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The low-energy effective theory description of a confining theory, such as QCD, is constructed,
including local interactions between hadrons organized in a derivative expansion. This kind of approach
also applies more generically to theories with a mass gap, once the relevant low-energy degrees of freedom
are identified. The strength of local interactions in the effective theory is determined by the low-momentum
expansion of scattering amplitudes, with the scattering length capturing the leading order. We compute the
main contribution to the scattering length between two spin-zero particles in strongly coupled theories
using the gauge/gravity duality. We study two different theories with a mass gap: a massive deformation of
N = 4 super-Yang-Mills theory (N = 1*) and a nonsupersymmetric five-dimensional theory compactified
on a circle. These cases have a different realization of the mass gap in the dual gravity description: the
former is the well-known GPPZ singular solution and the latter a smooth AdS¢ soliton geometry. We find
that the scattering lengths have similar functional dependences on the masses of the particles and on the
conformal dimension of the operators that create them in both theories. Assuming these similarities hold
more generally, they could be used to constrain the effective description of gapped strongly coupled

theories beyond symmetry considerations.
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I. INTRODUCTION AND SUMMARY

There are many important physical systems whose com-
plete description is out of reach of traditional approaches,
typically because they are strongly coupled. Nevertheless, at
long wavelengths and at low energies, many details of
microscopic physics become irrelevant and a simpler effec-
tive description is sufficient. A prominent example in the
context of quantum chromodynamics (QCD) is the chiral
effective theory.

Being bound with the effective theory does not mean that
all the microscopic details are coarse-grained beyond reach.
One can gain access to the microscopic physics as they are
encoded in short-range interactions among the low-energy
degrees of freedom in the effective theory. It is even
possible to do a systematic expansion of these interactions
in terms of the wavelength over a microscopic length scale,
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the lowest-order contribution being determined by the
scattering length. This important textbook quantity can,
in principle, be extracted from the zero-momentum limit of
the scattering amplitude involving the interacting degrees
of freedom; for reviews on this approach, see Refs. [1-3].

However, a direct computation of the scattering ampli-
tudes in the microscopic theory is typically not conceivable,
especially at strong coupling. One either has to resort to
experiments or take an indirect approach, for instance using
numerical methods at finite volume [4-6]. This also has
some inherent limitations for heavier states in particular. A
promising alternative is to use the holographic duality,
which is well suited for this task, as the gravity side becomes
weakly coupled when the dual theory is strongly coupled.

In Ref. [7], we proposed a method to compute scattering
amplitudes and scattering lengths in theories with a mass
gap and a discrete spectrum via holographic duality. We
will dub these cases as “confining,” even though we will not
discuss the behavior of Wilson loops in this paper. We will
work in the approximation of classical gravity, which in the
dual field theory language translates into a type of large-N
expansion, with N giving a measure of the number of
degrees of freedom. The large-N limit guarantees that the
width of massive states is very small and thus allows us to
consider asymptotic scattering processes. Scattering ampli-
tudes will also be suppressed by N-dependent factors, thus
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comparison with numerical estimates or experiments
requires an extrapolation from the large-N limit.

We illustrated the power of our method by finding the
main contribution to the scattering length of a contact
interaction in the two-to-two elastic scattering of spin-0
particles. We considered the hard wall model [8], consisting
of an AdSs geometry with a sharp cutoff by imposing
Dirichlet boundary conditions on the bulk fields. The
position of the cutoff was identified as the scale of
confinement, hence determining the masses of the particles
in the field theory. As a model it is quite crude, and one
might wonder whether the scattering amplitudes are very
sensitive to the way the confinement scale is introduced. In
other confining models, the geometry ends smoothly, like
in the Witten-Yang-Mills model [9], or at a singularity, like
in the dual to AV = 1* super-Yang-Mills (SYM) theory, the
GPPZ solution [10]. In principle, these differences could be
reflected in the scattering amplitudes and lead to qualita-
tively different results. Our purpose in this work is to
address this question by computing and comparing the
scattering lengths in different classes of models. Note that
the calculation of the scattering length is in a completely
different regime from the hard scattering considered in
some previous works [11].

As two distinct representatives, we consider the ' = 1*
SYM mentioned previously and a model similar to Witten-
YM consisting of a nonsupersymmetric AdSg soliton
geometry, where one of the spatial directions collapses
smoothly to zero size. Our results for the AV = 1* SYM are
represented in Fig. 2(a), corresponding to the scattering
length for particles of the lowest masses as a function of the
conformal dimension of the dual operator, and in Fig. 2(b),
corresponding to the scattering length for fixed conformal
dimension and different masses of the particles involved
in the scattering process. The same quantities for the
nonsupersymmetric model are represented in Figs. 4(a)
and 4(b). They are qualitatively quite similar. There is a
smooth increase of the scattering length with the conformal
dimension along similar-looking curves. The scattering
length is larger for scatterers of equal masses and decreases
when any of the masses is increased. The conclusion is that
the scattering length for this type of contribution is largely
insensitive to the physics that produces the mass gap.1 For
the hard wall model, analogous figures can be found in
Ref. [7] (Figs. 1, 2, and 3); there one can observe a similar
behavior for the scattering length as a function of the
masses. The dependence with the conformal dimension is
also quite close, although in the hard wall model it is not
monotonically increasing, suggesting that the hard wall
model may miss some of the relevant physics for large-
dimension operators. A direct comparison of the scattering

'From a technical point of view, the similarity probably
originates in the solutions to the Sturm-Liouville problem in
each geometry being similar.
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FIG. 1. Scattering length for the duals to the AdSq soliton,

GPPZ geometry, and hard wall, in units of the confinement scale
as a function the dimension of the dual operator v = A — ‘51.
v = —1 corresponds to the unitarity bound, where the scattering
length vanishes in all cases. The scattering length is roughly of
the same order of magnitude and shows the same increasing trend
with v for the AdS¢ soliton and GPPZ model, while the hard wall

model starts decreasing at larger values of v.

lengths in each model can be seen in Fig. 1. It is, however,
important to notice that while the functional dependences
are very similar between the models of the present work,
the AdSg¢ soliton geometry always results in larger scatter-
ing lengths than in GPPZ, and the quantitative match
between the models is only within O(1). It is nevertheless
tempting to argue that theories with a holographic dual
always result in similar values for the scattering length
together with a clear growing trend with low operator
dimension. We leave this as an interesting open problem to
be investigated in future works, however.

The dependence on the mass can be partially understood.
This is because the scattering amplitude is proportional to
the overlap between the modes in the gravity dual, which is
bound to decrease as the masses become further apart, and
the modes will have support on different regions. In field
theory, this would imply that particles of very different
masses have weaker contact interactions. Although we do
not have a clear-cut explanation, a possible interpretation is
that the particles with very different Compton wavelengths
are less likely to scatter: imagine the one with a smaller
wavelength as a particle-like object the size of its Compton
wavelength, and the other as a wave.

As a function of the conformal dimension, we observe in
the A" = 1* SYM and hard wall models that the scattering
length vanishes when the unitarity bound is saturated,
conforming to expectations, as this point corresponds to
free particles. It is then natural that the scattering becomes
stronger as the dimension increases above the unitarity
bound. For the AdSq soliton, we did not reach the unitarity
bound, but indeed we observe that the scattering length
increases with the conformal dimension. The overall sign of
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the scattering length depends on whether the interaction is
repulsive (positive) or attractive (negative). In the plots, this
sign is determined by the factor v, that defines the contact
interaction in the gravity dual.

The rest of this paper is organized as follows: We will
start by reviewing in Sec. II the main ingredients leading to
the scattering length. We then continue in Secs. III and IV
with the analysis of the N' = 1* SYM and the nonsuper-
symmetric model, respectively. We finish commenting on
some possible future directions in Sec. V. Several technical
details concerning analytic and numerical calculations are
collected in the Appendixes following the main text.

II. SCATTERING LENGTH IN
HOLOGRAPHIC THEORIES

In this section, we present the salient features of Ref. [7]
to compute scattering amplitudes in d-dimensional strongly
coupled theories with a (d + 1)-dimensional holographic
dual. In holographic models that are dual to a confining
theory, there is a discrete spectrum of normalizable modes
that map to particles, glueballs, or mesons in the field
theory dual. Scattering between these particles can be
obtained by applying LSZ reduction formulas to correlators
of gauge-invariant operators with the quantum numbers of
the particles involved. In the holographic calculation, this
implies that it is enough to identify the leading pole
contributions in bulk correlators when the momenta are
taken on shell. The corresponding residues then determine
the scattering amplitudes.

A (real-valued) gauge-invariant single-trace local oper-
ator will map to a scalar field @ in the holographic gravity
dual. In this paper, we will restrict our attention to cases
where the scalar field is treated as a probe, so backreaction
on the metric and on other fields will be neglected. The
generic bulk action will have the form

— ! d+1 /— l N

(2.1)

S:

Here gyn, M,N=0,1,...,d is the d+ 1 dimensional
metric, which we will assume is asymptotically AdS,
with radius L:

L2
dsﬁﬂ = gMNdxMd)CNZjOZ—2 (dz? + nﬂydx”dx”). (2.2)

In these coordinates, x*, u=0,1,...,d—1 span the
directions of the field theory dual.

We will consider scalar potentials admitting an analytic
expansion for small values of the field ®:

1
V(D) = ~m2d + L ot 4.,

> L2 (2.3)

where the mass m is determined by the conformal dimen-
sion of the dual operator through the usual relation

m>L? = A(A — d). (2.4)

In the following, it is useful to parametrize the conformal
dimension as

(2.5)

where —1 < v < d/2 is the range of allowed values for
relevant operators satisfying the unitarity bound.

A. Solutions and propagators of the scalar field

The linearized equation of motion for the scalar field is

1
N

Solutions to the equation of motion stemming from Eq. (2.1)
can be constructed perturbatively using the bulk-to-boundary
K(x,x';z) and bulk-to-bulk G(x,x';z,7) propagators by
including higher-order terms of the potential [Eq. (2.3)].
The bulk-to-boundary propagator determines the linearized
solution for any boundary condition

(O-m?)® =

O (/=59 N Oy D) — D =0.  (2.6)

(0,,—m*)K =0, K(x,x';z) = 29726 (x — x').

7=

(2.7)

The bulk-to-bulk propagator, on the other hand, is the
Green’s function defined by the differential equation

1
- m?)G = ——089D (x = x)6(z - 7).
)6 = =0 = X)ile - 2)
G(x,x;z,7) —>OzA. (2.8)
7>

(DZ,X

In order to accommodate the AdS soliton model that we
study later, we will assume Poincaré invariance of the full
geometry along a subset of the field theory directions
dgr < d and remove all explicit dependence from the
remaining field theory directions. We will thus split the
metric as follows:

dsyy) = 9::d2 + gl dxtdx? + gdy'dy’,  (2.9)
where now x*, u=0,1,....dz—1and y', i = do, ....d — 1.
Written in this way, the plane spanned by the vectors x*
retains the Poincaré symmetry, while directions y' are
orthogonal to this plane. We proceed by expanding the
scalar field and the propagators in plane waves:
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degy
D(x,2) :/ o $(p.2)e'"™. (2.10)

(27[) eff

For a confining theory, there will be a discrete set of normal
modes satisfying conditions of regularity at the origin and
being normalizable at the boundary:

P 2= -M %7

n=0,1,2,3,....

¢ = @a(2), (2.11)

The spectrum of masses M2 corresponds to the spectrum of
massive states in the dual field theory associated with the dual
scalar operator. The equation of motion for the scalar can be
put in Sturm-Liouville form:

0.(V=99%0.0) = m*\/=g + /=99 M*¢p = 0.

We can identify p(z) = \/—gg** with the weight, so that
normal modes can be chosen to form an orthonormal basis:

(2.12)

/ d2p()0n()m(2) = S (2.13)

The integration is over the whole allowed range of the radial
coordinate. The basis of normal modes can be used to write
an expression for the bulk-to-bulk propagator:

@, (2)@,(2)

G(p;z,7) =
(p32,7) M

(2.14)

n

B. Residues and quartic vertex contribution

The quartic term in the scalar potential gives a contri-
bution to the scattering amplitude that can be interpreted as
being produced by a Witten diagram with four scalar legs
joining at a single point in the bulk. The relevant quantity
is, omitting a trivial factor imposing energy-momentum
conservation,

G(3)(Z’ P1s—Da2s —P3,—D4)
3 v4/dZ’\/—gG(pl;z,z’)K(pz;Z’)K(ps;Z’)K(m;Z’)-
(2.15)

When the momenta are taken on shell, both bulk-to-
boundary and bulk-to-bulk propagators have poles

Cpn(2)
pPo-m2 P+ M
_ a(2)en(2)
p*+M;

K(p;z)

G(p:z.7) (2.16)

pro—M;

Close to the boundary, the residue of the boundary-to-bulk
propagator has the form

Z,
z=0 2I/N

Capn(2)—> 52, (2.17)

where N = L41/(16xG)) is a dimensionless normaliza-
tion factor proportional to the number of degrees of
freedom in the dual field theory. The factor Z, can be
identified with the residue of the massive pole in the two-
point function of the dual scalar operator, explicitly

n(2). (2.18)

Z,=2uNc, x lim? <

=0 Z

When all the momenta are taken on shell, the leading
pole contribution to the amplitude is

rﬁlal)nz n3,ny (Z>
pZ_) Mn, i= l(pl +M2)

(2.19)

G (z, p1;—p2.—p3. —Pa)

The boundary expansion of the residue takes the form

Z .
3 9 k] k]
T, v S VA (2.20)
The factor Z,, .,,, ,, », 1s the leading pole contribution to the

four-point function of the dual scalar operator. Through the
LSZ reduction formula, it will determine the scattering
amplitude. Its explicit form is

., (2)
Z —2004N €y, Cppy C Ky iy gy X IM—7—

=0 Z
(2.21)

Ny N3,

where the overlap « is defined as

4
Knynynyng = /dzlv _gH P, (Z/) (222)
i=1

With the residues (2.18) and (2.21), the contribution of the
quartic term to the scattering amplitude is

n, {ni#n;}

1 4
n1n2n3n4_12:: Z Z Z Z )1/2.

2

(2.23)

If dgs = 4, the scattering length for two-to-two elastic
scattering can be determined directly from the previous
amplitude using the formula derived in Ref. [7]:

MVH:”},"Z:”A

— 2 2.24
871(M,,1 —|—an) ( )

ag = —
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IIL. SCATTERING IN THE DUAL TO N =1*
SUPER-YANG-MILLS

The N = 1* SYM theory we will study is a massive
deformation of ' = 4 SYM, whose gravity dual was found
by Girardello, Petrini, Porrati, and Zaffaroni [10] and is
commonly known as the GPPZ solution. On the field
theory side, the matter content of N = 4 SYM is split into
an N = 1 vector multiplet and three chiral multiplets in the
adjoint representation. An equal mass is given for the three
chiral superfields, in such a way that the global symmetry
group is broken to SU(3) and supersymmetry is broken to
N = 1. At weak coupling, the theory flows to pure " = 1
SYM at energy scales much below the mass of the chiral
multiplets. The weakly coupled theory is confining, and
this property holds in the strongly coupled theory, as two-
point functions of gauge-invariant operators show poles for
a discrete spectrum of massive states [12,13].

We will not study the most general case, but restrict our
analysis to the simpler subset of vanishing gaugino con-
densate in this paper. In this case, the background geometry
is a solution of five-dimensional supergravity truncated to a
single scalar coupled to the metric. In a convenient set of
coordinates, the metric is (0 < u < 1)

du? u
dsi ., =L? <4(1 7 + T un,,,,dx”dx”). (3.1)

The metric can be put in the form given in Eq. (2.2) by a
change of coordinates:

2
u=1--, X = —xH, (3.2)
A ZA

Therefore, u — 1 corresponds to the boundary of the bulk,
which is asymptotically AdSs. The other limit, # — 0, is the
origin of bulk spacetime z — z,. The scale of confinement
is A = 1/z,; in the following we will set z, = 1, so all
dimensionful quantities are given in units of A.

A. Scalar solutions

Although there are several scalar fields in the super-
gravity action, their action involves coupling the back-
ground metric to the scalar field, which will subsequently
make the analysis more involved. This will affect the
spectrum of normal modes and moreover introduce cubic
couplings [14,15]. These technical complications may
obscure the physics we are primarily interested in, which
is how the geometric realization of confinement affects the
scattering amplitudes. Thus, in order to facilitate the
analysis and comparison with other models, we will study
a family of probe scalar fields, decoupled from the back-
ground scalar and with a quartic potential, as presented in
the general analysis.

A scalar operator of dimension A =2 + v is dual to a
scalar field of mass:

m?L? = A(A—4) =12 — 4. (3.3)

The linearized equation of motion for the scalar field is

" 2-u / M? u _
e (G Y ) =0

(3.4)

Regular solutions are given in terms of hypergeometric
functions:

D 1
bu(u) = (1 —M)Z%Fl(l + -V M4,

1
+2 4 u2+M2—4;2;u>. (3.5)

2 2

The bulk-to-boundary propagator K, (M; u) is proportional
to Eq. (3.5), normalized to have the right asymptotic
behavior,

Ky(u) = 1-(1=u)? =2 (3.6)
Then,
r'l-v) v 1
Kyu)=——2 (1422 M2 —4
w(w) zesc(ny) <+2 2 VY + >

« r<1 %%\/yz M 4>¢M(u). (3.7)

Poles in the bulk-to-boundary propagator correspond to the
spectrum of normalizable modes. In this case, poles appear
when the argument of the middle I" function in Eq. (3.7) is a
nonpositive integer:

1
1+2-VP M2 -4 =—n,

=0,1,2,.... (3.8

) n (3.8)

This gives the following mass spectrum:
M2=4(n*>+2+v)n+2+v). (3.9)

At these values, the scalar solutions [Eq. (3.5)] become

Gy, () = (1 —u)>,F (=n,n +v+2;2;u).  (3.10)
The normal modes are ¢, = a,¢y, (1), where
a, = \2n+D)(v+n+1)w+2n+2). (3.11)
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They form an orthonormal basis respect to the weight

plu) =u/(2(1 —u)?):

/  dup() (W) = b (3.12)

0

The computation is straightforward, and we have relegated
the details to Appendix A. The bulk-to-bulk propagator is
determined via Eq. (2.14).

B. Scattering for low-mass states

Using the values in Eq. (3.9), the leading pole in the
bulk-to-boundary propagator (3.7) is of the form (2.16),
with

42 +v+2n)(-1)" T(1 -v)
nla,

Cp = r2+v+n). (3.13)

mesc (nv)

Therefore, the residue of the two-point function [Eq. (2.18)]
is

Z,=2uNc,a,,Fi(—n,n+v+2;2;1). (3.14)
For the lowest mass, n = 0, we have that
ay=+2w+1)(v+2), co=4v(v+1)(v+2)/ay, (3.15)
and the residue is
Zy =8NV2(v+1)(v+2). (3.16)

The residue of the leading pole in the four-point function
is given by Eq. (2.21),

nyiny,n3,ny
=200y N Cp, Cp, Coi K,y gy Oy 2 F1 (=110 +0422:1),
(3.17)
where the overlap is
1 u? 4
Knimomoms = | du=———=11 o, (). (3.18)
ny,15,13,1y /O 2(1 _ u)3 E ni

If all the scatterers have equal masses M, then this
simplifies to

2 4
Kooooz/lduui(l’é(”) :%/ld’mz(l —u)t
000 S T )3 2/,
%

T+ ) +2)(2v+3)

Then,

Hu+1)73w+2)>

Zo;o.o,o = —64N Uy 2w+ 3

(3.20)

Let us proceed with our calculation to extract the
scattering amplitudes for equal-mass lowest modes. For
this it is enough to use the formulas (2.24) and (2.23) by
plugging in the values for the residues (3.16) and (3.20).
We therefore find the amplitude

vs W+ (v +2)

Mop00 = N w13

3.21
2v+3 ( )

and the scattering length

_2(1/—1—1)(1/4-2)1/2
“ TN 32a(2w 1 3)

(3.22)

As shown in Appendix A, this expression is also valid for
A< g, extrapolating it to values —1 < v < 0. We have
represented the result for the scattering length in Fig. 2(a).
We have also computed the scattering length for v = 1 and
scatterers of different mass; the results are represented in

Fig. 2(b).

IV. SCATTERING IN NONSUPERSYMMETRIC
THEORIES

Having discussed scattering in a concrete confining
background geometry, it is interesting to raise the question
of how universal the results are and, in particular, how
sensitive the scattering length is quantitatively to different
conformal symmetry-breaking mechanisms. To this end,
we will study a different type of confining theory, obtained
through supersymmetry-breaking compactifications. At
strong coupling, there is no separation between the confine-
ment and the compactification scales, so glueballs and
Kaluza-Klein modes have similar masses. Nevertheless, the
theory is effectively four-dimensional with a mass gap, so it
is still meaningful to compute the scattering amplitudes
among different massive states.

To be more precise, we will take as background
geometry AdSq compactified along one direction. This
should be the dual geometry to a five-dimensional con-
formal field theory compactified along one direction with
supersymmetry-breaking boundary conditions. The geom-
etry is the AdS soliton, that can be obtained by a double
Wick rotation of a black brane solution [16]:

5

L? (dZ?
ds? == (}%—l—f(z)drz +11”ydx"dx”> . flm)=1 —;—?\.
(4.1)

Here 7 is the compact coordinate 7 ~ 7 + 27/ Mgy, with
Mgk =5/(2z5) the compactification scale. The space
ends at a finite value of the radial coordinate z = z,.
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(a) Rescaled scattering length in units of the confine-
ment scale. The horizontal axis is the conformal di-
mension of the scalar operator that creates the parti-
cles involved in the scattering, in this case the scatter-
ing is for the particles of lowest mass at each value of
the conformal dimension. Notice the log-linear scale.

r7.

5 10 20
M, 0.6

(b) Density plot of the scattering length 10® x Nas /v4
in units of the confinement scale. The vertical and
horizontal axes scale logarithmically and indicate the
masses of the particles involved in the scattering, in
units of the confinement scale, for states created by a
scalar operator of fixed conformal dimension A = 3
(v=1).

FIG. 2. Scattering length in ' = 1* SYM.

As in previous examples, we identify A = 1/z, with the
scale of confinement. While we will not discuss an explicit
holographic dual field theory, this geometry can in prin-
ciple be embedded in string theory, as deformations of
AdS¢ solutions of Type II supergravity [17,18].

The AdS¢ soliton geometry is a close cousin of the
Witten-YM model [9], extensively used to mimic QCD in
applications of holography. The model consists of a non-
supersymmetric compactification of D4-branes along a
circle, and becomes pure Yang-Mills at low energies and
weak coupling. The holographic dual geometry is also the
AdS¢ soliton in an appropriately chosen frame, but in
addition there is background dilaton, to which other
fields may be coupled [19]. Alternatively, the Witten-
YM model can be obtained from the compactification of
MS5-branes along a two-torus. In the holographic dual
description, the geometry is AdS;-compactified along
two spatial directions.

A. Normalizable solutions for probe scalar fields

A scalar operator of dimension A = % + v is dual to a
scalar field of mass

25
m’L? = A(A-5) =12 -,

1 (4.2)

Note that A is the conformal dimension in the five-
dimensional CFT. In the effective four-dimensional field
theory, the effective dimension of the dual operator will in
general be different.

The linearized equation of motion for the scalar field is

v+ (5o (- 0= 43)

The Sturm-Liouville form of this equation gives a weight
p(z) = 1/z*. We do not know an analytic solution to this
equation, so we will resort to a numerical calculation to
compute the scattering amplitude and the scattering length.
Close to the AdS¢ boundary, the scalar field has a leading-

order behavior ¢ ~ 2. We will factor out this dependence
so that the scalar solution goes to a constant at the

boundary. Defining ¢ = fen ¥, the equation of motion
becomes

,,+(_’+1—2v) (@)
X I; z X \Z

N (%) SR

As before, we will fix z, = 1 and express all quantities in
units of A. We then impose regularity at the origin z = 1 and
do numerical shooting to the boundary. The details about the
numerical calculation can be found in Appendix B.

For a given mass M, if the value of the solution y,, at the
boundary is nonzero, y,(0) # 0, the bulk-to-boundary
propagator can be defined as
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MII

14
12 //

v

0.5 1.0 1.5 2.0 25

FIG. 3. Masses of the lower modes in units of the confinement
scale. The solid curves correspond to the numerical results, while
the dashed curves stem from the WKB approximation obtained in
Appendix C.

_ sxm(@)
Ky(z) =z () (4.5)

The spectrum of normal modes is determined by the values
M, for which y,, (0) =0, which can be found numeri-
cally; see Appendix B. We have also derived an analytic
estimate for the masses using a WKB approximation; see
Appendix C,

2

e :%(n +D(n+0)+0m), n>0, (4.6)

Aa
5*103

N
Vs
10.5
10.0
9.5
9.0
8.5
8.0

7.5

0.5 1.0 1.5 2.0 25 v
(a) Rescaled scattering length in units of the con-
finement scale. The horizontal axis is v, that up to
a constant shift is the conformal dimension of the
scalar operator that creates the particles involved in
the scattering. In this case the scattering is for the
particles of lowest mass at each value of the conformal
dimension.

where ¢~ 1.25. For GPPZ, we obtain that the difference
between the exact and WKB result is v- and n- independent
M2, — M3y = 4. Comparison between the WKB val-
ues and numerical values in the AdSg4 soliton show also
very good agreement, especially as the value of v is
increased. The spectrum for the first few modes and
different values of v is represented in Fig. 3.
The fully normalizable solutions are given by

0(2) = 0,00, (2) = 2,2y, (2). (4.7)

where the coefficients a, are chosen in such a way that the
normal modes have unit norm, forming a complete ortho-
normal set:

ldz
/ 2 n(2) P (2) = S
0o <

1d -1/2
a, = <A Z_§¢n(z>2> :

Some numerical values of the normalization coefficients
are given in Appendix B. The bulk-to-bulk propagator is
determined by this basis as in Eq. (2.14).

(4.8)

B. Scattering for low-mass states

Using the values given in Table I, the leading pole in the
bulk-to-boundary propagator [Eq. (4.5)] is of the form
given in Eq. (2.16). In order to compute the residue

Mp,

2 5 10 20
Mn1 1.

(b) Density plot of the scattering length 10* x Nas /v4
in units of the confinement scale. The vertical and
horizontal axes scale logarithmically and indicate the
masses of the particles involved in the scattering, in
units of the confinement scale, for states created by
a scalar operator of fixed conformal dimension (cor-
responding to v = 1/2).

FIG. 4. Scattering length in the nonsupersymmetric holographic model.
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numerically, it is convenient to first evaluate numerically
the limit™:

1 02
k, = lim (M2 — M?) x 92 xm(2) )
(2v)! =M, am(0) |-

(4.9)
Then, the coefficient relating the residue to the normal
mode is ¢, = k,/a,, and the residue of the two-point
function of the dual operator is determined by
Z, = 2uNk,. (4.10)
Some numerical results for k,, are presented in Tables I and
II in Appendix B.
The residue of the leading pole in the four-point function
is given by Eq. (2.21); evaluating the limit, it becomes

Zn];nzﬁg.m; = —2UU4NCn2 Cn3 Cn4an1kannl,n2,n3,n4’ (411)
where the overlap « is defined as
d 4
Knynangng — / —61_.[ (412)

We list some numerical
Appendix B.

We proceed to compute the scattering length and the
scattering amplitude for scatterers of equal and lowest
mass. For this, it is enough to use the formulas (2.24) and
(2.23), plugging in the values we have found for the
residues [Eqs. (4.10) and (4.11)]. The results for the lowest
mass and different values of the conformal dimensions are
represented in Fig. 4(a), while the results for scattering with
different masses and fixed conformal dimensions can be
found in Fig. 4(b).

values of the overlap in

V. OUTLOOK

In addition to its physical relevance, the similar behavior
of the scattering length across different models suggests
that this could be a good observable for further study via
holographic duality. Available lattice data [20,21] can be
used to check or calibrate holographic QCD models. In
addition, comparison with the experimental data is possible
and would be an interesting extension of the present work.

A less direct application, but one where holography
duality really stands out, is to use the information from the
confining phase to make predictions about the properties of
the finite-temperature and nonzero-density deconfined
phases. That this is possible at all stems from the fact that
the same classical action in the holographic dual describes
all the phases. Contact terms in the action that enter in

‘We explain how to generalize this calculation when v is not a
half-integer in Appendix B.

scattering amplitudes will show up in other quantities such
as the equation of state, critical temperatures of phase
transitions, and transport coefficients. For example, the
coefficient of the quartic term in the bulk potential, vy, is
directly connected with the stiffness of the underlying
equation of state for dense systems [22,23].

Our analysis has been limited to a quartic contact
interaction among scalars; see Ref. [7] for a discussion
on generalizations to higher-order polynomial Lagrangians.
It would be interesting to extend our framework to include
the coupling to the metric, as well as to introduce other
fields of different spin—in particular, gauge fields. In
general, there will be a nontrivial momentum dependence
that would also be interesting to investigate.
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APPENDIX A: NORMAL MODES AND A <2 IN
THE N =1* SYM DUAL

In this Appendix, we will fill in some gaps in the
calculations presented in Sec. III in the main text.

1. Normal modes

The set of normalizable modes [Eq. (3.10)] maps to a set
of Jacobi polynomials through the relation

a. 1 1
P! ’ﬁ>(x) :LZ' )”zFl (—n, I+a+p+na+ 1;5(1 —x)) ,
(A1)

where (a+1),=T(a+n+1)/T(a+1) is the Pochhammer
symbol. Then,

1
n+1

by () = (1-w) P (1 -2u).  (A2)

Jacobi polynomials satisfy the orthogonality condition

/1 dx(1 = 2)(1+x) Py (x) P (x)

B 22" (n+1)
S wH2n+2)vH+n+1) M

(A3)

Changing variables to x = 1-2u, 0 < u < 1, the integral
becomes [p(u) = u/(2(1 — u)?)]
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/ L ax(1 = x)(1 4+ 1) P (x) P (x)
-1

P 1 wp(lw) (1lw) y _
2 duu(l —u)*Py " (1 = 2u) Py’ (1 — 2u)
0

- 23+y(n + 1)2

: / ' dup () () (1).

(A4)

an
Therefore, in order to satisfy the orthonormality condition,
the coefficients «,, have to be fixed to

ai=2n+1)(v+n+1)(v+2n+2). (A5)

2. Alternative quantization

In order to compute the two- and four-point functions
using the approach in Ref. [7], we first compute the one-
point function as a function of the sources using the
regularized canonical momentum associated with the radial
evolution of the scalar

S
op
where S, is the counterterm action defined on a radial
slice. For this discussion, we will set the AdS radius to

unity L = 1. The asymptotic expansion of the scalar field
dual to an operator of dimension A, = ¢ + v takes the form

zf = /=990, + (A6)

¢ = o+ Cyz%+”. (A7)
7

In this case, the one-point function of the dual operator is

NHO),, = 1in&z%-”n{; =2C,. (A8)
=

For 0 < v < 1, there is an alternative quantization where
the dual operator has dimension A_ = 5_21 —v. In this case,
the asymptotic expansion of the scalar is
b —>0z%+” + D,z (A9)
=
The leading contribution to the regularized momentum
close to the boundary is
& = 2v7v4, (A10)
z—=0
and from this expression it follows that the expectation
value of the dual operator is [24]

NHO), = lim(=2vz""%¢p) = —2uD,,.

z—0

(Al1)

Since the equation of motion for the scalar [Eq. (3.4)]
does not depend on the sign of v, symmetry under a sign
flip v - —v is expected. Indeed, using Euler’s relation

SFi(a,byc;u)=(1—u)"%",F(c—a,c—b;c;u)
=(1-u)"*t,F (c—b,c—a;c;u), (Al2)

the solution for the scalar can also be written as

. v 1
¢M(u):(l—u)2TzF1<l—5+§ 1/2+M2—4,1

1
—5——\/1/2—|—M2—4;2;u).

573 (A13)

The bulk-to-boundary propagator is then the same as in
Eq. (3.7) with the replacement v — —v. This implies that
the coefficient in Eq. (A9) is D, = C_,, and then

<O>A_ = <(9>AJr |L/—>—v'

Since the two- and four-point functions and their residues
are all derived from the one-point function, it follows that
the scattering length and amplitude of states created by
operators of dimension A_ =2 -1, 0 <v <1 can be
obtained simply by continuing the results for A, =24v
to negative values —1 < v < 0.

(Al14)

APPENDIX B: NUMERICAL SOLUTIONS
IN THE AdSs SOLITON

In this Appendix, we will detail some steps for the
interested reader to reproduce the numerical data. In order
to find the solution, we use numerical shooting, starting
with a regular solution at the origin z = 1 that is expanded
in a power series y,(z) with a fixed value y,(1) = 1 at the
tip of the AdS soliton:

Ny

() =1+ a,(1-2)"

n=1

(B1)

Here we will consider N, = 8, which is large enough to
have reliable results. The value of the coefficients for the
first terms in the series are

a, = 2—10 (5-2v)% —4Mm?), (B2)
= 161W (5= 20)2(4(v = 15) + 65) + 16M°
—8(4(v = 10)v + 75)M?), (B3)

1

as =
288000
—2100) 4 7425) — 64M® + 16(12(v — 15)v 4 455)M*

—4(24v(v(2(v — 30)v + 485) — 1425) +30175)M?).
(B4)

((5-2v)*(8u(v(2(v—40)v + 815)

086006-10



SCATTERING LENGTH IN HOLOGRAPHIC CONFINING ...

PHYS. REV. D 102, 086006 (2020)

TABLE I. Numerical values obtained from shooting for lowest
modes n = (. Notice that the WKB approximation detailed in
Appendix C gives very accurate results.

v 1/2 1 3/2 2 5/2
M, 2.02 2.54 3.05 3.56 4.06
Mygs 1.77 251 3.07 3.54 3.96
ao 1.36 1.57 1.76 1.93 2.09
ko 6.06 20.2 47.2 94.2 171.
K0.0.0.0 0.85 1.16 1.48 1.80 2.11

This series is used to give boundary conditions to the
numerical solution yy(z) at z =1 —¢, where we take
e =107°. So, we fix
av(l—e)=x(1-¢€).  xy(1-€) =xi(l—¢). (BS)
The numerical solution and its derivative up to order 2v
can be found, e.g., using NDSolve in Mathematica with
these boundary conditions, in the interval z € [, 1 —¢].
The boundary value is taken to be approximately the value
of the numerical solution at z = e:
am(0) = yn(e). (B6)
The numerical value of the derivative at the boundary is
also approximated by the value of the numerical solution
at z =e:
02y (0) » 02 xw(e). (B7)
If v is not half-integer, then we need to be more cautious.
In this case, we first perform a change of variables in the
radial coordinate z = u'/(*) and proceed with the same
shooting method. The equation (4.9) is replaced by

au)(M(”)

k, = lim (M2 — M?) x B8
i ( ) PRORI (B8)

Numerically, this is evaluated using
814)((0) ~ au)(N(u = €2D)’ (Bg)

TABLE II.

What remains to be done in order to find the spectrum of
normal modes is to solve for y,,(0) = 0 for fixed M. The
value M is tuned until a zero is found, an analysis that can
be effectively performed using Newton’s method. To fix the
coefficients «,, we evaluate numerically the following
integral:

1-e
a;? z/ dzz 2y (z)? (B10)

M=M,

Finally, we compute the overlaps in a similar way, by
performing the following integral numerically:

Kn],ﬂz.}’lyil;;

l1—e 4a 4
— ey dzz" ™ H)(N(Z)
anl a”z a"z 0!,,4 € i=1

‘We have collected some numerical values in Table I for the
lowest mode, and in Table II for excited states for fixed v
that we obtain from numerical calculation.

(B11)

M=M,

nj

APPENDIX C: WKB APPROXIMATION

Following the method developed in Ref. [25], we will
compute the masses of normal modes using the WKB
approximation. First, we will write the equations of motion
in the following form:

Ox(f(x)y(x)) + (M?h(x) + p(x))y(x) = 0. (C1)
The value of the masses can be obtained from the behavior

of these functions close to the origin x — 1 and the
boundary x — oo. Close to the origin x — 1,

frfitx=1)" hxh(x=1)2 pap(x=1), (C2)
whereas close to the boundary x — oo,
fRx", hrhx™  prpxt. (C3)

The WKB approximation of the masses is given by the
formula

2

_ % b
M%—gz(n+1)<n+al+ﬁl>+0(”0)» n20. (C4)

Numerical values obtained from shooting for excited modes for fixed v = 1/2. Notice that the WKB

approximation detailed in Appendix C gives very accurate results and becomes increasingly better for higher modes

as expected.

n 0 1 2 3 4 5 6 7 8 9

M, 2.02 4.45 6.93 9.43 11.93 14.43 16.93 19.43 21.94 24.44
Mg 1.77 4.34 6.86 9.38 11.89 14.39 16.90 19.41 21.92 24.42
a, 1.36 2.10 2.63 3.07 3.45 3.80 4.12 441 4.69 4.95
k, 6.06 31.1 76.2 141. 226. 332. 457. 602. 767. 953.
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The quantities appearing in this expression are an integral

setting the scale,
o h
i= [Tan [
1 f

and the following combination of exponents and coeffi-
cients of the asymptotic expansions:

(C5)

ay=s-s1+2,  pi=ri—-nn-2, (Co)
and
ls; = 1], s3—851+2#0
az:{ (51—1)2_4%]’ $3=51+2=0
=1 r=ry=2#0
ﬂz—{ (m=17-42 r-r-2=0 7
1. N =1* SYM

Let us now specify to the first case studied in this paper
in Sec. III. While we were able to obtain the mass spectrum
analytically, it is interesting to compare how close the
WKB approximation is with the exact values. By compar-
ing with the exact result, we will have an estimate of the
error in the approximation for cases where the exact result
is unknown. Starting with Eq. (3.4), we make a change in
variables, u = 1 — 1/x, as well as a field redefinition:

p(x) = x712(x = 1) y(). (C8)
Then, the equation for y(x) has the form (C1) with
1
flx) =1, h(x):m,
Cx=5+04(1-x)
p(X) - 4X2(X _ 1) <C9)

The asymptotic form of these functions close to the origin
x — 1 is as in Eq. (C2) with

1
fi=1, s,=0; hl:Za s =—1; py=-1, s3=-L

(C10)

Close to the boundary x — oo, the expansion is as in
Eq. (C3) with

1
fo=1, r =0 hzzl r,==3;, p,=
(C11)

We will plug these expressions into Egs. (C5), (C6), and
(C7), taking into account that | — r3 — 2 = 0. This yields

(C12)

Using these values in the mass formula (C4), the WKB
approximation gives

M2=4(n*+(2+v)n+(1+v))+0(n°), n>0. (Cl13)

Comparing with the exact formula (3.9), we see that the
O(n°) correction is a v-independent term,

(M%)exacl - (M%>WKB =4. (C14)

2. Nonsupersymmetric theory

Let us now proceed with comparing the mass spectra for
the nonsupersymmetric case studied numerically in Sec. I'V.
In this case, we do not have an analytic expression for the
masses, but we can compare the results from the WKB
approximation with those from the numerical computation.
Starting with the equation of motion (4.3), we make a
change of variables z = 1/x and simply rename the field
¢(x) = y(x). This results in an equation of the form of
Eq. (C1), with

flx)=x0—x, h(x)=x%, p(x)z(?—ﬁ)x‘*. (C15)

The asymptotic form of these functions close to the origin
x — 1 1is as in Eq. (C2), with

25
s;=0; p :Z—lﬂ,

fi=5 si=1; h=1, 53 =0.

(C16)

Close to the boundary x — oo, the expansion is as in
Eq. (C3), with

25
r=2 py=—-17

—4
4 3

f2:1’ r1:6; h2:17

(C17)

We will plug these expressions into Egs. (C5), (C6), and
(C7), taking into account that | — r; —2 = 0. This yields

- VAT(6/5)

rajio) 0 =

ﬂl = 2, ay = O, ﬂz == 21/.

(C18)
Using these values in the mass formula (C4), the WKB
approximation gives
2
, T
M; = ?
We note that the WKB approximation compares really well
with the numerical values, even for lowest-lying modes.

(n+1)(n+v)+0n°, n>0. (C19)
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