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Abstract

We investigate the influence of microstructural traps on hydrogen diffusion

and embrittlement in the presence of cyclic loads. A mechanistic, multi-trap

model for hydrogen transport is developed, implemented into a finite ele-

ment framework, and used to capture the variation of crack tip lattice and

trapped hydrogen concentrations as a function of the loading frequency, the

trap binding energies and the trap densities. We show that the maximum

value attained by the lattice hydrogen concentration during the cyclic anal-

ysis exhibits a notable sensitivity to the ratio between the loading frequency

and the effective diffusion coefficient. This is observed for both hydrogen

pre-charged samples (closed-systems) and samples exposed to a permanent

source of hydrogen (open-systems). Experiments are used to determine the

critical concentration for embrittlement, by mapping the range of frequen-

cies where the output is the same as testing in inert environments. We then

quantitatively investigate and discuss the implications of developing materi-
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als with higher trap densities in mitigating embrittlement in the presence of

cyclic loads. It is shown that, unlike the static case, increasing the density of

beneficial traps is a viable strategy in designing alloys resistant to hydrogen

assisted fatigue for both closed- and open-systems.

Keywords:

Hydrogen embrittlement, Hydrogen diffusion, Fatigue, Microstructural

traps, Coupled deformation-diffusion modelling

Nomenclature

r̄ Nye’s factor

V̄H partial molar volume of hydrogen

β number of lattice sites per solvent atom

J hydrogen flux

∆K stress intensity factor amplitude

ℓ material gradient length scale

ηp effective plastic strain gradient

N strain hardening exponent

R universal gas constant

µ shear modulus
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ν Poisson’s ratio

ρ dislocation density

σf tensile flow stress

σH hydrostatic stress

τ shear flow stress

θL, θ
(i)
T occupancy of lattice and ith type of trapping sites

εp equivalent plastic strain

a crack length

b Burgers vector

C total hydrogen concentration

C0 initial hydrogen concentration

CL, CT hydrogen concentration in lattice and trapping sites

D,De lattice and effective diffusion coefficients

Dg mean grain size

dj diameter of carbide particle j

E Young’s modulus

f load frequency
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K
(i)
T equilibrium constant for the ith type of trapping sites

Kmin, Km, Kmax minimum, mean and maximum stress intensity factor

L average distance between the carbide particles

M Taylor’s factor

N number of cycles

NA Avogadro’s number

NL number of lattice sites per unit volume

N
(c)
T number of carbide trapping sites per unit volume

N
(d)
T number of dislocation trapping sites per unit volume

N
(m)
T number of martensitic interfaces trapping sites per unit volume

R load ratio

r, θ polar coordinates

r0 initial crack tip blunting radius

Rp reference size of the plastic zone

T absolute temperature

u, v horizontal and vertical components of the displacement field

VM molar volume of the host lattice
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W
(i)
B binding energy for the ith type of trapping sites

CLmax,θ=0◦ , CTmax,θ=0◦ , Cmax,θ=0◦ maximum value of the lattice, trapped

and total hydrogen concentrations attained at any material point

along the extended crack plane (r, θ = 0◦) for a specific time in-

stant

CLmax,N maximum value of the lattice hydrogen concentration attained

within each cycle along the extended crack plane (r, θ = 0◦)

1. Introduction

Hydrogen originating from water vapour, aqueous electrolytes or gaseous

environments significantly increases cracking susceptibility and fatigue crack

growth rates in metals [1, 2]. As a consequence, there is an increasing in-

terest in developing reliable prognosis methodologies based on a mechanistic

understanding of this so-called hydrogen embrittlement phenomenon. In this

realm, efforts include insightful experimentation [3–6] and the development

of theoretical and numerical models for hydrogen transport [7–9], fracture

[10–15] and fatigue [16, 17]; see Ref. [18] for a comprehensive review.

Hydrogen atoms can reside at interstitial lattice sites and microstructural

trapping sites, such as dislocations, grain boundaries, voids, carbides and in-

terfaces [19, 20]. Traps act as hydrogen sinks, slowing diffusion, and are

typically characterised by their binding energy WB and density NT . The en-
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ergy barrier that must be overcome for the hydrogen to detrap increases with

|WB|; hydrogen will be strongly retained in deep traps |WB| > 60 kJ/mol

but can be easily released from shallow traps |WB| < 30 kJ/mol. Quanti-

fying this partitioning of hydrogen atoms between lattice and trapping sites

is of utmost importance in predicting diffusion and embrittlement; see, e.g.,

[21–24] and references therein. Moreover, understanding the interaction of

multiple trap states with diffusible hydrogen is a key step in imbuing ma-

terials with intrinsic resilience [25–30]. The ambition is to design hydrogen

embrittlement-resistant alloys by engineering microstructures with a high

density of beneficial traps, which will retain the hydrogen and hinder diffu-

sion to the fracture process zone. One strategy involves incorporating finely

dispersed nano-scale carbides [31, 32]. Vanadium carbides have been success-

fully used to mitigate hydrogen embrittlement in refinery pressure vessels and

other closed-systems, where hydrogen entry is essentially a one-off process.

However, the works by Dadfarnia et al. [33] and Hosseini et al. [34] have

shown that increasing the density of traps to sequester hydrogen is not a

viable strategy to mitigate embrittlement in open-systems, where there is a

permanent source of hydrogen. Increasing the density of one type of trap

decreases the effective diffusion of hydrogen and delays the time required to

achieve the steady state but has no effect on the content of hydrogen in the

lattice or any other type of trap once the steady state is reached. Moreover,

even for high trap densities, the steady state is attained in days, with the lat-

tice hydrogen reaching 98% of its steady state magnitude in minutes - a very

short time frame relative to the lifetime of an engineering component [33].

But notably, the analyses of Dadfarnia et al. [33] and Hosseini et al. [34]
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are limited to monotonic/static loading conditions. In fatigue, each loading

cycle is significantly faster than the time required to achieve steady state and

experiments show that embrittlement is precluded if the ratio between the

loading frequency and the (effective) diffusion coefficient is sufficiently low

[35–39].

In this work, we combine numerical analysis and experimental data to

gain insight into the influence of microstructural traps in hydrogen assisted

fatigue. A multi-trap model based on Oriani’s equilibrium [40] and Taylor’s

dislocation model [41] is developed and used to analyse conditions relevant to

both open and closed-systems. We shed light into the competition between

multiple types of traps in governing hydrogen diffusion ahead of fatigue cracks

and reveal that increasing the density of a specific trap type is a viable

strategy for extending the range of loading frequencies where embrittlement is

not observed. In addition, the influence of crack tip plastic strain gradients is

incorporated into the modelling of multi-trap systems and hydrogen assisted

fatigue for the first time.

2. Theory

2.1. Multi-trap model for hydrogen transport

Denote the lattice hydrogen concentration as CL, which is given by

CL = θLNL, (1)

where NL is the number of lattice sites per unit volume and θL is the lattice

site occupancy. The former is a function of the molar volume of the host
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lattice VM , the number of interstitial sites per solvent atom β and Avogadro’s

number NA as NL = βNA/VM . The choice of β = 6 (as for bcc, see Ref. [8])

leads to NL = 5.1 × 1029 sites/m3 [7, 42]. On the other hand, the trapped

hydrogen concentration for the ith type of trapping sites is given by

C
(i)
T = θ

(i)
T N

(i)
T , (2)

where NT is the trap density (trapping sites per unit volume) and θT is the

fraction of occupied trapping sites.1 The trap density is a material property

that remains constant throughout the analysis for traps such as carbides

or grain boundaries but that evolves with mechanical loading for the case of

dislocation traps; a Taylor-based formulation is presented below to determine

N
(d)
T . We adopt Oriani’s equilibrium theory [40], resulting in the following

Fermi-Dirac relation between the occupancy of the ith type of trapping sites

and the fraction of occupied lattice sites

θ
(i)
T

1− θ
(i)
T

=
θL

1− θL
K

(i)
T , (3)

with K
(i)
T being the equilibrium constant for the ith type of trap with binding

energy W
(i)
B ; given by

K
(i)
T = exp

(

−W
(i)
B

RT

)

. (4)

Here, R = 8.3145 J/(mol·K) is the universal gas constant and T is the abso-

lute temperature. The implications of Oriani’s equilibrium are illustrated in

1Alternatively, one can define CT = θTαNT , with NT being the number of traps per

unit volume and α the number of atom sites per trap. Since commonly α = 1 [8], we choose

to denote the trap density as the number of trapping sites per unit volume NT ≡ αNT .
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Fig. 1 by combining (1), (3) and (4) to plot the contours of trap occupancy

θT as a function of the trap binding energy WB and the lattice hydrogen

concentration CL. It is observed that traps with binding energies WB < −50

kJ/mol saturate at very low CL values, increasing the CT/CL ratio for a given

trap density. On the other hand, shallow traps with binding energies larger

than −20 kJ/mol are effectively empty (θT ≈ 0) unless CL is very high, on

the order of 10 wt ppm (4.68× 1025 at H/m3) or higher.
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Figure 1: Implications of Oriani’s equilibrium; sensitivity of the trap occupancy θT to the

lattice hydrogen concentration CL and the trap binding energy WB .

Finally, upon the common assumption of low occupancy conditions θL <<
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1, an effective diffusion coefficient can be defined by,

De = D
CL

CL +
∑

i C
(i)
T

(

1− θ
(i)
T

) , (5)

and the hydrogen transport equation reads

D

De

∂CL

∂t
= D∇2CL −∇

(

DCL

RT
V̄H∇σH

)

, (6)

where V̄H is the partial molar volume of hydrogen in solid solution and σH

is the hydrostatic stress.

2.2. A Taylor-based model for plastic flow and trapping

Capturing how the trap density for dislocations N
(d)
T evolves with the

applied load requires estimating the dislocation density ρ. Predicting the

dislocation density via a micromechanics approach is also relevant for pro-

viding a more precise description of crack tip deformation [43–45]. Here, we

follow Taylor’s [41] dislocation model and accordingly relate the shear flow

stress to ρ, the shear modulus µ and the Burgers vector b as

τ = 0.5µb
√
ρ. (7)

The dislocation density ρ comprises the sum of the density ρSSD for sta-

tistically stored dislocations (SSDs) and the density ρGND for geometrically

necessary dislocations (GNDs):

ρ = ρSSD + ρGND. (8)

The GND density is defined by:

ρGND = r̄
ηp

b
, (9)
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where r̄ is the Nye-factor and ηp is the effective plastic strain gradient, which

is defined as follows [46, 47]:

ηp =

√

1

4
ηpijkη

p
ijk with ηpijk = εpik,j + εpjk,i − εpij,k , (10)

where εpij is the plastic strain tensor. The tensile flow stress σf is proportion-

ally related to τ via the Taylor factor M such that, considering (7)-(9),

σf = Mτ = 0.5Mµb

√

ρSSD + r̄
ηp

b
. (11)

Here, M = 2.9 for bcc metals. The SSD density ρSSD can be determined

from (11) knowing the relation in uniaxial tension (η = 0) between the flow

stress and the material stress-strain curve as follows

ρSSD =

(

σreff (εp)

0.5Mµb

)2

, (12)

where σref is a reference stress and f(εp) is a non-dimensional function de-

termined from the uniaxial stress-strain curve. Substituting back into (11),

one reaches

σf = σref

√

f 2 (εp) + ℓηp (13)

where ℓ is the intrinsic material length. If the length parameter is set to zero

or f 2 (εp) outweighs the GND contribution ℓηp, the model recovers conven-

tional von Mises plasticity. For the sake of clarity, we have chosen to show

results first for the case of conventional plasticity (ρ = ρSSD, ℓ = 0) and

assess later the implications of accounting for the role of plastic strain gradi-

ents. This allows for validating the coupled deformation-diffusion model for

multi-trapping with the static results of Dadfarnia et al. [33] (not shown).
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In both conventional and strain gradient plasticity models, relating the dis-

location density with macroscopic quantities such as εp and ηp will allow us

to estimate the evolution of the dislocation trap density N
(d)
T .

3. Methodology

3.1. Experiments

We build our analysis in the experimental characterisation of the fa-

tigue behaviour of hydrogen pre-charged 42CrMo4 steel samples [39]. The

42CrMo4 steel under consideration was austenitized at 845◦C for 40 min,

quenched in water and tempered at 700◦C for two hours. As described else-

where [48], the mechanical properties of the material are obtained from uni-

axial tension tests, giving a yield stress of σy = 622 MPa. The material work

hardening is characterised by means of an isotropic hardening power law:

σ = σy

(

1 +
Eεp

σy

)N

(14)

where N = 0.1 is the hardening coefficient and εp is the effective plastic

strain. The reference stress in Eq. (13) will correspond to σref = σy(E/σy)
N

and f (εp) = (εp + σy/E)N . The Young’s modulus equals E = 220 GPa and

Poisson’s ratio is ν = 0.3. Permeation tests are used to determine trap bind-

ing energies [49], resulting in three values that are assigned to dislocations,

carbides and martensitic interfaces - see Table 1. We proceed then to esti-

mate the trap densities for each trap type. First, following Taha and Sofronis

[50] in assuming one trap site per atomic plane threaded by a dislocation,

the dislocation trap density is given by

N
(d)
T =

√
2ρ

a
(15)
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where a = 0.2867 nm is the lattice parameter [11]. Since ρ is defined as

a function of plastic strains and plastic strain gradients, see Section 2.2,

an initial dislocation trap density N
(d)
T,0 is defined for the unstressed state.

Assuming a recrystallised microstructure, N
(d)
T,0 can be estimated via (15)

from an initial dislocation density of ρ0 = 1014 m−2. In regards to the trap

density for carbides, we follow Nagao et al. [11] and infer the volume density

of carbide particles and the number of hydrogen trap sites per particle from

SEM micrographs. Namely, the volume density is given by (1/L3) with

L = 125 nm being the average distance between the carbide particles, and

the trap site density for carbide sites can then be estimated from each carbide

particle diameter dj and associated frequency fj as follows:

N
(c)
T =

(

∑

j

πd2jfj

)

4

a2
1

L3
(16)

The value obtained is listed in Table 1; the sensitivity to N
(c)
T will be ex-

plored, as increasing the carbide content is the main strategy in designing

materials with beneficial traps and intrinsic resilience [31, 32].

Finally, the trap density associated with martensitic interfaces, N
(m)
T , is

estimated following the work by Galindo-Nava et al. [51]. Thus, N
(m)
T can

be given as a function of the Burgers vector, the lattice site density and the

mean grain size Dg = 2.5 µm as

N
(m)
T =

b

Dg

NL (17)

Martensitic interfaces are assumed to have a similar size to that of the

mean grain size, a simplification that would allow for an alternative inter-

pretation of the permeation data. Thus, if lath boundaries were to be of low
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misorientation and difficult to distinguish from dislocations in the context of

permeation and desorption data, one could effectively re-interpret N
(m)
T as

the trap density of prior austenite grain boundaries. The binding energies

and trap densities for each trap type are listed in Table 1, where the trap

density for dislocations corresponds to that of the unstressed state, N
(d)
T,0.

Table 1: Binding energies WB and trap densities NT measured for 42CrMo4 steel. The

trap density for dislocations corresponds to that of the unstressed state, N
(d)
T,0

Trap type WB [kJ/mol] NT [sites/m3]

Dislocations -35.2 4.93× 1023

Carbides -21.4 3.61× 1023

Martensitic interfaces -24.7 5.06× 1025

The lattice diffusion coefficient is measured using permeation and esti-

mated to be DL = 1.3 × 10−9 m2/s [49]. All the specimens are pre-charged

with gaseous hydrogen in a high-pressure hydrogen reactor for 21 h at 450◦C

under a pressure of 19.5 MPa of pure hydrogen to ensure that the samples

are saturated with hydrogen (10 mm thickness) [39]. Thermal Desorption

Spectroscopy (TDS) is used in combination with diffusion modelling to es-

timate the initial lattice hydrogen concentration, which equals C0 = 1.06

wt ppm (4.96 × 1024 at H/m3). The fatigue crack growth experiments were

conducted using compact tension (CT) specimens with a width of 48 mm

and a thickness of 10 mm, see Ref. [39] for details. Before hydrogen pre-

charging, the samples were first fatigue pre-cracked at a load ratio of R = 0.1

and 10 Hz until reaching a crack length to width ratio of a/W = 0.2, fol-

lowing the ASTM E647 standard. The results obtained in both uncharged
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and pre-charged samples loaded at different frequencies are shown in Fig. 2

in terms of crack growth rates da/dN versus load amplitude ∆K. A load

ratio of R = ∆Kmin/∆Kmax = 0.1 is used and experiments are conducted

at room temperature. The experimental results reveal that the behaviour of

the hydrogen-free samples is recovered in the hydrogen-charged experiments

if the loading frequency is higher than 1 Hz. For lower frequencies, hydrogen

embrittles the material and accelerates crack growth rates. The existence of

a safe regime of loading frequencies, where hydrogen has no effect, has also

been demonstrated in other experimental works [35–38].

20 40 60 80 100

P

10
-7

10
-6

10
-5

Figure 2: Experimental results in 42CrMo4 steel subjected to a load ratio of R = 0.1

[39]. Crack growth rates da/dN versus load amplitude ∆K. It is shown that there is a

frequency threshold below which hydrogen has no effect on the fatigue behaviour.
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3.2. Numerical model

Hydrogen transport during cyclic loading and its implications for embrit-

tlement are investigated using a finite element model. Both qualitative and

quantitative insight is gained, using the fatigue experiments on 42CrMo4

steel by Peral et al. [39] for the latter (see Section 3.1). Small scale yielding

conditions apply and accordingly crack tip fields are computed by using a

boundary layer formulation [7]. Hence, as described in Fig. 3, the crack

region is contained by a circular zone and a cyclic remote Mode I load ∆K

is applied by prescribing the horizontal u and vertical v displacement com-

ponents of the nodes at the remote circular boundary:

∆u(r, θ) = ∆K
1 + ν

E

√

r

2π
cos

(

θ

2

)

(3− 4ν − cos θ) (18)

∆v(r, θ) = ∆K
1 + ν

E

√

r

2π
sin

(

θ

2

)

(3− 4ν − cos θ) (19)

where r and θ denote the radial and angular coordinates of a polar coor-

dinate system centred at the crack tip. Plane strain conditions and finite

deformations are considered. An initial crack tip blunting radius is defined

r0 = 0.5 µm, rendering an initial crack tip opening displacement of b0 = 1

µm [33]. The outer radius is chosen to be 300,000 times larger than r0. As

depicted in Fig. 3, cyclic loading is imposed by scaling in time t the external

load by a sinusoidal function with amplitude ∆K = Kmax −Kmin and ratio

R = Kmin/Kmax. A load ratio of R = 0.1 is used throughout the study and

the number of cycles is denoted by N . Mimicking the experiments, an initial

hydrogen concentration C0 is prescribed uniformly in the entire sample. We

will also model the case of an open-system, where we prescribe a constant
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chemical potential, as described in Section 4.2 below. Mechanical and dif-

fusion properties are those measured in Section 3.1, with the partial molar

volume of hydrogen taken to be V̄H = 2× 10−6 m3/mol.
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R
0 1 2 3 4 5

0

5

10

15

20

25

30

35

40

J

Figure 3: Sketch of the numerical model: boundary layer formulation, with mechanical

and diffusion boundary conditions, and applied K as a function of time for the case of

R = 0.1, ∆K = 35 MPa
√
m, and f = 1 Hz.

The multi-trap hydrogen transport and micromechanics constitutive mod-

els described in Section 2 are implemented in the commercial finite element

package Abaqus using, respectively, a UMATHT and a UMAT subroutine.

A DISP subroutine is employed to prescribe a constant chemical potential at

the crack faces [52, 53]. The coupling between the different user subroutines

is described in Fig. 4. The model is discretised using 5238 quadrilateral

quadratic elements with reduced integration. The use of a finer mesh leads

to convergence problems for high values of ∆K due to large element distor-

tions. However, at low ∆K values, the present mesh appears to give results

that are quantitatively similar to those obtained with finer meshes.
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Figure 4: Flow chart describing the coupling between the user subroutines employed in

the numerical implementation.

4. Results

The influence of cyclic loading on the lattice and trapped hydrogen distri-

butions is investigated first, Section 4.1. We then proceed, in Section 4.2, to

shed light into the role of frequency and boundary conditions (closed-system

versus open-system). In Section 4.3 we quantify the implications of engi-

neering alloys with a higher density of carbide trapping sites. Finally, the

sensitivity of the results to reliable measurements of the binding energy and

the role of plastic strain gradients are respectively addressed in Sections 4.4

and 4.5.

4.1. Cyclic behaviour of trap and lattice concentrations

Consider the 42CrMo4 steel characterised in Section 3.1. The behaviour

of lattice CL and trapped CT hydrogen concentrations are shown in Fig. 5

for a sample pre-charged with C0 = 1.06 wt ppm, as in the experiments. A

frequency of f = 1 Hz is considered, as this corresponds to the frequency

18



level at which the same experimental response is observed with and with-

out hydrogen, and ∆K = 35 MPa
√
m. First, Fig. 5a shows the lattice

hydrogen concentration at three different stages of a representative cycle

(N=10): the maximum load Kmax, the minimum load Kmin and the mean

load Km = Kmax − |Kmin|. In agreement with expectations, the hydrogen

concentration follows qualitatively the trend depicted by the applied load,

with the three curves merging far away from the crack tip (where σH is

small). The variation of the maximum values of CL and CT ahead of the

crack (θ = 0◦) are shown in Fig. 5b as a function of time (number of cycles),

where CT includes the contributions from all trap sites. This quantity, de-

noted CLmax,θ=0◦ (or CTmax,θ=0◦), is the maximum magnitude of CL (or CT )

attained for a given instant of time across all material points ahead of the

crack tip; i.e., CLmax,θ=0◦ = max(CL(r, θ = 0◦, t)). Consistent with Fig. 5a

and Oriani’s equilibrium, the results in Fig. 5b reveal a cyclic variation of

CLmax,θ=0◦ and CTmax,θ=0◦ . The lattice hydrogen concentration exhibits an

almost periodic response while the trapped hydrogen concentration increases

with time. The trend depicted by CT is due to the evolution of the dislo-

cation trap density N
(d)
T with plastic deformation; this is shown in Fig. 5c,

where the individual contributions of each trap type are plotted. More hy-

drogen is trapped in martensitic interface trapping sites as the trap density

is substantially higher, see Table 1.

19



0 5 10 15 20 25

0

0.5

1

1.5

2

2.5

0

1

2

3

4

5

6
10
-3

0 5 10 15 20 25

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5(a) (b)

(c)

10 20 30 40 50 60 70 80

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Figure 5: Cyclic behaviour of the hydrogen concentrations; (a) lattice hydrogen distribu-

tion ahead of the crack for the 10th cycle, and time/cycle dependency of the maximum

lattice and trapped hydrogen concentration: (b) summed contribution from all trap sites,

and (c) individual contributions. Fatigue loading, f = 1 Hz, R = 0.1, ∆K = 35 MPa
√
m.

We will draw implications for embrittlement by focusing on the maximum

lattice concentration CLmax. Oriani’s equilibrium provides a one-to-one re-
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lation between the lattice and trapped hydrogen concentrations and accord-

ingly CL can be used to construct a unique failure locus [54]. In this way, we

refrain from making any mechanistic choices regarding the damage process,

retaining the generality of the analysis.

4.2. Influence of frequency and boundary conditions

We proceed to shed light into the influence of the loading frequency and

the hydrogen charging conditions. Dimensional analysis shows that the role

of the frequency scales with the diffusion coefficient, such that a normalised

frequency can be defined as

f̄ =
fR2

p

De

, (20)

where Rp is the fracture process zone, given by the Irwin approximation as

Rp =
1

3π

(

KI

σy

)2

. (21)

For simplicity, we define f̄ using DL, as it remains constant throughout

the analysis, and use Kmax in (21). Accordingly, a normalised time can

be given by t̄ = DLt/R
2
p. The evolution of the maximum lattice hydrogen

concentration is computed for different frequencies in two scenarios: a closed-

system, where the sample is pre-charged with C0, and an open-system, where

the sample is pre-charged with C0 and continuously exposed to a permanent

source of hydrogen. In the latter case, the appropriate boundary condition in

the crack faces is to prescribe a constant chemical potential [42]. Using the

concentration as a degree of freedom, this equates to the following boundary

condition

Cb = C0 exp

(

V̄HσH

RT

)

. (22)
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The results are shown in Fig. 6. In both closed- and open-systems the

hydrogen concentration follows the cyclic behaviour of the applied load. The

maximum value attained by CL is practically constant after a number of

cycles. Some humps are observed for the highest frequencies as a larger

number of cycles is considered. However, based on the crack growth rates

of Fig. 2, crack extension is likely to occur at a lower number of cycles, re-

distributing crack tip fields. More importantly, the magnitude of the maxi-

mum CL attained depends on the f/De ratio; if we load at high frequencies

or use materials with low (effective) diffusion coefficients, CLmax,θ=0◦ will be

lower. This is quantified as a function of time in Figs. 6a and 6b for closed

and open-systems, respectively. The results show that the magnitude of

CLmax,θ=0◦ varies cyclically and shows a high sensitivity to f̄ ; critical values

of the hydrogen concentration may not be attained if the loading frequency

is sufficiently high or De is sufficiently low. It is important to emphasize that

this behaviour is observed for both closed- and open-systems, Figs. 6a and 6b

respectively, albeit to a lesser degree in the latter. Calculations conducted for

open-systems with the same Cb but a smaller (or zero) initial hydrogen con-

centration exhibit the same qualitative trends, although the effect is smaller.

Moreover, the observed sensitivity of the maximum value of CL to the load-

ing frequency is also the expected qualitative behaviour at large time scales

(number of cycles). If De is small relative to the time required to complete

one loading cycle, the steady state behaviour of CL will not be governed by

the maximum value of σH but by the mean. In other words, the capacity of

the hydrogen distribution to reach its upper limit, given by the steady state

solution for the σH distribution associated with Kmax, is governed by the
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ratio between the loading frequency f and the effective diffusion coefficient

De. The implications are profound, if alloys can be engineered to reduce the

effective diffusion coefficient, resistance to hydrogen assisted fatigue can be

gained over a larger range of loading frequencies and in all applications. This

will be quantified in the following Section.
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Figure 6: Influence of loading frequency; variation in time of the maximum value of CL

ahead of the crack for: (a) a closed-system, and (b) an open-system. Fatigue loading,

R = 0.1, ∆K = 10 MPa
√
m.
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4.3. Hydrogen-trap interaction: can it be used to mitigate fatigue?

Let us gain quantitative insight by correlating with the experiments de-

scribed in Section 3.1. Fig. 6 reveals that the maximum value attained by

CL along the extended crack plane rapidly reaches a plateau in time, with

the magnitude of this plateau value being highly sensitive to the frequency.

As discussed in Section 4.1, we will assume that a threshold value for CL

exists that determines the onset of embrittlement. The maximum value of

CL attained in each cycle is plotted in Fig. 7 for the three loading frequencies

considered in the experiments. This quantity, estimated once per cycle, is

denoted as CLmax,N to differentiate from CLmax,θ=0◦ (the maximum value of

CL at each time instant, which varies cyclically). Recall that, as shown in

Fig. 2, a loading frequency of 1 Hz or higher does not lead to any embrit-

tlement while an increase in fatigue crack growth rates can be observed for

frequencies of 0.1 Hz or lower. Thus, the critical value of CL at which embrit-

tlement is observed must be within the plateau values of CLmax,N predicted

for f = 0.1 and f = 1 Hz. Results for the standard carbide trap density,

N
(c)
T = 3.61 × 1023 sites/m3, reveal plateau values of 2.5C0 and 1.6C0 for,

respectively f = 0.1 and f = 1 Hz. Taking the average, we stipulate that

the critical CL for embrittlement equals 2.05C0, as depicted in Fig. 7.

25



0 5 10 15 20 25

1

1.5

2

2.5

3

No embri�lement

Embri�lement

Figure 7: Influence of increasing the carbide trap density N
(c)
T . Maximum CL in each

cycle as a function of time (number of cycles) for three frequencies and two carbide trap

densities. Fatigue loading, R = 0.1, ∆K = 35 MPa
√
m. The region of embrittlement is

inferred from the experimental results on 42CrMo4 steel.

Fig. 7 also includes results obtained assuming that the density of carbides

can be engineered. Namely, the density of carbide trapping sites is increased

to N
(c)
T = 3.61× 1026 sites/m3 [31]. Increasing the trap density decreases the

diffusion coefficient, see (5), and accordingly, the diffusion of lattice hydrogen

within each cycle is reduced, leading to a lower value of CLmax,N . As shown in
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Fig. 7, the maximum value of hydrogen concentration attained with f = 0.05

Hz in an alloy with additional traps is similar to that obtained in a standard

alloy for a frequency of f = 0.1 Hz. Moreover, the simulations for the trap-

enhanced material show no embrittlement within the f = 0.1− 1 Hz regime,

effectively extending the regime of safe frequencies at which hydrogen has no

effect by an order of magnitude.

4.4. Influence of the binding energy

Traps are characterised by the binding energy and the trap density. In the

following, we examine the implications of the binding energyWB in the above

conclusions. The inverse problem of interpreting TDS data to determine WB

for each trap type is ill-posed, bringing uncertainties into the analysis. Thus,

we consider that carbides are the strongest trap in the model, exchanging the

value of its binding energy with that of dislocations (WB = −35.2 kJ/mol,

see Table 1). The results are shown in Fig. 8 assuming a high carbide trap

density material, N
(c)
T = 3.61 × 1026 sites/m3. Predictions are compared

to those obtained with the previous binding energy estimate W
(c)
B = −21.4

kJ/mol; the higher |WB|, the lower the maximum value of CL attained. The

results do not exhibit the high sensitivity shown by the trap density but the

variation in WB is also low (13.8 kJ/mol). Given that 21.4 kJ/mol is on

the lower side of the |WB| values reported for carbides [55], it is expected

that the conclusions drawn in the previous section will hold to a greater

degree. Moreover, results suggest that the gains derived from an increase

in trap density could be significantly enhanced if the density of deep traps

|WB| > 50 kJ/mol is increased.
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Figure 8: Influence of the binding energy. Maximum CL in each cycle as a function of

time (number of cycles) for three frequencies and two carbide binding energies in a high

carbide trap density material. Fatigue loading, R = 0.1, ∆K = 35 MPa
√
m. The region

of embrittlement is inferred from the experimental results on 42CrMo4 steel.

4.5. Influence of plastic strain gradients

To ease the interpretation of the results, conventional J2 plasticity has

been used for the computations reported so far. However, it has been shown

that plastic strain gradients are very high near the crack tip and elevate
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dislocation density and local strength [44, 47, 56]. This local dislocation

hardening associated with GNDs can be accounted for using strain gradi-

ent plasticity theories [46, 57–59]. Considering the dislocation-based strain

gradient plasticity model formulated in Section 2, two implications can be

foreseen. First, common to other gradient plasticity models, crack tip stresses

will be significantly higher than those predicted by conventional plasticity,

which in turn increases the lattice hydrogen content close to the crack tip

[52]. Secondly, total dislocation density ρ predictions (and the associated

trap density N
(d)
T ) can differ significantly. It is expected that the statistically

stored dislocation (SSD) density ρSSD, predicted via (12), will be lower than

in conventional plasticity as local hardening reduces εp, but there will be

an additional contribution to the total dislocation density as GNDs are ac-

counted for (ρGND). The influence of these features on the cyclic behaviour

of lattice and trapped hydrogen concentration are investigated here for the

first time. Note that, unlike conventional plasticity, strain gradient plasticity

predictions do not predict a peak σH (and CL) at a finite distance ahead of

the crack tip [60, 61]; accordingly, we do not compute the maximum value of

the variables under consideration along the crack ligament but sample them

at a critical distance for embrittlement. As shown by Gangloff [62, 63] using

De and stage II da/dt data, this critical distance is of a few microns in many

alloys, which further motivates the use of strain gradient plasticity models;

xcrit = 2 µm is assumed. Also, the material gradient length scale is assumed

to be equal to ℓ = 5 µm, an intermediate value within the range of length

scales reported in the literature from micro-scale experiments [64]. Fig. 9a

shows the evolution of the dislocation density with the number of loading cy-
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cles, where the maximum value of ρi at xcrit = 2 µm is plotted. As expected,

local strain gradient hardening reduces ρSSD and the density of statistically

stored dislocations is higher in the conventional plasticity case (ℓ = 0). How-

ever, the total dislocation density ρ is substantially higher in the case of the

strain gradient plasticity model as the GND density is notably larger than

the total dislocation density predicted with conventional plasticity. This, in

turn, translates into a significantly higher trap density for dislocation sites

N
(d)
T as the number of cycles increases. We proceed to examine if the conclu-

sions drawn in previous sections are still applicable in view of this notably

different crack tip behaviour. As with the case of conventional plasticity, the

maximum value of CL per cycle remains practically constant after a certain

number of cycles. Fig. 9b shows the variation in time of the maximum value

of CL per cycle at xcrit for strain gradient plasticity, three selected values

of the loading frequency and two carbide trap densities. The qualitative

trends are the same as those obtained so far with conventional plasticity;

increasing the density of carbide trapping sites reduces the maximum lat-

tice hydrogen concentration attained. A quantitative comparison with the

results from conventional plasticity is shown in Fig. 9c. Strain gradient plas-

ticity predicts a higher value of the maximum hydrogen concentration in all

cases due to the higher crack tip stresses, this would translate into a higher

experimentally-calibrated critical CL for embrittlement. The drop in CLmax

with increasing N
(c)
T is quantitatively similar to that predicted with conven-

tional plasticity. Therefore, the use of more accurate micromechanics-based

descriptions of crack tip fields does not change the conclusions drawn before

with conventional plasticity.

30



0 20 40 60 80 100

0

0.5

1

1.5

2

2.5
10
15(a) (b)

0 10 20 30 40 50

2

2.5

3

3.5

(c)

1.5

2

2.5

3

3.5

Figure 9: Influence of plastic strain gradients; (a) dislocation density evolution with time

(number of cycles) for conventional and strain gradient plasticity (f = 1 Hz), (b) maxi-

mum CL in each cycle as a function of time (number of cycles) for three frequencies and

two carbide trap densities, (c) maximum value attained by CL in the analysis for con-

ventional and strain gradient plasticity, two carbide trap densities and three frequencies.

All quantities have been sampled at xcrit = 2 µm from the crack tip. Fatigue loading,

R = 0.1, ∆K = 10 MPa
√
m.
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5. Conclusions

We have presented a micromechanics-based multi-trap model for stress-

assisted hydrogen diffusion. The model is used to investigate the competing

role of the loading frequency f and the effective diffusion coefficient De on

hydrogen assisted fatigue in the presence of multiple microstructural traps.

Experiments on 42CrMo4 steel are used to gain quantitative insight by in-

ferring a critical hydrogen concentration for embrittlement based on the fre-

quency range where hydrogen has no effect on crack growth rates. The main

findings are:

(i) The trap and lattice hydrogen concentration vary cyclically following the

variation of the mechanical load. The maximum concentration value attained

in each cycle by the hydrogen trapped at dislocations rises with time as the

associated trap density N
(d)
T increases with plastic deformation. Contrarily,

the maximum values of the lattice hydrogen concentration CL and the hydro-

gen trapped at other traps such as carbides or interfaces remain practically

constant after a few cycles.

(ii) The maximum hydrogen concentration attained ahead of the crack is

highly sensitive to the De/f ratio. A lower peak in the CL distribution

is observed if the effective diffusion coefficient is small relative to the time

required to complete a loading cycle. This behaviour is observed in both

closed-systems (one-off hydrogen entry) and open-systems (permanent source

of hydrogen).
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(iii) Increasing the density of “beneficial” traps not involved in the fracture

process is a viable strategy for mitigating hydrogen assisted fatigue. An in-

crease in the density of carbide trapping sites N
(c)
T reduces the maximum

hydrogen concentration values attained for a given frequency and extends

the regime of safe frequencies where embrittlement is not predicted.

(iv) The maximum concentration values predicted for a given frequency

can be further reduced by increasing the density of the trapping sites with

stronger binding energy |WB|. Quantitatively, the effect is lower than vary-

ing the trap density, as the range of binding energies is more limited.

(v) The use of strain gradient plasticity to better resolve crack tip fields shows

a higher dislocation trap density and lattice hydrogen concentration relative

to conventional plasticity predictions. However, no significant qualitative or

quantitative differences are observed regarding the role of an increased car-

bide trap density in mitigating hydrogen assisted fatigue.

Given that most engineering components are subjected to cyclic loads,

these insights could have important implications in the design of hydrogen-

resistant alloys.
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model for elastic-gradient-plastic solids undergoing hydrogen embrittle-

ment, Journal of the Mechanics and Physics of Solids 143 (2020) 104093.
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