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We study the homogeneous Dirichlet problem for the degenerate parabolic equation

ut − div(|∇u|p(x,t)−2∇u) = f(x, t) in QT = Ω × (0, T ),

where Ω ⊂ RN , N ≥ 2, is a bounded domain with the boundary ∂Ω ∈ C2. The
variable exponent p(x, t) is a given Lipschitz-continuous function, p(x, t) : QT 7→
[p−, p+] with some constants 2N

N+2
< p− ≤ p+ < ∞. We derive conditions on f and

u0 sufficient for the existence of a unique strong solution with the following global
regularity properties:

ut ∈ L2(QT ), |∇u|q(x,t) ∈ L∞(0, T ; L1(Ω)) with q(x, t) = max{2, p(x, t)},

D2
xixj

u ∈ L
p(·)
loc (QT ∩ {p(x, t) < 2}).

If N ≥ 3, or N = 2 and p− > 6
5

, then Dxj

(
|∇u|

p(x,t)−2

2 Dxi
u
)

∈ L2(QT ). Moreover,

the solution possesses the property of global higher integrability of the gradient:

|∇u|p(x,t)+δ ∈ L1(QT ) for every 0 < δ <
4p−

p−(N + 2) + 2N
.

This property turns out to be crucial for the proof of existence of strong solutions in
the case when p(x, t) > 2 on a part of the domain QT . The same results are proved

for the equation with the regularized fluxes (ǫ2 + |∇u|2)
p(x,t)−2

2 ∇u, ǫ > 0.
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1. Introduction

In this article, we study the Dirichlet problem for the class of parabolic equations with variable nonlin-

earity





∂tu− div
(
|∇u|p(x,t)−2∇u

)
= f(x, t) in QT = Ω × (0, T ),

u = 0 on ∂Ω × (0, T ),

u(x, 0) = u0(x) in Ω,

(1.1)

where Ω ⊂ R
N , N ≥ 2, is a bounded domain with the boundary ∂Ω ∈ C2. The exponent p(x, t) is a given

function whose properties will be described later.

Equation (1.1) falls into the class of equations with variable nonlinearity or nonstandard growth, which

have been intensively studied in the last decades. On one hand, the interest in such equations is motivated

by their applications in the mathematical modelling of various real-world processes, such as the flows of

electrorheological or thermorheological fluids [9,10,21], the problem of thermistor [28], or processing of digital

images [13]. On the other hand, their theoretical study is very interesting and challenging from a purely

mathematical point of view.

If p(x, t) 6≡ 2, equation (1.1) becomes degenerate or singular at the points where |∇u| = 0, which

prevents one from expecting the existence of classical solutions. The solution of problem (1.1) is understood

in the weak sense (see Definition 2.1). We refer to [3,4] for the results on existence and uniqueness of weak

solutions for a single equation of the type (1.1), to [16] for systems of equations with the homogeneous

Dirichlet boundary conditions, and to [18] for the case of the nonhomogeneous boundary conditions. The

weak solution exists if u0 ∈ L2(Ω), f ∈ L2(QT ), p(x, t) is continuous in QT with a logarithmic modulus of

continuity, and ∂Ω ∈ Lip.

Much attention has been paid to the study of the regularity of weak solutions. Let Ω′
⋐ Ω, ǫ ∈ (0, T ),

Q′ = Ω′ × (ǫ, T ), and let u be a weak solution of equation (1.1). It is known that u possesses the property

of higher integrability of the gradient: for every Ω′ and ǫ > 0 there exists a constant δ > 0 such that

|∇u|p(x,t)+δ ∈ L1(Q′) and ‖|∇u|p+δ‖1,Q′ ≤ C with a constant C depending on ǫ and the distance between ∂Ω

and ∂Ω′ - see [1,7,11,29] and [27] for global estimates in Reifenberg domains. The weak solutions are locally

Hölder-continuous, provided that p(x, t) is log-continuous [25,12,2]. Moreover, if p(x, t) is Hölder-continuous,

then ∇u is locally Hölder-continuous and u ∈ C
1,1/2
x,t (Q′) - [12,26]. These local regularity properties are

intrinsic for every weak solution of equation (1.1) and are completely defined by the nonlinear structure of

the equation.

The issues of local higher regularity of solutions of systems of parabolic equations with nonstandard

growth have been addressed for the first time in paper [1]. Among other results, it was proven that the

solutions of a system of equations with p(x, t)-growth conditions with the exponent p Hölder-continuous in

t and Lipschitz-continuous in x possess the property of local higher integrability and Hölder-continuity of

the spatial gradient, as well as the property of local higher differentiability of the solutions.

In the present work, we are interested in the existence of strong solutions of problem (1.1) and their

global regularity properties. Although these questions have already been addressed in a number of works,

all known results refer to the singular equation (1.1) with 2N
N+2 ≤ p(x, t) ≤ 2, or to the equations with p(x, t)

nonincreasing in t. It is known [8,6,22] that the weak solution becomes a strong solution with ut ∈ L2(QT )

and |∇u|p(x,t) ∈ L∞(0, T ;L1(Ω)), provided that |∇u0|p(x,0) ∈ L1(Ω), f ∈ L2(QT ), pt ∈ L∞(QT ) and either

pt ≤ 0 a.e. in QT , or |pt| ≤ C a.e. in QT and p ≤ 2. Further, if |∇p| + |pt| ≤ C a.e. in QT , u0 ∈ W
1,2
0 (Ω)

and p ≤ 2 in QT , then |D2
xixj

u|p(x,t) ∈ L1(QT ) [8,6], or D2
xixj

u ∈ L2(Ω × (ǫ, T )) for every ǫ ∈ (0, T ) [6,5].

The strong solution may be Hölder or even Lipschitz continuous in t in the cylinders Ω × (ǫ, T ) with ǫ > 0,

[22,24]. It is proven in [6] that if the initial function possesses a second-order regularity with respect to x and

satisfies certain compatibility conditions, |f |p
′(x,t) ∈ L1(QT ) and ft ∈ L2(QT ), then the singular equation



ARTICLE IN PRESS

Please cite this article in press as: R. Arora, S. Shmarev, Strong solutions of evolution equations with p(x, t)-Laplacian:
Existence, global higher integrability of the gradients and second-order regularity, J. Math. Anal. Appl. (2020),
https://doi.org/10.1016/j.jmaa.2020.124506

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.3 (1-31)

R. Arora, S. Shmarev / J. Math. Anal. Appl. ••• (••••) •••••• 3

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

with the Lipschitz-continuous exponent p(x, t) ≤ 2 in a convex C2 domain has a unique strong solution such

that

|ut|
p′(x,t) ∈ L1(QT ), |∇ut|

p(x,t) ∈ L1(QT ), |D2
xixj

u|p(x,t) ∈ L1(QT ), p′ =
p

p− 1
.

Stronger global regularity properties are known in the case of constant p > 1. It is shown in [14] that if

f ∈ L2(QT ), u0 ∈ W
1,p
0 (Ω), and ∂Ω is subject to minimal regularity assumptions, then

ut ∈ L2(QT ), |∇u|p−2∇u ∈ (L2(0, T ;W 1,2(Ω)))N , u ∈ L∞(0, T ;W 1,p
0 (Ω))

and the corresponding norms are bounded through the norms of the data. The authors of [14] show that

problem (1.1) with p = const admits an approximable solution, i.e., a solution obtained as the limit of

the sequence of smooth solutions of the same problem with smooth right-hand sides and initial data. The

approximable solution inherits the regularity properties of the smooth approximations. We refer to [14] for

a review of the previous results on the global regularity in the case of constant p.

The study of higher regularity of solutions usually involves “differentiation” of the equation. In the case

of nonconstant p this leads to appearance of the term |∇u|p(x,t) ln |∇u|, which can not be controlled through

the usual energy estimates for the weak solution of equation (1.1) unless p(x, t) ≤ 2. This is the main issue

of the present work: we get rid of the restriction p(x, t) ≤ 2 in the proof of existence of strong solutions and

in the study of their higher regularity. We derive a special interpolation inequality that yields the global

integrability of |∇u|p(x,t)+δ with some δ > 0 independent of u, and provides an estimate on the term with

the logarithmic growth. The interpolation inequality is also used in the proof of W 1,2(QT )-regularity of the

flux in the degenerate problem (1.1) and the counterpart problems with regularized fluxes.

We prove that if f ∈ L2(0, T ;W 1,2
0 (Ω)), |∇u0|max{2,p(x,0)} ∈ L1(Ω), p(x, t) is Lipschitz-continuous in QT

with the values in the interval [p−, p+], 2N
N+2 < p− ≤ p+ < ∞, then problem (1.1) has a unique strong

solution u(x, t) such that

ut ∈ L2(QT ), |∇u|max{2,p(x,t)} ∈ L∞(0, T ;L1(Ω)),

|∇u|p(x,t)+δ ∈ L1(QT ) with every 0 < δ <
4p−

p−(N + 2) + 2N
,

Dxj

(
|∇u|

p(x,t)−2
2 Dxi

u
)

∈ L2(QT ) if either N ≥ 3, or N = 2 and p− >
6

5
,

|D2
xixj

u|p(x,t) ∈ L1
loc(QT ∩ {p(x, t) < 2}).

The same existence and regularity results are obtained for the solution of problem (1.1) with the regularized

flux function (ǫ2 + |∇u|2)
p(x,t)−2

2 ∇u, ǫ > 0.

2. Assumptions and results

Prior to formulating the results, we introduce the variable Lebesgue and Sobolev space. We limit ourselves

to collecting the most basic facts of the theory and refer to [15] for a detailed insight, see also [4, Ch.1]

and [16].

2.1. Function spaces

Let Ω be a bounded domain with Lipschitz-continuous boundary ∂Ω and p : Ω → [p−, p+] ⊂ (1,∞) be a

measurable function. Let us define the functional
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Ap(·)(f) =

∫

Ω

|f(x)|p(x) dx

(the modular). The set

Lp(·)(Ω) = {f : Ω → R : f is measurable on Ω, Ap(·)(f) < ∞}

equipped with the Luxemburg norm

‖f‖p(·),Ω = inf

{
λ > 0 : Ap(·)

(
f

λ

)
≤ 1

}

is a reflexive and separable Banach space and C∞
0 (Ω) is dense in Lp(x)(Ω). The modular Ap(·)(f) is lower

semicontinuous. By the definition of the norm

min{‖f‖p−

p(·),Ω, ‖f‖p+

p(·),Ω} ≤ Ap(·)(f) ≤ max{‖f‖p−

p(·),Ω, ‖f‖p+

p(·),Ω}.

The dual of Lp(·)(Ω) is the space Lp′(·)(Ω) with the conjugate exponent p′ =
p

p− 1
. For f ∈ Lp(·)(Ω) and

g ∈ Lp′(·)(Ω), the generalized Hölder inequality holds:

∫

Ω

|fg| ≤

(
1

p−
+

1

(p′)−

)
‖f‖p(·),Ω‖g‖p′(.),Ω ≤ 2‖f‖p(.),Ω‖g‖p′(·),Ω.

Let p1, p2 are two bounded measurable functions in Ω such that 1 < p1(x) ≤ p2(x) a.e. in Ω, then Lp1(·)(Ω)

is continuously embedded in Lp2(·)(Ω) and

∀u ∈ Lp2(·)(Ω) ‖u‖p1(·),Ω ≤ C(|Ω|, p±
1 , p

±
2 )‖u‖p2(·),Ω.

The variable exponent Sobolev space W
1,p(·)
0 (Ω) is defined as the set of functions

W
1,p(·)
0 (Ω) = {u : Ω → R | u ∈ Lp(·)(Ω) ∩W

1,1
0 (Ω), |∇u| ∈ Lp(·)(Ω)}

equipped with the norm

‖u‖
W

1,p(·)
0 (Ω)

= ‖u‖p(·),Ω + ‖∇u‖p(·),Ω.

It is known that C∞
c (Ω) is dense in W

1,p(·)
0 (Ω) and the Poincaré inequality holds if p ∈ Clog(Ω), i.e., the

exponent p is continuous in Ω with the logarithmic modulus of continuity:

|p(x1) − p(x2)| ≤ ω(|x1 − x2|), (2.1)

where ω(τ) is a nonnegative function satisfying the condition

lim sup
τ→0+

ω(τ) ln

(
1

τ

)
= C < ∞.

By W ′(Ω) we denote the dual of W
1,p(·)
0 (Ω), which is the set of bounded linear functionals over W

1,p(·)
0 (Ω):

Φ ∈ W ′(Ω) iff there exist Φ0 ∈ Lp′(·)(Ω),Φi ∈ Lp′(·)(Ω), i = 1, . . . , N , such that for all u ∈ W
1,p(·)
0 (Ω)
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〈Φ, u〉 =

∫

Ω

(
uΦ0 +

N∑

i=1

uxi
· Φi

)
dx.

For the study of parabolic problem (1.1), we need the spaces of functions depending on (x, t) ∈ QT . Let

us define the spaces:

Vt(Ω) = {u : Ω → R | u ∈ L2(Ω) ∩W
1,1
0 (Ω), |∇u|p(x,t) ∈ L1(Ω)}, t ∈ (0, T ),

W (QT ) = {u : (0, T ) → Vt(Ω) | u ∈ L2(QT ), |∇u|p(x,t) ∈ L1(QT )}.

The dual W ′(QT ) of the space W (QT ) is defined as follows: Φ ∈ W ′(QT ) iff there exists Φ0 ∈ L2(QT ),

Φi ∈ Lp′(x,t)(Ω), i = 1, . . . , N , such that for all u ∈ W (QT )

〈Φ, u〉 =

∫

QT

(
uΦ0 +

N∑

i=1

uxi
Φi

)
dx dt.

Let Clog(QT ) be the set of functions satisfying condition (2.1) in the closure of the cylinder QT . If u ∈

W (QT ), ut ∈ W ′(QT ) and p(x, t) ∈ Clog(QT ), then

∫

QT

uut dz =
1

2

∫

Ω

u2(x, t) dx
∣∣∣
t=T

t=0
. (2.2)

2.2. Statement of main results

We will distinguish between the weak and strong solutions of problem (1.1) defined as follows.

Definition 2.1. A function u is called weak solution of problem (1.1), if

1. u ∈ W (QT ), ut ∈ W ′(QT ),

2. for every ψ ∈ W (QT ) with ψt ∈ W ′(QT )

∫

QT

utψ dx dt+

∫

QT

|∇u|p(x,t)−2∇u · ∇ψ dx dt =

∫

QT

fψ dx dt, (2.3)

3. for every φ ∈ C1
0 (Ω)

∫

Ω

(u(x, t) − u0(x))φ dx → 0 as t → 0,

4. the weak solution u is called strong solution of problem (1.1) if

ut ∈ L2(QT ), |∇u| ∈ L∞(0, T ;Lp(·)(Ω)).

The existence of a unique weak solution to problem (1.1) can be proven under the minimal requirements

on the regularity of the data.

Proposition 2.1 ([3,4,16]). Let Ω ⊂ R
N , N ≥ 2, be a bounded domain with the Lipschitz-continuous bound-

ary. Assume that p : QT → R satisfies the conditions
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2N

N + 2
< p− ≤ p(x, t) ≤ p+, p ∈ Clog(QT ), (2.4)

where p− := minQT
p(x, t) and p+ := maxQT

p(x, t). Then for every f ∈ L2(QT ) and u0 ∈ L2(Ω) problem

(1.1) has a unique weak solution u ∈ C0([0, T ];L2(Ω)) ∩ W (QT ) with ut ∈ W ′(QT ). The solution satisfies

the estimate

ess sup
t∈(0,T )

‖u‖2,Ω +

∫

QT

|∇u|p(x,t) dx dt ≤ C (2.5)

with a constant C depending only on N , p±, ‖f‖2,QT
and ‖u0‖2,Ω.

We are interested in the global regularity of weak solutions in the case when the problem data, f , u0, p,

Ω, possess better regularity properties. The main result of this work is given in the following theorem.

Theorem 2.1. Let Ω ⊂ R
N , N ≥ 2, be a bounded domain with the boundary ∂Ω ∈ C2. Assume that p(x, t)

satisfies conditions (2.4) and

ess sup
QT

|∇p| ≤ C∗ < ∞, ess sup
QT

|pt| ≤ C∗

with nonnegative finite constants C∗, C∗. Let

f ∈ L2(0, T ;W 1,2
0 (Ω)), u0 ∈ L2(Ω) ∩W

1,q0(·)
0 (Ω) with q0(x) = max{2, p(x, 0)}.

(i) The weak solution u(x, t) of problem (1.1) is a strong solution. The function u(x, t) satisfies estimate

(2.5) and

‖ut‖
2
2,QT

+ ess sup
(0,T )

∫

Ω

|∇u|q(x,t) dx ≤ C (2.6)

with the exponent q(x, t) = max{2, p(x, t)} and a constant C = C(N, ∂Ω, T, p±, C∗, C
∗, ‖u0‖, ‖f‖).

(ii) The solution u(x, t) possesses the property of higher integrability of the gradient:

∫

QT

|∇u|p(x,t)+δ dxdt ≤ Cδ for every 0 < δ <
4p−

p−(N + 2) + 2N
(2.7)

with a finite constant Cδ depending on δ and the same quantities as the constant C in (2.6).

(iii) Moreover,

D2
xixj

u ∈ L
p(·)
loc (QT ∩ {(x, t) : p(x, t) < 2}), if N ≥ 2,

Dxi

(
|∇u|

p(x,t)−2
2 Dxj

u
)

∈ L2(QT ) if N ≥ 3, or N = 2 and p− >
6

5
,

i, j = 1, 2, . . . , N , and the corresponding norms are bounded by constants depending only on the data.

Let us give an outline of the rest of the paper. The solution of problem (1.1) is constructed as the limit

of the sequence of solutions of the regularized problems (3.1) wherein the flux |∇u|p−2∇u is substituted

by (ǫ2 + |∇u|2)
p−2

2 ∇u, ǫ ∈ (0, 1). For every ǫ, a solution of problem (3.1) is obtained as the limit of the

sequence of finite-dimensional Galerkin’s approximations {u
(m)
ǫ }, m ∈ N. In Section 3 we formulate the
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regularized problem, pose the system of ordinary differential equations for defining the coefficients of the

approximate solutions, and derive the basic a priori estimates. This is where the difference between the cases

of constant and variable exponent p becomes obvious: in the latter case the estimates involve the expression

|∇p|(ǫ2 + |∇u|2)
p
2 | ln(ǫ2 + |∇u|2)|, not included into the basic energy estimate (2.5).

In Section 4 we establish the interpolation inequality which entails the global higher integrability of

the gradients of the finite-dimensional approximations: instead of the natural order of integrability p(z)

prompted by the equation, the gradients are integrable in QT with the power p(z) + δ (estimate (2.7)). We

also derive the trace-interpolation inequality used to estimate the traces of |∇u|p(z) on the lateral boundary

of the cylinder QT .

In Section 5 we use the property of global higher integrability of the gradients to complete derivation of

the uniform a priori estimates of the type (2.6) for Galerkin’s approximations.

In Theorem 6.1 we prove that problem (3.1) has a unique weak solution uǫ with ∂tuǫ ∈ L2(QT ). This

stems from the uniform estimates of the type (2.5) and (2.6) for ∂tu
(m)
ǫ , the weak convergence of the

sequence {∇u
(m)
ǫ }, and the monotonicity of the flux γǫ((x, t), s)s = (ǫ2 + |s|2)

p(x,t)−2
2 s in (3.1). However,

these properties do not ensure that γǫ((x, t),∇u
(m)
ǫ )∇u

(m)
ǫ → γǫ((x, t),∇uǫ)∇uǫ a.e. in QT , even in the

case of constant p. In Theorem 6.2 we prove a.e. convergence of the sequence of ∇u
(m)
ǫ to ∇uǫ, which

yields a.e. convergence of fluxes. The proof relies on the convexity of the function γǫ((x, t), s)|s|2 with

respect to s, the weak convergence of the sequence ∇u
(m)
ǫ to ∇uǫ, and the convergence of the integrals

of γǫ((x, t),∇u
(m)
ǫ )|∇u

(m)
ǫ |2 to the integral of γǫ((x, t),∇uǫ)|∇uǫ|

2. The pointwise convergence of fluxes

of Galerkin’s approximations and the uniform a priori estimates allow one to show that the limit of the

sequence of regularized fluxes (ǫ2 + |∇u
(m)
ǫ |2)

p(x,t)−2
4 ∇u

(m)
ǫ belongs to (L2(0, T ;W 1,2(Ω)))N . The difference

between the cases N ≥ 3 and N = 2 is explained by the convexity properties of the function γǫ((x, t), s)|s|2

with ǫ > 0. It is strictly convex with respect to s if p > 6
5 , which is true for N ≥ 3 because p− > 2N

N+2 , but

in the case N = 2 leads to the additional restriction.

The proof of Theorem 2.1 is given in Section 7. It is based on the same ideas as the proofs in the case

of the regularized problems (3.1). The difference in the arguments is due to the necessity of passing to the

limit with respect to ǫ, which changes the nonlinear structure of the equation.

The existence and global regularity properties of strong solutions are obtained simultaneously by means

of approximation of the equation by a family of equations with regularized fluxes, derivations of a priori

estimates on the solutions of the regularized problems, and the limit passage in these estimates with the

use of specific interpolation inequalities. Such an approach has been successfully applied in a number of

works beginning with [1], but the results on the higher regularity were either local or required restrictions

on the range and properties of the exponent p. The novelty of the present work is that the new interpolation

inequality derived in Section 4 allows one to obtain global higher regularity and prove the existence of a

strong solution without superfluous restrictions on p.

Notation. Throughout the text, the symbol C represents the constants which can be calculated or esti-

mates using the known quantities, but whose exact value is not crucial for the argument and may change

from line to line even inside the same formula. We use the notation z for the points of the cylinder QT :

z = (x, t) ∈ Ω × (0, T ) = QT . The notation Di is used for the spatial derivative with respect to xi. We also

use the shorthand notation

|uxx|2 ≡
N∑

i,j=1

|D2
iju|2

and omit the arguments of the variable exponent p wherever it does not cause confusion.
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3. Regularized problem

Given a parameter ǫ > 0, let us consider the family of regularized nondegenerate parabolic problems





∂tu− div((ǫ2 + |∇u|2)
p(z)−2

2 ∇u) = f(z) in QT ,

u = 0 on ΓT = ∂Ω × (0, T ),

u(x, 0) = u0(x) in Ω.

(3.1)

3.1. Galerkin’s approximations

For every fixed ǫ, a solution of problem (3.1) can be constructed as the limit of the sequence of finite-

dimensional Galerkin’s approximations {u
(m)
ǫ }. The functions u

(m)
ǫ (x, t) are sought in the form

u(m)
ǫ (x, t) =

m∑

j=1

u
(m)
j (t)φj(x), (3.2)

where φj ∈ W
s,2
0 (Ω) and λj > 0 are the eigenfunctions and the corresponding eigenvalues of the problem

(∇φj ,∇ψ)W s,2(Ω) = λ(φj , ψ)2,Ω ∀ψ ∈ W s,2(Ω) ∩W
1,2
0 (Ω).

The number s ∈ N, s ≥ 2, is taken so large that W s,2
0 (Ω) ⊂ W

1,p+

0 (Ω). The systems {φj} and {λ
− 1

2
j φj}

form the orthogonal bases in L2(Ω) and W
1,2
0 (Ω). The coefficients u

(m)
j (t) are defined as the solutions of

the Cauchy problem for the system of m ordinary differential equations

(u
(m)
j )′(t) = −

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ · ∇φj dx+

∫

Ω

fφj dx,

u
(m)
j (0) = (u0, φj)2,Ω, j = 1, 2, . . . ,m,

(3.3)

where the functions

u
(m)
0 =

m∑

j=1

(u0, φj)2,Ωφj ∈ span{φ1, φ2, . . . , φm},

are chosen so that

u
(m)
0 → u0 in W

1,q(x,0)
0 (Ω), q(x, 0) = max{2, p(x, 0)}.

By the Peano Theorem, for every finite m system (3.3) has a solution (u
(m)
1 , u

(m)
2 , . . . , u

(m)
m ) on an interval

(0, Tm). This solution can be continued on the arbitrary interval (0, T ) because of the uniform estimate

sup(0,Tm) ‖∇u
(m)
ǫ (·, t)‖q(·),Ω ≤ M with q(x, t) = max{2, p(x, t)}, which follows from (5.3) and (5.7).

3.2. Basic a priori estimates

Lemma 3.1. Let Ω and p satisfy the conditions of Theorem 2.1. If f ∈ L2(QT ) and u0 ∈ L2(Ω), then u
(m)
ǫ

satisfy the estimates

sup
(0,T )

‖u(m)
ǫ (t)‖2

2,Ω +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dz ≤ eT (‖f‖2
2,QT

+ ‖u0‖2
2,Ω) := L0. (3.4)
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Proof. Multiplying jth equation of (3.3) by u
(m)
j (t) and summing up the results for j = 1, 2, . . . ,m, we

obtain

1

2

d

dt
‖u(m)

ǫ ‖2
2,Ω =

m∑

j=1

u
(m)
j (t)(u

(m)
j )′(t)

= −
m∑

j=1

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ · ∇φju
(m)
j (t) dx+

m∑

j=1

∫

Ω

fφju
(m)
j (t) dx

= −

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dx+

∫

Ω

fu(m)
ǫ dx.

Applying the Cauchy inequality to the last term of the right-hand side we transform this inequality into

the form

1

2

d

dt
‖u(m)

ǫ ‖2
2,Ω +

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dx ≤
1

2
‖f0‖2

2,Ω +
1

2
‖u(m)

ǫ ‖2
2,Ω.

The last inequality can be written as

1

2

d

dt

(
e−t‖u(m)

ǫ ‖2
L2(Ω)

)
+ e−t

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dx ≤
e−t

2
‖f0‖2

2,Ω.

Integration of the last inequality in t gives

sup
(0,T )

‖u(m)
ǫ (t)‖2

2,Ω +

∫

QT

(
ǫ2 + |∇u(m)

ǫ |2
) p(z)−2

2

|∇u(m)
ǫ |2 dx dt ≤ CeT

(
‖f0‖2

2,QT
+ ‖u0‖2

2,Ω

)

with a constant C which does not depend on u
(m)
ǫ . 2

Corollary 3.1. Let ǫ ∈ (0, 1). Under the conditions of Lemma 3.1

∫

QT

|∇u(m)
ǫ |p(z) dz ≤

∫

QT

(
ǫ2 + |∇u(m)

ǫ |2
) p(z)

2

dz ≤ L1 (3.5)

with a constant L1 independent of ǫ and m.

Proof. The assertion immediately follows from (3.4) and the inequalities

|∇u(m)
ǫ |p(z) ≤

(
ǫ2 + |∇u(m)

ǫ |2
) p(z)

2

≤





2
(
ǫ2 + |∇u

(m)
ǫ |2

) p(z)−2
2

|∇u
(m)
ǫ |2 if |∇u

(m)
ǫ | ≥ ǫ,

(2ǫ2)
p(z)

2 ≤ 2
p+

2 otherwise. 2

(3.6)

Let us denote n by the exterior normal vector to ∂Ω.

Lemma 3.2. Let ∂Ω ∈ C2, p(z) satisfies (2.4) and

ess sup
QT

|∇p| ≤ C∗ < ∞, u0 ∈ W
1,2
0 (Ω), f ∈ L2(0, T ;W 1,2

0 (Ω)).
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Then the following inequality holds: for a.e. t ∈ (0, T ) and any δ > 0

1

2

d

dt
‖∇u(m)

ǫ (t)‖2
2,Ω + (min{p−, 2} − 1 − δ)

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dx

≤ C0

∫

Ω

|∇u(m)
ǫ |2(ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

2 ln2(ǫ2 + |∇u(m)
ǫ |2) dx

−

∫

∂Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2

(
∆u(m)

ǫ (∇u(m)
ǫ · n) − ∇u(m)

ǫ · ∇(∇u(m)
ǫ · n)

)
dx

+ C1‖∇u(m)
ǫ (t)‖2

2,Ω + C2‖f(t)‖2
W 1,2

0 (Ω)

(3.7)

with constants Ci, i = 0, 1, 2, depending on the data and δ, but independent of m and ǫ.

Proof. Multiplying each of equations in (3.3) by λju
(m)
j , j = 1, 2, . . . ,m, and summing up the results we

obtain the equality

1

2

d

dt
‖∇u(m)

ǫ ‖2
2,Ω =

m∑

j=1

λj(u
(m)
j )′(t)u

(m)
j (t)

=

m∑

j=1

λju
(m)
j

∫

Ω

div((ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ ) φj dx+

m∑

j=1

λju
(m)
j

∫

Ω

f(x, t)φj dx

= −

∫

Ω

div((ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ ) ∆u(m)
ǫ dx+

∫

Ω

f∆u(m)
ǫ dx.

(3.8)

Since u
(m)
ǫ ∈ C3(Ω) and ∂Ω ∈ C2, the first term on the right-hand can be transformed by means of the

Green formula:

−

∫

Ω

div
(

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ

)
∆u(m)

ǫ dx

= −

∫

Ω

(
N∑

k=1

(u(m)
ǫ )xkxk

)(
N∑

i=1

(
(ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

2 (u(m)
ǫ )xi

)
xi

)
dx

= −

∫

∂Ω

∆u(m)
ǫ (ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

2 (∇u(m)
ǫ · n) dS

+

∫

Ω

N∑

k,i=1

(u(m)
ǫ )xkxkxi

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 (u(m)

ǫ )xi
dx

= −

∫

∂Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2

N∑

k,i=1

(
(u(m)

ǫ )xkxk
(u(m)

ǫ )xi
ni − (u(m)

ǫ )xkxi
(u(m)

ǫ )xi
nk

)
dS

−

∫

Ω

N∑

k,i=1

(u(m)
ǫ )xkxi

(
(ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

2 (u(m)
ǫ )xi

)
xk

dx

= −

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dx+ J1 + J2 + J∂Ω
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where

J1 :=

∫

Ω

(2 − p(z))(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 −1

(
N∑

k=1

(
∇u(m)

ǫ · ∇(u(m)
ǫ )xk

)2
)
dx,

J2 = −

∫

Ω

N∑

k,i=1

(u(m)
ǫ )xkxi

(u(m)
ǫ )xi

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2

pxk

2
ln(ǫ2 + |∇u(m)

ǫ |2) dx,

J∂Ω = −

∫

∂Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2

(
∆u(m)

ǫ (∇u(m)
ǫ · n) − ∇u(m)

ǫ · ∇(∇u(m)
ǫ · n)

)
dS.

Substitution into (3.8) leads to the inequality

1

2

d

dt
‖∇u(m)

ǫ ‖2
2,Ω +

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dx

= J1 + J2 + J∂Ω −

∫

Ω

∇f · ∇u(m)
ǫ dx

≤ J1 + J2 + J∂Ω +
1

2
‖∇u(m)

ǫ (t)‖2
2,Ω +

1

2
‖f(t)‖2

W 1,2
0 (Ω)

.

The term J1 is absorbed in the left-hand side because

J1 =

∫

{x∈Ω: p(z)≥2}

(2 − p(z)) . . .+

∫

{x∈Ω: p(z)<2}

(2 − p(z)) . . .

≤

∫

{x∈Ω: p(z)<2}

(2 − p(z))(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 −1

(
N∑

k=1

(
∇u(m)

ǫ · ∇(u(m)
ǫ )xk

)2
)
dx,

and

|J1| ≤ max{0, 2 − p−}

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dx.

The term J2 is estimated in the following way: by the Cauchy inequality, for every δ > 0

|J2| ≤ ‖∇p‖∞,QT

∫

Ω




N∑

i,k=1

|(u(m)
ǫ )xixk

|(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
4




×
(

|∇u(m)
ǫ |(ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

4 | ln(ǫ2 + |∇u(m)
ǫ |2)|

)
dx

≤ δ

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dx

+ C

∫

Ω

|∇u(m)
ǫ |2(ǫ2 + |∇u(m)

ǫ |2)
p(z)−2

2 ln2(ǫ2 + |∇u(m)
ǫ |2) dx

with a constant C = C(C∗, N, δ). Choosing δ ∈ (0, 1) so small that min{2, p−} > 1 + δ and collecting in the

right-hand side all terms which contain (u(m))xx we obtain (3.7) because
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1 − δ − max{0, 2 − p−} =

{
1 − δ if p− ≥ 2,

p− − 1 − δ if p− < 2
= min{p−, 2} − 1 − δ. 2

4. Interpolation inequalities

In this section, we derive first the interpolation inequality which yields the property of higher integrability

of the gradient of the finite-dimensional approximations u
(m)
ǫ of the solutions of problems (3.1). We prove

next an estimate on the trace of ∇u
(m)
ǫ on ∂Ω, which turns out to be useful in the study of the nonconvex

domains. Both estimates will be applied to obtain upper bounds for the terms on the right-hand side of

(3.7).

With certain abuse of notation, throughout the section we denote by p(x) or p(x, t) given exponents

defined on Ω or QT and not related to the exponent in equation (1.1). Let us accept the notation

βǫ(s) = ǫ2 + |s|2, ǫ > 0, s ∈ R
N , x ∈ Ω,

γǫ(x, s) = β
p(x)−2

2
ǫ (s) ≡ (ǫ2 + |s|2)

p(x)−2
2 .

Lemma 4.1. Let ∂Ω ∈ C1, u ∈ C2(Ω) and u = 0 on ∂Ω. Assume that

p : Ω 7→ [p−, p+], p± = const,

2N

N + 2
< p−, p(·) ∈ C0(Ω), ess sup

Ω
|∇p| = L,

∫

Ω

γǫ(x,∇u)|uxx|2 dx < ∞,

∫

Ω

u2 dx = M0,

∫

Ω

|∇u|p(x) dx = M1.

(4.1)

Then for every

2

N + 2
=: r∗ < r < r∗ :=

4p−

p−(N + 2) + 2N
(4.2)

and every δ ∈ (0, 1)

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx ≤ δ

∫

Ω

γǫ(x,∇u)|uxx|2 dx+ C


1 +

∫

Ω

|∇u|p(x) dx


 (4.3)

with an independent of u constant C = C(∂Ω, δ, p±, N, r,M0,M1).

Proof. Let us fix some r ∈ (r∗, r
∗). By the Green formula

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx =

∫

Ω

β
p(x)+r−2

2
ǫ (∇u) ∇u · ∇u dx

=

∫

∂Ω

uβ
p(x)+r−2

2
ǫ (∇u) ∇u · n dS −

∫

Ω

u div(β
p(x)+r−2

2
ǫ (∇u)∇u) dx

= −

∫

Ω

u div(β
p(x)+r−2

2
ǫ (∇u)∇u) dx =: −J,

where n stands for the outer normal to ∂Ω. A straightforward computation leads to the representation
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J =

∫

Ω

uβ
p(x)+r−2

2
ǫ (∇u)∆u dx

+

∫

Ω

(p(x) + r − 2)uβ
p(x)+r−2

2 −1
ǫ (∇u)

n∑

i=1


uxi

n∑

j=1

uxj
uxixj


 dx

+

∫

Ω

uβ
p(x)+r−2

2
ǫ (∇u) ln(βǫ(∇u))∇u · ∇p dx,

whence

|J | ≤ C

∫

Ω

|u|β
p(x)+r−2

2
ǫ (∇u)|uxx| dx+ L

∫

Ω

|u|β
p(x)+r−1

2
ǫ (∇u)| ln βǫ(∇u)| dx (4.4)

with C = C(n, p±, r) and |uxx|2 =

n∑

i,j=1

|D2
iju|2. For every constant 0 < ρ < min{1, p− + r − 1} and

0 < ν < 1, the integrand of the last term in (4.4) admits the estimate

β
p(x)+r−1

2
ǫ (∇u)| ln βǫ(∇u)| ≤




β

p(x)+r−1−ρ

2
ǫ (∇u)

(
β

ρ
2
ǫ (∇u)| ln βǫ(∇u)|

)
if βǫ(∇u) ≤ 1,

β
p(x)+r−1+ν

2
ǫ (∇u)

(
β

− ν
2

ǫ (∇u)| ln βǫ(∇u)|
)

if βǫ(∇u) > 1,

≤ C(ρ) + C(ν)β
p(x)+r−1+ν

2
ǫ (∇u),

(4.5)

which allows one to continue (4.4) as follows:

|J | ≤ C

∫

Ω

|u|β
p(x)+r−2

2
ǫ (∇u)|uxx| dx+ C ′



∫

Ω

|u| dx+

∫

Ω

|u|β
p(x)+r−1+ν

2
ǫ (∇u) dx




≤ C

∫

Ω

|u|β
p(x)+r−2

2
ǫ (∇u)|uxx| dx+ C ′

∫

Ω

|u|β
p(x)+r−1+ν

2
ǫ (∇u) dx+M

1/2
0 + C ′′ =: I.

Using Young’s inequality we finally estimate: for every δ ∈ (0, 1)

|I| = C

∫

Ω

(
|u|β

p(x)+r−1
2 − p(x)

4
ǫ (∇u)

)
(β

p(x)−2
4

ǫ (∇u)|uxx|) dx+ C ′

∫

Ω

|u|β
p(x)−1+r+ν

2
ǫ (∇u) dx+ Ĉ

≤ δ

∫

Ω

γǫ(x,∇u)|uxx|2 dx+ Cδ

∫

Ω

u2β
p(x)+2r−2

2
ǫ (∇u) dx+ C ′

∫

Ω

|u|β
p(x)+r−1+ν

2
ǫ (∇u) dx+ Ĉ

≡ δI0 + CδI1 + C ′I2 + Ĉ.

Let {Ωi}
K
i=1 be a finite cover of Ω such that

Ωi ⊂ Ω, ∂Ωi ∈ C2, p+
i = max

Ωi

p(x), p−
i = min

Ωi

p(x).

For any r∗ < r < r∗, the continuity of p(x) allows us to choose Ωi so small that for every i = 1, 2, . . . ,K

p+
i − p−

i + r

(
1 +

2N

p−(N + 2)

)
<

4

N + 2
. (4.6)
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To estimate the terms I1 and I2 we represent them in the form

Ij =
K∑

i=1

I
(i)
j , I

(i)
1 =

∫

Ωi

u2β
p(x)+2(r−1)

2
ǫ (∇u) dx, I

(i)
2 =

∫

Ωi

|u|β
p(x)+r−1+ν

2
ǫ (∇u) dx.

Recall that ν ∈ (0, 1). By the Young inequality, for any λ > 0

I
(i)
2 ≤ λ

∫

Ωi

β
p(x)+r

2
ǫ (∇u) dx+ Cλ

∫

Ωi

|u|
p(x)+r

1−ν dx

≤ λ

∫

Ωi

β
p(x)+r

2
ǫ (∇u) dx+ Cλ


1 +

∫

Ωi

|u|
p

+
i

+r

1−ν dx




= λ




∫

Ωi∩{|∇u|>1}

β
p(x)+r

2
ǫ (∇u) dx+

∫

Ωi∩{|∇u|≤1}

. . .


+ Cλ


1 +

∫

Ωi

|u|
p

+
i

+r

1−ν dx


 .

For ǫ ∈ (0, 1)

β
p(x)+r

2
ǫ (∇u) = β

p(x)+r−2
2

ǫ (∇u)(ǫ2 + |∇u|2) ≤





2β
p(x)+r−2

2
ǫ (∇u)|∇u|2 if |∇u| > 1,

(1 + ǫ2)
p++r

2 otherwise,

which entails the estimate

I
(i)
2 ≤ 2λ

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx+ Cλ

∫

Ωi

|u|
p

+
i

+r

1−ν dx+ C.

The second integral on the right-hand side is estimated by the Gagliardo-Nirenberg inequality:

‖u‖σ
σ,Ωi

≤ C1‖∇u‖σθ
p−

i ,Ωi
‖u‖

σ(1−θ)
2,Ωi

+ C2‖u‖σ
2,Ωi

≤ C ′
1‖∇u‖σθ

p−

i ,Ωi
+ C2M

σ
2

0 , C ′
1 = C1M

σ
2 (1−θ)

0 , (4.7)

with

σ =
p+

i + r

1 − ν
> p+

i + r > p−
i , θ =

p−
i

σ
∈ (0, 1),

1

σ
=

(
1

p−
i

−
1

N

)
θ +

1 − θ

2
.

Such a choice of the parameters σ, θ is possible if

ν = 1 −
p+

i + r

p−
i

N

N + 2
with r∗ < r < r∗.

Gathering the estimates on I
(i)
2 and using the Young inequality we finally obtain: for every λ ∈ (0, 1)

I2 ≤ 2λK

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx+ Cλ

K∑

i=1

∫

Ωi

|∇u|p
−

i dx+ C

≤ 2λK

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx+ C ′

λ

∫

Ω

|∇u|p(x) dx+ C ′

= 2λK

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx+ C ′′, C ′′ = C ′′(N,λ, p±

i , r, |Ω|,M0,M1).
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To estimate I
(i)
1 we first use the Young inequality: since 2N

N+2 < p−
i by assumption, then for every λ̃ ∈ (0, 1)

I
(i)
1 ≤ Cλ̃

∫

Ωi

|u|p
−

i
N+2

N dx+ λ̃

∫

Ωi

β
κ
2

ǫ (∇u) dx, κ = (p(x) + 2(r − 1))
p−

i
N+2
2N

p−
i

N+2
2N − 1

. (4.8)

To estimate the second integral, let us claim that 0 < κ < p(x) + r on Ωi, i.e.,

0 < p(x) + 2(r − 1) <
p(x) + r

p−
i

(
p−

i −
2N

N + 2

)
.

In this double inequality the first one is fulfilled by the choice of r:

0 =
2N

N + 2
+ 2(r∗ − 1) < p− + 2(r − 1) ≤ p(x) + 2(r − 1).

The second inequality is fulfilled if

p+
i + 2(r − 1) <

p−
i + r

p−
i

(
p−

i −
2N

N + 2

)
⇔ (p+

i − p−
i ) + r < 2 −

p−
i + r

p−
i

2N

N + 2
,

which is true because of (4.6) and the condition r < r∗. By the Young inequality

β
κ
2

ǫ (∇u) ≤ 1 + β
p(x)+r

2
ǫ (∇u) ≤ 1 +





(2ǫ2)
p(x)+r

2 if |∇u| ≤ ǫ,

2β
p(x)+r−2

2
ǫ (∇u)|∇u|2 if |∇u| > ǫ

≤ C + 2β
p(x)+r−2

2
ǫ (∇u)|∇u|2.

It remains to estimate the first integral in (4.8). By the Gagliardo-Nirenberg inequality

∫

Ωi

|u|p
−

i
N+2

N dx ≤ C1(M0)‖∇u‖
θp−

i
N+2

N

p−

i ,Ωi

+ C2(M0)

with

θ =

1
2 − N

p−

i (N+2)

N+2
2N − 1

p−

i

=
N

N + 2
∈ (0, 1),

whence

I1 ≤ 2λ̃

∫

Ω

β
p(x)+r−2

2
ǫ (∇u)|∇u|2 dx+ C ′

∫

Ω

|∇u|p(x) dx+ C ′′.

Gathering the estimates of Ii for |I| and choosing λ, λ̃ so small that 2λK + 2λ̃ < 1, we arrive at the desired

estimate (4.3). 2

The assertion of Lemma 4.1 easily extends to functions defined on the cylinder QT . Let us recall the

notation z = (x, t) ∈ QT = Ω × (0, T ) and re-define

γǫ(z, s) = β
p(z)−2

2
ǫ (s) ≡ (ǫ2 + |s|2)

p(z)−2
2 , ǫ > 0, s ∈ R

N .
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Theorem 4.1. Let ∂Ω ∈ C1, u ∈ C1([0, T ];C2(Ω)) and u = 0 on ∂Ω × [0, T ]. Assume that

p(z) : QT 7→ [p−, p+], p± = const,

p(·) ∈ C0(QT ) with the modulus of continuity ω,

2N

N + 2
< p−, ess sup

QT

|∇p| = L,

∫

QT

γǫ(z,∇u)|uxx|2 dz < ∞, sup
(0,T )

‖u(t)‖2
2,Ω = M0,

∫

QT

|∇u|p(z) dz = M1.

(4.9)

Then for every

2

N + 2
= r∗ < r < r∗ =

4p−

p−(N + 2) + 2N

and every δ ∈ (0, 1) the function u satisfies the inequality

∫

QT

β
p(z)+r−2

2
ǫ (∇u)|∇u|2 dz ≤ δ

∫

QT

γǫ(z,∇u)|uxx|2 dz + C


1 +

∫

QT

|∇u|p(z) dz


 , (4.10)

with an independent of u constant C = C(N, ∂Ω, T, δ, p±, ω, r,M0,M1).

Proof. Since the exponent p(z) is uniformly continuous in QT , then for any r∗ < r < r∗ there exists a finite

cover of QT composed of the cylinders Q(i) = Ωi × (ti−1, ti), i = 1, 2, . . . ,K, such that

t0 = 0, tK = T, ti − ti−1 = ρ, QT ⊂
K⋃

i=1

Q(i), ∂Ωi ∈ C2,

p+
i = max

Q(i)
p(z), p−

i = min
Q(i)

p(z),

p+
i − p−

i + r

(
1 +

2N

p−(N + 2)

)
<

4

N + 2
, i = 1, 2, . . . ,K.

For a.e. t ∈ (0, T ) the function u(x, t) satisfies inequality (4.3). Integrating this inequality over the interval

(ti−1, ti) and summing the results gives (4.10). 2

Remark 4.1. If p = const >
2N

N + 2
and u(z) satisfies conditions (4.9), then inequalities (4.6) and (4.10)

hold for every r∗ < r < r∗.

Lemma 4.2. Let ∂Ω be a Lipschitz-continuous surface and ‖∇p‖∞,Ω = L. There exists a constant δ = δ(∂Ω)

such that for every u ∈ W 1,p(·)(Ω)

δ

∫

∂Ω

|u|p(x) dS ≤ C

∫

Ω

(
|u|p(x)−1|∇u| + |u|p(x)| ln |u|| + |u|p(x)

)
dx (4.11)

with a constant C = C(p+, L,N, ∂Ω).

Proof. By [19, Lemma 1.5.1.9] there exists δ > 0 and µ ∈ (C∞(Ω))N such that µ · n ≥ δ a.e. on ∂Ω. By the

Green formula
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δ

∫

∂Ω

|u|p(x) dS ≤

∫

∂Ω

|u|p(x)(µ · n) dS =

∫

Ω

div(|u|p(x)µ) dx

=

∫

Ω

(
p(x)|u|p(x)−2u(∇u · µ) + |u|p(x) ln |u|(∇p · µ) + |u|p(x) divµ

)
dx

≤ p+ max
Ω

|µ|

∫

Ω

|u|p(x)−1|∇u| dx+ ‖∇p‖∞,Ω max
Ω

|µ|

∫

Ω

|u|p(x)| ln |u|| dx

+ max
Ω

| divµ|

∫

Ω

|u|p(x) dx

≤ C(p+, L,N,Ω)

∫

Ω

(
|u|p(x)−1|∇u| + |u|p(x)| ln |u|| + |u|p(x)

)
dx. 2

Lemma 4.3. Under the conditions of Lemma 4.2, for every λ ∈ (0, 1) and ǫ ∈ (0, 1)

∫

∂Ω

|u|p(x) dS ≤ λ

∫

Ω

(ǫ2 + |u|2)
p(x)−2

2 |∇u|2 + C1

∫

Ω

|u|p(x) dx+ C2

∫

Ω

|u|p(x)| ln |u|| dx+ C3 (4.12)

with constants Ci, i = 1, 2, 3, depending on N, p±, L, ∂Ω, λ, but independent of u.

Proof. By the Cauchy inequality, for every λ ∈ (0, 1)

|u|p−1|∇u| =
(
λ(ǫ2 + |u|2)

p−2
2 |∇u|2

) 1
2
(
λ−1(ǫ2 + |u|2)

2−p
2 |u|2(p−1)

) 1
2

≤ λ(ǫ2 + |u|2)
p−2

2 |∇u|2 +
1

λ
(ǫ2 + |u|2)1− p

2 |u|2(p−1)

≤ λ(ǫ2 + |u|2)
p−2

2 |∇u|2 +
1

λ
(ǫ2 + |u|2)1− p

2 +(p−1)

= λ(ǫ2 + |u|2)
p−2

2 |∇u|2 +
1

λ
(ǫ2 + |u|2)

p
2

≤ λ(ǫ2 + |u|2)
p−2

2 |∇u|2 + C(1 + |u|p).

Inequality (4.12) follows now from (4.11). 2

Lemma 4.4. Let ∂Ω ∈ C2. Assume that the functions p(x) and u(x) satisfy the conditions of Lemma 4.1.

Then for every λ ∈ (0, 1)

∫

∂Ω

|∇u|p(x) dS ≤ λ

∫

Ω

(ǫ2 + |∇u|2)
p(x)−2

2 |uxx|2 dx+ C


1 +

∫

Ω

|∇u|p(x) dx


 (4.13)

with a constant C depending on λ and the constants p±, L, M0, M1 in (4.1) and ∂Ω, but independent of u.

Proof. Applying (4.12) to uxi
we obtain

∫

∂Ω

|∇u|p(x) dS ≤ λ

∫

Ω

(ǫ2 + |∇u|2)
p(x)−2

2 |uxx|2 dx

+ C1

∫

Ω

|∇u|p(x) dx+ C2

∫

Ω

|∇u|p(x) ln |∇u|| dx+ C3

(4.14)
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with independent of u constants M,L,K. For every 0 < θ < p− and r from inequality (4.3)

|∇u|p(x)| ln |∇u|| ≤

{
|∇u|p

−−θ
(
|∇u|θ| ln |∇u||

)
≤ C ′(p−, θ) if |∇u| ≤ 1,

|∇u|p(x)+r (|∇u|−r| ln |∇u||) ≤ C ′′(p−, r) |∇u|p(x)+r if |∇u| ≥ 1.

Thus, there exists a constant C such that

|∇u|p(x)| ln |∇u|| ≤ C(1 + |∇u|p(x)+r) in Ω

and (4.13) follows from (4.14), (3.6) and (4.3). 2

Theorem 4.2. Let us assume that p(z) and u(z) satisfy the conditions of Theorem 4.1. Then for every

λ ∈ (0, 1)

∫

∂Ω×(0,T )

|∇u|p(z) dSdt ≤ λ

∫

QT

(ǫ2 + |∇u|2)
p(z)−2

2 |uxx|2 dz + C


1 +

∫

QT

|∇u|p(z) dz




with an independent of u constant C = C(λ,N, p±, ∂Ω, T, L,M0,M1).

Corollary 4.1. Under the conditions of Theorem 4.2

∫

∂Ω×(0,T )

(ǫ2 + |∇u|2)
p(z)−2

2 |∇u|2 dSdt ≤ λ

∫

QT

(ǫ2 + |∇u|2)
p(z)−2

2 |uxx|2 dz + C


1 +

∫

QT

|∇u|p(z) dz




with an independent of u constant C.

Proof. The inequality is an immediate byproduct of Theorem 4.2 and the inequality

(ǫ2 + |∇u|2)
p(z)−2

2 |∇u|2 ≤ (ǫ2 + |∇u|2)
p(z)

2 ≤ C(1 + |∇u|p(z)). 2

5. A priori estimates

We are in position to estimate every term on the right-hand side of (3.7).

(a) By (4.5) and Lemma 4.1

∫

Ω

|∇u(m)
ǫ |2γǫ(z,∇u

(m)
ǫ ) ln2(ǫ2 + |∇u(m)

ǫ |2) dx ≤ C


1 +

∫

Ω

β
p(z)+r−2

2
ǫ (∇u(m)

ǫ )|∇u(m)
ǫ |2 dx




≤ δ1

∫

Ω

γǫ(z,∇u
(m)
ǫ )|(u(m)

ǫ )xx|2 dx+ C


1 +

∫

Ω

|∇u(m)
ǫ |p(z) dx




(5.1)

with an arbitrary δ1 > 0.

(b) The term

I∂Ω = −

∫

∂Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2

(
∆u(m)

ǫ (∇u(m)
ǫ · n) − ∇u(m)

ǫ · ∇(∇u(m)
ǫ · n)

)

is estimated with the use of Lemma 4.3 and the following known assertion.
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Lemma 5.1 (Lemma A.1, [8]). If ∂Ω ∈ C2 and u ∈ W 3,2(Ω) ∩W
1,2
0 (Ω), then

|I∂Ω| ≤ L

∫

∂Ω

(ǫ2 + |∇u|2)
p(z)−2

2 |∇u|2 dS

with a constant L = L(∂Ω). Moreover, I∂Ω ≥ 0 if ∂Ω is convex.

Gathering Lemmas 4.4 and 5.1 we arrive at the following estimate: for a.e. t ∈ (0, T )

∫

∂Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dS ≤ δ2

∫

Ω

γǫ(z,∇u
(m)
ǫ |)|u(m)

ǫxx |2 dx+ C


1 +

∫

Ω

|∇u(m)
ǫ |p(z) dx


 (5.2)

with an arbitrary δ2 > 0 and a constant C independent of ǫ and m.

Lemma 5.2. Under the conditions of Lemma 3.2

sup
(0,T )

‖∇u(m)
ǫ (t)‖2

2,Ω +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dz

≤ CeC′T
(

1 + ‖∇u0‖2
2,Ω + ‖f‖2

L2(0,T ;W 1,2
0 (Ω))

) (5.3)

and

∫

QT

|∇u(m)
ǫ |p(z)+r dz ≤ C ′′ for any 0 < r <

4p−

p−(N + 2) + 2N
(5.4)

with constants C, C ′, C ′′ independent of m and ǫ.

Proof. Substitution of estimates (5.1), (5.2) into (3.7) leads to the differential inequality

1

2

d

dt
‖∇u(m)

ǫ (t)‖2
2,Ω + (min{2, p−} − δ − δ1 − δ2 − 1)

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2

≤ C0 + C1

∫

Ω

|∇u(m)
ǫ |p(z) dx+ C2‖∇u(m)

ǫ (t)‖2
2,Ω + C3‖f(t)‖2

W 1,2
0 (Ω)

(5.5)

with constants Ci, i = 0, 1, 2, 3, depending on the data but independent of m and ǫ, and arbitrary positive

δ1, δ2. Choosing δi so small that min{2, p−} − (1 + δ+ δ1 + δ2) = µ > 0, multiplying by e−2C2t and dropping

the second term on the left-hand side, we transform (5.5) into the differential inequality for ‖∇u
(m)
ǫ (t)‖2

2,Ω:

d

dt

(
e−2C2t‖∇u(m)

ǫ (t)‖2
2,Ω

)
≤ Ce−2C2t


1 +

∫

Ω

|∇u(m)
ǫ |p(z) dx+ ‖f(t)‖2

W 1,2
0 (Ω)


 .

Integrating in t and using (3.4) and (3.5), we finally obtain: for every t ∈ (0, T )

‖∇u(m)
ǫ (t)‖2

2,Ω ≤ Ce2C2T
(
‖∇u0‖2

2,Ω + eT
(
1 + ‖u0‖2

2,Ω + ‖f‖2
2,QT

)
+ ‖∇f‖2

2,QT

)

≤ CeC′T
(

1 + ‖u0‖2
W 1,2

0 (Ω)
+ ‖f‖2

L2(0,T ;W 1,2
0 (Ω))

)
.
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Now we substitute this estimate into (5.5) and integrate the result in t. Plugging (3.5), we arrive at the

inequality

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |(u(m)

ǫ )xx|2 dz ≤ CeC′T
(

1 + ‖∇u0‖2
2,Ω + ‖f‖2

L2(0,T ;W 1,2
0 (Ω))

)
.

Estimate (5.4) follows then from Theorem 4.1. It is sufficient to prove (5.4) for r ∈ (r∗, r
∗) with r∗, r∗

defined in (4.2). Fix some r ∈ (r∗, r
∗), define Q+

T = QT ∩ {p(z) + r ≥ 2}, Q−
T = QT ∩ {p(z) + r < 2} and

represent

∫

QT

|∇u(m)
ǫ |p+r dz =

∫

Q+
T

|∇u(m)
ǫ |p+r dz +

∫

Q−

T

. . . ≡ I+ + I−.

Then

I+ ≤

∫

Q+
T

β
p+r−2

2
ǫ (∇u(m)

ǫ )|∇u(m)
ǫ |2 dz ≤

∫

QT

β
p+r−2

2
ǫ (∇u(m)

ǫ )|∇u(m)
ǫ |2 dz

and estimate on I+ follows. To estimate I−, set B+ = Q−
T ∩{z : |∇u

(m)
ǫ | ≥ ǫ}, B− = Q−

T ∩{z : |∇u
(m)
ǫ | < ǫ}.

Then

I− =

∫

B+∪B−

|∇u(m)
ǫ |p+r dz =

∫

B+

(|∇u(m)
ǫ |2)

p+r−2
2 |∇u(m)

ǫ |2 dz +

∫

B−

ǫp+r dz

≤ 2
2−r−p−

2

∫

B+

β
p+r−2

2
ǫ (∇u(m)

ǫ )|∇u(m)
ǫ |2 dz + ǫp

−+rT |Ω|

≤ C


1 +

∫

QT

β
p+r−2

2
ǫ (∇u(m)

ǫ )|∇u(m)
ǫ |2 dz


 .

Gathering these estimates and applying Theorem 4.1 we obtain (5.4) with r ∈ (r∗, r
∗). The case r ∈ (0, r∗]

follows then by the Young inequality. 2

Remark 5.1. Inequality (5.4) entails the inequality

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)+r

2 dz ≤ C, ǫ ∈ (0, 1), t ∈ (0, r∗), (5.6)

with an independent of ǫ constant C.

Lemma 5.3. Let the conditions of Lemma 3.2 be fulfilled and

ess sup
QT

|pt| ≤ C∗ < ∞.

Then the following estimate holds:

‖(u(m)
ǫ )t‖

2
2,QT

+ sup
(0,T )

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 dx ≤ C


1 +

∫

Ω

|∇u0|p(x,0) dx


+ ‖f‖2

2,QT
(5.7)
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with an independent of m and ǫ constant C.

Proof. Multiplying (3.3) with (u
(m)
j )t and summing over j = 1, 2, . . . ,m we obtain the equality

∫

Ω

(u(m)
ǫ )2

t dx+

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(x,t)−2
2 ∇u(m)

ǫ · ∇(u(m)
ǫ )t dx =

∫

Ω

f(u(m)
ǫ )t dx. (5.8)

It is straightforward to check that

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ · ∇(u(m)
ǫ )t =

d

dt

(
(ǫ2 + |∇u

(m)
ǫ |2)

p(z)
2

p(z)

)

+
pt(z)(ǫ

2 + |∇u
(m)
ǫ |2)

p(z)
2

p2(z)

(
1 −

p(z)

2
ln((ǫ2 + |∇u(m)

ǫ |2))

)
.

With the use of this identity we rewrite (5.8) in the form

∫

Ω

(u(m)
ǫ )2

t dx+
d

dt

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 dx

= −

∫

Ω

pt(ǫ
2 + |∇u

(m)
ǫ |2)

p(z)
2

p2(z)

(
1 −

p(z)

2
ln(ǫ2 + |∇u(m)

ǫ |2)

)
+

∫

Ω

f(u(m)
ǫ )t dx.

(5.9)

The terms on the right-hand side of (5.9) are estimated separately. For the first term, we use (3.5) and (5.1):

∣∣∣∣∣∣

∫

Ω

pt(ǫ
2 + |∇u

(m)
ǫ |2)

p(z)
2

p2

(
1 −

p

2
ln((ǫ2 + |∇u(m)

ǫ |2))
)
∣∣∣∣∣∣

≤ C1


1 +

∫

Ω

|∇u(m)
ǫ |p(z) dx




+ C2

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 ln(ǫ2 + |∇u(m)

ǫ |2) dx.

(5.10)

The second term is estimated by the Cauchy inequality:

∣∣∣∣∣∣

∫

Ω

f(u(m)
ǫ )t dx

∣∣∣∣∣∣
≤

1

2
‖(u(m)

ǫ )t‖
2
2,Ω +

1

2
‖f‖2

2,Ω. (5.11)

Estimate (5.7) follows after substitution of (5.10), (5.11) into (5.9) and integration of the resulting inequality

in t: for every t ∈ (0, T )

‖(u(m)
ǫ )t‖

2
2,Qt

+ 2

∫

Ω

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 dx ≤ C


1 +

∫

Ω

(ǫ2 + |∇u
(m)
0 (x)|2)

p(x,0)
2 dx


+ ‖f‖2

2,Qt
. 2

6. Strong solution of the regularized problem

In this section, we prove that the regularized problem (3.1) has a unique strong solution. We show first the

existence of a weak solution with uǫt ∈ L2(QT ) and then prove that this solution possesses extra regularity

properties and, thus, is the strong solution.
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6.1. Existence and uniqueness of weak solution

Theorem 6.1. Let u0, f , p and ∂Ω satisfy the conditions of Theorem 2.1. Then for every ǫ ∈ (0, 1) problem

(3.1) has a unique solution uǫ which satisfies the estimates

‖uǫ‖W (QT ) ≤ C0,

ess sup
(0,T )

‖uǫ(t)‖
2
2,Ω + ‖uǫt‖

2
2,QT

+ ess sup
(0,T )

∫

Ω

|∇uǫ|
q(z) dx ≤ C0, q(z) = max{2, p(z)},

(6.1)

with a constant C0 depending on the data but not on ǫ. Moreover, uǫ possesses the property of global higher

integrability of the gradient: for every

δ ∈ (0, r∗), r∗ =
4p−

p−(N + 2) + 2N
,

there exists a constant C = C
(
∂Ω, N, p±, δ, ‖u0‖

W
1,q(·,0)
0 (Ω)

, ‖f‖L2(0,T ;W 1,2
0 (Ω))

)
such that

∫

QT

|∇uǫ|
p(z)+δ dz ≤ C. (6.2)

Remark 6.1. Due to the fact that estimate (6.2) is global in time and space, it is new even in the case of

constant p. We refer to [17] for a detailed insight into this issue, in particular, to [17, Lemma 5.4].

Let ǫ > 0 be a fixed parameter, Ω be a bounded domain with the boundary ∂Ω ∈ C2 boundary, and let

u
(m)
ǫ be the sequence of Galerkin approximations defined in (3.2). Under the assumptions

u0 ∈ W
1,2
0 (Ω), f ∈ L2((0, T );W 1,2

0 (Ω)), ‖∇p‖∞,QT
≤ C∗, ‖pt‖∞,QT

≤ C∗

the functions u
(m)
ǫ exist and satisfy estimates (3.4), (3.5), (5.3), (5.4) and (5.7). These uniforms in m and ǫ

estimates allow one to choose a subsequence u
(m)
ǫ (for which we keep the same notation), and functions uǫ,

ηǫ such that

u(m)
ǫ → uǫ ⋆-weakly in L∞(0, T ;L2(Ω)),

u
(m)
ǫt ⇀ uǫt in L2(QT ),

∇u(m)
ǫ ⇀ ∇uǫ in (Lp(·)(QT ))N ,

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ ⇀ ηǫ in (Lp′(·)(QT ))N

(6.3)

The assumption p− > 2N
N+2 yields the inclusions

W
1,p(·,t)
0 (Ω) ⊂ W

1,p−

0 (Ω) →֒ L2(Ω).

Since u
(m)
ǫ and (u

(m)
ǫ )t are uniformly bounded in L∞(0, T ;W 1,p−

0 (Ω)) and L∞(0, T ;L2(Ω)), it follows

from the compactness lemma [23, Sec.8, Corollary 4] that the sequence {u
(m)
ǫ } is relatively compact in

C([0, T ];L2(Ω)), i.e., there exists a subsequence {u
(mk)
ǫ }, which we assume coinciding with {u

(m)
ǫ }, such

that u
(m)
ǫ → uǫ in C([0, T ];L2(Ω)) and a.e. in QT .
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Let us define

Pm =

{
ψ : ψ =

m∑

i=1

ψi(t)φi(x), ψi ∈ C1[0, T ]

}
.

Fix some m ∈ N. By the method of construction u
(m)
ǫ ∈ Pm. Since Pk ⊂ Pm for k < m, then for every

ξk ∈ Pk with k ≤ m

∫

QT

u
(m)
ǫt ξk dz +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ · ∇ξk dz =

∫

QT

fξk dz. (6.4)

Let ξ ∈ W (QT ). Take a sequence {ξk} such that ξk ∈ Pk and ξk → ξ ∈ W (QT ). Passing to the limit as

m → ∞ with a fixed k, and then letting k → ∞, from the above equality we infer that

∫

QT

uǫtξ dz +

∫

QT

ηǫ · ∇ξ dz =

∫

QT

fξ dz (6.5)

for all ξ ∈ W (QT ). To identify the limit vector ηǫ we use the classical argument based on monotonicity of

the function γǫ(z, s)s ≡ (ǫ2 + |s|2)
p(z)−2

2 s : R
N 7→ R

N .

Lemma 6.1. For all z ∈ QT , ξ, ζ ∈ R
N , (ζ 6= ξ) and ǫ > 0

(γǫ(z, ζ)ζ − γǫ(z, ξ)ξ) · (ζ − ξ) ≥ 0. (6.6)

Proof. Let ζ 6= ξ. The straightforward computation shows that

(γǫ(z, ξ)ξ − γǫ(z, ζ)ζ) · (ξ − ζ) =

1∫

0

d

dθ
(ǫ2 + |θξ + (1 − θ)ζ|2)

p(z)−2
2 (θξ + (1 − θ)ζ) dθ · (ξ − ζ)

=

1∫

0

(ǫ2 + |θξ + (1 − θ)ζ|2)
p(z)−2

2

[
(p(z) − 2) cos2(µ̂, ν) + 1

]
dθ|ξ − ζ|2

≥ |ξ − ζ|2





ǫp(z)−2 if p(z) ≥ 2,

(p(z) − 1)

1∫

0

(ǫ2 + |θξ + (1 − θ)ζ|2)
p(z)−2

2 dθ if p(z) ∈ (1, 2),

where µ, ν are the unit vectors µ =
ξ − ζ

|ξ − ζ|
, ν =

ζ + θ(ξ − ζ)

|ζ + θ(ξ − ζ)|
. 2

Equality (6.4) is true for ξk = u
(m)
ǫ . By virtue of (6.6), for every ψ ∈ Pk with k ≤ m

0 =

∫

QT

(u(m)
ǫ )tu

(m)
ǫ dz +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 |∇u(m)

ǫ |2 dz −

∫

QT

fu(m)
ǫ dz

≥

∫

QT

(u(m)
ǫ )tu

(m)
ǫ dz +

∫

QT

(ǫ2 + |∇ψ|2)
p(z)−2

2 ∇ψ · ∇(u(m)
ǫ − ψ) dz

+

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)−2
2 ∇u(m)

ǫ · ∇ψ dz −

∫

QT

fu(m)
ǫ dz.
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Let us pass to the limit as m → ∞. Using the limit relations (6.3), the fact that u
(m)
ǫ (u

(m)
ǫ )t ⇀ uǫuǫt as the

product of weakly and strongly convergent sequences, and substituting (6.5) into the resulting inequality,

we find that for every ψ ∈ Pk

0 ≥

∫

QT

uǫuǫt dz +

∫

QT

(ǫ2 + |∇ψ|2)
p(z)−2

2 ∇ψ · ∇(uǫ − ψ) dz +

∫

QT

ηǫ · ∇ψ dz −

∫

QT

fuǫ dz

=

∫

QT

(
(ǫ2 + |∇ψ|2)

p(z)−2
2 ∇ψ − ηǫ

)
· ∇(uǫ − ψ) dz.

Since
⋃∞

k=1 Pk is dense inW (QT ), the last inequality also holds for every ψ ∈ W (QT ). Let us take ψ = uǫ+λξ

with λ > 0 and an arbitrary ξ ∈ W (QT ). Then

λ

∫

QT

∫

QT

(
(ǫ2 + |∇(uǫ + λξ)|2)

p(z)−2
2 ∇(uǫ + λξ) − ηǫ

)
· ∇ξ dz ≤ 0.

Simplifying and letting λ → 0 we find that

∫

QT

(
(ǫ2 + |∇uǫ|

2)
p(z)−2

2 ∇uǫ − ηǫ

)
· ∇ξ dz ≤ 0 ∀ξ ∈ W (QT ),

which is possible only if

∫

QT

(
(ǫ2 + |∇uǫ|

2)
p(z)−2

2 ∇uǫ − ηǫ

)
· ∇ξ dz = 0 ∀ξ ∈ W (QT ).

Thus, the limit function uǫ satisfies identity (2.3) with the regularized flux (ǫ2 + |∇uǫ|
2)

p(z)−2
2 ∇uǫ. The

initial condition for uǫ is fulfilled by continuity because uǫ ∈ C0([0, T ];L2(Ω)).

Uniqueness of the weak solution is an immediate byproduct of monotonicity of the function γǫ(z, s)s.

Let u1, u2 be two different strong solutions of problem (3.1). Combining equalities (2.3) for ui with the

test-function u1 − u2, using (6.6) and the formula of integration by parts (2.2) we find that

‖u1 − u2‖2
2,Ω(t) ≤ 0 for a.e. t ∈ (0, T ),

whence u1 = u2 a.e. in QT .

Let us prove estimates (6.1), (6.2). The uniform with respect to ǫ estimates (5.3) and (5.7) allow us

to choose a subsequence of {u
(m)
ǫ } which satisfies (6.3) and also |∇u

(m)
ǫ |q(x,t) → |∇uǫ|

q(x,t) ⋆-weakly in

L∞(0, T ;L1(Ω)), q(x, t) = max{p(x, t), 2}. Estimate (6.1) follows now from the lower semicontinuity of the

norm and the modular ρr(·)(s) =

∫

Ω

|s|r(x) dx with r(x) ∈ C0(Ω), r(x) ∈ [1, r+], r+ < ∞ (see [15, Th. 3.2.9]).

For every δ ∈ (0, r∗), inequality (6.2) follows in the same way from the uniform estimate (5.4).

6.2. Second-order regularity

Lemma 6.2. If p− ≥ max

{
2N

N + 2
,

6

5

}
, the function h(s) = γǫ(z, s)|s|2 is strictly convex with respect to s.

Proof. Fix two points ξ, ζ ∈ R
N , ξ 6= ζ, and consider the function

F (τ) = γǫ(z, τξ + (1 − τ)ζ)|τξ + (1 − τ)ζ|2, τ ∈ [0, 1].
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Let us accept the notation σ = |τξ + (1 − τ)ζ|2 and η =
ξ − ζ

|ξ − ζ|
. The straightforward computation gives

F ′′(τ) = |ξ − ζ|2(ǫ2 + σ)
p−2

2 −2
[
(pσ + 2ǫ2)(σ + ǫ2) + (p− 2)(pσ + 4ǫ2)(τξ + (1 − τ)ζ, η)2

]
.

Obviously, F ′′(τ) > 0 if p(z) ≥ 2. Let 1 < p(z) < 2. Since (τξ + (1 − τ)ζ, η)2 ≤ σ, we obtain:

F ′′(τ) ≥ |ξ − ζ|2(ǫ2 + σ)
p−2

2 −2
[
(pσ + 2ǫ2)(σ + ǫ2) + (p− 2)(pσ + 4ǫ2)σ

]

= |ξ − ζ|2(ǫ2 + σ)
p−2

2 −2
[
p(p− 1)σ2 + (5p− 6)σǫ2 + 2ǫ4

]
,

whence F ′′ > 0 for all ξ 6= ζ and ǫ ≥ 0, provided that p− ≥
6

5
. 2

The proof of stronger convergence properties of the sequence ∇u
(m)
ǫ stems from the following general

result on the convergence of sequences of functionals. For convenience, we formulate it in the form already

adapted to our problem.

Proposition 6.1 (Theorem 2.1, Corollary 2.1, [20]). Let Fm(z, s) : QT ×R
N → R be a sequence of nonnegative

functions, convex with respect to s for every z ∈ QT and locally uniformly convergent to a function F0(z, s)

as m → ∞, which is essentially convex with respect to s for every z ∈ QT . Assume that Fm(z, s) ≥ a(|s|α+1)

with some constants a > 0, α > 1. If vm ∈ (Ls(QT ))N , vm ⇀ v0 in (Ls(QT ))N , s > 1, and

∫

QT

Fm(z, vm) dz →

∫

QT

F0(z, v0) dz < ∞,

then

∫

QT

|vm − v0|α dz → 0 as m → ∞.

Theorem 6.2. Let the conditions of Theorem 6.1 be fulfilled.

(i) If N ≥ 3 or N = 2 and p− > 6
5 , then

∇u(m)
ǫ → ∇uǫ a.e. in QT .

(ii) Under the conditions of item (i) γ
1
2
ǫ (z,∇uǫ)Diuǫ ∈ L2(0, T ;W 1,2(Ω)), i = 1, 2, . . . , N , and

‖γ
1
2
ǫ (z,∇uǫ)Diuǫ‖L2(0,T ;W 1,2(Ω)) ≤ M, i = 1, 2, . . . , N,

with an independent of ǫ constant M .

(iii) If N ≥ 2 and p− >
2N

N + 2
, then D2

ijuǫ ∈ L
p(·)
loc (QT ∩ {z : p(z) < 2}), i, j = 1, 2, . . . , N , and

N∑

i,j=1

‖D2
ijuǫ‖p(·),QT ∩{z: p(z)<2} ≤ M ′

with an independent of ǫ constant M ′.
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Proof. (i) It is already shown that ∇u
(m)
ǫ ⇀ ∇uǫ in Lp(·)(QT ) as m → ∞. By Lemma 6.2 the function

γǫ(z, s)|s|2 is strictly convex with respect to s. According to (3.6)

(
1 + 2

p+

2

)
+ γǫ(z, s)|s|2 ≥ 1 + |s|p(z) ≥ |s|p

−

. (6.7)

By virtue of the energy equalities (6.4), (6.5) and the limit relations (6.3)

∫

QT

γǫ(z,∇u
(m)
ǫ )|∇u(m)

ǫ |2 dz = −

∫

QT

u
(m)
ǫt u(m)

ǫ dz +

∫

QT

fu(m)
ǫ dz

→ −

∫

QT

uǫtuǫ dz +

∫

QT

fuǫ dz =

∫

QT

γǫ(z,∇uǫ)|∇uǫ|
2 dz as m → ∞.

Now we apply Proposition 6.1 with Fm(z, s) = γǫ(z, s)|s|2 +M and a sufficiently large positive constant M .

It follows that ∇u
(m)
ǫ → ∇uǫ a.e. in QT , whence

γ
1
2
ǫ (z,∇u(m)

ǫ )∇u(m)
ǫ → γ

1
2
ǫ (z,∇uǫ)∇uǫ a.e. in QT . (6.8)

(ii) According to (5.3) and (5.6), for every i, j = 1, 2, . . . , N

∥∥∥Di

(
γ

1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ

)∥∥∥
2

2,QT

≤ C



∫

QT

γǫ(z,∇u
(m)
ǫ )|u(m)

ǫxx |2 dz +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 | ln(ǫ2 + |∇u(m)

ǫ |2)| dz




≤ C ′


1 +

∫

QT

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 | ln(ǫ2 + |∇u(m)

ǫ |2)| dz




≤ C

∫

QT

γǫ(z,∇u
(m)
ǫ )|u(m)

ǫxx |2 dz + C ′′


1 +

∫

QT

|∇u(m)
ǫ |p(z)+µ dz




≤ M, M = M(‖u0‖W 1,2
0 (Ω), ‖f‖L2(0,T ;W 1,2

0 (Ω)), N, p
±, ω, ∂Ω),

whence the existence of a subsequence {u
(mk)
ǫ } (we may assume that it coincides with the whole sequence)

such that

Di

(
γ

1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ

)
⇀ ηij ∈ L2(QT ) as m → ∞.

By (5.4) there exists δ > 0 such that

‖γ
1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ ‖2+δ,QT

≤ ‖(ǫ2 + |∇u(m)
ǫ |2)

p(z)
4 ‖2+δ,QT

≤ C

with a constant C independent of m and ǫ. Since γ
1
2
ǫ (z,∇u

(m)
ǫ )Dju

(m)
ǫ are uniformly bounded in L2+δ(QT )

and converge pointwise due to (6.8), it follows from the Vitali convergence theorem that

γ
1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ → γ

1
2
ǫ (z,∇uǫ)Djuǫ in L2(QT ).
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For every φ ∈ C∞(QT ) with suppφ ⋐ QT and i, j = 1, . . . , N

(
Di

(
γ

1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ

)
, φ
)

2,QT

= −
(
γ

1
2
ǫ (z,∇u(m)

ǫ )Dju
(m)
ǫ , Diφ

)
2,QT

→ −
(
γ

1
2
ǫ (z,∇uǫ)Djuǫ, Diφ

)
2,QT

as m → ∞.

Thus, it is necessary that

ηij = Di

(
(ǫ2 + |∇uǫ|

2)
p(z)−2

4 Djuǫ

)
∈ L2(QT ) and ‖ηij‖2

2,QT
≤ M.

(iii) Let us denote Q−
T = QT ∩ {z : p(z) < 2}. By Young’s inequality, (3.5) and (5.3), for every D ⋐ Q−

T

∫

D

|D2
iju

(m)
ǫ |p(z) dz =

∫

D

(
γǫ(z,∇u

(m)
ǫ )|D2

iju
(m)
ǫ |2

) p(z)
2

γ
− p(z)

2
ǫ (z,∇u(m)

ǫ ) dz

≤

∫

D

γǫ(z,∇u
(m)
ǫ )|D2

iju
(m)
ǫ |2 dz +

∫

D

(ǫ2 + |∇u(m)
ǫ |2)

p(z)
2 dz ≤ C

with a constant C independent of ǫ, m and D. It follows that there exists χ ∈ Lp(·)(Q−
T ) such that D2

iju
(m)
ǫ ⇀

χ in Lp(·)(D) (up to a subsequence). Since ∇u
(m)
ǫ ⇀ ∇uǫ in Lp(·)(QT ), for every φ ∈ C∞(Q−

T ) with

suppφ ⋐ Q−
T

(χ, φ)2,QT
= lim

m→∞
(D2

iju
(m)
ǫ , φ)2,QT

= − lim
m→∞

(Diu
(m)
ǫ , Djφ)2,QT

= (Diuǫ, Djφ)2,QT
.

It is necessary that χ = D2
ijuǫ, and ‖D2

ijuǫ‖p(·),D ≤ C by the lower semicontinuity of the modular. 2

Remark 6.2. Let uǫ be a solution of problem (3.1). The regularity of the regularized flux

Dxj

(
(ǫ2 + |∇uǫ|

2)
p(z)−2

4 Dxi
uǫ

)
∈ L2(QT )

leads to the local fractional differentiability of ∇u, see [17, Ch.6] for the case of constant p.

7. Strong solution of the degenerate problem. Proof of Theorem 2.1

7.1. Existence and uniqueness of strong solutions

Let {uǫ} be the family of strong solutions of the regularized problems (3.1). The uniform in ǫ estimates

(6.1) allow us to choose a sequence {uǫk
} and functions u ∈ W (QT ), ut ∈ L2(QT ), η ∈ (Lp′(·)(QT ))N with

the following properties:

uǫk
→ u ⋆-weakly in L∞(0, T ;L2(Ω)),

uǫkt ⇀ ut in L2(QT ),

∇uǫk
⇀ ∇u in (Lp(·)(QT ))N ,

γǫk
(z,∇uǫk

)∇uǫk
⇀ η in (Lp′(·)(QT ))N .

Moreover, u ∈ C([0, T ];L2(Ω)). Each of uǫk
satisfies the identity



ARTICLE IN PRESS

Please cite this article in press as: R. Arora, S. Shmarev, Strong solutions of evolution equations with p(x, t)-Laplacian:
Existence, global higher integrability of the gradients and second-order regularity, J. Math. Anal. Appl. (2020),
https://doi.org/10.1016/j.jmaa.2020.124506

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.28 (1-31)

28 R. Arora, S. Shmarev / J. Math. Anal. Appl. ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

∫

QT

uǫktξ dz +

∫

QT

γǫk
(z,∇uǫk

)∇uǫk
· ∇ξ dz =

∫

QT

fξ dz ∀ξ ∈ W (QT ), (7.1)

which yields

∫

QT

utξ dz +

∫

QT

η · ∇ξ dz =

∫

QT

fξ dz ∀ξ ∈ W (QT ). (7.2)

To identify η, we use the monotonicity argument. Take ξ = uǫk
in (7.1):

∫

QT

uǫktuǫk
dz +

∫

QT

γǫk
(z,∇uǫk

)∇uǫk
· ∇uǫk

dz =

∫

QT

fuǫk
dz. (7.3)

By virtue of monotonicity, for every φ ∈ W (QT )

∫

QT

γǫk
(z,∇uǫk

)∇uǫk
· ∇uǫk

dz ≥

∫

QT

γǫk
(z,∇φ)∇φ · ∇(uǫk

− φ) dz +

∫

QT

γǫk
(z,∇uǫk

)∇uǫk
· ∇φdz

=

∫

QT

(γǫk
(z,∇φ) − |∇φ|p−2)∇φ · ∇(uǫk

− φ) dz +

∫

QT

γǫk
(z,∇uǫk

)∇uǫk
· ∇φdz

+

∫

QT

|∇φ|p−2∇φ · ∇(uǫk
− φ) dz ≡ J1 + J2 + J3,

where

J2 →

∫

QT

η · ∇φ dz, J3 →

∫

QT

|∇φ|p−2∇φ · ∇(u− φ) dz as k → ∞.

Since
∣∣(γǫk

(z,∇φ) − |∇φ|p−2)∇φ
∣∣ → 0 a.e. in QT as k → ∞, and the integrand of J1 has the majorant

∣∣(γǫk
(z,∇φ) − |∇φ|p−2)∇φ

∣∣ ≤ 2(1 + |∇φ|2)
p(z)

2 ≤ C
(

1 + |∇φ|p(z)
)
,

J1 → 0 by the dominated convergence theorem. Combining (7.2) with (7.3) and letting k → ∞ we find that

for every φ ∈ W (QT )

∫

QT

(
|∇φ|p(z)−2∇φ− η

)
· ∇(u− φ) dz ≥ 0.

Choosing φ = u+ λζ with λ > 0 and ζ ∈ W (QT ), simplifying and letting λ → 0+, we obtain the inequality

∫

QT

(
|∇u|p(z)−2∇u− η

)
· ∇ζ dz ≥ 0 ∀ζ ∈ W (QT ),

which means that in (7.2) η coincides with |∇u|p(z)−2∇u. Since u ∈ C([0, T ];L2(Ω)), the initial condition

is fulfilled by continuity.

By virtue of (6.1), (6.2), the subsequence convergent to the solution may be chosen so that |∇uǫk
|q(x,t) →

|∇u|q(x,t) ⋆-weakly in L∞(0, T ;L1(Ω)). Estimate (2.6) follows then from the lower semicontinuity of the

modular exactly as in the proof of (6.1).
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Uniqueness of the constructed strong solution of problem (1.1) stems from the monotonicity of the

mapping γ0(z, s)s and the formula of integration by parts.

7.2. Higher integrability of the gradient

Let us fix δ ∈ (0, r∗). According to (6.2) ‖∇uǫk
‖p(·)+δ,QT

≤ Cδ with an independent of ǫk constant C,

which allows one to choose a subsequence (for which we use the same notation), such that

∇uǫk
⇀ ∇u in Lp(·)+δ(QT ).

By the property of lower semicontinuity of the modular

∫

QT

|∇u|p(z)+δ dz ≤ lim inf
k→∞

∫

QT

|∇uǫk
|p(z)+δ dz ≤ Cδ

with the constant Cδ from (6.2).

7.3. Second-order regularity of strong solutions

Let us assume that p− > max
{

2N
N+2 ,

6
5

}
and show that ∇uǫ → ∇u a.e. in QT . Consider the sequence of

nonnegative functions

Fǫk
(z, s) = γǫk

(z, s)|s|2.

Fǫ(x, s) are strictly convex with respect to s (by Lemma 6.2) and satisfy inequality (6.7). It is already shown

that ∇uǫk
⇀ ∇u in Lp(·)(QT ). According to (7.1), (7.2)

∫

QT

Fǫk
(z,∇uǫk

) dz →

∫

QT

F0(z,∇u) dz as k → ∞

and Fǫ(z, s) → F0(z, s) = |s|p as ǫ → 0 locally uniformly with respect to (z, s) ∈ QT × R
N . Indeed:

∣∣∣(ǫ2 + |s|2)
p−2

2 |s|2 − |s|p
∣∣∣ = |s|2

∣∣∣∣∣∣

1∫

0

d

dθ
(θǫ2 + |s|2)

p−2
2 dθ

∣∣∣∣∣∣
= |s|2ǫ2

|p− 2|

2

1∫

0

(θǫ2 + |s|2)
p−4

2 dθ

≤
|p− 2|

2





ǫ2(1 + |s|2)
p+

−2
2 if p ≥ 2,

2ǫp
−

p−
if 1 < p < 2.

By Proposition 6.1, ∇uǫk
→ ∇u a.e. in QT .

Let us fix i, j ∈ {1, 2, . . . , N}. By Theorem 6.2

‖Dj

(
γ

1
2
ǫk (z,∇uǫk

)Diuǫk

)
‖2,QT

≤ C

uniformly in ǫk, therefore there exists ηij ∈ L2(QT ) such that Dj

(
γ

1
2
ǫk (z,∇uǫk

)Diuǫk

)
⇀ ηij in L2(QT ).

The pointwise convergence ∇uǫk
→ ∇u yields the pointwise convergence γ

1
2
ǫk (z,∇uǫk

)∇uǫk
→ |∇u|

p(z)−2
2 ∇u,

by virtue of (6.2) ‖γ
1
2
ǫk (z,∇uǫk

)∇uǫk
‖2+δ,QT

is uniformly bounded for some δ > 0. It follows from the
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Vitali convergence theorem that γ
1
2
ǫk (z,∇uǫk

)∇uǫk
→ |∇u|

p(z)−2
2 ∇u in L2(QT ). It follows that ηij =

Dj

(
|∇u|

p(z)−2
2 Diu

)
: for every φ ∈ C∞(QT ), suppφ ⋐ QT ,

−(ηij , φ)2,QT
= − lim

k→∞

(
Dj

(
γ

1
2
ǫk (z,∇uǫk

)Diuǫk

)
, φ
)

2,QT

= lim
k→∞

(
γ

1
2
ǫk (z,∇uǫk

)Diuǫk
, Djφ

)
2,QT

=
(

|∇u|
p(z)−2

2 Diu,Djφ
)

2,QT

.

Let N ≥ 2 and p− > 2N
N+2 . Assume that p− < 2 and, thus, Q−

T = QT ∩ {z : p(z) < 2} 6= ∅. Arguing as in

the proof of Theorem 6.2 we find that for every D ⋐ Q−
T

∫

D

|D2
ijuǫ|

p(z) dz =

∫

D

(
γǫ(z,∇uǫ)|D

2
ijuǫ|

2
) p(z)

2 γ
− p(z)

2
ǫ (z,∇u(m)

ǫ ) dz

≤

∫

D

γǫ(z,∇uǫ)|D
2
ijuǫ|

2 dz +

∫

D

(ǫ2 + |∇uǫ|
2)

p(z)
2 dz ≤ C

with a constant C independent of ǫ and D. It follows that D2
ijuǫk

⇀ ζ ∈ Lp(·)(D) (up to a subsequence).

Because of the weak convergence ∇uǫk
⇀ ∇u in Lp(·)(QT ), it is necessary that ζ = D2

iju. The estimate

‖D2
iju‖p(·),D ≤ C follows from the uniform estimate on D2

ijuǫ.
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