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Abstract

Measuring psychological variables (attitudes, opinions, perceptions, feelings, etc.)
there is a need for rating scales coping with both the natural imprecision and
individual differences. In this respect, the so-called fuzzy rating scales have been
introduced as a doubly continuous instrument allowing to capture both imprecision
and individual differences. Aiming to show the advantages of using fuzzy rating
scales in the setting of questionnaires, the extended Cronbach α is considered to
quantify the internal consistency associated with constructs involving fuzzy rating
scale-based items. This extended tool allows us to draw interesting conclusions,
the main one supporting the use of fuzzy rating scales instead of standard ones
(namely, Likert type, visual analogue, and even fuzzy linguistic scales). Although
general theoretical conclusions could not be drawn, unequivocal majority trends
can be stated from simulation-based and real-life examples.

Keywords: extended α, fuzzy linguistic scales, fuzzy rating scales, Likert
scales, psychological variables, simulated fuzzy data, visual analogue scales

1. Introduction

In introducing Fuzzy Sets and Logic [92, 93, 94] Zadeh anticipated that
they would play an important role in human thinking. In particular, appli-
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angarcia@uniovi.es (Antonio Garćıa-Izquierdo), magil@uniovi.es (corresponding
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cations of fuzzy approaches and fuzzy-based techniques to Psychology were
foreseen and developed since the very beginning (see, for instance, [40], or
the edited book [97]). And they are more active and challenging nowadays
than in the past (see, for instance, [71, 72, 75, 83] for recent reviews about).

Psychological measurement has traditionally dealt with giving or choos-
ing either numbers, linguistic/qualitative labels or symbols to a wide array
of variables. Psychological dimensions can be measured by different ap-
proaches, but they have relied mainly on questionnaires. As measurement
is intended to be difficult into capturing all of the intrinsic nuances of psy-
chological dimensions, most questionnaires have been preferred to including
several items for every dimension, attempting to achieve a higher chance of
respondents to be consistent.

As it has been recently highlighted [87], the choice of response format
should play a crucial role in designing a new questionnaire. In this respect,
choosing the response format should be an explicit step to be added to
other well-known steps such as the construct definition, the target popula-
tion, the item selection, and so on. The most common response format in
questionnaires is the rating scale response format. A recent guest editorial
of the special issue on ‘Design aspects of rating scales in questionnaires’ [56]
points out that “... Since their introduction by Thurstone [79] and Lik-
ert [44], rating scales have been determinant in questionnaires. A rating
scale usually defines the graduations out of a continuum such as agreement,
intensity, frequency, or satisfaction. Respondents evaluate questions and
items by marking the appropriate category, which usually concerns personal
characteristics, opinions, and behavior.”

When aspects to be studied through questionnaires can be numerically
measured in a direct way, the corresponding items make use of numerical
scales and the statistical analysis of the associated responses can be analyzed
by means of different well-known statistical techniques. Nevertheless, many
aspects of interest are not directly measurable, so other rating scales should
be considered.

Psychological measurement can be frequently seen as how much indi-
viduals agree or disagree with each of a series of statements related with
psychological latent variables. In measuring these variables several rating
scales have been considered in the literature. Among these scales, Likert
type and visual analogue (this last one also coined as graphic or continuous
rating) are probably the most popular ones (e.g., [24, 37, 43, 66, 77, 80]).

Likert Scales format [44] consists of some scores indicating the strength
of the agreement with several assertions, the Likert type items. Some-
times, these numbers are combined with or replaced by linguistic expres-
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sions which are, for instance, adverbs of frequency and quantity. Despite
Likert scales have been adopted for many social science research commu-
nities, they present some controversy and debate concerning several issues,
among them, the nature of the response categories and the uses of the scores.
Likert scale-based items in a questionnaire are usually easy to respond, and
the answers (before numerically ‘encoding’ them) can partially capture a
certain involved imprecision.

Since the choice is made within a list of a few possible ones, anchored
for the Likert options, individual differences are almost systematically over-
looked. Furthermore, the number of applicable (non-parametric) techniques
to statistically analyze Likert data is quite limited and relevant statistical in-
formation is usually lost in the analysis (see [86] for a recent short discussion
about).

Visual Analogue Scales (VAS’s for short) were mostly considered to
overcome the limitations with ordinal discrete Likert-type scales. VAS’s
have a long tradition in psychological measurement, and were introduced
[28] in attaining judgements about employees by supervisors (see [90] for a
recent historical study). Respondents to a VAS item/scale, mark their level
of agreement to a statement by indicating a position along a continuous line
between two end-points, permitting an infinite number of gradations.

In contrast to Likert scales, a VAS properly captures individual differ-
ences because the choice is made within a continuum of possible options
(actually, a bounded interval). However, the choice of the single point that
best represents rater’s score in visual analogue scales is frequently neither
easy nor natural in the usual imprecise settings (see [85]). To require a full
precision seems rather unrealistic in connection with most of psychological
variables.

Aiming to appropriately capture the natural imprecision involved in mea-
suring most of psychological variables, fuzzy scales have been introduced.
The best known fuzzy scales of measurement are those associated with fuzzy
linguistic variables, which can mathematically cope with the imprecision of
linguistic labels (see [94]). But to also cope with the individual differences,
which are statistically relevant, the fuzzy rating scales (see [33, 34]) are a
very appropriate instrument.

In Section 2 the preliminaries for fuzzy scales as well as the two main
types of fuzzy scales are recalled. Furthermore, a few comments from some
comparative studies (e.g., [15, 26, 47, 50, 51]) are given to state that fuzzy
scales could lead to statistical conclusions different from those with Likert’s
and VAS’s.
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Since fuzzy rating scales are the only ones capturing simultaneously im-
precision and individual differences in dealing with questionnaires, they look
to be more informative from a statistical perspective than the Likert type,
the visual analogue and the fuzzy linguistic scales. This paper presents for
the first time a study allowing us to prove such an intuition by considering
a unique ‘ranking’ tool. This tool is the internal consistency of the involved
constructs, which is to be based on the extension of the well-known Cronbach
α coefficient and is presented in Section 3.

Three key research questions will be posed about the extended tool in
order to state that
• the shape of fuzzy responses scarcely affects the value of the extended

Cronbach coefficient (STUDY 1, Section 4);

• the usual behavior of Cronbach’s coefficient in connection with the
number of items of the constructs for numerical or numerically encoded
responses is preserved when fuzzy scales are considered (STUDY 2,
Section 5);

• fuzzy rating scales are the ones very mostly showing the highest inter-
nal consistency (STUDY 3, Section 6).

It should be highlighted that there are no general conclusions concerning
the posed questions, so no theoretical results can be established for this pur-
pose. However, by designing adequate novel simulation studies mimicking
real-life situations, majority trends can be formally obtained. Therefore,
STUDIES 1–3 will be carried out on the basis of such simulations. Finally,
a real-life example is examined to complete these simulation-based studies
and corroborate the majority conclusions.

2. Fuzzy scales for psychological measurement

Fuzzy scales make use of a particular type of fuzzy set that model im-
precise amounts: the fuzzy numbers.

Definition 2.1. A (bounded) fuzzy number is an imprecise amount or
quantity that is formally characterized by means of a mapping Ũ : R→ [0, 1]
(R denoting the space of real numbers), where Ũ(x) is interpreted as the
degree to which real number x is compatible with Ũ , and such that for each
υ ∈ (0, 1] the υ-level set, Ũυ = set of real numbers which are compatible with
to a extent at least equal to υ, is a nonempty closed and bounded interval,
[inf Ũυ, sup Ũυ], and the support set, supp(Ũ) = set of real numbers which
are compatible to some extent with Ũ , is a bounded interval. The 0-level
Ũ0 = [inf Ũ0, sup Ũ0] is defined to be the mathematical closure of supp(Ũ).
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A well-known and easy-to-use and easy-to-interpret type of fuzzy num-
bers are the trapezoidal ones.

Definition 2.2. If a, b, c, d ∈ R and a ≤ b ≤ c ≤ d, the trapezoidal fuzzy
number Tra(a, b, c, d) is given for all υ ∈ [0, 1] by

(Tra(a, b, c, d))υ = [a+ υ(b− a), d+ υ(c− d)],

and is graphically displayed in Figure 1.

Figure 1: Graphical representation of the trapezoidal fuzzy number Tra(a, b, c, d)

Real numbers can also be viewed as a special type of fuzzy number, by
identifying them with the indicator function of the corresponding singleton.

The concept of fuzzy scale was introduced to add properties to nominal
and ordinal scales, by establishing a bridge between strongly defined mea-
surements, as the visual analogue, and weakly defined measurements as the
Likert-type (see [4]). Fuzzy scales are progressively being applied to social
sciences to address different issues, like behavior-based safety management
[14], typologies [21], human behavior analysis [1], employee trust [22], job
satisfaction [19], sentiment analysis [39, 98], personal characteristics by us-
ing fuzzy set qualitative comparative analysis-fsQCA [55, 69], evaluation
[25], and so on.

The main fuzzy scales are the so-called fuzzy linguistic and fuzzy rating,
which we are going to explain now.

2.1. Fuzzy linguistic scales

Fuzzy Linguistic Scales (FLS’s), associated with the so-called fuzzy
linguistic variables, were stated by Zadeh [94] as a flexible alternative to the
numerical encoding of Likert and semantic differential scales [62]. In fact,
the numerical encoding does not take into account the essential imprecision
accompanying ‘values’ of most of psychological variables, whereas the fuzzy
linguistic encoding does. So, in these studies, the fuzzy-valued encoding of
Likert options seems to be more appropriate fuzzy quantifiers (see [95]) and
it has been especially applied in the framework of personnel selection (see,
for instance, [18, 41]).
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The imprecision associated with most of linguistic responses can be suit-
ably grasped by means of fuzzy linguistic scales, but individual differences
cannot. More concretely, as already has been pointed out before, respon-
dents/raters choosing the same underlying Likert response to a given ques-
tion can have somewhat different views or opinions; and respondents/raters
having close positions can choose different Likert responses.

2.2. Fuzzy rating scales

To overcome the last drawback FRS’s emerged in the course of the study
of problems related to psychological research. Hesketh et al. [33, 34] intro-
duced Fuzzy Rating Scales (FRS) as an extension of both the semantic
differential and the visual analogue scales. FRS’s (also called computerized
fuzzy graphic rating scales) offer a way of addressing both the range/position
of opinions along with (possibly assymmetric) latitudes of acceptance. Tra-
ditional mathematics failed in capturing such a complexity, whereas fuzzy
sets could handle it as it is now summarized.

Definition 2.3. A (computerized) fuzzy rating scale (or computerized
fuzzy graphic rating scale) allows a rater to draw the fuzzy number that best
represents rater’s score as follows (see Figure 2):

Step 1. a reference bounded interval (often with anchored extremes), [l0, u0],
is first considered; there is no constraint about the choice, al-
though intervals like [0, 10] or [0, 100] are very usual;

Step 2. the core/1-level corresponds to the interval of real numbers which
are fully compatible with rater’s score;

Step 3. the 0-level is the mathematical closure of the associated support,
which corresponds to the interval of real numbers which are com-
patible to some extent with rater’s score;

Step 4. these two intervals are ‘interpolated’ to get fuzzy rater’s score; if
this ‘interpolation’ is considered to be linear, then the fuzzy score
will be given by a trapezoidal fuzzy number.

Remark 2.1. At this point, it should be clarified that to consider a linear
‘interpolation’ in Step 4 is not a must (see [34]). Actually, most of the
already developed statistical methods could be carried out for any type of
fuzzy numbers, although computations would become usually much more
cumbersome. However, and because of the intuitive interpretation of the
core and support of a fuzzy score in an FRS, the linear interpolation would
certainly ease the training of respondents to a questionnaire involving FRS-
based items. Furthermore, the trapezoidal shape allows simple computerized
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Figure 2: Steps in establishing a fuzzy score on the basis of a certain FRS

designs for FRS-based items, and computerized forms avoid that meaningless
responses can be given. Hesketh et al. [33] highlighted that the trapezoidal
version of the FRS “... achieves simplicity of presentation to a respondent
at the price of an assumption about the shape of the fuzzy function gener-
ated...” Along this paper it will be proved that, as shown for other summary
measures, the extended α is also scarcely affected by the chosen shape for
the fuzzy rating score. Consequently, the referred ‘price of the assumption
about the shape’ is rather neglectable.

Because of their flexibility, FRS’s can cope to a full extent with both:
the intrinsic imprecision associated with human thought involved in the rat-
ing of psychological variables, and the individual differences associated with
such a rating. More concretely, FRS’s are doubly (horizontally and verti-
cally) continuous and they capture both the inherent imprecision (through
the horizontal view for fixed values on the ordinate axis) and the individ-
ual differences (through the vertical view for fixed values on the abscissa
axis). As quoted from Zadeh [96] “paradoxically, one of the principal con-
tributions of fuzzy logic - a contribution which is widely unrecognized - is
its high power of precisiation of what is imprecise.” Consequently, FRS’s
are much richer and more expressive and, hence, much more informative
than any other scale based on an unavoidably finite natural language or
on its numerical/fuzzy-valued encoding. At this point FRS’s seem to be
especially expedient to design many items in questionnaires related to the
measurement in Psychology and social sciences.

Unfortunately, and probably because of not being yet enough known,
FRS’s have hardly been used and applied, whence the literature about is not
yet very extensive (see, for instance, [9, 32, 30, 38, 49, 64, 76, 78, 81]). With
this paper we intend to eliminate to a large extent most of the misgivings
and qualms about the use of the FRS’s.
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2.3. Statistical analysis of fuzzy data: Key notions and features

The need for a methodology to analyze fuzzy data has been frequently
highlighted. Hesketh et al. [33] pointed out that “... Although further de-
velopment work is needed, it is possible that fuzzy variables will be able
to be used in standard statistical analyses in the traditional manner...” In
recent years, this hunch has been proven to be true by considering some
appropriate tools, namely, a convenient arithmetic with fuzzy numbers (the
one based on Zadeh’s extension principle [94]), a distance between fuzzy
numbers (for instance, the one by Diamond and Kloeden [16]), and a suit-
able mathematical model for the random mechanisms producing fuzzy data,
random fuzzy numbers, originally coined as fuzzy random variables in Puri
and Ralescu’s sense [63].

In handling data for statistical purposes, the two main algebraic oper-
ations to use are the sum and the product by a scalar. In case of fuzzy
numbers, the natural extension is the one based on Zadeh’s extension prin-
ciple [94], which is equivalent to consider level-wise the standard interval
arithmetic [57].

More concretely, if Ũ and Ṽ are fuzzy numbers, and γ is a real number,

Definition 2.4. The sum of Ũ and Ṽ is the fuzzy number Ũ + Ṽ such that
for each υ ∈ [0, 1],

(Ũ + Ṽ )υ = [inf Ũυ + inf Ṽυ, sup Ũυ + sup Ṽυ],

and the product of Ũ by the scalar γ is the fuzzy number γ · Ũ such that
for each υ ∈ [0, 1],

(γ · Ũ)υ =

{
[γ · inf(Ũ)υ, γ · sup(Ũ)υ] if γ ≥ 0

[γ · sup(Ũ)υ, γ · inf(Ũ)υ] if γ < 0

It should be noticed that the space of fuzzy numbers with the preceding
operations has not a linear structure, whence the ‘difference between fuzzy
numbers’ cannot be properly stated. The loss of linearity of the arithmetic is
an important handicap in contrast to what happens for the case of numerical
data. So, special care must be taken in the development of statistics with
fuzzy data. Actually, the need for an adequate and versatile metric between
fuzzy numbers is partially motivated by the need to overcome some of the
drawbacks associated with the above mentioned handicap.

A suitable metric for this purpose (although other generalized ones can
be found in the literature, e.g., [5]) is the following:
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Definition 2.5. The 2-norm distance by Diamond and Kloeden [16] be-
tween fuzzy numbers Ũ and Ṽ is given by

ρ2(Ũ , Ṽ ) =

√∫
[0,1]

(inf Ũυ − inf Ṽυ)2 + (sup Ũυ − sup Ṽυ)2

2
dυ.

To properly formalize descriptive and inferential statistical data analy-
sis, the random mechanism generating data must be well modelled within
the probabilistic setting. In the numerical data case, real-valued random
variables model the corresponding mechanism. Following Fréchet [23], who
anticipated the idea of abstract random elements taking on values in spaces
that are endowed with distances, as well as Féron [20], who adapted Fréchet’s
approach to deal with fuzzy values, Puri and Ralescu [63] introduced random
fuzzy numbers in their full extent.

Definition 2.6. Given a random experiment, a mapping X associating a
fuzzy number with each experimental outcome is said to be a random fuzzy
number (in short RFN) (or fuzzy random variable in Puri and Ralescu’s
sense) if for all υ ∈ [0, 1] the υ-level function is a random interval.

Equivalently (see, for instance, [27]), X is an RFN if and only if it is
a Borel measurable function with respect to the Borel σ-field generated by
ρ2. Thanks to this equivalent definition, one can immediately refer to no-
tions like the (induced) distribution of an RFN, the independence of sev-
eral RFN’s, and so on, without having to define them expressly. This
formalization for the mechanism generating fuzzy data enables RFN’s to
preserve/adapt most of the ideas and concepts from the statistical analysis
of numerical data (e.g., test p-value, unbiased estimation, statistical consis-
tency of either estimates or tests, etc.) to analyze fuzzy data.

In connection with the analysis of FRS-based items in the context of
questionnaires, three crucial features should be recalled, namely:

• There exists an approach involving soundly supported methods and
tools to statistically analyze fuzzy data. As it has been pointed out by
D’Urso and Gil [17] “... fuzzy data analysis and classification studies
are mainly focussed either on developing concepts, results and methods
to deal with classical (non-fuzzy) data, where fuzziness is involved in
the construction of the analysis/classification procedures (e.g., [7]),
or on developing/extending concepts, results and methods concerning
data analysis and classification of fuzzy-valued data (e.g., [26]), or on
both.” In the context of fuzzy scale-based data, we will essentially
follow the second approach.
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The main misgiving, which could cause some reluctance to use FRS’s,
comes probably from the fact that most of the potential practitioners
believe fuzzy data cannot be yet properly analyzed from a statistical
perspective. In this sense Hesketh et al. [30] have underlined that
“We are yet to see easily adapted packages that allow for researchers
to use the fuzzy concept and then to apply appropriate statistical and
other analyses to these in order to both test hypotheses and ensure
that meaning is captured.” This aspiration is nowadays a reality that
is progressing.

As for the case of numerical data, the induced distribution of an RFN
can be summarized by means of several relevant ‘parameters’ or mea-
sures, extending relevant ones for random variables. The formal details
for these and other parameters can be found in [6], but we are now
going to recall the sample version of the two best known ones, which
will be used to extend the Cronbach α coefficient.

Definition 2.7. Let x̃ = (x̃1, . . . , x̃n) be a sample of fuzzy data from
an RFN X :

– the (Aumann-type) mean of x̃ is given [63] by the fuzzy number
x̃ such that for each υ ∈ [0, 1](

x̃
)
υ

=

[∑n
i=1 inf(x̃i)υ

n
,

∑n
i=1 sup(x̃i)υ

n

]
;

– the (Fréchet-type) variance of x̃ is given by the real number
(e.g., [42, 48])

s2
x̃ =

∑n
i=1[ρ2(x̃i, x̃)]2

n
.

Attempting to develop a methodology for inferential fuzzy data anal-
ysis, one should treat each fuzzy datum as a complex unit. Treat-
ing their (usually four) characterizing components either separately
or as independent ones is neither probabilistically fair nor reliable.
By considering a solid mathematical apparatus, it is possible to ex-
tend/adapt/develop many concepts, results, ideas, approaches and
procedures from Inferential Statistics with numerical data. Along the
last years a methodology is being developed to statistically analyze
fuzzy rating scale-based data (see [6] for a review), and the involved
computations become especially simple when fuzzy data are trape-
zoidal (see [50]).

It should be pointed out that, on one hand, there are sound mathemat-
ical fundamentals within the probabilistic framework (Hilbert spaces,
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Borel measurability, etc.) supporting the suitability of the methodol-
ogy (see, for instance, [6, 27]). On the other hand, as for the numeri-
cal data case, the mathematical complexity behind scarcely affects the
ease of application and computation of the methodology. Certainly,
this methodology to deal with fuzzy data analysis would become more
popular if practitioners were aware about the already existing R pack-
ages implementing many of the already developed techniques for the
analysis of fuzzy data (like those in [46, 82]).

• The shape of fuzzy data has been shown (through extensive simula-
tion studies and real-life examples) to scarcely influence the statistical
conclusions from fuzzy data analysis (see [53, 45]). As a consequence,
the assumption that arms are linear (i.e., fuzzy responses are trape-
zoidal) does not entail loss of generality. This unquestionably eases
the understanding, implementation and training of the procedure to a
great extent, since respondents would need to simply specify the core
and the support of their ratings.

• The rating scale involved in designing items in a questionnaire can
affect the statistical conclusions. In social research, conclusions are
relevant for people, institutions, companies, and policies, so it would be
certainly convenient to choose the appropriate scale for measurement.
In some simulation-based and real-life examples (see, for instance, [26,
47, 50, 51, 52]) the p-values for tests about means and variances lead
to clear significant differences for the FRS but not for the others and
conversely.

3. A ‘ranking’ tool between rating scales: The extended α

As it has been already remarked, fuzzy rating scales seem intuitively to
be statistically more informative than Likert, VAS and FLS ones. How-
ever, no comparison between these scales has been made yet through a
unique/unified ‘ranking’ tool, so that these scales could be ranked with re-
spect to a certain criterion. Inspired by researches like the one by Sung and
Wu [77], a first convenient tool to start with such a comparison is the one
associated with the internal consistency/reliability in the setting of ques-
tionnaires.

Constructs in questionnaires are usually approached by means of several
statements concerning a focal variable, some of them being quite similar to
each other in order to gather enough evidence of the responses in connection
with such a variable. The higher the coincidence between values associated
with the answers to similar questions or statements the more confident we are
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in the individuals having responded in a coherent and comprehensive way.
This means a kind of internal consistency, which is a necessary condition for
a questionnaire to be useful in terms of reliability.

Cronbach’s α coefficient [13] (see, for instance, [11] for a recent history
about α and its different versions) has received a great consensus as the
most used index for calculating reliability based on the internal consistency.
Thus, α is based upon the number of items considered and it is defined
as the ratio of true score variance to observed score variance (i.e., as the
proportion of the variance of the scale that can be attributed to a common
source). Even more, single item measures are mostly seen as unreliable [61].
Cronbach’s reliability coefficient is below 1, the closer to 1 the greater the
internal consistency of the scale. Actually, it is often considered that values
over .9 are excellent and rather needed for individual decision making, and
values over .8 are good and acceptable for research purposes (e.g., [60]).
Coefficient α is the most frequently considered tool to conclude whether or
not items related to the same focal variable elicit consistent and reliable
responses, so that if items were replaced by ‘similar’ ones responses scarcely
vary. As it has been recently pointed out by Raykov and Marcoulides [65],
in spite of some criticisms, α should remain in service and it actually does.

Since the Fréchet-type variance of fuzzy-valued sample data preserves the
essential properties of the real-valued case, one can investigate how to extend
Cronbach’s α to measure the reliability of focal variables with fuzzy scale-
based items. Moreover, one can also develop a comparative investigation
among different scales.

3.1. Extension of the Cronbach α for fuzzy data

As anticipated by Hesketh et al. [33], the development of work in con-
nection with random fuzzy-valued magnitudes “... means that accepted
psychometric standards of validity and reliability can be used to evaluate
the potential of this application...”. In this respect, and on the basis of the
Fréchet-type variance for RFN’s, α coefficient [13] could be straightforwardly
extended to deal with fuzzy-valued responses as follows:

Definition 3.1. Given a variable for which a questionnaire involves K re-
lated FRS-based items, its extended Cronbach α is given by

α =
K

K − 1

(
1−

∑K
j=1 s

2
j

s2
total

)
,

where s2
j is the variance of the FLS/FRS-based responses to item j, and

s2
total is the variance of the FLS/FRS-based responses to the sum of all the

involved items.
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Remark 3.1. Since the studies to be developed in this paper are mostly
centered on comparative analyses, a key question to be examined is whether
the considered measurement scales are in fact directly comparable or some
added scaling should be involved. The answer to this question in connection
with the extended Cronbach α is trivial. Thus, since the Fréchet-type vari-
ance is squared equivariant under scaling factor and invariant under fuzzy
translation, the extended α is invariant under affine transformations. This
means that α values, and related conclusions from them, are absolutely irre-
spective of the bounded reference interval [l0, u0] that is chosen for the fuzzy
rating scale, so no fuzzy scaling is required.

In the particular case in which the FLS/FRS-based responses to items
of the focal variable are trapezoidal, so that x̃ij = Tra(aij , bij , cij , dij) is
the fuzzy response of the i-th respondent to the j-th item (i = 1, . . . , n, j =
1, . . . ,K), then the computation of α becomes very simple. More concretely,

s2
j =

n∑
i=1

[
m2
ij + m2

ij + mij ·mij + s2
ij + s2

ij + sij · sij
]
/3n,

s2
total =

K∑
j=1

n∑
i=1

[
m2
ij + m2

ij + mij ·mij + s2
ij + s2

ij + sij · sij
]
/3nK,

where

mij = [(aij + dij)− (aj + dj)]/2, mij = [(bij + cij)− (bj + cj)]/2,

m·j = [(aj + dj)− (a+ d)]/2, m·j = [(bj + cj)− (b+ c)]/2,

sij = [(dij − aij)− (dj − aj)]/2, sij = [(cij − bij)− (cj − bj)]/2,
s·j = [(dj − aj)− (d− d)]/2, s·j = [(cj − bj)− (c− d)]/2,

with

aj =

nj∑
i=1

aij/nj , bj =

nj∑
i=1

bij/nj , cj =

nj∑
i=1

cij/nj , dj =

nj∑
i=1

dij/nj .

a =
k∑
j=1

nj · aj/n, b =
k∑
j=1

nj · bj/n, c =
k∑
j=1

nj · cj/n, d =
k∑
j=1

nj · aj/n,

mij = mij + m·j , mij = mij + m·j , sij = sij + s·j , sij = sij + s·j .

In connection with this extended tool, the following research questions
are to be investigated:
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Research Question 1: Is the value of the extended α scarcely influenced
by the shape of fuzzy responses? Should this be the case, this would help
both designing and completing questionnaires involving FRS-based items.

Research Question 2: Is the extended Cronbach’s α for FRS-based
data behaving analogously to the one for numerical data in connection
with the number of items? Should this be the case, this would help to
make decisions on the choice of the appropriate number of FRS-based
items.

Research Question 3: In applying the extended α to rank different
rating scales, can conclusions about majority trends of α be drawn from
the comparative analysis? Should this be the case, this would help to
conclude which is the most convenient rating scale to consider.

In looking for detailed sound answers to Research Questions 1-3, general
conclusions cannot be drawn, whence one cannot state theoretical results.
Furthermore, there are not yet suitable realistic models for the distribution
of RFN’s. However, by examining synthetic examples involving simulations
of ‘realistic’ FRS-based data one can show clear majority trends. The simu-
lation process is partially based on previous ones (see, for instance, [15]), but
in analyzing internal consistency some novel assumptions should be added.
This makes the whole simulation process a novel crucial endeavor.

3.2. Simulation of FRS-based data in connection with the extended α

To generate fuzzy data from an LU -valued random fuzzy number X =
LU(aX , bX , cX , dX ), [70] suggests to use an alternative characterization

X = LU〈X1, X2, X3, X4〉,
where

X1 = (bX + cX )/2, X2 = (cX − bX )/2, X3 = bX − aX , X4 = dX − cX ,

and LU fuzzy numbers are based on the lower-upper parametric represen-
tation by Stefanini et al. [74]. LU fuzzy data are generated by simulat-
ing the four real-valued random variables X1, X2, X3 and X4 so that the
R× [0,∞)× [0,∞)× [0,∞)-valued random vector (X1, X2, X3, X4) will pro-
vide us with the 4-tuples (x1, x2, x3, x4) with x1/x2 = center/radius of the
core, and x3/x4 = lower/upper latitudes of the fuzzy number (see Figure 3
for an example of a generated 4-tuple, and the associated LU fuzzy datum
when LU = Tra).

To each generated 4-tuple (x1, x2, x3, x4) we associate the LU fuzzy
number
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Figure 3: A 4-tuple (x1, x2, x3, x4) generated from the simulation process, and the
associated trapezoidal fuzzy datum

LU〈x1, x2, x3, x4〉 = LU(x1 − x2 − x3, x1 − x2, x1 + x2, x1 + x2 + x4).

For most of the real-life examples one can consider the distribution of
X1 to be skewed. According to the simulation procedure, data have been
generated from random fuzzy numbers with a bounded reference set and
abstracting and mimicking what has been observed in real-life examples
employing the fuzzy rating scale (see [15]). More concretely, fuzzy data
have been generated so that

− 5% (or, more generally, 100 · ω1%) of the data have been obtained by
first considering a simulation from a simple random sample of size 4
from a beta β(p, q) distribution, the ordered 4-tuple, and finally com-
puting the values of the xi. The values of p and q vary in most cases
to cover six quite different distributions (namely symmetrical weight-
ing central values like p = q = 1, p = q = 2, symmetrical weighting
extreme values like p = q = 0.75, and three types of asymmetric ones
like p = 4 > 2 = q, p = 6 > 1 = q and p = 6 < q = 10). The values
from the beta distribution should be re-scaled and translated to the
reference interval [l0, u0].

− 35% (or, more generally, 100 · ω2%) of the data have been obtained
considering a simulation of four random variables Xi = (u0−l0)·Yi+l0
as follows:

Y1 ∼ β(p, q),

Y2 ∼ Uniform
[
0,min{1/10, Y1, 1− Y1}

]
,

Y3 ∼ Uniform
[
0,min{1/5, Y1 − Y2}

]
,

Y4 ∼ Uniform
[
0,min{1/5, 1− Y1 − Y2}

]
.
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− 60% (or, more generally, 100 · ω3%) of the data have been obtained
considering a simulation of four random variables Xi = (u0−l0)·Yi+l0
as follows:

Y1 ∼ β(p, q),

Y2 ∼


Exp(200) if Y1 ∈ [0.25, 0.75]
Exp(100 + 4Y1) if Y1 < 0.25
Exp(500− 4Y1) otherwise

Y3 ∼
{
γ(4, 100) if Y1 − Y2 ≥ 0.25
γ(4, 100 + 4Y1) otherwise

Y4 ∼
{
γ(4, 100) if Y1 + Y2 ≥ 0.25
γ(4, 500− 4Y1) otherwise.

To adapt this simulation procedure to examine the internal
consistency of a construct, novel features and assumptions will be
taken into account. In this way, a large sample of n = 500 FRS-type
data for each of a large number of items, K = 100, is to be simulated in
accordance with the above described generation procedure. This process will
provide with an ‘auxiliary sample’ from which we will later select data for
other choices of n and K and transform them to mimic a certain (linear)
dependence. To generate the 500× 100 data we proceed as follows:

Step 1. A sample of 500 FRS-type data (x̃∗1, . . . , x̃
∗
500), the reference inter-

val of the FRS being [0, 100], are first simulated as the ‘auxiliary
sample’.

Step 2. To mimic the desirable high correlation between the responses
from a respondent to different 100 items, for any item j (j =
1, . . . , 100)

– a pair (γj , δj) is considered so that γj is generated at random
from a uniform distribution in [0, 1] and δj is generated from a
standard normal distribution;

– the response of the i-th respondent (i = 1, . . . , 500) to the
j-th item is assumed to be given by x̃ij = γj · x̃∗i + δj + εij ,
with εij being generated at random from a standard normal
distribution;

– in case any x̃ij is not fully included within interval [0, 100], the
response is appropriately truncated.

Once we get the simulated largest data set including 500 × 100 fuzzy
data, we choose at random and stepwise n = 450 from the former 500
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respondents, n = 400 from the preceding selected 450 respondents, and so
on. Analogously, we choose at random and stepwise K = 50 from the former
100 items, K = 40 from the preceding selected 50 items, and so on. Aiming
to be realistic, in some of the studies in the paper, we will constrain K to
take on values up to 30.

4. Synthetic STUDY 1: Influence of the shape of fuzzy data on
the internal consistency of FRS-based constructs

Regarding the analysis of the effect of the shape of fuzzy data on the
value of Cronbach’s α, we will consider the above referred LU fuzzy numbers,
which could be characterized by means of an ordered 4-tuple (a, b, c, d),
trapezoidal data being an example of them.

This analysis aims to discuss whether or not choosing trapezoidal num-
bers to model fuzzy scores leads to different α values from those considering
some other usual choices.

Certainly, the lack of realistic models for the distributions of random
fuzzy numbers prevents us to establish general conclusions. Nevertheless,
rather broad conclusions can be drawn by considering empirical examples
and, especially, by developing comparative simulation studies between trape-
zoidal and other considered types of data. In connection with mean and
variances, the influence of the shape has been shown to be quite low by
inferentially analyzing real-life and simulation examples (e.g., [45, 52]).

In connection with the extended α, the influence of the shape is to be
descriptively analyzed. The types of fuzzy numbers involved in this subsec-
tion attempt to be close representations of rather similar imprecise scores,
and they correspond (see Figure 4) to

– six of the LU ’s (e.g., [73, 74]) that can be characterized by means
of four real numbers (namely, the extremes of their core and sup-
port); in particular, we have chosen trapezoidal fuzzy numbers (Tra)
vs quadratic functions (Π-curves), functions with parametric mono-
tonic interpolation either using rational splines (LU1A and LU1B), or
mixed exponential splines (LU2A and LU2B);

– two additional fuzzy numbers have been added to the comparison,
namely, triangular Tri(a, b, c, d) = Tra(a, (b + c)/2, (b + c)/2, d), and
symmetric triangular TriS(a, b, c, d) = Tra(a, (a+ d)/2, (a+ d)/2, d).

Table 1 collects the extended Cronbach’s α values for a construct based
on several samples of FRS-based simulated data. This table only shows
choices of K up to 30, since outputs for larger values are similar.
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Figure 4: Eight types of fuzzy numbers sharing support, (10, 40), the first six ones
sharing also the core, [20, 25], and all of them differing in shape

Table 1: Cronbach’s α for a construct in simulated samples, in accordance with different
considered shapes for the FRS-based responses

n & K choices / shape Tra Π LU1A LU1B LU2A LU2B Tri TriS

n = 300 K = 30 0.9031 0.9029 0.9025 0.9039 0.9030 0.9041 0.9024 0.8999
K = 25 0.8763 0.8761 0.8756 0.8773 0.8762 0.8776 0.8753 0.8722
K = 20 0.8678 0.8676 0.8672 0.8687 0.8677 0.8690 0.8668 0.8638
K = 15 0.8281 0.8279 0.8274 0.8293 0.8280 0.8296 0.8270 0.8234
K = 10 0.8106 0.8103 0.8099 0.8120 0.8106 0.8124 0.8096 0.8054
K = 7 0.7655 0.7652 0.7646 0.7670 0.7655 0.7674 0.7641 0.7596
K = 5 0.6255 0.6251 0.6238 0.6274 0.6253 0.6279 0.6240 0.6190

n = 100 K = 30 0.9114 0.9114 0.9110 0.9124 0.9114 0.9127 0.9109 0.9081
K = 25 0.8851 0.8850 0.8845 0.8865 0.8851 0.8868 0.8844 0.8806
K = 20 0.8775 0.8774 0.8769 0.8789 0.8775 0.8792 0.8769 0.8732
K = 15 0.8451 0.8450 0.8442 0.8468 0.8450 0.8472 0.8444 0.8404
K = 10 0.8241 0.8240 0.8229 0.8262 0.8240 0.8266 0.8235 0.8189
K = 7 0.7891 0.7890 0.7877 0.7916 0.7890 0.7922 0.7885 0.7827
K = 5 0.6276 0.6275 0.6244 0.6320 0.6274 0.6328 0.6275 0.6196

n = 50 K = 30 0.9267 0.9267 0.9262 0.9276 0.9267 0.9278 0.9266 0.9243
K = 25 0.9027 0.9027 0.9019 0.9041 0.9027 0.9044 0.9026 0.8994
K = 20 0.8963 0.8963 0.8957 0.8976 0.8963 0.8979 0.8962 0.8930
K = 15 0.8578 0.8577 0.8569 0.8596 0.8577 0.8599 0.8577 0.8535
K = 10 0.8278 0.8276 0.8265 0.8302 0.8277 0.8307 0.8275 0.8218
K = 7 0.7875 0.7873 0.7854 0.7911 0.7873 0.7918 0.7870 0.7789
K = 5 0.6071 0.6068 0.6047 0.6126 0.6069 0.6138 0.6063 0.5924

n = 30 K = 30 0.9171 0.9170 0.9160 0.9184 0.9170 0.9187 0.9169 0.9145
K = 25 0.8897 0.8896 0.8880 0.8915 0.8895 0.8918 0.8895 0.8865
K = 20 0.8895 0.8895 0.8882 0.8911 0.8894 0.8913 0.8894 0.8868
K = 15 0.8463 0.8462 0.8443 0.8485 0.8461 0.8489 0.8460 0.8423
K = 10 0.8192 0.8191 0.8168 0.8220 0.8189 0.8224 0.8188 0.8142
K = 7 0.7842 0.7840 0.7811 0.7879 0.7839 0.7885 0.7836 0.7772
K = 5 0.5977 0.5974 0.5937 0.6032 0.5973 0.6042 0.5967 0.5866

n = 10 K = 30 0.9151 0.9150 0.9119 0.9172 0.9147 0.9174 0.9148 0.9137
K = 25 0.8893 0.8892 0.8851 0.8919 0.8889 0.8921 0.8890 0.8883
K = 20 0.8884 0.8883 0.8846 0.8908 0.8880 0.8910 0.8883 0.8875
K = 15 0.8263 0.8261 0.8206 0.8299 0.8257 0.8302 0.8255 0.8238
K = 10 0.8026 0.8025 0.7957 0.8065 0.8019 0.8067 0.8016 0.8009
K = 7 0.8104 0.8103 0.8043 0.8138 0.8098 0.8140 0.8100 0.8106
K = 5 0.5329 0.5328 0.5167 0.5404 0.5314 0.5403 0.5302 0.5373

On the basis of these simulation-based results one can conclude that the
chosen shape scarcely affects the internal reliability of the constructs. For
this reason, in the following studies we only consider trapezoidal data.
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5. Synthetic STUDY 2: Effect of the number of items on the
internal consistency of FRS-based constructs

In this study, and given the scarce influence of the shape of fuzzy-valued
responses, fuzzy data are generated in accordance with the method in the
Synthetic STUDY 1 by considering LU = Tra. This analysis aims to ex-
amine the effect of the number of items in a construct, and secondarily
that of the number of respondents, on the value of the extended α. Such
an influence has been widely reported in the literature in connection with
Likert-type scales (e.g., [35, 36]).

Different choices of K and n have been considered, and the corresponding
values of α are displayed in tabular and graphical ways. First, values of the
extended α for all the considered choices of the number of items and several
sample sizes are collected in Table 2, and later a slightly more detailed
information is gathered in Figure 5.

Table 2: Cronbach’s α for the simulated data and different choices of n (number of re-
spondents) and K (number of items)

K / n 500 400 300 200 150 100 50 40 30 10

100 0.9660 0.9659 0.9657 0.9655 0.9683 0.9686 0.9717 0.9701 0.9683 0.9659
50 0.9356 0.9354 0.9352 0.9340 0.9392 0.9398 0.9482 0.9449 0.9438 0.9437
40 0.9197 0.9196 0.9194 0.9193 0.9260 0.9262 0.9359 0.9314 0.9304 0.9270
30 0.9036 0.9036 0.9031 0.9014 0.9096 0.9114 0.9267 0.9208 0.9171 0.9151
25 0.8769 0.8772 0.8763 0.8732 0.8839 0.8851 0.9027 0.8942 0.8897 0.8893
20 0.8650 0.8667 0.8678 0.8653 0.8771 0.8775 0.8963 0.8867 0.8895 0.8884
15 0.8210 0.8245 0.8281 0.8293 0.8459 0.8451 0.8578 0.8380 0.8463 0.8263
10 0.8008 0.8077 0.8106 0.8155 0.8324 0.8241 0.8278 0.8129 0.8192 0.8026
7 0.7585 0.7631 0.7655 0.7699 0.7943 0.7891 0.7875 0.7794 0.7842 0.8104
5 0.6203 0.6281 0.6255 0.6374 0.6695 0.6276 0.6071 0.5862 0.5977 0.5329

On the basis of the outputs in Table 2 and Figure 5, the influence of
the number of items on the value of the extended α is unequivocally clear.
Additionally, by looking at Table 2 we can check that the effect of the
number of respondents on the value of the extended α is not so relevant (see
[3, 8, 36, 91] for some related studies in case of Likert scales).

6. Synthetic STUDY 3: Influence of the rating scale on the inter-
nal consistency of constructs

In developing comparative studies in connection with Research Ques-
tion 3 there is a need, on one hand, for processes to encode Likert responses
both numerically and linguistically fuzzy. On the other hand, because we
have to consider simulation studies, there is a need to mimic the link be-
tween FRS and Likert responses, as well as the one between FRS and VAS
responses.
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Figure 5: Evolution of Cronbach’s α with respect to the sample size for different
numbers of items in the construct

As for the Synthetic STUDY 1, in the simulations in this study the
reference interval will be assumed to be [l0, u0] = [0, 100]. Furthermore,
in the comparative developments between scales, the Likert scale will be
considered to be a 5-point one, {L1, L2, L3, L4, L5}.

6.1. Mimicking the link between rating scales

To make the comparison between rating scales being really fair, the
numerically encoded Likert NEL that will be considered is the usual one
(1, 2, 3, 4, and 5), but rescaled in accordance with the reference interval, so
that L1 ≡ 0, L2 ≡ 25, L3 ≡ 50, L4 ≡ 75, L5 ≡ 100. For a k-point scale with
reference interval [l0, u0], the numerical encoding would be to rescale i to be
Li ≡ Li = l0 + (u0 − l0) · (i− 1)/(k − 1), for i ∈ {1, . . . , k}.

The fuzzy linguistic encodings will be chosen among some of the most
frequently used fuzzy linguistic scales when 5 options are involved (see [29,
58, 89]). The four chosen fuzzy linguistic encodings (fulfilling the so-called
Ruspini condition [67]) have been displayed in Figure 6, FLS5

3 being the
balanced semantic representation of the 5 linguistic hierarchies, and FLS5

4
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Figure 6: Frequently used fuzzy linguistic encodings of 5-point Likert scales

being an asymmetric representation inspired by the unbalanced semantic of
the same number of labels [29].

In some previous real-life examples involving questionnaires (see, for in-
stance, [27, 47, 50, 52]), several items were designed by considering a double
type scale (Likert+FRS) to respond questions, and components of each dou-
ble response are linked, since they come from the same respondent. However,
this link cannot be immediately stated and should be mimicked in simula-
tion processes. A reasonable ‘Likertization’ process can be considered
in terms of the numerical encoding and based on the minimum distance
criterion, and later a fuzzy linguistic encoding can be applied.

Definition 6.1. If the considered Likert scale is a k-point one and the
reference interval for the FRS is [l0, u0], the minimum distance criterion
consists in associating each FRS-based datum with the number in NEL =
{L1, . . . , Lk} with the smallest distance to the given datum. That is, each
fuzzy datum Ũ is associated with the numerical value κ(Ũ) such that

κ(Ũ) = arg min
Li, i∈{1,...,k}

ρ2(Ũ ,1{Li}),

1A denoting the indicator function of set A. In particular,

κ(Tra(a, b, c, d)) = arg min
Li, i∈{1,...,k}

[
2 · L2

i − (a+ b+ c+ d) · Li
]
,

which corresponds to the Li being closer to the ‘central point’ (a+b+c+d)/4.

If in solving the above minimization we get two involved coincident dis-
tances, the associated numerically encoded Likert response can be chosen
at random among the two corresponding numerical values. It should be
pointed out that other reasonable and well-supported Likertization criteria
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(like, for instance, the supervised classification in [12]) have been considered,
but they are much more complex and almost generally lead to a very close
validation.

In a similar way, if one wishes to mimic a double type scale (VAS+FRS)
to respond questions, and components of each double response are assumed
to be linked, since they come from the same respondent, a defuzzification
procedure could be considered. A reasonable ‘defuzzification’ process is
the one introduced in [88], and later extended (see [59, 68]) as the weighted
average based on levels.

Definition 6.2. The weighted averaging based on levels (in short WABL)
of fuzzy number Ũ is the real number WABL(Ũ) such that

WABL(Ũ) =

∫
[0,1]

inf Ũυ + sup Ũυ
2

dυ.

It can be easily proved that WABL is equivariant under linear transfor-
mations. Moreover, for trapezoidal fuzzy numbers we have that

WABL(Tra(a, b, c, d)) = (a+ b+ c+ d)/4,

that is, the ‘central point’ which is the mid-point of the core and the support
ones and, hence, equivalent to the mid-point of the .5-level.

6.2. Analysis

This analysis aims to examine whether or not the choice of the rating
scale to respond questions influences the value of the extended Cronbach α.
Although a general conclusion about cannot be drawn, one can easily state a
very majority trend. For different choices of n (number of respondents) and
K (number of items), and by following the scheme leading to data in Table 2,
1000 samples of n × K FRS-based data have been generated, and later
encoded by means of the already described processes. Later, percentages of
samples for which Cronbach’s α of the FRS-based data is greater than that
of the VAS-defuzzified FRS-based and the encoded Likert ones are computed
and collected. Table 3 shows a few choices of K up to 30, albeit outputs for
larger values are similar.

Consequently, in getting a larger internal consistency of a construct,
majority trends support the almost general superiority of the FRS with
respect to the VAS, the high superiority of the VAS with respect to the
NEL and the superiority of this one with respect to the FLS’s.
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Table 3: Percentages of simulated samples for which Cronbach’s α of some rating scales
are greater than that of other ones for different choices of n (number of respondents) and
K (number of items)

αFRS αVAS αNEL αNEL αNEL αNEL
n&K choices / scales >αVAS >αNEL >α

FLS5
1

>α
FLS5

2
>α

FLS5
3

>α
FLS5

4

n=300 K=30 100 100 100 100 100 100
K=20 100 100 99.9 99.9 99.9 100
K=10 100 99.1 99.5 97.7 97.9 98.4
K=5 99.2 94.0 92.7 90.0 91.6 92.5

n=100 K=30 100 99.9 100 99.4 99.6 99.8
K=20 100 99.8 98.8 97.3 98.0 98.4
K=10 99.9 96.0 94.1 90.3 91.5 92.2
K=5 97.7 84.6 84.7 82.2 82.1 81.6

n=50 K=30 100 99.5 98.3 96.4 97.8 98
K=20 99.9 98.0 95.9 92.7 94.3 94.6
K=10 99.3 89.79 87.3 83.4 86.2 85.0
K=5 94.9 76.6 77.8 76.1 75.3 73.9

n=30 K=30 99.7 98.3 95.8 91.4 93.4 94.4
K=20 99.6 95.4 91.6 86.6 89.5 90.3
K=10 97.5 85.5 82.5 78.4 79.8 79.7
K=5 92.5 73.2 71.3 69.5 69.3 69.4

7. Empirical STUDY 4: illustrating with a real-life example

In this study, the majority trends in the synthetic ones are to be illus-
trated by means of a real-life example.

A sample of 70 people (from Spain and Italy) with different age, back-
ground, work type and position has been considered to respond to a ques-
tionnaire about Food Quality And Satisfaction Evaluation that measures two
constructs, namely, the ‘quality of the food and beverage’ (FB) and the ‘sat-
isfaction with restaurant services’ (RS). The items have consisted of making
the customers answer to some numerical or dichotomic (YES/NO) questions,
and also to rate the degree of agreement with several assertions in connec-
tion with the restaurant they visit more often to have lunch. Questions
have been mostly selected among the 20 in https://www.questionpro.com/
survey-templates/fast-food-restaurant/.

The selected questions that are related to a rather imprecise answer have
been those associated with FB

FB1: The food is served hot and fresh

FB2: The menu has a good variety of items

FB3: The quality of food is excellent

FB4: The food is tasty and flavorful

FB5: The quality of beverage is good,

and those associated with RS

RS1: My food order was correct and complete

RS2: Employees are patient when taking my order

RS3: I was served promptly
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RS4: Good availability of sauces, utensils, napkins,...

RS5: The menu board was easy to read

RS6: Employees are friendly and courteous

RS7: The service is excellent

RS8: Good cleanness of the restaurant and service.

Concerning these 13 questions a double rating scale, namely, the orig-
inal 5-point Likert scale where pre-specified responses have been SD =
‘strongly disagree’, sd = ‘somewhat disagree’, n = ‘neutral’, sa =
‘somewhat agree’, and SA = ‘strongly agree’, and an FRS with ref-
erential interval [0,100] and trapezoidal answers.

Figure 7 displays an excerpt of the questionnaire form in connection
with one of the double-rating items. The precise questions along with
the ones related to focal variables FB and RS can be found detailed in
http://bellman.ciencias.uniovi.es/smabss/Archivos/Restaurants-Supplementary
Material.pdf.

Figure 7: Excerpt of the questionnaire form in connection with the double-rating item
FB3: The quality of food is excellent

The training to respond Items FB1-FB5 and RS1-RS8 have been mostly
carried out by Master’s students in a course on Fuzzy Statistics. Respon-
dents were selected to integrate a convenient sample, their ages, back-
grounds, working status, etc. being diverse. The training has been possible
in a moderate time (always up to fifteen minutes).

The FRS-based data have been displayed in gray, those corresponding to
responses to FB1-FB5 in Figure 8, and those corresponding to RS1-RS8 in
Figure 9. In each of the thirteen items, the associated sample Aumann-type
mean has been also displayed in black.

Figure 8: From left to right FRS-based responses to Questions FB1 to FB5 (in gray) along
with their sample mean responses (in black bold) for the real-life example
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Figure 9: From left to right, and top to bottom, FRS-based responses to Questions RS1
to RS8 (in gray) along with their sample mean responses (in black bold) for the real-life
example

The analysis in this empirical study corroborates results in Synthetic
STUDIES 1 to 3 in terms of the real-life dataset. For STUDY 3, the encod-
ings of the Likert responses and the defuzzification of the FRS-based ones
have followed the processes described in such a study. Constructs have been
FB ≡ ‘quality of the food and beverage’, RS ≡ ‘satisfaction with restaurant
services’, and Global ≡ ‘overall satisfaction with restaurant’.

Table 4: Cronbach’s α for the real-life example in accordance with different considered
shapes for the FRS-based responses

construct FB RS Global
shape \ (5 items) (8 items) (13 items)

Tra 0.6928 0.8068 0.8472
Π 0.6921 0.8063 0.8466

LU1A 0.6886 0.8046 0.8457
LU1B 0.6887 0.8087 0.8466
LU2A 0.6929 0.8070 0.8473
LU2B 0.6875 0.8092 0.8466

Tri 0.6857 0.8023 0.8426
TriS 0.6920 0.7924 0.8398

Table 5: Cronbach’s α for the two constructs and global in the real-life example for
different rating scales

construct FB RS Global
rating scale \ (5 items) (8 items) (13 items)

FRS 0.6928 0.8068 0.8472
VAS 0.6696 0.7934 0.8333
NEL 0.5660 0.7465 0.7775
FLS5

1 0.5406 0.7459 0.7756
FLS5

2 0.5502 0.7455 0.7742
FLS5

3 0.5530 0.7479 0.7778
FLS5

4 0.5347 0.7531 0.7832
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Table 4 shows the values of the extended α for different shapes, which
agree with those from the Synthetic STUDY 1. Table 5 shows Cronbach’s
α for different constructs and rating scales. Results agree with those from
the Synthetic STUDY 3.

Both Table 4 and Table 5 also support the conclusions from the Synthetic
STUDY 2. Thus, the larger the number of items in a construct the larger
its internal consistency.

8. General discussion and concluding remarks

The preceding studies allow us to state several summary assertions con-
cerning the majority behavior of the extended α with respect to: the shape
of the fuzzy scores, the number of items in a construct where items are
FRS-based, and the considered rating scale.

By looking at the rows in Table 1, the results in connection with Re-
search Question 1 lead to conclude that the shape modelling fuzzy re-
sponses scarcely influences the reliability based on the internal consistency.
An implication from this is that trapezoidal responses can be considered,
and this will certainly ease designing and filling out such questionnaires.

The results in connection with Research Question 2 allow us to con-
clude that for almost all the simulated samples the larger the number of items
in a construct the greater the Cronbach α. Actually, for over 10 items, the
reliability based on internal consistency is usually over .8. Regarding the
number of respondents, the sample size has not necessarily a positive impact
on the value of α, but the greater the sample size the greater the accuracy of
the estimation of the population reliability. Figure 5 shows another majority
trend: constructs involving more than 10 items are quite robust with respect
to the sample size. These conclusions can be valuable to help in making a
decision about the convenient number of items to guarantee a given α.

Finally, the results in connection with Research Question 3 lead to
state that Cronbach’s α is mostly larger for the FRS-based data than for
the VAS-based ones, for the latter it is quite mostly larger than for the
numerically encoded Likert ones, and it is mostly larger for the numerical
than for the fuzzy linguistically encoded Likert scores, as summarized in
Figure 10.

Consequently, as long as the conclusions from questionnaires are going
to have a big impact on future decisions, policies, and so on, it would be rec-
ommended to consider fuzzy rating scales-based items instead of Likert- or
visual analogue-type ones. The first ones allow researchers exploiting much
more information because of capturing individual differences, and reflecting
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Figure 10: Comparative summary of rating scales with respect to α, showing how
reliability based on internal consistency increases from top to bottom (

∧
= lower

than)

the intrinsic imprecision underlying the psychological measurement, so that
the internal consistency of questionnaires mostly benefits from the use of
the fuzzy rating scales.

Concerning future directions, on one hand other interesting scales and
methods can be found in recent psychological studies. They could be consid-
ered in future ones for purposes of analyzing and comparing with the scales
in this paper. Among them one can mention the Visual Analogue Scale for
Rating, Ranking and Paired-comparison (VA-RRP) by Sung and Wu [77],
being this last one an especially appealing scale in the context of this paper.

Despite alternative methods for estimating reliability have been sug-
gested in the literature, like coefficients omega and H, the greatest lower
bound, and so on [10, 54]. Nonetheless, α remains as the first and simplest
to compute choice in most occasions in applied and research contexts (for
recent instances, see [2, 84]).
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[17] P. D’Urso, M.Á. Gil, Fuzzy data analysis and classification, Adv. Data Anal.
Classif. 11(4) (2017) 645–657.

[18] B. Efe, M. Kurt, A systematic approach for an application of personnel se-
lection in assembly line balancing problem, Int. Trans. Oper. Res. 25(3) (2018)
1001–1025.

[19] S.Z. Eyupoglu, L.A. Gardashova, R.A. Allahverdiyev, T. Saner, Application of
fuzzy logic in job satisfaction performance problem, Procedia Computer Science
102 (2016) 190–197.
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[23] M. Fréchet, Les éléments aléatoires de nature quelconque dans un espace dis-
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