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1 Introduction

Black-hole thermodynamics® is probably one of the most active fields of research in The-
oretical Physics. It interconnects seemingly disparate areas of Physics such as Gravity,
Quantum Field Theory and Information Theory providing deep insights in all of them.

Black-hole thermodynamics originates in the analogy between the behaviour of the
area of the event horizon A and the second law obeyed by the thermodynamic entropy S
noticed by Bekenstein [2, 3] in the results obtained by Christodoulou and Hawking [4-7].
Shortly afterwards, in ref. [8] Bardeen, Carter and Hawking extended this analogy by
proving another three laws of black hole mechanics similar to the other three laws of
thermodynamics involving the event horizon’s surface gravity x and angular velocity 2 and
the black hole’s mass M. However, the analogy was only taken seriously after Hawking’s
discovery that black holes radiate as black bodies with a temperature T' = /27 [9], which
implied the relation S = A/4, both in ¢ = Gy = h =k = 1 units.

Ever since the formulation of these four laws, it has been tried to extend their domain of
application and validity with the inclusion of matter fields and terms of higher-order in the
curvature, for instance. In refs. [10-12] Wald and collaborators developed a new approach
to demonstrate the first law of black hole mechanics in general diffeomorphism-invariant
theories, beyond General Relativity. Since the surface gravity relation to the Hawking
temperature only depends on generic properties of the event horizon, the quantity whose
variation it multiplies in the first law is naturally associated to the Bekenstein-Hawking

LFor a recent review on black-hole thermodynamics with many references see, e.g. [1].



entropy S. This quantity, often called Wald entropy, is just A/4 in General Relativity
but, in more general theories, there can be additional terms which can be understood, for
instance, as o’ corrections in Superstring Theories [13-18].

In the presence of matter fields, Wald’s proof of the first law of black-hole mechanics
had to be re-examined because one of the main assumptions refs. [11, 12] is that all matter
fields behave as tensors and, simply put, there are no tensor fields apart form the metric and
scalar fields (if any); all of them have some sort of gauge freedom and their transformations
under diffeomorphisms are always coupled to gauge transformations. Indeed, as is well-
known, fermionic fields coupled to gravity transform under a local Lorentz group as spinors
and bosonic fields must transform under some gauge group if unwanted, typically negative-
energy, states are to be eliminated. The only scalar in the Standard Model, the Higgs field,
is, in fact, a SU(2) doublet.

The simplest matter field that, coupled to gravity, allows for black-hole solutions is
the Maxwell field [19, 20]. The presence of the field introduces an additional term of the
form ®dQ in the first law which takes into account the changes in the mass of the black
hole when its charge ) changes. In this term ® is the electric potential on the horizon and
a generalized zeroth law states that it takes a constant value over the horizon. The value
of ® is customarily taken to be k#A,, where k* is the Killing vector for which the event
horizon is its associated Killing horizon and where it is assumed that the electromagnetic
field is in a gauge in which @ is, indeed, constant.

This definition of ® is clearly not gauge-invariant. This is a problem of principle,?
which, as we are going to show, is related to the more fundamental problem we were
discussing: the fact that Wald’s proof of the first law does not deal properly with fields
which have some kind of gauge freedom. In Wald’s proof, one considers diffeomorphisms
which are symmetries of all the dynamical fields, but the naive definition of invariance of
fields with gauge freedom under diffeomorphsisms through the standard Lie derivative is
not gauge invariant. This problem affects the gravitational field itself when it is described
in terms of the Vielbein instead of the metric.

A solution for this particular case was provided in ref. [22] by defining the variation of
the Vielbein under diffeomorphisms through the Lie-Lorentz derivative refs. [23-27] which
can be understood as a generalization of the Lie derivative which transforms covariantly
under local Lorentz transformations. If the Vielbein is annihilated by the Lie-Lorentz
derivative with respect to some vector field in some gauge it will be annihilated in any gauge
and, as a matter of fact, the vector field will be a Killing vector field of the metric. The
Lie-Lorentz derivative can be defined on all fields with Lorentz (spinor or vector) indices,
a fact that has been used to extend the proof of the first law of black hole mechanics to
supergravity in ref. [28].

A more general mathematically rigorous approach was proposed in [29]® using the
formalism of principal gauge bundles which encompasses Yang-Mills and Lorentz fields

2There are other problems as well: in Wald’s approach, the Noether charge, which contains a term in
which ® occurs, is evaluated over the bifurcation surface, but the Maxwell field of the Reissner-Nordstrém
black hole turns out to be singular there in the traditional gauge [21].

3See also ref. [30] for a different take on this problem.



but, unfortunately, not the Kalb-Ramond field or higher-rank form fields of string theory.*
Perhaps the most interesting result in that paper is the realization that all the zeroth-
laws (the constancy of the surface gravity, electric potential etc.), on the horizon fit into
a common pattern. In this paper we are going to recover and reformulate this result in
terms of the momentum map, using gauge-covariant derivatives in which this object plays
a crucial role.”

Although gauge-covariant Lie derivatives are, perhaps, not the most mathematically
rigorous tool one can use, they can be generalized to frameworks other than principal gauge
bundles.® Our goal in this paper is to show they can be consistently used in a simpler
context (the Einstein-Maxwell theory described in terms of Vielbeins) and the objects to
which the generalized zeroth law applies (here the surface temperature and the electric
potential) are the gauge-invariant momentum maps associated to each gauge symmetry
(Lorentz and U(1)) evaluated over the horizon.

The emergence of the momentum map in this context may seem a bit strange; for
instance, there is no mention of it in ref. [22] in spite of their use of the (gauge-covariant)
Lie-Lorentz derivative. However, as we will show, the momentum map is indeed present
in the Lie-Lorentz derivative and plays the same role of the momentum map we will in-
troduce for the Maxwell case. As a matter of fact, gauge-covariant derivatives and the
momentum map arise most naturally in the study of superalgebras of symmetry, when all
the dynamical fields of a supergravity theory are left invariant by a set of supersymme-
try and bosonic transformations that combine diffeomorphisms, gauge, local-Lorentz and
local-supersymmetry transformations [35-38]. This object also plays a very interesting ge-
ometrical role in symmetric Riemannian spaces and in certain spaces of special holonomy
when they admit Killing vectors that preserve their geometrical structures. When one
wants to gauge the corresponding symmetries in theories with o-models of that kind (typ-
ically supergravity theories) the momentum map plays an essential role in the definition of
the gauge-covariant derivative [39].

This paper is organized as follows: in section 2 we introduce the gauge-covariant deriva-
tives that we are going to use: Lie-Maxwell in section 2.1 and Lie-Lorentz in section 2.2. We
also discuss the zeroth laws the respective momentum maps obey. This last section is essen-
tially a review of the literature on the subject where we re-derive the formulae we are going
to use in the main body of the paper using our conventions (those of ref. [38]). In section 3
we describe the Einstein-Maxwell theory in d dimensions (action and equations of motion)
in differential-form language and the d-dimensional Reissner-Nordstrom-Tangherlini black
hole solutions. In section 4 we compute the Wald-Noether charge for this theory using the

4The first law has been proved for theories including one scalar and one p-form field in [31], although
the gauge-invariance problem has not been discussed in it.

5In refs. [32, 33], which covers some of the topics studied here this object emerges as an “improved gauge
transformation”.

SIn this paper we will not consider those more complicated cases involving higher-rank p-form fields with
Chern-Simons terms which typically arise in Superstring/Supergravity theories. We will consider the case
of the Kalb-Ramond field with Yang-Mills and Lorentz Chern-Simons terms in its field strength in ref. [34],
where we will show how the gauge-covariant derivative approach with momentum maps that we introduce
here provides a gauge-covariant, unambiguous results for the Wald-Noether charge.



transformations based on the gauge-covariant Lie derivatives defined in section 2. Then,
in section 5 we prove the first law for this system, identifying the Wald entropy, which
we compute for the Reissner-Nordstrom-Tangherlini black hole solutions. In section 6 we
briefly discuss our results and future directions of research.

2 Covariant Lie derivatives and momentum maps

One of the main ingredients in the proofs of the first law of black hole mechanics using
Wald’s formalism [11, 12] is the use of infinitesimal diffecomorphisms that leave invariant
all the dynamical fields.

If we use the metric g,, as dynamical field, since the metric is just a tensor, its
transformation under infinitesimal diffeomorphisms d¢ax* = £#(x) is given by (minus) the
standard Lie derivative

5§guu = —Legu = _2v(,u§zx) ) (2.1)

which vanishes when £ is a Killing vector of g,,,. We will distinguish Killing vectors from
generic vectors £ denoting them by k*.

If, as we want to do here, we use as dynamical field the Vielbein €%, instead of g,,,,
in order to define its symmetries, we face the well-known problem of the gauge freedom of
e®,,, which in this context has been treated in refs. [22, 29]. The same happens with the
electromagnetic potential A,, which also has been treated in this context in ref. [29].

One way to deal with this problem is to define a gauge-covariant notion of Lie deriva-
tive. The Lie derivative in the corresponding principal bundle, used in ref. [29] provides the
most rigorous definition of such a derivative. Here we will introduce a less sophisticated
version that makes use of the so-called momentum map and which can be defined for more
general fields such as the Kalb-Ramond 2-form of the Heterotic Superstring, which can-
not be described in the framework of a principal bundle [34]. Gauge-covariant derivatives
arise naturally in the commutator of two local supersymmetry transformations and in the
construction of Lie superalgebras of supersymmetric backgrounds [35-38].

Due to its simplicity, we start with the Maxwell field.

2.1 Lie-Maxwell derivatives

The electromagnetic field A, is a field with gauge freedom: we must consider physically
equivalent two configurations that are related by the gauge transformation

Sy Ay = 8, (2.2)

and, furthermore, as a general rule, it is not possible to give a globally regular expression of
the electromagnetic field in a single gauge.” However, the standard Lie derivative does not
commute with these gauge transformations and gives different results in different gauges.
This is why a gauge-covariant notion of Lie derivative is needed in this case.

In the subsequent discussion it is convenient to use differential-form language. In
terms of the electromagnetic 1-form potential A = A, dxz", we define the electromagnetic

"The main example of this situation is the magnetic monopole [40].



field strength 2-form by F = dA so that it satisfies the Bianchi identity dFF = 0. In
components we have

1
= §F.UJVd$N AN d.’EV, F,u,l/ = 28[MAV] . (23)

The field strength is invariant under the gauge transformations 6, A = dx and we can
treat it as a standard 2-form whose transformation under infinitesimal diffeomorphisms
generated by £# is given by (minus) the standard Lie derivative which, on p-forms, acts as
Jgg = ng + dl£.8

Using the Bianchi identity we find that

(5£F = —dZ&F. (24)

If £ is a symmetry of all the dynamical fields, in which case we will denote it by k, we
have that dxF = 0 and the above equation implies that, locally, there is a gauge-invariant
function P, called momentum map such that?

Py is defined by this equation up to an additive constant that we will discuss later.

Let us now consider the variation of A under infinitesimal diffeomorphisms, which, ac-
cording to general arguments (see e.g. refs. [29, 38]) has to be given locally by a combination
of (minus) the Lie derivative and a “compensating” gauge transformation generated by a
§-dependent parameter x¢ which is to be determined by demanding that 6,4 = 0 when
opF = 0:

5§A = —£§A + ng = —’LgF + d(x§ — ZgA) . (2.6)

Then, taking into account eq. (2.5), we conclude that
Xe = ZgA - Pf 5 (27)

where P is a function of £ which satisfies eq. (2.5) when £ = k and generates a symmetry
of all the dynamical fields.

It is natural to identify the above transformation d¢A with (minus) a gauge-covariant
Lie derivative of A that we can call Lie-Maxwell derivative

5514 = —L&A, LgA = ZgF + de . (2.8)

While this derivative does not enjoy the most important property of Lie derivatives
[£e, £9] = Li¢ ) for generic vector fields £, 7, it is clear that it does for those that generate
symmetries of A and F' and annihilates them. This is certainly enough for us.

For stationary asymptotically-flat black holes, when the Killing vector k is the one
normal to the event horizon, the momentum map can be understood as the electric potential

8In our conventions, for a p-form w® with components w(mul.‘.w, zgw(p) is the (p — 1)-form with
components (15w<p))m‘up_l = .f”w(p)wl.up_l.
9The sign of Py is purely conventional.



® which, evaluated on the horizon ®4;, appears in the first law.' In the early literature (see
e.g. section 6.3.5 of ref. [42]) it was assumed from the start that there is a gauge in which

LA = 1, dA + d(ZkA) =0. (29)

Then, the electric potential & was identified with 2;A because, according to the above
equation, d® = —u F', which can be defined as the electric field for an observer associated
to the time direction defined by k.

It is clear that Py can be identified with ® (both satisfy the same equation). However,
in a general gauge, it will not be given by just 1A and we will have to compute it.
Nevertheless, the main property of ®, namely the fact that it is constant over the horizon
(sometimes called generalized zeroth law) still holds because it is, actually, a property
of —1;.I" based on the properties of k, the Einstein equations and the assumption that
the energy-momentum tensor of the electromagnetic field satisfies the dominant energy
condition.

2.2 Lie-Lorentz derivatives

The original motivation for the definition of a derivative covariant under local Lorentz
transformations, often called the Lie-Lorentz derivative, was its need for the proper treat-
ment of spinorial fields in curved spaces in such a way that the flat-space results were
correctly recovered.

In Minkowski spacetime, fermionic fields transform in spinorial representations of the
Lorentz group, which leaves invariant the spacetime metric (74,) = diag(+ — - -+ —). Since
generic spacetime metrics g, do not have any isometries, the Lorentz group will not be
realized as a group of general coordinate transformations (g.c.t.s) leaving invariant the
spacetime metric. Weyl realized that, if one introduces an orthonormal base in cotangent
space at a given point in spacetime

{e* = e dat}, el g" =", (2.10)
the Lorentz group arises naturally as the group of linear transformations of the base
e = A"%eb ~ (0% + 0%)e’, (2.11)
(0% are the infinitesimal transformations) that preserves orthonormality.
AN — b gla e — glab) — g (2.12)

In ref. [43],'1 Weyl proposed to define fermionic fields ¢ as fields transforming in the
spinorial representation of the Lorentz group that acts in the tangent and cotangent space,
that is 1

dotp = §UabFs(Mab)¢ ) (2'13)

198ee, for instance ref. [41] for a proof of the first law in the context of 5-dimensional supergravity and

the role that ® plays in it.
"Translated in ref. [44].



where T',.(M,p) stands for the matrices that represent the generators of the Lorentz group
{Myp} in the representation r. As is well-known, the generators in the spinorial repre-
sentation can be constructed taking antisymmetrized products of the gamma matrices ¢,
,yab = ,y[a,yb}
1 1
To(Map) = Sab = 050 = 10 qapt) (2.14)

Since these transformations can be different at each point, the Lorentz parameters
0% take different values at different points of the spacetime and become functions o®(x)
which will be smooth if the bases of the tangent and cotangent space are assumed to vary
smoothly so that they are smooth vector and 1-form fields.

Theories containing fermionic fields in curved spacetimes are required to be invari-
ant under these local Lorentz transformations. Their construction demands the intro-
duction of a gauge field, the so-called spin connection 1-form, conventionally denoted by
w® = wuabd:ﬂ”. The spin connection enters the Lorentz-covariant derivatives of any field T’

(indices not shown) transforming in the representation r of the Lorentz group as follows:

1
DT = [d — 2w“bFT(Mab)] T, (2.15)
The transformation properties of T(") are preserved by the covariant derivative if, under
infinitesimal local Lorentz transformations,

1
Sow? = Do = [d - 2deFAdj(Mcd)] 0% = do® — 2ul@ ol (2.16)

From now on V,, will denote the full (affine plus Lorentz) covariant derivative satisfying
the first Vielbein postulate

0=V, e" =0,e", — w#abeby —Tule?,. (2.17)

On pure Lorentz tensors V = D.

Now, how do spinors and general Lorentz tensors transform under infinitesimal g.c.t.s
generated by an vector field £7

Customarily, these fields are treated as scalars, so that, if £¢ stands for the standard
Lie derivative,

0¢T = —£eT = —1¢dT . (2.18)

There are many reasons why this has to be wrong. For starters, if we consider the
particular case of a vector field £ generating a global Lorentz transformation in Minkowski
spacetime £* = o, x¥ 4 at*, the transformation in eq. (2.18) is completely different from
the transformation of a Lorentz tensor

1
6T = gaabFT(Mab)T. (2.19)

However, it should reduce to this if the Fermionic fields introduced in curved space-
times via Weyl’s prescription have anything to do with the standard special-relativistic
Fermionic fields.



Furthermore, it is clear that the effect of the g.c.t. eq. (2.18) on T depends on the
gauge, or, equivalently, on the choice of tangent space basis. In other words the expression
for §¢ in eq. (2.18) is not covariant under local Lorentz transformations.

Indeed, Lorentz tensors are not scalar nor tensor fields under g.c.t.s. They are sections
of some bundle or, at a more pedestrian level, they are fields that, under g.c.t.s, transform
as world tensors up to a local Lorentz transformation whose parameter depends on the
ab
3

field and on the generator of the g.c.t. o
Then, instead of eq. (2.18) we must write

0¢T = — LT + 65, T (2.20)

where agab makes d¢T" covariant under further local Lorentz transformations.
The parameter of the compensating local Lorentz transformation that renders 6¢7
covariant turns out to be given by!?

oe® = 1w — vlagh | (2.21)

and it should be compared with the parameter of the compensating U(1) gauge transforma-
tion x¢ in eq. (2.7). By analogy we can define the Lorentz-algebra-valued momentum map

P = vlagtl (2.22)

We will see that this object satisfies a generalization of the equation that defines the mo-
mentum map in the Maxwell case eq. (2.5).

It is natural to define the Lorentz-covariant Lie derivative (or Lie-Lorentz derivative)
of any tensor T" with Lorentz and world indices with respect to a vector field £ as (minus)
this transformation:!'3

LgT = —5§T = .ng — 50§T . (2.23)

The properties of the Lie-Lorentz derivative on spinors are reviewed in refs. [27, 38].
Here we are mainly interested in the Lie-Lorentz derivatives of the Vielbein and the spin
connection, specially with respect to Killing vectors. According to the general definition,
and after trivial manipulations, we find that the Lie-Lorentz derivative of the Vielbein is
proportional to the Killing equation

1 1.,
Lee®, = B (V€ + Ve, = §€a (Vi€ + Viéu) (2.24)

and, therefore, it vanishes when ¢ is a Killing vector field, independent of the basis chosen,
as we should have expected.

12 After ref. [22], this parameter is often written in the equivalent, but less transparent, form

0 = —£eel® e

13The Lie-Lorentz derivative was originally introduced for spinor fields in refs. [23-26] and its definition
was later extended to more general Lorentz tensors T' transforming in an arbitrary representation r [27].



We will use this equivalent differential-form expression for the above equation:
Lee® = DE™ + Pe%e’. (2.25)

Let us now consider the Lie-Lorentz derivative of the spin connection w®. Taking into
account the inhomogeneous form of the compensating Lorentz transformation for the spin

connection eq. (2.16) we get!'4

}ngab = .fgwab — Dagab , (2.26)

where agab is with the same parameter eq. (2.21). After some massaging, we can rewrite
it in a much more suggestive form

Lew™ = 1 R® + DP;", (2.27)
where the Lorentz curvature 2-form R = %Rwabdx“ A dx” is defined as
R® = duw® — w A w®, (2.28)

and where we have replaced V[e¢t by Pg“b, according to the definition of eq. (2.22).
The left-hand side of eq. (2.27) can be shown to vanish identically when ¢ is a Killing
vector field, because of the identity

&R, + V,(VIogh) = vl (vblgu + vug‘ﬂ) . (2.29)

As desired, for Killing vectors k we have Lge® = 0 and Liw® = 0 and both statements are
Lorentz-invariant.'®

For Killing vectors, eq. (2.29) can also be written in the form
1wR® = —DP," | (2.30)

which is the generalization of eq. (2.5) and justifies our definition of momentum map
eq. (2.22) for Killing vectors. The main difference with the Lie-Maxwell case is that here
we have an explicit expression for Pg“b for any &.

In the context of asymptotically-flat stationary black holes, it is known that, when
evaluated on the bifurcation sphere BH

P = vloghl B2 ypab (2.31)

where x is the surface gravity and n® is the binormal, normalized to satisfy n®ng, = —2.

The constant!©

K is related to the Lorentz momentum map just as the electric potential on
the horizon was shown to be related to the Maxwell momentum map in section 2.1. This

parallelism between zeroth laws was observed in [29].

14The same expression can be found if one considers the variation of the Levi-Civita spin connection as
a function of the variation of the Vielbein, given by (minus) the Lie-Lorentz derivative in eq. (2.24).

15Observe that Lew?® transforms as a Lorentz tensor even though w®® is not (it is a connection).

16See ref. [45] for a proof of the constancy of & over the horizon (the standard zeroth law of black hole
mechanics [8]) that makes use of the Einstein equations and the dominant energy condition and ref. [46]
for a proof that does not, relaying only on the assumption of geodesic completeness of the null generators
of the event horizon.



3 The Einstein-Maxwell action and the RNT solutions

In this section we present the d-dimensional Einstein theory and the d-dimensional Reissner-
Nordstrom-Tangherlini (RNT) solutions we are going to study, in order to fix the conven-
tions. We will first give the action and equations of motion in the standard tensorial
form, and will then rewrite them in the differential-language form that we will use in the

following section.

3.1 Action and equations of motion

Setting G%) = 1 for simplicity, and choosing as basic dynamical fields the Vielbein e, and
the Maxwell field A,,, the action of the Einstein-Maxwell theory in d spacetime dimensions

Sle, A = % / i e [R(w,e) - ipﬂ , (3.1)

where e = det(e?,), R(w,e) is the Ricci scalar, defined in terms of the Levi-Civita spin
connection w,ﬁb J7 that is

R(w,e) = ea" ey’ Ry (w), (3.2)

where Ru,,ab(w) is the curvature 2-form of the Levi-Civita spin connection, defined in
eq. (2.28). The Levi-Civita spin connection (metric compatible and torsion-free, that is
De? = 0) is given by

Wabe = ea'uwuba = —Qape + Qpea — QCGb? Qape = ea“ebya[u\ech/] : (33)

Finally, F? = FabF“b, Fup = e 'ey” F,, and F),,, is defined in eq. (2.3).
The equations of motion are

S e 1
Er=2"—_ % (gnr—17,), 4
Jea, 8 (G 2 “) (3-4)
) 1
=22 (eFM) 3.4b
54, = 16700 (F) (3.40)
where
b 1L 2
Tob = FuF*" = Jed P2, (3.5)

is the electromagnetic field’s energy-momentum tensor.
In differential-form language, the action eq. (3.1) is usually written in this form

a (—1)d_1 1 ala a a 1 _
Sle*, A] = Tom /(d_Q)!Rl2/\63/\"-Aed6a1.‘.ad—2F/\*F :/L, (3.6)

although it is more convenient to rewrite the first (Einstein-Hilbert) term as

RMI2 A% A A ey, q, = x(e® Ae?) A Ry . (3.7)

(d—2)!

1"We are using the second-order formalism.

~10 -



The (d — 1)-form equations of motion (which we write in boldface) are given by

1 1
E, — F {Za*(emed) ARea+ 5 (taF A XF = FAza*F)} : (3.8a)
E— —m—wd*F (3.8b)

where 1. stands for i.., where e. = e,/ 0.

3.2 The Reissner-Nordstrom-Tangherlini solutions

The d-dimensional RNT solutions with rationalized mass M and electric charge ¢ are
described by the following metric and electromagnetic fields [19, 20, 47]:
9 16w ¢

d 2
d82 = )\dt2 — L — TQdQ(d_2) s Ft'r -

n (3.9)

where dQ( d—2) 18 the metric of the round (d — 2)-sphere of unit radius, w_g) is its
volume and

(Td—S + )( d—3 rd_f?))

A= —3(d3) , (3.10a)
_ 8w
rd=3 = Y Mirg 3 (3.10b)
d—3 _
M2 -2 2. 3.10
0T 2 Wid2) ¢ (3.10¢)

The origin of the annoying normalization factors lies in the standard normalization factor
(16m)~! of the action, which should be replaced by [2(d — 2)w(g—_g)]~'. Instead, we can
just define

8T 167
M=—r+——M, Q= q, 3.11
(d = 2)w(g—2) W(d-2) 10
getting somewhat simpler expressions
Q
F d—3 (3.12a)
=Ml (3.12b)
2

d—3 — 2 Q 12

0 \//\/l Nd—2)([d—3)" (3.12¢)

The event horizon of these solutions exists when M > [2(d — 2)(d — 3)]7'/?|Q| and
then it is located at r = r4 and its surface gravity is given by

k= (d—3)ra?/ri 2. (3.13)

The surface gravity vanishes in the extremal limit ro = 0, which is reached when M =
2(d — 2)(d — 3)]~Y/?|Q|. We will always assume that  # 0.

- 11 -



The timelike Killing vector that becomes null on the horizon is k& = 0; in these co-
ordinates, but they do not cover the bifurcate sphere because this expression for k& never
vanishes. In the region covered by these coordinates we find that

P = VIR = —9. 29" i knt (3.14)
where the binormal takes the value
" ==2¢"", = n"ny =-2. (3.15)
On the other hand, 1, F' = F}.dr and
_Q/(d-3) 1 Q/(d-3)

d—3 d—3
T 1"+

Py

= . (3.16)

In order to reach the bifurcation sphere we need to use Kruskal-Szekeres coordinates.
For d = 4 the change from r,t to Kruskal-Szekeres’s U,V is known and given explicitly,
for instance, in ref. [48]. To work in arbitrary d we will just work near the event horizon:
expanding the solution in eq. (3.9) around r = r4 and ignoring terms of second or higher
order in r — r; we get

d 2
ds® = 2n(r =1 )dt* — (?f_m 2 [142(r—r4) /] dQ2_p +O(r—14)?,  (3.17a)
F= TdQ_Z (1= (d=2)(r—ry)/rs]+O(r—r, ). (3.17h)
Jr

The tortoise coordinate 7, is

1
2%

T«

log <r ; T+> +C+0(r—ry)?, (3.18)
Jr

where C'is an integration constant that we set to zero for the sake of convenience. Defining

VEt+Ty, u=t—ry, (3.19)

the solution takes the form
ds? = 2kr "V dudv — ri [1 + 26”(”*“)} dQ%dfz) +O(r —ry)?, (3.20a)
Fup = nde_z,)e“(”“) +0(r—ry)?. (3.20D)

+

Finally, we define the coordinates U, V'

V=yry/ke™, U=—ry/ce ™, (3.21)

in terms of which the solution takes the form

ds? = =2dUdV —r3 [1 = 26UV /ry]dO3; o + OUV)?, (3.22a)
Fyy = —% +OUV)?. (3.22b)
T+
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The Killing vector k = 0; becomes, in these coordinates
k=r(Voy —Udy) +OUV)?, k= kyda' = k (VAU — UdV) + O(UV)?. (3.23)

In these coordinates, the hypersurface U = 0 is the past event horizon H ™, generated
by k|,,— = KVOy = 9,. The hypersurface V' = 0 is the future event horizon %" generated
by k|y+ = —kUOy = 0y. They cross at the bifurcation sphere, which is defined by
U =V = 0 and can also be characterized as the spatial cross section of the horizon at
which k£ = 0.

On the other hand,

Py jwdat A\ dz” = dk = 2kdV A dU + O(UV)? = 2kgvy wda Adz” + O(UV)?,

(3.24)
= Ny = _QQUV,,LLI/'
On the other hand,
wF = m%(vw +UdV) + O(UV)?,
"+ o (3.25)
= DPy=C+r—5UV+OUV).
"+

The constant C' clearly has to be identified with the electric potential over the horizon
® in eq. (3.16). As observed in ref. [21], if we use the simplest choice of electromagnetic

potential
_ 9/(d-3)
A= a3 dt, (3.26)
we obtain,
Q , <dV dU)
A=——"—— 1|14 (d-3)kUV/rpy + O(UV — -, 3.27
S —gys L+ (A= IR0V + OOV (T = (321)

which is singular at the horizon.

4 'Wald-Noether charge for the E-M theory

The general variation of the action of the Einstein-Maxwell theory eq. (3.6) is
5S:/{Ea/\5€a+E/\5A—|—d@(€,A,5€,5A)} , (4.1)

where E, and E are, respectively, the (d — 1)-form Einstein (3.8a) and Maxwell (3.4b)
equations multiplied by the volume form d%z and

O(e, A, de, 0A) = —% *(€? N €%) A Swap — xF ASA| | (4.2)

is the presymplectic (d — 1)-form defined in ref. [10] and * stands for the Hodge dual.
For the transformations given by (minus) the covariant Lie derivatives in egs. (2.8), (2.25)
and (2.27)

5eS = / {—Ea A (DE + Pe%eb) —E A (1eF + dPe) + dO (e, A, d¢e, 55A)} . (4.3)
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with

1
Ole, A, de, ded) = 7 [«(e" ne?) A (Z§Ra” + ngab) — %F A (1F + dpg)} . (44)
T

Let us consider the first term. It is not difficult to see that E, A engab = 0 because
the tensor contracted with the Lorentz momentum map give the Einstein equations, which
are symmetric in the indices a and b. The rest can be integrated by parts,

—E,ADE = —(—1)4 L (By?) + (—1)T L¢*DE, . (4.5)
Using the Bianchi identity DR = 0,
1
EDE, = ——&%D (1,F A*F — F Nig x F)
3?” (4.6)
= 375“ [VigF AN*F —1,F ANV *F —=NVF Nig*xF—F AV, *F|,
T

where we have replaced D by V is the exterior total covariant derivative operator which
satisfies the first Vielbein postulate. Then, using the property

Vigw = —14dw + Vw , (4.7)

and replacing V by the exterior derivative when it acts on differential forms with no indices,
as well as using the Bianchi identity dF = 0, we get

1
(DB, = 5o —€" [VoF AF — 1aF Adx F+ F Atgdx F ~ FAVo# F]. (4.8)
™

Since V, commutes with the Hodge dual and F A *G is symmetric in F' and G for any
2-forms F, G, the two terms with V, cancel each other. Furthermore,

FAgd*xF =1,(FAdxF)—1,FNdxF, (4.9)

and
§%w = 1ew (4.10)

for any p-form, we arrive at

(=1)4"1¢"DE, = —m%d* F AwF. (4.11)
The second term in eq. (4.3) gives
—EA(F +dP;) = miﬂd*F/\ng— (-)d(ER) , (4.12)
and, collecting the partial results, we get
6Se = / dO’(e, A, bce, 6cA), (4.13)
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where
@'(e, A, d¢ce, 0c¢A) = Oe, A, 5¢e, 6 A) + (= 1) (B, + EF;)

= T6n [*(ea A €®) A (1¢Rap + DPeap) — +F A (1cF + dP)
T

—1)¢
+ (=1)%g % (€ A €®) A Ry + ( 2) (1eFAKF = F Mg« F) - (4.14)
+(—1)d_1d*FP£]

(-1
167

= L+ A [+FPe = #(e" A e")Peay

The action of the Einstein-Maxwell theory eq. (3.6) is exactly invariant under local
Lorentz and electromagnetic gauge transformations and it is invariant up to a total deriva-
tive under diffeomorphisms. Therefore, under the combined transformations J; = —IL¢
with the covariant Lie derivatives defined in egs. (2.8), (2.25) and (2.27),

5eS = —/dsz. (4.15)

Taking into account the result in eq. (4.13), the arbitrariness of the domain of integration,
of the parameter &, and the fact that we have not used the equations of motion, we conclude
that, if we define the (d — 1)-form

J=0(e, A, dce,6¢A) + 1L, (4.16)

it satisfies
dJ =0, (4.17)

identically, off-shell. This, in its turn, implies the existence of a (d — 2)-form Q[¢] (the
Wald-Noether charge) such that

J =dQ[¢]. (4.18)
The last line of eq. (4.14) gives the following expression for the Wald-Noether charge:
(_1)d71 a b
Qlel =i — [*FP,5 — (e APV Pe gy (4.19)

5 The first law of black hole mechanics in the E-M theory
Following ref. [10] we define the pre-symplectic (d — 1)-form

w(p,010,020) = 610(¢,020) — 120(9,019), (5.1)

where ¢ stands for the Vielbein and Maxwell fields, and the symplectic form relative to
the Cauchy surface X

Q(¢751¢,52¢)E/Zw(¢751¢752¢)- (5.2)
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Following now ref. [12], when ¢ solves the equations of motion E4 = 0, for any variation
of the fields d1¢ = d¢ and the variations under diffeomorphisms d2¢ = 6¢¢

w(p,8¢,5¢¢) = 63 + d1e®' = 5dQ[€] + duc©' (5.3)

where, in our case, J is given by eq. (4.18), @’ is given in eq. (4.14) and we observe that,
on-shell, ® = @’. Then, if d¢ satisfies the linearized equations of motion, §dQ = diQ.
Furthermore, if the parameter £ = k generates a transformation that leaves invariant all
the fields of the theory, 0x¢ = 0, w(p, ¢, rp) = 0, and we arrive at

d (6Q[k] + 4.©") =0, (5.4)

which, when integrated over a hypersurface ¥ with boundary §%, gives

/6 (5 + 18 =0. (5.5)

In our case, we are dealing with asymptotically flat, static black holes. k is the timelike
Killing vector whose Killing horizon coincides with the event horizon and the hypersurface
Y is the space between infinity and the bifurcation sphere (BH) on which k = 0. Infinity
and the bifurcate horizon are the two disconnected components of é¥ and taking into
account that k = 0 on the bifurcation sphere, we obtain

5[ Q= / (5QIE] + 1.®') . (5.6)
BH 00

As explained in ref. [12], the right-hand side can be identified with §M, where M is
the total mass of the black-hole spacetime. Using eq. (4.19), we find
(-~ (=1)

5 K= FP
o, UM = 0 | FP+ g

(5/ *(ea VAN eb)Pkab . (5.7)
BH

According to the discussion at the end of section 2.1, Pj can be identified with the electric
potential ® and it is constant over the horizon. The electric charge contained inside the
horizon is given by

167
and the first term just gives +®JQ, which implies that we get a first-law-like relation if

_ (_1)d71 .
o= /B . (5.8)

the second term gives T'9S. Let us study that term. Using eq. (2.31) we get

(_1)d *(ea A eb)Pk:ab — (_1)dH

) *(e® A eP)ngy

16m BH 16m BH
— _ié dd72snabnab (59)
167 BH
=To0oA/4,
where we have used the normalization of the binormal ngn® = —2, A is the area of the

horizon and T = k/27 is the Hawking temperature.
Thus, we recover the first law of black hole mechanics if we identify the black hole
entropy with one quarter of the area of the horizon.
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6 Discussion

In this paper we have shown how to define gauge-covariant Lie derivatives with the mo-
mentum map and how to use these derivatives in the proof of the first law of black-hole
mechanics in the simple case of the Einstein-Maxwell theory with the Vielbein as the grav-
itational field. We have also shown that the momentum maps we have introduced in this
case satisfy (well known) zeroth laws.

While the formulation of the first law of black-hole mechanics in the Einstein-Maxwell
theory is certainly not new, our proposal for dealing with fields with gauge freedoms is
a first step towards a generalization of the first law to more complex cases involving p-
form fields with Chern-Simons terms such as those occurring in the Heterotic Superstring
effective action. Work in this direction is in progress [34].
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