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Abstract—In this paper, a synthetic aperture radar (SAR)

approach, for imaging internal structures of generally lossy
layered dielectric cylindrical objects, is presented. This
method which properly accounts for different transmission
and refraction path at each boundary between different
layers, produces a properly focused image of embedded
targets. This approach is also capable of addressing imaging
needs for asymmetrical multi-layered cylindrical bodies.
Consequently, this approach overcomes the limitation
associated with the conventional methodology, in which
free-space propagation is assumed. The calculation method
of angular sampling criterion for circular and cylindrical
SAR (i.e., circumferential and in height) are also presented.
Electromagnetic simulations are performed on a threelayer cylindrical object, symmetrical and asymmetrical,
with embedded targets to validate the approach. In
addition, representative measurements are conducted at Xband (8.2-12.4 GHz) demonstrating the effectiveness of the
approach for practical nondestructive evaluation
applications.
Index Terms—Synthetic aperture radar (SAR), microwave
imaging, circular SAR, cylindrical SAR, time reversal.

I. INTRODUCTION

S

YNTHETIC aperture radar (SAR) imaging techniques have
been used for a number of applications including screening
for concealed weapons, airport security, nondestructive
inspection, and others [1]-[4]. Wideband SAR imaging
techniques render high-resolution 3D and real-time images of
objects and scenes, significantly contributing to their continued
proliferation [5]-[6]. While for nondestructive testing (NDT)
applications most of SAR imaging developments have involved
planar structures, there is a great need to develop an imaging
method that addresses inspection of cylindrical structures, such
as pipes, holding tanks, etc.
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For airborne SAR imaging systems circular scanning (i.e.,
circular synthetic aperture) enables viewing of an object or a
scene from multiple views (angles), resulting in the approach
known as circular SAR (C-SAR) [7]-[13]. For C-SAR which
only scans an object circumferentially and does not scan along
the height direction. Consequently, it is not able to provide
better resolution along that direction. Many imaging
approaches have been proposed based on Green’s function,
Fourier, back-projection and time reversal algorithms [7]-[8],
[10]-[13]. Electromagnetic time reversal imaging algorithm has
also been successfully used in a number of imaging applications,
such as acousto-eletromagnetic wave interaction imaging,
through wall imaging, to name a few [14]-[20].
When better resolution along the height direction is desired,
then a cylindrical, rather than a circular scan one, must be
performed [21]-[23]. This is commonly referred to as
cylindrical SAR and is shown in Fig. 1a for a three-layer
cylindrical composite structure. In this case, C-SAR simply
refers to considering and analyzing a slice of the cylinder, as
shown in Fig. 1b. Most C-SAR or cylindrical SAR applications
consider free-space as the imaging domain. However, for many
practical industrial applications, involving nondestructive
testing of layered dielectric structures, such as pipes, made of
plastics, fiberglass, high-density polyethylene (HDPE) and
Polyvinyl chloride (PVC) that carry fluids and chemicals, this
assumption no longer holds. If the free-space imaging
background assumption is used for these cases, the resulting
image will not be focused properly and the object of interest
may not be identified all together. Commonly for these
applications, the geometry of the layered cylinder (i.e., radii of
layers, their dielectric properties, etc.) are known. Furthermore,
for the materials mentioned above their dielectric properties fall
in the category of low permittivity and low loss materials (for
example see [24]-[25]). Consequently, for these specific
applications the objective of inspection will be to localize an
internal flaw or anomaly within the layered cylindrical structure.
It must be noted that the method is applicable to any foreign
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object debris (FOD) that may find its way into such cylindrical
bodies, as long as they have sufficient/measurable dielectric
contrast with the host medium. However, to demonstrate the
efficacy of the technique small cross-sectioned cylinders (in
cross-section representing a point target) are used in this
investigation.
A SAR approach based on modeling field propagation by
Green’s function for multi-layered planar media, implemented
by efficient Wiener deconvolutions, has been demonstrated for
nondestructive inspection and imaging purposes [4], [26], [27].
Green’s function-based approach can also be used for multilayered C-SAR and cylindrical SAR imaging. Although this is
an efficient method, for a given layered structure its appropriate
Green’s function must first be derived, which often requires
symmetric features in the structure (i.e. perfect cylinders). This
approach has been successfully implemented for such
cylindrical geometries [28]. After the Green’s function has been
computed, the computational cost of the approach (i.e., Wiener
deconvolutions) is determined by (𝑃𝑁𝑀 log(𝑁𝑀), where N
and M are the total number of points along the height and
azimuth directions, respectively, and P is the total number of
concentric rings (i.e., radial) considered to build the image.
However, using time reversal imaging approach does not have
this geometrical constraint (i.e., symmetry requirement) and is
more general, and can be readily extended to arbitrary
measurement and object shape domains, even though it may not
be as computationally as efficient. This important feature will
be illustrated in Section III. A time reversal C-SAR imaging
approach based on Fermat’s principle has been proposed for
human head and body imaging, which is considered as a twolayer lossless structure [29]-[30]. However, to the best of
authors’ knowledge, C-SAR and cylindrical SAR imaging for a
generally lossy and multi-layered structure use of this method
have not been reported.
In this paper the method for calculating the forward
transmission and refraction paths of electromagnetic waves in a
generally lossy cylindrically multi-layer structure is proposed.
Then, time reversal imaging algorithm is used to obtain SAR
image of the multi-layer circular and cylindrical structure.
Multiple reflections have not been included in the analysis. If
the layer to-be-imaged is made of a lossy material, or if the
permittivity contrast between layers is not large then the
multiple reflections will be negligible and are not considered in
this paper. In addition, if there are many high lossy layers, the
absorption of each layer would be strong enough such that it
would limit the penetration depth and image deeper layer.
However, the method proposed in this paper could be used to
general cases without the extreme cases discussed above.
Moreover, in contrast to other approaches such as the Green’s
function scheme, it provides for analyzing nonconcentric (i.e.,
asymmetrical)
cylinders.
Since
the
transmission/refraction/reflection model used in this paper is
based on Snell’s law, which is formulated for the interface of
homogenous media, the presented approach is only valid for
layers made of homogenous material. However, it is important
to note that this homogeneous layered model encompasses most
of the standard nondestructive evaluation applications. A
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discussion of the sampling criterion is also provided.
II. THEORETICAL FOUNDATION
This section which comprises of three parts outlines the
derivations of proposed method is parts A and B. The former
elaborates the details of the transmission and refraction models
for multi-layer circular and cylindrical structures. The latter,
shows how time reversal algorithm given in part B is
incorporated into the model in part A for obtaining the final
image. Part C outlines the sampling criteria of the proposed
method.
A. Transmission and Refraction Models for Multi-Layer
Circular and Cylindrical Structures
Fig. 1a shows a cylindrical structure made of three generally
lossy dielectric layers. As shown, an antenna/probe is used to
measure the reflection coefficient along the height and around
the cylinder (as also done in the experiment described later).
The corresponding circular version of this structure (i.e., a slice
through the cylinder) is shown in Fig. 1b. The three-layer
structure, as shown in Fig.1b, will be analyzed first. Then, the
formulation is expanded to the cylindrical case (i.e., Fig. 1a). In
Fig. 1b, S1 represents one of the measurement points, P
represents a point target located in the third layer and O is the
center position of the circular structure. Each layer represents a
generally lossy dielectric
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cos  2 t and cos  3t respectively. 1 and  2 represent the phase

Upper semi-circle

y

of cos  2 t and cos  3t respectively. If two neighborhood layers
both are lossless materials, the corresponding complex
refraction angle between them will be equal to true refraction
angle, otherwise it is not. Let
q1  s1 1 cos 1  1 sin 1 
(6)

r1

r2

A2



S1


A1
 2i S3
S
 1i 2  2t  3tP

r3
O

Third layer

S1adj 

q2  s2  2 cos  2   2 sin  2 

(7)

u1  1 sin 1i

(8)

0

x

Second layer
circular scan
direction

3

u2   2 sin  2i .

(9)
The true refraction angle between each two layers is given by
[31]:
 2t  tan 1  u1 / q1 
(10)

 3t  tan 1  u2 / q2  .
First layer (air)

Lower semi-circle
(b)
Fig.1: (a) A generally lossy three-layer cylindrical structure showing the
schematic for two scan directions (cylindrical SAR), and (b) scan schematic of
a circular slice of the cylindrical structure (C-SAR).

In practice, the transmission path from S1 to P is unknown
and needs to be calculated so that the total phase shift can be
estimated at each frequency in order to apply the time-reversal
imaging method, which will be described in the next section.
Thus, the problem of finding the corresponding intersection
points S 2 and S 3 must be firstly solved. Let:

(non-magnetic) material with a relative (to free-space) complex
dielectric constant of  1 ,  2 ,  3 , and a radius of r1 , r2 and

^
^
^

 ^
S2   r2 cos 2 , r2 sin 2  , 2    ,  



(12)

^
^
^

 ^
S3   r3 cos 3 , r3 sin 3  , 3    ,  



(13)

r3 , respectively. Almost always in practical applications the
first layer is air (free-space) in which a measurement probe
scans the structure (i.e., the measurement domain).
Since the dielectric constant of each layer is different, an
incident signal undergoes refraction and reflection at each
boundary. As mentioned above, (multiple) reflections are not
considered in this work. Let us denote the incidence angle and
the true refraction angle (as defined in [31]) at the boundary
between the first and the second layer as  1i and  2t ,
respectively. In a similar fashion, the incidence angle and true
refraction angle at the boundary between the second and the
third layers are denoted as  2 i and  3t , respectively. The
complex propagation constant in each layer is given by:
 m  j m m   m  j  m
(1)
where  is the angular frequency,  and  are the phase
and attenuation constants in each layer, m represents the m th
layer. According to Snell’s law of refraction, we also have [31]:
 1 sin 1i   2 sin  2t
(2)

 2 sin  2i   3 sin 3t

(11)

^

^

where S and S 3 are the position functions with respect to the
2

^

^

variables  2 ,  3 . Let us denote the angle between the vector
^

^

^

^

line S S and S O by  2t , the angle between the vector line
2 3
2
^

^

^

^

S3 P and S3 O by  3t , the angle between the vector line S 2 S1
^

^

^

^

and S A by 1i , the angle between the vector line S3 S2 and
2
1
^

^

^

S3 A2 by  2 i . Next, replacing

1i and  2 i with  and  2i
1i
^

^

respectively in (2) and (3), then using (2)-(11), finally we can

 
 
obtain  2 t  1i  and  3t   2 i  , which corresponds to 1i and
^



^





^



^

 2 i . Define the following cost function F ,
2

2

  ^  ^    ^  ^ 
F   2t  1i   2t    3t   2i   3t  .
  
   


(3)

(14)

 2 t  1i  ,  3t   2 i  ,  2t and  3t all are functions of the two
^

and
cos  2t  1  sin 2  2t  s1  cos 1  j sin 1 

(4)

cos 3t  1  sin 2 3t  s2  cos  2  j sin  2 

(5)

where  2 t is the complex refraction angle between the first and
second layer,  3t is the complex refraction angle between the



^

^





^



^

^

^

^

variables  2 and  3 . So F is also the function with the two
variables  2 and  3 . Once (14) is minimized, it results in the
best estimated real transmission positions at the boundaries
between different layers, such that:

second and third layer. s1 and s 2 represent the amplitude of
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S
,
S

find
min
F
(15)
 2(est ) 3(est ) 
 S^  ^ , S^  ^  
2
2
3
3
     
where S 2( est ) is the estimated transmission position at the
boundary between the first layer and second layer, S3( est ) is the
estimated transmission position at the boundary between the
second layer and third layer. Solving (15) means that we should
find the estimated real transmission positions at the boundaries
between different layers, i.e. S 2( est ) and S3( est ) which are related to
^

^

the two-variable  2 ,  3 which results in minimizing F (for
example,
using
Levenberg-Marquardt
algorithm).
Subsequently, solving (15) becomes a two-variable
optimization problem. For the half-circle sub-aperture (π rad)
nearer to the pixel to-be-imaged, (15) must at most result in one
solution. For the remaining half-circle sub-aperture (π rad)
farther from the pixel to-be-imaged, there may exist a few cases
with multiple solutions or transmission paths (i.e., up to three)
for a given set of radii, dielectric constants of each layer and
positions to-be-imaged. In some cases, no solution may exist
for both half-circles. The number of solutions depends on the
dielectric constant and radius of each layer and the specific
position to be imaged. Therefore, practically we may need to
consider all possible solutions. In order to remedy this issue, we
can set several different initial possible transmission paths from
which to begin the search. After calculating the transmission
positions through different layers, the transmission paths from
S1 to P are directly obtained.
The transmission coefficients at the boundaries between
different layers, which are also required by the time-reversal
algorithm detailed in the next section, are calculated as follows
[31].
 mn    2n cos  mi  n cos  mi   m cos  nt 
(16)

 mn   2n cos  mi  n cos  nt  m cos  mi 

(17)

where  m   m /  m is the intrinsic impedance of a given
layer ( m th layer), and  mn is the transmission coefficient at the
boundary of the m th and n th layers, while “  ” and “ ”
represent perpendicular and parallel polarizations, respectively.
Considering the two-way travel associated with the incident
signal, we have:

 mn  round trip    2n cos  mi 2m cos  nt  n cos  mi m cos  nt 

2

(18)

 mn  round trip    2n cos  mi 2m cos  nt  n cos  nt m cos  mi 

2

.(19)
Assuming the transmitted signal at the measurement point S1
is E and the reflection from the point target P is denoted as Pr ,
the received signal from the point target P received at S1 is
then:
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S1P  rec    E P r 12  round trip  23  round trip  exp  j 2 k1 S1 S 2
 k 2 S 2 S 3  k3 S 3 P



(20)

 

S1P  rec   E P r 12  round trip  23  round trip  exp  j 2 k1 S1 S 2
 k 2 S 2 S 3  k3 S 3 P
where “



(21)

” represents the norm of the corresponding vector,

km    m m is the wavenumber of a given layer ( m th layer).

So when the measurement and point target positions are fixed,
the corresponding received signal can be calculated using (20)
and (21). For the case of multiple transmission paths, we need
to coherently add them after calculating each transmission path
using (20) and (21).
For the cylindrical structure shown in Fig.1a, we must also
search for the transmission positions along the z direction and
at the boundaries through different layers. Thus, (12) and (13)
are extended to include z, as follows:
^
^
^
^

 ^
S2   r2 cos 2 , r2 sin 2 , z2  , 2    ,  
(22)


^
^
^
^

 ^
S3   r3 cos 3 , r3 sin 3 , z3  , 3    ,  
. (23)


^

Now, (14) becomes a function with respect to four variables  2 ,
^

^

^

 3 , z 2 and z 3 . By minimizing this function, as shown in (24),

we can find the transmission positions at the boundaries through
different layers for this cylindrical case.
S2( est ) , S3( est )  ^ min
F
. (24)
^ ^ ^





2 ,3 , z2 , z3

For a general N-layer asymmetric circular structure, we can
use the same principle to obtain the transmission and refraction
expressions. Assuming the object of interest to-be-imaged is
located in the N-th layer (the innermost layer), (14) becomes a
function with N-1 variables, and solving (15) will become an
optimization problem with N-1 variables. For one transmission
path from the measurement point S1 to the point target P in a
general N-layer cylindrical structure, let
l1 rec    P r 12   round  trip  23  round trip  ... N 1N   round trip 
(25)
exp  j 2 k1 S1 S 2  k2 S 2 S3  k3 S3 S 4  ...  k N S N P



 

l1 rec   P r 2  round trip  3  round trip  ... N

 j2 k

1

 round trip 

exp

S1 S 2  k2 S 2 S3  k3 S3 S 4  ...  k N S N P



.(26)

For a 3D cylindrical structure, the polarization vector must be
resolved into in-plane and normal components, each depending
on the local relative geometry and the incident wave number.
For such a case, refraction is then represented by a tensor that
is applied to the incident polarization vector, to calculate the
transmitted polarization vector. Finally, the received signal
from point target P at the measurement point S1 for a general
N-layer cylindrical structure becomes:
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 a E , a E  l1 rec   
 S1P  rec   , S1P  rec          

(27)


 a  E , a E  l1 rec  
where a (a real number) represents the decomposed coefficient
along the parallel and perpendicular direction.
For any other measurement points and positions to-beimaged, the transmission path can be calculated using the same
method. Therefore, for a given frequency, once the number of
layers of the cylindrical structure, the complex dielectric
constant, radius and axis offset of each layer are known, the
transmission path and the received signal model for each
measurement point and position to-be-imaged can be calculated.

imaging, the reference signal could be built as follow:

B. Time Reversal Imaging Method
After formulating the transmission path and received signal
model for each measurement point and positions to-be-imaged,
we can use time reversal imaging method to obtain SAR images
of circular and cylindrical structures. For 2-D C-SAR imaging,
let:
S1ref  xi , y j , 1    2 round trip  3 round trip  ... N  round trip 
exp  j 2 k1 S1 S2  k2 S 2 S3  k3 S3 S 4  ...  k N S N P 
  xi , y j ,1 

measurement points along height the z-direction. The final
image of the innermost layer will then be given by:
f  xi , y j , zk     S1 rec   Z mea , 1  S 1*ref  xi , y j , zk , Z mea , 1 



 

where S1ref  xi , y j , 1 

(28)
is the reference signal with respect to the

xi , y j and 1 .  xi , y j  represents the position to-

variables

be-imaged (i.e. P ), where the aspect angle of the measurement
points, 1 , is measured from the x-axis to the measurement
point, (S1) in Fig. 1b. So, 1 , is between (0, ) and (0, -) for
the upper and lower semi-circles in Fig. 1b, respectively.
Considering polarization, we need to use  n  round trip  or

 n  round trip  to replace  n  round trip  in (28). The final image of
the innermost layer will then be given by:

f  xi , y j    S1 rec  1  S1*ref  xi , y j , 1 





1



(29)



 
S P  
 

S1ref  xi , y j , zk , Z mea , 1   exp  j 2 k1 S1 S 2

 k2 S2 S3  k3 S3 S 4  ...  k N



where S1ref xi , y j , zk , Z mea , 1



N

xi , y j , zk , Z mea ,1

(30)


is the reference signal with

xi , y j , z k , Z mea , and 1 .  xi , y j , zk 

respect to the variables

represents the position to-be-imaged, and the aspect angle of the
measurement points. Z mea represents the position of the

Z mea 1

where f  xi , y j , zk  is the value at position

(31)
x
,
y
,
z
 i j k ,

S1 rec   Z mea , 1  is the received signal measured at the angle 1

and the position Z mea along the z-direction.
C. Sampling Criterion for Multi-Layer Circular and Cylinder
SAR
For multi-layer C-SAR, assuming S1 adj  is the adjacent
measurement point to its previous measurement point S1 , let:

S1 adj  ( rec )  E 2 adj  round trip  3 adj  round trip  ... N  adj  round trip 

 

exp  j 2 k1 S1 adj  S 2 adj   k2 S 2 adj  S3 adj 
 k3 S3 adj  S 4 adj   ...  k N S N  adj  P

(32)



where S1 adj  ( rec ) is the received signal from the target position
P (located in the innermost layer) measured at the position of

S1 adj  . Defining the following function which represents the

where f xi , y j is the value at position xi , y j , S1 rec  1  is

phase difference between two consecutive sampling points with

the received signal measured at the angle 1 and the superscript

respect to the variables

“*” denotes conjugate.
Therefore, for a generally lossy and multi-layered 2D circular
structure, we can use (28) and (29) to accurately reconstruct the
SAR image. For 3D multi-layered cylindrical structure, due to
the complicated tensor representation of polarization vectors,
we can use the following method to simplify the model and to
obtain a closely representative image of the structure. In general,
for a multi-layered low-loss structure, the imaginary part of the
material permittivity is much smaller than the real part.
Therefore,  in (18) and (19) becomes nearly a real number and
the phase part of  is approximately equal to 0. Since SAR
imaging relies on the constructive coherent addition to form an
image, only on the phase change due to travel time, not the
amplitude of the signal, becomes critical and as such  and a
in (27) need not be considered. Thus for 3D cylindrical SAR

xi , y j , 1 and 1sp , we get:

    exp   j
   exp  j  S



G  xi , y j , 1 , 1sp    exp j S1 rec 



 S1 adj  ( rec )





 

1 ref 

xi , y j ,1 ,1 sp

exp  j S1 adj  ( ref )

 

xi , y j ,1 ,1 sp

(33)



where “  ” represents angle calculation operation of the
corresponding complex number, and

 x , y  is
i

j

the object

target position to-be-imaged. 1    ,   represents the
aspect angle of the measurement point S1 , S1 adj  ( ref ) is the
reference signal associated with S1 adj  ( rec ) , and 1sp is the
angular sampling step between two adjacent measurement
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points. Defining the following function with respect to the
variable 1sp , we get:
H 1sp   max G  xi , y j , 1 , 1sp 

(34)

xi , y j ,1

H 1sp 

where

represents

the

maximum

value

of

G  xi , y j , 1 , 1sp  for all of xi , y j and 1 when the angular
sampling step space is fixed at 1sp . In order to reconstruct the
image of innermost layer without spatial frequency aliasing,
according to the Nyquist sampling criterion, the angular
sampling step space of measurement points must meet the
following condition:

H 1sp    .

(36)

Let 1sp  critical  be the solution to (36). Then, if 1sp  1sp  critical  ,
we have an “over-sampled” case. Otherwise, if 1sp  1sp  critical  ,
we have an “under-sampled” case. In practical applications, we
need to use the over-sampling number of the measurement
points for imaging if we want to prevent spatial frequency
aliasing. Similarly, for a multi-layer cylindrical SAR case, (34)
will be extended, as follows:
H 1sp , Z sp  
max G  xi , y j , zk , Z mea , 1 , 1sp , Z sp  (37)
xi , y j , zk , Z mea ,1

where

H 1sp , Z sp 

represents the maximum value of

G  xi , y j , zk , Z mea , 1 , 1sp , Z sp  when the angular sampling step
space and sampling step space along z-direction are fixed at
1sp , Z sp , respectively. The largest angular sampling step
space and sampling step space along z-direction of the
measurement points for properly reconstructing the image of
the innermost layer without aliasing is the solution of the
following:

Let,



1sp  critical 

H 1sp , Z sp    .

, Z sp  critical 



solving (36) and especially (38), we can start with an initial
guess for the sampling steps, as long as it meets the sampling
criterion in (35).
In addition, for the half-circle sub-aperture farther from the
location to-be-imaged, it is not easy to define and evaluate the
sampling criterion since multiple (i.e., two or three) solutions
may exist, as discussed in Section II-A. So we just apply this
sampling criterion into the half-circle sub-aperture nearer to the
location to-be-imaged and ensure this half-circle sub-aperture
is over-sampled.
The above analysis is for the target to-be-imaged which is
located in the innermost layer. For a target in other layers,
similar formulation can be followed.

(35)

Equation (34) is a monotonically decreasing function with
respect to the variable 1sp , so the largest angle sampling step
space of measurement points for reconstructing the image of
innermost layer without loss is the solution of the following:

H 1sp    .
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(38)

is the solution of (38). If

1sp  1sp  critical  , Z sp  Z sp  critical  , we have an over-sampled
case. Otherwise, if 1sp  1sp  critical  , Z sp  Z sp  critical  , we have
an under-sampled situation.
If the object to-be imaged is in free-space (i.e., no layered
structure case), we can obtain the analytical solutions for (36)
and (38), as in [32]. In this case, using these analytical
expressions, the critical sampling space can be calculated
directly once the radii of scanning aperture and imaging domain
are known. For the general case of a multi-layer medium, no
analytical expression for (36) and (38) can be obtained, in
which case (36) and (38) must be evaluated numerically. In
practical applications, due to the large computational cost for

III. SIMULATION AND EXPERIMENTAL RESULTS
As mentioned earlier, to demonstrate the efficacy of the
technique small cross-sectioned cylinders (in cross-section
representing a point target) are used in this investigation. For
obtaining simulation results, CST Microwave Studio was used
to generate wideband received signal data, for 101 frequency
points in the X-band frequency range of 8.2-12.4 GHz. The
number of observation angles used was 120 (one sample point
for every 3 degrees), satisfying (34). The radii of the scanned
first layer “aperture”, the outer surface (second layer) and the
inner surface (the third layer) of the circular dielectric object
(see Fig. 1b) were 180 mm, 115 mm and 85 mm, respectively.
The polarization direction used in this simulation and the
experiment both were vertical polarization. The background
medium (first layer) was assumed to be free-space. For this
three-layer C-SAR imaging structure, the following relative
dielectric constants

 r , of 1, 2 and 4-j0.01 were taken for each

layer, respectively. As shown in Figs. 2a-b, two small metallic
cylinders each with a radius of 2 mm and length of 20 mm were
considered as targets to be detected with this method. This
cylindrical target geometry was used can be seen as a small
target (smaller than a quarter wavelength) along the circular
cross-section. For Fig. 2a, the positions of these two targets
were at a radius of r = 6.5 cm with relative angular separation
of 135 degrees (both targets are located in the inner layer). For
Fig. 2b, the positions of these two targets were at a radius of r
= 6.5 cm (located in the inner layer) and 10 cm (located in the
outer layer), respectively, with relative angular separation of
135 degrees.
Figs. 2c-d corresponding to Figs. 2a-b respectively show the
imaging results using the method proposed in this paper which
considers multi-layer model. Figs. 2e-f show the imaging
results of the method which uses free-space to
approximate/replace the imaging domain background and does
not consider the multi-layer model. Figs. 2g-h show the imaging
results for when using average permittivity of all layers to
approximate/replace the imaging domain background and does
not consider the multi-layer model. Therefore, the results in
Figs. 2e-h do not consider transmission and refraction model
discussed in Section II-A, and the electromagnetic wave
velocity, which is related to the permittivity of the
assumed/replaced imaging domain background, is different.
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However, the results in Figs. 2c-h are based on the same timereversal SAR algorithm and only the model parameters
(assumed/replaced imaging background) are changed yielding
different results. It is clear that the results, using the outlined
formulation, show properly-focused images of each object. On
the other hand, the methods based on approximations of freespace or average background medium produce inferior images.
These images are cluttered, unfocused, and with improper
target locations, in particular for the point targets located in the
inner layer. Considering the 3-dB width of the target image as
resolution, the targets in the innermost layer of Fig. 2c have a
resolution of ~12 mm along the radial direction and ~4 mm in
the perpendicular direction. The target in the second layer (Fig.
2d) has a resolution of ~22 mm along the radial direction and
~4 mm perpendicular direction.
As mentioned earlier, unlike the Green’s function approach
(i.e., [28]) the utility of this approach is not limited to
symmetrical layered cylindrical cases and can be applied to
asymmetrical cases as well. To illustrate the efficacy of the
approach for this purpose two asymmetrical layered cylindrical
cases were considered, as show in Figs. 3a-b. The relative
dielectric constant for each layer is 1, 2.2 and 2.6-j0.3,
respectively. The radii of the scanned first layer “aperture”, the
outer surface (second layer) and the inner surface (the third
layer) of the circular dielectric object (see Fig. 1b) were 180
mm, 115 mm and 85 mm, respectively. However, the inner
cylinder was offset from the center (to the left) by 15 mm (Fig.
3a) and 10 mm (Fig. 3b), respectively. The same two targets
were considered for these cases as well. The positions of these
two targets were at a radius of r = 6.5 cm with relative angular
separation of 90 degrees (both targets are located in the inner
layer). As in the previous case (i.e., symmetrical cylinders),
Figs. 3c-d show the imaging results of the inner layer using the
multi-layer time reversal method proposed in this paper which
considers the offset between the center positions of the inner
layer and scanned aperture. For comparison, Figs. 3e-f show the
imaging results of the inner layer using the multi-layer time
reversal method proposed in this paper which does not consider
this offset. Figs. 3g-h show the imaging results of the inner layer
for when using average permittivity of all layers to approximate
the imaging domain background and does not consider the
multi-layer model. It is clear that the results, using the
formulation outlined here, show properly-focused images of
each object. On the other hand, and as in the previous case, the
methods based on approximations of average background
medium produce inferior images. However, we can determine
the 3-dB width of the target image (i.e., images slice at the
location of the targets), in the azimuthal and radial directions,
and use these values to compare the results of Figs. 3c-f, as
listed in Table I. The results reveal a clear advantage of the
time-reversal approach when the offset of the center positions
of the inner layer and scanned aperture is considered compared
to the other two approaches.
In Fig. 3, there is a ring at the boundary but it does not appear
in Fig. 2. This is thought to be due to subtracting the average
reflection data from the measurements which removes all
reflections of the boundaries that are constant due to symmetry.
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For Fig. 3 there is no symmetry and thus the reflections are not
constant and are not completely removed in this process. The
multiple reflections between the boundaries that are not
modeled in this technique, are also constant in the symmetric
case and not constant in the asymmetric case, contributing to
this effect.
The experimental setup to verify the results of this
formulation is shown in Fig. 4. In this figure, a high-density
polyethylene (HDPE) pipe was filled with dry and fine sand
(less than ~1 mm in diameter). This sand could be seen as a
homogeneous material, compared to the operating wavelength
(~18.6 mm at 10 GHz in sand). The experiment was conducted
at room temperature. Similar to the simulations above, two
metallic screws with a diameter of 5 mm and length of 60 mm
are placed inside the sand at different heights, representing two
targets. During the actual measurements, this HDPE pipe was
completely filled with sand covering (visually hiding) both
screws. The pipe was then placed on a turntable and an openended rectangular waveguide, at X-band (8.2-12.4 GHz) was
used to transmit the incident signal and also receive the
reflected signal. An HP8510C Vector network analyzer (VNA)
was used to generate incident and measure the received signals.
The measurement parameters setup such as the frequency band,
frequency sampling number and the angular sampling points
were chosen to coincide those used in the simulation. The radius
of the scanned aperture was 250 mm. In this experiment, the
HDPE pipe was also scanned along the z-direction resulting in
a cylindrical SAR image of the pipe. Twenty-one measurement
points were samples along the z-axis with a spacing of ∆z = 5
mm resulting in a total of 21x120 samples. The HDPE pipe had
a thickness of 20 mm, with an inner radius of 73 mm. The
HDPE was assumed lossless with a relative permittivity of 𝜀𝑟 =
2.2 [25]. The complex dielectric constant of sand was measured
at X-band to have in average value (over the band) of 𝜀𝑟 = 2.6 −
j0.3 [33]. Fig. 5a shows the 3D perspective view of the volume
within the pipe (i.e., inner layer) of the two targets, indicating
their relative positions and geometry (the scan in the height
direction did not completely cover the lower target, as shown).
Figs. 5b-c show cross-section image slices at the location of
each target. These images clearly show the presence and correct
locations of the two targets, as expected.
In order to corroborate the experimental results shown in Fig.
5, a new simulation was performed using the same parameters
(radii and permittivities of each layer). To save calculation time,
the two metallic cylindrical targets were placed at the same
height. The positions of these two targets were at a radius of r
= 5.3 cm (i.e., both targets are located in the inner layer) with a
relative angular separation of 135 degrees. Fig. 6 shows the
results of this simulation which closely matches the results
shown in Figs. 5b-c.
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(a)

(c)

(e)

(b)
(c)

(d)

(e)

(f)

(d)

(f)

(g)
(h)
Fig. 2 CST simulation models and reconstructed images based on numerically
simulated data for three-layer circular SAR: (a) CST simulation model of two
point targets both located in the inner layer, (b) CST simulation model of two
point targets located in inner layer and outer layer, (c) imaging result of (a)
using the method proposed in this paper which considers multi-layer model, (d)
imaging result of (b) using the method proposed in this paper which considers
multi-layer model, (e) imaging result of (a) using the imaging method based on
free-space background approximation, (f) imaging result of (b) using the
imaging method based on free-space background approximation, (g) imaging
result of (a) using the imaging method based on average-permittivity
background approximation, and (h) imaging result of (b) using the imaging
method based on average-permittivity background approximation.

(a)
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(g)
(h)
Fig. 3 CST simulation model and reconstructed images based on numerically
simulated data when the center position of inner layer has an offset with that of
the scanned aperture: (a) CST simulation model when this offset is 15 mm, and
(b) when the offset is 10 mm. Multi-layered time reversal circular SAR imaging
results when the offset is considered: (c) for 15 mm, and (d) for 10 mm. Multilayered time reversal circular SAR imaging result when the offset is not
considered: (e) for 15 mm, and (f) for 10 mm. The imaging results based on
average-permittivity background approximation: (g) for 15 mm, and h) for 10
mm.
Table I. Azimuthal and radial widths calculated from results shown in Fig. 3cf.
Perpendicular 3-dB width (mm)
Radial 3-dB width (mm)
6
9
Fig.3 (c)
6
9
Fig.3 (d)
10
14
Fig.3 (e)
Fig.3 (f)
6
12

(b)

Fig. 4. HDPE pipe with two screws before being completely filled by sand.
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the ability to correctly detect, locate and image these small
embedded targets. This technique can address a number of
practical imaging issues in nondestructive evaluation realm,
and can also be applied to an arbitrary measurement domain and
an arbitrary shape object.
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