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Abstract

Symplectic finite semifields can be used to construct nonlinear binary codes of Kerdock type (i.e.,

with the same parameters of the Kerdock codes, a subclass of Delsarte-Goethals codes). In this pa-
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over a Galois field of order ¢ = 2! for all 0 < r < ™=L with m > 3 odd, and show the connection
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of this construction to finite semifields.

per we introduce nonbinary Delsarte-Goethals codes of parameters (g
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1 Introduction

Some classical constructions of nonlinear (binary) codes, such as Kerdock [13], Preparata [30] or
Delsarte-Goethals [7] codes, were introduced around 1970. All of them share the common property
that they can be seen as the union of cosets of a linear code in a Reed-Muller code [26, 31]. This is
the way they are described in the contemporary classic book [23, Chapter 15].

A better understanding of these codes and the relations amongst them came from the introduction
of quaternary codes (i.e., codes over the alphabet Z/4Z) in their study. A pioneer work in this
direction is the Z/4Z—cyclic version of the (punctured) Kerdock code provided by Nechaev in [2§]
(and announced as early as in 1982 [27]). A key contribution came from the seminal work of Hammons,
Kumar, Calderbank, Sloane and Solé [9], where the Z/4Z—duality of the Kerdock and Preparata codes
was shown. In these papers Galois rings G R(22™, 22) of cardinality 22" and characteristic 22 appeared
naturally as ring extensions of the alphabet Z/47Z. The quaternary version of these codes connects
them to low-correlation sequences [2, 15], in particular to the sequence family S(2) appearing in the
W-CDMA component of the IMT-2000 standard for 3G mobile communication [16].

Later authors exploited other Galois rings with quotient finite field of characteristic 2 to obtain
new families of codes. For instance, Kuzmin and Nechaev constructed nonbinary versions (over the
alphabet Fy) of the classical Kerdock code (Generalized Kerdock codes) by using Galois rings of
the form GR(2%™,22), i.e., of cardinality 22™ and characteristic 22 (I > 1) [18]. Carlet introduced
generalized (binary) versions of Kerdock and Delsarte-Goethals codes, constructed from Galois rings
GR(2Fm 2k) i.e., of cardinality 2™ and characteristic 2 > 4 [5]. Also, a nonbinary generalization
(over the alphabet Fy:) of the Preparata code was proposed by Kuzmin, Markov, Nechaev and Neljubin,
again with the use of the Galois ring GR(2%™,2%) (I > 1)[20].

On a different direction, nonequivalent codes with the same parameters of the binary Kerdock
code were introduced by Calderbank, Cameron, Kantor and Seidel [4] using orthogonal and sym-
plectic spreads [11]. This construction is closely related to symplectic finite semifields, a particular
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class of finite nonassociative division rings in the Knuth orbit of a commutative semifield [12]. The
Z]AZ—valued quadratic forms introduced by Brown [3], proved to be useful in this context. These
forms have also been fruitful in the study of quaternary sequence families (see, for instance, [33]),
where properties of sets of bilinear forms over the binary field arise naturally. Notice that these sets
appeared already in the original description of some of the codes mentioned above [7, 23].

In this paper we introduce a nonbinary version (over the alphabet Fy) of the Delsarte-Goethals
codes. The construction is based on Galois rings of the form GR(2%™, 22) (I > 1), and on the quadratic
forms valued in them [22]. These forms were first used to introduce a framework for the construction of
nonequivalent Generalized Kerdock codes from symplectic semifield spreads [8], as a generalization of
the binary methods in [4]. Sets of ordinary bilinear forms over an arbitrary finite field of characteristic
2 [34] have been naturally considered in our construction. Namely, the construction is related to the
set of alternating bilinear forms over the finite field Fy: originally considered by Delsarte and Goethals
[7, Theorem 9]. The construction is also connected to finite semifields.

The structure of the paper is as follows. §2 is devoted to preliminaries: the properties of bilinear
and quadratic forms over finite fields and Galois rings needed in the paper are collected there. In §3,
we introduce the Generalized Delsarte-Goethals codes and obtain their minimum distance by explicitly
computing the ideal weight enumerator of the Galois ring linear codes they are derived from. Finally,
in §4 we show the connection of this construction to finite semifields.

2 Preliminaries

In this section we collect all the preliminary results on bilinear and quadratic forms over finite fields
and Galois rings required in the rest of the paper.

2.1 Finite fields

Through this paper ¢ will always be a prime power 2!, and Fym will denote the finite field with ¢™
elements (m € N). The new construction of Delsarte-Goethals codes will be obtained for [ > 1 and
m > 3 odd. Notice that the map /- : F; — F, given by z — /z = 23 is a field automorphism. The
trace function of the field extension Fym|F, will be written as trgm or simply as tr. It is an F,—linear
map and so we will denote its kernel by ker (tr). The absolute trace is the trace function of the field
extension I« |[Fa. It will be denoted as Abstr [21].

2.1.1 Quadratic and bilinear forms over finite fields

Classical quadratic forms over finite fields (and in particular in characteristic 2) are well-known and
we refer to [21, Chapter 5, Section 2] or [25, Section 7.2] for definitions and properties.

Let Q : Fj* — F, be a quadratic form (i.e., a homogeneous polynomial of degree 2). Then the
associated bilinear form Bg : Fj' x Fj* — Fy (the polarisation of Q) given by Bg(z,y) = Q(z +y) +
Q(x) + Q(y) is symplectic and it has even rank 2s € {0,...,m}. Moreover, @ is equivalent (under an
invertible linear change of variables) to exactly one of the following quadratic forms:

o Hos: x1x9+ ...+ Tos_1T2s;
o Fos: x1To+ ...+ Xos_3%25_ 2+ 75%8_1 + Tos—1%2s + ﬁﬂﬁgs, where AbStr(ﬁ) =1
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Following [10, Chapter 5] we will call these forms hyperbolic, elliptic and parabolic, respectively. The
radical of () is defined as the radical of By, i.e, the set rad(Q) = rad(Bg) = {z € F, | Bg(z,y) =
0,Vy € F,}, and it has dimension m — 2s. A well-known example of polarisation is the following:

T

Bg(z,y) = tr (Z a,-(mqiy + xyqi)> , where Q(z) = tr (Z aixq”rl) , with a; € Fgm (1)
i=1

=1
Proposition 1. For all b € F,, denote v(b) = q(1 —b971) —1 @(0) = ¢ — 1,v(b) = —1 otherwise).
Let Q) : Fy" — Fy be a quadratic form which polarises to a bilinear form of rank 0 < 2s < m. Then:

1. The number of solutions to the equation Q(x1,...,Tmy) =0b is:

(a) ™1 +v(b)g™ 1, if Q is of hyperbolic type Hag;
(b) ¢t —v(b)g™ 57, if Q is of elliptic type Fas;
(c) ¢ 1, if Q is of parabolic type Pys;

2. Let H : F" — Fy be a nonzero linear form H(x1,...,xm) = > vy a;ix;, and let u,v € Fy. Then,
the number of solutions to the system of equations { H(x1,...,zm) =u , Q(x1,...,Tp) = v is:

(a) ¢™ 2 £ v(v)g™ 572, if Q is of hyperbolic(+) /elliptic(—) type Has/Eas, and there exists
i > 2s such that a; # 0;
(b) ¢™2, if Q is of parabolic type Pas, and there exists i > 2s + 1 such that a; # 0;

(c) ¢"2Ev(v)g™ 5L, if Q is of hyperbolic(+) /elliptic(—) type Hos/Eas, 2541 = ... = am = 0,
and Q(ai,...,am) =u=0;

(d) ¢ 2+ (—1)AbStr(”Q(a1""’am)/“Q)qm*sfl, if Q is of hyperbolic(+) /elliptic(—) type Has/Eas,

2541 = ... = am =0, andQ(al""7am) #O#U;

(e) ¢ 2, if Q is of hyperbolic(+) /elliptic(—) type Hos/FEas, a2s11 = ... = am = 0, and
Qaty...,am) #Z0=u or Q(ai,...,am) =0 # u;

(f) ™2, if Q is of parabolic type Pas, and agsi1 = ... = apy = 0;

(9) ¢ 2+ (—1)AbStr((Q(a1"“’“m)_a55+1)/a§s+l)V(v—|— (ufags11)?)q™ 572, if Q is of parabolic type
Pys, and agsy1 # 0 = ags12 = ... = ap.

Proof. The first part is [21, Theorem 6.32], where as the second part consists of particular cases of
[14, Propositions 3.3 and 3.4]. Namely, items 2(a)(b) fall into Proposition 3.3 (taking ¢; = s = d; =
R(d) = dy, = 0 there). On the other hand, items 2(c)(d)(e) are particular cases of Proposition 3.4
1.a.b (observe that D(a,¢) = R(¢) = 0 there). Also, item 2(f) corresponds to Proposition 3.4 2.a.
Finally, item 2(g) is Proposition 3.4 case 2.c (because ¢ = 0, D(a,c) = 0 there).

O

Next, we introduce a technical lemma on bilinear forms that will be used in the proof of some
results of the paper (see Proposition 2 and Theorem 1 below).
Lemma 1. Let f be a nonzero linear form over Fi', and let B : Fi' xFg* — Fy be a symplectic bilinear
form of rank 0 < 2s < m. Then, there exists a symplectic basis € = {e1,...,en} for the metric space
(Fy', B) (i.e., B(egi—1,e2) =1 for all1 <i < s, and B(e;, ej) = 0 otherwise) such that ezactly one of
the following two alternatives holds:



1. f(e;) = 6im, when rad(B) < ker f. In this case rank(B|yer ) = 25 = rank(B) (Blker is the
restriction of the bilinear form B to the subspace ker f), and the rank of the bilinear form B+ f?
given by B(z,y) + f(x)f(y) is rank(B) + 1;

2. f(e;) = i1, when rad(B) C ker f. In this case rank(B|ker ) = 2(s — 1) = rank(B) — 2, and
rank(B + f?) = rank(B).

Proof. Since f is nonzero there exists v € F;' such that f(v) = 1, and so Fj' = ker f © (v). If
v € rad(B), then the direct sum of subspaces is also an orthogonal direct sum of subspaces Fy' =
ker f B (v) (where the symbol B means orthogonal direct sum). We can add v to a symplectic basis
{e1,...,em—1} of the restricted form Bl ¢ to construct the desired basis £ = {eq, ..., em—1,em = v}.
Moreover, in this situation rank(B|ker f) = rank(B). Also, B(em,em) + f(em)f(em) = 1 and, for all
1 <i#j<m, Blee;)+ f(e;)f(ej) =0, ie., rank(B + f?) = rank(B) + 1.

On the other hand, if rad(B) C ker f, then choose a basis {v1, ..., vm—2s} of rad(B), and complete it
to a basis of ker f: {v1,...,Um—2s, Um—2s+1,---,Um—1}. Takev € [Fy* such that f(v) # 0, and consider
the orthogonal direct sum of subspaces ;' = rad(B) B S, where S = (vn—2s+1,---,Um-1,v). The
restriction B|g is nonsingular [32, Theorem 11.7] and so the dimension of the orthogonal complement
T+s of T = (Uyy_92541,---,Um_1) in S is one [32, Theorem 11.8]. Take 0 # w € T, and observe that
w € T (otherwise, since B is alternating, w € (rad(B) BT 8 (w))* = (IF;”)J- = {0}, a contradiction).
Therefore, we can complete w to a basis {w, wy,—2542, . .., Wm—1} of T. Because B|g is nonsingular, the
dimension of the orthogonal complement U*5 of U = (wy,_2s42, ..., Wn_1) in S is two. Since U C T,
we have w € T+S C U+, and so we can take a basis {w, z} of U+ C S. We claim that z ¢ T. This
is because w € T+5, and if z € T, then z € SN ((w) + U)t = SNT+ = T+s = (w), a contradiction.
So, z ¢ T and ' = (2, w) BU Brad(B). Because (w) BU Brad(B) = T Hrad(B) = ker f, we must
have u = f(z) # 0. Clearly, the restriction B, ,, has rank two (otherwise rad(B) = (z,w) Brad(B),
a contradiction), and so B(u~'z,w) = A # 0. The hyperbolic pair {e; = u~'z,e2 = A"1w} can be
completed with elements of U Hrad(B) to the desired symplectic basis £ = {e1, ..., e} (observe that
flex) = 1).

In this case the restriction Blker 5 has a symplectic basis {ea, . .., ey, } with hyperbolic pairs (e3, e4), . .
i.e., rank(B|ker f) = rank(B) — 2. Finally, B(em,em) + f(em)f(em) = 0 and, for all 1 < i # j < m,
B(ei, ej) + f(ez)f(e]) = 0. Since B(61, 61) + f(el)f(el) = B(€1 +e2,e1 +62) + f(€1 +62)f(€1 +62) =1,
we have rank(B + f?) = rank(B). O

2.1.2 Sets of bilinear and quadratic forms over finite fields

Since classical Delsarte-Goethals codes are related to sets of binary bilinear forms [23, Chapter 15],
one would expect that the study of nonbinary Delsarte-Goethals codes depend on properties sets of
bilinear forms over finite fields of characteristic two. In this subsection we introduce the results on
sets of bilinear (and also quadratic) forms needed for such a study. We refer the reader to [7, 33] for
details.

Proposition 2. Let m be an odd integer, n = mTfl, and 0 < r < mTfl Denote by [‘Z] the ¢>—ary

Gaussian binomial coefficient [7]. For all a) € Fym, let

?8 = {tr (afzy) + tr <Z ai(acqiy + a:yqi)> | a; € ]qu} , ng = {B(x,y) + tr <\/a>8:c> tr (\/;8y> |

i=1
Then:

., (€251, €2),

BeA?g}



1. The number of forms of rank i in the set BY is

By(m —2k—1) = [Z] zr:(q)j—k(q?)(]’;’“) [“ N ""] ("D — 1)

i=k e
for all0 < k < ™=3 B,.(0) =1, and B,(i) = 0 for other values of i.
2. The number BL(i) of forms of rank i in the multiset B, = U a0€F, mBag is:

(a) Byy1(i), for all i >0, when r < 251
(b) ¢ - Bm74 (i), for alli > 0, when r = mT_l Moreover, every form appears exactly once in

each of the ¢ subsets B,,? (for all ao € Fym).

3. The number BL(i) of forms of rank i in the set B} is:

(a) W, for all i >0, when r < 21

(b) BmTfl(i)7 for all i >0, when r = 7L,

4. The number of forms of rank i in the set Al = U ad€F, m.Ar

At =21 = [} 2(—1)]”“@2)(]2’“) ot 1 - ﬂ (oD _ 1)

r

At =21+ 1) =@y ST | e
j=1

forall0 <k < , 1<l <™l A,.(0) =1, and A.(i) = 0 for other values of i.

2

5. The number AL(i) of forms of rank i in the set Al is %, for all i > 0.

6. The number D,(i) of forms of rank i in B for which the restriction to kertr has different rank
is D,.(i) = AL(i), if i is even, and D,.(i) = 0, if i is odd.
Proof. 1. [34, Theorems 14 and 9][33, Result 6].
2. (a) It is clear that B, is a (multi)set of ¢™("*+1 alternating forms (since tr(z?) = tr(z)?)
containing the zero form (a) = a; = 0). If we show that it is an (m,m — (2r + 1))—set (i.e.,

if rank(B; — By) > m — (2r + 1), for all different By, Bo € B]) then it attains the Singleton
bound, and we can use [33, Theorems 6 and 9] to prove the result (see also [7, Theorem 4]).

So, consider a difference of two forms By, By € B, (By # Bs):

T

o~ 8 o () () o (B () s (St )

=1

= tr (y (af — 0f) @ Hr( (ftl(\f)_\/@r(\/@c)))



+r (y > (ai— bi)l‘qi> +tr <y > (ai— bz’)qil‘qi)
=1

=1

=tr (y <<i(al - bi)qﬂ.xqii + (a8 - bg) x+ i(ai - bi)xqi> + \/thr (@x) - \/%tr (@m)))
i=1

i=1
Such a difference has the form tr(y(L(x)+ p(x))) where L(x) is a ¢g—polynomial and p(x) =
\/agtr (\/a8x> — \/bgtr< bg:L") is a polynomial function in & which can only take s <
q? different values vy, ...,vs (because the trace function is F,—valued). Therefore, x €
rad(By — Bo) if and only if tr(y(L(z) + p(z))) = 0 for all y € Fym, ie., if and only if
L(z) + p(z) = 0, and so:

S S

rad(By — By) = | J{z € Fgn | L(z) = v; = p(2)} € | J{z € Fgn | L(z) = v;}
i=1 =1

Hence, #rad(B; — Bs) < 5-¢* < ¢*"*2, because the number of solutions to the equation
L(z) = v; is either 0 or the number of solutions to the homogeneous equation L(x) = 0.
This number is at most ¢?" because L(x) is a g—polynomial with exponents ranging from
q~" to q". Therefore, rank(B; — By) > m — (2r + 2). But, since By — Bs is alternating,
its rank has to be even, and so m — (2r + 2) is not possible (because m is odd). Hence,
rank(B; — B2) > m — (2r + 1), as desired.

When r = AL for all B € B),,_, we have B(z,y) = tr(yL(z)) with
2

m—1

5 _ _
L(z) = \/adtr (y/agx) + adz + Z <(aix)q_l + aiqu)

i=1

For every aJ € Fym we can choose a; = 1/(ad)?+1, for all 1 < i < m2—1, <o that ag—i _
\/((ag)qiﬂ)q_i = \/(a8)1+q_i. Therefore:
m=1 m—1
. — ; 2 -, _ .
((asn) o) = 3 (Viagen a4yl
i=1 i=1

S (V) - VA (/2) - &)
and so L(z) = 0. _

This means that the zero form appears ¢™ different times in the multiset B/, ,. Let us

2
denote these zero forms by Bag, for all a8 € Fym. Now, the multiset B/, ;, can be written

2
as the disjoint union of ¢" (multi)cosets: B, , = {Bag +B|a)eFm,BeB } The
2

2

first part of the proposition gives us the rank distribution of B, ;.
2

Observe that, for all aJ, a; € Fym (a # 0), the ranks of the forms tr (agzny) +tr (x/agzz:) tr <\/a8y> +

tr (Zgzl ai(xqiy + a:yqi)) € Bﬁg, and tr (zy)—+tr () tr (y)+tr <Z;:1 a; (ag)—qi—l(mqiy + xyqi)> €



0
B! is the same. Therefore, there is a bijection between the sets B! and B, that preserves
. 0
ranks. Since B]. =Ua0eF m B0, for all i > 0 we have B.(i) = B,(i) + (¢™ — 1)B}(4), and so
item 2 can be used to get the desired result.

(b) The proof of the second part of the proposition shows that the rank distribution of BL,_,
2
is that of BY,_,, and so Bl,_, (i) = Bm-1(i), for all i > 0.
3 2 2

4. [34, Theorems 15 and 10][33, Result 7].

0
5. Like in the proof of item 3, for all af) € Fym, there is a bijection between the sets Al and A0

Ar(i)=Br(

that preserves ranks. Since AY = BY, we deduce the equality Al = ] i), for all 4 > 0.

6. For all B € B}, let us apply Lemma 1 with f = tr. Then, rank(B)|,,, ;) # rank(B) if and only

2
if rank(B + tr?) = rank(B) = QLMJ [34, Lemma 4], i.e., if and only if rank(B + tr?) is
even. So, D, (i) counts those B € B! of rank i such that the rank of B + tr? € Al is also i and
even.

O

Proposition 3. Consider a vector-space isomorphism Fgm =2 (Fy)™, and let Q : Fgom — F, be a
quadratic form. Then:

1. The set of quadratic forms polarising to Bq is @ = {Q(q)(z) = Q(z) + tr(az?) | a € Fym}.

2. If the rank of Bg is 2s then in the set Q there are:

(a) H(2s) = QQSTJ”IS quadratic forms of hyperbolic type;

(b) E(2s) = q252—qs quadratic forms of elliptic type;
(c) P(2s) = q™ — ¢** quadratic forms of parabolic type;

Proof. 1. For all a € Fgm, the map tr(ax?) is a quadratic form with associated zero bilinear form,
and so (), polarises to Bq. Conversely, if By = Bq, then Bgryq is zero, and so the form
L(y) = (Q + Q")(\/y) is Fy—linear. Now, [21, Theorem 2.24] gives us the existence of a € Fym
such that L(y) = tr(ay), i.e., (Q + Q')(x) = tr(az?), for all x € Fym.

2. Consider a simplectic basis £ = {e1, ..., e} for the metric space (Fgm, Bg), i.e., Bg(e2i—1,€2i) =
1 for all 1 < i <'s, and Bg(ej,ej) = 0 otherwise. With respect to such a basis rad(Bg) =<
€2s11, - -+, €m >, the coordinate expressions of the quadratic forms tr(az?) is > aixf (1, ., Tm
are the coordinates of z in the basis £, and ay,...,am € Fy). So, w.l.o.g. we can assume that
Q is of hyperbolic type Has, since addition of a term of the form )", aix? does not change the

set Q.

Therefore, starting with Hog, let us add a term 221 aix%. If at least one of the agsy1,...,am
is not zero, then Q(,)(rad(Q,))) # 0 and the corresponding quadratic form is equivalent to Pps
[25, 7.2.9 Theorem 4]. Therefore, there are ¢™ — ¢** forms of parabolic type in Q.

If agsy1 = ... = ay = 0, the type of the form Q) depends on its Arf invariant A(Q,)) =
Zle a2i—1a9;, and so in the parity of summands ag;_ja2; with absolute trace equal to one. If
agi—1 = 0 or ag; = 0, then Abstr(ag;—1a9;) = 0 (2¢ — 1 cases), where as if az;—1 # 0, then
{agi—1a9; | az # 0} = FZ, and so #{Abstr(agi_lagi) =0 ay # 0} = % Therefore, the



number of summand2s as;—1a2; with zero (resp. one) absolute trace is (2¢g—1)+ %(q -1)= q22+ !
(resp. ¢* — % = 41) pairs. This proves, as a particular case, the lemma in the case s = 1.

The rest of the cases are proved by induction on s. For s > 1, A(Q(,) = 0 if and only if

Abstr(35" ! (ag;_1a9;)) = Abstr(ags_1ass). Using the induction hypothesis this gives a total
amount of
q2(571) _|_qsfl ' q2 +q N q2(371) _ qsfl . q2 -q q2s +q°
2 2 2 2 2

hyperbolic forms. The rest of the forms, i.e., ¢™ — (¢™ — ¢*°) — qQSTJrqS = qQS;qS

, must be elliptic.
O

—dq

2.2 Galois rings

In this subsection we include definitions and basic facts on Galois rings (see [28, 24, 1] for details) and
the related R—valued quadratic forms [22].

Let R = GR(¢? 2%) be the Galois Ring of ¢* elements (q = 2') and characteristic 22. It is
an associative commutative local ring with identity e = 1, maximal ideal 2R and quotient field
R = R/2R = F,. This ring is uniquely determined by its cardinality and characteristic and it can
be constructed as the quotient ring Z4[z]/ (p(x)), where p(x) € Z4[x] is a Galois polynomial, i.e. any
monic polynomial of degree [ such that p(x) € Z4[z|/2Z4[x] = Zo[x] is irreducible. The set of units
of R is the multiplicative abelian group R* = R\ 2R and the lattice of ideals of R is the strictly
decreasing chain R > 2R > 0.

The subset T'(R) = {b € R | b9 = b} is called the Teichmiiller coordinate set (TCS) of R. It is a
set of ¢ elements closed under the product and such that any element b € R can be written uniquely
in the form b = by + 2b1, where b; = ~;(b) € T'(R), i = 0,1. This set is not closed under the addition,
though. If we consider the map @ : I'(R) x I'(R) — I'(R) given by a © b = vyp(a +b), then (I'(R), @, -)
is the finite field F,. Moreover, for any a,b € T'(R) the following equality holds: v1(a + b) = Vab.

For all m € N, R is a subring of the Galois ring S = GR(¢*™,2?). The group of automorphisms of
S fixing R elementwise is cyclic of order I, and it is generated by o(b) = b + 201, for all b € S. The
trace of the ring extension S|R is the R—linear function Tr3(b) = Z@Z—ol o(b)! (or simply written Tr).
It can be checked [29] that

e (b) = 029" (bo) + 2 (trg’” (b1) @ 5 (\/%)) 2)
where »(z) = > o;icm1 29 %7 is a quadratic form on I'(S) Fgm = FJ" = T'(R)™ polarising to
B (z,y) = trd" (zy) o trf" (x)trd" (y) (3)
The map @ : T'(R)"™ — R is an R-valued quadratic form provided that:
e Q(\a) = \?Q(a) , V) € R,Ya € T(R)™;
e The map (-,-)g : I'(R)™ x I'(R)™ — R given by (a,b)g = Q(a @ b) — Q(a) — Q(b), for all
a,b € T'(R)™, is a bilinear form.
2.3 Codes over Galois rings

The general setting of codes over modules can be found in [17]. A linear code over the Galois ring
R = GR(q?,2%) of length N is a submodule K of RY. The homogeneous weight (or Lee weight in the



case ¢ = 2 [1]) of a word b = (b',...,b") is defined as w(b) = Zf\il wy (b)), where wy (b°) = 0,q,q — 1
if b € OR,2R*, R*, respectively.
Let I'(R) = {90 =0,91 = 1,...,9¢4—1}, and consider 7, : R — I'(R)? given by

Yx(bo + 2b1) = (b1,b1 @ by, ..., b1 @ gq—1bo)

for any b € R (bg,b1 € T'(R)). Then ~4(R) is a [q,2,q — 1]-Reed-Solomon code over I'(R) = F, and
so the map -, is called the RS-map (or Gray map in the case ¢ = 2). Moreover, the induced map
AN RN — I'(R)NY is an isometry (taking the usual Hamming weight on the space I'(R)N9 = IFfIVq).
Given any word b = (b,...,b"), let vo(b),v2(b),v1(b) be the number of coordinates of b in
OR,2R*, R*, respectively. The ideal weight enumerator of a code K is Wi (yo, y1, y2) = Zb%c Yo' Yy
and it can be used to obtain the homogeneous (Hamming) weight enumerator of the code ~," (K) (and SO

eventually the minimum Hamming distance of such code). Namely, W7H N (k) (X,Y) = Wi(Y?, X9 Y X971,

3 Generalized Delsarte-Goethals codes

In this section we introduce the Generalized Delsarte-Goethals codes, study their combinatorial proper-
ties and notice the relation to the original paper of Delsarte-Goethals. Classical (i.e., binary) Delsarte-
Goethals codes were introduced with the help of alternating bilinear forms over the finite field Fa [7,
Theorem 9], and as such they are described in [23, Chapter 15]. However, these codes can also be seen
as the Gray image of linear quaternary codes, i.e., of linear codes over the alphabet Z/47Z. This is the
way they are described in [9, Section VI] that we recall next.

Let m > 3, 0 < r < 2. Consider the trace function Tr : S — R from S = GR(22m, 22)

2
onto R = GR(2%,2%) = Z/4Z. Under the identification T'(S) = Fam, the quaternary linear code
DGyz4z(m, ) is defined as:

DGz az(m, 1) = (Tr (aox + 22%_1,241) + b) | ap € S,a1,...,a, € Fom, b€ Z/AZ 3 (4)
zEFom

i=1

For m odd it is a code of length N = 2™ over Z/4Z, cardinality 2™("*2)+2 and minimum Lee weight
2m _ 9m=0 where § = mTH — r. Moreover, it is a Z/4Z-module of type 4™+12"™ i.e., it is isomorphic
as a Z/4Z—module to (Z/AZ)™+ x (Z/2Z)™ [9, Section II]. The (binary) Delsarte-Goethals code
DGa(m +1,0) is the concatenation of the code DGz 47(m,r) and the Reed-Solomon code 7«(Z/4Z),
ie., DGa(m +1,0) = fyiV(DQZMZ(m, r)). It is a distance-invariant code of length 2™+ cardinality
2m(r+2)+2  and minimum Hamming distance 2 — 2m T,

The quaternary version of the binary Delsarte-Goethals codes connects them to low-correlation
sequences [2, 15]. Namely, selected codewords of DGy 47(m, ) punctured in the z = 0 position provide
the family S(r), appearing one of its members (S(2), with m = 8) in the W-CDMA component of the
IMT-2000 standard for 3G mobile communication [16] (see also [33, Section V]).

This construction can be also regarded from the point of view of Z/4Z—valued quadratic forms
(see [33, Section IV], where DGy 47(m, 7) is considered in the context of quaternary sequence families).
Namely, the quaternary linear code is related to the set of valuations of the Z/4Z—valued quadratic
forms Q, (with a = (ag,a1,...,a,) € S x T(S)"):

Qo :T(S)(2Z/2Z™) — ZJAZ given by Qu(z) = Tr (aol‘ +9 Z@ﬂgiﬂ) (5)

i=1

9

V2 (b) yl’l (b)

1
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We will take into account this approach to introduce a general construction of Delsarte-Goethals codes
in arbitrary Galois fields of characteristic 2.

Let R = GR(q? 2%) be the Galois Ring of ¢? elements (¢ = 2',1 > 1) and characteristic 22, and
let S = GR(¢*™,22) be its Galois extension of degree m. We want to define an R—linear code in the
form of (4) for which the corresponding maps in the form of (5) are R—valued quadratic forms. This
idea was already considered in [8, Section 4] when constructing nonequivalent Generalized Kerdock
codes from symplectic semifield spreads. In particular, the R—valued quadratic forms

T, : T(S)(2T(R)™) — R given by Tj(z) = Tr (sz?)

with s € I'(S) where used. Therefore, it seems natural to define the Generalized Delsarte-Goethals
codes in the following way.

Definition 1. Let m > 3 odd, 0 <r < mT_l, and 6 = mTH —r. Consider the trace function Tr : S — R

from S = GR(¢*™,22) onto R = GR(q?,2?) (where ¢ = 2',1 > 1), and define the R—code:

=1

DGr(m,r) = (Tr (a0x2 + 2Zaixqi+1> + b) | ap € S,a1,...,a, €T(S),bER (6)
z€eIl'(S)

The Generalized Delsarte-Goethals code DG,(m + 1,6) is the concatenation of the code DGr(m,r)
and the Reed-Solomon code 7, (R), i.e., DG4(m + 1,6) = " (DG R(m, 7).
Proposition 4. With the notation of the previous definition:

r+2)+2

1. DGr(m,r) is an R—linear code of length N = ¢q™ and cardinality "™
R—module it is isomorphic to R™T! x (F,)™™.

. Moreover, as an

2. The Generalized Delsarte-Goethals code DGy(m + 1,0) is an Fy— (non-linear)distance-invariant

code of length ¢ and cardinality g™ +2)+2,

Proof. 1. It is clear that DGRr(m,r) is an R—module because of the linearity of the trace function,
and so it is an R—linear code of length |I'(S)| = ¢™. If we show that the zero codeword is
only obtained when ay = a1 = ... = a, = b = 0, then we can conclude that DGgr(m,r) is

an R—module isomorphic to S x (I'(S))" x R = R™ ! x (F,)™ of cardinality ¢™"+2+2. But
this is easy, as Tr (a0x2 +2>0 aixqi“) +b = 0 for all x € I'(S), makes tr(alz?) = by,
and tr(adz® + >0, azd ) + %(\/a8x> = by, for all x € Fym (where ag = a + 2a} and
b = by + 2b; are the 2—adic decompositions of the elements ag and b). From the first equality
we deduce a) = by = 0 (observe that tr(ajz?) = (tr(y/adz))? and use [21, Theorem 2.24]). If
we substitute a) = 0 into the second equality we get tr(zLqy(z)) = by, for all z € Fym, where
Lo(7) = apr + 31, a;z9". Clearly this forces by = 0 (take z = 0) and a} = a1 = ... = a, = 0,
because tr(zLq()) is a trace form equal to zero with deg L, < 1 [25, 7.2.20 Remark].

2. Apply [19, Theorem 2].
O

Observe that, as particular cases, we recover both the classical Delsarte-Goethals codes and the
Generalized Kerdock codes.
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Remark 1. 1. If [ = 1, ie.,, ¢ = 2, then DGr(m,7) is equivalent to the code DGy 4z (m,r) of
equation (4), and so the Generalized Delsarte-Goethals code DG,(m + 1,6) is equivalent to the
original binary Delsarte-Goethals code DGa(m + 1,4). Namely, the map ¢ : ['(S)4" — I'(S)7",
given by ¢((cz)zer(s)) = ((¢z2)zer(s)) induces a permutation equivalence between DGy, /47(m, )
and DGr(m,r) because

T

Tr <a0x2 +2 Z ai(az2)2i+1> + b = Tr(apz?) + 2Tr (Z ai(x2i+1)2> +b
i=1 i=1
2

r 2 ,
= ’I‘r(aon) 4 2t (@ @$21+1> + b= ’I‘I'(G/O.TQ) 4 92 <tr (@ @$21+1>> + b
=1 i=1

r '
- Tr(a0x2) +2tr (@ az‘xyﬂ) +b="Tr (aox2 + 22 @x21+1> b

=1 =1

2. If r = 0, then [8, Proposition 1] shows that DGr(m,0) is equivalent to the base linear code
Kr(m), and so the Generalized Delsarte-Goethals code DG,(m + 1, ™H) is equivalent to the
Generalized Kerdock ICg(m + 1) code [29].

3. The code DGRr(m,r) is the set of translates of valuations of the R—valued quadratic forms @,
(with a = (ag,a1,...,a,) € S xIT'(S)"):
Qo :T(S)(=T(R)™) — R given by Qq(z) = Tr (aox2 + 2Zaixqi+1>
i=1
Namely, if A € R,z € I'(S), then

Qo(Ax) =Tr (ao()\x)2 +2 Z ai()\x)q”rl) =Tr <a0)\2x2 +2 Z ai)\quxZiH)

=1 =1

=Tr </\2 <a0:c2 + 2 Z aiinH)) = /\QQa@?)
i=1
because A7 = X mod 2R. And also, for all x,y € T'(9),

(2,9)q, = Qu(r @ y) — Qu(r) — Qu(y)

T T T
=Tr (ao(x Qy)?+2 Z a;j(x @ y)q1+1> —Tr ((101‘2 +2 Z aiqu+1> —Tr <a0y2 +2 Z aiyqu_l)

i=1 i=1 i=1
T . . r . .
=Tr <a0(21‘y) +2 Z ai(z%y @ xyql)) = 2Ty (aoxy + Z ai(zy @ :Uyqb)>
i=1 =1

because (z0y)? = (120y?) = 22+ +2xy, and (x0y)? ! = (27 0y?)(z0y) = 27 oy’ o
(quy®azyql). So, the corresponding bilinear form is By, (x,y) = tr (aoxy +>0 ai(xqzy %) xgﬂ))
(cf. [33, page 5806]).
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The main result of this paper is the computation of the ideal weight enumerator of the R—linear
code DGr(m,r). As a consequence we obtain the minimum distance of the Generalized Delsarte-
Goethals codes.

Theorem 1. The ideal weight enumerator of the code DGr(m,r) is described with the data contained
in Table 1.

F#case Pair (vg(a,b),va(a,b)) related to the term #codewords

m _ .
ygu(aab) 'y;IQ(a,b) ‘y<11 vg(a,b)—va(a,b) (coefficient)

1 (0,0) gD+ (g — 1)

2 (g™ 1, g™ —qm Y Br(m — 2k — 1)(¢™ — ¢>° )q

3 (g™ 14 (g—1)g™ 51, g™ — g1 F (g—1)gm>1) Br(m — 2k — 1) £2£a"

4 (qm=tFqm=eml, g - gl gmeeTly) Br(m — 2k — 1) L2£9% (g — 1)

5 (qm 2L (q—1)qm 72, g7 —qm T2 F (¢ - 1)g™m 72 (B,l«(m*%*1)*Drr-(m*21€*1))'125%'15(11”*1%

6 (g2 Fqmmsm2 gl gme2pgmoss?) (BL(m — 2k — 1) — Dy(m — 2k — 1) ToE2 (™ — 1)(q — 1)q
7 (g™ 2+ (g—1)qm 72, ¢ —qm T2 F (¢ —1)g™ 732) | (Bi(m —2k— 1>7Dr<mf2k71))‘125%‘15(qm —1)(g—1)g
8 (qm 2 Fqmm72, gmTl g2 L gmTET2) <Bi<m72k71>fDr<mf2k71))@(q"‘ - 1)(g - 1)%q
9 (g2, g™l —gm=2) (BL(m — 2k — 1) — Dp(m — 2k — 1))(¢"™ — ¢**F1)(¢™ — 1)¢?
10 (g2, ¢m1—qm=2) Dy(m — 2k — 1)(¢™ — ¢%°)(¢™ — 1)¢>

1| (¢ 2 (g D™, g - qm 2 E (g - 1)L Dp(m — 2k — 1) LN EC T (m

12 m—2 L gm—s—1 g m—1_  m-2 4 qm—s—1, Dr(m72k71)7‘12(57%:&(1571(({“71)((1*1)

13 (qm=2, ¢mt —qm72) Dy (m — 2k — 1)¢>C= D (¢™ — 1)(¢ — 1)q

14 (gm™2, gmt—gqm72) Dy(m — 2k — )¢~V (¢™ — 1)(q — 1)q

15 m=2 g gmostlgmelgme2 g gmesl Dy(m — 2k — 1)g2C D (¢™ — 1)(g — 1)24

16 (qm 2k (g—1gm 571, g™ —g™ 2 F (g - 1)gm ) Dy (m — 2k — 1)%@’” - 1(g—1)

17 (qm=2Fqm—oml, gml o gm2 4 gmos—) Dy(m — 2k — 1) LN (m gy - 12

18 (gm™2, gm~t—gm72) Dy(m =2k — 1)~V (¢™ — 1)(q — 1)%q

19 (g2, g™t —qm=2) Dy(m — 2k — 1)¢2C =D (¢™ — 1)(¢ — 1)q 952

20 (qmT2LqmTeTl gmTl g2 g gmosTl Dy(m — 2k — 1)~V (¢™ — 1)(q — 1)24 152

21 (gm=2, ¢m~t —gmT2) Dy(m — 2k — 1)¢? =1 (¢™ — 1)(q — 1) %

22 (qm=2Fqm—oml, gml _gme2 g gmos—1) Dy — 2k — 1) 280" (m gy gy laDag
23 (gm 2ggmmeTl, gmTl _gme2 g gmostl Dypm — 2k — 1) 200" (m gy gy lasDag

Table 1: 0 <k < mT_l and s = %k_l (numbers B,, B} and D, are defined in Proposition 2)

Proof. We need to compute, for all ag € S, aq,...,a, € ['(S),b € R, the number of z € I'(S) such that
c(a,b) :=Tr (a0x2 +2>370 aiqu‘*'l) + b =0 and such that c(a,b) € 2R*. If
vo(a,b) := #{x € I'(S) | c(a,b) =0} , va(a,b) := #{x € T'(S) | ¢(a,b) € 2R*}

then the corresponding codeword contributes with a term ygo(a’b) . ygz(a’b) . yfm_yo(a’b)_yz(a’b) to the

ideal weight enumerator of the code. We can use the 2—adic decomposition of c(a,b) to express
vo(a,b),v2(a,b) in terms of two equations over the finite field Fgm. Namely:

tr(ayz?) = by (7)

12



<\F>+tr<a0:ﬂ +Zaazqﬂ>+\/>tr\/7 ) = by (8)

where aqg = a8 + 2a0 and b = by + 2b; are the 2—adic decompositions of the elements ag and b. So,
vo(a,b) := #{x € Fym | (7)(8) are true} , vp(a,b) := #{z € T'(S) | (7) is true but (8) is not}

1. First, let a) = 0. It is clear that equation (7) is true if and only if by = 0. If by # 0 (¢ — 1
choices), then, for all a},ay,...,a, € T'(S),b1 € T'(R) ((¢™)"! - q choices), we have vy(a,b) =
va(a,b) = 0, and the first row of the table is obtained. If by = 0, then the equation (7)

holds and we need to count the solutions to the equation tr (a(l)a:2 +> aixq“F 1) = by (as

va(a,b) = ¢™—wvy(a,b) in this case). Observe that because of Proposition 3, for fixed ay,...,a, €
I'(S), the left hand side of the equation corresponds to evaluations of the set of quadratic
forms polarising to Btr(z aiad+1)- If the rank of this bilinear form is m — 2k — 1 (with

0 <k < mT_), then Proposmon 3 gives us the number of quadratic forms of hyperbolic,
elliptic and parabolic type in the set. For each of them, Proposition 1 provides the number
of solutions to equation (8). So, using Proposition 2 we deduce that there are B,(m — 2k — 1)
bilinear forms tr (22:1 a; (x4 y + a:yql)> of rank m — 2k — 1 (recall equation (1)), associated to
H(m—2k—1),E(m—2k—1), P(m— 2k — 1) quadratic forms of hyperbolic, elliptic or parabolic
type, for which the number of solutions to equation (8) depends on whether by = 0 or b; # 0

(¢ — 1 choices) in the elliptic and hyperbolic cases. This gives us rows #2 (parabolic), #3
(hyperbolic/elliptic by = 0) and #4 (hyperbolic/elliptic, b; # 0) in the table.

2. Let us now consider the case a8 # 0. The change of variable y = \/agw, transforms equation (7)
into a linear one (tr(y) = v/by), and equation (8) into

#(y) + tr (Coy2 + Cz‘yqu) +V/botr(y) =
=1

with ¢p = aj(ad)™! and ¢; = a;( (ag)—l)qiﬂ, for all i = 1,...,r. If we count the number of
solutions v (a, b) to the system of equations (7)(8), then vs(a,b) = ¢™ ! — vy(a,b) (because the
number of solutions to equation (7) is always ¢~ 1). If (7) is true, then (8) becomes

T
#(y) + tr <60y2 + ZCiy‘f“) =b

=1

with by = by + bo. Again, because of Proposition 3, for fixed cy,...,¢, € I'(5), as ¢y varies, the
left hand side of the latter equation corresponds to evaluations of the set @ of quadratic forms

polarising to Btr(Zl e +1) Fly)’ Since equations (1) and (3), the ranks of such bilinear forms

(for all ¢1,...,¢. € I'(9)) is given by Proposition 2. Namely, for all values of i, there are D, (7)

bilinear forms Btr(z ) of rank ¢ such that rad <Btr(z ) C kertr

=1 C’Lyq +1)+%(y
(see Lemma 1), and there are B}(i) — D,.(i) bilinear forms Btr(z

_y ey ) f(y)

eyt 1) () of rank ¢ such

=1

that rad (Btr( ey 1) y)) Z kertr. Let us now simultaneously compute the number of
=11

solutions to (7) and (8) for all @ in Q.

(a) We begin with the case of those bilinear forms Btr(Z’" ) of rank 0 < 2s < m

1 ciyd +1)+%(

such that rad (Btr(z eyt +1) el ) Z kertr. We consider the symplectic basis £ of

13



Lemma 1 (taking B = Btr(ZT ) and f = tr). In coordinates with respect to

i=1 Ciyqi*'l)-i-%(y
such a basis, the quadratic forms in Q have the form > 7 | yoi1y2i + D> iy hiyf, where
hi € Fq and y = 71" yie;. So, the system of equations (7)(8) becomes y, = v/bo (7) and
S Yaim1y2i + Doy hiy?2 = by (8).

i. If (hos4+1,---,hm) = (0,...,0) then, up to a change of the first 2s coordinates, we are
in the case 2.(a) of Proposition 1. So, vy(a,b) = ¢ 2 £ v(by)g™ 2. We have (¢ — 1)
choices for a), Bl(m — 2k — 1) — D,(m — 2k — 1) choices for the a;, q2S;»qS or qQS;qS
for the h;, and g or gq(q — 1) for b. Rows #5 (hyperbolic/elliptic, b = 0) and #6
(hyperbolic/elliptic, by # 0) collect this information.

ii. On the other hand, when h,, # 0 and (h2st1,--.,hm-1) = (0,...,0), we can change
2s + 1 coordinates (the first 2s and the last one) and apply case 2.(g) of Proposition
1. Namely, we can first change the first 2s coordinates to get the quadratic form
Hoy + hmyfn or Fog + hmyfm while preserving the linear one.

In the first case, a second change vAnmYm = Yosi1,%2s41 = Yo (other coordinates

remain y; = Y;) gives us Pos and the linear form }:;2—;1 Therefore, we have vy(a,b) =

q" 2+ v(by +bohm )" *"2. There are (¢™ — 1) choices for a3, B} (m —2k—1)— D, (m—
2k — 1) choices for the a;, qQSTﬂi (¢ —1) for the h;, and q or q(q—1) for b, which gives
us the upper part of rows #7 (b + bphy, = 0) and #8 (b1 + boh,, # 0).

In the second case, a further change of coordinates (yas—1 + y2s = Yas, V/Byos +
VhmYm = Yosi1,Y2s+1 = Yim) gives us Pag and the linear form %Ygs_l + %Ygs +

\/%—WY25+]_, with Abstr(8) = 1. Therefore (with the notation of 2.(g) in Proposition

1), (Qa1,y...,am) — a%sﬂ)/a%sﬂ = f3, and so y(a,b) = ¢™ 2 — V(i)l + bohum ) g™ 2.

There are (g™ — 1) choices for a3, Bl (m — 2k — 1) — D,.(m — 2k — 1) choices for the a;,

qQSiqS
2

-(q—1) for the h;, and q or q(q¢ — 1) for b, which gives us the lower part of rows
#7 (b1 + bohm = 0) and #8 (b1 + bohm # 0).

iii. Finally, in the rest of cases, because there exists hy # 0 with 2s +1 < t < m, we
can change ZZ@;; 41 Vhiyi = Yas.1 together with an independent change of the first
2s coordinates to get the quadratic form Hos + Y225+1 + hpY,2 or Bas + Y225+1 +hn Y2,
while preserving the linear one. In the first (alt. second) case, a further change Y541+
Vhin Yy = Zosi1 (alt. Yaog1 + Yog = Zog—1,/BY2s + Yosi1 + VhmYm = Zogi1) gives
us P,; where as the equivalent linear form does not change. Therefore, case 2.(b)
of Proposition 1 applies, i.e., y(a,b) = ¢™ 2. There are (¢™ — 1) choices for af,
Bl(m — 2k — 1) — D,(m — 2k — 1) choices for the a;, (¢™ 27! —1)g**! = g™ — ¢?5*+!
for the h;, and ¢? for b, which gives us row #9.

il ), of dimension 1 < m — 2s <
i=1 Ci¥ )‘f‘%(y)
m — 2, is contained in kertr. Let £ be again the symplectic basis of Lemma 1 (taking
B = Btr(Zleciyqi“)Jr%(y) and f = tr). In coordinates with respect to such a basis, the
system of equations (7)(8) becomes y; = v/bo (7) and 325 yoi—1y2: + Sorr, hiv? = by (8)
(where h; € Fy and y = > " yiei).

i If (hosy1, - - hm) # (0,...,0), we can change the last m—2s coordinates (3 1%, 1 Vhiyi =
Y2s+1) and (independently) the first 2s to get either the equivalent form Hag + Y2, 1=
Py or the form Eys + Y, . Clearly, this transformation leaves the equivalent lin-
ear form involving only the first 2s coordinates (as the original form involved only

(b) Next, we consider the case when rad (Btr(zr
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ii.

iii.

y1 and the change of the first 2s coordinates was made independently of the remain-
ing coordinates). In the second case, another change of coordinates (Yas_1 + Yos =
Zos,\/BYos+Yos 11 = Zosi gives us Py and an equivalent linear form in the first 2s co-
ordinates. Therefore, case 2.(f) of Proposition 1 applies and so vy(a,b) = ¢™ 2. There
are (¢™ — 1) choices for a), D,(m — 2k — 1) choices for the a;, (¢" 2 —1)¢* = ¢™ — ¢**
for the h;, and ¢? for b, which gives us row #10.

Therefore, in the rest of the proof we assume (host1,--.,hm) = (0,...,0).
If, besides, h; = 0, then the change of coordinates y; + hoys = Y7, together with a
suitable (independent) change of the coordinates ys, ..., y2s leaves the quadratic form

equal to Has or Es, and the linear form Y7 + hoYs. So, we can apply cases 2.(c)(d)(e)
of Proposition 1, depending on whether /by = 0,Q(1, h2,0,...,0) = ha = 0 or not.
So, we have (¢™ — 1) choices for a, D,(m — 2k — 1) choices for the aj, M
or LUVt g, hs,...,has. When he = 0, we have row #11 (b = 0), row #12
(bop = 0 # b1) or row #13 (byg # 0). When hg # 0 (¢ — 1 possibilities), we have row #14
(bo = 0) and row #15 (by # 0 and the £ possible by with Abstr (b})g?) =0or1).

Something similar happens when h; # 0 but Abstr(hihs) = 0, i.e., when there ex-
ists g € F, such that hihy = g + g*>. The change of coordinates v/hiy; + \/%yg =

Yi,vVhiyr + %yg = Y5, together with a suitable (independent) change of the coor-
dinates ys, ..., y2s leaves the quadratic form Hss or Fs,, and the linear form equal to
g+l g+l g - i i i

WY1+ \/—YQ Since ) (\ﬁ \ﬁ’ 0,... ,0) = hg we are in the same situation as above

(with the restriction to just 5= 2 possibilities when ko = 0, because of the condition on
the absolute trace of hjhs). ThlS gives us rows #16 to #20.

Finally, we deal with the case h; # 0 and Abstr(hihe) = 1. We can change coordinates
Y3, -+, Y2s to get either Hy,_qy or Ey(s_1). In the first case the quadratic form has type
E»s because we can apply the change vhiy1 = Yas-1, f = You, Y2s—1 = Y1, Y25 = Y2,

(s
Yos—1 1
and so the linear form is equivalent to N In this situation ) ( .., 0, TR 0,..., 0)

h—l # 0. In the second case we can apply the change y;1 = Y1 + hoYs, 90 = Yo +
Vh1Yos, y2s—1 = Vh1Y1 + Vh1hoYo + Yo,_1 to get Hoy and an equivalent linear form
Y7 + heY3. Therefore, Q(1,hs,0,...,0) = hy # 0. Therefore, if by = 0, case 2.(e) of
Proposition 1 gives us row #21. Observe that in such a case we have (¢ — 1) choices
for a8, D,.(m—2k—1) choices for the a;, ¢ —1 possible h1, 4 possible ha, 2= choices
for the remaining h; (it does not matter whether we are in the hyperbolic or elliptic
case), and ¢ for by. If by # 0 (¢ — 1 choices), case 2.(d) of Proposition 1 is used to get
rows #22 and #23, where we count (¢"™ — 1) choices for a), D,(m — 2k — 1) choices

(g—1)q Vgt
2 2

for the q;, pairs (hy, ho), choices for hs, ..., hys, and ¢ — 1 possible

BIQ(alvv'va’m) (
bo

by, and % different by, depending on the absolute trace of observe that in

these cases the hyperbolic and elliptic roles are inverted).

O]

Theorem 2. The terms of the ideal weight enumerator of the code DGr(m,r) are summarized in
Table 2. And so the minimum distance of the Generalized Delsarte-Goethals code DGy(m + 1,6) is

q—1

q

(qm+1 —q

+1
m2 +r) '
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’ #case Term Coefficient
m -
1 i gD+ (g — 1)
m—1 m m—1
2 8 y; ¢ Bp(m — 2k —1)(¢™ — ¢*° )q
m—1 m—s—1 m m—1 m—s—1 2s s
+(g—1 — -1
3 vl (a—=1)q yd e Fla—1)q By(m — 2k — 1) 4 2ﬂ:q
q7n71¥q7n,7371 LIWLiqm,fliqm,fs—l q25j:qs
4 Yo 2 Br(m — 2k — 1)4—F5~1-(q — 1)
5 ygm,72i(q71)qnb—572ygm—l7qm—2q:(q71)qm,fs—2ytlzm,iqrn—l (Bl('yn—Qkfl) 7D,,,(7n72k:7 1>>q252:tqs (qm 71)(12
P s
m—2 m—s—2 m—1 m—2 m—s—2 m m—1 2s s
- + - 3
6 vg T vg T e v e (Bj(m =2k = 1) = Dp(m — 2k = 1)) 5= (4™ — 1)(q = 1)q”

(Br(m — 2k — 1) — Dy(m — 2k — 1))(¢™ — ¢®"T1)(¢™ — 1)¢?
7 yd yl e yi T +Dy(m — 2k — 1)(¢™ — ¢*%)(¢™ — 1)¢>

+2Dy(m — 2k — 1)g**(¢™ — 1)(¢ — 1)

m—2 _ m—s—1 m—1__,m—2 _ m—s—1 —m _ —1 2(s—1) s—1
I 1 1 m_,m )
] yg (g—1)q vl q Flg—1)q yd q Dy(m — 2k —1)4 Qiq (@™ —1)q
m—2_ m—-s—1 ,m—-1__m—2, m—s—1 ,m_ m—1 2(s—1) ys—1
. PR v ™ 24q Y Dy(m — 2k — 1) 4= £ (™ —1)(q — 1)q

1)

2(s—
4D (m — 2k — 1T (gm gy - 1)22

Table 2: Summary table of terms in the ideal weight enumerator (0 < k < ™ and s =

m—2k—1
> )
(numbers B,, B} and D, are defined in Proposition 2)

2

Proof. The table is obtained from Table 1 adding the number of codewords associated to the same
term. Namely, rows #1 to #4 remain the same, where as rows #5#7 give row #5, rows F#6#8
give row #6, rows #9#10#13#14# 18419421 give row #7, rows #11#16 give row #8 and rows

H124 1541720422423 give row #9.

On the other hand, if for each term we denote by v; the exponent of the variable y; (i = 0, 1,2),
then the cases #1 to #4 give codewords of weight qus, i.e., 0 and ¢™! — ¢™ — A with A € {0,4(q —
1)g™=%,£¢™*}, and 251 —r < s < 221 because B,(m — 2k — 1) has to be nonzero (s = 0 is
also possible in some cases). The rest of the cases give codewords of weight qvo + (¢ — 1)(¢™ —
¢ Y = q(¢™ 1t — ) + (¢ — 2¢™ + ¢ ) = ¢ — g™ — q(vp — ¢™?). For them we have
g0 — ¢"7%) € {£(g — Vg™ ¢ 70,4 (g — 1)g™ %, £¢™ 0, with 5 - < s <
(because Bl(m — 2k — 1) — D,(m — 2k — 1) or D,(m — 2k — 1) can not be zero). Also, s = -1 —r is
allowed in rows #5#6 and #7, because in such a case B}(m — 2k — 1) — D,.(m — 2k — 1) is nonzero

too. Therefore, the minimum weight in a nonzero codeword is achieved in row #5 when s = ™=t —

2
m—+1

Lo g = g = (g = DT T = (g - (g - ) = (g - g, -

4 Connection of the construction with nonassociative rings

In this final section we connect the codes introduced in this paper with finite semifields, i.e., with finite
nonassociative division rings. The connection is related to the construction of codes of Kerdock type
from symplectic finite semifields (a particular class of finite nonassociative division rings in the Knuth
orbit of a commutative semifield), and also with the recent observation that binary additive MRD
codes with minimum distance n — 1 are spanned by two binary additive MRD codes with minimum
distance n [35].

A finite nonassociative ring S is called presemifield, if the set of nonzero elements S* is closed under
the product. If S is unital, then it is called finite semifield. The characteristic of a finite presemifield
S is a prime number p, and S is a finite-dimensional algebra over F, (¢ = p°) of dimension m, for
some ¢,m € N, so that |S| = ¢™.

Given a [Fg—basis B = {b1,...,b,} of S, a unique set of multiplication constants \;j; € F, can
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be defined by the rule b; - bj = > ;" Aijxbk. The finite presemifield S is commutative if and only if
Aijk = Ajir for all 1 < 4,7,k < m. Also, S is called symplectic if \jjp = Agj; for all 1 < 4,5,k < m.
There is a direct connection between these two types of finite presemifields, as observed in [12], since
a commutative presemifield is in the Knuth orbit of a symplectic presemifield and reciprocally.

When S is a symplectic presemifield over Fo and s € S, the coordinate matrix M, of the map of
right multiplication Rs(z) = = - s can be taken symmetric, and so it defines a Z/4Z—valued quadratic
form @ in a straightforward way (namely, Qs(x) = xMszT, where x € F4', x7 is its transpose, and
operations are carried out mod 4). Moreover, according to [4], when m > 3 odd, the set {Qs | s € S}
induces a Z/4Z—Kerdock code (namely, {(Qs(z) + 2axT + €)zepy | s € S,a € F3',e € Z/4Z}) which,
under the Gray map, produces a nonlinear binary code of Kerdock type (i.e., with the same parameters
of the Kerdock code) but not necessarily equivalent.

More generally, any (non necessarily symplectic) finite presemifield over F, induces a set of ¢
(non necessarily symmetric) bilinear forms xMgyT satisfying My — M; nonsingular for all s # ¢t. And
reciprocally, any additively closed set of ¢ bilinear forms with coordinate matrices M, (s € IE‘Z"‘)
satisfying My — M; nonsingular for all s # ¢, induces a presemifield by the multiplication rule x e s =
MxT.

On the other hand, there is a connection between finite presemifields and m x m maximum rank-
distance (MRD) codes, i.e., codes C' consisting of m x m matrix words over F, under the rank metric [6]
satisfying the following property: |C| = ¢"™(™~¢t1) where rank(A) > e, for all 0 # A € C. Additively
closed MRD codes of order ¢™ correspond to presemifields (simply consider the set of coordinate
matrices of the maps Ry, for all s € S). Recently, it has been observed that for any additively closed
binary MRD code of order 22™ (i.e., with minimum rank distance m — 1) there exist two presemifields
S1 and Sy such that C' = {My, — M, | s1 € S1,s2 € Sa}, that is, it is spanned by the coordinate
matrices of right multiplication of two finite presemifields [35, Main Theorem].

The codes considered in this paper are related to the original work of Delsarte and Goethals [7] in
the following way. As mentioned in [34, page 1021] the alternating (m+1, m+1—2r)—set of alternating
forms constructed in Theorem 9 of such a paper is the set ¢(Y), where Y = {Bq, | (ao,...,ar) €
['(S)" ™1} (see Remark 1.3) and ¢(Bg,) : (I'(S) x I'(R))* — I'(R) is given by

¢(B.)((z; @), (y,8)) = Bo, (w,y) + \/BQa (@, 2)Bq,(y,y) + B/ Bo. (#,7) + ay/ Bq,(y,y)

m(r+1)

The set C' of coordinate matrices of these ¢ bilinear forms is additively closed and satisfies
rank(A) > m+1—2r, forall 0 # A € C. It is clear that C' is not a MRD, but it attains the bound
|C| < ¢™+D [34, Corollary 7]. So, from this point of view, it is a set of maximum size induced by the
bilinear maps Bg, . In the same line of [35, Main Theorem| we can straightforwardly state that C' can
be spanned by the ¢ images of coordinate matrices of right multiplication of r + 1 finite presemifields.
Namely:

Y = {Mao + zr:(Mai + M) | a; € F(S)}

=1

where the presemifields are obtained from the sets of bilinear forms {Tr(aixqiy)}aiep( s)- It is an open
problem to determine whether this number of presemifields allowing this description is minimal.

5 Conclusions

Classical binary Delsarte-Goethals codes can be described through quaternary codes (i.e., codes over
the alphabet Z/47). This description connects them to low-correlation sequences, in particular to
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the sequence family S(2) appearing in the W-CDMA component of the IMT-2000 standard for 3G
mobile communication. In this paper we have introduced a nonbinary version of the Delsarte-Goethals
based on Galois rings of the form GR(2%™,22), and on the quadratic forms valued in them (m > 3
odd). The resulting codes over the alphabet F, (¢ = 2) have length ¢™*!, cardinality ¢”("*2%2 and

. . — m+1 _ .. .
Hamming distance qu(qu —q 2 "), where 0 < r < mTl Such a minimum distance has been

obtained by explicitly computing the ideal weight enumerator of the Galois ring linear codes they are
derived from. Binary Delsarte-Goethals codes and the Generalized Kerdock codes of A.A. Nechaev
and A.S. Kuzmin are obtained as particular instances, when [ = 1 or r = 0, respectively. A connection
of this construction to finite semifields has been also established.
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