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Abstract

In this paper, we analyze optimal control problems governed by semilinear parabolic
equations. Box constraints for the controls are imposed and the cost functional involves
the state and possibly a sparsity-promoting term, but not a Tikhonov regularization
term. Unlike finite dimensional optimization or control problems involving Tikhonov
regularization, second order sufficient optimality conditions for the control problems
we deal with must be imposed in a cone larger than the one used to obtain necessary
conditions. Different extensions of this cone have been proposed in the literature for
different kinds of minima: strong or weak minimizers for optimal control problems.
After a discussion on these extensions, we propose a new extended cone smaller than
those considered until now. We prove that a second order condition based on this new
cone is sufficient for a strong local minimum.
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conditions, sparse controls
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1 Introduction

Let us consider a domain 2 C R™, n < 3, with a Lipschitz boundary I'. Given T" > 0
we denote @ = Q x (0,7) and ¥ =T x (0,7). In this paper, we investigate second order
sufficient optimality conditions for the control problem

(P) min J(u) i= F(u) + pj(u),

where p > 0. Additionally, for p > 0, we will further suppose that o < 0 < 3,

Usda = {u € L™(Q) : a < wu(x,t) < B for a.a. (z,t) € Q}
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with —oo < a < 8 < 400,
F() = [ Doty dedt+ v | Loo,ya(eT))ds,
Q Q
vo € {0,1}, and j : L*(Q) — R is given by j(u) = [Jul11(q)-

Above y,, denotes the state associated to the control u related by the following semilinear
parabolic state equation

Oy, .
Y + Ayu + f($a t, yu) = u in Q,
Yo = 0 on X, :
yu(0) = yo in Q.

Assumptions on the data A, f, yo, L and Lq are specified in Section
It is well known that if @ is a local minimum then first order necessary optimality
conditions can be written as

J'(U;u— 1) >0 Vu € Unq
while second order necessary optimality conditions read like
F'(@)v? > 0Vu € Cy
where Cy is the cone

Cy = {v € L*(Q) satisfying the sign condition (T.2) and J'(@;v) = 0},

>0 ifa(x,t) =aq,

”(x’t){ <0 if agxtg = 8. (1.2)
The reader is referred to [II, Theorem 3.7] for the elliptic case or [I2, Theorem 3.1. Case I
for the parabolic case.

It is well known that in finite dimensional optimization the cone used to establish neces-
sary second order necessary optimality conditions is the same as the one used for sufficient
second order conditions. However this not the case in general for optimization problems
in infinite dimension; see the example by Dunn [24]. Despite this, if the Tikhonov term
%||u||%2(Q) with v > 0 is present in the cost functional of the control problem, we can take
the same cone for both necessary and sufficient conditions; see e.g., [4], [19] or [20] for the
case u = 0, or [II], [I2] or [I7] for > 0. Other works that consider second order sufficient
conditions for problems with no Tikhonov regularization are [16], [21], [22], and [23]. The
results in these works cannot be applied to our problem due to the facts that we deal with
a semilinear parabolic equation, our controls depend both on space and time and we do not
have any assumption on the structure of the adjoint state.

In this paper, the Tikhonov term is not present. Then, an approach to deal with second
order sufficient conditions, as suggested by Dunn [24] or Maurer and Zowe [27] among
others, consists of extending the cone of critical directions Cy. As far as we know, two
ways to enlarge the cone have been proposed in the literature. In the context of abstract
optimization problems, following Maurer and Zowe [27], one could replace the condition
J'(u;v) = 0 by J'(@;v) < 7|lv]|2(g) for some small 7 > 0. In optimal control problems
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we can take advantage of the structure of the problem to define a slightly smaller cone by
taking

E] = {1} € L?*(Q) satistying (1.2)) and J'(@;v) < 7'(||ZUHL2(Q) + I/QHZU(',T)HLQ(Q))}7 (1.3)

where z, is the derivative of the control-to-state mapping in the direction v; see (2.5) below.
A second alternative to extend Cj is based on the observation that for functions v € L*(Q)
satisfying the sign condition (|1.2]) we have

for py=0: J'(a;0) =0 < v(z,t) =0if |p(z,t)| >0
>0 if g(x,t) = —p and @(z,t) =0
for p>0: J(a0) =0 < v(z,t){ <0 if@t)=+pandu(z,t)=0
=0 if ||z, )] — ] > 0

where @ is the adjoint state associated with @, defined in (2.14) below; see [6], [17], [20],
[21], [22]. Then a natural extension can be done specifying a smaller set of points where the
functions v should vanish: given 7 > 0 we define the extended cone

for p=0: DI ={v € L*(Q) satisfying (T.2) and v(z,t) = 0 if |p(z,t)| > 7}

foru >0: DJ —{v € L*(Q) satisfying (1.2)) and

The following question immediately arises: is one of these two extensions better than
the other? The answer seems to be difficult because they are not easy to compare. However
we solve this issue by choosing D7 N ET. The main goal of this paper is to prove that a
second order optimality condition based on this cone along with the first order optimality
conditions imply the strong local optimality of u.

The plan of the paper is as follows. In Section [2| we establish the assumptions on the
functions defining (P), recall some regularity results on the state equation and the linearized
state equation and establish the differentiability properties of the control-to-state mapping.
We also state necessary optimality conditions. In Section [3]we prove our main result, namely
Theorem B.Il In Section [ we comment about extensions and limitations of our main result.

Before ending this introduction let us mention that the methods used in this paper cannot
be applied to the case of control problems governed by the Navier-Stokes system. This is
due to the fact that our approach requieres L°°(Q) bounds for the states; see Theorem [2.1
For quasilinear parabolic equations, it seems possible to obtain similar bounds using the
results in [9]. Also it seems reasonable that estimates analogous to that of or
hold, but the extension is not immediate and is beyond the scope of this paper. We refer
the reader interested in optimal control problems governed by these types of equations to
7, [, [@, [0, [15], [18], [28] for the case where the Tikhonov term is present in the cost
functional.



4 E CASAS AND M. MATEOS

2 Assumptions and preliminary results

On the partial differential equation (1.1]), we make the following assumptions.
(A1) A denotes the elliptic operator

Ay = — Z 0z, (@i ()0, y) + ij(x,t)axjy,

ij=1 =1

where b; € L>®(Q), a;; € L>(Q), and the uniform ellipticity condition

FAa > 0: M€ < > aij(@)6€; forall { € R” and a.a. x € Q (2.1)

ij=1
holds.

(A2) We assume that f: @Q x R — R is a Carathéodory function of class C? with respect
to the last variable satisfying the following properties:
of

ACr eR: a—y(m,t,y) > Cf Yy € R, (2.2)

) R 1 d
f(,-,0) € LP(0,T; LY(QY)) for some p,§ > 2 with 5 + — <1,

2q
vt
oyl
Vp >0 and VM > 0 Je > 0 such that
0? 0?
aﬁy{(%t,yﬂ - Ty‘é(xatvyZ)

VM>OE|Cf,M>O:‘ (x,t,y)‘ngyMWngandj1,2,

< pVyil, ly2] < M with |y; —ys| <,

for almost all (x,t) € Q.

Examples of functions f satisfying the above assumptions are the polynomials of odd degree
with positive leading coefficients or the exponential function f(z,t,y) = g(x,t)exp(y) with
g € L>(Q), g(x,t) > 0 for almost all (z,%) € Q.

(A3) For the initial datum we assume yo € L ().

On the functions L and Lq defining the differentiable part F' of the cost functional J, we
assume:

(A4) L:Q xR — R is a Carathéodory function of class C* with respect to the last variable
satisfying the following properties:

L(-,-,0) € LY(Q) and VM > 0 3V, € LP(0,T; L4(Q)) and Cg s
such that

oL 0°L

Santon)| < Barlo ) and 52 Gont.0)| < Coae Wl < 01
Vp >0 and YM > 0 Je > 0 such that

0L 0%L
aiyg(xvayl) - 87y2($7tay2)

2 (2.3)

< p Yyl ly2| < M with |y — 32| <,

for almost all (x,t) € Q.
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(A5) Lg : QxR — R is a Carathéodory function of class C? with respect to the last variable
satisfying the following properties:

Lo(-,0) € L'(Q) and YM > 0 3Cq,as such that

0L .

‘ 2 (2,y)| < Caonr Vly| < M and j =1,2 (2.4)
oyJ )

Vp > 0 and VM > 0 Je > 0 such that

L L _
‘ x x < p Yyl [yl < M with [y1 — yo| <,

Tyg(%yﬂ - Tyg(%?ﬂ)

for almost all z € Q.

Let us comment that the classical tracking-type cost functional

Pl = 5 [ o) a0 vt + 5 [ (00T~ ot e

satisfies the above assumptions if y; € LP(0,T; L4(Q)) and yq € L>(9).
Hereafter, these hypotheses will be assumed without further notice throughout the rest
of the work.

2.1 Analysis of the state equation

In this section we analyze the existence, uniqueness and some regularity properties for the
solution of (|1.1]) as well as its dependence with respect to the control u. We also prove some
technical results to be used in the proof of our main result, Theorem [3.1

Theorem 2.1. For every u € LP(0,T; LY(Q)) there exists a unique solution of (L.1)), y, €

L2(0,T; HY(Q)) N L>®(Q). Moreover, there exist positive constants Kp 5, Cp 4 and My such
that for all u,u € U,gq,

Nyl 220,12 () + YullLe (@) <
Kpq(lullpoo,rpa) + 1£C, 0L, 1:0a(0)) + vollz=(0)),
Yyu — vallL=(@) < Cp.gllu — @llLs 0,104 (0)
YullLe (@) < Moo-
Finally, if u, — u weakly in LP(0,T; L1(SY)), then the strong convergence

1Y = Yullzo (@) + [Yur = YullL2o,m5m ) + 1Yur (5 T) = yu (- Tl Lo (@) — 0
holds.

Proof. To deal with the nonlinearity in the state equation we can proceed as in [5, Theorem

5.1]. Combining this approach with the well-known results for linear equations, see e.g. [20],

Chapter III], existence, uniqueness, regularity and the first and third estimates follow easily.

To deduce the second estimate and the convergence properties, we introduce wy = yu,,, —

Yu- Subtracting the equations satisfied by y,, and y, and using the mean value theorem we

get the existence of measurable functions gx = vy + 0k (Yu,, — Yu), 0 < O (z,t) < 1, such that
8wk

0 . .
W + Awk + %(xat7yk)wk = U — U m Q7

wr, = 0 on X,
wi(0) = 0 in Q.
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From [26, Theorem III-10.1], we deduce the existence of Cj ; > 0 and v € (0,1) such that
lwillcvarz@) < Cpgllue — ullLs(o,r;na())- This proves the second estimate. Finally, since

C77/2(Q) is compactly embedded in C(Q) it is immediate to see that lwillc@) — 0. In
particular, ||wy (-, T)||z (o) — 0 holds. Using this fact and multiplying the above equation
by wy and making integration by parts we infer convergence wy, — 0 in L2(0,T; HY(Q2)). O

Hereafter, we denote Y = L%(0,T; H}(Q)) N L*°(Q) and G : LP(0,T; LI()) — Y as
the mapping associating to each control the corresponding state G(u) = yy.

Theorem 2.2. The mapping G is of class C%. Moreover, for everyu,v,vi,vs € LP(0,T; LI(Q)),
we have that z, = G'(u)v is the solution of

%+Az+g(xatvyu)z = v @,
ot oy (2.5)
z = 0 onX, :
200 = 0 inQ,
and zy, v, = G"(u)(v1,v2) solves the equation
2
% + Az + %(%t, Yu)z = _%(x7tvyu)zv1zvz in Q,
z =0 on %,
z(0) = 0 in €,

where z,, = G'(u)v;, i = 1,2. Moreover z, and z,, v, are continuous functions in Q.

For the proof the reader is referred, for instance, to [I9, Theorem 5.1].

From the classical theory for linear parabolic partial differential equations, we know that
for every v € L?(Q) there exists a unique solution z, of in the space C([0,T], L3(22)) N
L?(0,T; H(Q)). Therefore the linear mapping G’(u) can be extended to a continuous linear
mapping G’(u) : L*(Q) — C([0,T1, L*(2)) N L*(0, T; Hy(2)).-

The following estimates for z, will be used in the next sections.

Lemma 2.3. Let u € Uyq and v € L*(Q) be arbitrary, and let z, = G'(u)v be the solution
of (2.5). Then, there exist constants Cq o and Cq.1 independent of u and v such that

lzollz2(@) + 120 Dl < Coellvllie ), (2.6)
lzollLrQ) + 2o Tllziy < Coallvlloiqy- (2.7)

If, further, v € LP(0,T; L4(Q)), then there exists a constant CQ,00 independent of u and v
such that

l2ollc@) < CqeollvllLeqo,riraca))- (2.8)
Proof. First let us note that from Theorem and our assumption on f (A2) we have that

J
%(m,t,%&x,@) < Ct M., Yu € Uyg and ace. (z,t) €Q, j=1,2. (2.9)

Then (2.6) and (2.8) are classical; see for instance [26, Chapter III].
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The estimate (2.7) for ||z, ||L1(q) follows from [13]; see also [3} [5].

To prove the estimate for ||z, (-, T)||1(q) we proceed as follows. Consider the function
P = sign(z,(-,T)) € L*°(2) and let ¢ € L>(Q) N L2(0,T; H}()) be the unique solution
of the problem

o . L 0f - .
E—’_A ¢+ 6y(xat,yu)w = 0 m Qv
=0 on X,
Y(T) = Yr inQ,
where A* is the adjoint of A given by
A*¢ = - Z 81J (aj,l(x)611¢) - Z 8xj (b] (xv t)y) (210)
i,j=1 j=1

Multiplying the equation satisfied by z, by ¥ and integrating over (), we obtain

/ P (8,521, + Az, + af(:c,t,yu)zv> dxdt = / vipdxdt. (2.11)
Q Jy Q
Integrating by parts in the first integral, we have

[ 60z + s+ St dnat = [ 000 T) — 0,002 (0.0) do
Q Yy Q
of

+ /Q . (—atw say+ S yuw) dudt

:/ wT(m)zv(x,T)dm:/sign(zv(x,T))zv(x,T)dx: 1 2o(- T) |2 (02)-
Q Q
Now using (2.11)), we have that

120 (5 Tl ) < 1¥lle@)llvllrq)-

Finally, it is enough to realize that for some constant C' we have

[¥llz=@) < CllYrlze@) =C

and the proof is complete. O

The following technical result will be used in the proof of Theorem

Lemma 2.4. Consider u, u € Uyq with associated states y, and y, respectively. Set zy, gz =
G'(u)(u — @) and consider the constants Cy . satisfying (2.9) and Cg o introduced in
Lemma|2.5. Then the following estimates hold:
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2

il < 4 2.12
F =1l 2= @) CrarCoool QAT " 212

lzu—allo@) < 201Yu — llz=(q)-

If llyu=9llz=@) < then (2.13)

1
CrMe CQ 00
lZu-all2@) + vallzu—al, T)llL2@)

1 _ _
> 5 (Il = 7220 + vallp 1) = 56 Dl ))-

Proof. Define n =y, — (§ + zu—z). The function 7 satisfies the equation

In . of _ - .
E+An+f($7tayu)_f(xat,y)_aiy(m7tay)zu—ﬁ = 0 m Q7
n = 0 on,
n(0) = 0 inQ.

Using a second order Taylor expansion, we have that there exists a measurable function
0 < 0(z,t) < 1 such that, if we name § = 7 + 6(y, — §), we have that

M of o 1e*f N 2
5 TANTt 9y (@.tg)n = -3 e (z,t,9)(yu —9)°  inQ,
n =0 on X,
n0) = 0 in Q.

Let us prove the first estimate. With the help of Assumption (A2), we deduce from (2.8)
and ([2.9) that

9@ < 5ChmCaol ATy, — gl o)
Using this and , we infer
lzu—allc@) SlInlle@) + 1Y — UllLe (@)
S%Cf,MooCQ,oo|Q\1/qu/ﬁ||yu =l 2 (@) + 1vu — Gl =@

L2|Yu — Fllo=(q)-

For the second inequality, notice that using the uniform boundness of the admissible
states, assumption (A2) and (2.6]), we have that

1 _ _
Il z2(@) + valln(, T2 ) < §CQ,ZCf,Moo Yu = Gl Lo (@) 1Yu — YllL2(@)-

Finally, using (2.13]), we have that
19u=3llL2(@) + vellyu (- T) — 5 1)l L2
<lnllrz@) + velln(, T)ll2@) + l2u-allr2(@) + vellzu—a(-, T)llr2(0)

1 _ _
<5020y = Ullr=@ 1yu = ¥llz2@) + lzu-allz2@) + valzu-a(, D)Lz

1 _
<5y = Yllzz@) + lzu-allr2@) + valzu-al Tllz2@),
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and the second inequality follows. O

2.2 First and second order optimality conditions for (P)

We recall the definition of the cost functional J(u) = F(u) + pj(u). Before establishing
the optimality conditions satisfied by a local solution we address the differentiability of the
functional F'.

The next theorem follows from the chain rule, Theorem and assumptions (A2) and
(A3).

Theorem 2.5. The functional F : LP(0,T;Li(Q)) — R is of class C? and for every
u,v,v1,v2 € LP(0,T; LI(Q))

F’(u)vz/ Puv de,
Q
O%L 5‘2f
FH = — (T, 6, Yu) — Pursy atvu vvddt
nra) = [ (Gt - oS0 2 do
2
| VLD (1 g, T))20r (2. T) 20y (2, T) di.
Q oy

where z,, = G'(u)v;, i = 1,2 and ¢, €Y is the adjoint state associated to u, i.e., it is the
solution of

00 i, 0f oL .
a"‘A 90"_ ay(xvtayu)so - 8y (xvtayu) m Qv
e = 0 on X, (2.14)
OLq .
90('7T) = VQTy(Ivyu("T)) in €2,

and A* denotes the adjoint operator of A introduced in (2.10)).

Assumptions (A1), (A4) and (A5) together with Theorem imply, see [26, Chapter
II1], that for every u € Uag, pu € L?(0,T; HE(Q)) N L>=°(Q) and there exists a constant
K > 0 independent of u such that

H‘PUHLQ(O,T;H(}(Q)) + ||‘PuHL°°(Q) <Ko Vu €Uy (2-15)

Remark 2.6. From the expressions for F'(u) and F"'(u) established in the previous theorems
it is immediate that they can be extended through the same formulas to continuous linear
and bilinear forms, respectively, in L?(Q). Moreover, assumptions (A2) and (A3), Theorem
and inequality imply the existence of some My > 0 such that

|F" () (01, v2)] < M2(”Zm||L2(Q)||Zv2||L2(Q) + vz, ( DllLe ) 20, (5 Dllz2(e)) - (216)

for all u € U,q and v1,v2 € L3(Q), where z,, = G'(u)v;, i = 1,2.

Finally, we notice that the directional derivative of j at w in the direction v can be

computed as
7' (u;v) :/ v+/ [v] —/ v. (2.17)
u>0 u=0 u<0
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In what follows, we will write J'(u;v) = F'(u)v + pj’(u;v). We will also denote 9j(u) as
the subdifferential of j at u in the sense of convex analysis.

Existence of a global solution of (P) follows in a standard way using Theorem 2.1; see
e.g. [I4]. Since (P) is not a convex problem, we consider local solutions as well. Let us state
precisely the different concepts of local solution.

Definition 2.7. We say that & € U,q is an L"(Q)-weak local minimum of (P), with r €
[1, +00], if there exists some € > 0 such that

J(@) < J(u) Vu € Ung with [|@ —ur(q) <e.

An element 4 € U,q is said to be a strong local minimum of (P) if there exists some ¢ > 0
such that
J(u) < J(u) VYu € Usg with ||ya — yullz=q) < e

We say that 4 € U,gq is a strict (weak or strong) local minimum if the above inequalities are
strict for u # u.

As far as we know, the notion of strong local solutions in the framework of control theory
was introduced in [I] for the first time; see also [2].

Lemma 2.8. The following properties hold:

1. 4 is an LY(Q)-weak local minimum of (P) if and only if it is an L"(Q)-weak local
minimum of (P) for every r € (1,+00).

2. If w is an L™(Q)-weak local minimum of (P) for some r < 400, then it is an L*°(Q)-
weak local minimum of (P).

3. If w is a strong local minimum of (P), then it is a L"(Q)-weak local minimum of (P)

for all r € [1,00].

Proof. Statement 1 is a consequence of the equivalence of all the L"(Q) topologies (1 <
r < +00) in Uua. Since ||lullprq)y < TY"1QIY"|ul|r=(q), statement 2 follows. To prove
statement 3 we use the second estimate in Theorem

yu — Yllze (@) < Cpgllu — Ul L0, 1;00(0)) < Crllu —allLr @)

for all » > max{p, ¢}. Then statement 3 follows from statement 1 and the above inequality.
O

Next we state first order optimality conditions.

Theorem 2.9. Suppose @ is a local solution of (P) in any of the senses given in Definition

[2.7] Then

J'(u— 1) >0 Vu € Uyg (2.18)
holds. Moreover, there exist 4 and @ in'Y and \ € 9j(u) such that
P
S AT+ ety = @ inQ,
i -0 on% (2.19a)

37(,0) = Yo in €,
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0p . OF, o _ oL |
=0 on %, (2.19Db)
_ OLq , .
e T) = Vﬂai(x,y(x,T)) in §,
Y
/ (@ + p\)(u — a)dr dt > 0 Yu € Uspg. (2.19¢)
Q

Proof. To prove (2.18]) it is enough to use the local optimality of 4 and the convexity of Uaq
as follows: i -
0 < lim w
N0 P

From the expression of F’ established in Theorem and the convexity of j we infer

=J'(G;u—1u) Yu € Uyq.

J(@+ p(u —a))

0 < lim
N0 P
. F(u+p(u—1)) . o
<hm—+ u) — u
< lim ) pj(u) — pj(u)

:/ o(u — a)dzdt + pj(u) — pj(a) Yu € Uyq.
Q
Hence, u solves the problem

min  I(u) := / pudz dt + pj(u) + Iu,, (u),
ueL>(Q) Q

where Iy, , is the indicator function of the convex set U,q. Therefore, using the subdifferential
calculus, see e.g. [25, Chapter I, Proposition 5.6], we obtain 0 € 9I(u) = ¢ + pdj(u) +
0Iy,, (@), which implies (2.19¢) for some A € 9j(a). O

From ([2.19¢) we deduce the following corollary; see [12].
Corollary 2.10. Under the assumptions of Theorem[2.9,

if (x,t) > 4u then u(z,t) = a,
if p(x,t) < —p then a(z,t) = B.

If u > 0, then
if |p(x,t)| < p then a(x,t) = 0,

5 . 1_
Az, t) = PYOJ[—1,+1] (usﬁ(fv,t)>

and A €Y.

Let us write the second order necessary conditions. Given a control @ € U,q satisfying
(2.18), we say that a function v € L?(Q) satisfies the sign condition if

e -
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Following [T}, [12], we introduce the cone

Cy = {v € L*(Q) satisfying (2.20) and J'(@;v) = 0}.
We have the following proposition; see [I1], Lemma 3.5].

Proposition 2.11. If u € Uyq satisfies (2.18]), then
J'(w;v) >0 for allv € L*(Q) satisfying the sign condition (2.20)). (2.21)

As a consequence, it follows that Cy is a closed convex cone.

If p =0, we deduce from Corollary that @(x,t)v(z,t) = |@(x,t)v(z,t)| for every
v € L?(Q) satisfying the sign condition (2.20). Consequently the following identity holds.

Cy = {v € L*(Q) satisfying ([2.20) and v(x,t) = 0 if |@¢(x,t)| > 0}. (2.22)
For p > 0, from Corollary we also infer that

Cy = {v € L*(Q) satisfying (2.20) and

>0 if ¢(x,t) = —p and a(z,t) =0 (2.23)
o(z,t){ <0 it (z,t) = +p and a(z,t) =0 }’
=0 if ||p(z, 1) — ] >0
see [I7] for a proof.
The second order necessary conditions are established in [I1, Theorem 3.7]. Although
that result is stated for elliptic problems and a Tikhonov regularization term, the proof can
be translated to our setting with the straightforward changes.

Theorem 2.12. Suppose @ is a local solution of (P) in any of the senses given in Definition
. Then, F"(@)v? >0 for all v € Cy holds.

3 Second order sufficient conditions

In this section, we establish the sufficient second order optimality conditions. In what follows,
@ will denote a control of U,q satisfying . We denote by §y and ¢ the associated state
and adjoint state.

As mentioned in the introduction, we have to extend the cone Cj to formulate the second
order sufficient conditions for optimality.

Looking at J'(@;v) for every 7 > 0 we consider the extended cone

Gr = {’U € Lz(Q) satisfying (2.20) and J'(u;v) < T(||zv||L1(Q) + VQ”ZU(',T)”LI(Q))}.

The extended cone E7 introduced in (1.3]) has been used in the literature to formulate the
second order sufficient optimality conditions; see [I7]. The cone GZ introduced above is a
smaller extension of Cy than E7. Indeed, given E7, for every

’ T

TS
VIQ|max{1,T}
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the embedding GZ' C EZ holds.
On the other hand, using the characterizations of the cone Cj given by (2.22)) and (2.23))
the following extensions appear in a natural way as well.

If u =0, DI ={v € L*(Q) satisfying ([2.20) and v(x,t) = 0 if |@(x,t)| > 7}.

If u >0, D :{v € L*(Q) satisfying (2.20) and

>0 if g(x,t) = —p and @(z,t) =0
o(a,t){ <0 if@(z,t) =+p and u(z,t) =0 }
0 if |¢(x,t)|—u’ >

For the use of the cones E] and D] to formulate the second order sufficient optimality
conditions and for a discussion of their application to the stability analysis of the control
problem, the reader is referred to [I7]. In that paper it is proved that a sufficient second
order condition based on the cone DT leads to an L?(Q)-weak local minimum, while the
same condition based on the cone E7 implies that @ is a strong local minimum. Hereafter
we will prove that the condition based on the cone

Cz =DiNGL
yields a strong local minimum «. Our main result is as follows:

Theorem 3.1. Let u € Uyq satisfy the first order optimality condition (2.18]). Suppose in
addition that there exist § > 0 and T > 0 such that

F(@)e* 2 6 (|zag) + voll 2o T)l3a)) Vo€ O, (3.1)
where z, = G'(@)v. Then, there exist € > 0 and k > 0 such that
@)+ 5 (g = 9l320) + vallya-T) = 5, 1) 20y ) < T(w) (3:2)
for all u € Uaq such that ||y, — yllr~q) <e.

Note that if 7 < 7/, then C7 C C’g/, and hence without loss of generality we can suppose
that, for 4 > 0, 7 < p. Throughout the proof of Theorem we will use the following
lemma. A proof of an analogous result can be found in [16] 20], so we omit it.

Lemma 3.2. For all p > 0 there exists €, > 0 such that for every u € U,q satisfying
1Y — Gl (@) < €p, there holds

[ (a+ 0w = @) = F"(@)] 0% < p(lz0ll3eq) + vallza D)) (3:3)

for all v € L*(Q) and all 6 € [0,1], where z, = G'(u)v.

Proof of Theorem . Consider u € U,q such that ||y, — 7||L<(g) < €, where ¢ will be
fixed later independently of u; see (3.17)) below.
A second order Taylor expansion yields the existence of § € (0,1) such that

F(u) =F(u) + F'(u)(u —u) + %F”(Ue)(u — )% (3.4)
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where ug = @ + 0(u — ). Using this and the convexity of j(-), we have
J(u) =F(u) + pj(u)
=F(u) + F'(a)(u — u) + %F"(Ue)(u — )% + p(j(u) — j(u)) + ()
> (@) + F'(a)(u — @) + ' (3@ v — @) + %F”(ug)(u _ a)?

=J (@) + J' (% u — ) + %F”(ﬁ)(u —a)+ %(F"(Ue) — F"(@))(u—a)*. (3.5)

In a first step, we will prove the existence of €9 such that

.0
J(@) + 7 (Izu-allfe@) + vallzu—al Dlifag ) < J@) (3.6)

for all u € Uaq such that ||y, — 7|l 1=(q) < 0. We will split the proof of this first step into
three cases.

Case 1: uw—u € CF. Applying Lemma with p = 6/2 we deduce the existence of
€1 > 0 such that holds for every u € U,q such that ||y, — ¥l (@) < €1. Inserting this
inequality in and using the variational inequality and the second order condition
, we obtain

J(u) >

vV
<

@ + 2 (Izu-all3aq) +vallzu—al T) 3 )

(Nzu-allFag) + vallzu-al- Dz )

N N ISP Y IR

>J(a) + 5 (Ilzu-al32g) + vallzu-al, Dz )-

Case 2: w —u ¢ G7. In this case, we consider

. 2 T
€9 = min\ ¢ - — ,
’ { " Cp i CaooTHP[Q[1a 5+M2}
where ¢; is taken as in the previous case, and Cy ., Cg, 00 and My are introduced in (2.9)),

Lemma and ([2.16)), respectively. Then, from Lemma if |y — FllL=(Q) < €2, we can
estimate [|2y—allc(g) < 2€2. Therefore we have

lowallag) + vallzua( T)3sq) < 222(lzu-allin@) + vl (- Dlle). (.7)

Let us estimate the terms of (3.5). Since u — u satisfies the sign condition (2.20) and
u—u & GI, then with (3.7)) we get

J’(ﬂ; u— ’l]) >T(qu7ﬁ||L1(Q) + Z/Q||Zu7ﬁ(~7T)||L1(Q))

-
ZE (quﬂi”%z(@) + vollzu—al- T)||2L2(Q))~ (3.8)
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For the remaining terms, according to the choice we made for €1 in Case 1 and using (2.16)),
we infer

[F" (@) (u — @)?|+|[F" (ug) — F"(@)](u — a)°|

1)
< (824 3) (Ju-slre + rolanat Dls). 69

From (3.5)), (3.8) and (3.9) we deduce for ||y, — §lL=(q) < €2
_ T M2 1)
50 230 + (5 = 22 = 1) (laumslli + llucat, D)
= 4 2 2
>J(@) + 7 (20-allzg) + vallzu-al Dlid)-

Case 3: w—1u ¢ D} and v —u € Gj. Now we cannot use the second order condition
, nor is the first derivative big enough to assure optimality. Hence, our method of proof
is different from the previous two cases. First we define 7% = 7/max{1,Cq 1} < 7, where
Co.1 is introduced in (2.7). If u — @ ¢ GE holds, then we can argue as in the proof of the
Case 2 to deduce that holds for ||y, — Fll (@) < €3 with

€3 = min {82, (5—:%} .

Assume now that u — @ € GZ . Obviously DI C DZ holds, hence u — @ ¢ D .
We define the set W as follows:
ifp=0, W={(z1te€qQ:|p(1t)>rand u(z,t) —u(z,t) # 0},
ifp>0 W={(ztecQ:¢ —p and a(z,t) = 0 and u(z,t) <0,
or @ = +up and @(z,t) = 0 and u(z,t) > 0,

|p(x, t)| — ,u‘ > 7 and u(w,t) # u(z,t)},

or

and denote V' = Q \ W. Associated with V' we define the functions

B 0 if (z,t) € W,
v(z,t) = { u(w,t) —a(x,t) i (x,t) €V

and w = (v — @) —v. We first notice three properties of w. In [I7, Proposition 3.6] it is
proved that

J' (@ w) > 7lw| prwy = TllwllL () (3.10)

Using this and the fact that the supports of w and v are disjoint, and noticing that v satisfies
the sign condition (2.20)), which allows us to use (2.21)), we obtain

J (s u—a)=J () + J' (@;w) > J'(@;0) + 7wl L) > 7wl Li(g)- (3.11)
Finally, using (2.7)), we have

2wl (@) + 12w (-, D)llL1 () < Coallwlliq) < max{l,Cq1}l|w|L1(q)- (3.12)
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Regarding v, it is clear that v € DZ. From (3.11]) and (3.12) we get

-
max{1l,Cq 1}

= J'(@0) + 7 (zullzr @) + vallzu (- Dl )-

J' (@0~ 1) > J(@50) + (lzullz@) + vallzut D lzie

Since u — u € G, , we obtain

J (@ =) <7 (llzu-allr@ + luma G D)
<t (Il @ + vallzo(, D)
+7 (2wl + vollzu Dl )

Altogether, we conclude
J'(@0) < 7 (20l @ + vallzo T @ )-

Therefore v € GI° C G7 and hence v € CJ holds.

Now we combine the techniques of Cases 1 and 2. On one hand, we have that v belongs
to C7, so that we can use the second order condition . On the other hand, the function
w satisfies that its L'(Q)-norm bounds from below the directional derivative J'(u;u — @).
Let us see in detail how to do this. We start at the inequality . Applying Lemma
we deduce the existence of ¢4 > 0 such that

P () = P @)(u 2 < 3 (I2ualoig) + vollzu el Dlida)  (313)

for all u € Uyq such that ||y, — gll1~(q) < 4. Now, we take

. "
o = min {63,547 W} .
From now on, we will assume that ||y, — 7l|z~(q) < €o0. Using that v — 4 = v + w and
applying the inequalities (2.16), (3.1), (3.10) and (3.13) we deduce from ([3.5))

1 1
J(w) 2 (@) + rlwlpq) + 3 F @0 + S P (@)

+ F(w) (v, w) — %I[F”(w) — (@) (u - @)*|

_ 1)
> J(@) + vl + 5 (2l + valla e )
Mo
- 7<||Zw||%2(cg) + VQHZw('aT)”%Q(Q))
= M (Izollz2@) 12wl 2@ + vallzo(s Tl 2@ 120 ( T2 )

)
— = (leuallfa) + vallzuaC Dl ). (3.14)
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Using the inequality ab < %GQ + %bz for appropriate real numbers a, b, we infer
2ol 2@ 1zl 2 (@) + vallzo (D@ 20 T)ll o)
0 ) ,
< 11z, U= li2@) +vallzo Dl e

4M,
+ =52 (leullFac) + vl DliFa)-

Inserting this estimate in (3.14]) and using (3.12) and the definition of 7*, we obtain

J(w) 2J (@) + 7 (1202 @) + vallzul Tz o)

70
+ 1¢ (1320 + vallzo(, )32y

Mg M3

1
- gUlzuallz i) + anlzu—ﬂ(wT)H%m))- (3.15)

Using that u — 4 = v + w, we get
2022y + vallzu (DIl sy = lzu-a = 2ullfagy + vollzu-al ) = 2u( T2
=(||zufa||Lz<Q> +volzua( Dlifa ) + (szHLz@) +vallzu( Dlifa)
- 2(qu—a||L2(Q)HZwHLZ(Q) + VQHZU—E('vT)||L2(Q)sz('aT)||L2(Q))
>2 (il oy + valloual Ty ) = 6(lzula) + vallow (- T )

Combining this with (3.15]), we obtain

J() 2@ + 7 (lzul1@ + vallzul D)

é
+ 7 (IlzualZa) + vallzu-aC Dilfa)
M, M2 216
(R 5D (bl HrallenC D). (10)
Next we define the constants

3
Cos = 20%700(5 — o)X (T + )| and &5 = min{5278;—o},
Q.3

s

where Cg o is given in Lemma and assume ||y, — 9|z~ (q) < €5. From (3.11)), the fact
that u — 4 € G, Lemma [2:4] and using that e5 < 2, we deduce that

Tllwllz @) T (@u —a) < 7 ([2u-allrr@) + valzu—a( D)1 (@)
<27(1Q| + val|Q)es = 27(T + vq)|Qes.
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Since ||w|| L= (@) < f — «, using the above inequality and 55/ <2 /CQ 3, we deduce

lwllzsi) = (/Q |w(x,t|3dxdt>1/3 < </Q(ﬁ —a)2|w(:v,t)|dxdt>

=(8— )3 (|Jwlle)”* < (B — )3T + va)|))) /el <

1/3

2
Cq,

€0-
And using Lemma [2.3] we obtain the estimate:
2wl (@) < Cq.oollwllLs(@) < 2€0.
Using this, we have
™ (lzullr@ + muzw(-,T)Hm))

- (2 * 47 * s) (w2 + valleul D))

T* My M3 21§ 9 9
2 g (24155 50 (el allaat D) 20

where the last inequality follows from the definition of 9. This combined with (3.16|) yields

(3-6).

To conclude the proof, using the second part of Lemma [2.4] with

1
6:min{80755,w}, (317)

and taking into account that v € {0,1}, we infer
|2~ u||L2 )+ valzu-a(, )”%Q(Q)
> < (o = 530y + w0l T) = 56 T) ey )

Using this and (3.6) we obtain

) _ _
Iw) 2 (@) + 55 (I = 20y + vallva 1) = 56, DliEaqey ).

and (3.2)) follows for k = §/16.
Notice that in Case 3 we did not use explicitly that v — u & DT Observe that in case
u—1u € D; then we would have that w =0 and v = v — @, and Cabe 1 could be applied.

4 Further extensions and limitations

The method developed in the previous sections can be extended with the obvious modifica-
tions to the case of a control problem governed by an elliptic equation as well as to Neumann
control problems for both elliptic and parabolic equations. However, let us mention two sit-
uations where it is difficult that the second order sufficient condition holds.
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First, consider the situation where L = 0 and v = 1. In this case we have
_ _O*f _ Lo,
F'(a)v? = —/ @W(m,t,y)zf dx dt —|—/ ﬁ(aﬁ,y(amT))zv(sc,T)2 dx.
Q Yy Q 9y

Looking at this expression it is easy to notice that the fulfillment of would depend
on a lucky combination of the signs of the adjoint state and the second derivative of the
nonlinearity f. Consequently, Theorem does not seem to be applicable to this problem.

A similar situation may occur if a nonlinearity is introduced on the boundary without a
boundary observation. Consider, for instance, the problem governed by the elliptic equation

1

in F = = w — 2d,
Jnin F(u) := 5 /Q (Yu — ya)*dx

where yq € L?(1) is given;
Usa ={u € L) : a<u(z) < pforae ze},
with —oo < a < 8 < o0; and

—Ay, = u in{,
OnYu + 9(x,yu(z)) = 0 onT.

With the straightforward adaptations to this problem of the notation used along the paper,
the second derivative of F' reads as

_ g,
F'"(a)v* = / 22dr — / @W(x, y)22do(z).
Q r oy
In order to apply our theorem, the second order condition should be
F"(@)v* > 6(||zv||2L2(Q) + ||Zv||2L2(F)) for all v € CT.

Once again, this condition is unlikely to be fulfilled.
The situation would be different if we had a boundary observation yr € L>(T"), so that
the functional F' is given by

Flu) = 5 [ (o) = yr(@))? dota).
Then we would get
F'"(@)v? :/ 1— @a—Qg(m ) | 22do(z)
r oy? 7 Y
and the second order sufficient condition
F'(@)v? > 6||zv||2Lz(F) for all v € CT

would have a chance to be fulfilled. For instance, if ||§ — yr||r2(r) is small enough, then
|@l| o= (ry is small as well, and, consequently we can deduce the existence of some § > 0 such

that 1 — @giyg(x, 7) > 0, which implies the above second order condition.

From the previous two cases we conclude that a nonlinearity in the whole domain requires
a distributed observation and a boundary nonlinearity needs a boundary observation for
fulfillment of the second order sufficient condition.
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