© 0 N o aa b~ W N =

A OBA B DWW WW W W W W WWN N DNDNNDNDNDNDDNDNE R R R R R
W N B O ©W 0 N O o & W N H O © 0 N O a0 & W M H O © 0O N O O W N ~ O

44
45
46

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.1(1-31)
J. Math. Anal. Appl. ese (seee) eseeee

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Strong solutions of evolution equations with p(x, t)-Laplacian:
Existence, global higher integrability of the gradients and
second-order regularity

Rakesh Arora™', Sergey Shmarev "

& LMAP, UMR E2S-UPPA CNRS 5142 Bdtiment IPRA, Avenue de l’Université F-64013 Pau, France
b Mathematics Department, University of Oviedo, c¢/Federico Garcia Lorca 18, 83007, Oviedo, Spain

ARTICLE INFO ABSTRACT

Article history: We study the homogeneous Dirichlet problem for the degenerate parabolic equation
Received 10 May 2020

Available online xxxx

Submitted by D. Repovs up — div(|VuP"D72Vu) = f(z,t)  in Qr=Qx (0,T),

Keywords: N X . . o
Singular and degenerate parabolic where Q C RY, N > 2, is a bounded domain with the boundary 092 € C?. The
equation variable exponent p(z,t) is a given Lipschitz-continuous function, p(z,t) : Qr —
Variable nonlinearity [p~,p*] with some constants ]3—1]2 < p~ < pt < co. We derive conditions on f and
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us € L2(Qr), |Vu|?®Y e L=(0,T; L' (Q)) with ¢(z,t) = max{2, p(z, 1)},

D2, ue L) (@Qrn {p(a,t) < 2}).

loc

p(x,t)—2

IfN>3,or N=2and p~ > g, then D, <|Vu\ 2 Dzlu) € L?(Qr). Moreover,
the solution possesses the property of global higher integrability of the gradient:

4p~
Vup@h+s ¢ 1 Qr) forevery 0 << ——————.
vl (@) p~ (N +2)+2N
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1. Introduction

In this article, we study the Dirichlet problem for the class of parabolic equations with variable nonlin-
earity

Oyu — div (|Vu|p(m*t)72Vu) = f(z,t) inQr=Qx(0,7),
u=0on 90 x (0,T), (1.1)
w(z,0) = ug(x) in Q,

where 2 C RV, N > 2, is a bounded domain with the boundary 92 € C2. The exponent p(z,t) is a given
function whose properties will be described later.

Equation (1.1) falls into the class of equations with variable nonlinearity or nonstandard growth, which
have been intensively studied in the last decades. On one hand, the interest in such equations is motivated
by their applications in the mathematical modelling of various real-world processes, such as the flows of
electrorheological or thermorheological fluids [9,10,21], the problem of thermistor [28], or processing of digital
images [13]. On the other hand, their theoretical study is very interesting and challenging from a purely
mathematical point of view.

If p(z,t) #Z 2, equation (1.1) becomes degenerate or singular at the points where |Vu| = 0, which
prevents one from expecting the existence of classical solutions. The solution of problem (1.1) is understood
in the weak sense (see Definition 2.1). We refer to [3,4] for the results on existence and uniqueness of weak
solutions for a single equation of the type (1.1), to [16] for systems of equations with the homogeneous
Dirichlet boundary conditions, and to [18] for the case of the nonhomogeneous boundary conditions. The
weak solution exists if ug € L2(2), f € L*(Qr), p(x,t) is continuous in Q; with a logarithmic modulus of
continuity, and 02 € Lip.

Much attention has been paid to the study of the regularity of weak solutions. Let ' € Q, € € (0,T),
Q' = x (¢,T), and let u be a weak solution of equation (1.1). It is known that u possesses the property
of higher integrability of the gradient: for every ' and e¢ > 0 there exists a constant § > 0 such that
|Vu|p@)+0 ¢ L1(Q') and |||VulPF0|1,o- < C with a constant C depending on € and the distance between 9
and 09 - see [1,7,11,29] and [27] for global estimates in Reifenberg domains. The weak solutions are locally
Holder-continuous, provided that p(z,t) is log-continuous [25,12,2]. Moreover, if p(z, t) is Hélder-continuous,

then Vu is locally Holder-continuous and u € C’i,} /2

(@) - [12,26]. These local regularity properties are
intrinsic for every weak solution of equation (1.1) and are completely defined by the nonlinear structure of
the equation.

The issues of local higher regularity of solutions of systems of parabolic equations with nonstandard
growth have been addressed for the first time in paper [1]. Among other results, it was proven that the
solutions of a system of equations with p(x,t)-growth conditions with the exponent p Hélder-continuous in
t and Lipschitz-continuous in = possess the property of local higher integrability and Holder-continuity of
the spatial gradient, as well as the property of local higher differentiability of the solutions.

In the present work, we are interested in the existence of strong solutions of problem (1.1) and their
global regularity properties. Although these questions have already been addressed in a number of works,
all known results refer to the singular equation (1.1) with ]\2,—12 < p(x,t) < 2, or to the equations with p(z,t)
nonincreasing in ¢. It is known [8,6,22] that the weak solution becomes a strong solution with u; € L*(Qr)
and |Vu[P@®) € L°°(0,T; L' (Q)), provided that |Vue|?® € LY(Q), f € L*(Qr), ps € L=(Qr) and either
pr < 0ae. in Qr, or |p;| < C ace. in Qp and p < 2. Further, if |Vp| + |p:] < C a.e. in Qp, ug € W(}Q(Q)
and p < 2 in @, then |D§izju|p(”"t) € LY (Qr) [8,6], or Dgixju € L?(Q x (e,T)) for every € € (0,T) [6,5].
The strong solution may be Holder or even Lipschitz continuous in ¢ in the cylinders  x (e, T) with € > 0,
[22,24]. Tt is proven in [6] that if the initial function possesses a second-order regularity with respect to = and

satisfies certain compatibility conditions, |f[?'*") e L'(Qr) and f, € L*(Qr), then the singular equation
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with the Lipschitz-continuous exponent p(z,t) < 2 in a convex C? domain has a unique strong solution such
that

|ut|;0/(.r,t) c Ll(QT)a ‘Vut|p(m,t) c Ll(QT)y |Dg2“wju|p(m,t) c Ll(QT), o = pj
Stronger global regularity properties are known in the case of constant p > 1. It is shown in [14] that if
feL?Qr), up € Wol’p(Q)7 and S is subject to minimal regularity assumptions, then

u € LAH(Q7),  |VulP™2Vu e (L2(0, T; WH2(Q)N,  we L=(0,T; WyP(Q))

and the corresponding norms are bounded through the norms of the data. The authors of [14] show that
problem (1.1) with p = const admits an approximable solution, i.e., a solution obtained as the limit of
the sequence of smooth solutions of the same problem with smooth right-hand sides and initial data. The
approximable solution inherits the regularity properties of the smooth approximations. We refer to [14] for
a review of the previous results on the global regularity in the case of constant p.

The study of higher regularity of solutions usually involves “differentiation” of the equation. In the case
of nonconstant p this leads to appearance of the term |Vu[P(*) In|Vu|, which can not be controlled through
the usual energy estimates for the weak solution of equation (1.1) unless p(z,t) < 2. This is the main issue
of the present work: we get rid of the restriction p(x,t) < 2 in the proof of existence of strong solutions and
in the study of their higher regularity. We derive a special interpolation inequality that yields the global
integrability of |Vu[P(**)*9 with some § > 0 independent of u, and provides an estimate on the term with
the logarithmic growth. The interpolation inequality is also used in the proof of W1:2(Q7)-regularity of the
flux in the degenerate problem (1.1) and the counterpart problems with regularized fluxes.

We prove that if f € L2(0,T; Wy (), |Vuo|™>{22@0} e L1(Q), p(x,t) is Lipschitz-continuous in Q.
2N

with the values in the interval [p~, p™], 7z <P < pt < oo, then problem (1.1) has a unique strong

solution u(z,t) such that

up € L*(Qr),  |Vu|"Er0) e £2(0, 75 L1 (),

4p
p~ (N +2)+ 2N’

|Vul|P@HD+ e LN Qr) with every 0 < § <

s 6
D, (IVal"*¥= D, .u) € 1%(Qr)  if cither N >3, 01 N =2 and p~ > -

|D32c,i:cju‘p(z’t) € Llloc(QT n {p(x,t) < 2})

The same existence and regularity results are obtained for the solution of problem (1.1) with the regularized
p(x,t)—2

flux function (€2 + |[Vul?)™ 2z ~ Vu, € > 0.

2. Assumptions and results

Prior to formulating the results, we introduce the variable Lebesgue and Sobolev space. We limit ourselves
to collecting the most basic facts of the theory and refer to [15] for a detailed insight, see also [4, Ch.1]
and [16].

2.1. Function spaces

Let Q be a bounded domain with Lipschitz-continuous boundary 9Q and p: Q — [p~,p™] C (1,00) be a

measurable function. Let us define the functional
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Ao (f) = / (@) P da
Q

(the modular). The set
LPO(Q) = {f: Q= R : f is measurable on O, Apy(f) < oo}

equipped with the Luxemburg norm

I fllpcy,0 = inf {A >0: Ay, <§) < 1}

is a reflexive and separable Banach space and C§°(Q) is dense in LP(*)(). The modular A,.(f) is lower
semicontinuous. By the definition of the norm

. - + - +
mind 7120, o 1 A0 o} < Ao (F) < max{ 7120, o £ o}
The dual of LP()(Q) is the space L¥'()(Q) with the conjugate exponent p/ = Ll For f € LP()(Q) and
p—
g€ Lp/(')(Q), the generalized Holder inequality holds:

1 1
/Ifgl < (—_ + - _> 1 £llpy.ellglly .0 < 20f10).allglly )0
J p P')

Let p1,p2 are two bounded measurable functions in € such that 1 < p;(x) < po(x) a.e. in Q, then LP1()(Q)
is continuously embedded in LP*()(Q) and

Vue LPOQ)  fullpy0 < CIQLpE )l .0
The variable exponent Sobolev space VVO1 P (')(Q) is defined as the set of functions
WP Q) ={u: Q=R | ue LPOQ) nWE(Q), [Vu| € LFO(Q)}
equipped with the norm
gy = Il + 1Vl

It is known that C°(Q) is dense in Wol’p(')(Q) and the Poincaré inequality holds if p € Ciog(€2), i.e., the
exponent p is continuous in Q with the logarithmic modulus of continuity:

p(x1) = p(a2)| < w(lr — o)), (2.1)

where w(7) is a nonnegative function satisfying the condition

1
lim sup w(7) In (—) =(C < 0.
T

T—0t

By W’/(Q) we denote the dual of Wol’p(') (€2), which is the set of bounded linear functionals over Wol’p(')(Q):
® € W(Q) iff there exist do € LF')(Q),®; € LP')(Q), i =1,..., N, such that for all u € W) (Q)

Please cite this article in press as: R. Arora, S. Shmarev, Strong solutions of evolution equations with p(z, t)-Laplacian:
Existence, global higher integrability of the gradients and second-order regularity, J. Math. Anal. Appl. (2020),
https://doi.org/10.1016/j.jmaa.2020.124506

© 0 N o b~ W N =

A A D DA D D D D DWW W WWWWWWWN DN DNDNDNDNDNDNDNDDN R e
o N o o0 b~ W N EH O © 00 N O g b~ W NN H O VW oo N o 0 B W NN H O YW oo N o N W NN = O



© 0 N o aa b~ W N =

A A B D D D D D DWW W W WWWWWWNNDNDNDNDNDNDNDNNDN AR R 2 2 2
0o N o aa b~ W N H O © 00 N O g P W N FH O VW 0O N g P W N H O VU N O WN = O

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.5(1-31)
R. Arora, S. Shmarev / J. Math. Anal. Appl. ese (ssee) sesees 5

N
(P, u) = / (u‘bo + Z“wz -<I>i> dx.

Q

For the study of parabolic problem (1.1), we need the spaces of functions depending on (z,t) € Q. Let
us define the spaces:

Vi Q) ={u: Q=R |ue L2Q) nW ' (Q), | VuP®t e LY(Q)}, te(0,T),
W(Qr) ={u:(0,T) = Vi(Q) | u e L*(Qr), |[VulP®Y e LY(Qr)}.

The dual W/(Qr) of the space W (Qr) is defined as follows: ® € W'(Qr) iff there exists ®g € L?(Qr),
®; € LP@D(Q), i =1,...,N, such that for all u € W(Qr)

N
(®,u) = / <uq>0+zumiq>i> dz dt.
Qr =1

Let Clog(Qr) be the set of functions satisfying condition (2.1) in the closure of the cylinder Q7. If u €
W(Qr), ue € W(Qr) and p(z,t) € Clog(Qr), then

1 ) t=T
/uut dz = 3 /u (z,t) dzx o (2.2)
Qr Q
2.2. Statement of main results
We will distinguish between the weak and strong solutions of problem (1.1) defined as follows.
Definition 2.1. A function u is called weak solution of problem (1.1), if
1. ue W(QT), Ur € W/(QT),
2. for every ¢ € W(Qr) with ¢y € W (Qr)
/um dx dt + / |Vu|PED =2y . Ve de dt = /w da dt, (2.3)
Qr Qr Qr

3. for every ¢ € C3(Q)

/(u(:c,t) —up(x))p de — 0 ast— 0,
Q

4. the weak solution u is called strong solution of problem (1.1) if
uy € L2(Qr), |Vu| € L>(0,T; LPO(Q)).

The existence of a unique weak solution to problem (1.1) can be proven under the minimal requirements
on the regularity of the data.

Proposition 2.1 (/3,/,16]). Let @ C RN, N > 2, be a bounded domain with the Lipschitz-continuous bound-
ary. Assume that p : Qr — R satisfies the conditions
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2N _ —

N+2 <p Sp(l’,t) §p+7 pe Clog(QT)7 (24)
where p~ := ming,. p(z,t) and p* := maxg, p(z,t). Then for every f € L*(Qr) and uy € L?() problem
(1.1) has a unique weak solution u € C°([0,T]; L?(2)) N W(Q7) with u, € W/ (Qr). The solution satisfies
the estimate

ess sup |ullz,.0+ / |Vu[P@ de dt < C (2.5)
t€(0,T) 3
T

with a constant C depending only on N, p*, || fll2.or and ||uol|2.0-

We are interested in the global regularity of weak solutions in the case when the problem data, f, ug, p,
), possess better regularity properties. The main result of this work is given in the following theorem.

Theorem 2.1. Let @ C RN, N > 2, be a bounded domain with the boundary 02 € C?. Assume that p(x,t)
satisfies conditions (2.4) and

esssup |Vp| < Cy < 0o, esssup|p| < C*

Qr Qr

with nonnegative finite constants C,, C*. Let
feL*0,T;Wy?(Q), wupe L*(Q)N Wol’qo(')(ﬂ) with go(x) = max{2, p(x,0) }.

(i) The weak solution u(x,t) of problem (1.1) is a strong solution. The function u(x,t) satisfies estimate
(2.5) and

2 z,t
utll3 o, + ess (sou%)) / V2@ dz < ¢ (2.6)

)

with the exponent q(z,t) = max{2,p(x,t)} and a constant C = C(N,9Q, T,p*, C.,C*, |luoll, | fI)-
(ii) The solution u(x,t) possesses the property of higher integrability of the gradient:

4p~
p~ (N +2)+2N

/ \VulP@DH dedt < Cs for every 0 < 6 < (2.7)

Qr

with a finite constant Cs depending on 0 and the same quantities as the constant C' in (2.6).
(iii) Moreover,

D2, ue L) (Qrn{(zt): pla,t) <2}), if N>2,

loc
p(z,t)—2

6
D,, (|Vu| 2 iju> € L*(Qr) ifN>3,orN=2andp > R

i,5=1,2,..., N, and the corresponding norms are bounded by constants depending only on the data.

Let us give an outline of the rest of the paper. The solution of problem (1.1) is constructed as the limit

of the sequence of solutions of the regularized problems (3.1) wherein the flux |Vu[P~2Vu is substituted
by (€ + \Vu|2)¥Vu, e € (0,1). For every e, a solution of problem (3.1) is obtained as the limit of the
sequence of finite-dimensional Galerkin’s approximations {ugm)}, m € N. In Section 3 we formulate the
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regularized problem, pose the system of ordinary differential equations for defining the coefficients of the
approximate solutions, and derive the basic a priori estimates. This is where the difference between the cases
of constant and variable exponent p becomes obvious: in the latter case the estimates involve the expression
|Vp|(e2 + |Vu|?)% | In(e® 4 |Vu|?)|, not included into the basic energy estimate (2.5).

In Section 4 we establish the interpolation inequality which entails the global higher integrability of
the gradients of the finite-dimensional approximations: instead of the natural order of integrability p(z)
prompted by the equation, the gradients are integrable in Qr with the power p(z) + § (estimate (2.7)). We
also derive the trace-interpolation inequality used to estimate the traces of \Vu|p(z) on the lateral boundary
of the cylinder Q.

In Section 5 we use the property of global higher integrability of the gradients to complete derivation of
the uniform a priori estimates of the type (2.6) for Galerkin’s approximations.

In Theorem 6.1 we prove that problem (3.1) has a unique weak solution u, with d;u. € L*(Qr). This

stems from the uniform estimates of the type (2.5) and (2.6) for Orul™, the weak convergence of the

p(z,t)—2

sequence {Vugm)}, and the monotonicity of the flux v.((x,t),s)s = (¢2 + |s|?)” 2 s in (3.1). However,

these properties do not ensure that 'ye((x,t),Vugm))Vugm) — Ye((z,t), Vue)Vue ae. in Qr, even in the

case of constant p. In Theorem 6.2 we prove a.e. convergence of the sequence of Vugm) to Vue, which

yields a.e. convergence of fluxes. The proof relies on the convexity of the function ~.((z,t),s)|s|? with

respect to s, the weak convergence of the sequence Vugm) to Vue, and the convergence of the integrals

of ve((z,t), Vul™)|Vul™? to the integral of v.((z,t), Vue)|Vue|2. The pointwise convergence of fluxes

of Galerkin’s approximations and the uniform( %)pzriori estimates allow one to show that the limit of the
p,t)—

sequence of regularized fluxes (e + |Vu£m) |2)" 1 vul™ belongs to (L2(0,T; W12(Q2)))N. The difference
between the cases N > 3 and N = 2 is explained by the convexity properties of the function v.((x,t),s)|s|?

with € > 0. It is strictly convex with respect to s if p > %, which is true for N > 3 because p~ > ﬁ—fz, but
in the case N = 2 leads to the additional restriction.

The proof of Theorem 2.1 is given in Section 7. It is based on the same ideas as the proofs in the case
of the regularized problems (3.1). The difference in the arguments is due to the necessity of passing to the
limit with respect to €, which changes the nonlinear structure of the equation.

The existence and global regularity properties of strong solutions are obtained simultaneously by means
of approximation of the equation by a family of equations with regularized fluxes, derivations of a priori
estimates on the solutions of the regularized problems, and the limit passage in these estimates with the
use of specific interpolation inequalities. Such an approach has been successfully applied in a number of
works beginning with [1], but the results on the higher regularity were either local or required restrictions
on the range and properties of the exponent p. The novelty of the present work is that the new interpolation
inequality derived in Section 4 allows one to obtain global higher regularity and prove the existence of a
strong solution without superfluous restrictions on p.

Notation. Throughout the text, the symbol C' represents the constants which can be calculated or esti-
mates using the known quantities, but whose exact value is not crucial for the argument and may change
from line to line even inside the same formula. We use the notation z for the points of the cylinder Qr:
z=(z,t) € Q% (0,T) = Qr. The notation D; is used for the spatial derivative with respect to x;. We also
use the shorthand notation

N
|tga|® = Z |Dz‘2ju|2

4,j=1

and omit the arguments of the variable exponent p wherever it does not cause confusion.
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3. Regularized problem

Given a parameter € > 0, let us consider the family of regularized nondegenerate parabolic problems

By — div((e + [Vu2)* 3 Vau) = f(2) in Qr,
u=0onT7=00x(0,T), (3.1)

u(z,0) = up(x) in .
3.1. Galerkin’s approzimations

For every fixed €, a solution of problem (3.1) can be constructed as the limit of the sequence of finite-

dimensional Galerkin’s approximations {ugm)}. The functions ugm)(m, t) are sought in the form

ul™ (z,t) = Zugm) (t)o; (), (3.2)

where ¢; € W 2(Q) and A; > 0 are the eigenfunctions and the corresponding eigenvalues of the problem

(Voj, Vi) wsz) = Mo ¥)aa Vb € WH2(Q) N Wy (Q).

—~

The number s € N, s > 2, is taken so large that W5?(Q) C ng,p* ). The systems {¢;} and {/\;%qu}
m)

form the orthogonal bases in L(€2) and W,*(Q). The coefficients u\™ (t) are defined as the solutions of
the Cauchy problem for the system of m ordinary differential equatio

—

5%

S

W0 =~ [+ [ 0u Vo dot [ 1oy da
Q

Q (3.3)
ugm)(o) = (u07¢j)279a .] = 1727"'7m7
where the functions
Uém) = Z(u07 ¢j)2,9¢j S Span{(bl? ¢27 ey ¢m}7
j=1
are chosen so that
u(m) S oun i Wla(I(xvo) [9) _
0 0 11 0 ( )7 Q(Ia O) - maX{Q,p(l‘, O)}

By the Peano Theorem, for every finite m system (3.3) has a solution (u{"™,u{™, ..., u{l") on an interval

(0,T,,). This solution can be continued on the arbitrary interval (0,7) because of the uniform estimate
Sup(o,1,,.) HVugm)(~,t)||q(.)7Q < M with g(z,t) = max{2,p(z,t)}, which follows from (5.3) and (5.7).

3.2. Basic a priori estimates

Lemma 3.1. Let Q and p satisfy the conditions of Theorem 2.1. If f € L*(Qr) and ug € L*(Q), then ul™
satisfy the estimates

m p(z)—2
sup [ul™ (2115, + /(62 + VU™ )72 [ Vul™ 2 dz < e (|13 0, + luoll3.o) = Lo. (3.4)

Qr
Please cite this article in press as: R. Arora, S. Shmarev, Strong solutions of evolution equations with p(z, t)-Laplacian:
Existence, global higher integrability of the gradients and second-order regularity, J. Math. Anal. Appl. (2020),
https://doi.org/10.1016/j.jmaa.2020.124506

© 0 N o b~ W N =

A A D DA D D D D DWW W WWWWWWWN DN DNDNDNDNDNDNDNDDN R e
o N o o0 b~ W N EH O © 00 N O g b~ W NN H O VW oo N o 0 B W NN H O YW oo N o N W NN = O



© 0 N o aa b~ W N =

A A B D D D D D DWW W W WWWWWWNNDNDNDNDNDNDNDNNDN AR R 2 2 2
0o N o aa b~ W N H O © 00 N O g P W N FH O VW 0O N g P W N H O VU N O WN = O

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.9(1-31)
R. Arora, S. Shmarev / J. Math. Anal. Appl. ese (ssee) sesees 9

Proof. Multiplying jth equation of (3.3) by u§m) (t) and summing up the results for j = 1,2,...,m, we
obtain

2dg|wlﬁﬂzz§ju“” )(u§™)'(t)

_ Z/e Tl ) gl g™ d:c+Z/f¢y (¢
i=1q

Jlﬂ

= /e —|—|Vu(m)|)

Q

E’”)|2 dx —&—/qum) dx.

Applying the Cauchy inequality to the last term of the right-hand side we transform this inequality into
the form

1d

S d E )|2 dr < §HfOH%,Q + 5”“& )||§Q

mmmg+/@+w@mm””
Q

The last inequality can be written as

LA (mtiymz, Y et [ (€ 4 [Vulm 2252 19u™ 2 de < |l foll2
2 dt € L2(Q) € € =9 0ll2,0-

Q
Integration of the last inequality in ¢ gives
p(z)=2

ﬁgMWw%+/Q+MMW L VeP de dt < Ce” (1foll3 g, + lluoll3 o)
’ Qr

with a constant C' which does not depend on ué’”). O

Corollary 3.1. Let € € (0,1). Under the conditions of Lemma 5.1

p(2)
/ IVa™ P& gy < / (&+1vulm) * dz< (3.5)
QT Qr

with a constant Ly independent of € and m.

Proof. The assertion immediately follows from (3.4) and the inequalities

p(z)—=2

IVu(m™P) < (62 4 |Vu(m)|2> 2(e) _ )2 (e2 + |Vu(m)|2) POvad™PR i [Vul™| > €,
(2¢2)"5"

(3.6)

< 2* otherwise. O
Let us denote n by the exterior normal vector to 0f).

Lemma 3.2. Let 9Q € C?, p(z) satisfies (2.4) and

esssup |[Vp| < C, < o0, ug € Wy (), f e L¥0,T; Wy?(Q)).
Qr
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Then the following inequality holds: for a.e. t € (0,T) and any 6 > 0

V™ (t)[13,0 + (min{p~,2} —1 — ) /6 + (VU™ [2) 5 () o [ da
Q

<Gy / VUl P + [Val™)2) "5
Q

2dt|

2(e2 + |Vul™)|?) dx

(3.7)

- / (€ + [Vulm|?) "5

o0
+ VU@ B+ Coll F O

(Augm)(Vugm) n) — Vul™ . v(Vaul™ . n)) dx

with constants C;, i = 0,1,2, depending on the data and §, but independent of m and €.

Proof. Multiplying each of equations in (3.3) by )\jugm), 7 =1,2,...,m, and summing up the results we
obtain the equality

LIVl Mg = 37 A WY (™ 1)
Jj=1

=3 ™ /div((e2 + | Vulm™ 2) 5 ) é; dx+Z)\ ™ /f z,t)¢; dz (3.8)
j=1 Q Jj=1

)y Aul™ da —l—/fAuEm)

== [ai((@ 4 [y

Q

Since u(™ € C3 (©2) and 9 € C?, the first term on the right-hand can be transformed by means of the
Green formula:

—/diV ((62 + |vu£m)|2)r'( )—2

Q N N
-/ (Zw&m))m) (Z (€ + 1Tulm )57 ), )) do

Q k=1 i=1

—— [ Bulme s+ gum

S’”) Aul™ dx

= (V™ - n)ds

N
S W) gy (4 VUl 2) 5 (), da
qQ ki=1

N
m (Z) 2 m m m
— [+ wumpy” > (@™ ) (0™ )15 = (W), (0 )y 101) S

= (™), ) da

Tk

—/XN: Wz(e +|Valm )"

72=

(ul™)ze|? dz + Jy + Jo + Jo

— - [+ [pump
Q

Please cite this article in press as: R. Arora, S. Shmarev, Strong solutions of evolution equations with p(z, t)-Laplacian:
Existence, global higher integrability of the gradients and second-order regularity, J. Math. Anal. Appl. (2020),
https://doi.org/10.1016/j.jmaa.2020.124506

© 0 N o b~ W N =

A A D DA D D D D DWW W WWWWWWWN DN DNDNDNDNDNDNDNDDN R e
o N o o0 b~ W N EH O © 00 N O g b~ W NN H O VW oo N o 0 B W NN H O YW oo N o N W NN = O



© 0 N o aa b~ W N =

A A B D D D D D DWW W W WWWWWWNNDNDNDNDNDNDNDNNDN AR R 2 2 2
0o N o aa b~ W N H O © 00 N O g P W N FH O VW 0O N g P W N H O VU N O WN = O

JID:YJMAA AID:124506 /FLA Doctopic: Partial Differential Equations [m3L; v1.291; Prn:18/08/2020; 8:27] P.11 (1-31)
R. Arora, S. Shmarev / J. Math. Anal. Appl. ese (ssee) sesees 11

where

=~
i

(2= p(2))(€2 + [Vulm 2) "5 - (Z (vu ™V (ul™ )mk)2> dz,

p(z)=2
2

N
2 (e (e 4 V) B2 in(e + [Vul™)[?) da

p(z)—2
2

Joao = — [ (€2 + |Vul™|?) (Augm)(Vugm) ‘1) — Vul™ . v(Vu™ n)) ds.

%\ D\ O

Substitution into (3.8) leads to the inequality

P |(u£m))mm ‘2 dx

&A|Q‘

IV g + / (€ + [Vul™ )
Q

=J1+J2+Jag—/w.vugm>dm

| =

1 o 1
< Ji+ Ja+ Jaa + §HVU£ B30+ §||f(t)||12/(/01v2(9)'

The term J; is absorbed in the left-hand side because

Ji1 = / 2-pz)...+ / (2—-p(2))...
{zeQ: p(z)>2} {zeQ: p(2)<2}

< / (2 — p(2))(€2 + [Vaul™2) 2572 - <XN: (vu ™ g (™ >)xk)z> dz,

{zeQ: p(2)<2} k=1

and

p(z)—2
2

|J1| < max{0,2 —p~} /(e2 + |Vu£m)\2) |(u£m))m|2 dz.

The term Js is estimated in the following way: by the Cauchy inequality, for every 6 > 0

m (x)-2
|J2\s||Vp||oo,QT/ Z| oo (€ + [Tl )2

1,k=1

7

< (IVuf)( + [vulm )

(€2 +Vul™P)]) da

= 5/ (€ + [Vul™ )27 |(ul™) o 2 da

Q

+c/|vugm>|2(62+ V™ 2)" 57 102(2 4 [Vul™[?) da
Q

with a constant C' = C'(C*, N, §). Choosing ¢ € (0,1) so small that min{2,p~} > 1+ 6 and collecting in the
right-hand side all terms which contain (u(™)),, we obtain (3.7) because
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1-9 if p7 > 2,

1—(5—max{0,2—p—}:{ =min{p~,2} —1-0. O
-

—1-4§ ifp~ <2
4. Interpolation inequalities

In this section, we derive first the interpolation inequality which yields the property of higher integrability

of the gradient of the finite-dimensional approximations ué’") of the solutions of problems (3.1). We prove

next an estimate on the trace of Vu™ on 0f), which turns out to be useful in the study of the nonconvex
domains. Both estimates will be applied to obtain upper bounds for the terms on the right-hand side of
(3.7).

With certain abuse of notation, throughout the section we denote by p(z) or p(z,t) given exponents
defined on Q or Qr and not related to the exponent in equation (1.1). Let us accept the notation

Be(s) =€+ s>, €>0, scRY zeq,

p(x)—2 p(z)—2
2 .

Ve(z,8) = e 7 (s) = (¢ +[sf)

Lemma 4.1. Let 9Q € Ct, u € C%(Q) and u = 0 on 0S). Assume that

p: Q= [p,pt], p* = const,

2N —
<p, ) e (), esssup |Vp| = L,
Nig <P POECY up [Vp| (4.1)
/ x, V)| Uy |* dz < oo, /u2 dx = My, /|Vu|p(x) dx = M.
Q

Then for every

2 4p~
_— * * = 4.2
Niz TS T S (Ny2) 1 oN (42)
and every 6 € (0,1)
p(z)+r—2
Be T (Vu)|Vul>dz < 6/76(:E,Vu)|um\2dx+0 1+/|Vu|p(m) dz (4.3)
Q Q

with an independent of u constant C = C (99, 6, p=, N, r, My, My).

Proof. Let us fix some r € (r.,r*). By the Green formula

pla)tr=2 p(z)4r—2
/55 T (Vu)|VulPdz = [ Be = (Vu) Vu-Vudz
Q Q

p(x)+r—2 p(z)+r—2
:/uﬂg 7 (V) Vu«nde/udiv(ﬂe = (V) V) do
o Q

p(z)+r—2
= f/udiv(ﬂe 2 (Vu)Vu)de = —J,
Q

where n stands for the outer normal to 9. A straightforward computation leads to the representation
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p(z)+r—2
:/uﬂ6 2 (Vu)Audx
Q

+/ (@) +7— Dupe -

Q =

+ /uﬁj(\ﬂ;“2 (Vu) In(B.(Vu))Vu - Vpdz,

Q

whence

x)+r—
|J] <C’/|u\ﬂE 2 (Vu)|um\dsc—|—L/|u|6E

with C = C(n,p*,r) and |ug.|?

1,7=1

S (V) o (V)| da (4.4)

Z |D;ul?. For every constant 0 < p < min{l,p~ 4+ r — 1} and

0 < v < 1, the integrand of the last term in (4.4) admits the estimate

p(@)tr—1-p
p(z)tr—1 € 2

Be 2 (Vu)|Inp.(Vu)| <

(Vu) (2 (Vu) In B(Vu))

if Be(Vu) <1,

p(z)+r—14v v .
BT (V) (B (V) mA(Va)l) i A(Ve) > 1, (45)
p(a)tr—14v
<SCP)+Cw)Be = (Vu),
which allows one to continue (4.4) as follows:
(@) 47— p(@)tr—1tv
] < c/ al B2 (V) e d + C / luf da + / B (V) de
, p(z)+r—1+v 1/2 .
<C |u|B6 £ Vu)|um|dx+C lu|fe 2 (Vu)de + My"" +C" =1
Q
Using Young’s inequality we finally estimate: for every § € (0,1)
p(@)+r—1_ p(z) p(z)—=2 p(z)—1t+rtv ~
1] = C/ <|u|ﬂ5 ’ o (Vu)) (Be * (Vu)|um,|) dr+C" [ Julfe 7 (Vu)dx +C
p(a)+2r—2 p(@)tr—1tv N
< 6/76 z, Vu) Uz |® dz + C(;/ 255 2 (Vw)dz+C | |ulBe 2 (Vu)dz+C
Q Q
= 5[0 + C(sfl + CIIQ + C
Let {Q;}X, be a finite cover of Q such that
Q,CQ 09, €C? pf= H}Zaxp(a:)7 p; = n{llinp(x).
For any r. < r < r*, the continuity of p(z) allows us to choose €2; so small that for every i =1,2,... K
2N 4
T 1 . 4.6
bi pl”( +p(z\r+2)><N+2 (4.6)
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To estimate the terms Iy and I we represent them in the form

K
i ; p(x)+2(r=1) ; p()tr—1iv
I] = ZI]('L)’ Il(l) = /uQﬁE 2 (V’LL) d(I}7 Iél) — /|u|ﬂe 2 (V’U/) dr
[N

i=1 O

Recall that v € (0,1). By the Young inequality, for any A > 0

() p(x)+r
I’ < )\/ﬁe 2 (Vu)dx + C)
Q;

i

p(z)+r Py +r
g)\/ﬁe 2 (Vu)dx + Cy 1—|—/|u| 1=v dx
Q;

Q;
p(x)+r P+
= / Be = (Vu)dr+ / |+ Oy 1—|—/|u| 1=v dx
Q:n{|Vu|>1} un{|Vu|<1} Q
For e € (0,1)

@)+ (2)4r—2 2617(1);&72 (Vu)|Vul? if [Vu| > 1

Bt (V) =80T (V)@ [Vuf) < Q7RI R e

(1+e2)= otherwise,

which entails the estimate

(i) p(x)+r—2 5 Pl +r
I §2/\/6E 2 (Vu)|Vu| dac—l—C’A/|u|ﬁ dx + C.
Q

The second integral on the right-hand side is estimated by the Gagliardo-Nirenberg inequality:

o o o0 (1—
lullg 0, < CillVull?? o, 5o, + Callulls g, SOVullp? o + oMy, = Cy M
with
pj+r> F4+r>p; 0 pze(Ol) ! L 2 9+1_9
= — . T . = — —_ = —_— _—
1—u " Pi Pi s o T o p; N 2
Such a choice of the parameters o, 6 is possible if
- N
1/:1—p’—j_r— with r, <r <r*.
D; N +2

Gathering the estimates on IQ(i)

b <2)\K/ﬁe ¥ (Vu)|Vu|2dm+C,\Z/|Vu|pl dr +C

zIQ

<2\K ﬂe E Vu)|Vu|2dx+C/\/|Vu|p(m) dr + C’

=2\K BE E Vu)|Vu|2dx+C” C" = C"(N,\,p, 7, |Q|, Mo, My).

and using the Young inequality we finally obtain: for every A € (0, 1)
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To estimate I 1(” we first use the Young inequality: since ]\2,—12 < p; by assumption, then for every e (0,1)

—~ N+2

PSR 4 X/ﬁ?(vfu) dz, k= (p(x)+2(r— 1))77%3? T (4.8)
i 2N
To estimate the second integral, let us claim that 0 < xk < p(x) + r on £, i.e.,
plx)+r [ _ 2N
0 2(r—1 o — .
<ple) +20r 1) < B (7 - 2
In this double inequality the first one is fulfilled by the choice of 7:
0= s +20r —1) <p~ +2(r —1) < pla) + 20— 1)
N2 P~ r p(z r .

The second inequality is fulfilled if

. pr+r( _ 2N L p; +7r 2N
to(r—1 -_ ) o + 2 e
p; +2(r—1)< (pz N2 (7 —pi)+7r< b N+D

b;
which is true because of (4.6) and the condition r < r*. By the Young inequality

5 pa)tr (262)% if |Vul <,
5 2 (VU) <1 —+ ﬁe (Vu) <1 + p(z)+r—2
28 2 (Vu)|Vul* if [Vu| > ¢

p(z)+r—2
<C+28" " (Vu) |Vl

It remains to estimate the first integral in (4.8). By the Gagliardo-Nirenberg inequality

Nis
/‘“|p1 W d$<Cl(Mo)||VUH o) 1 C2(M)
Q;

with
1__ N N
2 (N+2)
0 = By € (0,1)
N+2 1~ N9 ’
2N p; +
whence

p(z)4r—
I < 2)\/6 2 (vu)\vu|2 dx + C’/|Vu\p(”) dz +C".
Q Q

Gathering the estimates of I; for |I| and choosing A, X so small that 2AK + 2\ < 1, we arrive at the desired
estimate (4.3). O

The assertion of Lemma 4.1 easily extends to functions defined on the cylinder Q7. Let us recall the
notation z = (x,t) € Qr = Q x (0,T") and re-define

p(z)—2 (2)—
Ye(z,8) = Be 2 (s) = (62 + |s|2)p 2 2, e>0, seRVN.
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Theorem 4.1. Let 0Q € Ct, u € CL([0,T); C3(Q)) and u =0 on 02 x [0,T]. Assume that

p(2) : Qr — [p_,p+], pi = const,

p(-) € C%(Q) with the modulus of continuity w,

2N
N +

< P, esssup |Vp| =L, (4.9)
Qr

/ 2, V) [ug, |* dz < oo, sup [u(t)|l3.q = Mo, / |VulP®) dz = M;.
(0,7)
Qr

Then for every

2 I 4dp~
—— = <r<r =
N +2 p~ (N +2)+2N

and every ¢ € (0,1) the function u satisfies the inequality

p(z)+r—2
/ Be 2 (Vu)|Vul*dz <o / Ye(z, V) |tz |* dz + C | 1+ / VulP®) dz | | (4.10)
Qr Qr Qr

with an independent of u constant C = C(N,0Q, T, 8, p*,w,r, My, My).

Proof. Since the exponent p(z) is uniformly continuous in Q, then for any r, < 7 < r* there exists a finite
cover of Qr composed of the cylinders Q¥ = Q; x (t;_1,t;), i = 1,2,..., K, such that

K
to=0, tx=T, t;,—1t,—1=0p, QTC UQ(Z), 08 €C2,

=1

pf—rg(agw( 2), p; —Icrgl(u)lp( z),

Fop (14 2N < 4 i=1,2 K
p; —D; (N +2) N1 =12,...,K.

For a.e. t € (0,T) the function u(x,t) satisfies inequality (4.3). Integrating this inequality over the interval
(t;—1,t;) and summing the results gives (4.10). O

2N
Remark 4.1. If p = const > N

3 and u(z) satisfies conditions (4.9), then inequalities (4.6) and (4.10)

hold for every r, < r < 7r*.

Lemma 4.2. Let 92 be a Lipschitz-continuous surface and ||Vp||oo,0 = L. There exists a constant 6 = §(9%2)
such that for every u € W) (Q)

5 / uP@ ds < © / (1uP ) 1] 4+ P ] + ) (4.11)
Q

with a constant C = C(p™*, L, N,09).

Proof. By [19, Lemma 1.5.1.9] there exists § > 0 and p € (C*(Q))" such that -n > § a.e. on 9. By the
Green formula
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/\uv’(w dS</|u\p (1-n)dS = /dw (JulP® ) dz
o0 o0
= [ (PP 2u(Vu ) + [l 0 ul (V- ) + [P div ) do
Q
< p* x| [ |Vl do -+ (9l el [ )] da
Q Q
—|—Inszlxx|divu| / lulP®) da
<C* L N.9) [ (ju @ Tl 4 [P fu] + [P ) da
Q
Lemma 4.3. Under the conditions of Lemma 4.2, for every X\ € (0,1) and € € (0,1)
Jlurras < [+ ) 4 [wup £ ¢4 / [ufP®) dz + / WO fullds+ Cs (412)
o0

Q

with constants Cy, i = 1,2, 3, depending on N,p*,L,00, X, but independent of u.

Proof. By the Cauchy inequality, for every A € (0, 1)

[ul?™ |Vl = ( &+ [uf)"7 (Vi) T (A + ful?) 7 [u2 V)
A + [uf?) "7 | Vul? + i(€2+|u|2)1fg|u|2(p,1)
<A@ +uP) T [Vuf? + (€ 4 uf?) 5+
N+ )" [Vul? + (& + [uf?)?
ME + [uf?) "2 [Vul? + C(1 + [uf?).

Inequality (4.12) follows now from (4.11).

O

N

N

Lemma 4.4. Let 0Q € C?%. Assume that the functions p(x) and u(z) satisfy the conditions of Lemma /.1.

Then for every A € (0,1)

[2}9)

/|vu|p<w> ds < A/(& V)P
Q

Q

dx +C 1+/|Vu|p(x) dx

(4.13)

with a constant C depending on X and the constants p*, L, My, My in (4.1) and 0, but independent of u.

Proof. Applying (4.12) to u,, we obtain

/\Vu|p<r> is < A/(é V)23

o0

+Cl/|w|?<x> dx+C’2/|Vu|p(z) In |Vu|| dz + Cs

Q

dx

(4.14)
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with independent of w constants M, L, K. For every 0 < § < p~ and r from inequality (4.3)

p—0 11 < C'(p~ if <1
|Vu|p(:”)\ln|Vu|| < |Vu| (|Vu| | n|Vu||) <C'(p—,0) if [Vu| <1,
V[P (|Vu| =" In | Vaul]) < C"(p~,7) [VulP@Fif |[Vu| > 1.

Thus, there exists a constant C' such that

|Vu\p(z)| In|Vul| < C(1+ |Vu|p(z)+r) in O

and (4.13) follows from (4.14), (3.6) and (4.3). O

Theorem 4.2. Let us assume that p(z) and u(z) satisfy the conditions of Theorem j.1. Then for every

A€ (0,1)

p(z)=2

/ |VulP*) dSdt < A /(e2 +VuP) 7 |ugePdz+C [ 1+ / (VP dz
a0 x(0,T) Qr Qr

with an independent of u constant C = C(\, N,p™, 00, T, L, My, My).

Corollary 4.1. Under the conditions of Theorem 4.2

p( p(z)—=2

(€ + |Vul?) Z%‘2|vu\2d5dtgA/(e2+|vu|2) 3 a2 dz + C 1+/|Vu|p(z)dz
o0 x(0,T) Qr Qr

with an independent of u constant C'.

Proof. The inequality is an immediate byproduct of Theorem 4.2 and the inequality

o( p(2)

(€ + |Vu)?) T2 Va2 < (& + [Vu) 5 < o1+ [VuP®). o

5. A priori estimates

We are in position to estimate every term on the right-hand side of (3.7).
(a) By (4.5) and Lemma 4.1
p(z)+r—2
/|Vu£m)|2’ys(z, Vul™) In? (2 + [Vul™|?)de < C | 1+ /56 2 (Val™)| Vul™ 2 da
Q Q

<61 [ e VU)W P+ C | Lt [ IV de
Q

with an arbitrary §; > 0.
(b) The term

p(z)=2

Ipg = — /(e2 + |Vul™ 32 (Augm)(Vugm) ‘1) — Vul™ . v (V™ n))
9

is estimated with the use of Lemma 4.3 and the following known assertion.

[m3L; v1.291; Prn:18/08/2020; 8:27] P.18 (1-31)
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Lemma 5.1 (Lemma A.1, [8]). If 9Q € C? and u € W32(Q) N W, (), then

as

pa] < L/(62 V)2
o0

with a constant L = L(0NY). Moreover, Ipq > 0 if 02 is conves.

Gathering Lemmas 4.4 and 5.1 we arrive at the following estimate: for a.e. t € (0,7T)

/(6 V™ 2) 252 g \2d5<62/%(z, Yl ) ul™ P de + C 1+/\vugm>|ﬂz> | (5.2
o0 Q Q

with an arbitrary do > 0 and a constant C' independent of € and m.

Lemma 5.2. Under the conditions of Lemma 3.2

p()2

|(u(m))m|2 dz

€

Qr (53)
< Ce”T (1+|[Vuolli o + 1112,

s VU0 30+ [ (4 190P)

)

(0.7;Wy 2(Q)))

and

/ |Vul™ PG+ 42 < C" for any 0 < r < il (5.4)

¢ = p (N+2) 12N

Qr
with constants C', C', C" independent of m and €.
Proof. Substitution of estimates (5.1), (5.2) into (3.7) leads to the differential inequality

. _ m p(z m
3V () + ({25} = 5= 61 = = 1) [( 4+ [Vul )" ol
¢ (5.5)

<Co+C / [Vul™ PP da + Cal|Val™ ()13 o + CslLf ()12 g

with constants C;, i = 0, 1,2, 3, depending on the data but independent of m and e, and arbitrary positive
81, 2. Choosing d; so small that min{2, p~} — (1 +8+8; +d2) = p > 0, multiplying by e~2¢2* and dropping
the second term on the left-hand side, we transform (5.5) into the differential inequality for ||Vu£m)(t) 13.0:

d - m - m z
& (Va0 ) < Ce2 |1 [ 19umIPE do 1)y,
Q

Integrating in ¢ and using (3.4) and (3.5), we finally obtain: for every ¢t € (0,7)

IVa™ ()3 0 < C*T (|| Vuoll3 o + " (1 + [luol3.o + 1/13.0,) + IV /13.q,)

< CeC'T (1 + ||u0||W1 20) T Hf||L2(o ;W' 2(9)))
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Now we substitute this estimate into (5.5) and integrate the result in ¢. Plugging (3.5), we arrive at the

3’2(9))>'

Estimate (5.4) follows then from Theorem 4.1. It is sufficient to prove (5.4) for r € (r.,r*) with r., r*
defined in (4.2). Fix some r € (r.,r*), define Q% = Q7 N {p(z) +r > 2}, Q7 = Qr N {p(z) +r < 2} and
represent

inequality

Qr

(ugm))m|2 dz < ceC'T (

/|Vu m)|p+rdz—/|Vu m)|p+rdz—|—/ =1 +1 .

QT QT

Then

I, < /5 vu<m )| Vul™ 2 dz < /5 vu<m>)|vu<m>| dz
Qr

and estimate on I follows. To estimate I_, set By = Q7 N{z: \Vuem)| >eh, BL=Qrn{z: |Vuem)\ < €}.
Then

I = / Vulm) P g = / (V™ )57 (Va2 dz + / P+ d

B,UB_ By B_
—L/ﬂ

<C 1+//3E (Vul™) | Vul™ % dz

(V™) Val™ 2 dz + @ T

Gathering these estimates and applying Theorem 4.1 we obtain (5.4) with r € (r,,r*). The case r € (0, 7]
follows then by the Young inequality. O

Remark 5.1. Inequality (5.4) entails the inequality

/(e2+|vugm>|2)“z§“ dz < C, e€(0,1), te(0,r%), (5.6)
Qr

with an independent of € constant C'.
Lemma 5.3. Let the conditions of Lemma 5.2 be fulfilled and

esssup |pt| < C* < 0.

T

Then the following estimate holds:

1(u™)el3. g, + sup /(62 +[Vul™ ) dr < C 1+ / [Vuo[" O da | + 1113 0, (5.7)
(0.1)

Q
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with an independent of m and € constant C.

Proof. Multiplying (3.3) with (ug-m))t and summing over j = 1,2,..., m we obtain the equality

Jaimias+ [+ 9B = vl @) de = [ 5 da. (5:5)
Q Q Q

It is straightforward to check that

2 (m) 2y 242
2 (m) 2\ 22 o (m) oy, (m)y, @[ (€4 [Vu %)
(6 + ‘Vue | ) vue V(ue )t dt p(Z)

p(2)

z 62 Ugm) B z
+ pt( )( —Z)Q(VZ) ‘ ) (1 i p(2 ) 1n((€2 + |vu£m)|2))) )

With the use of this identity we rewrite (5.8) in the form

Jaimas+ 5 @+ vump) s i
Q Q
(5.9)

p(z)

2 (m) 2y 28
_ _/Pt(f + | Vue %) (1— p(;) ln(62+|Vug”)|2)) +/f(u§m))t dz.
Q

p*(2)

The terms on the right-hand side of (5.9) are estimated separately. For the first term, we use (3.5) and (5.1):

2 (m) )2y 2
/pt(e +|v’l2le |#) 2 <1igln((€2+|vu£m)|2))> <0 1+/|vu£m)|P(z) dzx
p
Q Q (5.10)
+ Cs /(62 + |Vu£m)|2)p(22) In(e? + [Vul™|?) da.
Q
The second term is estimated by the Cauchy inequality:
(m) Ly iz oy Ly
Pl ede| < 1@ + 517 1B o (511)
Q

Estimate (5.7) follows after substitution of (5.10), (5.11) into (5.9) and integration of the resulting inequality
in ¢: for every t € (0,T)

p(z) p(x,0)

HMMM%AJ/Q+WWW%2MSC1+/@+Wﬁwwﬂ2 dz | +1flZg,. ©
Q Q

6. Strong solution of the regularized problem

In this section, we prove that the regularized problem (3.1) has a unique strong solution. We show first the
existence of a weak solution with u; € L?(Q7) and then prove that this solution possesses extra regularity

properties and, thus, is the strong solution.
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6.1. Ezistence and uniqueness of weak solution

Theorem 6.1. Let ug, f, p and 0Q satisfy the conditions of Theorem 2.1. Then for every e € (0,1) problem
(3.1) has a unique solution u. which satisfies the estimates

luellw(qr) < Co,

1
ess sup ||u€(t)||§Q + ||u€t||§,QT + ess sup /|Vu€|q(z) dr < Cy, q(z) = max{2,p(z)}, (6.1)
(0,T) (0,7)
Q

with a constant Cy depending on the data but not on €. Moreover, u. possesses the property of global higher
integrability of the gradient: for every

4p
5 O * *:
E( 7T )7 r p_(N+2)+2N?

there exists a constant C = C (5Q,N, p*, o, ||uoHW01,q(-,o>(Q), ||fHL2(0’T;W(}=2(Q))) such that
/ |Vu P+ dz < C. (6.2)
Qr

Remark 6.1. Due to the fact that estimate (6.2) is global in time and space, it is new even in the case of
constant p. We refer to [17] for a detailed insight into this issue, in particular, to [17, Lemma 5.4].

Let € > 0 be a fixed parameter, Q be a bounded domain with the boundary 992 € C? boundary, and let
ugm) be the sequence of Galerkin approximations defined in (3.2). Under the assumptions

uo € Wo(9), € L*((0,7); Wy (), IVpllow.ar < Css  lIPelloc,or < C

the functions u'™ exist and satisfy estimates (3.4), (3.5), (5.3), (5.4) and (5.7). These uniforms in m and €

estimates allow one to choose a subsequence uE’”) (for which we keep the same notation), and functions u.,
e such that

ugm) — u.  xweakly in L>(0,T; L?()),
Ugn) — Uet In L2(QT)a

6.3
Vul™ — Vu, in (LPO(Qr)Y, (6.3)

p(z)—2

(€ + |Vul™ %) vul™ i (LFO(Qr))N

The assumption p~ > 13—12 yields the inclusions
Wo PR (Q) c WP (@) < LA(Q).

Since u{™ and (ugm))t are uniformly bounded in L>(0,T;Wy? (Q)) and L>°(0,T; L*(Q)), it follows
from the compactness lemma [23, Sec.8, Corollary 4] that the sequence {ugm)} is relatively compact in

C([0,T); L3(Q)), i.e., there exists a subsequence {ugmk)}, which we assume coinciding with {ugm)}, such
that u™ — u, in C([0,T); L3(Q)) and a.e. in Q7.
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Let us define

P = {7/J CY = Zwi(t)aﬁi(x), Y € C’l[O,T]} .

=1

Fix some m € N. By the method of construction uﬁ’") € P, Since Py C P, for k < m, then for every

&, € Pr with k < m

/ WM dz + / (€ + |[Vul™|2) 22 vul™ . Ve, de = / féx dz. (6.4)
Qr Qr

Let £ € W(Qr). Take a sequence {£x} such that & € Py and & — £ € W(Qr). Passing to the limit as
m — oo with a fixed k, and then letting k& — oo, from the above equality we infer that

/uetfdz—k/m Védz = /f&dz (6.5)
Qr Qr

for all £ € W(Qr). To identify the limit vector 7. we use the classical argument based on monotonicity of

the function 7.(z,s)s = (¢ + |s\2)p(zzzfzs (RN — RV,

Lemma 6.1. For all z € Qr, £, € RN, (C#€¢) and e > 0

(7e(2, Q)¢ = 7e(2,6)€) - (€ =€) = 0. (6.6)

Proof. Let ¢ # £. The straightforward computation shows that

p(z)—
2

()€ =501 (€= ) = [ 45 +166+ (1= 0)GI)"F 06 + (1= 0)0)db - (6 ~ ¢
0

p()2

1
/ e 1106+ (1 - 6)C) " [(p(2) — 2) cos(77) + 1] dbe — |2
0

eP(2)—2 if p(z) > 2,

> € -] / +16¢ + (1= 6)(| )p() do if p(z) € (1,2),
0

E-¢ _ CH0E=Q)
E=a " T fcrag—or

d

where u, v are the unit vectors u =

Equality (6.4) is true for & = ul™. By virtue of (6.6), for every ¥ € Py with k <m

0= [l dz v [(@ 4190 uR s - [l ds
Qr Qr Qr

> / (ul™)ul™ dz + / (@ 4 |V2) "V - V(™ — ) d
Qr Qr

+ /(e2 + | Vul™ 2) 55

Qr

m) e dz — / ful™ dz.
QT
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Let us pass to the limit as m — co. Using the limit relations (6.3), the fact that u{™ (u{™); — ucue as the

product of weakly and strongly convergent sequences, and substituting (6.5) into the resulting inequality,
we find that for every ¢ € Py

0> [ ueugdz+ [ (€ + \V1/)|2)p<22)72 Vi -V(ue —)dz+ [ ne-Vodz — | fucdz
Q[ Q/T Q/T Q/T
= [ (@ +196P)" Vo - n) - V(- ) d.

Qr

Since |Jg—, Py is dense in W (Qr), the last inequality also holds for every ¢ € W (Qr). Let us take 1) = u+A¢
with A > 0 and an arbitrary £ € W(Qr). Then

A (€ + |V (ue + A1) TV (ue + A — e ) - VEdz < 0.
11 "

Simplifying and letting A — 0 we find that

/ ((62+|Vu€|2>“23’2w€—m) VEdz <0 VE e W(Qr),
Qr

which is possible only if

/ ((€+ V) "4 Vu, —n,) - Vedz =0 ¥ € W(Qn).
Qr

p(z)—2
2 Vue. The

Thus, the limit function u. satisfies identity (2.3) with the regularized flux (€2 + |Vu.|?)
initial condition for wu, is fulfilled by continuity because u. € C°([0,T]; L3(Q)).

Uniqueness of the weak solution is an immediate byproduct of monotonicity of the function 7.(z,s)s.
Let w1, ug be two different strong solutions of problem (3.1). Combining equalities (2.3) for u; with the
test-function uy — ug, using (6.6) and the formula of integration by parts (2.2) we find that

Jur — w23 o(t) <0 forae. t € (0,7),

whence u; = us a.e. in Q.

Let us prove estimates (6.1), (6.2). The uniform with respect to e estimates (5.3) and (5.7) allow us
to choose a subsequence of {ué”“} which satisfies (6.3) and also |Vu£m)|q(f”’t) — | Vu |9 xweakly in
L>(0,T; LY(2)), q(x,t) = max{p(z,t),2}. Estimate (6.1) follows now from the lower semicontinuity of the
norm and the modular p,.)(s) = / |s|"@) da with r(z) € CO(Q), r(x) € [1,rT], 7T < oo (see [15, Th. 3.2.9]).

Q
For every ¢ € (0,r*), inequality (6.2) follows in the same way from the uniform estimate (5.4).

6.2. Second-order regularity

2N 6

L 6.2. If p~ > —_ =
emma 'fp _max{N+2,5

}, the function h(s) = v.(z,s)|s|? is strictly convex with respect to s.

Proof. Fix two points &,¢ € RY, € # ¢, and consider the function

F(r) =ve(2, 7€+ (1= 7)Q)I€ + (L= 7)¢%, 7€ [0,1].
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Let us accept the notation o = |7¢ + (1 — 7)¢|? and n = é — §| . The straightforward computation gives

F'(r) = |6 = (P(€ +0)" % 7 [(po + 26 (0 + ) 4 (0 2) (0o +46%) (7€ + (1= 7)¢0)°]
Obviously, F”() > 0 if p(z) > 2. Let 1 < p(2) < 2. Since (7€ + (1 — 7)¢,1)? < o, we obtain:

F'(7) 2 [€ = (2 + 0) "5 2 [(po + 262)(0 + €2) + (p — 2)(po + 4€?)0]

= 16— (e +0) "2 2 [p(p — 1)o? + (5p — 6)oe? +2€1]

whence F” > 0 for all £ # ¢ and € > 0, provided that p~ > O

(S8 e

The proof of stronger convergence properties of the sequence Vugm) stems from the following general
result on the convergence of sequences of functionals. For convenience, we formulate it in the form already
adapted to our problem.

Proposition 6.1 (Theorem 2.1, Corollary 2.1, [20]). Let F(2,8) : QrxRY — R be a sequence of nonnegative
functions, convex with respect to s for every z € Qr and locally uniformly convergent to a function Fo(z,s)
as m — 00, which is essentially convex with respect to s for every z € Qr. Assume that F,(z,8) > a(|s|*+1)
with some constants a > 0, a > 1. If vy, € (L*(Q7))YN, vy — vo in (L5(Q7))N, s > 1, and

/.Fm(z,vm) dz — /]:O(z,vo) dz < o0,
QT Qr

then

/\vm—vo|0‘dz—>0 as m — 0o.
Qr

Theorem 6.2. Let the conditions of Theorem 6.1 be fulfilled.
(i) If N>3or N=2andp~ > ¢, then
Vugm) — Vue a.e. in Qr.
(ii) Under the conditions of item (i) 'yé (2, Vue)Dyue € L2(0, T; WH2(Q)), i = 1,2,..., N, and
||%% (2, Vue) Diuel| 20, mswr2 )y < M, i=1,2,...,N,

with an independent of € constant M.

2N .
(i) If N >2 and p~ > N2 then ijuE € Lfo(c)(QT N{z: p(z) <2}),4,j=1,2,...,N, and

N
Z HD?er||p(~)7QTﬁ{Z:p(Z)<2} <M

i,j=1

with an independent of € constant M'.
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Proof. (i) It is already shown that vul™ —~ Vu, in LPO)(Qr) as m — oco. By Lemma 6.2 the function
Ye(z,8)[s|? is strictly convex with respect to s. According to (3.6)

pt —
(1427 ) + 7z 9)lsf = 14 |5 = Jsfr (6.7)
By virtue of the energy equalities (6.4), (6.5) and the limit relations (6.3)

/’ye(z, Vul™)|Vul™ 2 dz = — /ugn)ugm) dz + / ful™ dz
Qr Qr Qr

—>—/u6tuedz+/fu6dz: /’yﬁ(z,Vue)|Vue|2dz as m — oo.
Qr Qr Qr

Now we apply Proposition 6.1 with F,,,(z,s) = 7.(2,s)|s|? + M and a sufficiently large positive constant M.
It follows that Vugm) — Vu, a.e. in Qr, whence

,YE% (z, vugm))vugm) N ’Ye% (z, VUE)VUe a.e. in Q7. (6'8)

(ii) According to (5.3) and (5.6), for every i,5 =1,2,..., N

HD (% (z, Vu(m))D u(m)>H2Q
T

= (Q/ Ye(z, Vul™) W) ? dz + / (€ + [Val™ )" | In(e + |Vul™ )| dz

(2 + |Vul™|?)| dz

< 1+/(e2+\vugn>|2)“2)
QT

< C/% (z, Vul™ ) ul™) 2 dz 4+ C" [ 1+ / |VulmpEte g,
QT QT

S M’ M = M(||u0||W01’2(Q)7 ||f||L2(0’T;W01’2(Q))7vai7w7aQ)7

whence the existence of a subsequence {ugm’“)} (we may assume that it coincides with the whole sequence)
such that

1
D; (73 (z, Vugm))Djugm)> —ni; € L*(Qr) as m — occ.
By (5.4) there exists § > 0 such that
1 p(z)
I7e (2, Vul™) Djul™ [l215.00 < (€ + [Val™ 2) 5 2150, < C

1
with a constant C' independent of m and e. Since & (%, Vugm))Djugm) are uniformly bounded in L**°(Q7)
and converge pointwise due to (6.8), it follows from the Vitali convergence theorem that

7 (2, Vul™) Dul™ — 7Z (2, Vue) Djuc in L2(Qr).
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For every ¢ € C*°(Qr) with supp¢ € Qr and 4,5 =1,..., N

(0 (3 .Vl D) 0) | == (3 (2. Vul) D™ Dis)

1
— — (’yﬁ (2, Vue)Djue, DZ-(b) as m — oo.
2,QT

Thus, it is necessary that

ya

(2)—2
nij = Di (€ +Vul) ™57 Djuc) € L2(Qr) and |yl g, < M.

(iii) Let us denote Q7 = Qr N {z: p(z) < 2}. By Young’s inequality, (3.5) and (5.3), for every D € Q

P pe

D D

p(

7 dz < C

< [l TP P+ [ 419
D D

with a constant C' independent of ¢, m and D. It follows that there exists x € LP()(Q7) such that ijuﬁ”“ -
x in LPO)(D) (up to a subsequence). Since vul™ — Vu, in LPO)(Qr), for every ¢ € C®(Q ) with
supp ¢ € Qp

(

(X? ¢)2,QT = Tr}gnoo(D?]uem)a ¢)2,QT = (Dlugm)a Dj¢)2,QT = (Diuea Dj¢)2,QT .

— lim
m—0o0
It is necessary that y = ijue, and HD%Uer(J,D < C by the lower semicontinuity of the modular. O

Remark 6.2. Let u. be a solution of problem (3.1). The regularity of the regularized flux

p(

Dy, (@ + [Vud®) "4 Do) € 12(Qn)

leads to the local fractional differentiability of Vu, see [17, Ch.6] for the case of constant p.
7. Strong solution of the degenerate problem. Proof of Theorem 2.1
7.1. Existence and uniqueness of strong solutions

Let {u.} be the family of strong solutions of the regularized problems (3.1). The uniform in € estimates
(6.1) allow us to choose a sequence {u, } and functions u € W(Qr), u; € L*(Qr), n € (L) (Q7))N with
the following properties:

Ue, — u  xweakly in L>(0,T; L*(Q)),
Ueyt — Ug I LQ(QT)7
Vue, = Vu in (LPO(Qr)™,

Ve (2, Ve, ) Ve, — 1 in (Lp/(')(QT))N~

Moreover, u € C([0,T]; L*(Q)). Each of u,, satisfies the identity
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/uekté dz + /'yek_ (2, Vue, )Vue, - VEdz = / fédz Ve e W(Qr), (7.1)
Qr Qr Qr

which yields
/ w€dz + /7] -Védz = / fédz Ve € W(Qr). (7.2)
Qr Qr Qr
To identify 7, we use the monotonicity argument. Take £ = u,, in (7.1):
/ UeytUe, Az + / Yer (2, Ve, ) Ve, - Vue, dz = / fue, dz. (7.3)
Qr Qr Qr
By virtue of monotonicity, for every ¢ € W(Qr)
[ Tua) Ve - Vo= [ 20 (2. V00T6 - Ve, = 9) s+ [ 902,V Ve, - Voo
Qr Qr Qr

= /(%k(Z,Vcb) — [VeIP*)\V - V(ue, — ¢)dz + /%k(z,Vusk)Vusk Vodz
Qr Qr

+ / ‘V(blp_QV(b : V(U,ek — ¢) dz=J1+ Jo + Js,
QT

where

Jo — /n-wdz, J3—>/|v¢|P—2v¢-V(u—¢)dz as k — oo0.
Qr Qr

Since ‘(’ygk (2,Vo) — \V¢\p_2)v¢| — 0 a.e. in Q7 as k — oo, and the integrand of J; has the majorant

p(2)

|(Veu (2, V) = [Vo[P2) V| < 2(1 + [Vg|?) 2

<C (1 + |v¢|P<Z>) :

J1 — 0 by the dominated convergence theorem. Combining (7.2) with (7.3) and letting k& — oo we find that
for every ¢ € W(Qr)

[ (96re2v6—4) - V- 9)d: >0
Qr
Choosing ¢ = u+ A with A > 0 and ¢ € W(Qr), simplifying and letting A — 0T, we obtain the inequality
J (19ap2vu—n) - vedzz 0 v wi@n.
Qr

which means that in (7.2) 5 coincides with |Vu[P(*)=2Vu. Since u € C([0,T]; L?(R2)), the initial condition
is fulfilled by continuity.

By virtue of (6.1), (6.2), the subsequence convergent to the solution may be chosen so that |Vu,, |7®!) —
|Vu|?®) sweakly in L>(0,T; L' (). Estimate (2.6) follows then from the lower semicontinuity of the
modular exactly as in the proof of (6.1).
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Uniqueness of the constructed strong solution of problem (1.1) stems from the monotonicity of the
mapping vo(z,s)s and the formula of integration by parts.

7.2. Higher integrability of the gradient

Let us fix § € (0,7%). According to (6.2) ||Vue, ||p()+5,0r < Cs with an independent of €, constant C,
which allows one to choose a subsequence (for which we use the same notation), such that

Ve, — Vu in LPOT9(Qr).

By the property of lower semicontinuity of the modular
/ |V dz < lim inf / |V, PP+ dz < Cs
k—o0
Qr Qr

with the constant Cs from (6.2).

7.8. Second-order regularity of strong solutions

2N 6

Let us assume that p~ > max {N—+2’ g} and show that Vu. — Vu a.e. in Q7. Consider the sequence of

nonnegative functions

Fe, (Z’ S) = Yex (Z,S)|S|2.

F.(z,s) are strictly convex with respect to s (by Lemma 6.2) and satisfy inequality (6.7). It is already shown
that Vu,, — Vu in LPO)(Q7). According to (7.1), (7.2)

/ (2, Vue,) dz%/Fonu)dzask%oo
Qr

and F,(z,s) — Fy(z,s) = |s|P as € — 0 locally uniformly with respect to (2,s) € Qr x RY. Indeed:

1 1
d p=
(€4 1) 57 sl — [ = If? | [ 566 +1sP) 5" o] = sl ol /ee T 1s?)" df

0 0

2 2 2=z

p— 2| e(1+sl*) = ifp=2,
< 5 2P~ .
ifl<p<2.

p

By Proposition 6.1, Vu,, — Vu a.e. in Q7.
Let us fix 4,5 € {1,2,..., N}. By Theorem 6.2

1
”Dj (752k(z7vu€k)Diu€k) HQ,QT <C

1
uniformly in ey, therefore there exists 1;; € L*(Qr) such that D; (%Qk (z, Vuek)Diu6k> — n;; in L3(Q7).

. . . . . 3 (2)
The pointwise convergence Vu,, — Vu yields the pointwise convergence v& (z, Ve, ) Ve, — |Vu -

by virtue of (6.2) ||’yi(z,Vuek)VuekH2+57QT is uniformly bounded for some § > 0. It follows from the
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p(z)=2

1
Vitali convergence theorem that v (z, Vue, )Vue, — |[Vu|™ 2 Vu in L?*(Qr). It follows that n;; =
D; (|Vu|p(z)72 Diu): for every ¢ € C*(Qr), supp ¢ € Qr,

1
_(771]7 ¢)2,QT = - kli{lgo (D] (’ng (Zv vuek)DluEk) ) ¢)2’QT
p(

- (|vu\ zz)’QDiu,qus)

1
= lim <7€2k(z,Vuek)Diuek,qub>
k—o0

2,Qr 2,QT

Let N >2and p~ > 1\2,—52 Assume that p~ < 2 and, thus, Q7 = QrN{z: p(z) < 2} # 0. Arguing as in

the proof of Theorem 6.2 we find that for every D € Q.

p(z) p(z)
[ 193z =
D

T D ) o7 90

p(z)

’}/E(Z,VUGND%U,GF dz + /(62 +|Vu?) ™2 dz < C

<

b\ U\

D

with a constant C independent of € and D. It follows that ijuek — ¢ € LPY)(D) (up to a subsequence).
Because of the weak convergence Vu,, — Vu in Lp(')(QT), it is necessary that ( = iju. The estimate
| DFjullpy,p < C follows from the uniform estimate on D7, u..
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