/2(Q) and H = V-Y € H*'/2(Q). By linearity, we have that y,, — Y = zp y and
Pu = DF H, Where (zp g, pr m) is the variational solution of for data (F, H). From [27, Theorem
5.5(a)], and using that s — 1/2 < &, we have then that y,, — Y € H**1/2(Q) and p,, € H*'/2(Q)/R, and
the result follows in a straightforward way.

Consider now —s* < s < 0. Uniqueness follows testing for the data w = 0 and the pairs (y,,0) and
(0,h) for any h € H'(Q) such that (h,1)q = 0; compare to 79, Theorem A.1(i)] or [1, Theorem 2.5].

Existence follows by density arguments. Take u € V'/2(T'), which is dense in V*(I'). Notice that
~1/2< —s—1/2<0and 1/2 < 1/2 —s < 1 and hence L?(Q2) is dense in H~*~/2(Q) and H'(Q) is dense
in H'/275()). Therefore, we can consider

F={feL*(Q): |fllg-ir2@0 =1}

and

M= (he HQ/R: [l =1)
to test the norms in H*T/2(T) and (Hl/Q_S(Q)/R)/ respectively of the variational solution (Y, p.) of (2.8)).
We obtain, using estimate ({2.7]),

Hyu||Hs+1/2(r) = sup [.f7y'LL]Hfsfl/?(Q),HSJrl/?(Q) = sup (f, Yu)o
fer fer
= ;ug[u, —Onzf0+ arom + (25,0, 45.0)7 He (), H-+(1)
S
< sup [wllezs )l = Onzp0 + ar.om + c(zf.0, af.0)n ) H-+ ()
€

< O sup |lullgsm) | fllg-—+-1/200) = Cllullms ).,
fer
and

(29 (HY/2=5(Q)/R)’

= }b;lel?I-)[[pu’ h](Hl/Q*S(Q)/R),,Hl/Z*S(Q)/]R

Sup [pu, bl g1 e
heH[P I (0) /Ry 11 (9) /R

= sug[% —Onzo,n + qo,nm + (20,1, (Io,h)n}Hs(F)/R,H—s(r)/R
€

sup |w|| e+ 0y || = OnzZo,n + go,nm + (20, Go,n) T -+ (1)
S

IN

< Csup |luf g ) |7l 1725 () = Cllwl| e (r).-
hen

The above proved estimates allow us to take a sequence u,, in V''/2(T") converging to w in V*(I") and obtain
Yu € VEH/2(Q) and p,, € (H'/?75(Q)/R)’ as the limits of the sequences ¥y, and p,, ; cf. |79, Theorem
A.1(ii)] or [1, Theorem 2.5].

Finally, the case 0 < s < 1/2 follows by interpolation. O

Remark 2.2. If u € V'/2(T), then the very weak solution and the variational solution are the same.

Next, we have to give some meaning to the mixed form. The main problem is that for data in u € V*(T'),
s < 1/2, the gradient of the state is not a function in L2(£2).
We start with the regular compressible Stokes problem. Consider f € L%*(Q) and h € H'(Q) such
that (h,1)o = 0 and denote z = z¢; and ¢ = gy the (variational) solution of . If we denote
7
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Gy n = Vazysy € L2(), we have that the triplet (Gg p, zf5,qf.5) € L2(Q) x H3(Q) x LE(Q) is the unique
solution of the weak formulation

(G, T)a+(2,V-T)a =0, (2.10)
(G, Vv)a — (¢, V- v)a = (f,v)e, (2.11)
—(2z, Vw)q = (h,w)q, (2.12)

(¢ 1) =0, (2.13)

for all (T,v,w) € H(div, Q) x H}(Q) x H'(Q). Moreover, it is clear that the regularity results stated above
for (2.2)) apply and G¢ 5, € H*=1/2(Q) for 0 < s < s*. Notice also we can define analogously to (2.6)

c(G,q) = qg— (Gn) -n,1)r. (2.14)

i
Tl
Next we give a mixed formulation of problem (2.8)) for Dirichlet data u € V*(T') for —s* < s.

Definition 2.2. For —s* < s and u € V*¥(T'), we say y,, € V°(Q), Ly, = Vy,, € (HY(Q))', pu € (H'(Q)/R)’
is a solution in the transposition sense of

—Ay+Vp=jFf in Q,
V-y=0 in €,

y=u onl,
if (Yo, Ly, pay) satisty
L, Tlo = —(y, V- T)a + [u, Tn]r, (2.15a)
(y, fla — [p, hla = [u, —Gs pn + gz nm + c(Gg g5 1)M]rs (2.15b)

for every f € L?(2), h € H'(2) such that (h,1)q = 0 and T € H'(2), where (G¢ 4, 2¢.n,qfn) € L*(2) x
H{ () x LE(€) is the solution of (2.10)- - ) for data (f,h).

The above definition simply incorporates an adequate definition for the gradient to the transposition
solution defined in Nevertheless, this formulation is still not appropriate to use together
with f in the context of hybridizable discontinuous Galerkin methods. Taking advantage of the
regularity results stated in we have L, € H*~Y2(Q) if 1/2 < s < min{1/2 + £,3/2} and
L, € (HY275(Q)) if —s* < s < 1/2.

So we have that if —s* < s < 1/2 and w € V*(T'), then there exists a unique solution (L, Yu,Pu) €
(HY/275(Q)) x V1/2+5(Q) x (H'Y/27(Q)/R)’ of the problem

L, Tlo + (y, V- T)o = [u, Tn]r, (2.16a)
[L, G#,nla = [p, hla =0, (2.16b)
[Vagn yla = [u, g5 nmr, (2.16¢)

for every f € L*(Q), h € H'(Q) such that (h,1)g = 0 and T € HY(Q), where (Ggpn,zfn,qfn) €
() H'/2THQ) x H?H(Q) x H'/?THQ)/R < HY/27(Q) x H*7*(Q) x H'/*>7*(Q)/R is the solution

t<s*

of (2.10)—(2.13)) for data (f,h).
Taking all this into account we can summarize our results in the following theorem.
Theorem 2.3. For every u € VO(I'), there exists a unique solution

(Luis Yo pu) € (HY2(9)) x VI/2(9) x (HV2(@)/R)
8
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of
L, Tlo + (y,V - T)a = (u, Tn)r, (2.17a)
[L, Volg = [p, V- v]g =0, (2.17b)
[Vw, ylo = (u, wn)r, (2.17¢)

for all (T, v, w) € H(Q) x o, H¥?THQ) N H{(Q) x N, HY*H(Q). Moreover, if u € V(T'), —=1/2 <
5 < s, then (L, Yu,pu) € (HY275(Q)) x VI/2H5(Q) x (Hl/z_“”(Q)/R)I. Finally, the control-to-state
mapping © — (L, Yu, ) 1S continuous from

VD) to (HVP(Q)) < V(@) < (HI2(0)/R)
for —s* < s <min{1/2+ ¢, 3/2}.

2.2. Well posedness and regularity of the tangential control problem

It is clear that U < L?(T") and there is no ambiguity in denoting by u the elements of U. Hence the
control-to-state mapping u — ¥, is continuous from U to V'V/ 2(€), and there exists a unique solution of the
control problem

. 1 gl
(Pr) min J(u) = §Hyu —yalliz) + 5”“”%2@)7

where y, is the solution of the state equation

L, Tlo + (y, V- T)g = (ur, Tn)r, (2.18a)
[L, Volg = [p, V- v]g =0, (2.18b)
[Vw,yla =0, (2.18¢)

for all (T, v,w) € H'(Q) x(, .. H*? T (Q)NH(Q) x,., HY?+*(Q). Notice that (2.18a)), (2.18D), (2:180)
is the weak formulation 12.17;]), (2.17b)), (2.17c) obtained in [Theorem 2.3|for the Stokes problem (|1.2)) with

Dirichlet datum ur, where we have used that ur - wn = 0 for any pair of functions u,w in L?(T).

Theorem 2.4. Suppose yg € H™™2H(Q). Let u € L*(I") be the solution of problem (P,). Then
we HY(T) (2.19)
for all 1/2 < s < min{3/2,& — 1/2} and there exists

y e VEr2(Q), L e H*~1/2(Q), pe HV2(Q)n LE(Q),
2z € ViTH(Q), G e H"(Q), q € H™(Q) N LK),

for all 1 < r < min{3, ¢} such that

(L, Vv)o = (p, V- v)a =0, (2.20a)
(Vw,y)o =0, (2.20D)

(L,T)q + (y,V-T)q = (ur, Tn)r, (2.20c)
(G, Vv)a+ (¢, V- v)a = (¥ — ya,v)a, (2.20d)
— (2, Vw)q =0, (2.20¢)

(G, T)a + (2,V-T)a =0, (2.20f)
(yur = Gn, pr)r =0, (2.20g)

9
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for all (T,v,w, n) € H(div, Q) x H}(Q) x HY(Q) x L*(T). Moreover,

we [[H2(T) for all r < min{3,£}. (2.21)

=1

Proof. The optimality conditions follow in a standard way by computing the derivative of the functional
with the help of the chain rule, the integration by parts formula and [Definition 2.1l The regularity follows

from a bootstrapping argument.

From [Theorem 2.2 we have that y € V'/2(Q). Using this and the regularity of the data y4, we deduce
from [Theorem 2.1{that z € V*+1(Q) and ¢ € H'(Q) N LZ(Q) for all ¢ < 3/2 such that t < £&. From the trace
theory, it is clear that

Gn = Opz € I H Y/2(Ty) for all ¢ < 3/2 such that ¢ < €.

Since ¢ > 1, we notice that the gradient of the dual pressure ¢ is a function in H*=(Q) with t — 1 > 0. So
we have that each component 2%, i = 1,2 of z, satisfies Az* € H'71(Q) and z* = 0 on I'. Therefore, we have
that d,2%(z;) = 0, i = 1,2, for every corner z; (cf. |15, Appendix A], [13| Section 4]), and hence we also
have (cf. |15, Lemma A.2]) that

Gn = dpz € H™Y2(T) for all t < 3/2 such that ¢ < €.
Next, using that the pressure does not appear in the optimality condition (2.20g)), we can write
yur = Gn = 0y z,

and therefore the Dirichlet datum of the state equation is also in the space H*~/2(T) for all t < 3/2 such
that ¢ < &.

Repeating the argument, we obtain in a first step from [Theorem 2.2/ that y € V¥(T') for all ¢ < 3/2 such
that ¢ < &, which leads, together with the maybe higher regularity of y; and [Theorem 2.1|, toz € V1/2+t (Q)
for ty < 5/2, ty < £. The normal trace argument leads to ur € 17", H*>~1/2(T';), but when we paste together
the pieces with the help of the zero value at the corners, we cannot go further for the Dirichlet datum of the
state equation than

ur € V¥(T) for s < 3/2, s <&—1/2. (2.22)
The claimed regularity for the optimal control follows from the previous relation.
Taking the same argument for a third time, we obtain the regularity of the other involved variables. [

Notice that a higher regularity of the target state would not lead to a higher regularity of the solution,
since it is mainly bounded by the singularities that appear due to the corners. Low regularity of the target
would nevertheless lead to a low regularity solution. Suppose for instance that £ > 2 (w > 0.77) and
yq € H*(Q), with a < 2. If @ < 1, then the gradient of the dual pressure would not be a function, and the
argument of the proof would not lead to any conclusion. If 1 < o < 3/2, then the argument would stop in
the first step, obtaining regularity for the control v € H*~1/2(T"). If 3/2 < a < 2, then the argument would
finish in the second step obtaining again v € H*~ /().

We use the following reformulation of the optimality system in our analysis of the HDG method:

Corollary 2.1. Let yg € H™™2¢(Q). Then the solution of the optimality system (2.20a)-(2.20g) also
satisfies the following well-posed problem: find
uwe HYAT), yeViQ), Lel*Q), pecLiQ),
zeV3H(Q), Gel?*Q), qe L),

such that L — pl, G 4 ¢I € H(div, ?) and

(L, T)q + (y,V - T)a = (ur, Tn)r, (2.23a)

—(V (L = pl),v)o =0, (2.23b)
10
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(V- y,w)o =0, (2.23¢)

(G, T+ (2,V-T)o =0, (2.23d)
=(V-(G+dql),v)o = (y Yd, V)0 (2.23¢)
(V- z,w)qg =0, (2.23f)

(yur = Gn, pr)r =0, (2.23g)

for all (T, v,w, i) € H(div, Q) x L2(Q) x L(Q) x H/2(T).

3. HDG FORMULATION

Before we introduce the HDG method, we first define some notation. Let 7T, be a conforming and quasi-
uniform collection of disjoint elements that partition 2. We denote by 97T}, the set {0K : K € T,}. For an
element K of the collection 7p,, e = 0K N T is the boundary face if the Lebesgue measure of e is non-zero.
For two elements K+ and K~ of the collection 7T;, e = OKT NOK ™ is the interior face between K+ and

~ if the Lebesgue measure of e is non-zero. Let £9 and £ denote the set of interior and boundary faces,
respectively. We denote by &, the union of £ and 7. We introduce various inner products for our finite
element spaces. We write

(%C)Th = Z (777C)K7 </’77C>87—h, = Z <777<>3K7

KeTy, KeTy,
2 2

M7 =Y 0,67, ([LG)7 = > (Lij, i)
i=1 ig=1

2

(n,Com = Y _(mir Cidoms

=1

where (-, ) and (-,-)gx denote the standard L? inner products on the domains K C R? and 0K C R.
Let P*(D) denote the set of polynomials of degree at most k on a domain D. We introduce the following
discontinuous finite element spaces

K, = {L € L(Q) : L|x € [P*(K)|>*?, VK € T}, (3.1)
Vi i={v € L*(Q) : v|x € [P (K)2, VK € Ti}, (3.2)
Wi = {w € L*(Q) : w|x € PH(K), VK € Th}, (3.3)
M, = {u € L*(en) : ple € [P(e)]2, Ve € e}, (34)
My = {u € L*(=}) : ple € P*(e), Ve € 27}, (3.5)

for the flux variables, velocity, pressure, boundary trace variables, and boundary control, respectively. Note
that the polynomial degree for the scalar variable is one order higher than the polynomial degree for the flux
variables and numerical trace. This combination of spaces has been used for the Navier-Stokes equations
in [77]. The boundary trace variables will be used to eliminate the state and flux variables from the coupled
global equations, thus substantially reducing the number of degrees of freedom.

Let Mj, (o) denote the space defined in the same way as Mj,, but with ¢, replaced by 7. Note that
M, consists of functions which are continuous inside the faces (or edges) e € ¢j, and discontinuous at their
borders. In addition, spatial derivatives of any functions in the finite element spaces are taken piecewise on
each element K € 7Tj. Finally, we define

WP ={we L*Q): w|g € P*(K), VK € Tj, and (w,1)q =0} .
To approximate the solution of the mixed weak form (2.23a)-(2.23g)) of the optimality system, the HDG

method seeks approximate fluxes Ly, G, € Ky, states yp, 2z, € V3, pressures pp,q, € W}, interior element
11
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boundary traces ¥y, 2j € M}(0), and boundary control u; € M), satisfying

(thTl)Th + (yh, = Tl)Th - <:'/j;)w T1n>87’h\eg = <uhT,T1TL>€§,

(Li, VO1)7, — (00, V- 01) 75 — (L — prl)m, v1)o7s, = (f,01)7:,
—(yn, Vwr) 7, + (Y - n, wi) o\ 0 =0,

for all (T, vy, wy) € K x Vi, x W2,

(G, T2)73, + (20, V - T2) 75, — (25, Tan) o, \ 0

(G, V2 )75, + (g1, V - 02) 75 — (G + grI)n, v2) o, = (Yn — Ya, v2) 75,
—(zn, vw?)Th + <2;)L "n, w2>87‘h\s‘2 =0,

for all (TQ,UQ,'[UQ) e Ky x Vp, x Wg7

(L, — pal)n, B1)aTine2 =0,

for all 1 € My, (o),

(o +an)m, 12) o700 = 0,

for all ps € .2\4';1(0)7
<@hn — YURT, /~L3T>E?L = 07

for all u3 € My,. In contrast to here we assume the forcing f may be nonzero.
The numerical traces on 97, are defined as

I[/:hn =Lyn—h Y (Pyy,—95) on 87}\5‘2,
Ithn =Lyn — hil(PMyh —upT) on 82,
((A}hn =Gun —h Y (Pyz,—2;) on an\sﬁ,

Gpn=Grn—h ' Pyz, on 52,

(3.6d)

(3.6e)
(3.6£)

(3.61)

(3.6
(3.6k
(3.61

)
)
)
(3.6m)

where Py, denotes the standard edge-wise L2-orthogonal projection from L?(e) onto P*(e). This completes
the formulation of the HDG method. It is straightforward to see that the system ([3.6]) is consistent, i.e., the
exact solution satisfies the system. Furthermore, its implementation can be found in the arXiv preprint of

this paper [34].

4. ERROR ANALYSIS

In this section, we perform a convergence analysis of the HDG method for the tangential Dirichlet bound-

ary control for Stokes equations.

4.1. Main result

We assume throughout that there exists a unique solution of the optimality system (2.23al)-(2.23g)) satis-

fying the following regularity condition:

L € H™(0), y € H™(Q), p € H™(Q),
G e H™(Q), ze€ H™=(Q), g € H™ (),

where

12
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ry>1, r;>2, rp=r,>0, rg>1, rg>1, L—pleH(div,Q). (4.1)

This regularity condition is guaranteed to hold when the polygonal domain is convex; see
below.

In , the regularity for . and p can be very low; in particular, I and p are not guaranteed to have an
L? boundary trace. This causes difficulty for the numerical analysis of the HDG method. For the convection
diffusion equation, we used a special interpolation operator to deal with this difficulty in |21,37]. Later,
in [19], we used a special trace inequality in the numerical analysis of related embedded DG methods; we
also use an improved trace inequality in this work, but the analysis is different since the spaces are not the
same as in [19)].

Our main result is below:

Theorem 4.1. Let

sp = min{ry, k + 1}, Sy = min{ry, k + 2}, sp = min{ry,, k + 1},
s¢ = min{rg, k + 1}, Sz = min{ry, k + 2}, sq = min{ry, k + 1},
M =h"|Llgwq+h*[plwao+ hov=t 1Yl 5w 2+
N = hs¢ HGHSG@ + hSa ||qqu7Q 4 ps=1 ||z||SZ)Q .

Then for &k > 0, we have
_1
lu—unllo + Iy — ynlly, + G = Gully, + 1z = zull7, + g = anlly, S A2 (RM £ N).
Moreover, if k > 1, then
L = Lalls, + llp = pally, S A HAM +N).

Corollary 4.1. Let w € [7/3,7) be the largest interior angle of T and let £ be the smallest real part of all
of the roots A of the equation
sin?(A\w) — A%sin w
A2(A—1)

=0.
Suppose f = 0, yg € H™™2£(Q). Define rq by

ro = min{z,f— ;} € (1/2,3/2].

Then the regularity condition (4.1))is satisfied.
If £ =1, then for any r < rq we have

H]L‘_]Lh|7_h §hr71/27 ||y_thTh S/hra Hp_thTh Shr71/27
IG = Gnll7 S A", Iz = znll7 < A7 lg = anll7 < A7,
||'LL - uhHsg S./ hT'
If k£ =0, then for any r < rq we have
ly —yullm SHV2 G =Gy S h'V,
Iz =zl S B2 llg—anllm SRV,

||u - uh”gi 5 h1/2'

13
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Theorem 2.4|gives uw € H"(T'), and so the convergence rate for the control is optimal for k¥ = 1 with respect
to this global regularity result. However, also gives the higher local regularity result for
the control: uw € H"(T';) for each boundary segment I';, where £ < min{3,&} —1/2. Our numerical results in
indicate that the actual convergence rate for k = 1 may indeed be restricted by the local regularity
result instead of the global regularity result. A completely different method of proof is likely required to
establish a sharper convergence rate for the control with respect to the local regularity result.

Also, only yields global regularity results for the other variables. Our convergence rates for
the flux I and pressure p are optimal for £ = 1, but suboptimal for the other variables.

4.2. Preliminary material

We begin by defining the standard L? projections Ik : L?(Q) — K, IIy : L*(Q) — Vj, and Hy :
L?(Q) — W), satisfying

(gL, T)x = (L, T)x VT € [P*(K)]**2, (4.2a)
(Myy,v)rx = (y,v)x Vv e [PFMYK)?, (4.2b)
(Mwp,w)k = (p,w)k YV w e PHK). (4.2¢)

For all faces e of the simplex K, we also need the edge-wise L2-orthogonal projections that map into P*(e)
and [P*(e)]?, respectively:

(Pyru —u, pi)e =0, Y € Ph(e), (4.3a)
(Pyy —y, e =0, Ve [Pie)? (4.3b)

In the analysis, we use the following classical results:

[Tk — L7, < 27 [Ls.0, IMvy —yll7 < P [1Ylls,.0 (4.4a)
_1 _1

[1Pru —ullor, S A2 ylls,.0 Mvy —yllo7, < b2 yls,.0, (4.4b)
_1

Mwp —pli7 < h7plls, .0 1Pry = yllom, < 272 ylls, 0 (4.4c)

Similar projection error bounds hold for G, z and gq.
Define the HDG operator £ : K; x Vj, x W,g x M, x Ky x V, x W}? X My — R by

B(Lh, Y, o, Y T1, 01, w1, p)
= (Ln, T)7, + (yn, V- T1) 7, — (W1, Tim)or 0
+ (L, Vor) 7, = (pn, V - 01) 75, = (Lam — ppn — b~ Paryn, v1) o, (4.5)
— (7R v omneg — (W V)7 + (B 1w a7
+ (Lpn — ppn — h_l(PMyh -0, “1>67’h,\€ﬁ‘

This definition allows us to rewrite the HDG formulation of the optimality system (3.6)): find (Ly, Gy, yn, 2n,
Phs Qhs U5y 20, un) € Ky x Kpy x Vi, x Vi, x WP x WP x M, (0) x My (0) x My, satisfying

B(Li, Yn, o, Yrs Tr, v, wi, p) = (up, Tin + hil’vﬁsg + (f,v1)7, (4.6a)
B(Gh, zn, —qn, 23 Ta, V2, w2, p2) = (Yn — Yd, V2) 75, (4.6Db)
(Gun — W™ Prrzn, pat)eo = 7 (un, pia) o, (4.6¢)

for all (Tl,Tg,vl,vg,wl,wg,ul,ug,ug) S Kh X Kh X Vh X Vh X Wh X Wh X Mh(O) X Mh(O) X Mh. AISO, in
the error analysis we frequently use the following identity, which is established by applying integration by
14
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parts to (4.5)):
%(Lhayh;pm?’jﬁ;Tlﬂ’h“ﬂvﬂl)
= (Ln, T)7, + (Yn, V- T1) 7, — (W1, Tin)ar\c0
— (V- L, v1)7, 4+ (Vpn,v1)7, + (b Payn, v1)o, (4.7)
— (W7 Gh, v1)omned — (Yn, Vi) 7, + (G5 - 1, w1) o7\ 0
+ (Lan — pun — W™ (Paryn — G7)s 1) o\ o0
The detailed proofs of the following three lemmas can be found in the arXiv preprint of this paper; see [34].
Lemma 4.1. For any (T, vp, wh, pr) € Kp x Vi, x WP x Mj,, we have
B(Th,vn, wh, pr; Thy Op, Why )

= (T, Ta) 7, + (W (Paron — pn), Parvn — p)ogineo + (b~ Parvn, Paron) co.

Next, we give another property of the HDG operator & that is fundamental to our analysis.
Lemma 4.2. For all (]Lh,Gh,yh, Zh,Ph, qh,ﬂ,‘;, E}OL) e Ky xKp x Vi, x Vi, x W}? X W}(L) X Mh(O) X M}L(O), we
have

*@(thyprha @\Z; _Gha Zhyqh,s '/Z\;)L) + '@(Ghv Zhs —qh, Q?L;Lha —Yh, Ph, _Q\I('JL) =0.

Lemma 4.3. There exists a unique solution of the HDG discretized optimality system (4.6)).

4.3. Proof of the main result

In our proof of the main result, we use the following auxiliary HDG problem: for the optimal control u
fixed, find

(Lh(u)v Gh(u)v Yn (u)ﬂ Zh (u)7ph (u)a Qh(u), :'/J\}Cm) (u)ﬂ 2}3(“))
€Ky x Ky x Vi, x Vi, x WP x WP x My, (0) x Mj,(0)

such that

B (L (uw), yn(u), pr(w), gh(u); T1,v1, w1, 1) = (£,01)7 + (Paur, b oy + Tin).o, (4.8a)
B(Gp(u), zn(w), —qn(u), 25 (v); To, v2, wa, po) = (Yn(u) — Ya,v2)7,, (4.8b)

for all (Tl,TQ,’Ul,’Uz,wl,’wg,[,l,l,ug) S Kh X Kh X Vh X Vh X W}(L) X W}? X Mh(O) X Mh(o).

We split the proof of the main result, into eleven steps. We first consider the solution of the
mixed form — of the optimality system, and the solution of the auxiliary problem. We estimate
the errors using L? projections. Define

o =L — TIkL, ey = Mg — Ly, (u),
0¥ =y —Tlyy, ey =yy — yn(u),
o7 = p —Tlwp, ey = wp — pi(u), (4.9)
6 =y — Pyy, €g:PMy*ﬁh(U),

6, = 6bn — 6Pn — h™ 1Py 6Y,

where g, (u) = g2 (u) on €% and P (u) = Pyrut on £, which gives sg =0on &f.
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4.3.1. Step 1: The error equation for part 1 of the auziliary problem (4.8al).
Lemma 4.4. We have

%(5%7 51}17 Ezu 5:’;{7 Th Vi, W1, IJJI) = <517 ’U1>37—h, - <8\17 IJ‘1>8’Th\5g' (410)
Proof. Using the definition of % (4.5) gives
Bk, vy, Hwp, Pyy; Ty, v, wi, pa)
= (HK]L Tl)Th (Hv'y,v -T ) — <PMy7T1n>aTh\58 + (HK]L V’Ul)Th
— (Owp, V- v1)7;, — (Tgln — Owpn — b~ ' PyIyvy, v1)e7,
— (W Puy, vi)ogneo — My, V)7, + (Puy - n,wi)or, \z0
+ (Igln — Hypn — b~ ' Py (Tlyy — y), M1>BT}L\E§ :

By properties of L? projections, we have

B(MgL, vy, wp, Prry; T, vr, we, pa)
= L. T)7 + @, V- Ti)7, — ¥, Tin)sr, 0 + (L, Voi)7,

—(p,V-v1)7, — (Ln — pn — h™ ' Pyry,v1)aT,

+ (0"n — 0Pn — b PyéY,vi)oT, — <h_1PMy,v1>a7-h\€g
= (y, Vwi)7, + (Y- n,wi)ag\e0 + (Ln —pn, pa) oy \ 0
(h

+ (h~ ' Py &Y 1) a0 — (0'n — oPn, B1) o \e0-

The exact solution (L, y, p) satisfies
(L, Ty)7 + (. V-T1)7, — (¥, Tin)sp\0 = (ur, Tin).o,
(L, Vo1 )7, = (p, V- v1) 75, — (Ln — pn, va)o, = (f,v1),
—(y, Vwi)7, +{y - n,wi)ap\0 =
(Ln —pn, N1>aTh\ag =
for all (Tq,v1, w1, 1) € Ky X Vi, x Wy, X M, (0). Therefore,
B(MgL, Iy y, ywp, Pry; Ty, o1, we, )
= (ur, Tin).o + (f,v1)7, + (60 — 6"n — b= Pyré?, v1)or,
+ (P Pary, v1)eo + (7 Pud?, ) oo — (070 — 6710, 1) oo
= (£, v0)7, + {(Paw)7, b o1 + Tam).o + (81, v1)om, — (01, 1) 73020
Subtracting part 1 of the auxiliary problem gives the result. ([l
4.3.2. Step 2: Estimate for €.

The proof of the following lemma is also given in the arXiv preprint of this paper, see [34].
Lemma 4.5. We have

IVelll7 +h™2 el — efllor S ekl +h™ 2| Pueh = <f o - (4.11)

Next, we introduce the improved trace inequality.
Lemma 4.6. Let e be a face of K € T;,. If L — pl € H*(Q) NH(div, ) with s > 0, then for all pu € [P*(e)]?,
we have
(L —pDhn,p)e S h2|plle(IL = pLlx + 2]V - (L = pD] x)- (4.12)
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The proof of this lemma can be found in Lemma 2.4] for the vector case; the proof of the tensor case
is trival.

Lemma 4.7. Let M = h** Ll o + 1% [[pll .o + b [y, we have
_1 g
lekll7, + B2 | Parell — €} lor, S M.
Proof. First, since sg =0 on 52, the energy identity for £ in gives
Blersehrehrehicnenener) = lexll, +h | Parel — X3,
Then taking (Tq, vy, w1, 1) = (5%,62’,52,572) in the error equation (4.10) gives

ek, + b~ I Pasel, — €}l l3,

= (01,€} —&j)oms
= (6"n — 0"n — h' Pyo¥ ¥ — el)or,
_ <5]Ln _ 5Pn’€z — €g>37-h — <h71§y,PM€Z — €g>87—h

< Ch7Eef — ¥llom, (16" — 67T 7, + h||V - (5% — 67T))|
+ Ch™3|6Y|lo7,h™ % | Pasel — ¥ o

<Ch2 e} — e llom (16~ 7 + 167117
+Ch 3| — €Y7, (R||V - (L= pD)||75, + h||V - (Tx (L — pI))||7:,)
+ Ch™ 3 16¥||om, = | Parel — ¥ o,

< Ch2 e} — e llom (16~ 7 + 16717
+Ch7E|e¥ — el lom bV - (L — p)|7,
+ Ch™7||e¥ — Y| o7, h||V - (g (L — pl)) — V - (% (L — pI)) |7,

_1 _1 U
+ Ch™2(|6Y]|o7;, b~ 2 | Puey — €7 lloTs»

7)

where ITY, is the L? projection into the space of piecewise constant functions and we used Finally,
we use Young’s inequality, 0 < sp, s, < 1, the fact that L — pl € H(div, Q) implies that ||V - (L — pI)||7;, is
bounded independent of h, and to obtain
lex 17, +h~ 1 Pasey, — €}l 3,
1 g 1 g
Shz el — elllom (1% 17, + 16°117,) + A2 |} — e} lom hlIV - (L — pD) |17
+h72lef = efllom, | Thx (L — pl) — Mg (L — pD) |7, + A~ 2 [6¥[lo7;, ™2 || Pare}, — &}t lloms
2 2 - 2
S 6517, + 16717, +p2IV - (L = ph)lIF, + [T (L — pl) - Mg (L — D17, + 27" 1657,

2 2 - 2
ST e el S el ]

4.3.3. Step 3: Estimate for £}

Lemma 4.8. We have ||} ||7;, < M, where M is defined in

Proof. We utilize an inf-sup proof strategy for the pressure; cf. Proposition 3.4], Lemma 5.3]. We
know from that for any function ¥ € L?(Q) such that (9,1)q = 0, we have

9.V -
Wlos sp LYY
ve HE(Q)\{0} ||U||H1(Q)
17
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Since
(eh, V)7, = (Mwp — pr(u), 1) 7, = (Mwp, 1)1, — (pr(u), 1)1, =0,

we can take ¥ := e} in (4.13). Then we have

p v
Igle s sop Em¥ V)
ve HE (Q)\{0} Hv”Hl(Q)

)

and
(eh, V- v)a = =(Vep, Iyv)7, + (g, v - n)or;-
Next, taking (Ty, v, w1, p1) = (0, Iy v,0,0) in [Lemma 4.4) and using give
(Veh Tyv)g, = (V- e, Myv)7, — (" (Pyel — ef). Myv)or, + (81, Myv)or, .
where we used Eg =0 on 62. The above two equalities give

(8, V- v)g = —(V - ef, Oyo) g, + (h (Pael — Y, My v)or, + (5, v - n)or, — (01, yv)or,

7(v : 5%7”)7} + <h71(PM5!}{ - 52)7 HVv>3Th + <€€v v- n>3Th - <3\13 HVU>37_}1

= (5%, V)7, + (h’l(PMsz — Eg)7ﬂv’v>an + (—s%n +ehm, Pyv)or, — (31, IIyv)or, .

Next, we take (T1,v1, w1, p1) = (0,0,0, Pyrv) in Since v € H}(Q) we have
(ekn — ePn, Pyv)ar, = (h (Pye? — e¥), Pyv)or, — (61, Pyv)ar,.
This implies
(7, V-v)g = (ek, Vo), + (h_l(PMsg — Eg),ﬂvv — Pyv)oT, — (31, IIyv — Pyv)sT, -

For the above equality, the first two terms can be easily handled by Cauchy-Schwarz inequality. For the
last term — (81, ITyv — Pyv)a7,,, we can use the same technique as in the proof of to get

—(81, Ty v — Pyv)or, < Ch™2|[Tlyv — Pyollor, (18|17 + 1107]17,)
+Ch™2 |Hyv — Pyollor, bV - (L — pI)| 7,
+ Ch™% [Ty — Payollo, | Hx (L — pl) — TI%(L — pl)||7,
+ Ch™3(|0Y |om, ™% [ Tyv — Pyl

Applying the Cauchy-Schwarz inequality and using give the desired result.

|
4.3.4. Step 4: Estimate for ] by a duality argument.
For any © € L?(Q), the dual problem is given by
A-V®=0 in ,
—-V-A-VU =0 in €, L4
V-®&=0 in Q, (4.14)
=0 on 0f).

Since the domain €2 is convex, we have the following regularity estimate

1Al + 1@z + W] < CllO]|o- (4.15)

18
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In the proof of the next lemma for estimating ¥, we use the following notation:
FA—A—TIgA, 62 =& —Ty®, =0 _TlyV, 6% =& _ P,
Lemma 4.9. Let M be defined as in [Lemma 4.7 Then we have

ek ll7, < M.

(4.16)

(4.17)

Proof. We consider the dual problem ([£.14) with ® = £¥. In the deﬁnltlon of # in ) and | ., we
take (T1,v1, w1, p1) = (—HgA, Iy @, Iy ¥, Py ®). Since = 0 on Eh, Eh =0 on Eh, V @ = 0, by using

integration by parts we have

Bleh eV el V. _TIgA Ty ®, My ¥, Py ®)

= — (e, OxA) 7, — (¥, V- HgA) 7, + (¥, OxAn)oy, — (V- ), Iy @) 7, — (5, V- Iy @),

+{(ehn+ B (Pyel — £]). Iy ®)or, — (), Vi O)7, + (€] - n, Iy B)or,
+ (ehn — eln — K (Pye? — sg), Py®)sr,
(e A)7s, + (1, V- 6%) 7, = (1, V - A) 7, = (], 6% n)or,, — (ehm, ®)or,
(ch, V®) 7, + (e, V - 0%) 7, + (ehm + ™ (Pyel — €¥), ®)or,
— (ehn+ 07 (Pueh — €]),6%) o7, — (1, V)7, + (1, V8")7,
(¥ -n,6%)or, + (epmn — ehn — h ™1 (Pyel — 52), D)7,
= —(ej A= V®)7; + (1, V - 6%)7, — (¥, V- A+ V)7, — (¥, 8*n)or, + (1, V- 0%)7,
— (hn+ b Pyl —£]),6%) o7, + (1, V6" )7, — (€] . 6",
= (e, V- 6%)7 + IedliF, — (eh, 8 n)om, + (5. V - 6%),

—(n+h ! (Pyel - sg), §®Vor, + + (e, v, <5h n, 07,

Here we used 512 =0onef, A+ VI € H(div, ©2), and (Eg, (A + ¥I)n)s7;, = 0, which holds since Eg is a

single-valued function on interior edges and ¥ = 0 on 52.

Next, integrate by parts to obtain

(en, V- 5A)Th —(Vel, 6% 7, + (e}, 6" n)or, = (e}, 0"n)oT,,
(eh, V6%, = —(Veh,6%)7, + (e1,6% - m)og, = (e],6% - m)or,,
(e¥,véY)T, <ﬁ n,6)or, — (V-7 6%) 7, = (e - n,0%)or, .

Then
Beh,e¥ e eV _TIgA, Ty ®, Iy ¥, Py ®)
= [|le¥|% — (b (Puel —€¥),6%)or, + (¥ — ¥, 6% n + 6V n)or, .
On the other hand, using ® = 0 on 8‘2 and the error equation gives
By, ¥ el ¥ _TIgA, Ty @, Ty ¥, Py ®) = (8, Ty ® — Py ®) o7, .

Next, we split the proof into three cases.
(1) When s, = s, > 1/2, we note that

(81, Py®) o7, = (—HgLn + Mywpn + h™ Py (Iyy — y), Pu®)or, + (Ln — pn, Py ®)o7,

= (-MgLn + Hwpn + h ™' Py (Iyy — y), ®)o7, + (Ln — pn, ®)s7,
19
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= (81, ®)or; -
Here we used the fact (Ln —pn, ®)s7, = 0 and (Ln —pn, Py ®)s7;, = 0 since L —pll € H(div,2) and & =0
d
on &j.

Compare the equations (4.18]) and - ) to obtain

||€h||Th <€Z - 5’}!17 5An + 6\I}n>aTh - <617 5<I>>3'Th + <h_1(PM€‘}€ - 6‘}!1,)’ 5<I>>8Th
_1 u 1 i~ _1 U _1
Sh2|leY = e¥llom b2 (164 |o7, + 6% lo7.) + 1101 llo7 6% lo7s, + R ™2 || Parel — e¥llom h™ 2 6% |o7,
S B L g + 27 Pl 0 + 277 Yl o) R 175,

where in the last step we used and the standard projection error estimates (4.4) and the a
priori estimate (4.15)) for the dual problem.

(2) When 0 < s, = s, < 1/2, hence the quantity ||(L — pI)n|/g7;, is not well defined and the analysis in
(1) is not applicable. We need to refine the analysis.

(i) If k > 1, compare the equations (4.18)) and (4.19), and use the same technique as in the proof of
\ILemma. 4.7] to obtain

[e¥]|2. = (¥ — ¥, 6%n + 6Yn)or, +(81, Ty @ — Py®) o7, + (h ™ (Pue? —¥),0%)o7,

—(e¥ - {—:’hj, A + 5'1’n>a7—h+<5ln — 0Pn, Iy ® — Py ®)or,
—(h " Py6Y, Ty ® — Py ®) o7, + (b (Pye? —€¥),6%) 07,

Sh3|el = ¥ llom b2 (16% o7, + 16 o7:.)
+ [Ty @ — Py ®@|lo7, (16°]|75, + 167175, + hlIV - (L = pD)|7;,)
+ |TIy @ — Py @ | o7, |k (L — pl) — T (L — pl) | 7,
+ B [Pard o7, [Tlv @ — Pa®|lo, + b2 | Parell — e8|l h™ 2 (16% |lo,

S (B HL g g + 27 Dl g + 2% [[ll o o) €7 1175, -

(ii) If k = 0, we note that

(81, Py ®)o7, = (—HgLln + Mywpn + h ' Py (Ilyy — y), Pu®)sr, + (Ln — pn, Py ®)or,
= (—TgLn + Hwpn + h~ ' Py (Myy — y), ®) a7, + (Ln — pn, ®)a7,

= (81, ®) o7, -
Here we used the fact (Ln —pn, ®)s7;, = 0 and (Ln —pn, Py P)s7;, = 0 since L — pll € H(div, Q) and & =0
0
on &9.

Compare the equations (4.18]) and - to obtain

€ — Eh? §n+8YnYor, — (81,8%)ar + (W (Pucd — €9),6%)o7,

54 HTh —(
—(e¥ — ¥ 5P n+ 6Vn)or, — (6"n — 0Pn, 0%) o,
—{et

Se e

+ (A" Pa6Y,6%)or, + (W7 (Puel — €1), %o,
¥ —e¥ shn+6Yn)or, — (6% — 671, V), — (V- (8% — 6%1),6%) 7,
+ (B Pad¥, 6% o7, + (W (Push — €8),6%)or,
—(e¥ —ef 0" n + 6 n)or, — (6% — O"L, V%) 7, — (V- (L —pI),6%)7,
+ (B PyY, 0% o7, + (hH(Puel — €1),0%)or,
S (WL g + P2 Dl o g + 2% 1l v o) €7 175,
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[Lemma 4.7] [Lemma 4.8 [Lemma 4.9) and the triangle inequality yield optimal convergence rates for

L —Ln(u)ll7, lp = pa(u)lly and [y — yn(u)| 7 :
Lemma 4.10. Let M be defined as in [Lemma 4.71 Then we have

WL = La(u)ll7, + hllp = pr(w)ll 7 + ly = yn(w)l7 < AM.

4.3.5. Step 5: The error equation for part 2 of the auziliary problem (4.8bj).

We continue to focus on the solution of the auxiliary problem and the solution of the mixed formultion
(2.23al)-(2.231]) of the optimality system. Next, we consider the dual variables, i.e., G, z and q. We estimate

the errors using L? projections, and we use the following notation.

6% = G — IIkG, eF = MxG — Gp(u),
0% =z —Ilyz, e; =yz — zp(u),
0% = g — Ilwq, ef = Tlwq — qn(u),

6% = 2z — Py z, 6%: Pyrz — zp (u),

2 = 6%n + §%n — h™' Py 6%,
where zj,(u) = 29 (u) on &5 and Zj,(u) = 0 on 7, which gives e¥ = 0 on 9.
The proof of the following result is similar to the proof of and is omitted.

Lemma 4.11. We have

@(5(;3:7752, *52755; T27v27w23u2) = <527'U2>8Th - <52,M2>a7-h\sg + (y - yh(u),v2)Th~

4.3.6. Step 6: Estimate for s‘g’ and €3,

To estimate 5(5’, we use the following discrete Poincaré inequality from Proposition A.2].

Lemma 4.12. We have
lefllz < CUIVeRlln +h™ 2 llef — €fllar)-
Lemma 4.13. Let M be defined as in [Lemma 4.71 Then we have
5117 + b2 | Puef — eillom, + lleflln S M+ N,

where N = 17¢ |G| ¢ o + b [lqll 0 o + B3 [|2]] = -
Proof. The inequality in holds with (L, y, y) replaced by (G, z, Z), which gives

IVeillz +h2lef = eillom, S ekl + ™2 | Puci — illom.
Next, since 65 =0 on 6‘2 , the energy identity for &£ in gives
B(eh i —ehensenrei—enei) = len 17 + 7 | Pueh — i3, -
Using (Tsq, va, we, pa) = (6%,6;,62,65) in the error equation gives

ek 17, + b= I Pacef, = eli3m, = (02,65 — ehom + (y — wn(u). )7
ZTl —|—T2

For T, use (4.23) and Young’s inequality:

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

-~ = 1 _1 > _ 1 _1 z
Ty = (82,65 — €i)om < Ch2(|0%lom, + 10907 )0 2 |le% — eillom, + Ch™ 2|67 |lo7, h ™2 || Pasef — €5 lloT,
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1

s 1
< ORI, + 1637,) + Ch 1613, + {Nef I, + 1|

|Pref; = eill37,-

For the term T3, apply [Lemma 4.12 and (4.23)) to obtain

Ty = (y = yn(u)ei)m < lly — yn(W)l7 llekli7

_1 z
< Clly = yn(W)ll7, (IVeR 7 + A2 llef, — exlloTs,)
-1 z z
< Clly — yu(Wl7 (5 |7 + P2 | Parei; = €3 llo7)
1 1 . z
< Clly - wn (W, + 1513, + o |Puef — <l

These estimates and give our desired result. O
4.3.7. Step 7: Estimate for £} .
Lemma 4.14. Let M and N be defined as in [Lemmas 4.9 and [£.13] respectively. Then we have

letllo S hM+N. (4.25)

Proof. By the same argument as in [Lemma 4.8 we have

e}, Vv
leflas  sup LmY Ve
ve HE(Q)\{0} HUHHl(Q)

and
(e}, V- v)q = —(Vel , IIyv) 7, + (e}, v - n)or,.
Next, taking (Tq, ve, wa, p2) = (0,IIyv,0,0) in [Lemma 4.11| and using (4.7) give
(vg;{,v HVU)Th = _(v . E(}[L;’ va)Th + <h_1(PM5z - 85)7 HVU>6771
— (82, My v) o7, — (y — yn(u), IIyv)7,.
These equalities give
(€], V-v)g = (V&5 Myv)y, — (b (Pyei — 7)), TIyv)ar,
+ (€], v o, + (82, Ty v)or, + (y — yn(u), Iy v)7,
= (V- e, v)7, — (h (Pyei — e5), Iy v)or,
+ <5(}Zw v n>3771, + <‘/§2’ HV”>877L + (y - yh(u)v va)Th
= *(6%, vv)Th - <h’71(PM€}zL - 5%\)71_‘[Vv>87—h

+ (fn +eln, Pyv)or, + (82, TIyv)o7. + (y — yn(u), yv) 7T, .
Next, using (Tg, va, we, p2) = (0,0,0, Pyv) in and v € H}(Q) gives
(e8n + eln, Pyv)or, = (h (Puyef — 1), Puv)or, — (02, Pyv)or, -
This implies
(1, V- v)a = —(ef, Vo) 7, — (W™ (Puef — 7). Tyv — Pyv)ar,
+ (82, Ty v — Pyo)or, + (y — yn(u), Iy v)7, .
Applying the Cauchy-Schwarz inequality, we obtain

_1 z
|(eh, V- v)al S llek|l7 Vol + 772 || Paref — i llom IVl 7
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LA
+h2]02]lo7 Vol 7 + 1y — yn(W)l7 |[v]l7.-

Since v € H}(2), the Poincaré inequality yields our final result. a

[Lemma 4.13] [Lemma 4.14] and the triangle inequality give optimal convergence rates for ||G — G (u)] 7, ,
lg — an(w)|7,, and ||z — zn(u)| 7

Lemma 4.15. Let M and N be defined as in [Lemma 4.9] and [Lemma 4.13] respectively. Then we have

IG = Gr(w)ll7 + lla = an(W)ll7 + Iz = 20 (u)ll7, S AM+N.

4.3.8. Step 8: Estimate for |u — uh||€§ and ||y — ynll, -

Next, we consider the solution of the auxiliary problem and the solution of the HDG discretization of the
optimality system (4.6). Our main result follows from bounding the errors between these solutions as well

as [Lemma 4.10] and [Lemma 4.15]

Define
(L = La(u) — L, Cy = Yn(u) — yn, Cp = pr(u) — pa,
(¢ = Gn(u) — G, Cz = zn(u) — 2p, Cq = an(u) — qn,
and
(g =yp(u) —y; on &7, (g = Pyut —upT on 5‘2,
Cz=2z;(u) —z) on &}, (=0 on &2.

Subtracting the auxiliary problem (4.8) and the HDG problem (4.6]) yields the error equations

B(CLy Cys Cpr G Trs w1, w1, pa) = (Pagw — up)T,h ™Moy + Tin).o, (4.26a)
%(C(Gmcza _Cq,CQ;TQ,UQ,wg,/LQ) = (<y702)Th7 (426b)
for all (Tl,Tg,’Ul,’Ug,wl,’U)g,[,I,l,Ng) < ]Kh X Kh X Vh X Vh X W}(L) X W,? X Mh(O) X Mh(o).
Lemma 4.16. We have

= unllZy + 1613 = (ur — Gy + b~ Pyrz(w), (u — )7 .
— (yupT — Gpn + h=' Py 2z, (u— uh)7'>€}a. )

Proof. First,

(yvur — Gp(u)n + hilPMzh(u), (u— uh)r>€g — (yupT — Gpn + h= 1Py zp, (u— uh)7'>€2
=yl = unlZo + (~Cem + A ParGa, (u — un) 7).

Next, [Cemma 4.2] gives
‘@(Cﬂn Cy7 gpa C’!’j? _C(Gn CZ7 <q7 CE) + '@(C(Gn Cz; _qu Cga C]L7 _Cy» Cpﬂ _Cﬂ) =0.

HOWGVQI‘, taking (Tlavl,wlal'l'l) = (7CG7Czvaa<2) and (T23v27w2ay/2) = (C]ln*Cy,Cpa*C@) in the error
equations yield
'%(C]ln Cy7 Cpa C’fja _C(Ga CZ7 an CE) + ‘@(C@m <27 _an CE; C]La _Cya va _ng)
= _(C’ya Cy)Th + <PM(U' - Uh)T, _CGn + h_1<Z>E‘2
- 7(Cya Cy)Th + <(U - uh)Ta —(en + hilPMCZ>s§'
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Comparing these equalities gives

(<y7 Cy)'Th = <(u - Uh)‘l', _CGn + h_IPMCz>Eg'

]

Theorem 4.2. Let M and N be defined as in [Lemma 4.9] and [Lemma 4.13] respectively. Then we have

= wnllo + lly = ynllg;, S B2 (BM+N).
Proof. The optimality condition (2.23g) gives (yur — Gn, (u — up)7).0 = 0. Also,

(yupT — Gpn + h= 1Py zp, (u —up)T) (vupT — Gpn + h=' Py 2z, (Pryu — uh)’r>€ﬁ =0,

e =
where we used the HDG optimality condition (3.6i) and (3.6mf). Using these equalities in (4.27) from
[Cemmma 2,10 gives
Yl = wnllZo + 1¢I5, = (vur — Gr(w)n + b~ Pyzn(u), (u = up)7) o0
= (G — Gp(u))n + h™ ' Pyrzp(u), (u — Up)T) 0.

First, by the estimation of the standard L? projection in (4.4) and the trace inequality we have

I(G = Gr(w)nlo < |G - Gr(w)lor, < G — MxGllor, + |TIkG — Gy (u)]lo7,
ST E|Gll g + b7 |TKG — Gy (u)||7; (4.28)

SheT2 Gl g+ h 72 ||ER]) -

Next, since 2 (u) = z = 0 on £ we have

||PMzh(u)||€2 = HPMZ}L(U) — PMH\/Z + PMH\/Z — PMZ + PMZ — Eh(u)”Eg

< ||Pyef — & llom, + Mz — 2|.o.
This yields
_1 G _1 _ z —
lu = unllo +I¢yllm S B7% [k |, + 772 |Gllye o + b | Puef; = exllom, + b7 [Ty z — 2| ..

Lemma, 4.13| and properties of the L? projection give the desired result. O

Remark 4.1. The application of a trace theorem to estimate the normal derivatives of the adjoint state in
yields suboptimal results only. In the case of the Poisson equation, and using standard finite element
methods, optimal error estimates for the so called variational normal derivative can be found in .
However, proving sharp convergence rates for normal derivatives requires regularity results in weighted
Wk (Q) spaces and non-standard duality arguments. Unfortunately, establishing sharp convergence rates
for normal derivatives using the HDG methods is unclear to us; we leave this interesting project to be
explored in future work.

4.3.9. Step 9: Estimates for |G — Gp||7;, and ||z — zi|| T, -
Lemma 4.17. Let M and NV be defined as in [Lemma 4.9] and [Lemma 4.13] respectively. Then we have

”(G”Th + ||Cz||Th S hi%(hM +./\/)

Proof. Using the energy identity for £ as in [Lemma 4.1[, the error equation (4.26b)), (z = 0 on &9, the
discrete Poincaré inequality in [Lemma 4.12] and [Lemma 4.5| gives

%(C(Gn CZa _qugf; CGa C27 _qué-f)
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= (e, C6)7 + |1 PuCe — Gll3r,
= (Cy7Cz)7’h

< Iyl ¢,
S eyl (IVEl7 + R IG — Cllom)
S Cylly, (Iellm + A2 [ Paca — Cllom)-

This implies
I¢ell + R 3| ParCe — Cellom, S B2 (BM + N).

Using the discrete Poincaré inequality again yields

_1
I¢:ll7 S IVEllm, +h72)1C — Cllom,
< lCellm, + b2 Pyt — Gzl
<h 2 (hM+N).

This finishes the proof. O

The above lemma, the triangle inequality, [Lemmas 4.10| and [4.15| give the following result:

Theorem 4.3. Let M and A be defined in [Cemmas 4.9] and [£.13] respectively. Then we have

IG = Grlly, + Iz = 2zull;, Sh™2(AM+N).

4.3.10. Step 10: Estimate for ||q — qnllT; -
Lemma 4.18. Let M and N be defined in [Cemmas 4.9] and [£.13], respectively. Then we have

¢l S h™ 2 (hM +N).

Proof. By the same argument as in [Lemma 4.8 we have

1¢alle < sup M7
vert@\{0} 1Vlle(0)

and
(g, V- v)a = =(V(, IIyv) 7, + ((q, v - M)or, -
Next, taking (T, va, we, pe) = (0,IIyv,0,0) in the error equation , using and (z = 0 on &f give
(Veq, Iy w) 7, = (V- (o, Ty v) 7, + (W (ParC = G2), vy w)or, — (Cy, Ty w) 7,
The above two equalities give

(g, V- v)a = (V- (o, yv) 7, — (b (Pue — (), Myv)ar, + (v - n)or, + (G, Hyv) 7,
= (V- (e,v)7, — (b (Pue — (2), My w)ar, + ((gv - nhoar;, + (G, Iy v)7,
= —(Ce, Vo) 73, — (W1 (Pu G — C2). Iy w)ar, + (Gem + (gn, Puv)og o + (Gys v) 75, -

Next, take (Tz, v, wa, p2) = (0,0,0, Pyv) in (4.26b) and use v € HE () to obtain

(Cen + (gn, Pyv) oy 0 = (WY (PumCs — Cz), Puv)oTs, -
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This implies
(e, Vv)a = —(Ce, VU) 75, — (b (PuCe — (), Iyv — Pyv)ors, + (Gys )75
and therefore

_1
(¢, V- v)al S lI<ellm lIVollz + b2 | PuCe — Gllor, [Voll7 + S ll7 vl 7 -

Since v € H}(Q), the Poincaré inequality gives the desired result.
The above lemma, the triangle inequality, and give the following error bound:
Theorem 4.4. Let M and A be defined as in [Cemmas 4.9] and [£.13] respectively. Then we have

7. ShTE(hM 4+ N).

llg — an|

4.3.11. Step 11: Estimates for ||p — ppl|7, and ||L — L7, -
Lemma 4.19. For k > 1, we have

_1 _1 _1
IGelle S lIGLll7 +h72[1Puy = Cgllomneg + R 2 1PuGylleg + A7 Prru —unllop-

Proof. As in the proof of we have

V-
Iolos  sup Yo
ve HE (Q)\{0} ||”HH1(Q)

and
(V- v)a = —=(V(, yv) 7, + (G, v - n)or, -
Use (T4, v1,wi, p1) = (0,IIyv,0,0) in ([#.26a) and [(4.7)), and v € H}(Q) to obtain
(V¢ Iyv) 7, = (V- G, Ty o) 7, — (b H(Puly — Gg), Ty o) o, \c0
— (W' ParCy, Ty )0 + ((Paru — up)m, h ™' Ty w). .o
This gives
(G V- v)o = (V- (o, Tyv) 7, + (b (Puly — ), v v)ogeo + (Gpy v - Mo,
+ (W Py, Ty v) o — (Pru— up) T, h ™ Ty w).o

(V- Gy )7, + (T (Puly — Gg)s Ivv)ogeo + (G v - m)a,
(B ParCy, Ty ) o — ((Paru — up)m, h ™' Ty w).o

+
= (¢, Vo) 75, + (B H(Puly — Gg), v v) oo + (h_lpMCvaU)Eg
+ {(=GLn + G, Puv)ogeo — (Paru — up)m, h ™ Ty w). o

Next, take (Ty, vy, w1, p1) = (0,0,0, Pyv) in (4.26a) and use v € HE () to give
{GLn = Gon, Puv)ogneo = (h™H (PuCy — Cg), Puv) o\ eo-
This implies

(G V- v)a = (Gu. V)75, + (b (Puy — Gg), v v — Pyw)or,co

+ (R Pyi¢y, yv).o — (Pru — up)T, h_ll_Ivv)ag
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= (¢, Vo) 75, + (B H(Puly — Gg), v v — Parv) g0
+ h_1<PMCy, IIyv — ’U>Eg — h_1<(PMu —up)T, Myv — ’U>Eg.
We obtain

_1
(Gp: V- v)al S ICL7 IVoll7 +h72[[Pady = Gllag-2 Vol 7,
_1 _1
+h72[Puylleo [Voll7, + 272 [ Paru — un o [ Voll7,

and the result follows. O
Lemma 4.20. Let M and N be defined as in [Lemmas 4.9 and [£.13] respectively. If k > 1 holds, then

ICll7, + 16|
Proof. By and the error equation (4.26a)), we have
'@(Cﬂn C’ya CZN C;I’ja C]L? Cy7 C}N Cﬂ)
= (CLy Q)7+ (R (PrCy = Cg)s Gy — Gadamnes + (W Pary, Puy)eo
= <(PMU - uh)Tv C]L -n+ h_1<y>6‘2
((w—up)T, ¢+ h™ PuGy).o
S llw—unllo (ICelleo + 27" 1 ParCyll.o)

_1 _1
Sh72 lu—unll g (ICLll, + 272 [Puylo),

r SMARTIN

which gives
I6Lll7,, + B2 1PuSy = Ggllomneo + B2 1Puylleo S M+ TN,

This bound together with gives the final result. O

The above lemma, the triangle inequality, and complete the proof of the following main
result:

Theorem 4.5. Let M and N be defined in [Lemmas 4.9 and [£.13] respectively. If £ > 1 holds, then

Ip = pall7 + L = Lallg S M+h7IN.

5. NUMERICAL EXPERIMENTS

In order to emphasize the dependance of the order of convergence with respect to the regularity of the
optimal control, we consider one example in a square domain and another one in a non-square domain.

Example 5.1. In this example, we consider the domain Q = [0,1/8] x [0,1/8] and set f =0, v =1. We
take as target state the large vortex described in [61]

Ya = 200 x 83[22(1 — 8z1)%w2(1 — 829)(1 — 1622); —x1(1 — 821)(1 — 1621 )x3(1 — 822)?].

For illustration, we show in a plot of y4 rescaled to [0, 1] x [0, 1] (left), and the computed optimal
control on a relatively coarse mesh, i.e., h = 1/2/64 (right).

For a square domain, the singular exponent is £ ~ 2.74 (cf. ) yields directly an order of
convergence for the control variable of 0.5 for £ = 0 and (almost) 1.5 for k = 1.

Nevertheless, for this example, we notice in that not only is the optimal control equal to zero on
the corners, but also the derivative of the control is zero. If we assume the derivative of the optimal control
is exactly zero at the corners, we can improve the global regularity w € H*(T") for all s < 3/2 given in
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FIGURE 1. Left is the desired state y4 and right is the Dirichlet boundary

control wu.
h/ﬁ 1/16 1/32 1/64 1/128 1/256 | EO
G — Gg|l7;, 1.66E-03 8.76E-04 4.62E-04 2.38E-04 1.20E-04
order - 0.92 0.92 0.96 0.99 0.5
ly —ynll7, 6.20E-04 3.27E-04 1.74E-04 6.83E-05 2.04E-05
order - 0.93 0.91 1.35 1.75 0.5
|z = zn|l7;, 6.89E-05 1.83E-05 4.85E-06 1.26E-06 3.21E-07
order - 1.90 1.92 1.94 1.98 0.5
llg — QhHTh 5.61E-04 3.72E-04 1.92E-04 9.31E-05 4.52E-05
order - 0.59 0.96 1.04 1.04 0.5
[l — “hueg 6.34E-03 3.13E-03 1.67E-03 7.88E-04 3.73E-04
order - 1.02 0.910 1.08 1.08 0.5

TABLE 1. k = 0: Errors, observed convergence orders, and expected order
(EO) for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes
L and G.

using the local regularity v € HY(T;) for all ¢ < 2.24 given in . Since the derivative of u is zero at the
corners, we have that u € H!(T') for all t < 2.24. The same argument can be used to improve the global
regularity of the Dirichlet data ur € V*(T') given in to obtain ur € VH(T') for all ¢ < 2.24. This
leads to a higher regularity of the optimal state: although[Theorem 2.2]is not directly applicable, since each
component of ur has zero derivative at the corners, there is an extra compatibility condition satisfied and
we can apply the trace theorem Theorem 1.5.2.8] to obtain r, ~ 2.74. For the other variables now we
have r, ~ 3.74, rp = rp, = r¢ — 1 = ry — 1 &~ 1.74. With this regularity, a direct application of [Theorem 4.]
yields also an order of convergence for the control variable of 2.24 for k = 2.

The numerical results are shown in for k = 0, for Kk = 1 and for k = 2.
Since we do not have an explicit expression for the exact solution, we solved the problem numerically for
a triangulation with 524288 elements, i.e., h = v/2/2'2, and compared this reference solution against other
solutions computed on meshes with larger h.

Example 5.2. In this example, we choose the same data as in [Example 5.1 but the domain is the convex
hull of the points {(0,0), (v/3/8,0), (v/3/4,1/8),(0,1/8)}; see Since the largest angle is 57/6, then

(2.3) yields & = 1.53. [Corollary 4.1| yields an order of convergence 0.5 for £ = 0 and approximately 1.03 for
k = 1. In this case, we cannot improve the global regularity v € H*(T") for all s < 1.03. For illustration, we

plot the computed optimal control in
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h/\/§ 1/16 1/32 1/64 1/128 1/256 | EO
IL —Lg|7 3.38E-02 1.61E-02 6.51E-03 2.23E-03 7.35E-04
order - 1.07 1.31 1.55 1.60 1
G — G|, 6.65E-04 2.02E-04 5.90E-05 1.58E-05 4.06E-06
order - 1.72 1.77 1.90 1.96 1.5
ly —ynll7, 2.74E-04 8.39E-05 1.72E-05 2.67E-06 4.16E-07
order - 1.71 2.28 2.69 2.68 1.5
|z = zn|l7;, 1.82E-05 2.86E-06 3.78E-07 4.80E-08 6.03E-09
order - 2.67 2.92 2.98 2.99 1.5
lp — ph||n 2.86E-02 1.20E-02 4.40E-03 1.28E-03 3.69E-04
order - 1.25 1.45 1.78 1.79 1
llg — an 7, 2.74E-04 8.70E-05 2.54E-05 6.67E-06 1.67E-06
order - 1.66 1.77 1.93 2.00 1.5
|lw — uhHgg 2.13E-03 8.60E-04 2.54E-04 7.02E-05 1.90E-05
order - 1.31 1.76 1.86 1.89 1.5

TABLE 2. k = 1: Errors, observed convergence orders, and expected order
(EO) for the control u, pressure p, dual pressure g, state y, adjoint state z, and their fluxes

L and G.

h/v/?2 1/16 1/32 1/64 1/128 1/256 EO
IL —Lg|7 1.87E-02 6.42E-03 1.82E-03 5.08E-04 1.53E-04

order - 1.54 1.81 1.84 1.72 1.74
|G — Gp|l7;, 1.96E-04 4.76E-05 8.02E-06 1.18E-06 1.69E-07

order - 2.04 2.57 2.76 2.80 2.24
ly —ynll7,  1.07E-04 1.79E-05 2.56E-06 3.38E-07 5.26E-08

order - 2.58 2.80 2.92 2.68 2.24
|z — zu|l7;, 6.93E-06 5.63E-07 3.83E-08 2.47E-09 1.57E-10

order - 3.62 3.87 3.95 3.97 2.24
llp — thTh 1.49E-02 4.80E-03 1.29E-03 3.58E-04 1.14E-04

order - 1.64 1.88 1.85 1.64 1.74
llg — qh||Th 9.49E-05 2.32E-05 4.36E-06 6.39E-07 9.30E-08

order - 2.02 2.41 2.77 2.78 2.24
l|lu — Uh||g;a 1.05E-03 2.63E-04 5.57E-05 1.19E-05 2.55E-06

order § 2.00 2.23 2.23 222 | 2.24

TABLE 3. k = 2: Errors, observed convergence orders, and expected order
(EO) for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes
L and G.

The numerical results are shown in [Table 4] for k¥ = 0 and [Table § for £ = 1. Since we do not have an
explicit expression for the exact solution, we solved the problem numerically for a triangulation with 327680
elements, i.e., h = 5.9146 x 10~4, and compared this reference solution against other solutions computed on
meshes with larger h. As in the previous example, the experimental orders of convergence are higher than
the expected orders.

As noticed in experimental orders of convergence for the control variable are about 0.5 higher
than predicted by The obtention of higher experimental orders of convergence than the ones
predicted by the theory in the control variable is common in numerical experiments for Dirichlet control
problems; see e.g. [13]/16,[18}36,/65,/67]. In the case of Poisson equation and using standard Lagrange P;
elements, it has taken several years to get optimal error estimates; see [29] for smooth domains or [2.[3] for
polygonal domains. One of the key points for this improvement is the use of weighted W#:°°(Q) norms for the
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FIGURE 2. The computed Dirichlet boundary control w.

h/\/2 1/16 1/32 1/64 1/128 1/256 | EO
|G —Gull, 3.76E-01 297E-01 2.31E-01 1.51E-01 8.53E-02
order - 0.34 0.35 0.61 0.82 | 0.5
ly —ynll7, 3.71E-01 2.49E-01 1.39E-01 6.01E-02 2.16E-02
order - 0.57 0.83 1.21 147 | 0.5
lz—znll7, 2.94E-02 1.00E-02 3.85E-03 1.35E-03 4.01E-04
order - 1.55 1.37 1.51 175 | 0.5
la—anll 7, 1.44 1.07  7.48BE-01 3.86E-01 1.52E-01
order - 0.41 0.52 0.95 1.34 0.5
llu —unllo 3.12 2.57 1.84 1.01  4.18E-01
order - 0.27 0.48 0.86 127 |05

TABLE 4. k = 0: Errors, observed convergence orders, and expected order
(EO) for the control u, pressure p, dual pressure ¢, state y, adjoint state z, and their fluxes
L and G.

adjoint state and not-standard duality arguments to obtain estimates for the variational normal derivative;
see also [51,|754(83]. We are not aware of any similar study for HDG discretization.

For the state and the adjoint state, the experimental orders are much higher, as often happens in numerical
experiments for control problems; see |68] for an approach to this problem using superconvergence properties
of the optimal controls at the barycenters of the elements or [67] for a duality approach, using improved
error convergence rates in Sobolev norms of negative exponent.

6. CONCLUSION

In this work, we considered a tangential Dirichlet boundary control problem for the Stokes equations.
First, we established well-posedness and regularity results for the optimal control problem based on a weak
mixed formulation of the PDE on polygonal domains. Next, we used an existing superconvergent HDG
method to approximate the solution of the optimality system and established optimal convergence rates for
the control under certain assumptions on the domain €2 and the desired state y,. However, the numerical
experiments show higher convergence rates than our theoretical results; this may be due to the higher local

30



Tangential control of the Stokes system

h/V/?2 1/16 1/32 1/64 1/128 1/256 EO
IL — L7, 5.67 2.99 1.67 9.14E-01 4.12E-01

order - 0.92 0.84 0.86 1.14 0.53
IG — G|, 1.02E-01  5.26E-02 2.40E-02 8.46E-03 2.37E-03

order - 0.95 1.13 1.50 1.83 1.03
ly —ynll7, 6.60E-02 1.71E-02 4.48E-03 1.31E-03 3.09E-04

order - 1.94 1.93 1.76 2.09 1.03
|z = zn|l7;,  7.56E-03 1.28E-03 2.15E-04 3.42E-05 4.67E-06

order - 2.55 2.57 2.65 2.87 1.03
lp — ph||7-h 1.82E401 3.97E400 1.75E4+0 9.77E-01 3.99E-01

order - 2.20 1.18 0.84 1.28 0.53
llg — QhHTh 2.58E-01 5.62E-02 1.60E-02 4.83E-03 1.29E-03

order - 2.19 1.80 1.73 1.89 1.03
|lw — u;LHeg 7.12E-01 2.55E-01 1.12E-01 4.86E-02 1.58E-02

order . 1.48 1.17 1.21 1.61 | 1.03

TABLE 5. k = 1: Errors, observed convergence orders, and expected order
(EO) for the control u, pressure p, dual pressure g, state y, adjoint state z, and their fluxes
L and G.

regularity of the control on individual edges of the domain. This phenomenon is not present in Dirichlet
boundary control problems for the Poisson equation.

As far as we are aware, this is the first work to explore the analysis of this tangential Dirichlet control
problem of Stokes equations and the numerical analysis of a computational method for this problem. There
are a number of topics that can be explored in the future, including using standard conforming finite elements
for this problem, using an energy space for the control (see [22/60,[71] for the Poisson equation), devising
divergence free and pressure robust HDG schemes, and considering more complicated PDEs, such as the
Oseen and Navier-Stokes equations.
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