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Abstract---The DC traction networks are widely used for
urban transportation and short distances. The DC substations
transfer the power between the main AC grid and the DC
network. The open circuit voltage of the DC substation may be
fixed based on the tap changer configuration of the transformer
or using a dynamic control over the AC/DC converter. This article
studies the effects of the selection of this voltage over the network
performance which can be represented by the overall energy
efficiency of the system. The simulation models are simplified
to speed up the solver under the consideration of the required
accuracy. The Aggregated data are used to reduce the storage
requirements to save the results of all simulations. This study
represents a systematic procedure for selecting the substation
voltage to reduce the total losses of the system. The results of
the testing on a real case demonstrates the improvement in the
overall energy efficiency and the reduction of the total losses.

Index Terms -- Electrical Railway Systems, Power Flow, DC
Traction Networks, Railway.

I. INTRODUCTION

In worldwide, mass transportation is shifted from fossil
fuel to clean renewable electrical energy to overcome the
pollution and the limitation of natural resources. The DC
traction networks represent an effective sustainable solution for
urban and short distances transportation. The new technology
of energy storage and regenerative braking improve the overall
energy efficiency of the DC traction network [1], [2].

Solving the power flow of the traction network is challeng-
ing because of the dynamic variation of the network topology
and the power injection [3], [4]. The network model needs to be
updated dynamically at each instant of the simulation based on
the positions of the trains. Additional problems appear in the DC
traction network because of the non-smooth characteristics of
power electronic devices used in rectifiers and voltage control.
Conventional solvers are not designed for solving this problem
because they depend on the derivatives which are undefined at
the breakpoints [5]. Smoothing functions can be used to avoid
discontinuity in the derivative function. However, this method
can slow down the simulation because of the higher calculation
cost of the smoothing functions. Even though smooth equations
may cause divergence and oscillation in some cases due to the
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variation of the derivative around the critical points [6]. This
nonlinear and non-smooth problem can be solved using special
iterative methods [6], [7]. Each iteration can be modeled with a
linear approximation such as MNA (Modified Nodal Analysis)
which is based on Kirchhoff laws of voltage and current [8],
[9]. This linear system can be solved by direct factorization
such as Zollenkopf, LU and Cholesky [10], [11]. The solvers
update the unknown vector until the mismatch error is less
than a given tolerance.

Some simulation methods use a unified AC and DC power
flow model to represent the interaction between the AC grid
and the DC network [12]--[15]. Even more detailed dynamic
models of devices can be used to represent transient behavior
of the real models of substation and trains [16]. Although, this
kind of model improves the accuracy of the results it extends
the simulation time. Other methods improve the simulation
speed with acceptable accuracy by using simplified steady state
models [3], [9], [11]. The train models can be represented as
constant current or constant power sources. The constant current
has a fast convergence rate because they are completely linear
but the power sources are much accurate. The reference of the
mechanical power can be calculated independently using the
mechanical simulators based on the parameters of the trains,
tracks, and speed profiles. The actual train power may be
limited under the conditions of over voltage and over current.

The models of DC substation can be classified as non-
reversible rectifiers or reversible DC/AC converter. Rectifiers
are robust and reliable under low cost while the DC/AC
converter is much expensive but they support bidirectional
power flow and voltage regulation. In many cases, the open
circuit voltage of the substation is assumed fixed at a given set
point. Other voltage control methods can be used to improve
the current and power sharing [15], [17]. However, dynamic
voltage regulation is limited only to reversible substations.

This work studies the effects of the open circuit voltage of
the DC substation on the system performance and efficiency
under different testing conditions. The following parts of
this paper are organized into three sections. The first section
describes the mathematical models used for the substations,
trains, and lines based on [9], [18]. The second section
demonstrates the test cases and the results. The last section
comments on the results and states the main conclusions.

XXX-X-XXXX-XXXX-X/XX/$XX.00 c© 2020 IEEE



TransformerGrid Rectifier Filter

Rail

Line

Fig. 1. Non reversible substation based on series rectifiers
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Fig. 2. Reversible substation based on AC/DC converter

II. MATHEMATICAL MODELS

A. Substation Model

The DC substations are designed to support three main
functionalities. First, the DC substation should transfer the
power from the AC grid (the main grid) to the DC network.
The forward power flowing from the AC grid to DC network
is used to feed the main demand of the DC traction network
including the trains and losses. The second functionality of the
DC substation is to provide the set point of the open circuit
voltage level of the DC network which normally starts from
600 V up to 3000 V. The voltage regulation is required in many
cases to avoid faults due to over current at excessive demand
or over voltage caused by regenerative braking. In addition to
those functionalities, some of the DC substations should be
able to support the power transfer from the DC network to the
AC grid. This reverse flow of power is required in some cases
when the total regeneration braking power is higher than the
total demand for trains and the losses.

Non-reversible DC substations are based on conventional
three phase uncontrolled diode rectifiers. The majority of DC
substations are designed based on this type because they are
robust and reliable under low cost. However, they are limited to
unidirectional power flow from the AC grid to the DC network.
Another important problem is the harmonic injection at the
AC grid caused by the nonlinear current consumption of the
rectifier. Different configuration of multi-pulse rectifiers with
LC filter can reduce the harmonic injection of low order. Fig. 1
shows an example of those configurations based on two series
rectifiers. For this type of substations, the DC voltage depends
on the AC voltage and winding ratio of the transformer. The
tap changer of the transformer can be used to select the DC
output voltage from preset values. This variation is slow and
limited to because it is based on mechanical switching between
different taps of the winding.

Reversible DC substations are designed to allow bidirec-
tional power flow between the DC network and the AC grid.
They are built using AC/DC converter based on controlled
switching devices as shown at Fig. 2. In forward mode, the
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Fig. 3. Simplification of the steady state model for the DC substation

Vn

b) Reversible substation

0

Ins

Vs

a) Non reversible substation

Vn

0

Ins

Gr = 0

Vs

Gr = 1/Rr

G f
=

1/
R f

G f
=

1/
R f

Fig. 4. The characteristic curve of Ins(Vn) for the DC substation

converter works as a rectifier with additional functionalities
such as current shaping and harmonics elimination. In reverse
mode, the converter injects active power back to the AC grid.
In addition to normal operation, this converter can be used to
regulate the DC voltage of the substation.

Fig. 3 shows a simplified steady state model for the DC
substation. The AC grid and transformers are represented by
an equivalent DC slack voltage (Vs). This model assumes
asymmetrical resistances for the bidirectional power flow. The
forward mode parameters are marked by "f" subscript while
the "r" subscript is used for the parameters of the reverse
mode.

The equivalent Norton circuit is used to simplify the current
injection formulation for each direction of the power flow. The
ideal diodes are replaced by a simple voltage control switch.
Eq(1) defines the shunt conductance (Gs) based on the mode
of operation. Eq(4) uses the supper position principle to define
the nodal injection current of the substation (Ins) with two
components.

The first component is the injection current from the slack
(Is) when the nodal voltage (Vn) is zero. The second component
is the injection current from the DC network (In) when the
slack voltage (Vs) is zero. Fig. 4.a shows a generalized model
for the reversible substations. The conventional symmetrical
power flow can be defined by assuming (Gf = Gr) which
is the most common case. In the case of the non-reversible
substation, the (Gr) is assumed zero as shown in Fig. 4.b to
prevent any reverse power flow.

Gs =

{
Gf Vn < Vs Forward
Gr Vn > Vs Reverse (1)

Is = Gs × Vs (2)
In = Gs × Vn (3)
Ins = In − Is (4)

B. Train Model

The train model of this work is based on decoupling between
mechanical and electrical models. The reference power of the
train (Pref ) is estimated using a mechanical simulator. Fig.5.a
shows the over current protection applied in demand mode
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Fig. 5. The train protection curves for over-current and over-voltage

where (Pref > 0). The demanded power of the train is limited
linearly if the train’s voltage (Vt) is less than the normal level.
The protection of the over voltage shown in Fig.5.b is activated
in regeneration braking mode where (Pref < 0). The power
injection of the train is reduced linearly if the train’s voltage
is higher than the permanent level. Eq(5) defines the train
current (It) for a given reference power and operating voltage.
Eq(6) defines the total injection current of all trains (Int(m))
connected to node (m).

It = (P (Vt) • Pref ) / Vt Train current (5)

Int(m) =
∑

It(k)︸ ︷︷ ︸
Node(k) ≡ m

Train injection current (6)

C. Network Model

At each instant, the network topology should be updated
based on the variation of trains positions. The line splitting
algorithm divides the lines into segments and adds new
intermediate nodes as required. Each line segment is represented
by branch of a constant conductance (Gb) connected between
source node src and destination node dst. Eq(7) defines the
branch current based on Ohm’s law. Eq(8) defines the total
injection current of the branches connected to node (m). The
branch current is assumed positive if it is going out of the
node.

Ib = Gb • (Vsrc − Vdst) Branch current (7)

Inb(m) =
∑

Ib(k)︸ ︷︷ ︸
src(k)=m

−
∑

Ib(k)︸ ︷︷ ︸
dst(k)=m

Branch injection current (8)

D. MNA Solver with Adaptive Damping

The solver is based on MNA (Modified Nodal Analysis)
with an adaptive damping method to overcome the divergence
and oscillations caused by the non-smooth and non-linearity
of the problem. Initially, the solver assumes a flat voltage
profile for all nodes. At the start of each iteration, the solver
updates the injection current of each element based on the
models explained before. Then, the damping method is used
to calculate the next step of the voltage vector based on the
damping factor (α) as defined in Eq(9).

The solver updates this factor relative to the improvement
in the convergence rate. The solver stops the iteration when the
total error is less than the required tolerance. The full details
of the mathematical models and the solver are explained at [9],
[18], [19].

Vn = V old
n + α · (V new

n − V old
n ) (9)
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Fig. 6. The simplified diagram of the solver based on MNA

Require: Vs, Rs, Pref , Output: Vn
1. Initialize variables Vn = V 0
2. Update substation injection current Eq.4
3. Update train injection current Eq.6
4. Update network injection current Eq.8
5. Update error Err = Ins + Int + Inb
6. Update Vn by MNA with Adaptive Damping
7. IF ‖ Err ‖ > ε GOTO 2
8. END

Algorithm 1: Simplified power flow solver based on MNA
with adaptive damping

III. TEST CASES AND RESULTS

The test case (Fig. 7), represents a real 3000V DC traction
network in the south of Spain. There are two tracks marked
by blue and red dashed lines. The trips start from both ends
every 20 minutes with 10 minutes shift for the red track. Each
train has a peak of 2.2 MW for acceleration and 1.2 MW
for regenerative braking. Each simulation covers a scheduled
time of 200 minutes with a time step of one second. The
solver tacks around 90 seconds to solve all instants for a
single simulation. All branches have the same resistance per
kilometers (Rb). There are 8 connection points but only 2, 4,
and 7 are connected to DC substations. In forward mode, all DC
substation acts as rectifiers with the same forward resistance
(Rf ). In reverse mode, only the fourth substation allows a
limited power flow from the DC network to the AC grid
with reverse resistance (Rr). In this case, there are no energy
storage systems in the network, and all regenerative power
must be consumed in the DC traction network or transferred
to the AC grid. During the voltage sages (0.66 6 Vs 6 0.76),
the overcurrent protection prevents the trains from consuming
the required power. The non-supplied power indicates that
the timing of the schedule can not be achieved. Under the
overvoltage conditions (1.1 6 Vs 6 1.2), part of regenerative
power must be burned by a resistor inside the train.

The test increments the slack voltage (Vs) from 0.9 pu to 1.1
pu with a step of 0.01 pu. Then, the test runs a full simulation for
each value while keeping the other parameters as constant. The
aggregated results of each simulation are saved and represented
on the graph. Fig. 9 shows the variation of the results relative to
the slack voltage in pu. The results represent the non-supplied



OFF

Reversible

Non-reversible

Src Dst (km)

1 2 4.378

2 3 7.848

3 4 13.800

4 5 0.500

5 6 4.316

5 7 25.284

7 8 7.335

Rf = 250 mΩ

Rr = 3000 mΩ

V1 = 0.66 pu

V2 = 0.76 pu

Overcurrent band

Lines Configurations
Rb = 40 mΩ/km

Substations

Configurations

V3 = 1.10 pu

V4 = 1.20 pu

Overvoltage band
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energy (EN ) in addition to the overall efficiency (η) and the
total energy of the losses and consumption. Although, the
non-supplied energy is not included in the total losses but it
should be minimized to avoid the delays in the schedule due
to the overcurrent protection. Even though the slack voltage is
higher than 0.9 pu but the overcurrent protection is activated
because of the network losses make the train voltage is much
lower than that. Fig. 8 represents a simplified energy flow
between the main elements in the Dc traction network. The
AC grid provides the total energy consumption (ESI) of the
system while the reversible substations may inject back to the
AC grid an extra recovered energy (ESO) from regenerative
braking. At the motor side of the train, (ETO) represents the
actual energy demand while (ETI) represents the energy of
regenerative braking. The line losses (ELL) are proportional to
the current because line impedance is purely resistive. In this
case, the train model is represented as a constant power where
the current will be reduced for the increment of the voltage.
The same concept can be applied to the losses of the substations
with some non-linearity because of the constant power model
of the trains. Even though the higher voltage may reduce the
losses of the substations and lines but it still not recommended
because it may reduce the lifetime of the electric devices and
the insulation materials. The train losses (ETL) include the
losses of the DC/AC converter and the burned energy due to
over voltage at regenerative braking. The burned losses increase
with the voltage because of the activation of the protection
curve of the overvoltage. In this case, it is not applicable to
avoid the burned losses because of the capacity limitation
of the reversible substation. This problem can be solved by
optimizing the schedule to synchronize the accelerating trains
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Fig. 8. Energy flow in a simplified DC traction network
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Fig. 9. The losses variation relative to the slack voltage

with other adjacent trains under regenerative braking. However,
this solution requires trains with auto driving which still not
available for all cases.



The total losses represent the losses summation of DC
lines (ELL), substation (ESL), and trains (ETL). The curve
of the total losses starts as a horizontal line. Then, it increases
exponentially because of the excessive activation of the
overvoltage protection.

Eq(10) defines the overall energy efficiency (η) based on
the total input and output energies to the DC system. In this
case, the maximum efficiency achieved at (V s = 0.97pu)
which represents the minimum point of the total losses. The
selection of the slack voltage should avoid the activation of
overcurrent protection to achieve the required schedule timing.
As shown in Fig. 9.a, this condition is fulfilled for all slack
voltages higher than 0.95 pu because the non-supplied energy
(EN ) tends to zero beyond this limit. The minimization of the
total energy consumption (ESI) is an important aspect of the
operation because in many cases the cost of energy depends
only on the measurements of the energy injected into the DC
network.

In this case, the minimum energy consumption (ESI) is
achieved at (Vs = 1.04) with a reduction of efficiency by 0.5
%. The higher voltage profile may cause overheating in the
trains due to the burned energy of extra regenerative braking.
It is a trad of requirements and regulations to select operation
point at the maximum efficiency or the minimum cost.

η = 100 × ESO + ETO

ESI + ETI
Total Energy Efficiency

(10)

IV. CONCLUSION

This work studies the effects of the selection of the open
circuit voltage of the DC substation. During this study, the
simulator has to solve hundreds of thousands of instants
which requires huge data size for the results and extended
simulation time. The study improves the simulation speed by
using simplified models with accepted accuracy for steady state
analysis. Based on this simplification, the simulator was able to
solve more than hundred instants per second. The aggregated
data are used to minimize the size required for saving the
results. Few aggregated values can be used to represent the
total losses of full simulation.

Finally, each simulation is represented by a single point on
the plot. The testing steps are designed to be generic so that
it can be applied in any case without restrictions or specific
formulation. Based on the results of this study, there is a set
point of the open circuit voltage of the DC substations which
can achieve the maximum overall efficiency fixed network
configurations and timing schedules.
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