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Abstract

The present investigation brings to the readers three new hybrid higher-order shear deformation theory (HSDT) models
and analyses the functionally graded material (FGM) plates. The major objective of this work is to develop three HSDTs in a
unique formulation by polynomial-hyperbolic—exponential and polynomial-trigonometric forms, propose the three new
HSDT models, investigate the effect of thickness stretching by considering a quasi-three-dimensional theory and analyse the
free vibration of isotropic and FGM monolayer and sandwich (symmetric as well as non-symmetric, with hardcore as well as
softcore) plates to demonstrate the models ability. Therefore, the Hamilton’s principle is exploited to develop equations of
motion based on a displacement field of only five unknowns, of which three of them distinguished the transverse dis-
placement membranes through the plate thickness (bending, shear and stretching displacements). In addition, the analytical
solutions are found by applying the Navier approach for a simply supported boundary conditions type. The theory also
considered that transverse shear deformation effect satisfied the stress-free boundary conditions on the plate-free surfaces
without any requirement of shear correction factors. The used mechanical properties followed the power law and the Mori—
Tanaka scheme distributions through the plate thickness. The determined results explained the effects of different non-
dimensional parameters, and the proposed HSDTs predict the proper responses for monolayer and sandwich (symmetric as
well as non-symmetric, with hardcore as well as softcore) FGM plates in comparison with other different plates’ theories
solutions found in the literature references, thus the reliability and accuracy of the present approach are ascertained. It is
obtained that the present formulations of polynomial-hyperbolic—exponential and polynomial-trigonometric forms can be
further extended to all existing HSDTs models, for numerous problems related to the shear deformable effect.
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Introduction

Functionally graded materials (FGMs) are a new generation
of the composite materials (ceramic/metal) that were devel-
oped by a Japanese material scientists group from National
Aerospace Laboratories in 1984, as a means of preparing
thermal barrier materials.' These materials have been given
great popularity in the design, fabrication and development
research fields, after the first national project entitled
‘Research on the Basic Technology for the Development of
FGMs for Relaxation of Thermal-Stress’, because of their
considerable thermal and mechanical capabilities.> > Their
richer compositions of ceramic qualified them to be used in
sectors of extremely high temperature, such as aeronautical
structures, space aircraft and nuclear enclosures. The used
FGM plates and shells avoid several problems in classical
composite materials, especially during dynamic or cyclic
loadings, such as the delamination problem. However, they
are subjected to the vibration problem. As a result, these
problems have been treated by many analytical and numerical
studies based on different plate theories that were developing
in three phases, which are the classical plate theory (CPT), the
first-order shear deformation theory (FSDT) that requires a
shear correction factor, as well the higher-order shear defor-
mation theory (HSDT) that includes a shear deformation
effect, such as the sinusoidal higher-order shear deformation
theory (SSDT), which was used by a two-dimensional (2D)
HSDT derived by Matsunaga.'®> He analysed the free vibra-
tion problem by a method of power series expansion of dis-
placements components, and a set of fundamental dynamic
equations, for rectangular FGM plates with simply supported
edges. Belabed et al.'* presented a hyperbolic HSDT with the
stretching effect to predict free vibration responses of FGM
plates. They indicated that the thickness stretching effect for
thick plates is important. It is noticed that Talha and Singh'
presented an HSDT for an investigation of the free vibration
problem and made a special modification in the transverse
displacement in conjunction with finite element models. The
obtained results employed a continuous isoparametric
Lagrangian finite element with 13 degrees of freedom per
node. They used the FGM plates with different boundary
conditions. A new HSDT developed by Ait Atmane et al.'®
studied free vibration resting on Winkler—Pasternak elastic
foundations analysis of FGM plates. Whereas the higher-
order shear and normal deformable plate theory studied by
Qianetal.'” used the meshless local Petrov—Galerkin method.
The theory investigated both of the free and forced vibrations
analyses of a thick rectangular elastic FGM plate. They used
only the Mori-Tanaka homogenization technique to calculate
the effective material modules. Younsi et al.'® developed a
new 2D and quasi three-dimensional (quasi-3D) hyperbolic
HSDT for the analyses of free vibration problem of FGM
plates, and the used displacements field included undeter-
mined integral terms. A new quasi-3D hyperbolic HSDT for
the free vibration analysis of functionally graded plates is
developed by Hebali et al.'” Zaoui et al.*° studied the free

vibration of FGM plates resting on elastic foundations based
on quasi-3D hybrid-type HSDT. A new SSDT developed by
Thai and Thuc?' analysed the vibration of FGM plates. It can
be seen that Neves et al.> studied a quasi-3D SSDT for the
free vibration problem analysed for FGM plates. A new
HSDT developed by Thai and Kim** analysed the free vibra-
tion problem of FGM plates with simply supported edges.
Abedalnour et al.** developed a new quasi-3D trigonometric
HSDT and a new displacement field that introduced undeter-
mined integral variables for the free vibration analysis of
FGM plates with simply supported edges. A quasi-3D SSDT
developed by Neves et al.?® analysed the free vibration prob-
lem of the FGM plates. A new quasi-3D hyperbolic HSDT
was developed by Neves et al.2® for the free vibration analysis
of FGM plates with simply supported edges. Thai et al.?’
proposed a new inverse tangent shear deformation theory for
the free vibration analysis of laminated composite and sand-
wich plates. In addition, two new shear deformation theories
for the free vibration analysis of FGM made of isotropic and
sandwich plates are presented by Thai et al..>® Nguyen-Xuan
et al.?’ presented a new fifth-order shear deformation theory
for composite sandwich plates and the free vibration analysis
of rectangular and circular plates investigated for different
boundary conditions. Thai et al.>* derived a quasi-3D shear
deformation theory for free vibration analysis of multilayer
functionally graded graphene platelet-reinforced composite
microplates. A new shear and normal deformations theory for
the free vibration of FGM isotropic and sandwich plates is
presented by Thai et al..>' Based on an HSDT, Thai et al.*?
presented a non-classical model for the free vibration analysis
of FGM isotropic and sandwich microplates. Nebab et al.>
used an HSDT to predict the free vibration of the FGM plate. A
novel quasi-3D HSDT constructed from a novel seventh-order
shear deformation is proposed by Nguyen et al.>* to investi-
gate the free vibration responses of rectangular and circular
FGM microplates. Bennoun et al.>> developed a new quasi-3D
HSDT for the free vibration analysis of FGM sandwich plates.
Zaoui et al.*® proposed a new hybrid 2D and quasi-3D HSDT
(exponential-trigonometric), for the free vibration analysis of
FGM plates, resting on elastic foundations. An HSDT was
studied by Belkhodja et al.>’ for the free vibration analysis
of FGM plates with simply supported edges. A new hyper-
bolic HSDT is presented for the free vibration analysis of
FGM sandwich plates by El Meiche et al.**

The present study developed three new hybrid quasi-3D
and 2D HSDTs (polynomial-hyperbolic—exponential) and
(polynomial—trigonometric) for the free vibration problems
analysis of square and rectangular FGM monolayer and sand-
wich (symmetric as well as non-symmetric, with hardcore as
well as softcore) plates with simply supported edges. The
selected displacements field included the transverse shear
deformation effect that satisfied the stress-free boundary con-
ditions on the plate free surfaces, and only five unknowns,
which three of them characterized the bending, shear and
thickness stretching transverse displacement membranes
through the plate thickness. The mechanical properties are
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Figure I. The FGM plate geometric model.*” FGM: functionally
graded material.

continuously varied through the plate thickness as the power-
law (P-FGMs) and the Mori—Tanaka scheme (MT-FGMs)
distributions. Moreover, the produced five equations of
motion were obtained from Hamilton’s principle and were
solved by the Navier approach for simply supported boundary
conditions. Furthermore, a richer study investigated several
parameters effects such as the geometric ratios (the side-to-
thickness ratio, the aspect ratio as well the thickness ratio for
symmetric and non- symmetric, with hardcore as well as soft-
core sandwich plates), the volume fraction index, the fre-
quency modes and the materials properties on the natural
frequencies. Finally, analytical solutions were obtained and
numerical results were validated by comparisons with others
plates’ theories solutions found in the literature references to
verify the accuracy and the efficiency of the present theories.

The theoretical formulation

An accurate and efficient theoretical formulation is achieved
for the FGMs by a developed architecture of design, process-
ing and evaluation.' Thus, the used architectural design is a
monolayer (single-layer) and sandwich (symmetric as well as
non-symmetric, with hardcore as well as softcore) plates of
the dimensions indicated as length (a), width (b) and uniform
thickness (%) as shown in Figures 1, 2 and 3, respectively. The
thickness evolution follows the z-coordinate (z-axis) perpen-
dicular to the rectangular Cartesian coordinates (0, x, y)
defined in the plate median plane,*” and all in-plane edges
of the plate are parallel to x and y axes as well as the bottom
and top plate faces are at the plate extremities z = + 4/2, with
respect to the coordinates /41 and /4.

The sandwich plates (symmetric as well as non-
symmetric, with hardcore as well as softcore) are composed
of three elastic isotropic homogeneous and anisotropic
microscopically heterogeneous layers (Figures 2 and 3):
Layer 1 is a bottom face layer (z€[h1, h2]); layer 2 is a
median core layer (z€[h2, h3]); and layer 3 is a top face
layer (z€[h3, h4]), where h2 and A3 are the vertical coor-
dinates of the two median interfaces (Figures 2 and 3).
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Figure 2. The FGM sandwich plate geometric model (type A).
FGM: functionally graded material.
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Figure 3. The FGM sandwich plate geometric model (type B).
FGM: functionally graded material.

Therefore, the plates were characterized by geometric
ratios such as the side-to-thickness ratio (a/h), the aspect
ratio (a/b)*’ and the thickness ratio. The ratio (a/h) speci-
fies three plate thicknesses that are a thick plate (with a low
ratio values such as (a/h = 2, v/10, 5)), moderately thick
plate (a/h = 10) and a thin plate (with high ratio values such
as (a/h = 20)). It is necessary to know that the transverse
shear deformation effect proportionally varies with the
plate thickness value.>” Moreover, the ratios (a/b = 1) and
(a/b # 1) define a square plate and a rectangular
plate, respectively.>” The thickness ratio is denoted by the
combination of three numbers i-j-k, the sum of the three
numbers is X, each number is assumed to be taken from X
as ratio as i/X, j/X, k/X, X represent the number of small
thicknesses that the plate is divided to, 41 and A2 are
known. The plate in-plane always must be in the median
of the plate, if it is noticed that the in-plane pass in a small
thickness of the plate and it divided again, then the other
small thicknesses will be divided too, all the new smallest
thicknesses must have the same thickness. h1 and h2 will be
taken from the new division, initiated by the bottom layer
to top as (1-0-1), (2-1-2), (1-1-1), (1-2-1) for symmetric
sandwich plates as well as (2-2-1), (2-1-1) for non-
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Table |. The material properties of metal and ceramics.

Material properties

Young's Mass
modulus  density  Poisson’s
Materials (GPa) (kg/m®) ratio
Metal Aluminium-1 (Al), 70 2702 0.3
Aluminium-2 (Al), 70 2707 0.3
Ceramics  Zirconia (ZrO,) 200 5700 0.3
Alumina (Al,O3) 380 3800 0.3

symmetric sandwich plates and so on. There are two types
of sandwich plates (symmetric as well as non-symmetric,
with hardcore as well as softcore): Type A is composed of
homogeneous core layer and FGMs face layers (Figure 2),
and vice versa for type B (Figure 3).

For structural and functional uses, FGM concept can be
applied to several materials." However, the studied FGM
plate was made from a graded mixture of only two different
materials, a metal (aluminium: Al) and a ceramic (alumina:
Al,Oj3 or zirconia: ZrO,), of mechanical properties grouped
in Table 1.

The mechanical properties of the FGMs

FGM compositions gradually change, resulting in a corre-
sponding modification in the effective mechanical properties,'
they although heterogeneous are idealized as continue through
the plate thickness (z-axis), smoothly with respect to the spatial
coordinates.’® Contrary to a discrete model, the mechanical
properties are assumed to be graded by simple continuous
material distributions neglecting the microstructure of the
plate.?”*° The mechanical properties are the Young’s modu-
lus, the Poisson’s ratio and the density, were described from
homogeneous plate theories, after homogenized the FGM
plate with their effective modules.*”*°

The Young’s modulus. The Young’s module (E(z)) can be
expressed by the rule of mixture and follows the mathe-
matical formulation that describes the power-law,*' and the
Mori-Tanaka scheme,**** according to the equation (1):

(1)

where E™, V™ (n = 1,2,3) denotes the effective material

property and the volume fraction function of layer (n),

respectively. For the monolayer plate (n = 1), E. and E,,

are the Young’s moduli of the upper (ceramic) and lower

(metal) FGM plate faces, respectively. The volume fraction

of the ceramic material (V) is defined in equations 2 (a—d):
For monolayer plate:

Type P-FGMs:
1 z\"
Vei(z) = (5 + Z)

EW(z) = (E. — En)V " (2) + Ep,

(2a)

Type MT-FGMs:
3—-3v
ch(Z) = Vcl(Z) ( ) z
(3-30)+(1— Vcl(z))(—‘— 1)(1 + )
Ey
(2b)
For sandwich P-FGM plate:
Type A:
P
L [ z—hl
Vc (Z) - <h2—h1> ’
Vi(z)=1, (2¢)
P
3, [ z—h4
V') = (h3h4> ’
Type B:
VCI(Z) =1
Vo= Ly 22h2 g
W=\ mone) (2d)
Ve(z) =0,

where the positive volume fraction index (p) specifies three
plate types, namely the homogeneous ceramic plate (p = 0,
extremely stiff), the FGM plate (p<]0,00[, there is the stif-
fer P-FGM plates (p€]0,1[), the moderately stiff P-FGM
plates (p = 1) as well as the softer P-FGM plates (p€]1,00[)
and the metal plate (p— oo, extremely soft),’” as well FGM
distributions profiles through the plate thickness z€[-4/2, h/
2] only, follow the volume fractions (V,), continuously and
gradually varied as a function of the position (z-coordi-
nate), as presented in Figure 4 (a) and (b).?’

The Poisson’s ratio. When the Poisson’s ratios (v (z)) of the
ceramic and the metal are nearly equal, the Poisson’s ratio
is considered constant because there is no significant dif-
ference between obtained results, and it has no significant
effect on the FGM plate.****

The density (the mass density). The effective density (p(z)) is
estimated only by the power law with Voigt’s mixtures
rule® as:

P"(2) = (pe = pu)V " (2) + Py (3)

The kinematics, the strains, the stresses and
the energies study of the present new HSDTs

The kinematics. The present developed HSDTs is a combi-
nation of both the procedure were developed for monolayer
plates by Belabed et al.,'* with the used point displace-
ments field extended as the bending (w}), the shear (w;)
and the stretching (w,,) transverse displacement mem-
branes through z-axis, and with only five unknowns (sig-
nificantly facilitated engineering analyses) as well as the
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Figure 4. Ceramic material volume fraction: (a) the power law profile V| (z) = (z/h + 0.5)" along the thickness of P-FGM plate and (b) the
Mori-Tanaka scheme profile along the thickness of MT-FGM plate V,(z) = V(1 (2).[(3 = 3v)/[(3 — 3v) + (I = V1 (2))[(Ec — Em) — 1]
(1 + v)]]. P-FGM: power-law functionally graded material; MT-FGM: Mori-Tanaka functionally graded material.

procedures of sandwich (symmetric as well as non-
symmetric, with hardcore as well as softcore) plates devel-
oped by El Meiche et al.,*® written as:

B owy, Ow,
ey, z,0) = oy, ) — = ) T ()
B owy, Owy
V(X,y,% t) - vo(x,y, t) -z ay 7f(Z) ay (4b)
W(xay7Z7 t) = Wb(xay7 t) + WS(x7y7 t) + WSf(x7y’ t) (4C)

where u, and v, are, respectively, the axial displacements
over the x and y Cartesian coordinates axes on the plate
median plane. The developed new hybrid (polynomial—

Wst(x’y’ t) - {g(Z)Qs(xvya t)

where an additional term of transverse displacement com-
ponent ¢ accounts for the normal deformation effect
(stretching effect), and the function g (z) describes thick-
ness stretching effect distribution through the plate thick-
ness and also the transverse shear stress distribution
through the same thickness that satisfied and fulfilled the
stress-free boundary conditions, as a parabolic variation, as
well as it is set to zero at the plate extremities (top and
bottom plates surfaces) z = + /2.’

0 For 2D HSDT (e, = 0).

hyperbolic—exponential) and (polynomial—trigonometric)
shape functions (f(z)) are presented in Table 2, with several
other shape functions derived by others researchers illus-
trating the transverse shear strains and tangential stresses
effect nonlinear distribution through the FGM plates thick-
ness (4)*” and specifies three plates theories displacements
field that are the CPT with (f(z) = 0), the FSDT** with (f(z)
= z), else the HSDT. Numerical examples are given to
show high accuracy of the proposed method in Tables 3
to 8, approved the novelty, simplicity and effectuality of
these new HSDTs and shape functions.

The thickness stretching transverse displacement (wy;) is
defined as

(5a)
For 3D and quasi — 3D HSDT (e, # 0). (5b)
glz)=1- df:i(zz) 6)

The strains. The linear strains field is determined by the
linear elasticity theory application based on the displace-
ments field (4) derived as
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Table 2. Shape functions form of different higher-order shear deformation theories.

Models Shape functions f(z) of shear strain
Ambartsumian®® ZT”Z (I — %%)
Kaczkowski*’
2
Par_lc48 © % (I — %%)
Polynomial functions Relssnerso
Levinson ,
Murthy®' z(1-15)
Reddy>?
Nguyen-Xuan et al.?’ %z - ’]2—123 + ’]2—425
Levy53
Stein>* % sin (%z)
Touratier®
56 .
Arya et al. sin(%z)
Thai et al.”’ harctan (%z) -z
Trigonometric functions Mantari et al.”’ tan(mz) — mzsec®(9),m = g;
Mantari et al.*’ tan(mz) — mzsec? (%), m = I
Grover et al.5® zsec() — zsec() (1 + stan(3)),r=0.1
Grover et al.*® cot™! (=) — ﬁ r=0.46
59 16 _
Nguyen et al. (,,) 30( ,rzz+4 r=1
Soldatos®® hsinh(ﬁ) — zcosh (5)
hsinh(zZz) —
El Meiche et al.®® e (fz) 2
cosh(’—z') |
Akavci and Tanrikulu®' ﬂ tanh (5) + % sech? (%)
Hyperbolic functions Akavci and Tanrikulu®' zsech (h—2> — zsech(Z) (1 —Ztanh(%))
; 62 h 2, 423
Mahi et al. 5 tanh (Tz — m
63 : 2 _
Grover et al. sinh ™' (%) — Wr’zzj,r =3
. 64 h 2
Shi et al. 5 tanh (— ) +z coshzl
7 2
Karama et al.®® ze’Z(E)
Exponential functions Aydogdu®® 2o~ 22/M)’/na — z(3~ 2z/h) /'"3) Va)0, a
Mantari et al.*’ “2e/'z 4 yxz = 28527 1 0282
Mantari et al.%® sin(Zz) ercos(#) 4 Tz
Mantari et al.®’ sinh(ﬁ)emws}‘(ﬁ) -z [cosh(%) + msinh? (l)]e'"ws}‘(%) m=—6m=-7
Mantari et al.”® zemeos(%) _ z[I - %nmsin(g)]e’"ms( )m=1,n=29
Thai et al.?® tan~! [sm %)}
Thai et al.?® sinh ™' [sin(2Z)]
Suganyadevi and Singh”" %t:an*I (%) — (rzzz/zw’r =25
Singh and Singh”? tan(72) + 2zcosh(§),m =5
. .72 : 7
Combination functions Singh and Singh sin(72) + 352
Zaoui et al. > ah [a(hz/7) 2
Belkhodia et al.*’ ot [/ [wsin (57) + hcos ()] — 7]
Present theory | z- ((m + cosh (32) + e’ ) - rl)
37The4+27rhcosh( )+n2hsinh (%) —2mh-+26
rl = 27h
Present theory 2 % (cosh( ) + +e( ) + #ﬁrm — r2>

r2 = 0.340334313

Present theory 3 z —q3zcos(3) — (&)sin (#%)
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Table 3. Non-dimensional natural frequency (B) results of aluminium-|/zirconia (Al);/ZrO, MT-FGM square plates, in the case of
homogeneous ceramic plate § = wh/p,/E..

Ceramic p=1 alh=5
Theories alh=+v10 ah=10 ah=5 ah=10 ah=20 p=2 p=3 p=>5
3D Vel and Batra”’ 0.4658 0.0578 0.2192 0.0596 0.0153 02197  0.2211 02225
Quasi-3D HSDT Belabed et al."* 0.4659 0.0578 0.2192 0.0597 0.0153 0.2201  0.2214  0.2225
Present theory 2 (Quasi-3D) 0.4659 0.0578 0.2193 0.0597 0.0153 0.2201  0.2214  0.2225
Present theory | (Quasi-3D) 0.4660 0.0578 0.2193 0.0597 0.0153 0.2201  0.2214  0.2225
Quasi-3D Neves et al.”® - - 0.2193 0.0596 0.0153 02198  0.2212  0.2225
Quasi-3D Neves et al.”’ - - 0.2193 0.0596 0.0153 0.2201  0.2216  0.2230

Table 4. Non-dimensional fundamental frequency (&) results of aluminium-1/alumina (Al),/Al,O3; P-FGM square plates.

Power-law index p

a/h Mode (m, n) Theories Ceramic 0.5 | 4 10
2 1(1,1) Quasi-3D HSDT Belabed et al.' 0.9414 0.8248 0.7516 0.6056 0.5495
Present theory | (Quasi-3D) 0.9411 0.8247 0.7514 0.6055 0.5494
Present theory 2 (Quasi-3D) 0.9405 0.8242 0.7509 0.6063 0.5498
Quasi-3D Matsunaga'® 0.9400 0.8233 0.7477 0.5997 0.5460
2D HSDT Thai and Kim?3 0.9297 0.8110 0.7356 0.5924 0.5412
Present theory | (2D) 0.9295 0.8109 0.7355 0.5926 0.5412
Present theory 2 (2D) 0.9295 0.8108 0.7354 0.5938 0.5420
2(1,2) Quasi-3D HSDT Belabed et al.'* 1.7512 1.5498 14164 1.1147 0.9958
Present theory | (Quasi-3D) 1.7503 1.5491 14156 1.1143 0.9954
Present theory 2 (Quasi-3D) 1.7558 1.5456 1.4123 1.1136 0.9937
Quasi-3D Matsunaga'? 1.7406 1.5425 1.4078 1.1040 0.9847
2D HSDT Thai and Kim?3 1.7233 1.5192 1.3844 1.0919 0.9807
Present theory | (2D) 1.7219 1.5183 1.3834 1.0918 0.9802
Present theory 2 (2D) 1.7198 1.5167 1.3818 1.0926 0.9800
5 1(1,1) Present theory 2 (Quasi-3D) 0.2122 0.1826 0.1660 0.1409 0.1319
Present theory | (Quasi-3D) 0.2122 0.1826 0.1660 0.1409 0.1318
Quasi-3D HSDT Belabed et al.' 0.2121 0.1819 0.1640 0.1383 0.1306
Quasi-3D Matsunaga'? 0.2121 0.1819 0.1640 0.1383 0.1306
2D HSDT Nguyen®’ 02117 0.1807 0.1634 0.1378 0.1303
2D Belkhodia et al.*’ 02113 0.1808 0.1632 0.1378 0.1300
Present theory | (2D) 02113 0.1807 0.1631 0.1378 0.1300
2D HSDT Thai and Kim?3 0.2113 0.1807 0.1631 0.1378 0.1301
Present theory 2 (2D) 02113 0.1807 0.1631 0.1379 0.1301
2(1,2) Present theory | (Quasi-3D) 0.4663 0.4044 0.3679 0.3048 0.2812
Quasi-3D HSDT Belabed et al.' 0.4659 0.4041 0.3676 0.3047 0.2811
Present theory 2 (Quasi-3D) 0.4658 0.4041 0.3676 0.3046 0.281 1
Quasi-3D Matsunaga'> 0.4658 0.4040 0.3644 0.3000 0.2790
2D HSDT Nguyen”’ 0.4645 0.4004 0.3622 0.2981 0.2783
2D Belkhodja et al.*’ 0.4625 0.3990 0.3609 0.2980 0.2769
2D HSDT Thai and Kim?3 0.4623 0.3989 0.3607 0.2980 0.2771
Present theory 2 (2D) 0.4623 0.3989 0.3607 0.2980 0.2771
Present theory | (2D) 0.4623 0.3989 0.3607 0.2979 0.2771
32.2) Present theory | (Quasi-3D) 0.6764 0.5896 0.5368 0.4382 0.4010
Quasi-3D HSDT Belabed et al.' 0.6757 0.5890 0.5362 0.4381 0.4008
Present theory 2 (Quasi-3D) 0.6754 0.5889 0.5360 0.4378 0.4005
2D HSDT Thai and Kim?3 0.6734 0.5836 0.5286 0.4291 0.3974
2D Belkhodja et al.>” 0.6694 0.5806 0.5258 0.4285 0.3946
Present theory | (2D) 0.6689 0.5803 0.5255 0.4282 0.3948
Present theory 2 (2D) 0.6688 0.5803 0.5254 0.4285 0.3948
Quasi-3D Matsunaga'? 0.6688 0.5803 0.5254 0.4284 0.3948
10 1(1,1) Present theory 2 (Quasi-3D) 0.0578 0.0494 0.0449 0.0389 0.0369
Present theory | (Quasi-3D) 0.0578 0.0494 0.0449 0.0389 0.0368
Quasi-3D HSDT Belabed et al.' 0.0578 0.0494 0.0449 0.0389 0.0368
Quasi-3D Matsunaga'? 0.0578 0.0492 0.0443 0.0381 0.0364

(continued)
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Table 4. (continued)

Power-law index p

a/h Mode (m, n) Theories Ceramic 0.5 | 4 10

Present theory | (2D) 0.0577 0.0490 0.0442 0.0381 0.0364

Present theory 2 (2D) 0.0577 0.0490 0.0442 0.038I 0.0364

2D HSDT Thai and Kim?? 0.0577 0.0490 0.0442 0.0381 0.0364

2D Belkhodija et al.>” 0.0577 0.0490 0.0442 0.038| 0.0364

2(1,2) Present theory | (Quasi-3D) 0.1382 0.1185 0.1078 0.0923 0.0868
Present theory 2 (Quasi-3D) 0.1382 0.1185 0.1077 0.0923 0.0869

Quasi-3D HSDT Belabed et al."* 0.1381 0.1184 0.1077 0.0923 0.0868

Quasi-3D Matsunaga'? 0.138l 0.1180 0.1063 0.0905 0.0859

Present theory 2 (2D) 0.1377 0.1175 0.1060 0.0903 0.0857

2D HSDT Thai and Kim?* 0.1377 0.1174 0.1059 0.0903 0.0856

2D Belkhodja et al.*’ 0.1377 0.1174 0.1059 0.0902 0.0856

Present theory | (2D) 0.1377 0.1174 0.1059 0.0902 0.0856

3(2,2) Present theory | (Quasi-3D) 0.2124 0.1827 0.1661 0.1410 0.1319
Present theory 2 (Quasi-3D) 0.2124 0.1827 0.166l 0.1409 0.1320

Quasi-3D HSDT Belabed et al."* 0.2121 0.1825 0.1659 0.1409 0.1318

Quasi-3D Matsunaga'? 02117 0.1810 0.1634 0.1378 0.1303

Present theory 2 (2D) 02115 0.1809 0.1633 0.1379 0.1302

2D HSDT Thai and Kim? 02113 0.1807 0.1631 0.1378 0.1301

2D Belkhodja et al.>’ 02113 0.1807 0.1632 0.1378 0.1300

Present theory | (2D) 0.2113 0.1807 0.1631 0.1378 0.1300

20 1(1,1) Present theory | (Quasi-3D) 0.0148 0.0127 0.0115 0.0100 0.0095
Present theory 2 (Quasi-3D) 0.0148 0.0126 0.0115 0.0100 0.0095

Quasi-3D HSDT Belabed et al."* 0.0148 0.0126 0.0115 0.0100 0.0095

Present theory 2 (2D) 0.0148 0.0126 0.0113 0.0098 0.0094

2D HSDT Thai and Kim*? 0.0148 0.0125 0.0113 0.0098 0.0094

2D Belkhodia et al.>’ 0.0148 0.0125 0.0113 0.0098 0.0094

Quasi-3D Matsunaga'? 0.0148 0.0125 0.0113 0.0098 0.0094

2D HSDT Nguyen” 0.0148 0.0125 0.0113 0.0098 0.0094

Present theory | (2D) 0.0148 0.0125 0.0113 0.0098 0.0094

2(1,2) Present theory 2 (Quasi-3D) 0.0366 0.0313 0.0284 0.0247 0.0235
Present theory | (Quasi-3D) 0.0366 0.0313 0.0284 0.0247 0.0234

Present theory 2 (2D) 0.0366 0.0310 0.0280 0.0242 0.0232

2D Belkhodija et al.>’ 0.0365 0.0310 0.0279 0.024| 0.0231

2D HSDT Nguyen®’ 0.0365 0.0310 0.0279 0.0241 0.0231

Present theory | (2D) 0.0365 0.0310 0.0279 0.024| 0.0231

3(2,2) Present theory 2 (Quasi-3D) 0.0579 0.0495 0.0450 0.0391 0.0370
Present theory | (Quasi-3D) 0.0579 0.0495 0.0450 0.0390 0.0369

Present theory 2 (2D) 0.0578 0.0491 0.0443 0.0382 0.0366

2D Belkhodija et al.*’ 0.0577 0.0490 0.0442 0.038| 0.0364

2D HSDT Nguyen?’ 0.0577 0.0490 0.0442 0.038I 0.0364

Present theory | (2D) 0.0577 0.0490 0.0442 0.038I 0.0364

Table 5. Non-dimensional fundamental frequency () results of aluminium-I/alumina (Al),/Al,O3; P-FGM rectangular plates (b = 2a).

Power-law index p

alh Mode (m, n)  Theories Ceramic 0.5 | 5 10
5 1(1,1) FSDT Hosseini et al.2° 3.4409 2.9322 2.6473 22528 2.1677
2D TSDT Hosseini et al.®* 3.4412 2.9347 2.6475 22272 2.1407
Present theory | (2D) 3.4413 2.9347 2.6476 2.2268 2.1406
Present theory 2 (2D) 3.4413 2.9347 2.6476 2.2275 2.1408
2D HSDT Thai and Thuc?' 3.4416 2.9350 2.6478 2.2260 2.1403
2D Belkhodija et al.>” 3.4417 2.9350 2.6480 22269 2.1401
2(1,2) FSDT Hosseini et al.?° 5.2802 45122 4.0773 3.4492 3.3094
2D TSDT Hosseini et al.®* 5.2813 45180 4.078| 3.3938 3.2514
Present theory | (2D) 5.2814 45181 4,0782 3.3931 3.2511
Present theory 2 (2D) 5.2815 4518l 4.0782 3.3945 3.2515

(continued)
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Table 5. (continued)

Power-law index p

alh Mode (m, n)  Theories Ceramic 0.5 | 5 10
2D HSDT Thai and Thuc®' 5.2822 45187 40787 3.3914 3.2506
2D Belkhodja et al.>’ 5.2824 45188 4.0792 3.3932 3.2501
3(1,3) FSDT Hosseini et al.% 8.0710 6.9231 6.2636 5.2579 5.0253
2D TSDT Hosseini et al.®* 8.0749 6.9366 6.2663 5.1425 4.9055
Present theory 2 (2D) 8.0751 6.9368 6.2664 5.1439 4.9057
Present theory | (2D) 8.0752 6.9369 6.2665 5.1411 4.9051
2D HSDT Thai and Thuc 2! 8.0772 6.9384 6.2678 5.1378 4.9044
4(2,1) FSDT Hosseini et al.% 9.7416 8.6926 7.8711 6.5749 5.7518
2D TSDT Hosseini et al.®* 10.1164 8.7138 7.8762 6.4074 6.0954
Present theory 2 (2D) 10.1167 8.7140 7.8764 6.4094 6.0957
Present theory | (2D) 10.1169 8.7143 7.8766 6.4054 6.0949
2D HSDT Thai and Thuc”' 10.1201 8.7167 7.8787 6.4010 6.0942
10 I (1,1) FSDT Hosseini et al.% 3.6518 3.0983 2.7937 2.3998 2.3197
2D TSDT Hosseini et al.®* 3.6518 3.0990 2.7937 2.3916 23110
Present theory | (2D) 3.6518 3.0991 2.7937 2.3913 2.3109
2D Belkhodja et al.>’ 3.6518 3.0991 2.7938 2.3913 2.3108
2D HSDT Thai and Thuc?' 3.6519 3.0991 2.7937 2.3912 2.3108
Present theory 2 (2D) 3.6525 3.0995 2.7941 2.3917 23115
2D HSDT Nguyen® 3.6533 3.0996 2.7946 2.3911 23118
2(1,2) FSDT Hosseini et al.% 5.7693 4.8997 44192 3.788I 3.6580
2D TSDT Hosseini et al.2* 5.7694 49014 44192 3.7682 3.6368
Present theory | (2D) 5.7696 49016 44193 3.7675 3.6365
2D HSDT Thai and Thuc?' 5.7697 49016 44194 3.7673 3.6365
2D Belkhodja et al.>” 5.7697 49016 44194 3.7674 3.6364
Present theory 2 (2D) 57711 4.9026 4.4203 3.7684 3.6381
2D HSDT Nguyen®’ 5.7731 49031 44216 3.7671 3.6388
3(1,3) FSDT Hosseini et al.%° 9.1876 7.8145 7.0512 6.0247 5.8086
2D TSDT Hosseini et al.®* 9.1880 7.8189 7.0515 5.9765 5.7575
Present theory | (2D) 9.1884 7.8192 7.0517 5.9747 5.7568
2D HSDT Thai and Thuc?' 9.1887 7.8194 7.0519 5.9742 5.7566
Present theory 2 (2D) 9.1924 7.8219 7.0543 5.9770 5.7606
4(2,1) FSDT Hosseini et al.? 11.8310 10.0740 9.0928 7.7505 7.4639
2D TSDT Hosseini et al.®* 11.8315 10.0810 9.0933 7.6731 7.3821
Present theory | (2D) 11.8321 10.0815 9.0937 7.6704 7.3811
2D HSDT Thai and Thuc?®' 11.8326 10.0818 9.0940 7.6696 7.3808
Present theory 2 (2D) 11.8386 10.0859 9.0980 7.6742 7.3872
20 1(1,1) FSDT Hosseini et al.? 3.7123 3.1456 2.8352 2.4425 2.3642
2D Belkhodia et al.>” 3.7123 3.1458 2.8353 2.4402 2.3618
2D TSDT Hosseini et al.®* 3.7123 3.1458 2.8352 2.4403 2.3619
2D HSDT Thai and Thuc?' 3.7123 3.1458 2.8353 2.4401 2.3618
Present theory | (2D) 3.7124 3.1458 2.8353 2.4401 2.3618
2D HSDT Nguyen®’ 3.7127 3.1455 2.8355 2.440| 2.3622
Present theory 2 (2D) 3.7140 3.1469 2.8363 24419 2.364|
2(1,2) FSDT Hosseini et al.® 5.9198 50175 45228 3.8939 3.768I
2D Belkhodja et al.>” 5.9199 5.0180 45228 3.888I 3.7621
2D HSDT Thai and Thuc?' 5.9199 5.0180 45228 3.8881 3.7621
Present theory | (2D) 5.9199 5.0180 45228 3.888I 3.762I
2D TSDT Hosseini et al.®* 5.9199 5.0180 45228 3.8884 3.7622
2D HSDT Nguyen® 5.9209 50176 45234 3.8880 3.7629
Present theory 2 (2D) 5.9240 5.0208 45255 3.8924 3.7678
[
3(1,3) FSDT Hosseini et al.%° 9.5668 8.1121 7.3132 6.2903 6.0843
2D TSDT Hosseini et al.®* 9.5669 8.1133 7.3132 6.2760 6.0690
2D HSDT Thai and Thuc?' 9.567| 8.1135 7.3133 6.2753 6.0688
Present theory | (2D) 9.567| 8.1135 7.3134 6.2753 6.0688
Present theory 2 (2D) 9.5777 8.1207 7.3202 6.2866 6.0836
[
4(2,1) FSDT Hosseini et al.%° 12.4560 10.5660 9.5261 8.1875 79166
2D TSDT Hosseini et al.®* 12.4562 10.5677 9.526| 8.1636 7.8909
2D HSDT Thai and Thuc?' 12.4565 10.5680 9.5263 8.1624 7.8905
Present theory | (2D) 12.4566 10.5680 9.5263 8.1623 7.8905

Present theory 2 (2D) 12.4745 10.5802 9.5379 8.1813 79153
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Table 6. Non-dimensional natural fundamental frequency parameter () results of aluminium-2/alumina (Al),/Al,O3; P-FGM square
symmetric and non-symmetric sandwich plates (type A: with homogeneous softcore).

Symmetric Non-symmetric
alh p Theories [-0-1 2-1-2 I-1-1 1-2-1 2-2-1
5 0 Quasi 3D Akavci et al.”” 0.8538 0.8538 0.8538 0.8538 0.8538
Quasi 3D Bessaim et al.®' 0.8529 0.8529 0.8529 0.8529 0.8529
3D Li et al.®? 0.8529 0.8529 0.8529 0.8529 0.8529
2D Akavei et al.”? 0.8494 0.8494 0.8494 0.8494 0.8494
0.5 Quasi 3D Bessaim et al.! 1.3877 1.3328 1.2899 1.2288 1.2563
Quasi 3D Akavci et al.” 1.3868 1.3312 1.2885 1.2287 1.2560
2D Akavei et al.”? 1.3801 1.3250 1.2827 1.2235 1.2485
3D Liet al.!! 1.3789 1.3206 1.2805 1.2258 1.2453
I Quasi 3D Bessaim et al.®' 1.5237 1.4613 1.4088 1.3330 1.3694
Quasi 3D Akavci et al.” 1.5221 1.4578 1.4050 1.3307 1.3676
2D Alkavei et al.l! 1.5143 1.4506 1.3983 1.3249 1.3587
3D Li et al.®? 1.5090 1.4333 1.3824 1.3213 1.3420
5 Quasi 3D Akavci et al.”? 1.6658 1.6218 1.5671 1.4735 1.5267
3D Liet al.!! 1.6587 1.5801 1.5028 1.4267 1.4601
2D Alkavi et al.” 1.6568 1.6129 1.5588 1.4665 1.5160
Quasi 3D Bessaim et al.®' 1.5237 1.6257 1.5737 1.4810 1.5301
10 Quasi 3D Akavci et al.” 1.6761 1.6442 1.5944 1.5002 1.5544
Quasi 3D Bessaim et al.?' 1.6754 1.6471 1.6006 1.5084 1.5574
3D Li et al.®? 1.6728 1.6091 1.5267 1.4410 1.483|
2D Akavci et al.l! 1.6671 1.6350 1.5858 1.4928 1.5435
10 0 Quasi 3D Akavci et al.” 0.9296 0.9296 0.9296 0.9296 0.9296
Quasi 3D Bessaim et al.?' 0.9290 0.9290 0.9290 0.9290 0.9290
3D Li et al.®2 0.9290 0.9290 0.9290 0.9290 0.9290
2D Akavei et al.”? 0.9278 0.9278 0.9278 0.9278 0.9278
0.5 Quasi 3D Bessaim et al.! 1.5771 1.5310 1.4885 1.4179 1.4404
Quasi 3D Akavci et al.” 1.5771 1.5307 1.4883 1.4181 1.4409
2D Akavci et al.l! 1.5741 1.5279 1.4857 1.4157 1.4356
3D Li et al.®2 1.5735 1.5259 1.4846 1.4166 1.4342
I Quasi 3D Bessaim et al.®' 1.7281 1.6863 1.6420 1.5630 1.5843
Quasi 3D Akavci et al.” 1.7280 1.6853 1.6408 1.5624 1.5843
2D Akavci et al.l! 1.7246 1.6820 1.6377 1.5596 1.5776
3D Li et al.®? 1.7223 1.6744 1.6305 1.5579 1.5704
5 Quasi 3D Akavai et al.”? 1.8452 1.8436 1.8181 1.7486 1.7595
Quasi 3D Bessaim et al.®' |.8447 1.8446 1.8203 1.7514 1.7597
3D Liet al.!! 1.8420 1.8261 1.7896 1.7267 1.7273
2D Akavei et al.”? 1.8414 1.8397 1.8144 1.7452 1.7515
10 Quasi 3D Akavci et al.” 1.8420 1.8544 1.8378 1.7757 1.7816
Quasi 3D Bessaim et al.®' 1.8411 1.8549 1.8397 1.7788 1.7816
3D Li et al.®2 1.8402 1.8399 1.8081 1.7481 1.7478

2D Akavci et al. 1.8383 1.8504 1.8339 1.7722 1.7737

Table 7. Non-dimensional natural fundamental frequency parameter (@) results of aluminium-2/alumina (Al),/Al,O3; P-FGM square
symmetric and non-symmetric sandwich plates (Type A: with homogeneous hardcore).

Symmetric Non-symmetric

alh p Theories 1-0-1 2-1-2 I-1-1 1-2-1 2-2-1 2-1-1
5 0 Quasi 3D Akavci et al.” 1.6790 1.6790 1.6790 1.6790 1.6790 -
Quasi 3D Bessaim et al.?' 1.6772 1.6772 1.6772 1.6772 1.6772 -
3D Lietal® 1.6771 1.6771 1.6771 1.6771 1.6771 -
2D Akavci et al.”? 1.6702 1.6702 1.6702 1.6702 1.6702 —

(continued)
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Table 7. (continued)

Symmetric Non-symmetric
alh p Theories [-0-1 2-1-2 [-1-1 [-2-1 2-2-1 2-1-1
5 Quasi 3D Akavci et al.” 0.9001 0.9416 1.0017 1.1202 1.0657 -
Quasi 3D Bessaim et al.®' 0.8985 0.9403 1.0005 1.1194 1.0642 -
2D Akavci et al.”® 0.8953 0.9365 0.9958 1.1133 1.0531 -
3D Li et al.!! 0.8909 0.9336 0.9980 1.1190 1.0561 -
10 Quasi 3D Akavci et al.”? 0.8771 0.9045 0.9562 1.0743 1.0228 -
Quasi 3D Bessaim et al.?' 0.8754 0.9031 0.9549 1.0734 1.0209 -
2D Akavci et al.” 0.8725 0.8998 0.9508 1.0677 1.0093 -
3D Li et al.!! 0.8683 0.8923 0.9498 1.0729 1.0095 -
10 0 3D Li et al.®? 1.8268 1.8268 1.8268 1.8268 1.8268 1.8268
2D SSDPT Touratier>® 1.8245 |.8245 1.8245 1.8245 1.8245 1.8245
2D HSDT El Meiche et al.>® 1.8245 1.8245 1.8245 1.8245 1.8245 1.8245
2D Akavci et al.” 1.8245 1.8245 1.8245 1.8245 1.8245 1.8245
2D PSDPT Reddi52 1.8245 1.8245 1.8245 1.8245 1.8245 1.8245
FSDPT®35> 1.8244 1.8244 1.8244 1.8244 1.8244 1.8244
05 3D Lietal® 1.4461 1.4861 1.5213 1.5767 1.5493 1.5084
2D SSDPT Touratier® | 4444 1.4842 1.5193 1.5745 1.5520 1.5126

2D PSDPT Reddy*? 1.4442 1.4841 1.5192 1.5745 1.5520 1.5125

2D HSDT El Meiche et al. 1.4442 1.4841 1.5192 1.5746 1.5471 1.5064
FSDPT®38575 1.4417 1.4816 1.5170 1.5727 1.5500 1.5104
I 3D Li et al.8? 1.2447 1.3018 1.3552 1.4414 1.3976 1.3351
2D SSDPT Touratier® 1.2434 1.3002 1.3534 1.4393 1.4079 1.3489
2D PSDPT Reddi52 1.2432 1.3001 1.3533 1.4393 1.4079 1.3489
2D HSDT El Meiche et al. 1.2431 1.3000 1.3533 1.4394 1.3956 1.3333
FSDPT838575 1.2403 1.2973 1.3507 1.4372 1.4056 1.3464
5 2D Akavci et al.” 0.9462 0.9820 1.0448 1.1740 1.1090 -
2D SSDPT Touratier® 0.9463 0.9821 1.0448 1.1740 1.1474 1.0745
2D PSDPT Reddi52 0.9460 0.9818 1.0447 1.1740 1.1473 1.0743
2D HSDT El Meiche et al. 0.9457 0.9817 1.0446 1.1740 1.1088 1.0303
3D Li et al.®? 0.9448 0.9810 1.0453 1.1757 1.1098 1.0294
FSDPT®38575 0.9426 0.9787 1.0418 1.1716 1.1447 1.0716
10 2D SSDPT Touratier 0.9288 0.9433 0.9952 1.1346 1.0415 1.0456
2D Akavci et al.” 0.9286 0.9432 0.9956 1.1232 1.0612 -
2D PSDPT Reddi52 0.9284 0.9430 0.9955 1.1231 1.1053 1.0386
2D HSDT El Meiche et al. 0.9281 0.9428 0.9954 1.1231 1.0608 0.9918
3D Li et al.®2 0.9273 0.9408 0.9952 1.1247 1.0610 0.9893
FSDPT83:8575 0.9251 0.9396 0.9926 1.1207 1.1026 1.0358

Table 8. Non-dimensional natural fundamental frequency parameter () results of aluminium-2/alumina (Al),/Al,O3; P-FGM square
symmetric and non-symmetric sandwich plates (type A: with homogeneous hardcore) as well as (b = 2, a’h = 10).

Mode (m, n)
Theories (L (1,2) 2,2) (1,3) 2.3) (1,4) 3.3) 2.4) 3.4) (4.4)
[-2-1 3D Akavci et al.”” 1.3051 3.1700 4.9385 6.0705 7.7061 9.7841 102870 11.2747 13.6465 16.7650
2D El meiche et al.*® 1.3025 3.1573 49098 6.0287 7.6415 9.6847 10.1782 11.1464 13.4665 16.5069
2D Akavci et al. ! 1.3024 3.1569 4.9090 6.0275 7.6397 9.6816 10.1749 11.1425 13.4607 16.4984
2D Zenkour’? 1.3024 3.1569 4.9085 6.0262 7.6360 9.6712 10.1619 11.1232 13.4176 16.3982
2-2-1 2D Zenkour” 1.2678 3.0738 4.7807 5.8702 7.4400 9.4255 9.9044 10.8426 13.0826 15.9940
3D Akavci et al.” 1.2509 3.0406 4.7399 5.8287 7.4033 9.4058 9.8908 10.8436 13.1336 16.148I
2D Akavci et al.”? 1.2439 3.0180 4.6968 5.7698 73181 9.2817 9.7564 10.6881 12.9227 15.8550

2D El meiche et al. 12438 3.0170 4.6946 57666 73132 9.2744 9.7485 10.6789 129101 15.8376
FSDT Nguyen et al.”® 12436 3.0163 4.6932 57648 73110 92719 97460 10.6764 12.9084 15.8383
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The stresses. The constitutive relations (stress—strain relations) described the linear mechanical behaviours of the FGM

plates, and the linear stresses field are written in terms of the stiffness matrix as

_ (n)

w [Cn Ca2 Csz 0 0 0 (n)

Oy Ex
o Cip Cyp Cn 0 0 0 -

g Cz Cpn C3 0 0 0 '
Oz &z

= 0 0 0 Gy O 0

Tyz 0 Vyz
Txz 0 0 0 0 GSS 0 Vxz
Ty Lo 0 0 0 0 Gl

where the stiffness matrix includes stiffness coefficients, which are defined for 2D HSDT (e, = 0) as

E(z)

Cu :szim

Cpp=v.Cp
Cy3=Ci3=Cp;3=0

Ga = Gss = Ggg = Z(If(—lz—)y)
Hence, for 3D and quasi-3D HSDT (e # 0) are given as
Cii =Cyp=Cx _m
Cn:Cn:CB:G_%%%I;
Gy = Gss = Geg = %

(10a)

(10b)
(10c)

(10d)

(11a)

(11b)

(11¢)

The energy principle. The equations of motion are determined for deformable bodies by the Hamilton’s principle that is

formulated as
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0= J(éU — 8K)dt (12)
0

where ¢ denotes a time period as well §U and 6K are, respectively, the strain energy and kinetic energy variations of the
FGM plates.

The strain energy. The strain energy (energy of internal loads) variation is calculated in equations (13) as follows,
without the stretching effect (p = 0):

SU = J (020 ex 4 00 &y + 026 &2 + Tuy6 Yy + 7326 7y, + Tiz6 ) AV (13a)
V
dbug ., O 6wy 0 Sw; dévy O 6wy D% 6wy dbug ~ Advo
§U=||N, - M - M N - M - M Ny [ ——
J Ox * Ox? T Ox2 A oy Yooy? Yo y? + Ny oy + Ox
4 (13b)
6wy, - D*bw, [ 06w, Dby [ 06w, D6y
—2Mm? —2M° s LT+ S | —N.bp|d4
¥ Oxdy YV Ox0y T o Ox * Ox 9 dy + dy 4

where 4, V and N, M, S denote, respectively, the section, the volume and the stresses resultants that are defined as in
equations (14), without the stretching effect (N, = 0):

Ne Ny 0 0 0 N, 1
M, M) 0 0 0 M 3 z
M M50 0 0 M3 :ZJ f@ o oy oo T Te Tylde (14)
0 0 0 S8 S0 =i, | &@)
0O 0 N, 0 0 0 2

The kinetic energy. The kinetic energy variation is determined as in equations (15), without the stretching effect (¢=0):

h/2
5K = J J(uéu + V6V + o) p(z) dA (15a)
—h/2 4
e e . . . . . 06wy, Owy . . 06w, Owy .
6K = J []0 (ugéuo + Vobvo + (Wp + W) (6w + (5ws)) -1 (uo 8xb + a—xbéuo + voa—yb + 8—;6‘}‘0)
4
Owy, 06wy, Owy, 06wy . 06wy Owy . . 06wy Owy .
I _ hubdit ]
2( - + B oy ) J1 (uo o + o oty + Vo dy + ay 6\"0)

(15b)

ny, Oy DbV O DbW n Owp Obws 0wy 06wy Oy Do N Oy Do
\ox ox Ox Ox dy Oy dy Oy *\ox ox dy Oy

+JS ((w,, +90,)8% + @.8(Wp + ws)) + K52<'p.54 dAdz

where the dot-superscript convention indicates the differentiation with respect to the time variable (t), the terms /;, J; and
K; denote the moments of inertia that are expressed as in equations (16), without the stretching effect (J5,K%) = 0:

s

3
(0.1 1212 Ka 33 K9 = 3 [ 0@)(1,226).50)20).8(0).8° ) (16)
n=1 iy

The equations of motion:
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The five equations of motion are found by substituting the energies variations (13 and 15) in the Hamilton’s principle
(12), then collecting the coefficients du,, dvy, dw, and d¢ together, after integrating by parts every found term, they are
appropriate to the five unknowns of the displacements field and the constitutive equations. The first equation of motion
system is expressed in terms of displacements and strains as in equations (17), without the stretching effect (N, = 0), (¢ =
0), (/1,K3) = 0

~ ON, | ON, . oWy oW
5u0. ox + ay —IOMO_IIW_JI Ox (173)
~ ONy , ON, . Dby Dy
v : o T o :IOVO_IIa—y_Jla—y (17b)
oMb PMb, O*MY o By Do . S
owy : p) +2 axay + ayz —Io(Wb—l—WS)—‘rll(E—i-a—y)—[zv wp —JoV W5+J1<P (17C)
Py M, M os.  OS, dity Dy
. x X, y Yz z IoGi . dlo YVo ) 2. _K 2. g -
bwy Ix2 + Oxdy + N2 + O + 3y o(Wp + V) +J1( o + (’)y) JoVawy, 2V, +J1¢
(174d)
oS, 0S), e .o
bp: ax 8); — N, =J (0 + ) + K5 (17¢)

where V2 = (9%/0x?) + (0% /9y?) is the Laplacian operator in 2D Cartesian coordinates system.
When the stresses field (10) is substituted into the first stresses resultants (15), the second ones (18) are presented as a
function of strain as in equations (18), without the stretching effect (N, = 0), (¢ = 0), (P, P4, T, T")=0:

o
ox
M
dy
L)
dy Ox
2
N, Ay A O By B 0 B, B, 0 0 0 P _%
X
N, Ay Ap O By, Bn 0O B, B, 0 0 0 P
Ny 0 0 A O O Bg O 0O By 0 0 0 9w
M)}; B]l BIZ 0 D11 D12 0 Dsll Dsu 0 0 0 P? 8y2
M By Bp O Dy Dp 0 Dy, Dy, 0 0 0 P .
b -2
My _| 0 O Bs O 0 Dg O 0 Dy 0 0 0 oxdy (18)
My, By, B, 0 Dy Dy O Hy H, 0 0 0 T .
M By, By 0 Dy Dy 0 Hy Hy 0000 00T —%M;S
S S X
M3, 0 0 B, 0 0 Dy O 0 Hy, 0 0 0
S5, o 0 0o O 0 0 0 0 0 4, 0 0 _ Pw,
S8 00 0 0 0 0 0 0 0 0 A% 0 y?
N. Lp P 0 P PP O T T 0O 0O 0 T 9w,
_8x8y
ows O
dy Oy
ows Oy
(aﬁ@)
@
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where the stiffness coefficients for quasi-3D HSDT (e, # 0) areas in equations (19), without the stretching effect
(P, P, T, T)=0:

A11 B]] D11 Bvll DS“ Hvll 0 P P* T T¢
Ap Bp Dy B, D, H5, 0 0 0 0 0
Ags Bes Des Bl Dby Hie A5 0 0 0 0

(19a)
g Cu(z)
= J [1,2,22,1(2),2 (), [ (), [g(2)), £ (2), 28 (2)./ (2)¢' (2), [€ (2))]§ Cale) pz,
n=1 iy G(z)
(AZZ,BZZ,DZZvBészEZaHaszgs) = (A117Bll>D11’B§1’DvllaHS11>A‘§14) (l9b)

By substituting the stresses resultants (18) into the first equations of motion system (17), the following
simplified system is found as in equations (20), without the stretching effect (N, = 0), (¢ = 0), (P, P, T, T") = 0
(1, K3) =0

82u0 82u0 (92\/0 83wb 83Wb
bug = Ay, B +A66—8y2 + (4, +A66)W6y “bugs T (B, + 2366)W
20a
g D wy . w, Op owy, Oy (20)
B“ (93 (Blz+2366)682+1)a I()M()—[l ax —J] ax
aZV() 82\10 821,{0 83Wb 83Wb
bvo: Ay 02 +Ag6 B + (41, +A66)m EERr N (By, + 2Bsa)m
20b
S 83WS S 83WS 890 _ . aWb 8Ws ( )
32283 (BIZ+2B66)628 +P87y—[()V0—[187y—J1 8y
83u0 63140 83\/0 63\/0
dwp: By o (B, + 2366)6}«‘) s+ B+ 2366)8 20y 02 gy
*wy 0" wy *wy, I*wy O*w,
Dll 8)(4 22 o 4 2(D12+2D66)8 28 2 11 8x4 22 ay4
(20c¢)
3wy Bzgo 8290 Odity OV
2(D5 2D5 P Iy s I —
(DY, + 66)6x28y2 (8x2+8y2> (Wp + Wy) + 1(8 8y>
D%y azwb) ( D%, a%)
DL St ) I3
2( d’x %y 2\ o %y e
e 831/{0 S 83u0 s s 33 Yo s (93\/0
ows s By, e + (Bl + 2Bys) 55 ox0? + (Bl + 2B) pe 28 2 3
. 0wy d*wy d*wy Pw, o OPwy
- Dy, p D3, P 2(DS12+2DS66)8 29y 2+A44 92 + As;s B
(20d)

. 0w, , dwy o wy Pp | P Po . Py
— HY 5 — 2(HY, + 2Hg )6282 H?, o +T<82 57 >+A4482 + A5

Bzwb 82v'i/b ) ( azws 82WS )
Y2 [ CANE L) B 2 (s +
2 < x| 0%y 2o T oy 1%

. .. 81/!0 6v0>
= To(Wwp +wy) +J 1| —+—
0o(Wp ) 1( o oy
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' dug Ao Pwy  Pwy o 0wy L Pwy R R ot
(5(,0. P<E+8—y) —PG(W'F ayz +(T—A44)W+(R—A55) ayz +T _A448 5 _ASSW

= Ji(Vp + ) + K50
(20e)

Navier approach for simply supported plates

In general, plates are classified in accordance with the used support type. Thus, in the present study, the following
boundary conditions form for simply supported plate edges is imposed at the plate side edges as:

0(0.) = ws(0.9) =, (0.5) = 5 0.9) = 5 0.9) =0 1)
wu(a) = wi(ay) = wany) = G (@) = 5 (a.3) =0 21b)
Nx(ovy) :M)l:(oay) :M)Sc(ovy) = Nx(avy) = M)l:(a7y) = Mi(a,y) =0 (210)
wo(x, 0) = wy(x, 0) = wy(x, 0) = 23@0) %ﬁ@my:o (21d)
wmmzmmmzm@m=%§@ngﬁwmzo (21e)
Ny(x,0) = M)(x,0) = M}, (x,0) = Ny(x,b) = M}(x,b) = M;(x,b) = 0 (21f)

The Navier approach for simply supported boundary conditions is used to find analytical solutions of equations (20).
The Navier approach solutions are partial differential equations in terms of displacements functions that satisfy the
equations of boundary conditions (21), expressed by the following double-Fourier series for the plate with shear deforma-
tion model as in equations (22), without the stretching effect (¢ = 0):

uo(x,y,1) U yncos(Ax)sin(uy)
vo(x,¥,1) o oo V mnsin(Ax)cos(py)
wy(x,3,8) p = Z Z e W ppmsin(x)sin(uy) (22)
ws(x, ¥, 1) m=1n=1 W gmnsin(Ax)sin(y)
p(x,1,1) Pppsin(2x)sin(py)

where U,..., Viuns Womns Wemn and @,,,, are arbitrary determined parameters subjected to the conditions that the solution in
(22) satisfies equations of motion (20), w is the eigenfrequency associated with (m, n)th eigenmode of the plate for the free
vibration analysis, 2 = mp/a, |\ = np/b.

The double-Fourier series of displacements form (22) are substituted into the equations of motion system (20), and after
some derivations and simplifications, the following equivalent system is obtained as in equations (23), without the
stretching effect (V, = 0), (¢ = 0), (P, P*, T, T")=0 (J3,K5) = O:

([A] = «* M){R} = {0} (23a)
ayl aip ap A as myp 0 my3 0 0 Un 0
aiy axp ap; Ay ax; 0 mp mpy my 0 V i 0
a3 ax ax ay azs | —w'|m; myy my may o mas Womn ¢ =< 0 (23b)
a4 Ay 34 Q44 Q45 0 mos m3g mas mys W smn 0
ais axs azs  a4s  ass 0 0  m3s mys mss L~ 0
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where the matrix [A] is

ay = (),ZAH +H2A66)7
ap = (A, + Ag)s

( Byy + 24 12+2’B66>

( Bil*’lﬂ By, + 2By) >

an = (PAg + 1 4y),

ayp = — ( By, + 22 u(Byy + 2Bgf) ),
~(

a;s =

aiy = —

azy =

By, + 7 u(B, + 2366))7
)+

Dy, + 27242(Dy, + 2D¢q an),

= (4
(A DY, + 22712 (DY, + 2D) + DA22>
o= (#

ACHY, + 22217 (HYy + 2Hg) + pi*Hy + 22 A% + o A44)

(24a)
For the additional stretching effect
ais = —P;u’
as = —Pyp, (24b)

ass = (/ALZAfM + /14214;5 + Ta),
As well the matrix [M] is
my = my = I,
ms3 = (10 + (22 + u2)>7
, 24c¢
ms4 = (10+J2(A2+M2))7 (24c)
Mmay = (10 + Ky (22 + /J/z))v

For the additional stretching effect

myz = =2,
myg = —AJ1,
my; = —ply, (24d)
myg = —pJ 1,

S
m3ys = mys = J7,

;)
mss = K2'

Numerical examples, results
and discussions

The present theory accuracy, novelty, simplicity and
effectuality are evaluated for the free vibration analysis
(the plate is not subjected to external loads) of both the
square and rectangular, aluminium-1/alumina (Al),/
Al,O;5 and aluminium-1/zirconia (Al);/ZrO, P-FGM and
MT-FGM monolayer plates in Tables 3 to 5 as well as
square aluminium-2/alumina (Al),/Al,O; P-FGM sand-
wich (symmetric as well as non-symmetric, with hard-
core as well as softcore) plates in Tables 6 to 8 with
simply supported edges. The obtained results were

determined from the new developed hybrid HSDTs
(polynomial-hyperbolic—exponential), (polynomial—tri-
gonometric) and Belabed et al.,"* El meiche et al.*® the-
oretical formulation models. Many numerical examples
investigated the different non-dimensional parameters
effects such as the volume fraction index (p), the geo-
metric ratios (a/h, a/b), the thickness ratio, the frequency
modes (m, n) and the materials properties on the non-
dimensional free vibration fundamental and natural
frequencies (&), (@) and (B). The results are compared
with those generated by the FSDT,’*76-80-83:85 4he 3D
and quasi-3D HSDT'3 1473777981282 4n 4 the 2D
HSDT 21:23.29.37.38,52.,55,73.75.84
For this study, the used matrices general form (23) ana-
lysed the free vibration problem as well the resulted non-
dimensional mathematical relations are listed as:
For P-FGM and MT-FGM monolayer plates:
25a

z:%ﬁ:wh,/g—:,wzwh,/g—z,@

For P-FGM sandwich plates

(25b)

where py = 1 kg/m® and E, = 1 GPa

Example 1. The natural frequency (3) results are pre-
sented in Table 3, for homogeneous ceramic moderately
stiff, softer, thick, moderately thick, thin and square
(Al),/ZrO, MT-FGM plates, under the frequency modes
((m, n)=1(1,1), 2(1,2), 3(2,2)). It should be noted that the
obtained results are in good agreement with all the men-
tioned theories solutions, especially with quasi-3D HSDT
solutions of Belabed et al.'* even for thick and softer MT-
FGM plates, where (3) becomes more important, and the
produced maximum error between both the present theory
1, 2 solutions and Belabed et al."* is 0.0456% for (a/h = 5,
p = 1), which is negligible.

Example 2. The fundamental frequency (w) results are
computed in Table 4, for homogeneous ceramic, stiffer,
moderately stiff, softer, thick, moderately thick, thin,
square (Al);/Al,O; P-FGM plates, under the three fre-
quency modes ((m, n) = 1(1,1), 2(1,2), 3(2,2)). The 2D
HSDT 1 and 2 results are in very good agreement with all
the presented theories solutions, especially with Belkhodja
et al.>” as well as Thai and Kim,>> where the calculated
maximum errors are, respectively, 0.0747% as well as
0.6683% and 0.7937%, these are an insignificant values
obtained for (p = 0, a/h = 5,(m, n) = 3(2,2)) and (a/h =
20, p = 0.5,(m, n) = 1(1,1)). The 2D HSDT 1 results are
identical to the others theories solutions, for thin and also
moderately thin plates. The quasi-3-D HSDT 1 and 2
results are in well agreement with the others theories solu-
tions, especially Belabed et al.,'* where the maximum error
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Figure 5. Non-dimensional fundamental frequency () variations for (Al),/Al,O3 P-FGM plates versus (a) the volume fraction index (p)

and (b) the side-to-thickness ratio (a/h).

is 1.8453%, this is an insignificant value, obtained for
(p =4, a/h =5, (m, n) = (1,1)). For thin plates, the
quasi-3D HSDT results are very close to each other (the
transverse shear deformation effect is not significant).
Thus, the different theories solutions present more accu-
racy and convergence. It is to highlight that, the (&) values
increase with the index (p) and (a/h) ratio decrease, as well
as the frequency modes increase.

Example 3. The fundamental frequency (@) results are
calculated in Table 5, for homogeneous ceramic, stiffer,
moderately stiff, softer, thick, moderately thick, thin and
rectangular (Al);/Al,0; P-FGM plates under the frequency
modes ((m, n) = 1(1,1), 2(1,2), 3(1,3), 4(2,1)). It can be
observed that well agreement is presented between the both
2D HSDTs 1 and 2 solutions as well as the others theories,
especially with Belkhodja et al.’” where the maximum
error computed is, respectively, 0.0308% and 0.1513%
obtained for (p = 10, a/h = 5 and 20, mode 2), the maxi-
mum error in comparison with Hosseini et al.** is 0.0352%
and 0.3083% obtained for (p = 5 and 10, a/h = 10 and 20,
mode 4), as well the maximum error is, respectively,
0.0687% and 0.3133% in comparison with Thai and
Thuc?! obtained for (»p =5 and 10, a/h = 5 and 20, mode
4), these errors are insignificant. It is to highlight that, the
(@) values increase with the index (p) decreases as well as
the increase of both the ratio (a/h) and the frequency
modes that is clear in Figure 5.

Example 4. The fundamental frequency (@) results are
calculated in Table 7, for homogeneous ceramic, stiffer,
moderately stiff, softer, thick, moderately thick and square
(Al),/Al,05 P-FGM symmetric and non-symmetric sand-
wich plates type A, with homogeneous hardcore.

It should be noted that the obtained results are in very
good agreement with all the mentioned theories solutions,
especially with Akavci et al.”* and El Meiche et al.*® solu-
tions even for thin and stiffer P-FGM plates, where (&)
becomes more important, and the produced maximum error
between both former theories and the present 2D theory 3

solutions is negligible, obtained as 0.1261% and 0.0302%
for (a/h =5, p = 10, (1-0-1)) and (a/h = 10, p = 10, (2-1-
1)), respectively.

Example 5. The fundamental frequency () results are
again calculated in Table 8, for stiffer, moderately thick and
square (A41),/A1,0; P-FGM square symmetric and non-
symmetric sandwich plates type A, with homogeneous hard-
core, under 10 frequency modes ((m, n) = 1(1,1), 2(1,2),
3(2,2),4(1,3), 5(2,3), 6(1,4), 7(3,3), 8(2,4), 9(3,4), 10(4,4)).

The 2D HSDT 3 results are in well agreement with all the
presented theories solutions, especially with EI Meiche
et al.>® and Akavci et al.”* where the calculated maximum
errors are, respectively, 3.0967% and 3.1729%. These are an
insignificant values obtained for ((m, n) = (1,4)) and non-
symmetric sandwich plates (2-2-1). The 2D HSDT 3 results
are important for the frequency mode ((m, n) = (4,4)).

Example 6. The fundamental frequency (@) results are
presented also in Table 8, for stiffer, moderately stiff, thick,
moderately thick and square (Al),/Al,O3; P-FGM square
symmetric and non-symmetric sandwich plates type A, but
with homogeneous softcore.

The 2D HSDT 3 results are in good agreement with all
the presented theories solutions, especially with Akavci
et al.”® where the calculated maximum errors is 0.7513%,
this is a negligible value obtained for (a/h = 5, p = 10, and
non-symmetric sandwich plates (1-2-1)).

Conclusion

The developed three hybrid quasi-3D and 2D HSDTs
analysed the free vibration problem of the isotropic, the
MT-FGMs and P-FGMs, monolayer and sandwich (sym-
metric as well as non-symmetric, with hardcore as well as
softcore) plates with simply supported edges, the theory
investigated the displacements field of five unknowns, in
which the transverse displacement membranes are the
bending, the shear and the stretching through the plate
thickness. The stretching displacement is in terms of the
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transverse shear deformation and stress that satisfied the
stress-free boundary conditions on the plate free surfaces.
The appropriate equations of motion are extracted from the
Hamilton’s principle and are solved by the Navier
approach. The study of several parameters effects such as
the volume fraction index, the geometric ratios, the fre-
quency modes, and the materials properties on the natural
frequencies are analysed. The proposed model reliability
and accuracy, novelty, simplicity and effectuality of these
new HSDTs are ascertained by comparisons of the calcu-
lated results with others plate theories solutions found in
the literature references. As a conclusion, these theories are
appropriate, simple, accurate and effective, as well as it
gave the following results:

e It is obtained that the present formulations of poly-
nomial-hyperbolic—exponential and polynomial—tri-
gonometric forms can be further extended to all
existing HSDTs models for numerous problems
related to the shear deformable effect.

e The obtained results are in good agreement with the
different others quasi-3D and 2D HSDT solutions in
many cases that confirms the theory convergence.In
the P-FGM plates, the (3), (w) and (&) increase with
the index (p) decreases.

e The increase in the fundamental frequencies () and
(@) is influenced by the increase in the frequency
modes.

e Furthermore, there is always a little difference
between the quasi-3D results curve and the 2D
results curves except for homogeneous ceramic plate
(p = 0), where the quasi-3D results curve is under-
estimated in comparison with others ones and the
reason is the stretching effect that is clear for softer
and thick plates.
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