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Abstract

In this paper we study optimal control problems governed by a semilinear elliptic equation. The
equation is nonmonotone due to the presence of a convection term, despite the monotonocity of
the nonlinear term. The resulting operator is neither monotone nor coervive. However, by using
conveniently a comparison principle we prove existence and uniqueness of solution for the state
equation. In addition, we prove some regularity of the solution and differentiability of the relation
control-to-state. This allows us to derive first and second order conditions for local optimality.

Keywords: optimal control, semilinear partial differential equation, optimality conditions

AMS Subject classification: 35J61, 49J20, 49K20

1 Introduction

In this paper, we consider an optimal control problem associated with the following elliptic semilinear
equation
{ Ay +b(x) - Vy + f(z,y) = uin Q,

y=0onT, (1.1)

where A is an elliptic operator, b : & — R™ is a given function, f : £ x R — R is nondecreasing
monotone in the second variable, u € L?(Q), © is a domain in R", n = 2 or 3, and I is the boundary of
Q. The precise assumptions on these data will be given in the next section. Due to the convection term
induced by b, the linear part of the above operator is nonmonote. We emphasize that here we neither
assume that divb = 0 nor b is small. Consequently, the bilinear form associated with the linear part of
the operator is not necessarily coercive. This introduces some important difficulties in the analysis of the
equation. A thorough study is needed to prove existence and uniqueness of a solution of the equation
for every u. This study makes a strong use of a comparison principle.

In many publications divb = 0 is assumed. This property is satisfied in several applications, for
instance if the quantity b represents a velocity field of an incompressible Navier-Stokes flow. If the flow
is compressible, the assumption divb = 0 cannot be justified. Some examples of applications where the
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divergence of the convection term need not be zero can be found in the introductory chapter of the book
.

In many books devoted to partial differential equations, the convection term appears and it is not
assumed to have zero divergence. Let us mention the classical books [12] or [I6]; see also [18]. However,
only a few references treat the topic of existence and uniqueness of solution for linear elliptic equations
with convection term such that divd # 0 and b is not small. When the nonlinear term f is not present
in the state equation, the reader is referred to the early reference [19] for the existence and uniqueness of
a solution; see also [I3, Theorem 8.3] or the recent reference [4]. In [5], the case of a semilinear equation
in dimension n > 3 with the non-linearity yly[*~!, A > -2 is studied. As far as we know, the most
general and complete results for the analysis of equation are the ones presented below in Section

The case of nonmonotone quasilinear elliptic equations was considered in [§] and [I5]. However, in
the last two papers, the operator was coercive. The equation considered in this paper does not fit in the
problems studied in the mentioned references.

Associated with the state equation we consider the following control problem:

(P)  min J(u) ::/QL(x,yu(x)) d;c—f—g/gzﬂ(a:) dx

u€U,q
where y,, is the solution of (1.1)) associated with u, L : @ x R — R is a given function, v > 0, and
Una = {u € L*(Q) : a < u(z) < B for a.a. z € Q}

with —oo < a < 8 < +00. A precise analysis of the state equation allows us to prove the existence of a
solution for (P) as well as to get the first and second order optimality conditions.

Typical examples of nonlinearities in the state equations are f(x,y) = ao(x)|y|"y with » > 0 or
f(z,y) = ao(x) exp(y), where ag is assumed to be nonnegative and bounded. The assumption r > 1 is
needed to prove the existence of a second derivative of J. Concerning the functional J, the usual tracking
cost functional falls into this framework by setting L(z,y) = 3(y — ya(x))? for some fixed function
ya € L*(Q).

To our best knowledge, this is the first time that a control problem governed by a nonmonotone and
noncoercive equation of the kind described here has been considered. The methods to study the control
problem are technically more involved than those used for problems governed by coercive equations, as
it can be seen not only in the study of the state equation, but also in the proofs of some results such as
Lemma 3.5 or Theorem B.8

The paper is organized as follows. In section [2], the state equation is analyzed. We address the issues
of existence, uniqueness and regularity results of the solution for both the linear and semilinear cases.
Differentiability of the relation control-to-state is also established. Finally, the existence of solution for
(P) as well as first and second order optimality conditions are proved in Section |3} Based on the results
established in this paper, the numerical analysis for (P) will be carried out in a forthcoming paper.

2 Analysis of the state equation

In this section we study the equation (|1.1)) proving some results that will be used in the analysis of the
control problem (P). Before studying (L.1)), we analyze a linear equation involving the convection term.
The section is divided into two subsections. The first one is devoted to the linear equation and the second

to the study of (1.1

2.1 Study of the linear operator

The following assumption is needed for this analysis.
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Assumption 1. € is an open domain in R™, n = 2 or 3, with a Lipschitz boundary I'. A is
the operator given by

Ay =— Z Or (aij(x)0z,y) with a;; € L™(Q),

ij=1
and satisfying the following ellipticity condition:

n
3A > 0 such that Z ai;(2)&&; > A|E]* V€ € R™ and for a.a. z € Q.

ij=1

The function b : Q@ — R™ satisfies b € LP(Q)" with p > 3 if n =3 and p > 2 if n = 2. For the
function ag : @ — R it is assumed that ap € L9(Q) with ¢ > 1if n =2 and ¢ > 3 if n = 3.
Unless stated otherwise, in the rest of the paper p will denote a number such that p > n/2.

Notice that with this choice, LP(2) C W=17(Q) c H~1(Q) for some 7 > n.
Along this paper we will take

1

Wl = < /Q |Vy<x>2dz)

From the Poincaré inequality and the Sobolev embedding theorem, we know that there exist two constants
Cq and K¢ such that
Iyllz2) < Callylluz@) and  llyllre@) < Kallylluy) ¥y € Ho(). (2.1)

As a consequence, we have that [|y[|g-1(q) < Callyl|L2() for all y € L*(9).
Let us consider the elliptic operator
Ay = Ay + b(z) - Vy + ap(z)y with ag > 0. (2.2)
We first prove continuity of this operator and Garding’s inequality.

Lemma 2.1. Under Assumption 1 we have that A € L(H(Q), H~1(Q)) and there ezists a constant Cy p
such that

A
(Az,2) g (),m1(Q) = Z”Z”%Ié(ﬂ) — Capllzliaq) V2 e Hy(Q). (2.3)
Proof. Let us show that A is a linear continuous operator. We will prove the result for dimension n = 3
and we can argue in a similar way for dimension n = 2. It is obvious that A : H}(Q) — H~1(Q) is a
continuous linear mapping due to the fact that a;; € L>°(£). Moreover, from ({2.1) and Hélder inequality
we infer for every z € H}(Q)

||b-Vz||L%(Q) < bllzs 2 IVl 2@z = 1bllzs 212l 72 @)

llaozll s ) < llaoll 3 o lIllze (@) < Kallaoll 3 o 121l 3 0)-

Hence, we have that A is a well-posed linear and continuous operator.
Let us prove (2.3)). In this case, the proofs for n = 3 and n = 2 are slightly different. We start with
n = 2. Using that ag > 0 and Young and Holder inequalities we get
2 A 2 1 2
(Az 2) 1), my@) ZAIVzIL2 )0 = V222 b2l L2 (0)n 2 SV Z]L2(0)n = 55102 Z2(0)

A 2 1 2 2
25 Vel a0y — g Pl el? 2,
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Observe that the assumption p > 2 implies that 2 < % < oo if n = 2. Now, we apply Lions’ Lemma,

[17, Chapter 2, Lemma 6.1], to the spaces H}(Q) C LP%(Q) C L?(Q) to deduce the existence of a
constant Cy depending of A and [|b||1»(q)» such that

A
zZ|| 2n < —||Vz » + Collz .
|| ||LP—2 @) 2Hb||LP(Q)" || HL2(Q) OH ||L2(Q)

From the last two inequalities we conclude (2.3)) with

 GBIBIE, e
Ab= T
For n = 3 we proceed as follows. From [I8, Lemma 3.1], we know that, for any ¢ > 0 there exists a

constant K., > 0 depending on b and € such that b = 0’ +b", with [|b/|| Lo (o)n < K¢ p and ||V || Lso)n < €.
Taking ¢ = A/(4Kg), Kq satisfying (2.1)), and using that ag > 0, Holder and Young inequalities and

(2.1)), we obtain

(A2, 2) 11 .3 ) 2NV 2y — /Q(b’ F V) Vada

>AVzl[Z2yn = 16 ]| @)» V2]l 2@ 121l 22 @) = 107 L3 )» IV 2]l L2 @) |21l s ()
A K2, A
EAHV’ZH%Q(Q)" - §||VZ||2L2(Q)TL - ﬁ”'ZHQLQ(Q) - Z||VZH%2(Q)"

and (2.3) follows with a constant Cy , = K2, /(2A). O

Theorem 2.2. Under Assumption 1, the linear operator A : Hi(2) — H~1(Q) is an isomorphism.

This theorem can be deduced from the results in [19]. We include a direct proof for the convenience
of the reader.

Proof. From Lemma we know that A is a well-posed linear and continuous operator. Let us divide
the proof into three steps.

Step 1. — A is injective. We make this proof for n = 3. The case n = 2 follows along the same
lines with minor changes. To prove that the kernel of A is reduced to 0 we adapt the proof of Theorem
8.1 in [13]. Let y € H}(Q) satisfy that Ay = 0. We prove that y < 0 in 2, the contrary inequality
follows by arguing on —y. We argue by contradiction and we suppose that this is false. Then, we take
0 < p < ess sup,cqy(z) < +oo and we define y,(z) = (y(z) — p)*. Obviously we have that y, € Hg(Q).
We denote Q, = {z € Q: Vy,(z) # 0}, then

Vy,(z) = { Vyo(x) gt}ylg\?v;e,p7 and y,(z) = 0 if y(x) < p.

Using these facts and our assumptions on b and ag we get

n

0= /Q S a45(@)0e,y0s,yp + [b() - Vilyy + ao(@)yy, | da

ij=1

n

= /Q Z ;5 (2)02,Yp0z,;Yp + [b(x) - Vy,ly, | dz

p \ij=1

> A||Vyp||2L2(Qp)n — 10l L2 (2,)n IV Upll L2, Yol Lo @, -
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From here and (2.1]) we infer

1ollze,) < lypllzs) < KallVy,llr2
1
= Ko|Vypll2,)n < XKQHb||L3(Qp)"||ypHL6(Qp)~

Hence, we have

A
b n>— >0
0]l 23, )m > x>0

which contradicts the fact that |Q,] — 0 if p — ess sup,cqy(z). Indeed, if the set of points £ =
{z € Q: y(x) = esssupycny(z)} has zero Lebesgue measure, then it is obvious that |Q,] — 0 if
p — ess sup,coy(z). In the case that |E| > 0, then we have that Vy(z) = 0 a.e. in E [I3] Lemma 7.7],
and consequently Vy,(z) = Vy(z) =0 a.e. in E as well. Hence, |Q2,| — 0 holds in any case.

We notice that the same procedure can be used to prove the injectivity of A* : HE(2) — H (),
given by

At = A%p — div(pb(z)) + aoep.

To do this, we take ¢ € H}(Q) such that A*¢ = 0, and define for all e > 0, Q¢ = {z € Q: |p(z)| > €}

and ¢°(z) = proji_. (¢(z)). Using integration by parts, that ao(z)p()p°(z) > 0 and the fact that
Ve =0 in Q°, we have

n

0= / > 045(2) 0, 900,67 — div(ipb(2))¢" + ao(2)p” | da
Q

i,j=1

n

- / > 045(2)0, 900, 6% + () - V£ + ao(@)pe” | da
Q

ij=1

>AVe 72 yn — I1blls @orae)» IV | L2 (@)n [19° | Lo @0\ -

From here we infer that

1 1
VoS |lLz oy < XHbHH(QO\QE)"||908HL6(QO\QE) < X5|QO\Qa|é||b||L3(s20\Qf)n-

Using this and (2.1]) we get

1 1 1 2 !
9= [ o@Pde < 5 [ ol < SOV ey < THE\Q P B0y
and [Q°] = lim._,0|Q¢| = 0 and, hence, ¢ = 0.

Step 2. — The range of A is dense and closed. To see that it is dense, we argue by contradiction:
suppose it is not dense. Then, there exists z € H}(Q) with z # 0 such that (Ay, z)Hfl(QLHS(Q) =0 for
all y € Hy(Q). By duality, this implies (A*2,y) g-1(q),mi (o) = 0 for all y € Hj(Q), and hence A*z = 0.
Since A* is injective, we obtain that z = 0, which is a contradiction.

Let us check that the range of A is closed. Let {fi}7>, be a sequence in the range of A such that
fr — fin H71(Q). Let yx € H}(Q) be such that Ay, = fj for every k > 1. We are going to prove that
{yr}32, converges weakly in H} () to some element y € H}(Q) satisfying Ay = f.

First, let us prove that y; is bounded in L?(Q2). We argue by contradiction. Suppose it is not. Then,
for a subsequence denoted in the same form, we have that ||y ||z2(q) — 400. Define gx = yr/llyxllz2(0),
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and fk = fk/”yk:”L2(Q) We have that »Al?k = fk~ USng again Gérding’s inequality and the fact that
19kl 22(0) = 1, we obtain

A L N A N
ZHka?qg(Q) <(AGk, 9) -1 (9,13 (2) + CanllInllFz) = (Fos 9n) -1(9),m32) + CanllnllF20

i ) 2 A,
<Ifellz-1@) |9kl mr ) + Cap < XkaH%{*l(Q) + g”llkﬂirg(g) + Chps

and therefore A 5
g”@?k”%&(g) < Xka”%I—l(Q) + Chp-

Since {fx}?2, is bounded in H~(), we infer from the above inequality that {gx}?>, is bounded in
HL(Q). Hence, there exists § € H() such that (for a new subsequence, again denoted in the same
way) gr — § in H}(2), and by Rellich’s theorem §r — § in L?(f2). In particular, this implies that
19]lz2(2) = 1. On the other hand, using that ||fk||H71(Q) — 0 and A, = fi, we can pass to the limit
in this equation and deduce that Aj = 0. Hence § = 0 and we have a contradiction. Thus, {yx}>, is
bounded in L?(Q2).

Using again Garding’s inequality for the equation Ay, = fi, we obtain as above that

A 2
g”%”?ﬁ(g) < K||ka12q—1(Q) + CapllyelZz ),

and therefore, {y;}2°, is bounded in H3(Q). So there exists y € H}(Q2) and a subsequence, denoted in
the same way, such that y, — y in H}(Q). Taking the limit in the equation Ay, = fi, we have that
Ay = f. Hence, f belongs to the range of A and this subspace is closed in H} ().

O

The following corollary is a straightforward application of Theorem [2.2] and the Holder regularity
result [I8, Théoreme 7.3]; see also Theorem 14.1 in [I6] and the remark after it.

Corollary 2.3. Suppose Assumption 1 holds. Then, for every u € LP(Q) there exists a unique function
y € HY(Q) N C%(Q), for some pu € (0,1) independent of u, satisfying Ay = u. Moreover, there exists a
constant C 4, such that

1Yllcom@) < CapllullLoe) Vue LP(Q). (2.4)

The adjoint operator also enjoys these properties.

Corollary 2.4. Under Assumption 1, the adjoint operator A* : H}(Q) — H~(Q) given by
Ao = A% — divlb(z)g] + ao(z)e (2.5)

is an isomorphism. Moreover, for every f € LP(Q), there exists a unique XS H} () satisfying A*p = f
and there exist i € (0,1) and C.a~ , independent of f such that ¢ € CO*(Q) and

[ellco.n(@) < Cax ullfllr) Yf € LP(). (2.6)

Proof. The first statement follows directly from Theorem The second is again a consequence of [I8]
Theorem 7.3] or [16, Theorem 14.1]. O
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Under additional assumptions we have the following regularity result.

Theorem 2.5. Suppose Assumption 1 holds and assume further that a;; € COY(Q) for 1 <i,j <mn,
aop € L2(Q) and T is of class C11 or Q is convex. Then, A : H*(Q)NHE () — L2(Q) is an isomorphism.

Proof. First we observe that A : H*(Q) N H}(Q) — L*(Q) is an injective, continuous linear operator.
Indeed, taking into account that H?(§2) C Wlp%(Q) and H2(Q) C C(Q), we get the following estimates

102, (aij 0, 9) | L2(0) < 102,010yl 2() + lai;O, 4]l L2

< |0z, @iy

Lo @ 10,9l 20) + Nlassll Lo @) 107, 2,9l L2) < llaijll oo @y lyll a2 @),

16 Vyllr2(0) < ||b||Lp(Q)nHVyHL%(Q)n < Cllbll e lyll a2 (o),

laoyllzz(0) < llaollzz@)llyllL= @) < Cllaollz) 1yl #2(0)-

The above estimates prove that A is well defined and continuous. The injectivity of A is an immediate
consequence of Theorem Let us prove that A is surjective. Given u € L%(Q) arbitrary, from Theorem
we deduce the existence of an element y € Hg () such that Ay = u. We have to prove that y € H?(1).
To this end we divide the proof into three steps.

Step 1.- Here we regularize the coefficients b and ag. We make the proof for n = 3 and comment later
the modifications for n = 2.

The Lipschitz regularity of the coefficients a;; implies that A : H2(2) N H}(Q) — L*(Q) is an
isomorphism; see, for instance, Theorems 2.2.2.3 and 3.2.1.2 of [14] for a C*'! boundary I" and a convex
domain 2, respectively. Hence, there exists a constant C'4 such that

||yHH2(Q) < CAHA/!/HLQ(Q) for all Yy < HQ(Q) (27)

For n = 3, we are assuming p > n, and hence 2p/(p — 2) < 6. Therefore, from the Sobolev imbedding
theorem, we also know that there exists a constant Mg such that

HVyHL%(Q)n < M|yl g2 () for all y € H?(Q). (2.8)

Consider, as in the proof of Lemma the decomposition b = b’ + b, where now

||b”||Lp(Q)n <€ge= and ||b/||Loo(Q)n < K{-:,b'

1
8C 4 Mq
Consider also two sequences {0} }7°, C L*(Q)" and {aor}72,; C L*(£) such that b} — b” strongly
in LP(Q)" and 0 < a, — ao strongly in L?*(2). Denote by, = V' + b} and define the operator Ay :
H2(Q) N HE () — L3(Q) by

Az = Az + b(z) - Vz + ag k() 2.

Let us prove that Ax: H?(Q) N HE () — L2*(Q) is an isomorphism. The proof of the continuity and
injectivity follows as we did for A. Now, from Theorem we deduce the existence of an element
yr € HY(Q) such that Ay = u. This equation can be written as follows

Ay, = u —bp(z) - Vyr, — ao,(2)y-
We have the estimates

o - Vyrllzz ) < bkl o) [ VYrll L2 (@)n s
laoxyxllz2() < llaokl L@ llyrllL2()-
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Thus, we have that Ay, € L2(£2). From here and (2.7)) we infer

Ykl m2(0) < Callu = br - Vyr, — ao kvl z2(0)
< CA(H“HL?(Q) + 16" Vyrllzz) + 104 - VurllL2 @) + Hao,kyk”L?(Q))

< Ca(llulz + 111l @ [0z + 1 oo IVl 2y oo sllzgon ol econ ).

)

From the strong convergences of the sequences {0}/ }72, and {aox}72,, we deduce the existence of some
integer kg such that

071 Lo (yn < 2[10" || e () and [|lao k|l L20) < 2[|aollz2) VA > ko.

Inserting these inequalities in the above expression and taking into account the relations ||0|| o) <
K. p and [|b"]|Lrq)n < €, we infer V& > ko

lell=c@) < Ca(llullza + Keall Vollza@yn + 2609wl 2a, 4 2Naollzaon Il iv@) - (29)

Q)
Now, we apply Lions’ Lemma to the embeddings H?(Q) C H'(Q) C L*(Q) and H2(Q) C C(Q) C L*(Q),
where the first embedding in each of the chains is compact. Selecting

1

A= :
4CA maX{Ke,bv 2”0/()”[,2(9)}

we deduce the existence of a constant Cy such that for all y € H%(Q) N H} ()

I1Vyllz2 ) < Mlyllaz@) + Callyllzzo)
and
Iyl @) < Myllaz@) + Callyllz2)-

Inserting these two inequalities in the estimate ([2.9), using (2.8]), and taking into account the definition
of €, we get

3
lyillezy < Ca(llulz@) + Cn (Koo +2lal ] Ineliz@ ) + S el o),

which, leads to the desired estimate:

lyil2 e < 4Ca (Il 2o + CalKen + llaolluz@ ez )- (2.10)

For n = 2 the proof is slightly different. We take {b;}%2, C L*(2)" such that by — b strongly in
LP(Q)™. In the same way as before we obtain that y, € H?(Q), but we directly write the estimate

lyrllz2 ) < Callu — by - Vyr — ao xyrllL2 (o)

< Ca(llullzz@ + 106locey 1Vl 22, o+ Haoellzeon el @)

Now, we do not have that ||by||z»q)» is small, but since for n = 2 we are assuming p > n we have that

H?*(Q) C Witz () € L?(Q), the first embedding being compact, and we can argue using Lions’ Lemma
for the term ||Vyk||L

_2p_ .
P—2 (Q)n
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Step 2.- Let us prove that y, — y = A~ u strongly in H}(Q2). We have
lyk — Yl ) < CallAe — A oo (), m ) 1l 29,

it is enough to show that ||A, "' — A71||L(H71(Q)7H3(Q)) — 0 when k — oo. First we prove that {A; '},
is bounded in L(H~1(Q), H}(Q)). It is immediate that

k—oo

||Ak — -AHL (HE(Q),H-1(2)) < CQprk — b” + C’QHCLOJ€ — aoHLz(Q) — 0. (2.11)

7 ()
Hence, there exists an integer k; such that
1

- Vk > k.
| cca—1(@),m1 @)

Ak — All 21 ), -1 () < 2A-
This implies that
A7 (A~ AQ) ey myan < 5 T2 Fa
Hence, the operator I — A~1(A — Ay) is invertible in H}(2) and its inverse is given by

_ f: A A~ Ak)]j.

-1

(I — AN A- Ak))

From here we obtain for every k > k;

oo

||(1*A71(A*Ak)) lecay o, my@n < D IATHA = AD G aa).ma @y <

=0
-1
Now, we observe that A; ' = (I — AN A - Ak)) A~L. Thus, we obtain that

1A -y ) < 204 e () mi@) V= k. (2.12)
Finally, we find with (2.11)) and (2.12)) that
1A = A7 -1 ), m2 ) = IATA = A AL (-1 (), 12 ()
<NA Y 2@, m2 0 A = Akl 2z .12 @) 4G o1y, m3(2)

k—oo

< 2||A_1||2£(H—1(Q),H3(Q))”A = Akl ), m-10)) — 0.

Step 3.- Finally, the estimate (2.10) and the convergence y, — y in H}(Q) yields y, — y weakly in
H?%(Q). Since u € L?(Q2) was arbitrary, this implies the surjectivity of A. O
Corollary 2.6. Under the assumptions of Theorem and in addition divb € L?(SY), the operator
A* 1 H2(Q) N HY () — L*(Q) is an isomorphism.

Proof. Injectivity follows from Corollary . Let us prove that it is surjective. Take f € L2?(£2) and let
¢ € HL(Q) be the unique solution of A*p = f. Notice that, from the second part of Corollary . we
also know that ¢ € L*°(Q). Taking into account that we can write
A= A%p —b(x) - Vo + (ao(x) — divb(z)) ¢,
we have that
A*p —b(x) - Ve+ag(z)p=f+divb(z)pinQ, o =00onT
and the result follows from Theorem [2.5 because f + divb(z)p € L?(1Q). O
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2.2 Analysis of the semilinear equation

Here, we analyze the equation . To deal with this equation we make the following hypotheses on the
nonlinear term f.

Assumption 2. We assume that f: Q x R — R is a Carathéodory function monotone nondecreasing
with respect to the second variable satisfying:

VM >0 3¢y € LP(Q) 1 |f(x,y)| < dar(x) for a.a. z € Q and V|y| < M. (2.13)

Let us recall that p stands for a real number bigger than 3.
Now, we prove the existence and uniqueness of a solution for problem (|1.1)).

Theorem 2.7. Under the Assumptions 1 and 2, for every u € LP(Q) the equation (L1) has a unique

solution y,, in H}(2) N C(Q). Moreover, there exists a constant K independent of u such that

Yull 1) + lYullc@) < Kf(”“”m(m +[1f(0)[[Lo() + 1>~ (2.14)

Before proving this theorem we establish the following lemma.

Lemma 2.8. Let g : QxR — R be a function satisfying Assumption 2. We also suppose that Assumption
1 holds. Then, if y1,y2 € HE(Q) N L>(Q) are solutions of the equations

with ut,us € LP(Q) and u1 < ug in Q, then y1 < yo in Q as well.

Proof. We make the proof for n = 3. The case n = 2 can be proved in a similar way. We argue by
contradiction, proceeding similarly to the proof of Theorem If the statement of the lemma is false,
then there exists 0 < p < esssup,cq(y1(z) — y2(z)). Now, we set z(z) = [(y1(x) — y2(z)) — p]T. We have
that z € H}(2). We denote Q, = {x € Q: Vz(x) # 0}. Let us observe that we have

V(yr —y2)(x) if (y1 —y2)(z) > p,
Valz) = { ! Oy oth?arwis%s, g

and
z(x) = 0if (y1 — y2)(z) < p.

Using these facts, our assumptions on b and u;, and the monotonicity of g we get

0> /(u1 —ug)zdx
Q

[ (3 030001 — 20022 + Ble) - Vo )]
Q\

Lot~ stz mlzds > [ (3 a0+ blo) - V1) a

ig—1
> A[V2[Z20,)0 = 1023 @,)n IV 2] 20,0 2]l Lo (02,) -

Now, we continue as in the proof of Theorem to achieve the contradiction

A
bl s,y > c, >0 Vp <esssup,eq(yr — y2)(x).
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Proof of Theorem[2.7, The uniqueness of a solution is an immediate consequence of Lemma [2.8] The
proof of existence is divided into three steps according to different assumptions on f. To simplify the
presentation, we redefine f = f — f(-,0) and u = v — f(-,0) € LP(Q2). Then, due to Assumption 2, f is
continuous and monotone nondecreasing, f(x,0) = 0, and f is dominated by a function ¢, € LP(Q) in
Q x [-M,+M] for every M > 0.

Step 1.- Assume that there exists ¢ € LP(Q) such that |f(z,y)| < ¢(z) in Q x R. In this case, we
consider the operator T : C(Q) — C(Q) given by Tw = y,,, where y,, is the solution of the problem

Ay +b(z) - Vy+ f(z,w) = u in Q,
y=0onT.

From Corollary we have the existence and uniqueness of a solution y,, € Hg(2) N C%#(Q) for some
p € (0,1). This solution satisfies

9l ooy < Capllu = f@,w)o@) < Cap(lullzo) +18lzo@)) = p.

From the compactness of the embedding C%#(€2) C C(), we deduce that T is a compact operator
applying the closed ball B,(0) into itself. Hence, from Schauder’s fixed point Theorem we infer the
existence of a solution y, € H}(Q) N C(Q) of (1.1). Moreover, (2.14) follows from the above inequality
and the redefinition of u along with the fact that A +b- VI : H}(Q) — H~1(Q) is an isomorphism.

Step 2.- We relaz the assumption of step 1 and now we only assume that there exists ¢ € LP(Q) such
that f > ¢ in Q x R. For every integer k > 1 we set fr(x,y) = f(z,min{y, k}). Then, from (2.13) we
infer

P(x) < fr(z,y) < f(@,proj_j 41 (¥)) < ¢r(2).

Hence, |fx(z,y)| < ¢r(z) = max{|d(x)|, |¢r(x)|} with ¢, € LP(Q2). Then, we can apply Step 1 to deduce

the existence of a function y, € H}(Q) N C(Q) satisfying

Ay +b(x) - Vi + fr(z,yx) = u in Q,
yr =0on I

Now, by Corollary there exists a function y € H}(Q) N C(Q) solution of

Ay +b(z) - Vy=u— ¢ in Q,
y=0onT.

Subtracting both equations we get

Alye —y) +0(x) - V(yr —y) = —fr(z,yr) + ¢ < 0.

Then, Lemmaimplies that yx <y in Q. Therefore, if we take k > ||ly[|c(q), we have that fi(z,yx) =
f(z,yr), and therefore yy is solution of . The estimate follows from the bound for y; inde-
pendently of k£ and Assumption 2.

Step 3.- The general case. Let us define fi(z,y) = f(x, projj_j 4 (y)). Then, according to Assump-
tion 2, there exists a function ¢ € LP(Q) such that |fx(x,y)| < ¢r(x) in Q x R. Therefore, from Step 1
we know that there exists y, € H}(Q) N C(Q) satisfying

Ay +b(x) - Vyr + fr(z, yx) = u.

Now, we take z; € Hg(Q) N C(Q) satisfying Az + b(z) - V21 + f(x,2{) = u. The existence of such a
function follows from Step 2 because f(x, z;") > 0. This equation can be written as

Az +b(x) - Vo + fr(@,21) = u+ fr(z,21) — flz, =),
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From the monotonicity of f with respect to the second variable, we have that fi(z,z1) — f(z,2]) <0,
and hence Lemma [2.§ implies that z; < yj, in Q.
Now, let zo € H}(Q) N C(Q) satisfy

Azg +b(z) - V2o = u— f(z,—[|21llc))-

The existence of such a function follows from Theorem and Corollary Indeed, it is enough to
observe that from with M = ||z1]|¢(q) we deduce the existence of a function ¢ps € LP(Q2) such that
If (2, —[l21llc@))| < ¢m(z) for almost all x € Q. Then, (-, —| z1llca)) € LP(Q) holds. Noticing that the
equation satisfied by y; can be written

Ayp +b(x) - Vyr = u — fr(z,yr)

and that, using the fact that yx > 21 > —||z1¢(q), We have fi(z,yx(z)) > f(z,—[l21]lcq)). Then,
subtracting the equations satisfied by vy and 2o we get

A(ze —yr) +b(x) - V(22 —yr) = fu(z,yx) — f(z, —[|21ll @) = 0.

Therefore, z1 < yx < zo and, hence, fi(z,yr) = f(x,yx) for every k > max{||z1]¢c(q), l22llc@)}, and
&1l

consequently y, is solution of (|1.1]) for & large enough. As in the previous step, the estimate follows
from the bound for y; independently of k. O

Now, we establish some additional regularity for the solutions of (|1.1)).

Corollary 2.9. There exists some pu € (0,1) such that the solution y, of (L.1) belongs to C%*(Q).
Moreover, for every M > 0 there exists a constant Ky, ar such that

Yullcon@y < Kppnm  Vu € LP(Q) satisfying ||ull s ) < M.

Proof. Since Ay, +b-Vy, =u— f(z,y,), this corollary follows from (2.13), (2.14) and Corollary 2.3 O

Theorem 2.10. Suppose that Assumption 1 holds, a;; € C%Y(Q) for 1 <i,j <n and ag € L*(Q). We
also suppose that Assumption 2 holds with p = 2, and that T is of class C1'' or ) is convex. Then, for
every u € L?(QQ), the equation has a unique solution y, € H*(Q) N H(Y). Moreover, for every
M > 0 there exists a constant C 4,y v such that

lyullmz) < Capn Yu e LP(Q) satisfying |ullro) < M.

This is an immediate consequence of Theorems [2.5] and 2.7] The following result on the continuous

dependence of the state y, respect to u will be useful to prove the existence of a solution for the control
problem (P).

Theorem 2.11. Let {ug}2 ;| C LP(2) be a sequence weakly converging to u in LP(QY). Then, under the
assumptions of Theorem we have that y,, — yu strongly in H}(Q) N C(Q).

Proof. From Theoremand Corollarywe know that {., }32, is bounded in Hj(2)NC"#(£2). Hence,
using the compactness of the embedding C%*(Q) C C(Q), we deduce the existence of a subsequence,
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denoted in the same way, and an element y € Hg(€2) N C(Q) such that y,, — y in Hj(Q) and y,, — y
in C(2). Now, setting M = maxi<k<co |Yu, || c(a), we deduce from (2.13))

(@, gy (2))] < | (2, 0)[ + [ f (@, yuy, () = f(2,0)]
< [f(@,0)[ + Cpnmrlyu, ()] < [f(2,0)] + Cpar M.

As a consequence we have that f(z,y,,) — f(x,y) strongly in LP(Q2). Moreover, the compactness of
the embedding LP(Q2) C H~1(Q) implies that u; — u strongly in H~1(Q). Hence, from Theorem [2.2| we
infer that y,, = (A+b-VI) " (ur — f(z,y4,)) = (A+b-VI) " (u— f(x,y)) strongly in H (). Thus,
we have that y = y, and y,, — v, strongly in H}(Q) N C(Q). Since, this convergence holds for any
converging subsequence, we deduce that the whole sequence converges as indicated in the statement of

the theorem. O

To finish this section we analyze the differentiability of the relation v — y,. To this end, we make
the following assumptions on f.

Assumption 3. We assume that f : Q x R — R is a Carathéodory function of class C? with respect
to the second variable satisfying:

f(-,0) € LP(Q2) and ?(x,y) >0 a.e. in  and Yy € R, (2.16)
Y

and for all M > 0 there exists a constant Cy s > 0 such that

0% f

of o°f
Oy

3 (x,y)‘ < Cya for ae. z € Q and for all |y| < M. (2.17)
Y

(r,y)‘ +

For every M > 0 and € > 0 there exists § > 0, depending on M and ¢, such that

02 f 92

f .
a—yz(x,yg) - a—yz(x,yl) <e if ly1],|ye] < M, |y2 — 1] <6, for a.a. z € Q. (2.18)

Let us recall again that p stands for a real number bigger than 5. It is obvious that Assumption 3 implies
Assumption 2. Therefore, all the previous results remain valid if we replace Assumption 2 by Assumption
3.

Theorem 2.12. Let us suppose that Assumptions 1 and 3 hold. Then, the mapping G : LP(Q) —
HL(Q) N C(Q) given by G(u) = y, is well defined and of class C?. Moreover, given u,v € LP(Q),
zy = DG(u)v is the solution of

Az +b(x) - Vz+ g(sc, Yu)z = in Q,

y (2.19)
z=0onT.
For vi,vy € LP(Q) the second derivative zy, ., = D*G(u)(v1,v2) is the solution of the equation
of 0% f .
Az +b(z) - Vz+ a—y(m,yu)z = —a—yQ(ﬂv,yu)zvlzvz in Q, (2.20)

z=0o0onT,

where z,, = DG(u)v;, i = 1,2.



14 E. Casas, M. Mateos and A. Résch

Proof. The fact that G is well defined is a straightforward consequence of Theorem To prove the
differentiability we will use the implicit function theorem as follows. We consider the vector space

Y={ye Hé(Q) NCQ): Ay+b-Vy e LP(Q)}.
This is a Banach space when we endow it with the norm

1ylly = lyllzg @) + 19llc@ + 1Ay +0- Vyl o).

Let us consider the mapping

F:Y x LP(Q) — LP(Q)
given by
Fly,u) = Ay +b(z) - Vy+ f(-,y) —u.

Using Assumption 3 and Corollary it is easy to check that f(-,y) € LP(Q) for every y € Y, and the
mapping y € Y — f(-,y) € LP(Q) is of class C?. Hence, F is well defined and it is of class C?. Moreover,

the linear mapping

OF 5
. p
5 )Y — 17(Q)

%(ym)z =Az+b(z) Vz+ %(%Z/)Z

is an isomorphism. Indeed, if we consider the operator A defined by with ag(z) = g—i(a:, y(x)), we
have to prove that A : Y — LP(Q) is an isomorphism. From the definition of ¥ and the above estimates,
we know that A is well defined and continuous. From Theorem we also deduce the existence of a
unique solution z € HE(Q) of the equation Az = v for every v € LP(Q2) C H~1(Q2). In addition, from
Corollary we know that z € C(£2). Hence, we have that z € Y and A is an isomorphism. Then, we
can apply the implicit function theorem and deduce easily the theorem; see e.g. [6, Proposition 16]. O

3 Analysis of the optimal control problem

In this section, we firstly prove the existence of a global solution @ of the control problem. Then,
we derive first and second order necessary optimality conditions for local solutions. Finally, we prove
sufficient conditions for local optimality. In the whole section we suppose that Assumptions 1 and 3 are
fulfilled.

Theorem 3.1. Let us assume that L : Q x R — R is a Carathédory function satisfying
VM >0 I € LHQ) - |L(2,y)| < vun(x) for a.a. € Q and V|y| < M. (3.1)

Then, if Uaq is bounded in L*(Q) or L is bounded from below, the control problem (P) has at least one
solution u.

Proof. Let {u}?2; C Uaq be a minimizing sequence of (P). From the boundedness of U,q or the lower
boundedness of L we deduce that {uy}?2, is bounded in L?(2). Hence, we can take a subsequence,
denoted in the same way, converging weakly in L?(£2) to some element 4. Since Us,q is weakly closed in
L2(Q2) we infer that @ € U,q. Moreover, Theorem 2.5 implies that y,, — ya strongly in H}(Q) N C(Q).
Therefore, using the assumption along with Lebesgue’s dominated convergence theorem, we get that
J(u) < liminfy_,o J(ux) = inf (P) and, hence, @ is a solution of (P). O
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Before establishing the optimality conditions for (P), we study the differentiability of J. To this end
we make the following assumptions on L.

Assumption 4. We assume that L : QxR — R is a Carathéodory function of class C? with respect to
the second variable satisfying that L(-,0) € L'(Q) and for all M > 0 there exist a function 5, € LP(Q)
with p > 5 and a constant Cp, 5 > 0 such that

2

L
(x,y)‘ < ¢Yp(x) and ‘gyz(aj,y)’ < Cp,m for ae. z € Q and for all |y| < M. (3.2)

oL
dy

In addition, for every M > 0 and € > 0 there exists § > 0, depending on M and ¢, such that

’82L 0?L

a—yz(x,yg) - a—zﬂ(m,yl) <e if jyrl,|ye| < M, |y2 — 1| <9, for a.a. x € . (3.3)

It is obvious that (3.1) holds under Assumption 4. In the rest of the paper, we will suppose that
Assumptions 1, 2 and 4 are fulfilled. Then, we have the following differentiability result.

Theorem 3.2. The functional J is of class C?. Moreover, given u,v,v1,vs € L*(Q) we have

J(u)v = / (pu +vu)vde, (3.4)
Q
0%L o f
J’ = a9 uw) — Pugy 5 \LyYu 01 20y d ; 3.5
@ v) = [ [G o) = o h )| asadot [ o ds (3.5)
where @, € H () N C(Q) is the unique solution of the adjoint equation
X . of 0L ,

p=0onT.

Proof. The C? differentiability of .J is an immediate consequence of Theorem Assumption 4 and
the chain rule. Moreover, the derivation of the formulas and is standard. The existence of a
unique ¢, € H}(Q) N C(Q) follows from Corollary and the facts that along with y, € C(Q)
implies that ag = %(-, yy) € L(Q) and assumption (3.2)) implies that %(-,yu) e LP(Q). O

Since (P) is not a convex problem, we consider local solutions of (P) as well. Let us state precisely
the different concepts of local solution.

Definition 3.3. We say that @ € U,q is an L"(2)-weak local minimum of (P) with r € [1, +00], if there
exists some € > 0 such that

J(w) < J(u) Yu € Usg with ||t — ul[prq) < €.
An element @ € U,q is said a strong local minimum of (P) if there exists some £ > 0 such that
J(@) < J(u) Yu € Uag with [[ya — yullze (o) < €.

We say that @ € U,q is a strict (weak or strong) local minimum if the above inequalities are strict for
As far as we know, the notion of strong local solutions in the framework of control theory was

introduced in [2] for the first time; see also [3]. We analyze the relationships among these concepts in the
followin lemma.
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Lemma 3.4. The following properties hold:
If Uaq is bounded in L*(Q2), then

1. u is an LY (Q)-weak local minimum of (P) if and only if it is an L™(Q)-weak local minimum of (P)
for every r € (1,400).

2. If @ is an L"(Q)-weak local minimum of (P) for some r < +oo, then it is an L™ (Q)-weak local
minimum of (P).

3. @ is a strong local minimum of (P) if and only if it is an L"(Q)-weak local minimum of (P) for all
r € [1,00).

If U.q is not bounded in L?(Q), then

1. If u is an L?(2)-weak local solution and L is bounded from below, then @ is an L'(Q)-weak local
solution.

2. If u is an LP(Q)-weak local solution, then u is an LI(Q2)-weak local solution for every p < q < oo.

3. u is an L?(Q)-weak local solution if and only if it is a strong local solution.

The reader is referred to [7] and [I1] for the proof of this lemma. To deduce that any strong local
solution is an L?(Q)-weak local solution the following estimate is used

1yu = vallo@) < Cllu — |2 Vu € Be(a),
where B. (@) is the ball in L?(Q). This inequality follows from the next result.

Lemma 3.5. Let U be a bounded subset of LP(QY). Then, there exists a constant My such that

19u = yollaz @) + 1Yu — vollo@) < Mullu —v|[zr@) VueU.

Proof. Without loss of generality, we can suppose that U is convex. Otherwise, we replace it by its convex
hull, which is also a bounded set. Given u,v € U, from Theorem and the mean value theorem we
have

Yu = yollaz @) + 19e — ollo@) < sup IDG(@)|| £(Lr @),z (nc@) lv — vlLr@)-

Then, it is enough to prove that ||DG(4)|z(Lr(),m1(@)nc(@)) is bounded by a constant M for every
@ € U. From Corollary we know that M = sup{||yul/c(q) : v € U} < +oo. Hence, from Assumption
3 we have

5

8(x,yu(:z:))‘ < Cfu foraa. zeQandVuel.
Yy

Now, given u € U arbitrary and v € LP(Q) with lvl|Ls) = 1, we denote by z and zy the elements of
HL(Q) N C(Q) satisfying the equations

Az +b(x) - Vz+ ?(m,yu)z =wvin Q,
Y

z=0onT.
Azg +b(x) - Vzo = |v] in Q,
z=0onT.
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Taking in Lemma g =0, u; =0 and uy = |v|, we deduce that zp > 0. Now, subtracting and adding
the equations satisfied by z and zp, and using the monotonicity of f we get

A@o—Z%+M@~V@o—z%+i&%yw@o—2%=gg@wwm+ﬂw—v20hlﬁ

dy
of of .
A(zo + 2z) + b(x) - V(zo + 2) + @(x,yu)(zo +2z)= a—y(w,yu)zo +|v]+v>0in Q.

Using again Lemma [2.8| we infer that zg — z > 0 and zg 4+ 2z > 0 in , or equivalently —zg < z < zg in Q.
Thus, we get with ([2.4)
I2lle@) < l2olle@) < Capllvlize@) = Cap.

On the other hand, from Theorem we deduce the existence of a constant C' independent of v such

that
L”(Q)>

|mmmmﬂscu+qﬂammﬂ

of
||Z||H3(Q) <C (”UHLP(Q) + Hay(x,yu)z

of

<o(1+ |22
_C< + ‘ay(x,yu)

L>=(Q)
Hence, we have
1
[2llz2 ) + 1Zllo@) < CL+CrmCaplQl?) + Cap = My.

Since u and v are arbitrary, we conclude that | DG(@)||z(Lr ), m1(@)nc@)) < Mu, and the lemma follows.
O

Now, we establish the first order optimality conditions.

Theorem 3.6. Let u be a local solution of (P) in any of the previous senses. Then there exist two unique
elements i, p € Hi(Q) N C(Q) such that

Ay +b(z)-Vg+ f(z,y) =u in Q, (3.7)
y=0onT, ’
B, L of 0L ~_ .
AT — divib(@)e] + F- (. 9)¢ = 5 (x.9) in Q, (3.8)
p=0o0nT,
/(@ +va)(u—u)de >0 Vu & Uyg. (3.9
Q

This theorem is consequence of the expression for J’ given in (3.4) and the convexity of U,q, which
implies that J'(@)(u — @) > 0 holds for every u € Uaq. As a consequence of this theorem we have the
following regularity result on the optimal control.

Corollary 3.7. Let u satisfy (3.7)-(3.9) along with (y,), then u € H'(Q) N C(Q) holds. Moreover,
if a;; € CO¥Y(Q) for 1 < i,j < n, divb € L*(Q), p = 2, and T is of class CY' or Q is convez, then
7,p € H?(Q)N HY(Q) holds. Finally, if Usq = L*(2), then we have that i € H?(Q) N HE ().
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Proof. Tt is well known that (3.9) implies that

1_
- ;@(@)-
Then, the H'(Q) N C(Q) regularity of @ follows from this formula and the same regularity of ¢. Under
the additional assumptions on the data of the problem, the regularity of ¥ and ¢ follows from Theorem
and Corollary Finally, if U,q = L?(Q), then (3.9) is reduced to ¢ + v = 0, hence % enjoys the

same regularity as @. O

ﬂ(l‘) = Proj[a,ﬁ](

In order to write the second order optimality conditions we introduce the cone of critical directions.
Let @ € U,q be a function satisfying the system (3.7)-(3.9) along with the associated state § and adjoint
state . We define the cone

Cy={v e L*Q): J'(@)v =0 and (3.10) holds}
>0 ifa(x,t) =aq,
”<‘”’t){ <0 ifa(e,t) =B (3.10)
Let us observe that (3.9)) implies that
_ _ >0 ifa(z) =a,
#l@) +”“(m){ <0 if a(z) = B.
Therefore, if v € L?(Q) satisfies (3.10)), then J'(@)v > 0 holds, and J'(i#)v = 0 if and only if v(x) = 0 if
p(x) + va(x) # 0.
In the case where there are not control constraints, namely U,q = L2*(2), then J'(4) = 0 and
Ca = L?(Q).
Now, we have the second order conditions.
Theorem 3.8. Ifu is a local solution of (P) in any sense of those given in Deﬁnition then J" (w)v? >
0 Vv € Cy. Conversely, if u € Unq satisfies (2.12)~(2.14)) along with (g, p) and
J"(@)v* >0 YveCy\ {0}, (3.11)
then there exist € > 0 and k > 0 such that

K _ _
J(u) + 5”“ — |72y < J(w) Yu € Uad : [[yu — GllLe(o) < e (3.12)

Proof. The proof follows the steps of [9] or [TI0]. To reproduce that proof we have to use that y., — yu
and p,,, — @, strongly in H}(Q)NC(2) when u, — u in L*(Q). The convergence for the states is proved
in Theorem Here we prove the part corresponding to the adjoint states. To this end we set

of

AL = A% — div[b(z)e] + a—y(a:,yu,c)w-

Since ., — ¥, in C(£), there exists M > 0 such that Yurlo@) < M Vk. Then, from (2.17) and the
mean value theorem we deduce for [[¢[| g1 (q) < 1:

A" = AR lr-s00) < Ca [S000) = Ewan)] o
k—o

< CaCr e — yullo@llelz ) < CGCk MY — Yurllo@y — O

L*(Q)
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Hence, we can proceed as in the proof of Theorem to deduce the existence of kg such that
H[AZ]_lHﬁ(H—l(Q),H(}(Q)) < 2”["4*]_1HL(H‘%QLH&(Q)) Vk > k.
In addition, arguing as in Step 2 of the proof of Theorem we have

[[A]7 - [AZ]_IHL(H*l(Q),Hg(Q)) — 0 when k — oo.

Hence, we get with (3.2))

- _ * —laL _ * _187[/
oL
*1—1 _ *1—1\ 7
< oAt - g, @, 0

oL oL

+ |14 [a—y<x7ym - ;y(x,ym} HHé(Q)

*1— *]— 8[/
< I[A*F = [A47) 1\\5(11*1(9),}13(9))Hafy(%yu)

w1 oL oL
+ 2[|[A"] 1||L(H—l(9),H§(9))H@(%yu) - Fy(l'?yuk)

H-1(Q)

‘H*l(Q)
*— *1— oL
I = AT e g o | 5, (om0

+ QCQCL,M”[A*]_lnﬁ(H—l(Q),H(}(Q))||yu — Yyl 2() — 0.

H=H(Q)

It remains to prove that ||y — @u,[|c(@) — 0. The equation satisfied by ., can be written as

" . 15) oL
A, — div(b(@)pu,) = —ai;m,ywmk + O ).

Since {py, }52, is convergent in H}(£2), we have that it is bounded in L?*(Q2). Using this, the fact that
9 () < M, and Assumptions 3 and 4, we have that the right hand side is bounded in LP(§2). Hence

from Qorollarywe deduce that {¢y, }72; is bounded in C%#(Q) for some p > 0. Then, the convergence
in C(Q) follows from the compact embedding C%#(Q) C C(Q). O

The following corollary is an immediate consequence of Theorem [3.8 and Lemma [3.5]

Corollary 3.9. Under the assumptions of Theorem[5.8 there exist k > 0 and € > 0 such that

K
J(a) + EHU — ﬂ||%2(9) < J(u) Yu € Uyg : ||Ju— aHLZ(Q) <e. (3.13)

It is interesting to remark that if u satisfies (3.7)-(3.9) and (3.11]), then besides of being a strict local
solution of (P), there exists a ball B,.(u#) C L?*(f2) such that 4 is the unique stationary point of (P) in
B, (u), i.e. the unique control satisfying (3.7)-(3.9)); see [9, Corollary 2.6].
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