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Abstract

This paper extends the applicability of the combined use of the virtual element method (VEM)
and the boundary element method (BEM), recently introduced to solve the coupling of linear
elliptic equations in divergence form with the Laplace equation, to the case of acoustic scattering
problems in 2D and 3D. As a model we consider a bounded obstacle with piecewise constant
refractive index, and a time harmonic incident wave, so that the scattered field, and hence the
total wave as well, satisfies the homogeneous Helmholtz equation in the unbounded exterior region.
The resulting coupled problem is complemented with suitable transmission conditions and the
Sommerfeld radiation condition at infinity. The usual primal formulation and the corresponding
VEM approach are then employed in the obstacle, which is combined, by means of either the
Costabel & Han approach or a modification of it, with the boundary integral equation method in
the exterior domain, thus yielding two possible VEM/BEM schemes. The first one of them, which
is valid only in 2D, considers the main variable and its normal derivative as unknowns, whereas
the second one, valid in 2D and 3D, adds the trace of the original unknown. In both procedures,
the above mentioned boundary unknowns are non-virtual, and hence they are approximated by
usual finite element subspaces. In addition, the discrete setting certainly requires virtual element
subspaces for the main unknowns, and suitable projection and interpolation operators that are
employed to define the corresponding discrete bilinear forms. The well-posedness of the continuous
and discrete formulations are established, and the key aspects of the associated analyses include
the fact that the boundary integral operators of the Helmholtz equation are compact perturbations
of those for the Laplacian, the use of the Fredholm alternative, and the introduction of Galerkin
projection-type operators. Finally, Cea-type estimates and consequent rates of convergence for the
solutions are also derived.

1 Introduction

In the recent paper [8] we introduced and analyzed, up to our knowledge for the first time, the
combined use of VEM and BEM for numerically solving transmission problems in 2D and 3D. An
elliptic equation in divergence form holding in a bounded region, coupled with the Laplace equation in
the corresponding unbounded exterior domain, in addition to transmission conditions on the interface
and a suitable radiation condition at infinity, were considered as the respective model. In turn, the
Costabel & Han approach and a suitable modification of it that was motivated by the 3D case, but
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not restricted to that dimension, were employed there to combine the primal VEM approach in the
interior domain with the boundary integral equation method in the exterior one. In this way, besides
the original variable of the model, its normal derivative in 2D, and both its normal derivative and
its trace in the 3D case, were introduced as non-virtual unknowns. A priori error estimates and
optimal rates of convergence for the solution as well as for a fully calculable projection of the virtual
component of it were provided in [8]. Additionally, several numerical examples in 2D illustrating the
performance of the VEM/BEM schemes, were also reported there. To some extent, one could argue
that, irrespective of the particular transmission problem studied in [8], the main contribution of this
work is, perhaps, having settled some fundamentals that would help to apply later on the coupling
of VEM and BEM to any other model of interest that has been previously solved by the coupling of
BEM with the classical finite element methods (or other Galerkin-type procedure). In this regard,
we stress that the advantages of using VEM, which are certainly transferred to its combination with
BEM, include the simplicity of the respective coding, and the fact that the elements of the meshes can
be chosen as nonoverlapping nonconvex regions of very general shape. For very detailed bibliographic
discussions on VEM and BEM, separately, we refer the interested reader to [8, Section 1] and the
references there in indicated.

In virtue of the above comments, and aiming to provide further results of interest regarding the
coupling of VEM and BEM, we now address its applicability to the numerical solution of acoustic
scattering problems in 2D and 3D. The rest of this work is organized as follows. In Section 2 we
describe the model problem and establish a corresponding uniqueness result. Then, the boundary
integral equation method for the Helmholtz equation, and the coupling procedures to be employed,
namely the Costabel & Han one and a suitable modification of it, are introduced in Section 3. Next, in
Section 4 we use the Fredholm alternative to prove the well-posedness of the continuous formulations
arising from both coupling methods. The 2D discrete VEM/BEM schemes for each one of the coupling
procedures from Section 4 are introduced and analyzed in Section 5. More precisely, this section is
split into four subsections dealing with some preliminary definitions and results on VEM, the explicit
definitions of the discrete schemes, the solvability analysis of each one of them, and the respective
a priori error estimates and consequent rates of convergence. In particular, the use of Galerkin
projection-type operators and compactness arguments play a key role in the derivation of the associated
discrete inf-sup conditions. Finally, in Section 6 we follow basically the same structure of Section 5 to
introduce and analyze our discrete VEM/BEM scheme in 3D, which uses the aforementioned modified
Costabel & Han coupling method.

We end this section with some notations to be employed throughout the rest of the paper. In
particular, given a real number r > 0 and a polyhedron @ C R%, (d = 2,3), we denote by || - llr.0
and | - |0, respectively, the norm and seminorm of the usual Sobolev space H"(O) (cf. [12]). Also,
we use the convention L?(0Q) := H%(0), and for all t € (0,1] we let H=!(00) be the dual of H*(90)
with respect to the pivot space L2(90). In addition, we set P_; = {0}, and for a nonnegative integer
m, Py, is the space of polynomials of degree < m. Then, given a domain D C R%, d € {2,3}, P,.(D)
stands for the restriction of P, to D.

2 The model problem

Givend € {2,3},let 6 : R? — C be a complex-valued function satisfying Re(6(z)) > 0 and Im(6(z)) >
0 for all £ € R?, and such that 1 — O(x) has a compact support in R?. In addition, let x > 0 be given
together with a function w satisfying the Helmholtz equation Aw + k2w = 0 in R?. Then we seek
u: R4 — C satisfying

Au+r?0(x)u = 0 in RY
(2.1)
v = w+u® in RY



where u?® satisfies a homogeneous Helmholtz equation and the outgoing Sommerfeld radiation condition

ou® s 1-d

5y U =o(rz), (2.2)
when r := |&| — oo uniformly for all directions x/|x|. The system (2.1)-(2.2) governs the propagation
of time harmonic acoustic waves of small amplitude in an inhomogeneous and (possibly) absorbing
medium. The wave motion is caused by a time harmonic incident field w of amplitude x. A common
choice for w in the 2D case is the plane wave w(x) := exp(1kv - ©) where v is a fixed unit vector.
The solution u of our problem is determined by the scattered field u® that satisfies the Sommerfeld
radiation condition (2.2). We refer to [4, 11] for more information about the physical background of
the problem. For the sake of simplicity, we assume here that the obstacle is constituted of diverse
materials, each one of them having constant refractive index 6. In this way, we assume that there
exists a set of Lipschitz polygons {Q; : i = 1,...,I} such that supp(1 — 0) = U/_,Q; and |, € C,
Vi =1,...,1. Concerning the solvability of (2.1)-(2.2), we first have the following result.

Theorem 2.1. A function u € H} (R?) satisfying (2.1)-(2.2) with w = 0 should vanish identically
everywhere.

Proof. We restrict ourselves to d = 2, the case d = 3 being similar. Let a > 0 be such that the support
of 1 — f(x) is contained in the disk B(0,a) of radius a centered at the origin. A straightforward
application of Green’s theorem in B(0,a) gives

ou . 2 25 2
/|w|:au8—n do = /Wa (1Vuf? ~ #20(@)|uf) de

from which, taking into account that Im[f(x)] > 0, we deduce that

—_— p—ry > .
Im (/|:c|:au8n da) K /|ac|<a Im[0(x)]|u|*dx >0

Hence, Rellich’s theorem (cf. [4, Theorem 2.12]) ensures that u(z) = 0 in B¢(0,a) := R?\ B(0,a).
In turn, we deduce from our hypothesis on 6 that we can consider a set of Lipschitz and convex
subdomains {2, : p=1,..., P} satisfying UII;:lQp = B(0,a) and 6, := Olo, € Cforall 1 <p < P.
We pick a subdomain €2, such that 02, N 0B(0, a) is a segment of positive measure. Let B(xg,b) be
a disk centered at a point &y € 9§, N dB(0,a) with a radius b such that B(zg,b) C 2, U B%(0,a).
Since u vanishes in B¢(0, a), we have that

Au+ K*0,u=0 in Q,U B%0,a). (2.3)

It follows from (2.3) and a classical regularity result for the Laplace operator that u € H?(B(zo,b)).
Moreover, by virtue of the unique continuation principle (cf. [14, Lemma 4.15]), the fact that u
satisfies (2.3) and vanishes identically in a disk contained in B(xo,b) N B(0,a) imply that it should
be identically zero in B(xg,b). We notice now that, as €2, is convex, we also have that u € H?(£2,)
and we can apply again the unique continuation result as above to prove that u vanishes identically in
Q,. The same strategy shows that, if two subdomains (2, and (2, are such that Q, N Q, is a Lipschitz
curve with a non—empty interior, then if u = 0 in €2, implies that u is also identically equal to zero in
2. This proves that « vanishes everywhere in R2. O

3 The coupling procedures

In this section we describe the continuous version of the two coupling procedures that we plan to
utilize for the combination of VEM and BEM. In this regard, we remark in advance that the first
discrete scheme to be proposed will work only in 2D, whereas the second one will be valid for both
2D and 3D.



3.1 The boundary integral equation method for Helmholtz

We first discuss the basic aspects of the boundary integral equation method for the Helmholtz equation.
To this end, we now introduce a polygonal /polyhedral boundary I" containing in its interior the support
of 1 — . Then I' separates R? into a bounded polygonal /polyhedral domain Q and the unbounded
region 2¢ exterior to I'. We denote by n the unit normal vector to I' that is directed towards £2¢. The
scattered field u® satisfies a homogeneous Helmholtz equation in Q¢ and the radiation condition (2.2).
Then, denoting by Hél) the Hankel function of order 0 and first type, it can be proved that u® admits
the integral representation

E.(|lz —
/‘9 (z=yl), /E (lz —y ()day Va € Q°, (3.1)
ony,
where .
ZHél)(nr) ifd=2
Eli(r) = T
- ifd=3
T

is the radial outgoing fundamental solution of the Helmholtz equation with wave number x. We denote

by ~ and =, the trace and normal trace operators, respectively, on I', acting either from Q or from
S

Q°. Then, applying these operators to both sides of (3.1), denoting A := v, (Vu®) = Ou , and taking

on
into account the well-known jump properties of the boundary integral operators, we obtain
id
0= (15 — Ko )y + Vi, (3.2)
S ld t
A= —=Wiyu’ + (_ - Kn))‘a (33)

2
where id is a generic identity operator, and Vj, K, K}, and W, are the boundary integral operators
representing the single, double, adjoint of the double, and hypersingular layer potentials, respectively.
The latter are formally defined at almost every point & € " by

aEn(|w — yl)

V@)= [ Ee i) ds,  Keolw) = [ Y oy)as,,
B " (3.4)
Kix@) = [ P sy, Wople) = 5o [ PP oy s,

for suitable functions A and . More precisely, the main mapping properties of these operators are
collected in the following lemma.

Lemma 3.1. The operators
Vi : H—1/2+U(F) SN Hl/2+0'(1'\)’ K, : H1/2+U(F) N H1/2+0(F)
Kt H—1/2+a(F) — H—l/?—f—a(r), W, : H1/2+0(F) . H_1/2+"(I‘),

are continuous for all o € [—1/2, 1/2].
Proof. See [15]. O

In turn, the boundary integral operators Vy, Ko, K§ and W) defined as in (3.4) but in terms of the
fundamental solution Ey(|x — y|) of the Laplacian, which is defined as

1
——loglz—y| ifd=2
2
EO(’:B_yD = 1 1

— if d =3
A |z — y| 1 ’

4



have the same continuity properties given in Lemma 3.1. Furthermore, in order to recall additional
results concerning the particular operators Vy and W)y, and for additional use throughout the rest
of the paper, we now let <-, > be both the inner product in L?(I") and the duality pairing between

H~'/2(T") and H'/2(I") with respect to the pivot space L?(T), and introduce the subspaces
1/2
Hy*(T) = {p € V(1) : (1) =0}

and
Hy /2(T) := {u e HY2(T) : (u,1) = 0}.

Then, we can state the following lemma.

Lemma 3.2. There exist positive constants avy, Cy, and aw such that

) VpeHy AT, ifd=2
, Vop) > « 2 0 ' ’ 3.5
(5, Vo) > av Il o {\m ST, s (3.5)
_ 2 _ :
(B, Vouyp + [(1. )" = Cy ||ul®y o Ype HVAT) ifd=2, (3.6)
and "
(Wop. @) = aw ll¢lir Ve €H (). (3.7)
Proof. See [12, 15]. O

Finally, we stress that all the integral operators associated to the Helmholtz equation may be
regarded as compact perturbations of the corresponding Laplacian-based operators (see [15]). In fact,
we have the following result.

Lemma 3.3. The operators
Ve —Vo: HVXD) — HY(D), K. —Ko: HY/*I) — HY*(I)
K,z — Ké" . H—1/2(F) N 13’—1/2(I‘)7 Wn _ WO . H1/2(F) — H—1/2(1—‘),

are compact.

3.2 The Costabel & Han coupling

Our first strategy taking advantage of the boundary integral equations (3.2)-(3.3) to reformulate
problem (2.1)-(2.2) in the bounded domain 2 is due to Costabel and Han (cf. [5] and [10]). It reads
as follows: Find v : £ — C and A : I' = C such that

Au+K20(x)u=0 inQ, (3.8)
yu =~yu® +~yw on I, (3.9)
L . (3.10)
on~ " om M ‘
0= (g — K)yu® + Vi A (3.11)

id

A= —W,{yus—{—(Q

KO, (3.12)

Once the Cauchy data yu® and A are known, the solution is computed in the exterior domain Q¢ by
using the integral representation formula (3.1). It is straightforward to see, according to the analyses



provided in [5] and [10], that the variational formulation of problem (3.8)-(3.12) consists in finding
(u,\) € X := H'(Q) x H"'/2(T") such that

A,.;((u7 A), (v,u)) =F(v,p) = <8_w + anw,’yv> + <u, (g — K,.;)'ym> V(v,p) € X, (3.13)

on
where
A,i((z,f), (v, u)) = ak(z,v) + <W,§’yz,7v> + <u, Vn§>
. (3.14)
(S Koyz) — (6 (5 — Kow)
for all (z,€), (v, p) € X, with
— . 2
ak(z,v) = /QVZ Vv -k /QHZ'U. (3.15)

3.3 The modified Costabel & Han coupling

We now appeal to the modified Costabel & Han approach introduced for the first time in [8, Section
4.2], which consists in considering not only the normal derivative A but also the trace ¥ := ~yu®
as boundary unknowns in the formulation. This means that, instead of (3.1), the scattered field is
computed as

s OB (|lz — u*(y) e
u®(x) —/F 6ny y) doy — /E 8 doy Vo € Q°, (3.16)

whence the corresponding identities (3.2) and (3.3) become

O:(%i—K)dJJrV)\ (3.17)
A= -Wep+ (g — KA. (3.18)

In this way, the reformulation of problem (2.1)-(2.2) in the bounded domain €2 now reads as follows:
Findu: Q—>C,¢: ' > Cand A: I' = C such that

Au+ k*0(x)u=0 in Q, (3.19)
yu =~u®+~yw on T, (3.20)
Y =~u® onlT, (3:21)
ou ow
i - r :
o A+ 7 0D (3.22)
id
0= (15 — K )0 + VA (3.23)
A= — Hz/;—k(% — KM\, (3.24)

Then, proceeding analogously to [8, Section 4.2], that is integrating by parts (3.19), adding and
subtracting the expression (\, ¢) with arbitrary ¢ € Hl/ (T"), imposing weakly the relation ¢ = yu® in
H'/2(T"), and then suitably incorporating (3.22), (3. 23) and (3.24) into the resulting terms, we arrive
at the variational formulation: Find (u, 1, \) € X := HY(Q) x H(l)/2(I‘) x H~Y2(T") such that

~ w ~

An((uad)a/\)? (Ua%ﬂ)) = F(Ua%ﬂ) = <%7’7’U> + <M7’7w> v(”?‘phu) €X, (3'25)



where

((Z o, f) (U P K )) = An((za¢7§)7(va(paﬂ)) + <W,{(f), ‘10>
(1 e€) + (5~ K)) — (6 (5 -

for all (z,0,¢), (v,p,u) € X, with
((Z (b 5) (U 29 )) = an(z,v) - <§,’)/’U _(P> + </J'a'72_¢>7 (327)

and a, given by (3.15).

(3.26)
K,)p)

4 Solvability analysis of the continuous formulations

We now address the solvability analysis of (3.13) and (3.25). For this purpose, we introduce the
bilinear forms

o((2,€), (v, 1)) = ao(z,0) + (/F z) (/F v) + <W07z,w> 4 Vo)

d (4.1)
+ (& 1), 1) + (ps (— — Ko)yz) — (5 - — Ko)yv)
for all (2,&), (v,p) € X, and
Kol(26.9). (0. 0.)) = Aa((2.6,6), (: -+ (=) ( /g v) + (Wi "
(Vo) + (6 1) (. 1) + (s (5 — Ko)o) = (& (5 — Ko)o)
for all (z,0,&), (v,p,u) € X, where
aop(z,v) = /QVZ -Vu, (4.3)
and
Ao((2,0,8), (v,0,1) = ao(2,v) = (&0 —@) + (72— @) (4.4)

It follows from Lemma 3.1 that there exist positive constants |[Ax||, [[Aoll, [[Ax] and |[Ao|| > 0 such
that for each x € {k,0} there hold

A ((2,6), (v, )| < TAN NGO I, Il Y (2,€), (v,n) €X (4.5)

and

A (20,8 wem)| < 1B 1601l enl V(6.8 memeX. (46
Hereafter, the product spaces X and X are endowed with its Hilbertian norms

2 2 2
[0, I = lollLq + el or  V(o,p) eX,

and
2 2 2 2 <
(v, 0, I" = |lvll10 + lllli o0 + 10121 2 V (v, 1) €X,

respectively. Then, by virtue of Lemma 3.2, there exist ag, ag > 0 such that
Re(Ao((v, 1), (5,0)) = a0 0.l V(v,p) €X, (4.7)

7



and
Re(Ao((v,0.10), (5,8.) ) 2 o [wp,)* V(o p.) €X. (4.8)

Regarding the ellipticity of 1&0 given by the foregoing equation, we remark here that, because of the
inequalities (3.5) and (3.6), the expression (£, 1){x, 1) is needed in the definition of Ag (cf. (4.2)) only
for the 2D analysis, and hence it will omitted for the 3D one.

Next, we let X’ and X’ be the duals of X and X pivotal to L2(€2) x L2(I") and L2(€2) x L2(T") x L2(T"),
respectively, which yields X ¢ L2() x L2(I') ¢ X' and X C L3(Q) x L") x L3(I") ¢ X’ with
dense inclusions. Thus, we denote by |-, -] the corresponding duality pairings, and let A, : X — X/,
Ag: X = X, A X — X’ and Ag : X — X’ be the linear operators induced by A, Ag, Am and 1&0,
respectlvely, that is, for each x € {k,0}

[A(2,), (v, )] = As((2,8), (v, 1))
for all (z,€), (v,n) € X, and

[A'*(Z, QS, 6)’ (U’ 1) ,u)] = A*(('& ¢’ 5)’ (Ua b2 H))

for all (z,0,¢), (v,p,u) € X. Tt is clear from (4.5) and (4.6) that A, Ao, A, and Ay are all
bounded. In addition, (4.7) and (4.8) guarantee that Ay and Ay are isomorphisms. Furthermore, we
easily deduce from Lemma 3.3 and the compactness of the canonical injection from H' () into L2(Q),
that A, — Ag : X — X' and .A .Ao : X = X are compact, whence A, and A are Fredholm
operators of index zero.

We are now in position to establish the conditions under which problems (3.13) and (3.25) are
uniquely solvable.

Theorem 4.1. Assume that k2 is not an eigenvalue of the Laplacian in Q with a Dirichlet boundary
condition on I'. Then, problems (3.13) and (3.25) are well posed.

Proof. The proof is adapted from [13, Theorem 3.2]. According to our previous analysis, the Fredholm
alternative is applicable and therefore the proof reduces to show uniqueness of solution for (3.13) and
(3.25). In what follows we restrict ourselves to (3.13), the proof for (3.25) being analogous. To this
end, given a solution (ug, \g) € H'(Q) x H-V/2(I") of (3.13) with w = 0, we introduce the function

Vo e,
u(z) = B,
/‘9 u*(y) do, —/En(|w—y|)/\0 do, VaeQ,.
6ny r
It is easy to verify that ug solves the equation
Aug + K20(x) ug = 0 in Q, (4.9)

and that ¢ is a radiating solution of the Helmholtz equation with wave number «, that is

Ag+r*q=0  inQ,, (4.10)
0 _

% 1Kq = o(rlT) r=|x| = 0. (4.11)
or

Furthermore, using the jump relations of the acoustic potential layers we obtain the identities
id
74 = (5 +Ee)yuo = Vedo on T, (4.12)
id
Ao = —Wiyuo + (? — K,E))\O on I, (4,13)



from which, comparing in particular (3.2) and (4.12), we deduce that

74 = Yuo. (4.14)
In turn, subtracting equations (3.3) and (4.13) yields

id 8u0
—_KH (=) = 4.1
(5 =K (o= x0) =0. (4.15)
and using that, under our hypothesis on k, operator % — K} is injective (cf. [4]), we deduce from
(4.15) the identity
9q _ Juo r (4.16)
on  On ) '

Finally, equations (4.9), (4.10), (4.14) and (4.16) show that u € H. (R?) is a solution of (2.1)-(2.2)

loc
with w = 0, and therefore Theorem 2.1 ensures that such a function % should vanish identically in R,

which ends the proof. O

As a consequence of Theorem 4.1, and certainly assuming its hypothesis, we conclude that the
operators A, : X — X" and A, : X — X' are bijective.

5 The discrete VEM/BEM schemes in 2D

In this section we introduce and analyze the two-dimensional discrete VEM - BEM schemes for each
one of the coupling procedures described in Sections 3.2 and 3.3. Later on in Section 6, we provide
the main distinctive aspects of the application of the second scheme to the 3D case.

5.1 Preliminaries

Given a polygonal domain  C R?, we let {7} be a family of partitions of Q constituted of connected
polygons E € T, of diameter hg < h, and assume that the meshes {7} are aligned with each €;,
i=1,...,1. The boundary OF of each E € T, is subdivided into straight segments e, which are called

edges, and we denote by &, the set of those contained in I', that is &, := {edges eof Tp,: eC F}.

In addition, we assume that there exists a constant p € (0,1) with which the family {75}, satisfies
the following conditions:

(A1) each FE of {7y} is star-shaped with respect to a disk Dg of radius phg,
(A2) for each E of {7} and for all edges e C OF it holds |e| > phg.

Then, given an integer k£ > 1, we introduce for each E of {7} the projection operator HkV’E :
HY(E) — Pi(T), which, given v € H'(E), is uniquely characterized by (see [2])

st s ([r=) ()~ oo () () o

for all p € Py(T). Moreover, for each integer k& > 0 we let IIZ¥ be the L?(E)-orthogonal projection
onto Py (E), and following [1] (see also [8]) we introduce, for k > 1, the local virtual element space

Xk(B) = {U € HY(E): vl € Pile), Ve C OB, Av € P(E), TPv—T Py e Pk_g(E)} . (5.2)

It can be shown (see [1]) that the degrees of freedom of XF(E) consist of:



i) the values at the vertices of F, and additionally for k > 2,
ii) the moments of order < k — 2 on the edges of E, and

iii) the moments of order < k —2 on E.

We are then allowed to construct the global virtual element space by
Xk .= {v cHYQ): w|pe XHE) VEe Th} .

On the other hand, for any integer k£ > 0, we denote by Px(7;) the space of piecewise polynomials
of degree < k with respect to 7y, and let HZ be the global L2(Q)-orthogonal projection onto Py (73),
which is assembled cellwise, i.e.

(] v)|g :=TFwlg) VEeT,, VYvel?Q). (5.3)

It is important to notice that for k¥ > 1 there holds Py(E) C XF(E), and that the projectors Hkv’Ev
and ITFv are computable for all v € XF(E).

Hereafter, given any positive functions A, and Bj, of the mesh parameter h, the notation A, < By,
means that A, < CBj,, with C > 0 independent of h, whereas A; ~ Bj means that A, < Bj and

~

Bp, < Ap. Then, under the conditions on 7, and given in what follows an integer k£ > 1, the technique
of averaged Taylor polynomials introduced in [6] permits to prove the following error estimates

||U - HkEvHO,E + hE|’U - HkEUh,E 5 heE‘+1|’U|E+1,E Ve {07 1’ ey k}a Vv e H€+1(E) ’ (54)

o = I Pollo.g + hillv — T Polly e S K ol e Ve {1,2,.,k}, YveHFY(E). (55)

In turn, the local interpolation operator If : H?(E) — XF(E), which is uniquely defined for each
v € H2(E) by imposing that v — IFv has vanishing degrees of freedom, satisfies (cf. [3, Lemma 2.23])

|lv — I,fv

lo.g + he |v—Ifv|, p S Wlee V€ {1,2,..,k}, YveHTHE). (5.6)
The corresponding global interpolation operator I} : C(Q) — XF is defined locally as
(e = i0e) YEET, Yvel@). (5.7)

On the other hand, in order to approximate the unknowns \ € H_I/Z(I‘) and ¢ € H(l)/Q(F), we

introduce the non-virtual (but explicit) subspaces
AR {u LXT): ple € Poile), Yee 5h}, (5.8)

and
vk o= {% €C'T):  @nle € Pule) Vee Eh} N HYA(I). (5.9)

Then, we let 11 | : L") — Aﬁ_l and £§ : CO(I'") — WX be the L%(I")-orthogonal projection and
the corresponding global Lagrange interpolation operator of order k, respectively. In addition, we let
{Fl, ey I J} be the set of segments constituting I', and for any ¢ > 0 we consider the broken Sobolev

space H}(T) := ]_[3.]:1 HY(T;) endowed with the graph norm

J
2 2
loliZor = S lleliZr, Ve € HAD).
j=1

Next, we recall from [15] the approximation properties of the operators Hi_l and Ei.
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Lemma 5.1. Assume that u € H=Y/2(T') N HY(T) for some r > 0. Then,

e = TGyl —er S AMRFIE ]

r,b,I Vie {07 1/2} :

Proof. See [15, Theorem 4.3.20]. O

Lemma 5.2. Assume that ¢ € H'/?(T') N HZ+1/2(I‘) for some r > 1/2. Then

lo = LEpller S RPN o) e VEE {0,172}

Proof. See [15, Proposition 4.1.50]. O

5.2 The VEM/BEM schemes

For all E € Ty, we let SF be the symmetric bilinear form defined on H!(E) x H'(E) by

SE(z,v) = hy! Z TRZ TV Vz,veH(E), (5.10)
eCOE "€

where 7¢ is the L?(e)-projection onto Py (e). It is shown in [3, Lemma 3.2] that
SEw, ) ~af(v,5) Yve XF(E) such that HZ’E’U =0, (5.11)

where aOE is the local version of ag, that is
al (z,v) :=/ Vz-Vou Vz,veHYE). (5.12)
E

It is important to notice that S¥ is computable on XF(F) x XF(E), and that, by symmetry, there
holds
S (z,0) < Sz, 2 S (0,0)? S ag(2,2)" 2 af (v,0)?, (5.13)

for all 2, v € XF(E) satisfying Hkv’Ez = HZ’EU = 0. Alternative options for S restricted to X}(E) x
X ,’f(E) are available in the literature, the simplest one being the inner product of the vectors containing
suitably scaled values of the degrees of freedom of the given discrete functions. For the theoretical
purposes of the present paper there is no particular reason for using one or other as long as they satisfy
the stability condition (5.11). In the forthcoming work [7] we plan to compare different choices of S¥
from the point of view of their computational implementations and corresponding numerical results.
Next, for each F € T, we introduce

aOE’h(z,v) = ag(Hkv’Ez,Hkv’Ev) +SF(z - Hkv’Ez,v - HkV’Ev) Yz, ve XFHE), (5.14)

and
af,h(z,v) = a(lfh(z,v) — HQGE/ (HE_lz)(HE_lv) Vz,v e X,]f(E), (5.15)
E

where g = 6|p € C. We also let agj, and a, j, be the corresponding global extensions of ag ,, and af’ b
respectively, that is

ag p(z,v) = Z ag’h(z,v) (5.16)
E€Th
and
an(z,v) = Z aﬁh(z,v) Vz,veXF (5.17)
E€Th
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Alternatively, we could have proceeded as in [8, eq. (3.9), Section 3.2] and define, instead of (5.14),
a(lfh(z, v) = / e vz -1f Vo+ SF(z - HZ’EZ, v— Hkv’Ev) Vz,ve XHE), (5.18)
E

where ITY | : [L(E)]> — [Py_1(E)]* is the vectorial version of II¥ ,. In this regard, we stress in
advance that the results to be provided throughout the rest of the paper, for which we use (5.14),
would remain exactly the same if this discrete bilinear form is replaced by (5.18). In turn, since
the degrees of freedom associated with the local space XF(E) (cf. (5.2)) also allow the explicit
computation of its L2(E)-orthogonal projection onto the space of polynomials of degree < k, we stress
here that a® Kb could be defined as well by using H instead of Hk , in its second term. However,
this modlﬁcatlon would not improve neither affect the stability nor the rates of convergence of the
resulting discrete scheme, as we explain later on after the derivation of the key inequality (5.50), in
which the approximation property of II¥ | (cf. (5.4)) is employed.

Then, denoting X} := X} x Aﬁ_l, the discrete version of problem (3.13) reduces to: Find (up, \p) €
Xﬁ such that

A ((un, An), (i ) = Flon, ) V(on, pn) € X, (5.19)
where
Awn((zh:&n), (Vs ptn)) = awn (2, vn) + <szh, Yon) + (pns Vi)
. (5.20)
+ (ps (5 — Ky)v2n) — <§h,( K)yun)

for all (zp,&n), (vn, pn) € Xﬁ. In turn, denoting XE = Xh X \IIZ X Aﬁ_l, the discrete version of problem
(3.25) reduces to: Find (up, ¥n, A) € XF such that

At (@ Pns M)y (Vns ons 1)) = Flon, @nopin) Y (0ns ony pn) € X5 (5.21)
where

At ((2hs D1s En), (Uny 9y i) = An,h((zha¢h»fh)7(UhaSOhaMh)) + (Win, on)

. (5.22)
+ (o Viekn) + (pn, (5 — Ky)én) — <§h»( K.)en)
for all (Zh7¢h7§h)7 (UhaSOhaMh) € Xﬁa with
A n ((2hy 00, ER)s (Vs Phs i) = awp(zh,vn) — (Enyvn —@n) + (th,v2n — dn) - (5.23)

5.3 Solvability analysis

In order to analyze the solvability of (5.19) and (5.21), we now introduce the perturbations of the
bilinear forms A, , and A, j given, respectively, by

Ao ((zhsEn)s (Vns n)) == ao,n(zhs vn) + {/th} {/F } <Wo’rzh YUh)

, (5.24)
+ (pn, Vobn) + (€ns 1){pn, 1) + (s (% — Ko)van) — <€h,( Ko)yvn)
for all (z4,&), (vn, n) € XF, and
Ao n((zhy &1y €n)s (vhs ons 111)) == Aon (21 Dns €n)s (Wns 1o 1)) + {Wodn, 1)
(5.25)

o Vo) + (6, 1), 1)+ G, (5 — Ko)on) — (&, (g — Ko)on)
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for all (24, dn, En)s (Vs hs i) € X5, with

Ao ((2hs Oy En), (VR @hs b)) == aon (2, vn) + {/th} {/th} (5.26)
—(&n,YOR — on) + (fth,Y2h — Ph) -

The boundedness and ellipticity properties of the above bilinear forms are provided by the following
two lemmas.

Lemma 5.3. There exist positive constants M,, My, MH and Mg, independent of h, such that for
each x € {k,0} there hold

1A n ((zh,&n)s (ny )| < M ||z E0) I (0, )|

for all (2, &), (vn, n) € X]ffﬂ and

A

|1&*,h((zha Ohs fh)? (’Uh’ Phs Mh)) | < M. ||(Zh7 Oh, ‘Sh)” ||(vh7 Ph;s :uh)H
fOT’ all (zha ¢h7§h)7 (vha SDhaMh) S Xz;
Proof. Starting from the corresponding definitions (cf. (5.20), (5.24), (5.22) and (5.25)), it suffices to

employ the mapping properties of the boundary integral operators (cf. Lemma 3.1), and then notice
from (5.12), (5.13) and [2], that for each E € T}, there holds

SEED

~

E E E E
SE(zp, — TPz, vn — 10 Pon) S o — 1Y Pzl p [on — I Pop)1m LE [vn|1LE (5.27)
for all zj,, v, € XF(F). We omit further details. O

Lemma 5.4. There exist positive constants By and Eg, independent of h, such that

Re{ Ao ((vn, 1n), (On i) | = Bo l(wn )l ¥ (v ) € XE, (5.28)
and

Re{‘&o,h((vha@hﬁih)a(Tjh7¢7h’ﬂh))} > BO ||(vha§0halufh)||2 V(vhv(phaﬂh) € Xi (529)

Proof. According now to the definitions (5.24) and (5.25), and proceeding as in the deduction of (4.7)
and (4.8), we first apply the positivity properties of the boundary integral operators (cf. Lemma 3.2).
Next, noticing from (5.14), (5.12) and (5.11) that for each E € T}, there holds

E _ V.E E V.E V.E_
ao’h(v,v) = |Hk U|%,E + Sy (v — I "v,v —1II, v) (5.30
V.E V.E k ’
2 |10, UE,E + |v =11, U|%,E 2 |U|%,E Vo e X;(E),

we arrive at the required inequalities and conclude the proof. O
At this point we remark that, if (5.18) is considered instead of (5.14), then (5.30) would follow
exactly as explained in [8, proof of Lemma 3.4]. Also, we stress that, thanks to (3.6), the term

(€n, 1) (pn, 1) will not required for the ellipticity (and hence not for the definition) of Agj in the 3D
case to be analyzed later on in Section 6.
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Then, bearing in mind Lemmas 5.3 and 5.4, and the boundedness estimates (4.5) and (4.6), we can
apply the Lax-Milgram lemma to introduce the Galerkin projection-type operators Ry : X — X and

Ry X — X,’j, which, given (z,¢) € X and (z,¢,€) € X are uniquely characterized by

Ao (Ru(2,€), (vn, 1)) = Ao((2,€), (0n,pn))  V (vhspn) € XF, (5.31)

and

Ao p(Ru(2,6,€), (U, onoin)) = Ao((2,6,€), (W, onon)) Y (ny oo i) € X5, (5.32)

respectlvely Moreover, it readily follows from the aforementioned classical lemma that Ry : X — Xk
and Ry, : X — X’“ are uniformly bounded in A with | Ry|| < [|Aoll/Bo and | Rl < [[Aoll/Bo-

The approximation properties of Rj and Rh are established next. As usual, given a finite dimen-

sional subspace X}, of a normed space X, we set for each x € X, dist(z, X,) = ing( |z — 3]
ThEX]

Theorem 5.1. There exist positive constants C' and 5’, independent of h, such that
‘ 1/2
IRu(,€) = (2,0l < C {dist((2,6),%5) + (3 12—y P2Bz) "} (5.33)
EeTy,

for all (z,§) € X, and

[Ri(z.6.6) — (20,0l < € {dist((2.0,6. %) + (0 -7 P25)") (53

E€Th

for all (z,¢,&) € X
Proof. Given (z,£) € X and (zp,&,) € Xﬁ, we first observe by triangle inequality that

IRn(2,8) = (2, < [[(on, )l + 11(2,6) = (z: &)l 5 (5.35)

with (vn, un) = Ri(2,€) — (2n, &) € XF, so that in what follows we focus on estimating ||(vp, f1n)]]-
In fact, applying the ellipticity property (5.28), the identity (5.31), the boundedness of Ay (cf. (4.5)),
and the fact that the difference between Ay and Ag j, (cf. (4.1), (5.24)) reduces to ag — ag p, we obtain

Bo || (vn, ) ||* < Re{Ao,h((vh,uh)a(%ﬂh))}
= Re{AO((z,g), (On, fin)) — Aon ((2hs &), (ﬁh,ﬂh))}
< |A0((2,8) = (21:n)s (Ons in)) | + [Ao((2hs En), (Bns in)) — Aoh (21, &R, (O, in)) |

< 8ol 11(2:) = (i €I N ns i)l + D |ag (20, B1) — af g (2, Th)| -
EeT,

(5.36)

Then, subtracting and adding HV E in the first component of the expression ag 1 (2h, Up), using that
agh(Hkv’Ez,vh) = q (HV e, HVE h) = (Hv 2, up) (which follows from (5.14) and after taking

(v,p) = (vp,1) and (v,p) = (vh,Hkv’E ) in (5.1)), and employing the triangle inequality and the
boundedness of af’ and al,, the latter being consequence of (5.13), we find that

_ _ V.E_ - V.E_ -
|\aff (zn, 0n) — agh(zh,vhﬂ < |af (zn — 11} ’Ez,vh)| + |a(]fh(zh - 11 ’Ez,vh)|
S lan =T Pzl plonle S {|Zh — 2l + |2 - HZ’EZh,E} |vnl1. -
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In this way, summing up over E € Tj, it follows that

1/2
> |af (zny ) — afn (20, 00)| S {IZh —zho + ( > !Z—HZ’EZ\%,E) }\vh\l,ﬂ

E€Tn EE€Tn (5.37)

<{IGo -Gl + (X 1 -1T%0 )" i ml,

EcTy

which, combined with (5.36), yields

20— el + (X -1y Pap )

EcThy

| (vns )| S

Hence, replacing the foregoing inequality back into (5.35) and taking infimum with respect to (z, &) €
Xk, we arrive at (5.33). In turn, the derivation of (5. 34) follows similarly to the previous analysis by
noting now that, given (z, ¢,§) € X and (zn, &0, &n) € X , there holds

“ﬁh(zad)ag) - (Z,¢,€)” < H(vhagohnufh)H + ”(Zvd)ag) - (zfnd)hafh)H )

with (vp, @n, pn) = ﬁh(z,qﬁ, &) — (zn, dn,&n) € g&’fb Hence, the rest of the proof reduces in this case
to apply the ellipticity property (5.29), the identity (5.32), the boundedness of Aq (cf. (4.6)), and the
fact that, according to (4.2) and (5.25), we obtain

&O((zha Oh, gh)v (ﬁfw Phs lah)) - ‘&O,h(('zha ®h, éh)? (,Dha ©h, ﬂh))

5.38
= > {%E(Zh,@h) - a{fh(zh,@h)} : (5.38)
EcT,
which is again estimated by (5.37). We omit further details. O

As a consequence of Theorem 5.1, and employing classical density arguments together with the
aproximation properties provided by (5.5), (5.6), and Lemmas 5.1 and 5.2, and using the uniform
boundedness of R;, and R}, we deduce that

lim [Ra(2,6) = (.6 =0 V(5,6 €X (539)

and

lim [|Rp(2,6,6) = (2.6, =0 V(2,66 €X. (5.40)

In other words, Ry and ﬁh converge pointwise to the identity operators in X and §V§7 respectively.

The well-posedness of the VEM/BEM schemes (5.19) and (5.21), that is their unique solvabilities
and associated stability estimates, will follow from the discrete inf-sup conditions for A, ; and A p,
respectively, which are established next. For later use, we now let (-,-)x and (-,-)z be the inner

products of X and §~§, respectively.

Theorem 5.2. Assume that k2 is not an eigenvalue of the Laplacian in  with a Dirichlet boundary
condition on I". Then, there exist positive constants hgy, oy, and Q,, independent of h, such that for
each h < hg there hold

sup |Akn ((zh,&n), (vhs i) |

(zh-ER)EXR [z, &)l
(zn,€n)#0

> o ||(vn, )l Y (vh, i) € XF, (5.41)
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and

‘An,h((zhv Dh+En), (Vh, hy 111)) ‘
sup

(Zh7¢h7£h)65~€ﬁ ||(Zh7¢h7£h)||
(2h,Ph,En)#0

> G |(ns oo )|l Y (0ny o pn) €XEL (5.42)

Proof. We begin with the introduction of some useful tools. In fact, thanks to the bijectivity of
A+ X — X/, we first deduce the existence of a bounded operator © : X — X such that, given
(2,€) € X, O(z,¢) € X is uniquely characterized by the identity

AK(@(Z,f),(’U,M)) = <(Z’§)7(U’M)>X V(U,,LL) € X.
It follows, in particular, that
Ae(0(2,€),(2,0) = (=017 V(26 eX. (5.43)

Analogously, the bijectivity of .,Z,.i X > X implies the existence of a bounded operator 0: X=X
for which there holds

5.(6(2,0.), (2,6.) = Iz.0.01> V(26,6 € X. (5.44)

In addition, we define the compact operators C := A, —Ap : X — X' and C := A, — Ay : X — X Then,
in order to proceed with the proof of (5.41), we consider (vp, un) € XF, set (27,&") == RpO(vp, ) €
Xk, and observe that certainly

|An ((zhs&n)s (s pn)) | [Arn (55 65), (vns i) |

sup > (5.45)
T | (zn, &n) 1z, &0
(Zh7£h)‘_lé0
In turn, adding and subtracting the bilinear forms A, Ag, and Ay, so that
An,h = AO,h + (An - A0) + (AO - AO,h) + (An,h - An) ’ (5'46)

and noticing from the definitions of A, Ag, A, p, and Agy, (cf. (3.14), (4.1), (5.20), and (5.24)), that

(Ao — Aop) (27,85, (vn, pn)) = /QVZ;J[ Vo, — agp(z,vp) (5.47)

and

(Arp — Ax) ((Z5,65), (on, 1n)) = awp(z vn) — an(z),on)

5.48
= aon(2;,vn) —/VZ;{'V’Uh + Ry 9E/ {Zf{”h — (I 27) (HkE—lvh)}’ (549
we readily arrive at
Awn (2 &5)s (0n, pn)) = Aon (RO, pn), (Vhs i) + [CRAO(Vhs i), (v, )]
(5.49)

Y 0 /E {abon— (T12) (M) }.

E€Th,

In what follows, I stands for a generic identity operator and 6, denotes the maximum value of |fg|,
E € Ty. Hence, starting from (5.49), and employing the characterization of Ry, (cf. (5.31)), the
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orthogonality condition satisfied by HkE_l, the identity (5.43), the approximation properties of l'IkE_1
(cf. (5.4)), and the fact that Ry, is uniformly bounded, we find that

Acn (60, (o, 1n)) = Ao (O(vn, i), (Vn, pn)) + [CRRO(vn, i), (Vhs )]

+ /{2 Z HE/ {Zh’l)h (Hk 1Zh) (Hk: 1”h)}
EeT,
= Ax(O(vn, in), (Vs pn)) + [C(Ru —1)O(vn, pn), (vhs )]

s aE/ {z; _ HkE_lz,j} {vh - HE_lvh}

EET;, (5.50)
{1=lle®n =D 1101} lIwn, m)I
20 Y (e =12 o g lon = T yonll
E€Ty,

[ (Ra D101} o i)l — CH (1 GO (o)

{1=lle®Rn =110l = CH } G & (wns an)

v

v

v

where C' is a positive constant depending on « and 6, but independent of h, and the last inequality

uses that [|(vn, un)| = [1(27,&)||. Finally, the compactness of C and the pointwise convergence of

Rp — 1 to zero (cf. (5.39)) guarantee that ,%irr(l) IC(Ry, —1)|| = 0, which, together with the foregoing
_)

estimate and (5.45), yield (5.41) for a sufficiently small hg. We remark here that using II¥ instead
of IT¥ | in the original definition of aﬁ p (cf. (5.15)), would not yield any change in the inequality
(5.50), and hence neither in the resulting discrete inf-sup condition (5.41). In fact, the local H!(E)-
regularity of z;[ and v, only allows to apply the approximation property (5.4) for £ = 0, so that,
irrespective of using H,’? or HE 1» the power of h in the last part of (5.50) remains as 2. On the
other hand, the discrete inf-sup condition (5.42) is proved similarly to the previous analysis. In fact,
given (vp, on, pp) € Xh, we now set (zh ,th §h) : Rh@(vh Ohy h) € Xh, and observe first that
(Ao — Aop) (5, 61, 60), (vny oy i) and (A — A) (275, 0, €), (Un, @ny in)) are given exactly by
the right hand sides of (5.47) and (5.48), respectively. In this way, the analogue of (5.49) keeps the
same term at the end, and the reasoning follows almost verbatim to the steps in (5.50), but now using
the characterization of Ry, (cf. (5.32)), the orthogonality condition satisfied by II¥ |, the identity
(5.44), the approximation properties of IIF | (cf. (5.4)), the uniform boundedness of Ry, and the fact
that ||(vn, en, )|l 2 1(27, &7, &) The compactness of C and the pointwise convergence of R, — I
to zero (cf. (5.40)) complete the proof of (5.42). O

Under the same assumptions of Theorem 5.2, and as a straightforward consequence of (5.41) and
(5.42) we deduce that, given F € X', F € X/, and h < hg, the VEM/BEM schemes (5.19) and (5.21)
have unique solutions (up, \p) € Xk and (up, zph, )\h) € Xh, respectively. Thus, we can also define the
discrete analogues of ©® and 5) (though with respect to the second component of the bilinear forms
involved), namely the operators ©), : Xf — X§ and ©y, : XF — XF, which, given (vj,p,) € XF and
(Vh, Ph, in) € X’}“L, are uniquely characterized by the equations

A ((zhs6), On(vns pn)) = ((2hs€n)s (nypin))x V¥ (2n,6n) € XE

and

An,h((zha¢hafh)aéh(vha80ha,uh)) = ((2h; Pns&n)s (Vn, Prs b))z Y (2hy Ons&n) € Xk,
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which yield, in particular,

A (s 1), On (W, pn)) = Iwns ) 1>V (vn, pn) € X5 (5.51)

and

An,h((vha Phs Mh)a (:jh(vhv ‘thﬂh)) = H(vfu Ph; /’l'h)||2 v ('l)h, Ph; Mh) € glfi : (552)

In addition, it follows from the above characterizations of ©; and C:)h and the discrete inf-sup conditions

(5.41) and (5.42), that

1 ~ 1
18l < —  and O] < =. (5.53)

K K

5.4 Error analysis

We now aim to provide a priori error bounds and associated rates of convergence for the solutions of
the VEM/BEM schemes (5.19) and (5.21). We begin with the following Cea-type estimates, which
make use of IT]_, (cf. (5.3)), the global L?(Q)-orthogonal projection onto Py_1(75).

Theorem 5.3. Assume that k2 is not an eigenvalue of the Laplacian in 0 with a Dirichlet boundary
condition on I', and let hg > 0 be the constant whose existence is guaranteed by Theorem 5.2. Then,
there exist constants C, C' > 0, independent of h, such that for each h < hgy there hold

(s A) = (s A

. (5.54)
< C Q dist((u, A) Xk < Z Hu—H uH1E> + Hu—l‘[kT_1u||07Q ,
E€Ty,
and
”(Uﬂ/%)\) - (ﬂh,{pvh,xh)u
[ 12 (5.55)
< € dist((u, 9, A) ( Z [ H1 E) +lu - Hz—luHo,Q
EcTy,
Proof. We begin by observing, thanks to the triangle inequality, that
1w, X) = (un, A< 11w, X) = (s )|+ 1o )l (ons i) € X5 (5.56)

where (23,&) = (un,An) — (v, pn). Then, setting (z7,&") = Op(21,&,) € XF, employing the
identity (5.51) and the fact that AH((U,, A), ) and A,.i,h((uh, An), ) coincide on X',?L (which follows from
(3.13) and (5.19)), adding and subtracting (vp, up,) in the first component of A, using the uniform
boundedness of ©), (cf. (5.53)) and the identity provided by the first row of (5.48), and then adding
and subtracting v in the first component of a,, we obtain

(zr, &)1 = Awn((wns An), On(zn: &) — A ((Vns ), On (20, &n))
= Aw((u; A) = (s i), Onlzn, &) + (Ax — Awp) (s ), (217, 65))

_ (5.57)
A&l ot 1w, X) = (s )1 Gzs €I+ | (vns 27) — o (on, )]

IN

IN

(Ihell + Nlaell) @™ 12, = (s ) 1oy )+ e, 27) = an(oms 23] -
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In this way, we now focus on estimating the last term on the right hand side of the foregoing equation.
Indeed, according to the definitions of a, and ap (cf. (3.15) and (5.15) - (5.17)), we first obtain

‘a%(ua 2 ) Qg h Uha Zh Z ‘a U’ Zh - a’Eh(vha Z}—:,_)‘
; e ) (5.58)
< Z ‘ao (u,z;[) —a07h(vh,z;[)’ + K Z 10E| /E{uzh (Hk 1’Uh) (Hk 1z7{)}‘ .

E€Ty, E€Ty,

Next, adding and subtracting Hv’Eu in the first component of af’ (u,z;{), recalling that there holds

L (HkV’Eu, zh) = ap, h(HV P, z;7) (cf. proof of Theorem 5.1), and thanks to the uniform boundedness

of agj’ 5> we find that

V.E V.E
|a0E(u’ 21—1’_) - ag,h(vh’ Z}—D‘ = ‘agj(u — ", 2z N+ Qg (H U, Z;z'—) - ag:h(vhv Zl—z’—)‘
= ‘a,g(u - I'Ikv P, zH) + ay h(Hkv’Eu — vp, 2 )|
_ o v B (5.59)
S =Pl o+ = o),
A
S {lle =17l + = wnlhe
In turn, the orthogonality condition satisfied by H,’f_l and the triangle inequality yield
E E E
‘/ {uz;{ — (Hk_lvh) (Hk_lz;{) = ‘/ U — (Hk_lvh)} z,J{
E (5.60)

< {llu=vnllo + llu =T sulo g } 1 oz

Hence, plugging (5.59) and (5.60) in (5.58), and applying the Cauchy-Schwarz inequality, we deduce
the existence of a positive constant C7, depending on k and €5, but independent of h, such that

‘an(uv Z;i—) - aﬁ,h(vh? Z}—l_)|
(5.61)

1/2
<O (X u=10Pulf ) T+ = wnlly g + fu =Tl p 5 -
EcTy,

Thus, replacing (5.61) back into (5.57), (2, &) ||, we conclude that

2

1/2
1(zns En) 1| < Co S [ A) = (vn, o) || + < > ffu =T Fulf > +lu =T qullgg p s (5.62)

E€eT,

where C5 is a positive constant depending on [|A||, ||ax||, @, and C1, but independent of h. Finally,
combining (5.56) and (5.62), and then taking infimum over (vp, us) € XF, we arrive at (5.54). On the
other hand, the proof of (5.55) follows almost verbatim. In fact, once stated the analogue of (5.56) with
an arbitrary (vs, on, ) € Xj and (2h, ¢n,&n) = (Uns Y An) — (Vh, Ohs pn), We set (25, ¢/, &) =
On(zn, dn, vp) € Xﬁ and proceed analogously to the derivation of (5.57). In this way, observing now
from (3.25) and (5.21) that :&H((u, U, A), ) and I—Tkmh((ﬂh, Q,Zh, Xh), ) coincide on X’fl, and noting from the
definitions of A, and l&n,h (cf. (3.26) - (5.22)) that (;&K —An,h) ((vh, Ohs Ih)s (z;;, gbz,f;{)) also reduces
to ax(vp, z;) — ay p(vn, z;LL), we realize that it suffices to employ again the upper bound provided by
(5.61) to get

(2, &, &n) |l

1/2
< O3 4 [, 2) = nons )| + (D0 u =10l ) + [l =1 gufl g ¢ -
E€eTh,
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where C3 is a positive constant, independent of h, having basically the same dependences of C5. The
foregoing inequality and the aforementioned analogue of (5.56) imply (5.55) and end the proof.  [J

We are now in position to establish the announced rates of convergence. To this end, we recall from
(5.7) that I,;r denotes the global virtual element interpolation operator. Then, we have the following
result.

Theorem 5.4. Assume that k% is not an eigenvalue of the Laplacian in Q with a Dirichlet boundary
condition on T', and that both u and the datum w belong to H'(2) N HiI:1 H*1(Q;). In addition, let
ho > 0 be the constant whose existence is guaranteed by Theorem 5.2. Then, there exist constants
Co, Co > 0, independent of h, such that for each h < hqg there hold

I
(s A) = (un, M)l < CobP > Nlullern (5.63)
=1
and
o _ 1
(w0, X) = (@in, ns M)l < CobF Y ks, - (5.64)

i=1

Proof. We first notice that H'(Q) N Hle HFL(Q;) C €°(2), which implies that I] u is meaningful.
In addition, we have that ¢ = ~v(u —w) € HY/2(T') N HIIfH/z(F) C CT) and A = v, (V(u—w)) €
H-Y2(I) n H]bc_l/z(l’) C L*(I'), whence £{1) and II¢ |\ are meaningful as well. It follows that the
distances on the right han sides of (5.54) and (5.55) can be bounded as

dist((u, A),X}) < llu—Hullio + A =TE_Al—1jor

and

dist ((u, v, A), X)) < llu— I ulla + 1% = Livlyar + IA =T M| 1/ar-

In this way, replacing the foregoing estimates back into (5.54) and (5.55), applying the approximation
properties of I} (cf. (5.6)), 11§ | (cf. Lemma 5.1), £{ (cf. Lemma 5.2), Hkv’E (cf. (5.5)), and II]_,
(cf. (5.4)), and employing the trace inequalities given by

I I
[Gllk1/z0r S D lullksre, and (M lx-1jzer S Y lullkiro; (5.65)
i=1 i=1
we are led to (5.63) and (5.64), thus finishing the proof. O

6 The discrete VEM/BEM scheme in 3D

In this section we follow the approach from [8, Section 4] to introduce and analyze a three-dimensional
VEM/BEM scheme for the modified Costabel & Han coupling procedure (cf. Section 3.3) as applied
to the present Helmholtz equation (cf. (3.25)). As explained in [8, Section 4.2], the original Costabel
& Han coupling (cf. Section 3.2) is not suitable for a VEM/BEM scheme in 3D since the trace of a
VEM function on the boundary of a given element is not a polynomial but a virtual function as well
(see (6.1) below).
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6.1 Preliminaries

We now let {73}, be a family of partitions of  into polyhedral elements E of diameter hr < h, and

assume, as in Section 5.1, that the meshes {7} are aligned with each subdomain ;, i = 1,...,1I.

The boundary OF of each F € T is then subdivided into planar faces denoted by F', so that, in

particular, we let Fj be the set of faces of T that are contained in I'. In addition, we assume that

there exists a constant p € (0,1) with which the family {7} satisfies the following conditions:

(B1) each E of {7} is star-shaped with respect to a ball By of radius phg,

(B2) for each E of {Ty}n, the diameters hp of all its faces F' C OF satify hp > php,

(B3) the faces F of each E € {Tp}n, seen as 2-dimensional elements, satisfy the properties (A1) and
(A2) (cf. Section 5.1) with the same p.

Then, given an integer £k > 1 and F € Ty, we set
XF(OE) = {v e COOE): w|pe XF(F) VFC aE} , (6.1)

with XF(F) defined by (5.2) (with F instead of E there), and introduce the local and global virtual
element spaces

WHE) = {v e HY(E) : vlpr € XF(OE), Av € Py(E), IFv —11)""v € Pk_g(E)} : (6.2)

and
Wk = {veX: vlp € WE(E) VEeTh}, (6.3)

respectively, where II¥ is the L?(F)-orthogonal projection onto Px(E), and HZE : HY(E) — Pr(E)
is the operator given by (5.1). In addition, the degrees of freedom of W} (E) consist of:

i) the values at the vertices of F,

ii) the moments of order < k — 2 on the edges e of E,
iii) the moments of order < k — 2 on the faces F' of E, and
iv) the moments of order < k —2 on F,

which uniquely define the corresponding local interpolation operator I ,f : H3(E) — W}'f (E), whose
associated global operator is denoted IkT cH2(Q) — W}’f . In turn, we let HkT be the global version of
I1¥, that is the L?(Q2)-orthogonal projection onto Py (7). The approximation properties of ITZ, HZ’E

and IF are given again by (5.4), (5.5), and (5.6), respectively.

Furthermore, we need to introduce the simplicial submesh §; of I" obtained by subdividing each
face F' € F}, into the set of triangles T' that arise after joining each vertex of F' with the midpoint of
the disc with respect to which F' is star-shaped. It readily follows, thanks to the conditions (A1) and
(A2) satisfied by the faces of the meshes, that the triangles of §;, have a shape ratio that is uniformly
bounded with respect to h. Hence, in order to approximate the non-virtual boundary unknowns A
and 1 of the modified Costabel & Han coupling method, we now introduce the analogue spaces of
(5.8) and (5.9), that is

A= {un €LAT) s pulr € Pea(T) VT €5} (6.4)
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and
- {goh eC'T): pplr € PH(T) VT e sh} N HY2(T). (6.5)

In this way, we let Hg_l :L2(T) — Az_l and Eg : CO(I') — UF be the orthogonal projection and the
corresponding global Lagrange interpolation operator, respectively. Then, denoting by {Fl, o, I J}
the open polygons, contained in different hyperplanes of R, such that I' = szlf‘j, we recall from
[15] that the approximation properties of HEA and E,‘E are exactly those stated in Lemmas 5.1 and
5.2 (certainly, with § instead of £). In addition, for each F' € F, we let IIf" be the L?(F)-orthogonal
projection onto Px(F), and denote by II7 its global extension to L?(I'), which is assembled cellwise.
The approximation property of H{ (and hence of H,J: ) is exactly that given by (5.4).

6.2 The VEM/BEM scheme

According to the finite dimensional subspaces given by (6.3), (6.4), and (6.5), we now redefine g’fb as
X’fL = W}’f X \IJ’fL X Afl_l, and consider, instead of (5.21), the following discrete formulation for the 3D
version of (3.25): Find (up, ¥n, Ap) € Xz such that

An,h((ﬂh,{ﬁvh,xh), (Vhs hy i) = Fnvn, @nyitn) ¥ (vhy @, i) € X5, (6.6)

where

A ((zhy D1y E8)s (s 01y 1)) = A (215 s €0)s (Vhs 01y 111)) + (Wieton, o)

id id (6.7)
+ (s Vin) + (tin, (5 — K)on) — (&ns (5 — Ki)¢n)
for all (21, dnsEn)s (Vhs @y pn) € XE, with
A r((zhy DnyEn)s (Vny Oy 11n)) == e (2hsvp) — /fh 171 (yon — o)
r (6.8)
+ /FMh 71 (van — ¢n)
and 5
~ w ~
Fr (v, ©ns in) = /Fa—nﬂf—ﬂvh + /FH{_U%%U Y (vh, @, i) € XJ . (6.9)

Note here that A, j, (and hence &;,h) differs from the corresponding 2D definition (5.23) (resp. (5.22))
due to the need of replacing (£, yvp, — @n) and (up, vz — ¢n) by the calculable expressions

/th I, (yon — ) = Z /Fﬁh 5 (yon — n)

FeF,

and

/Mh Hf_l(vzh — ¢n) = Z / Hh Hlf—l(wh — ¢n)
r rer, ' F

respectively. Similarly, F (cf. (3.25)) is replaced now by the approximate, but calculable, functional
]BN’h, for which we have assumed, for simplicity, that the normal derivative of the datum w lies in L2(T").
In addition, while the elements of the explicit finite element subspace Aﬁ_l are certainly calculable,
in the definition of I~Fh we have replaced pp by Hk]:_l pp, for technical reasons that will become clear
later on in the a priori error analysis of our scheme (see Theorem 6.3 in Section 6.4 for details). On
the other hand, we stress that, following [8, Section 4.3], the stabilizing bilinear form SF (cf. (5.10)),
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which gives rise to agh (cf. (5.14)) and then to af’h (cf. (5.15)) and ayyp (cf. (5.17)), requires to
be slightly modified in this 3D case. Indeed, denoting by £(FE) and F(F) the set of edges and faces,
respectively, of a given E € T, we define (cf. [8, eq.(4.16)])

SE(z,v) := Z /wkzwkv+h1 Z /Hk 2 v Yz, ve WHE),

ecE(E FeF(E)

where ITF" , is the L2(F)-orthogonal projector onto Px_o(F). In any case, the 3D version of (5.11)
holds true (cf. [3, Section 5.5]) and hence we have the corresponding three-dimensional counterparts
of (5.13), (5.27), and (5.30) as well. In addition, an analogue remark to the one provided right after
(5.13) is also valid here.

6.3 Solvability analysis

In this section we address the solvability analysis of the VEM/BEM scheme (6.6). In this regard, we
notice in advance that some of the proofs , being similar to those for the 2D case, are either simplified
or omitted, so that we refer to the preprint version of this work (cf. [9]) for all the corresponding
details. In what follows we consider, besides the continuous bilinear form Ay (cf. (3.26)), suitable
modifications of Ag (cf. (4.2)) and Agy, (cf. (5.25)). In particular, as already announced in Sections 4
and 5.3, the terms (£, 1) (u, 1) and (&, 1) (un, 1) can be dropped from their definitions in the present
3D case since they are not needed anymore. In addition, our fully calculable discrete bilinear form
A&K,h (cf. (6.7) - (6.8)) induces corresponding changes in the definition of &O,h- More precisely, we now
introduce, instead of (4.2) and (5.25), the following 3D versions of the bilinear forms Ag and Ao,h

o((2:6,9). (0:.10) = Aa((2:0,9). (00) + ([ 2) ([ ) + (Waorp)

d i (6.10)
b Gto) + (e (2 = K)o - (6 (2~ Koo
for all (z,9,€), (v, ¢, p) € X, with (cf. (4.4))
Ao((26,6), (v,0,1)) = ao(z,0) = (&0 — @) + (1,72 — @), (6.11)
and
Ko ((zhy Bhs En), (Vh, ony ) = AO,h((Zha¢hafh)a(vh790haﬂh)) + (Wodn, on) 612
6.12

o Vo) + (s (5~ Ko)n) — (6 (s — Ko)n)

for all (zp, dn, En)s (Vh, Py pn) € XE, with

Ao ((2hs Oy En), (Vhs @hs b)) == ao,n(zn,vn) + {/ Zh} {/vh}
r r (6.13)
—/fh I (yon — o) + /Mh 7 (v2n — o)
r r

where ag and ag j, are defined by (4.3) and (5.16), respectively.

We begin the analysis by observing that the boundedness of A (cf. (4.6)) and the ellipticity of 1&0 h
(cf. (5.29), Lemma 5.4) remain unchanged with the above new definitions, and hence the operator
Ry X — Xk, being characterized by (5.32), is still well-defined and uniformly bounded.

On the other hand, in order to establish the 3D version of (5.34) (cf. Theorem 5.1), we consider
the subspace of X given by X := H'(Q) x HI/Z(F) x L2(T"). Then, we have the following result.
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Theorem 6.1. There exists a positive constant 5, independent of h, such that

_ . /
1Rz 0.6) — (2. 6.8)]| < O { dist((z 0 WE x wh) + (3 21T P2 )

EE€Ty,
+ h V2 vz = yzllor + Y26 — T éllor (6.14)

1€ =T _ &l jor + 1€ — T €]l 1/2F}

for all (z,6,€) € Xo.

Proof. We proceed as in the second part of the proof of Theorem 5.1, except that, given (z,¢,&) € Xo
and (zp, o, &p) € Xh, with &, = k 1§, we now get the bound

IR (2, 6,€) = (2,6, S lwn, onr )| + [1(2:0) = (20 80) | + 16 =T €l —1jor (6.15)
with (vp, on, pr) == ﬁh(z, &,&)—(zn, On,En) € Xﬁ For further details we refer to [9, Theorem 6.1]. [

Hence, in spite of the factors h~1/2 appearing in (6.14), and similarly as we already did with
Theorem 5.1, we stress here that the present Theorem 6.1, together with classical density arguments
again, the aproximation properties provided by (5.4), (5.5), (5.6), and Lemmas 5.1 and 5.2, and the

uniform boundedness of Ry, guarantee that

lim [|Rp(2,6,6) = (.6, =0 (2.6, €X. (6.16)

Now we are ready to establish the discrete inf-sup condition for &H,h (cf. (6.7)). More precisely,
the 3D version of (5.42) (cf. Theorem 5.2) is stated as follows.

Theorem 6.2. Assume that x? is not an eigenvalue of the Laplacian in Q with a Dirichlet boundary
condition on I'. Then, there exist positive constants hg and &, independent of h, such that for each
h < hg there hold

‘I&K,h((zhv Phs €n)s (Vhs Py 1)) ‘
sup

(Zh‘th,ﬁh)EXﬁ |‘(Zh7¢h7€h)”
(2h,0n,6R)#0

> ali H(Uha QDhnu'h)H V('Uha @hauh) € lecz . (617)

Proof. We refer to [9, Theorem 6.2] for all the details. O

Therefore, it follows directly from Theorem 6.2 that for each i < hg, the VEM/BEM scheme (6.6)
has a unique solution (up, ¥y, )\h) Xk In turn, we can define the operator @h Xk — Xﬁ, which,

given (vp, ©n, ) € Xh, is uniquely characterized by the equation

At ((2hs D15 €n), On(vns s 1)) = (20 S1s1)s (Vns oms i)V V(20 O1s En) € XE, (6.18)
which implies

A ((vh, on, 11), On(vh, 0n 1)) = 1 (vhs on )12 ¥ (O 1o i) € X (6.19)

Moreover, it is clear from (6.18) and the discrete inf-sup condition (6.17) that ||©] < <.

Qp
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6.4 Error analysis

Similarly as in Section 5.4, we now establish a Cea-type estimate for the VEM/BEM scheme (6.6).

Theorem 6.3. Assume that k? is not an eigenvalue of the Laplacian in 0 with a Dirichlet boundary
condition on I', and that both g—’;‘: and X\ belong to L2(T'). In addition, let ho > 0 be the constant whose

existence is guaranteed by Theorem 6.2. Then, there exist a constant C > 0, independent of h, such
that for each h < hg there holds

o~ ~ [ .. ow ow
1ty 4, 3) = (@n, G M)l < C {dlst((u,w,w,f <) + |50 =1 (50 ) o

+ (3 ey

EeTy,
+ ||)\—Hf_1/\||_1/2,1“ + ||>\—Hg_1/\||—1/2,r}-

5 \1/2
1,E> + [ =Tyl (6.20)

Proof. We omit details and refer to [9]. O

Having established (6.20), the rates of convergence for the solution (up, Jh, Xh) of the VEM/BEM
scheme (6.6) follow almost exactly as proved by Theorem 5.4 for the corresponding 2D case (cf. (5.64)).
Indeed, assuming that both u and the datum w belong to H*(Q) N ngl H*+1(€);), and applying the
approximation properties of I (cf. (5.6)), L‘E (cf. Lemma 5.2), IT} | (cf. Lemma 5.1), HZ’E (cf.
(5.5)), ], (cf. (5.4)), and Hg—1 (cf. Lemma 5.1), and employing the 3D version of the trace

inequalities given by (5.65), we conclude the existence of a constant 5’0 > 0, independent of h, such
that for each h < hg there holds

I

It N) = s B )l < Colt S {lullesno, + wllrio, b (6.21)
i=1

We end this paper by commenting that fully calculable approximations of w for the 2D and 3D
schemes introduced and analyzed here, can be defined similarly as done in [8, Section 3.4]. In this
way, rates of convergence of exactly the same order as those established by Theorem 5.4 and (6.21),
can be obtained. We omit further details.
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