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1 Introduction

One of the most extensively studied quantum field theories is the vectorial O(N) model
with N real scalar fields ¢° and quartic interaction ¢ (5 2)2. The theory has a number of
interesting applications in d < 4 as it describes universal features of critical phenomena,
including, for instance, a precise description of the second-order phase transition in the
three-dimensional Ising model near criticality.

Besides its importance as a description of systems of great physical interest, the O(N)
model is also of relevance in the context of the AdS/CFT duality. It was conjectured [1]
that the Vasiliev higher spin theories on AdS;y1 [2-7] are dual to the singlet sector of the
O(N) model in d dimensions. In recent years, the duality was investigated particularly in
d < 4. Tt is thus natural to inquire how the duality could work for the d > 4 theories.



The upper critical dimension of the quartic interaction is 4. For d < 4 the O(N)
model flows to an IR fixed point which is typically strongly coupled [8, 9]. Despite this,
several techniques have been developed to study the IR fixed point and their combination
gives a qualitative picture of the physics of the model. In particular, large N methods, the
e-expansion around the upper/lower critical dimensions and, more recently, the bootstrap;
have yielded a qualitative understanding of the O(N) model in dimensions 2 < d < 4,
including approximate results for certain quantities such as scaling dimensions of simple
operators.

Although for d > 4 the theory is not renormalizable by power counting, the large N
analysis as in [10] nevertheless suggests that the theory may still admit a UV fixed point,
a scenario akin to Weinberg’s asymptotic safety [11] (see also [12]). This opens the very
interesting possibility to construct an interacting, strongly coupled, non-SUSY CFT in
d = 5. The existence of a UV fixed point at large N is consistent with the observation
in [13], drawing on the results in [14-19], that the continuation to negative € of the standard
e-expansion yields sensible results, at least within perturbation theory. Indeed, for certain
observables such as scaling dimensions of some operators, the continuation to negative e
— that is, in d = 4 + |¢| dimensions — of the expressions for generic d leads to compelling
results for the scaling dimensions, as they lie within the unitarity bounds [10, 20, 21].

Fei, Giombi and Klebanov [13] proposed a UV completion of the quartic O(/N) model in
terms of a cubic theory with NV + 1 fields and the same O(N) global symmetry. The cubic
O(N) model was studied in the past [22] in an e-expansion about its critical dimension
d = 6 — e. By examining the one-loop § functions, it was found that, for N > N, with
Ny ~ 1038, the theory has an IR fixed point. This result was reproduced in [13], where
it was shown that, at the IR fixed point, physical observables, such as scaling dimensions
of operators, remarkably agree with their counterparts in the quartic model. A three loop
analysis [23] suggested that N, at € = 1 may dramatically decrease up to N¢; ~ 64, while
four loop corrections [24] seem to place the value of N, around N, ~ 400.

The striking agreement between the IR fixed point of the cubic model and the UV fixed
point of the quartic model is non-trivial. The quartic model is most conveniently studied
upon performing a Hubbard-Stratonovich (HS) transformation [10, 25], which effectively
converts it into a cubic model albeit with no (tree level) dynamics for the HS scalar field.
One might think that the cubic model proposed in [13] is just the resummation of the
higher-loop momentum dependence of the HS field. However, as shown in [28], this is not
the case, as the cubic model is at a larger universality class and it is only upon fine-tuning
to a critical manifold that one can fall in the universality class of the quartic model with
the same critical exponents.

In any case, the fixed points of either theory can only be at most metastable. Indeed,
it is known from long ago that the quartic theory at d > 4 cannot admit a true fixed
point [26]. A sign of this is the fact that, in d = 4 + € dimensions, the continuation of
the standard perturbative fixed point lies at negative values of the coupling g, implying an
inverted, unstable, potential. In turn, while the IR fixed point [13] of the cubic theory which
UV-completes the quartic model lives at positive values of the couplings, the potential is
cubic and it is therefore unbounded from below. An analysis of the exact RG in these



models [27-29] indeed shows that there is no fixed point. The problem was further studied
in [30], where instanton instabilities of the unbounded potentials in both theories were
computed. In particular, it was shown how the instanton saddle points are responsible for
giving exponentially small imaginary parts to the scaling dimensions of the operators in
both models.

In parallel, very recently it was appreciated that, on general grounds, the sectors
of large charge under a global symmetry in a CFT enjoy special properties which make
them analytically tractable (see, e.g. [31-37], and [38, 39] for comparison with lattice
simulations). This may be regarded as a generalization of very well known particular large
charge limits extensively studied in the literature, such as the pp-wave limit or even large
spin expansions in CFT. The key observation is that the correlation functions of operators
with large charge under a global symmetry can be regarded, upon mapping to the cylinder,
as a finite charge density state whose energy selects the relevant correlator. The scale of
the charge density (operator charge) defines a UV cut-off, while the size of the sphere sets
an IR cut-off. Then, provided one considers a large charge state which parametrically gives
a large separation of the UV and IR scales, one can write an effective theory from which
one can compute the desired correlation function. While this construction is universal, as it
relies on generic assumptions, it has recently been realized that a microscopic derivation can
also be provided. Focusing on the O(2) model, one may consider large charge n operators

1

in the sector where g scales as n™ ", so that n acts as h. Hence, the large charge limit acts

lis sent to zero at fixed gn. Of course, in the sense of

as a “classical limit” where A ~ n~
the standard perturbative expansion in Feynman diagrams, this “classical limit” digs into
the quantum regime of the theory as it resums infinitely many Feynman diagrams. An
efficient way to select the leading relevant Feynman diagrams is to consider a similar large
n limit but with fixed gn?. One can then explicitly compute and resum these diagrams,
dubbed “Kermit the frog” in [40].

The existence of this double scaling limit was first hinted for scalar theories long ago
in [41-43], and very recently reconsidered in [40, 44-46]. Even though these studies concern
scalar theories (mostly the O(2) model), a similar double-scaling limit was found in N' = 2
SQCD in [47] and further studied in [48-51] (see also [52, 53]). It is very interesting to note
that in the large n limit of A/ =2 QCD the (Yang-Mills) instanton sector is exponentially
suppressed [47] and thus the perturbative series (or, if summed, its continuation to strong
coupling) is exact.

In view of the simplifications in large charge sectors, it is natural to apply these tech-
niques to the study of the O(N) model in d > 4. We shall see that in the sector of large
charge operators the agreement between the description of the fixed points from the UV of
the quartic theory and from the IR of the cubic theory can be explicitly checked, including
the contribution of infinitely many diagrams in the standard Feynman expansion. In addi-
tion, just as in the N’ = 2 SQCD case, instanton corrections are absent. This will have the
implication that the sector of large charge operators is stable. In particular, the scaling
dimensions of large charge operators do not have imaginary components (they are sup-
pressed exponentially with the charge n, even at finite N). With this motivation in mind,
in this paper we will study a class of large charge operators which are in the [n, 0,--- , 0]



representation of the O(N) group.! One natural way to do this, for even N, is to re-write
the theory so that it explicitly exhibits U(1) x SU(N) C O(2N). It turns out that the
correlators of the [n, 0,---, 0] in O(2N) are computed by correlators of n-th powers of the
fundamental of SU(N). Using this, we will compute the (purely real) scaling dimension
of the operators in the [n, 0,---, 0] of O(2N) from their 2-point functions and explicitly
check the agreement between the cubic and quartic models. We will also explicitly compute
a class of higher-point functions in the same double-scaling limit, in particular, obtaining
results for the three-point function consistent with conformal symmetry.

In the case of even n, we will see that the same correlator can be computed as well
by means of correlators of meson operators represented by n-fold symmetrized powers of
the adjoint of SU(N). This can be carried over to a version of the theory projected to
U(1)-invariant states.

In order to solve the saddle-point equations, we will resort to perturbation theory.
As a consequence, strictly speaking, our results are valid in d = 6 — € dimensions in the
limit ¢ — 0. It is possible that, by including additional corrections, the results could be
extrapolated to higher coupling so as to get to the region of € = 1, that is, to the d = 5 O(N)
model. This would provide a sector free of instabilities which may be of relevance in the
AdS/CFT context, primarily in the case of the theory projected to the U(1) singlet sector.

The rest of this paper is organized as follows. In section 2 we introduce the class of
operators that we consider and compute their 2-point functions in order to read off their
scaling dimensions. We first do this in the context of the cubic model and then describe
the agreement with the quartic model. We also discuss the absence of instanton contri-
butions in the double scaling limit which thus renders this sector stable. In section 3 we
compute higher-point functions for the so-called extremal case — a terminology borrowed
from the supersymmetric case that alludes to correlators with exactly one insertion of an
antiholomorphic field. In section 4 we compute the scaling dimension of meson operators.
Some concluding remarks will be made in section 5, which includes a discussion of open
problems. Finally, in the appendices we collect some useful formulas as well as a standard
derivation of the relevant correlation functions, including combinatorial factors, for the
cubic interaction.

2 Large charge operators in the cubic O(2NN) theory in d =6 — €
dimensions

Our starting point is the d = 6 — e dimensional theory investigated in [13, 30]. It is defined
by the action
d (Liaxn2, LiaN2 91 a2 G2 3
S=[dw{5(08)" +5(0m) +Tn (@) +Tn ). (2.1)
2 2 2 6

Here @ is a vector of O(2N). As discussed in the Introduction, this theory has an IR stable
fixed point for N > N. The critical N., was estimated in [13, 22] to be 2N, ~ 1038
using the one-loop f functions. However, further analysis [23, 24] suggests that higher loop

1As the models contain no pseudoscalar fields, in all cases, representations transform trivially under
parity.



corrections may, at € = 1, dramatically reduce this value. From the one-loop 8 functions,
one finds that the theory (2.1) has an IR stable fixed point which at large N sits at [13]

-V (o). - (oll) o

For N < N, the critical couplings move to the complex plane and the fixed point cannot
describe a unitary theory.

2.1 Correlation functions for a class of large charge operators

In the theory (2.1), the elementary fields ¢ fill a vector representation of O(2N), whose
Dynkin labels are [1, 0,---, 0]p, . Composite operators are then formed from their prod-
ucts and derivatives. Let us consider the class of operators formed solely by symmetrized
(as we are dealing with bosons) powers of the ¢!. One can check that

2]
Sym"([l, 0,--- O]DN) =S [n—2i,0,--, 0]p, . (2.3)

=

|3

[e=]

It is clear that all but the i = 0 term in the sum in (2.3) will contain powers of @2 when
constructed in terms of fields. As an illustrative example, one may consider the case of
even n, when the last term in the sum in (2.3) is [0, 0,- - - , 0] p,; corresponding to (62)%
For reasons which will become clear momentarily, let us consider precisely the i = 0 term
in the sum in (2.3), i.e. the [n, 0---0]p, representation of O(2N).?2 Now, O(2N) has a
SU(N) x U(1) subalgebra. When branched in SU(N) x U(1), the [n, 0---0]p, gives

n
[TL, 0,”- ,O]DN%Z['I”L—]{Z,O“-O, k](n,2k), (2.4)
k=0

where the r.h.s. is meant to refer to Ay_; Dynkin labels and the subscript is the U(1)

charge.
Let us consider the £ = 0 term in the sum on the r.h.s. of (2.4). In terms of fields, this
I, ; JI+N
representation is easily constructed: in terms of the complex combinations ¢! = %

with I =1,---, N, the action of the theory is
S DU -

S = /dd:v <|a¢y2 +5(0m)" +am |67 + %zn?’) , (2.5)

so that

Consider now the operator O,, = (¢!)". It has n indices and it has U(1) charge n.
Such operator can only be an entry of the [n, 0,-- -, 0](y) representation corresponding to
k = 0 in the sum in (2.4). Moreover, since this operator does not contain any power of

2Let us stress that our [n, 0---0]p, operator is composed out of n fields and thus has — classical —
scaling dimension Aq = n(2 — §5) in d = 6 — e. Of course, one may construct operators in the same

representation by adding arbitrary powers of the singlet |¢7’|2, increasing arbitrarily its dimension.



]5\2 = @2, it can only correspond to the i = 0 term in the sum in eq. (2.3), that is, to the
[n, 0,---, 0]p, representation of O(2N). Thus, the operator O,, can only be an entry of the
[n, 0,---, 0]py representation of O(2N) with classical scaling dimension Ag = n (2 — 5).
In particular, it follows that, by computing correlators of O,,, we determine the correlators
of the [n, 0,---, 0]p, representation of O(2N).

Thus, all in all, we will be interested on correlators of O,,, from which we will read-
off the correlators (and, in particular, the anomalous dimension) of the [n, 0,---, 0]p,
in O(2N). Let us stress that there is no other operator to which O,, can correspond to,
other than the [n, 0,---, 0]p, of O(2N), and thus, when computing correlators, there is
no mixing to take into account.

The correlators of interest can be computed by the path integral
(On(0) Oyaz)) =27 [ Do, (27)

with Z = [ D¢ e ¥ and

Seft = / d' (55|2+;(577)2+91?7!5l2+g62n3nlOg(¢1)5($w1)nlOg(¢T)5(ww2)> .

It is convenient to extract an overall factor of n and re-scale fields and couplings as

o' =vnd', np=vnp g= (2.8)

_ he
92_\/777

5z

so that, up to a constant

> 1 - h
Seff =N /ddx (!8@]24-2 (6,0)2—1—}11 p ]¢|2+€2 p® —log(®1)d(x—x1)—log(®) (5(:1:—:1:2)) .
(2.9)
Since Seg is a function of (n, hq, ha), when inserted in (2.7), the correlator of interest will
be a function of these same variables, and hence must admit a double expansion in n,
h; = g;+/n (this is similar to the double expansion discussed in [44] for |¢|* theory). In

particular, the scaling dimension of the operator [n, 0,--- , 0]p, must have the form
A 0, ,00p, =7 Z n" Ay(ha, ha). (2.10)
k=0

Note that, in (2.9), n plays the role of 2!, and it is thus the loop counting parameter.
Written in this form, it is natural to consider the “classical limit”

n — 0o, h1,2 = fixed . (2.11)

In this limit, the saddle point approximation becomes exact, and, in particular, selects the
term k = 0 in (2.10). Let us stress that, even though this is formally a classical limit, what
plays the role of & is n~!. This “classical limit” still resums an infinite series of Feynman
diagrams in the conventional loop expansion (see figure 3).



The saddle-point equations are given by

?°P; =hyp®;, D*®% = hy p @}, I=2---,N, (2.12)
1 1
82@?14-@(5(1‘—332):}11,0@1, 82 T+(}T(5($—x1):h1qu{, (2.13)
1 1
2 _ =2 h2 o
0%p = hy |P| t5r (2.14)

In the saddle-point method, the correlator is then determined as usual by the evaluation
of the integrand of (2.7) on the solution to the saddle-point equations.

To further proceed, let us consider the regime where hi, ho < 1, so that we can
solve (2.12), (2.13), (2.14) in perturbation theory. To begin with, note that ®; = ®; =0
for I # 1 is an exact solution. To order zero, (2.13), and (2.14) are solved by

(I)(O) _ G(l’ — 33'2) (I)(O)* _ G(:B — xl) (2‘15)
PV =0, (2.16)

where G(z — y) is the Green’s function for the laplacian defined as
*G(z —y)=—6(z—1). (2.17)

In the solution, we have set to one an arbitrary multiplicative constant in <I)§0), and the

)*, as they cancel out in the computation of the action.

To the next order, given that only @go), (I)go)* are non-zero, (2.14) gives

) . 0
inverse constant in (I>§

h Gz — x1) G(x — z2)
2,1 2 (12 1
g p 2 p hl G(.%'l - $2) .

(2.18)

It obviously follows that p(!) is of order hy itself. Hence, the r.h.s. of (2.13) will be of
order O(h?), which in turn show that both @gl) and @gl)* will be of order O(h?). Thus, to

1 1
() _ gV

leading order in hq 2, ® * =0, and we only need to solve (2.18). To that matter,

let us introduce p(l) = h1 0. Then the equation becomes

G(x —x1) G(zr — x2) '

820 — hi ha 0% = Gler — ) (2.19)
In perturbation theory, we can approximate this equation by
520 = 1 Ggl)f(gi) ) | (2.20)
The solution to this equation is simply
0= S /d6:c3 G(x — z3) G(zs — 1) G(x3 — 22) . (2.21)
G(x1 — x2)



Therefore, the solution in perturbation theory to order O(h?) is

(I)l = M -+ O(h?), (I)T = M 4 O(h?), (2‘22)
Ga1 —22) G(z1 — 22)

‘1)[:@?:07 I:27...7N’ (223)

p= _G(aclhlxg) /dﬁxg G(x — z3) G(z3 — 1) G(x3 — 22) + O(h?) . (2.24)

In order to compute the correlator, it only remains to evaluate the action on the saddle
point solution. Let us write Se = Stree + Sint, With

Stree =N /dd:zj (]8@2 + %(8p)2 —log(®1) d(x — x1) — log(P]) d(x — :132)) , (2.25)

and .
St =n [ d' (m pIBP + 2 p3) . (2.26)
Computing the free part, up to multiplicative constant, we find the expected factor e Stree =

‘72A

G(z1 — x9)" ~ |1 — 29 . Therefore

e~ Pint

(O (1) Op(2)) ~ (2.27)

’;1;1 — x2‘2AC1 )

It only remains to compute the interaction piece of the action evaluated on the saddle point
solution. We obtain

n h?
—Sint = M/d6x/d6yG(:ﬁ—x1)G(m—mg)G(x—y) Gly—z1) G(y—=x2). (2.28)

Upon shifting x — —z + 1 and y — —y + x1, this becomes (z = x; — x2)

nh?
G(2)

=S = Gty [ [ @9G@) 6 -2 G- GO -2, (229)
Sint involves the integral I = [ d®z [ d%y G(z) G(z — z) G(z — y) G(y) G(y — z), which can

be written as

6 2 6 ) ) ) )
I= / (;ZWZ; e—iPZj’ j: ll;! /%G(pl)G(pQ) G(pl —pz) G(pl _|_P) G(p2 +P),

(2.30)
where G(p) = 1/p?. Two-loop integrals of this form have been computed in [54]. In
d = 6 — € dimensions one finds

7r6—e

I= (2m)12

_ I 3-17&E :
2\1—e
Fourier-transforming and using the explicit expression for the Green’s function (see ap-

pendix A), we finally find
1

64 73

G2(2) log|z)?. (2.32)



Figure 1. Leading order diagrams for the (O, (z1) O, (x2)) correlator. Solid lines stand for ¢
propagators while wavy lines stand for p propagators.

Thus

1
— St = 613 nh% log |z1 — xg\z ) (2.33)

Using this result and the value of h; at the fixed point coming from (2.2), (2.8), to leading

order in % we find

3en?
*Sjnt = Tlog|$1 *$2|2. (234)

Then (2.27) becomes
1

<On($1) On(x2)> ~ 2 (Acl"r’Y[n,o,m olp )0 (235)
w1 — 2 N
where the anomalous dimension is given by
3en?
’y[,nﬂ 0”0]DN == N (2'36)

It is important to stress that, even though this result is to first order in perturbation
theory at weak coupling in the h; and in the “classical limit” defined by the large n limit,
it resums an infinite series of Feynman diagrams in the usual perturbative expansion. To
see this, note that expanding e Simt =1 — Syy + - -+, we have

<On(l‘1) 6n(l‘2)> == G(SL‘l - $2)n + G(SCl — $2)n (_Sint) + - (2.37)
Using now the expression in (2.29) for the interaction and writing it in terms of the original
g; couplings, this is
n2

2
></d%/dﬁyG(x—xl)G(a:—:ng)G(:U—y)G(y—ﬂUl)G(y—l‘z)+'"-

(On(x1) Op(22)) = G(x1—22)"+2 — g7 G (21 —22)" > (2.38)

In the second line in (2.38) we recognize precisely the diagram on the right panel in figure 1.3

Note in particular that the overall n? stands for the combinatorics: the p line connects

each pair of ¢ lines, and there are @ ~ %2 such lines, so that the diagram on the

3The factor of 2 in (2.38) deserves some discussion. Strictly speaking, the free correlator is n! G(z1 —z2)".
The NLO correction we are computing has an extra factor of 2 with respect to this n!, which is that in (2.38).
See appendix B for further discussion.



Figure 2. The subdiagram contributing to — Siyt-

Figure 3. Resummation of the surviving Feynman diagrams in the large n limit with fixed A1, As.

right panel in figure 1 is proportional to n? g?. Of course, at the same order in the g;’s
there is the diagram on the left panel in figure 1, which would be proportional to n gg.
In our large n limit with fixed h;, the diagram on the left panel is suppressed and only
the diagram on the right panel contributes. Moreover, it is clear that the same logic goes
through for the higher order terms in (2.38): the large n limit with fixed h; limit will
select the diagrams with the highest power of n. At weak coupling in the h;’s these are
the natural “multi-ladder” generalization of the diagram on the right panel of figure 1 (see
figure 3). These infinitely many diagrams exponentiate and give the formula (2.35), with
the anomalous dimension given by (2.36). To be precise, in the leading correction in the
second line of (2.38), all but the two lines connected by p are spectators. Thus we can
factor out the n free propagators, so that, for all practical purposes, the relevant diagram
is that of figure 2 — divided by G(x1 — z2)? to factor out the overall free correlator. Then,
one can easily recognize that this is precisely —Sin (cf. (2.29)). It is thus this subdiagram
what exponentiates in the large n, small h; regime.

2.2 Exact resummation in the large n limit with couplings decreasing as 1/n

It is possible to consider an alternative scaling where the leading order in the perturbation
series in the h;’s couplings becomes exact. The correlation function (2.7) can be computed
1

again by the saddle-point method, where we define rescaled fields as @ = g2 qg At the same
time we define the couplings

A= gin, Ao = gon. (2.39)

~10 -



We now take the large n limit, this time with A\;, Ao fixed. In this limit, the saddle-point
equations become

pr =0, 0%¢}=0, I=2,--- N, (2.40)
82 Al o 2 % Al o
901+E5($—952) =0, 0 901‘1';5(1‘—%1) =0, (2.41)
1
O =3P, (2.42)

These equations reproduce the ones obtained for the leading order in the perturbation se-
ries in section 2.1, which, with the current scaling, become exact. This is the precise analog
of the limit considered in [40, 46], with the difference that now there is an additional field
71, which mediates the interaction. The saddle-point calculation in the double-scaling limit
gives rise to the exponentiation of the second Feynman diagram of figure 1. The exponen-
tiation corresponds to the full resummation of the Feynman diagrams of figure 3, which
are the only surviving Feynman diagrams in this limit, all other diagrams being suppressed
by powers of 1/n. In the case of [40, 46], the relevant Feynman diagram corresponds to
collapsing the n propagator to a point, i.e. setting x = y in figure 2 (this gives rise to the
“Kermit the frog” diagram of [40, 46]).

In terms of the perturbation series in the hi, he couplings, organized as in section 2.1,
this limit can be understood as follows. Recall that, on general grounds, the dimension
of the operator is given by (2.10), where the Ay’s are given by a perturbative series in
hi, ha. At leading order in the 1/n expansion, we can keep the Ag term alone. Ay admits
a perturbation series expansion in the hq, hs’s, which is schematically of the form (we
collectively denote by h both h 2)

A0, 00, = nA(()O) + A(()Q) nh% + A((;l) nh*4 ...

1
=n Ay + AP (Vi) 4~ AP (Vakyt (2.43)

Here A(()O) is the classical dimension of a scalar in d = 6 — e dimensions, that is, A(()O) =2-5.
In the limit where h;y/n = ); is kept fixed, all but the leading correction are suppressed.
Making use of the previous results, we obtain

2

_ N C) 2 _ AT 1
,0,...’0]DN—2n—?+AO (vVnh) —2n—647r3+(9(n ), (2.44)

A,

where we have used that € ~ n~2 on the fixed point at fixed A1,2. Thus, the fixed Ay, Ao
1
limit reproduces the leading term of the perturbation series in hy, ho, where now h; ~n™ 2,

giving g; ~ % in terms of the original couplings.

2.3 On (the absence of) instanton contributions

Instanton contributions are typically of order exp[—const./ giz] and are therefore exponen-
tially suppressed at weak couplings. As the large n, double-scaling limit (2.8) requires
giQ ~ 1/n, instanton contributions will vanish exponentially as exp[—const.n]. It is in-
structive to explicitly derive this result for the present model.
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Let us first consider the equation (2.14) for p. Below we will show that the term hy ]<I;|2
on the r.h.s. can be neglected in a self-consistent approximation at weak coupling, as it
carries higher powers of the couplings. Ignoring this term, the equation becomes

h
mwzgp (2.45)
It is well-known from long ago [55-57] — and recently described in this context in [30] —

that this equation admits instanton solutions pinst destabilizing the theory (and giving, in
particular, imaginary parts to scaling dimensions). The solution is given

oo 12 4N
Pinst =, U+ X2 (@ —a)2)2

(2.46)

Here a has the interpretation as the position of the instanton, while A corresponds to its
(inverse) size, both being moduli. Since the instanton solution is of order h; ! this would
justify neglecting the |®[2 term in the (2.14) equation provided ® is at most of order hY.
To check this, let us now turn to the ®-equations. Of course, ®; = &7 =0 for I > 1. The
remaining equations are

1 h 48 \2
2 el _ =_“ ) 24
0 1+¢;&x 72) hy 1+ X2 (Z—a)2)2 (247)
1 h 48 \2
2 % - o — i *
9ot + o 6(z —x1) IESVIErnr P, (2.48)

Since Z—; ~ O(h?), the solution to these equations is of order O(hY), consistently with the
assumption for the instanton solution to (2.14).
Evaluating the action on the solution, one obtains the instanton action given by

768 13

— RYy. 2.4
512 +O(h;) (2.49)

Sinst ~ 1
Thus, in the large n limit (and actually for any value of h;), the instanton action goes to oo,
and hence the instanton contribution is exponentially suppressed. The absence of instanton
contributions in the large n, double scaling limit was first noticed in the supersymmetric
context in [47]. Thus we conclude that, in the sector of large charge operators, instantons
are completely suppressed even at finite N. This shows that large charge operators are free
of instanton instabilities and therefore represent a stable sector with real scaling dimensions.

2.4 The quartic theory avatar

Let us consider the quartic O(2N) theory with lagrangian
Lo .
S = /dd:c <2 0g]” + % (go2)2) : (2.50)
This theory has a UV fixed point at negative g in 4 < d < 6 dimensions. It has been

conjectured in [13] that the cubic theory (2.1) is a UV completion of this theory. Just as
in the cubic theory, we will introduce the suitable complex combinations of fields to make
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explicit a U(N) subgroup of the full O(2N). The standard treatment [10, 58, 59] that
generates the 1/N expansion is by considering a Hubbard-Stratonovich transformation,
which leads to the action

S = /ddm (\65]2 +ol¢f? — 419 02) . (2.51)

The original theory is recovered upon integrating out o. At the (now UV) fixed point the
last term can be dropped, and the dynamic is just described by the action

S = /ddx (|85]2 + a|$|2) . (2.52)

It is convenient to re-scale o as in [13] so that the action becomes?

_ d 712 La 712
S—/d (|a¢| + s old > (2.53)

A 2-point function for o is induced at one-loop [10]. In position space, it reads (see
appendix B, which includes a discussion of some relevant factors; see also [13])

o@o) = L1 gy = ZTTCET) i) (254)
2 (22)? w2 (4 - 2)
Note that, if one substitutes d = 6 — ¢, one finds
(o(x) o(0)) = 5 G Gi(a); (2.55)
where G(x) is the 6d (scalar) propagator, and
G = (2N)gi2, (2.56)

being g} the value of g; at the fixed point given by (2.2). Note that g2 ~ e. Thus, to
leading order in €, G(x) in (2.55) is just the 6d propagator.

The quartic theory (2.50) exhibits the same SU(N) global symmetry as the cubic
theory (2.5). Thus, we can consider the same O,, = (¢')" operator which, by the same
arguments as above, can only belong to the dimension A operator in the [n, 0---0]p,
representation of the original O(2N). Thus, the correlator (O, (x1) Op(x2)) determines its
anomalous dimension. Since the o propagator is itself induced at one-loop, in the present
formulation we do not have an easy path integral representation for the correlator. Yet, we
can compute it directly in perturbation theory. The leading correction to the free theory
is given by the diagrams in figure 4.

Just as for the cubic theory, the diagram on the left panel is suppressed with respect
to the diagram on the right panel of figure 4 in the large n limit by a factor 1/n. Hence,
we only need to evaluate the diagram on the right. Moreover, the combinatorics of the

4Recall that we are considering the O(2N) model. Yet, as ¢ is complex, in the one-loop contribution to
the o propagator N ¢’s are running.
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Figure 4. Diagrams contributing to the (O, (z1) O(x3)) correlator in the quartic theory to the
leading-non-trivial order. Solid lines correspond to ¢ fields, while dashed lines are o fields.

diagram on the right panel of figure 4 are just as in the cubic case and thus, at large n, the
diagram comes multiplied by ”72, giving (we include the aforementioned factor of 2 which
cancels the l in the o propagator)

D—H—%G (1 —xo)"™ 2/d6 /deGa:—xl)G(x—xQ)G(x—y)G(y—xl)G(y—xg).

2 N
(2.57)
Using the explicit value of Cg in (2.56), we find

D =n?gi*Glar—a2)"? [ @ [y Gla 1) Glo— ) Gla— ) Gly — 1) Gy~ 22).

(2.58)
This precisely recovers the second line in (2.38) (evaluated at the fixed point), implying a
striking match with the anomalous dimension computed from the cubic theory.

3 Extremal higher-point functions

3.1 The cubic theory

Let us now consider the correlation function of an arbitrary number of operators in rep-
resentations [n;, 0,---, 0]p,, with ¢ = 1,--- | k, and one operator in the conjugate rep-
resentation [Zle ni, 0,---, 0]py, with all n; of order n > 1. Correlation functions of
this form were dubbed extremal in [46]. The name is taken from superconformal field
theories, where correlation functions of k chiral primary operators and one antichiral pri-
mary operator turn out to have a simpler structure because of supersymmetry. While here
there is no supersymmetry, the extremal correlators are nevertheless far more simple than
non-extremal correlators [46].
We shall now compute the correlation function

(@1(0)™ -+ i (ap)™ dr(y)=i™). (3.1)

The path integral representation of this correlator is given in terms of the action

o1 R
Seft =M /dd$<|8@|2+2ﬁp2+h1p|¢’|2+6203

k

k
=Y a; log(®1) 6(x — i) — > a; log(®F) b(z — y)) : (3.2)
=1

=1
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where we have already extracted an overall factor of n and re-scaled fields and couplings
just as in section 2.1. Moreover, we have written n; = a; n and we shall consider the large
n limit with all a; fixed.

In the large n limit with fixed hq2 and a;, the saddle point-approximation becomes
exact. The corresponding saddle-point equations are

D?; =hy p®y, 0*®% = hy p @, I=2---,N, (33)
k k
-1 Q4 a;
a%w%a(:ﬂ—y):hlp@l, 32;+Z§5(x—xi):hlp<bf, (3.4)
1 =1 1
=y h
p=hy |B)? + ?2,02. (3.5)

We follow the same procedure as in section 2.1, by solving these equations in the weak hj 2
regime. For I > 1, one immediately has ®; = ®7 = 0. In turn, for ®;, ®7 and p one has
(again we choose some constants judiciously)

2 * - Gz —x) 2
¢ =Gz —y)+O(hi), o] = i:E 1 a; Gl =) + O(h); (3.6)
k .
= — W 62 G(z — z—x;)G(r — 2 2. )
p=m Y gy [ 26 0GE-r G- vom. @D

In order to compute the correlation function of interest we need to evaluate the action on
this solution. Splitting Seg in free and interaction pieces, with

k k
- 1
_ d 2 2 . . . *
Sfree—n/d x <]8<I)] —1—58,0 —;Zl a; log(q)l)é(x—:cz)—;:l a; log(@ﬁ&(az—y)) , (3.8)
and

5 h
Sint =1 /h1p|<1>|2+62p3, (3.9)

up to a constant, one easily gets

k
e St =TT Glai — )™ (3.10)
=1

On the other hand, one obtains the expression

k k

LG 2 ai a; ‘
=02 Gy 6l ) (311

i=1 j=1

X /de/dGZG(a:—y) Glx—z;)G(z—y)G(z —zj) G(x — 2) .
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For x; = x;, the integral is the same as the integral in (2.29), which leads to the result (2.32).
More generally, we find

/d6x/d6,zG(a:—y) Gz —z;)G(z —y)G(z —zj) G(x — 2)
G

)2 .
Gt loglai — y), i=j;
= (3.12)
Gla;—y) Gla,— i~y |z — S,
(z giﬂg(rj Y) log | |£Uii‘ Yl it
Thus, at the fixed point, we have
o N Gen? S Geniny e —yllz; —y ]
=1 1<J J
Therefore, we finally find
— _ N
(Pr(z1)™ -+ pr(ap)™ dy(y)2e™) = . B () Bengng °
[licy i =yl w [Ticjlwi— 2|~

(3.14)
For k = 1 this recovers the two-point correlation functions discussed above. For k = 2, the
formula (3.14) can be neatly encoded as

N

|z [A1HA=Rs || A2+ A=A |3y go| A=A

(1 (21)™ @1 ()™ 1(0)™F72) = (3.15)

which is the expected form for the three-point function in a CFT as dictated by conformal
symmetry, with the precise expected dimensions for the operators

3en? _ 3e(ny 4+ ng)?

AZ'ZQ’I’Li— N A:2(n1—|—n2)— N

(3.16)

3.2 The quartic theory

In order to compute extremal correlators in these theories, we proceed as in section 2.4 by

Sint in powers of

applying the saddle-point method. By expanding the interaction factor e~
Sint, one can check that the diagrams contributing to the extremal correlators in the large
n limit are those in figure 5. Just as in the 2-point case, one can easily show that these
are indeed the Feynman diagrams that carry the highest power of n and are thus selected
in our limit.

Just as for the 2-point functions, we can compute the relevant correlation function
order by order in perturbation theory. In the end, since the combinatorics is just the
same as in the cubic model, the relevant diagrams are formally identical. Thus, to check
agreement of the two theories it is sufficient to check the first order. The corresponding
diagrams are identical to the diagrams shown in figure 5, upon replacing the propagator
lines of the elementary field p of the cubic model by the induced propagator of the HS
field o (denoted by a dashed line). However, (2.55), (2.56) show that, just as for the 2-
point function, on the fixed point the diagrams with the exchanged scalar being o will be
identical to the diagrams in the cubic theory with the exchanged scalar p, thus ensuring
the agreement of the two computations.
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T Z;

Zj Zj

Figure 5. Types of diagrams that contribute to the extremal correlators in the cubic theory. These
coincide with the relevant diagrams in the quartic theory upon replacing the p propagators by o
propagators.

4 Correlation functions for meson operators

The branching of the [n, 0,---, 0]p, of O(2N) into U(1) x SU(N) in (2.4) has an interest-
ing particularity for even n. For [2n, 0,---, 0]p,, the r.h.s. of (2.4) contains, for k = n, the
representation [n, 0,---, 0, njgp of U(1) x SU(N). For n = 1, from the point of view of the
theory written as in (2.5), such operator corresponds to a “meson” operator M; = qgj @'
in the adjoint of SU(N), which is neutral under U(1). Then, higher n corresponds to sym-
metrized n-fold products of this meson operator. In particular, it follows that correlators
of the [2n, 0,---, 0]p, can also be computed through correlators of n-fold symmetrized

powers of meson 0perators.5

Consider now M"™ = (¢! ¢2)" = (¢ (¢?)*)". This operator clearly belongs to
Sym"([1,0---0,0] ® [0,0---0, 1]). Moreover, since that this operator does not contain
any trace, it can only be an element of the [n, 0---0, n] SU(NN) representation. Thus,
we may compute correlators of the [n, 0---0, n] representation by means of the correlator
(M™(x1) M"(22)). Once again, M" can only sit in the [n, 0---0, n] representation and
thus there is no allowed mixing. While we could read-off the correlators and dimensions for
the [2n, 0,---, 0]p, operators from the previous computation by simply replacing n by
2n, in the following we will explicitly compute the correlators of M™, both as a consistency
check of the previous results and also for a further application that will be discussed in
section 4.2.

4.1 Anomalous dimensions for mesons

We can give a path integral representation for the two-point correlation function:

7! / Dé M (21) M (9) =5 = 771 / D e=Ser (4.1)

where now
San= [ ate (10014 30+ 1|+ 2 og(0n65) (o —a1) -~ low(6102) (o) ).
(4.2)

® Anomalous dimensions for similar meson operators in the quartic O(N) model in 4 — ¢ dimensions were
recently computed in [60].
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Upon performing the same re-scaling as in section 2.1, we find

.1 .
Seg:n/ddx <|8<I>|2+28p2+h1p|<1>|2+}g2p3—log(<I>1(I>§)5($—m1)—log(<1>’{¢>2)5(7:—:E2)> :

(4.3)
In the double-scaling limit n — oo with fixed h;, the saddle-point approximation becomes
exact. The saddle-point equations are now given by

aQQI:hlp@Ia 82@?:h1p@?7 I:37"'7N7 (44)
1 1
82@1+§(5($—$2):h1p®1, o2 ’{+35(:c—a:1):h1p®>{, (45)
1 1
1 1
32(1324-@(5(1'—231) =hy p P2, 82@;+35(x—$2):h1p¢)§, (4.6)
2 2
- h
8p=hy |B2 + 32 0. (4.7)

Just as in section 2.1, we may solve these equations in perturbation theory. To order (’)(h?),
we find

b= ro0s), =t o0, (1)
_ Gle—m) | o o G m) o2
(1)2 - G(.%'l — 1’2) + O(hz)? 2 — G([IZl — $2) + O(hz)> (49)
&, =®5=0, I[=3,---,N, (4.10)
2h1 6 2
P= "Gl —a) /d 23 G(x — x3) Gz — 1) G(az — 22) + O(h;). (4.11)

The non-trivial part of the correlator is given by the interaction term of the action,
which reads

nh2
4nhi )2/dﬁx/d6yG(x—x1)G(x—xQ)G(ac—y)G(y—xl)G(y—xg). (4.12)

int — G(xl—.%'g

This involves the same integral computed before in (2.29). We thus obtain

1
*Sint = ﬁnh% log ’fl?]_ *$2|2. (413)
Substituting the values of the couplings at the fixed point (2.2), we find that the anomalous

dimension of the operator is

12 en?
V[n,0--0,n] = — N (414)

As anticipated, this is precisely the result in (2.36) upon replacing n by 2n. Moreover, just
as in section 2, in the large n limit with fixed h; instantons are exponentially suppressed.
Thus, in the n — oo limit these operators do not have imaginary parts in their scaling
dimensions.
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The quartic theory. Let us now study the correlation functions of the same U(1)-
invariant operators M™, M’ in the quartic model (2.53). The computation of the two-
point correlation function turns out to be essentially identical to that of the O,, O,
operators, with the only difference that the combinatorial factor C of the diagram is now
slightly different. Note that our correlator is a two-point function for the meson @7 (¢3)".
Therefore, the tree level diagram contains 2n lines: n of ¢; and n of ¢5. In this case,

the diagram on the right panel of figure 4 now consists on a ¢ joining any pair of such

2n (2n—1)
2

computation from section 2, the final result is

lines. There are ~ 2n? such diagrams, so that C = 2n?. Thus, borrowing the

12¢ n?
V[n,0--0,n] = — N (415)

which precisely agrees with (4.14). Note that, once again, we have only computed the first
correction to the anomalous dimension for large n operators. However, using the scaling
of section 2.2, one can prove that the combinatorics is such that higher order corrections
exactly exponentiate [40] with the same anomalous dimension as in (4.14).

4.2 Projection to the U(1)-invariant sector through gauging

Theories with matter in vector representations of a group G play a relevant role in the
AdS/CFT correspondence upon projection to the singlet sector — i.e. thinking of G as
a color group. In particular, according to [1], in d = 5 the O(N) model should have
an AdSg gravity dual description in terms of the higher spin theories. One may imag-
ine generalizations of this setup where one considers the color group to be the unitary
group, and/or one adds more species of fields in vector representations. In this spirit, since
O(2N) D U(1) x SU(N), and given that our operators are neutral under the U(1), we may
regard SU(N) as a global symmetry with the U(1) factor as the color group, and project
to the singlet sector by gauging it.° To that matter, we start with the action (2.5) and
gauge the U(1) in U(1) x SU(INV) C O(2N). Besides trading derivatives by gauge-covariant
derivatives, one should add all marginal terms to the lagrangian. This gives rise to a higher-
derivative theory, which was recently studied in [61]. Such higher-derivative theory was
shown to admit three IR fixed points: in two of the fixed points the g 2 couplings attain
the same value (2.2) as in [13] (they differ in the values of other couplings which, as it will
be clear below, are not important for our purposes). The third fixed point, dubbed FPs

in [61], corresponds to critical scalar QED and it will not be interesting for our purposes.’

Let us consider the computation of two-point correlation functions of the meson oper-
ators in the higher-derivative gauge theory. Including the operator insertions to compute

5Tt is not difficult to generalize our set-up to U(M) x SU(N). Yet we will stick to the abelian case, which
can be nicely embedded in the U(1) gauge theories discussed in [61].

"The one-loop B function for general six-dimensional renormalizable models containing the Yang-Mills
part was computed in [62] for a general gauge group.
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the correlators of interest and dropping the gauge-fixing term, we need to consider®

- 1 2 - 1
Sar= [ o (1D + L (o) + annI6P + Lo+ 0P+ Ly P

—nlog<¢1¢;>6<x—m1>—nlog(ebwz)é(x—xz)), Dy=0,—icd,. (416)

Upon performing the change of variables in (2.8) and defining

hs q
Alu,:\/ﬁ(l‘u, 932%, e:ﬁ, (417)
one gets
- 1 - h 1 h
S = n /ddx<\D<I>]2 + 5(a,o)2 +h1p|®* + f P>+ 1(af)2 + gpr
— log(®1P3) 6(x — 1) — log(P]P2) §(z — x2)> ; (4.18)

where f = da and the covariant derivative is now D, = 0, —iqay.

We can now take the corresponding double-scaling limit where n — oo while {q, h;}
are held fixed. Then, the computation of the correlators once again boils down to the
evaluation of (4.18) on the solution to the saddle point equations. These equations are
now, a priori, more complicated due to the presence of the gauge field. However, evaluating
the gauge current j# ~ z(iﬁ oMP — h.c.) on the leading perturbative solution above, it is
straightforward to see that it exactly vanishes. Therefore the configuration does not source
the gauge field and thus the computation becomes identical to the computation of section
2. This result could have been anticipated, since the operator insertions sourcing the saddle
point equations carry no electric charge (they are gauge-invariant operators), so that, at
the “classical level” (recall that the large n limit is a classical limit) the gauge field is not
excited. In summary, the projection to the U(1)-invariant sector through gauging does not
change the two-point correlation function of mesons.

5 Conclusions

The O(N) model with the familiar quartic potential in 4 < d < 6 possesses a UV fixed
point in perturbation theory. The proposed UV completion in terms of a cubic model [13]
leads to a perturbative IR fixed point, although it faces the expected problems of non-
perturbative instabilities due to the fact that the potential is not bounded from below. In
this paper we have investigated sectors of large charge operators where these instabilities are
exponentially suppressed at finite N. In addition, this sector enjoys special simplifications.
To begin with, these operators do not mix with other operators. Hence, their scaling
dimension can be directly read off from their 2-point functions. Moreover, correlation

8The notation is slightly changed with respect to [61]. We also tune all mass parameters to zero. These
include, in particular, the standard kinetic term for the gauge field. As these parameters have a large
classical 8 function, in searching for an IR fixed point, one is forced to set them to zero.
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functions can be computed by the saddle-point method, using the same techniques as
in [40, 46]. In the large n limit the saddle point approximation becomes exact and it
resums an infinite series of Feynman diagrams.

The large n limit selects the diagrams with the largest combinatorial factor. This is
analogous to the Kermit-the-frog diagrams dominating the analogous limit in d = 4 — ¢
dimensions as described in [40]. The main difference with respect to the quartic O(2) theory
discussed in [40] is that, in the present cubic model, the dominant Feynman diagrams
contain an additional p propagator. However, in the relevant integration region — which
determines the logarithmic behavior as x; — x2 — the p propagator is constant, so the
result of integration is essentially the same. On the other hand, one can also understand
the matching with the UV fixed point of the quartic O(2N) theory: in the latter, and upon
performing a convenient Hubbard-Stratonovich transformation, the combinatorial factor
shows that the same Feynman diagrams are the dominant ones in the double-scaling limit.
Furthermore, (2.55) together with (2.56) ensure that the contribution of each diagram in
the quartic theory is the same as in the cubic theory, hence explaining the agreement
between the two calculations.

The fixed point in d > 4 (IR for the cubic theory, UV for the quartic theory) occurs
only in perturbation theory. This can be seen by means of the exact renormalization
group, where no such extremum of the effective potential exists. The instability manifests
itself through instanton corrections which give small imaginary parts to scaling dimensions.
However, as we have argued, in the large charge sector instanton instabilities are washed
out: in the double scaling limit, the scaling dimensions of large charge operators become
real, as the imaginary part goes exponentially to zero. We have also discussed a double
scaling limit with couplings scaling as 1/n — the fixed A limit — where our result using
perturbation theory in h; becomes exact. In terms of the standard expansion in Feynman
diagrams, the fixed A\ limit selects an infinite series of diagrams which can be summed
with infinite radius of convergence (in the end, it recovers the exponential of the classical
action). The infinite radius of convergence is consistent with the absence of instantons
in the strict n — oo limit. As far as the 1/n expansion is concerned, the existence of
instanton contributions of order exp(—const.n) indicates that the series is asymptotic.
Since instantons provide an imaginary part, we expect that the Borel transform has poles
on the real axes, which occurs when the asymptotic series is not of alternate type. It would
also be interesting to study the convergence properties of the perturbative expansion in h;
of large charge correlators and its implications/relations with instanton instabilities.

In this work we have studied the large n limit to first order in perturbation theory in
the h;’s. There are a number of motivations to study anomalous dimensions beyond this
regime. To begin with, it would be important to test the agreement between the quartic
and the cubic theory to higher orders, where the cubic interaction in the singlet scalar field
may give rise to new diagrams contributing to the anomalous dimensions. To leading order
in 1/N, the cubic interaction has no counterpart in the quartic model, but we expect that
the effect will be compensated by higher order corrections received by the HS propagator
of the o-field. Moreover, the strong h; regime should be able to probe the ¢ — 1 region
just as in the d = 4 — € case discussed in [44, 45]. In this manner one may explore the large
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charge sector of a d =5 “CFT”. Such CFT is expected [1] to have an AdSg gravity dual
description through the higher spin theories of [2-7]. In this context, the model projected
to the U(1) singlet is of special relevance [1]. This projection can be implemented through
the gauging of the U(1) symmetry, as done in section 4.2. This connects to the higher-
derivative theory investigated in [61] (see also [63]). A straightforward yet very interesting
extension is to consider a U(M) model projected to the singlet sector with SU(N) global
symmetry (a model in the class of [64]). The U(M) would play the role of the O(N)/U(N)
symmetry in [1], of which the singlet sector is kept, and the SU(NV) global symmetry would
provide a global symmetry whose large charge sector, potentially free of instabilities, may
be investigated.

Methods based on large charge expansions, as the one discussed in this paper and
in [40, 44, 45], or based on the effective action (see e.g. [53]), may be useful for a number
of applications. An interesting one is to explore non-gaussianity effects in cosmological
scenarios [65]. Another potential application is the study of non-conformal theories at
large density (see [66, 67] for related investigations), in particular scalar QCD or brane
constructions such as [68]. Lastly, the method used in this paper for computing correlation
functions of large charge operators should also be applicable to other higher-dimensional
theories (see e.g. [69, 70] for an overview). It would be very interesting to see if a double
scaling limit exists in these cases and what Feynman diagrams are resummed.
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A Fourier transforms formulase

In euclidean signature, the Fourier transform of 1/(22)® is given by
¢ d d —ipx
1 _(477)2T(2—0<)/dp e P (A1)
(x2)e 4T () (2m)d (pZ)%fa ’ '

As an application, it follows that the Green’s function in position space is

A7) (A.2)
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B Combinatorics and propagators in the (complex) scalar theory with
cubic interaction

Let us consider the cubic theory with interaction Hamiltonian
Hint—/ddacgp<5¢. (B.1)

In the following we shall use the shorthand notation G;(EZ) , G;(g;) to denote p, ¢ propagators

from x to y (G(p’¢) G?(J ¢)).

Using Dyson’s formula, the expectation value of any quantity can be written as
(O(z)) = (O(x) e~ Hint) where the Lh.s. is to be evaluated in the interacting picture (that
is, for all practical purposes, with free fields).

B.1 The 1PI diagram for the real scalar self-energy
The (leading) 1PI diagram for p in the cubic theory is

1f/ﬁx/fmmmmw@wmm@¢@wwmm. (B.2)

Note that the comes from the expansion to second order of the exponential of the inter-
acting Hamlltoman This gives

58 [dis [y G (p(0) 5@ plw) (o). (B.3)
Performing the p contractions we obtain (we omit the disconnected terms)
g / dz / dy G ¢ ) aln) 4 - / d%a / dyGYGY G ay. (B4
The two integrals are just the same and we finally find
/ dz / dy G Gl Gl Gl (B.5)

B.2 The o propagator in the quartic theory

The above discussion is of direct application to the quartic theory, where loop effects
induce a 2-point function for o (akin to the p in the previous discussion). The tree-level
o propagator from the action in (2.51) is just —2 ¢. Denoting the 1PI diagram by —T', it
then follows that the o propagator is [10]
29
GO =22 B.6
1—-2¢gT (B.6)
At the UV fixed point, when g — oo, G(@) it is just the inverse of the 1PI diagram for o.
In momentum space, (B.5) is given by
d%q 1
rw - | . (B.7)
2m)? (p - a)* ¢?

9The signs can be checked by going back to Lorentzian signature, where propagators have an extra .

In turn, the cubic vertex is —\/Lﬁ. Thus the 1PI diagram is given by 'z, where I'y, is the (Lorentzian)

loop integral alone ((_N) from the vertices, i? from the ¢ propagators, and an overall N from the N ¢’s

running in the loop). Hence G = H;ZQHFL ~ ﬁ Wick-rotating to the FEuclidean I'r, = ¢T", and so
G =4 r Stripping off the i to go back to Euclidean signature gives G(?) = 7, with T" given by (B.7).
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Introducing Feynman parameters

ddq 1 ddq 1 1
/(27r)d r—a?¢® / (2m)d /0 dwm' A=a(l—ax)p’. (B.8)

Computing the integral, we find

ddq 1 (47T)T o\d_9
/ d(m_ 2,2 i - — (p7)27". (B.9)
(2m)e (p—a)*q 9d gin (dT)P<dT1)
Hence
- - _ —1
L(p)=-2C; ("> 2, Ca=2""(4n)"F sin (d;> r <d2> . (B.10)
Thus, in momentum space, the o propagator is
Ca
(op)o(-p)) = — G- (B.11)
2(p?)>
In position space this is
Cq 16 -
<O'(.’E) U(O)> = 2 (%2)2 ) C’d - Cd . (B12)

B.3 The (¢(0)2 $2(2)) correlator to NLO

Let us consider the calculation of the correlation function (¢(0)? ¢?(z)) to NLO order. To
LO this is just the free correlator. Evaluating it through Wick contractions one easily finds

(#(0) (0) 6(2) 6(2)) = 26 (B.13)
The NLO correction comes from evaluating
%92 / d?a dy ($(0) $(0) p(x) 6(x) d(x) p(y) S(y) () $(2) B(2)) - (B.14)
This gives
% g / 'z d'y GY) (6(0) $(0) d(x) ¢(x) b(y) B(y) B(2) B(2)) - (B.15)

In order to have connected diagrams, the ¢(0)’s must be contracted with either the ¢(z) or
the ¢(y), for which each case has two possible contractions (one for each of the two ¢(0)’s)
thus giving

1 - - -

397 [ dhaty G261 (60) 6(0) 50) 6l0) 6(2) 6(2) (B.16)

4y [ diadlyGE26E) (60) 6(2) o(x) 9w 6(:) 61:).
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By the same token, the remaining ¢(0) can only be contracted either with the ¢(z) or with
the remaining ¢(y), giving

2g? / d'zd'y GY) Gi) G, (6(2) 6(y) 6(2) 6(2) (B.17)
Making the final contractions, we find
4g° / dlxdly GY) G Gl ¢ alY). (B.18)
Thus, all in all, to NLO, the correlator is given by
(6(0) 6(0) 6(2) 6(2)) = 267 + 447 / dlzdlyGY) G G GO G (B.19)

We may now write this as

Oy Yz

(6(0) 6(0) 6(2) 6(2)) = 2 (G + 24° / e d'y GE) G GE) G GR), (B.20)

where we have extracted the factor of 2 of the free correlator, leaving behind the relative
factor of 2 pointed out in the main text. Note that the factor of 2 stands for the 4 possible
relative ways to paste the two halves of 2 multiplied by the factor % that arises from
expanding the Dyson series. This extends in a straightforward way to the more general case
of correlators of O,,, O,, operators, with the only difference that the overall 2 becomes n!.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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