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1 Introduction

In our recent work ref. [1] we have constructed a large family of solutions of the Heterotic
Superstring effective action to first order in o/. Generically, these solutions describe well-
known systems consisting of intersections of fundamental strings (F1) with momentum
flowing along them (W), solitonic 5-branes (NS or S5) and Kaluza-Klein monopoles (KK).
The 5-dimensional, extremal, 3-charge black holes studied in refs. [2, 3] are simple members
of this family with no KK monopoles and they describe the first-order in o’ corrections of
the heterotic version of the Strominger-Vafa black hole [4]. Our main task in this paper will
be to study the case with KK monopoles. The corresponding solutions are 4-dimensional,



extremal, 4-charge black holes which will contain the first-order in o’ corrections to the
heterotic version of the black holes whose microscopic entropy was computed and compared
with the supergravity result in refs. [5-7].!

The agreement between the Bekenstein-Hawking (BH) entropy of 4- and 5-dimensional
black holes and the degeneracy of string microstates in the backgrounds mentioned above,
initially obtained at the o/ — 0 level in regimes in which the o’ corrections can be safely
ignored, is one of the triumphs of String Theory. These results have been extended in several
directions to include rotation [11], non-trivial topology of the horizon (black rings) [12] etc.

A very important question to study is whether this agreement between the values of
the BH entropy calculated by macroscopic and microscopic methods still holds when o
corrections (genuinely stringy effects associated to the finite string size g = Va! ) are taken
into account.

In the calculation of the BH entropy by microstate counting the AdS/CFT correspon-
dence tools have proven extraordinarily useful, shedding results that account for all the
contributions in the o perturbative expansion in the large charge regime.

The near-horizon geometry of all the black hole solutions we consider is AdS3 x S3 /Z,, x
T%. The AdS3 and S? factors are standard in the three-charge family of extremal black
holes, and the quotient of the sphere by Z, is related to the presence of a charge-n KK
monopole. Heterotic String Theory on this background was studied in ref. [13], identifying
the central charges of the dual CFT. Then, applying the Cardy formula one obtains the
following expression for the entropy

Scrr = 2my/Np1 Ny (k + 2), (1.1)

where Npy is the number of fundamental strings present in the background, Ny, is the
number of units of momentum flowing along them and £ is the total level of affine algebra
S/L@ in the right-moving sector. This number, minus two units, was identified in ref. [13]
with the product of the KK monopole charge and S5 charge: k = nQgs + 2. As we will
see along this paper and in the discussion section, distinguishing correctly between charges
(total charges, evaluated at spatial infinity) and numbers of stringy objects (KK monopoles
and S5-branes in this case) is essential in order to compare this microscopic result with the
mMacroscopic one.

The macroscopic (“supergravity”) calculation of the o’ corrections to the BH entropy
faces a number of difficulties:

1. Finding the o’-corrected solutions is a very complicated task, owing to the higher-
order in curvature terms present in the equations of motion and the complicated
interactions between them. In the Heterotic Superstring effective action there is
an infinite series of terms related to the supersymmetrization of the Chern-simons
terms present in the NS 3-form that can be introduced in an interative way following
refs. [14, 15] but there are further terms of higher order in the curvature that seem
to be unrelated to them first appearing at O(a/3) [16].

'See also refs. [8, 9] and references therein. The o/ — 0 limits of these solutions are well known and
were first obtained in ref. [10] directly in the heterotic version.



2. The BH entropy of the o'-corrected solutions is no longer simply given by the area
of the horizon, and one needs to use the Wald formula [17, 18].

In order to circumvent these difficulties one may try to work with the near-horizon
region of the solution only, assuming that it will have the same geometry after the o/ cor-
rections are taken into acount. The entropy function formalism developed by Sen [9, 19]
provides an elegant and powerful strategy to find the near-horizon solutions of extremal
black holes and to compute their entropy, making a comparison with the microscopic result
eq. (1.1) possible. This approach has important drawbacks, though: it is not guaranteed
that a solution interpolating between the near-horizon geometry and Minkowski spacetime
describing an asymptotically-flat black-hole spacetime exists and, if it does, it does not
give any information on how the non-linear interactions introduced by the higher-order
corrections affect the physical properties of the solution, such as the values of the con-
served charges.

The family of solutions constructed in ref. [1] makes unnecessary the restriction to
the near-horizon limit, because they can describe the complete black hole spacetime to
first order in ', as shown for the 5-dimensional case in ref. [3]. This allows us to take
into account the non-linear interactions and compute explicitly the asymptotic charges. In
the S5 and W cases, these will receive contributions from localized sources signaling the
presence of the corresponding fundamental objects in the String Theory background, and
contributions from the non-linear interactions that arise at first order in /. Being able to
make this distinction is essential in order to write the BH entropy in terms of the same
variables used in the counting of string microstates.

The non-linear contributions to the total S5 charge are analogous to those of SU(2) in-
stantons over the KK monopole? with the wrong sign and can be exactly cancelled through
the introduction of heterotic SU(2) gauge fields with the same instanton configuration.?® It
can, then, be argued that certain components of the fields associated to the S5 charge will
not receive any further o’ corrections.

The non-linear contributions to the momentum (W), though, are of a more mysterious
nature. They take the form of the contribution of a generalization of the electric sector
of the dyon of ref. [22] with the standard sign and cannot be cancelled using the same
Green-Schwarz-type mechanism. However, it can still be argued that further o corrections
connected to the supersymmetrization of the Chern-Simons terms will vanish or will be
arbitrarily small.

Having the 4-dimensional, extremal, 4-charge black holes with their first-order in o’
corrections under control just leaves us with the calculation of the entropy using Wald’s
formula. This calculation can be conveniently performed directly in 10 dimensions using

2When the charge of the KK monopole is larger than one, the Yang-Mills instantons are somewhat exotic
because the KK monopole contains a conical singularity. However, this singularity is resolved in the full
supergravity metric by a conformal factor and the corresponding instantons are regular in 10-dimensional
spacetime as well. Nevertheless, this deficit in the angle is reflected in terms of a fractional (although
discrete) instanton number.

3These Yang-Mills fields coincide with those of some of the non-Abelian supergravity solutions we have
studied in refs. [2, 20-24].



the same trick we used in the 5-dimensional case ref. [3] and the result, to first order in o/,

S'Wald ZQW\/NplNWnNS5 <1+ +> . (1.2)

Comparing this macroscopic result with the expansion in the large charge limit of the result

is found to be

TLNS5

coming from the counting of string microstates eq. (1.1) we see that they agree with each
other upon the identification k¥ = nNg5, where Ng5 is the number of S5-branes. This is
the main result of this article.

This article is organized as follows: the Heterotic Superstring effective action at first
order in o is described in section 2. In section 3 we review the generic structure of the
10-dimensional fields for the family of solutions studied and discuss some aspects of their
lower-dimensional descendants. In section 4 we present the construction of two families
of spherically symmetric selfdual instantons over KK monopoles, which can be used as
gauge fields in the solution. Additional details about these constructions are contained in
appendix B. Our most important results are described in section 5: the description of the 4-
charge corrected black hole and the identification of the parameters in terms of fundamental
objects in the String Theory background. In section 6 we briefly describe some physical
properties of our solutions from an effective 4-dimensional perspective. We particularize
the discussion for the special example of an extremal Reissner-Nordstrom solution and
comment on the non-perturbative nature of the small black holes. In section 7 we compute
in detail the Wald entropy. Finally, we discuss our results and compare them with the
previous literature in section 8.

2 The Heterotic Superstring effective action to O(a’)

In this section we review the Heterotic Superstring effective action [15] to O(a/), as already
appearing in [1]. We start by defining the zeroth-order 3-form field strength of the Kalb-
Ramond 2-form B:

HO =4B, (2.1)

and constructing with it the zeroth-order torsionful spin connections

Qggz))ab - wab + %H/(J,O)abdmu ) (22)

where w?, is the Levi-Civita spin connection 1-form.* With them we define the zeroth-order
Lorentz curvature 2-form and Chern-Simons 3-forms

0)a _ 0) a 0) a 0) ¢

R(i)b_dQ(i)b_Q(i)C/\Q(i)b’ (2.3)
LO) _ 40 a ©b 260 a ©) b ©0) ¢

Wiy —dQ(i)b/\Q(i)a 3Q(j:)b/\Q(:|:)c/\Q(:l:)a' (2.4)

Next, we introduce the gauge fields. We will only activate a SU(2) x SU(2) subgroup
of the full gauge group of the Heterotic Theory and we will denote by A41.2 (A12=1,2,3)

“We follow the conventions of ref. [25] for the spin connection and the curvature.



the components, with the understanding that repeated gauge indices imply summation
over both SU(2) factors. The gauge field strength and the Chern-Simons 3-form of each
SU(2) factor are defined by

FA = dA? + éeABCAB A AY (2.5)
wYM::¢44AAA+€%ABCAAA143AAC. (2.6)
Then, we are ready to define recursively
HY = dB + Z/ (wYM + wL_(O)) ,

1
Q)% = w' £ SHD e,

Da _ 1) a (1) a (1) ¢
Rigys = a1y — Q) e Ay,

L) _ goMa, p Wb 200

a M) o (1) e
Wiy = Bhn)"s Ay = 385" A gy e ARG e

(£)

/
(2) _ O YM L(1)
H'YY =dB + 1 (w +wl ) , (2.7)

and so on.

In practice only Qgi)),REi)),w?i()o),H(l) will occur to the order we want to work at,
but, often, it is more convenient to work with the higher-order objects ignoring the terms
of higher order in o' when necessary. Thus we will suppress the (n) upper indices from
now on.

Finally, we define three “T-tensors” associated to the o’ corrections

3o/

4) A A a b
T() T[F ANF +R(,)b/\R(,)a],

a/
4
70 = 7(2) .

(2.8)

=N
&
=
R
I

A A a b
[F T e o O VP ¥ 1 “] ’

In terms of all these objects, the Heterotic Superstring effective action in the string
frame and to first-order in o/ can be written as

2 1 1
S = % /dl% lg] e 2 {R —4(00)* + 5 H” — T<0>} , (2.9)
167TGN 23! 2

where GS\I,O) is the 10-dimensional Newton constant, ¢ is the dilaton field and the vacuum
expectation value of e? is the Heterotic Superstring coupling constant g;. R is the Ricci
scalar of the string-frame metric g, .

The derivation of the complete equations of motion is quite a complicated challenge.
Following ref. [26], we separate the variations with respect to each field into those corre-
sponding to occurrences via {1(_)%, that we will call implicit, and the rest, that we will



call explicit:

08 08 0S
v B v AAi <
08 = (59#1,69“ 5B;w5 L +5AA1-#5 ut ¢5¢
08 08
=—| 9w+ ——| OBuw 6A%N 4 75¢
69#’/ exp. ! 5Bl“’ exp. 5AA M lexp. ! (b
05 (98" 082" 0" o 4 a;
+ 59()%( o 9w+ 5 0B+ g oA ) (2.10)

We can then apply a lemma proven in ref. [15]: 05/0Q_y% is proportional to o/ and
to the zeroth-order equations of motion of g,,,, By, and ¢ plus terms of higher order in «'.

The upshot is that, if we consider field configurations which solve the zeroth-order
equations of motion® up to terms of order o/, the contributions to the equations of motion
associated to the implicit variations are at least of second order in o/ and we can safely
ignore them here.

If we restrict ourselves to this kind of field configurations, the equations of motion

reduce to
Ry —2V,0,¢6 + 1HWUH e T, =0, (2.11)
(0¢)% — fv%ﬁ - 13 H? + 8T<0> =0, (2.12)
d (e—2¢ X H) ~0, (2.13)
oDy (2% PA) =0, (2.14)

where D stands for the exterior derivative covariant with respect to each SU(2) subgroup
and with respect to the torsionful connection 2 ): suppressing the subindices 1,2 that
distinguish the two subgroups, it takes the explicit form

e20d (720 % FA) + APCAP \wFC 4 +H A FA = 0. (2.15)

If the ansatz is given in terms of the 3-form field strength, we also need to solve the
Bianchi identity

dH — %T(‘l) =0, (2.16)

as well.

3 The 10-dimensional solutions and their d = 5,4 descendents

The 5- and 4-dimensional black holes we are interested in belong to the class of o’-corrected
solutions constructed in ref. [1]. These preserve 1/4 of the 16 supersymmetries of the

®These can be obtained from egs. (2.11)—(2.14) by setting o/ = 0. This eliminates the Yang-Mills fields,
the T-tensors and the Chern-Simons terms in H.



heterotic theory and are completely determined by
1. A choice of 4-dimensional hyperKahler metric
do? = hpndx™dz™, m,n=14,1,2,3, (3.1)

with self-dual Riemann curvature 2-form with respect to some standard orienta-
tion.%If we are interested in 5-dimensional solutions, which are obtained by compact-
ification on T, we can use any non-compact 4-dimensional hyperKihler space. If we
are interested in 4-dimensional supersymmetric solutions, though, the hyperKéahler
space must admit an additional isometry and we will take it to have a Gibbons-
Hawking metric of the form”

do® = H ™ (dn + X)* + Hdz"da”® ,  dH = x)dx, (3.3)
where *(3y denotes the Hodge dual in E3.

In the Gibbons-Hawking case (and perhaps in more general hyperKéhler spaces) one

can write the Lorentz Chern-Simons 3-form of this 4-dimensional space as
WK = 5y d W, (3.4)
R™ AR = dw™™ = dkgy dW = =V Wlv|d'z, (3.5)
where |v|d*z is the volume 4-form and W is some function defined on the hyperKéhler
space and where the subscript (4) indicates that the operator that carries it is defined

in the 4-dimensional hyperKahler space. For Gibbons-Hawking spaces, which is the
only class for which we have tested this property [1], we get

W = (0logH)?. (3.6)

2. Two SU(2) gauge fields A412 defined on the hyperKihler manifold whose field
strength 2-forms F412 are self-dual there with respect to the same standard ori-
entation (i.e. they are instanton fields)

FAY = 4oy FH2 (3.7)
These are directly the SU(2) x SU(2) heterotic gauge fields of the solution. The most
general solution to this equation in an arbitrary hyperKéahler space does not seem to

be available in the literature and we will consider some particular constructions. All
of them, though, have the important property

M= = xyy dvi, (3.8)

(2

FANFY = dof™ = —d x4y dV; = Vi Vilold'e, (3.9)

w

for some functions V; defined on the hyperKéahler space. These functions are com-
puted for several instantons in appendix B.

123 — 11 in an appropriate Vierbein basis v™

hmn = 0" mv?y . (3.2)

5We use ¢

"Here n = z* and we are using the 3-dimensional, curved, indices z,y, z = 1,2, 3 which should not be
mistaken with coordinates.



3. Three functions Zy 4 _ defined on the hyperKahler space which are explicitly given by

(0); Z(0)
_ 50 [(OmZy OmZ 2
2, =20 -2 ( 2020 +0(?), (3.10)
z_ =294 0?), (3.11)
/ 2
Zy=2"— O‘Z {vl + Vo — (a log zé‘”) - W] +0(a?), (3.12)

where all the functions with a (%) superscript are harmonic in the hyperKahler space.
Notice that the internal product implied in some of the terms in (3.10) and (3.12) is
performed using the hyperKéahler metric.

Using these building blocks, the remaining fields take the form

2 1 o

ds? = 5 du [dv - 2Z+du] — Zodo? — dy'dy’, i, =1,2,3,4, (3.13)

H =dZ=" Ndu A dv+*4ydZp (3.14)
Z_

672(15 = 672(]500?07 (315)

where e?> = g,. The Kalb-Ramond 2-form B satisfies
dB = dZ=" A du A dv + x(ayd 23" . (3.16)

3.1 The 5-dimensional solutions

For our purposes, we only need to know the metric and the two scalar fields of the 5-
dimensional solution (the 5-dimensional dilaton field ¢ and the Kaluza-Klein scalar that
measures the radius of the 6 — 5 compactification, k). These are obtained from the 10-
dimensional metric and dilaton with the same relations used in absence of o corrections, [2],
and read

ds? = f2dt* — f~'do?,

1/2
z_ Zi/ g1

where do? is the 4-dimensional hyperKihler metric in eq. (3.1), ¢oo and ks are the asymp-
totic values of ¢ and k, and the metric function f is given by

f3=202,2_. (3.18)

The functions Zy 4 _ are given in egs. (3.10)—(3.12).
We should also mention that the SU(2) instanton fields have exactly the same expres-
sion as in 10 dimensions.



3.2 The 4-dimensional solutions

If the hyperK#hler metric do? in eq. (3.17) is a Gibbons-Hawking space eq. (3.3) and the
other fields of the 5-dimensional solution do not depend on the isometric coordinate 7, we
can dimensionally reduce all fields along that coordinate, obtaining the metric and scalar
fields. However, before doing so, it is convenient to rescale the coordinate n = RV/2,
where the dimensionless coordinate ¥ € [0,47) and the length of the circle is 2w R. The,
the Kaluza-Klein scalar of the 5 — 4 compactification, that we will denote by ¢, has the
asymptotic value £, = %R/ﬁs. Taking into account these points we get

d5%4) =e2Ude? — e Vg2,

1/2 1/6 51/6 51/6
e2¢:62¢00é7 k:kwi, g:gmM’ (3.19)
Z_ Zé/4Zi/4 241/2

2U is given by

eV =202, Z H. (3.20)

The compactification of the Heterotic Superstring we are considering here gives an

where the metric function e~

extension of the STU model of N' = 2, d = 4 Supergravity (plus the o’ corrections related
to Q(_)).S The three scalars above are the imaginary parts of the three complex scalars of
that model.

As for the non-Abelian gauge fields, their reduction follows Kronheimer’s prescrip-
tion [27], slightly modified by the introduction of the parameter R. It gives rise to adjoint
Higgs fields ®4 and gauge fields A4i in B3 related to the components of the gauge field in
the Gibbons-Hawking space by

O = —HAL/(R/2) A= A —xa ALY (3.21)

The self-duality of the field strength in the hyperKéhler space implies the that ®4i
and A% are related by the Bogomol'nyi equation in E3 [28]

PHAi — A
As shown in [21], the gauge fields constructed in this way enjoy the 3-dimensional version

of the “Laplacian property”:

1

wiM = xyd (2N PN /H) | (3.23)
FANFY = do™ = Vi) (@44 /1) [o]d*a . (3.24)

This result is reviewed in appendix A.
In the current setup, in order to get a 4-dimensional solution we only need to choose

)

a set of four harmonic functions Zf_’O,H and a solution of the Bogomol'nyi equations

8The Yang-Mills fields of the Heterotic Superstring appear as non-Abelian vector multiplets of the 4-
dimensional, gauged, supergravity.



in E3 (3.22). If the solution is, at zeroth-order in o, a single (spherically-symmetric),
asymptotically-flat, regular, extremal black hole, the functions Z Jg )_70 are of the form

29 g=1+8=0, (3.25)
and we are bound to choose?
H=1+ % : (3.26)

where r = |Z| and ¢ plays the role of a U(1) magnetic charge in d = 4. The corresponding
Gibbons-Hawking space is a Kaluza-Klein (KK) monopole (also known as Euclidean Taub-
NUT space) which, for large values of 7, asymptotes to E? x S!. For this reason, the KK

monopole is not used to construct asymptotically-flat 5-dimensional solutions and H = 1/r,
4

7{0}’
in the » — 0 limit, the 4-dimensional solutions have a 5-dimensional core even though

which corresponds to E is used instead in that case. Since the ¢/r term dominates
asymptotically the have only four non-compact dimensions.

As for the solutions of eq. (3.22) (by definition, BPS magnetic monopoles, among which
the 't Hooft-Polyakov magnetic monopole [29, 30] in the Prasad-Sommerfield limit [31] is
a particular example), we must look for spherically-symmetric field configurations. Fortu-
nately, all of them where found by Protogenov in ref. [32]. Independently of their singular
character in E3, all of them have been used to construct regular, extremal, spherically-
symmetric black holes in d = 4 dimensions and the 't Hooft-Polyakov BPS monopole has
been used to construct globally regular solutions [20, 33-36].1°

Using these BPS monopole solutions and Kronheimer’s prescription we get selfdual
instanton fields in 5 and 10 dimensions and we want them to be regular. For a given BPS
monopole, this property depends critically on the choice of H and, more precisely, on its
singularities and the behavior of the adjoint Higgs field ®4 at those singularities. In ref. [27]
Kronheimer gave the conditions under which the contributions to the instanton number
(action) in a neighborhood of the singularities of A are finite. It is easy to see that all the
monopoles found by Protogenov satisfy them if H is also spherically-symmetric, that is, if
H = a+ b/r for two positive constants ab # 0.

Observe that, even if Kronheimer’s conditions are satisfied at » = 0, the instanton
number density F4¢ A F4 may not fall off fast enough for large values of 7 to give a finite
integral. For H = 1/r, the choice that leads to asymptotically-flat 5-dimensional solutions,
this problem was shown in ref. [37] to arise for all of Protogenov’s solutions except for the
1-parameter family of “colored” monopoles discussed in refs. [20, 36], which turn out to
correspond to the BPST instanton [38]. These instantons were used in ref. [21] as part of the
solution-generating technique found in ref. [39] to construct black holes with non-Abelian
hair and, in ref. [23] to construct a globally regular instanton solution which corresponds
to the compactification of the 10-dimensional heterotic “gauge 5-brane” of ref. [40].

9Multicenter solutions demand multicenter Zflyos and multicenter Hs, but this case will be stud-
ied elsewhere.

103 is just an auxiliary space. The complete physical solution can be regular even if one uses a monopole
solution which is singular in that auxiliary space. Typically, the singularity of the monopole in E? is resolved
by the extremal horizon.

~10 -



For H =1+ q/r, all the monopoles found by Protogenov give instantons over the KK
monopole with good asymptotic behavior. We present them in detail in the next section.
Then, in the following sections we study the 4- 5- and 10-dimensional solutions they give
rise to.

4 Ingredients of the 4-dimensional black hole solution

4.1 KK monopole of arbitrary charge

We consider the Gibbons-Hawking metric
do® = H™ N (dn + x)? + Hdz'dz®, where dH = *(3)dX - (4.1)

Here 7 is a compact coordinate of periodicity n ~ 1 + 2rR. We choose the following
harmonic function H
H=1+ % . (4.2)

It is convenient to use spherical coordinates 60, ¢ defined by

1 2 3
— =sinfcos¢p, — = —sinfsing, — = —cosh, (4.3)
r r r

so that, locally, the 1-form y reads
X = qcosfde. (4.4)
In these coordinates, the metric of the KK monopole takes the form
do® = H(dn + gcos 0dg)? + H <dr2 + rzd%)) , (4.5)

where

03 = d6* + sin® 0d¢? (4.6)

is the metric of the round S? of unit radius. However, a global description of the solution
requires two patches. The 1-form x = ¢ cos 0d¢ contains a Dirac-Misner string at the poles

1

6 = 0,7, or equivalently, in the line 2! = 22 = 0. This can be easily checked by computing

the norm of x:

,cot? 0
Hr2 '

which is divergent at those points. In order to fix this singularity, we work with two

| cos Bdp|* = q (4.7)

different patches:
X =q(cosf—1)dg, x'7) =q(cosd+1)do. (4-8)

In this way, x(*) is regular everywhere except at 8 = 7, and x(7) is regular everywhere
except at # = 0. We also have to use different coordinates n(*) and n(~) in every patch,
but in the intersection we must have

™ 4+ = a4 ) = 4 <,7(+> _ 77(—)) — 2¢dé . (4.9)

- 11 -



Hence, we conclude that
) — () =2¢¢. (4.10)

()

Since ¢ has period 27 and both #'*) have period 2w R by definition, this relation can only

hold if ¢ satisfies the quantization condition
n=12,... (4.11)

The reason is that n ~ n + 27 R trivially implies that n ~ n + 2mn R, and thus the Dirac-
Misner string is avoided for all n = 1,2... Let us then introduce the angular coordinate

2
\I:ZEU:@NWJFM. (4.12)
Taking into account the quantization of the charge ¢, we can write then the metric (lo-
cally) as
R2
do? = H_lz(dlll +ncosfdg)* +H (dr2 + r2dQ%2)) : (4.13)
It is important for future purposes to understand the » — 0 and r — oo limits of
this space.
e In the r — 0 limit we must use that H ~ %, and after performing the change of
coordinates
02
= 4.14
r=g (4.14)
we obtain
p? | [dV¥ 2
do®(r — 0) ~ dp® + vy < + cos Hdgb) + df* + sin® 0dp? | . (4.15)
n

When n = 1, we recognize the factor that p? multiplies as the metric of the round S3.
However, for n > 1 the cyclic coordinate ¥ does not cover the full sphere, but only
a 1/n part of it. This corresponds to the metric of a lens space S?/Z,, and hence
the full space near r = 0 is the orbifold E*/Z,. Although lens spaces are regular,
the full Gibbons-Hawking metric contains a conical singularity at r = 0, because at
this point the periodicity of ¥ is not “the right one” for n > 1. Nevertheless, it is
important to notice that, when one takes into account the full 10-dimensional metric
with non-vanishing go there is no conical singularity, see eqgs. (3.13) and (3.25).

e In the asymptotic limit » — oo we have H — 1 and the metric becomes the direct
product S x [E3:
do*(r — 00) = dn? + da'dx’ . (4.16)

This is better seen by using Cartesian coordinates x* and the two patches introduced
previously. In that case, the 1-forms y(*) read

(+) rlda? — 22da!

AL where 7 = +/(21)2 + (22)% 4 (%)2. (4.17)

X
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We use XH) in the upper space 23 > 0 and X(f) in the lower one x> < 0. In this way,
it is explicit that y&)
lim, 00 X&) = 0, where the limit is again taken in the respective region. Hence, the

metric (4.1) becomes (4.16).

are regular in their respective regions, and we observe that

4.2 SU(2) instantons over KK monopoles

The BPS monopoles and the corresponding instantons that we consider can be written in
terms of the functions f(r), h(r) by

x4 v x?
A — _T(T,f) : AA£ — _EA127(Th) ’ (4.18)
A x4 R A x® [z
A% = %_17 ('I"f) g(dqj -+ n cos 9d¢) — € IZ'I"2h7d <’r> . (419)

There are two independent families of solutions. One of them corresponds to the
colored monopole, which depends on a parameter \:

1 1
—h - - - 4.20
Ia(r) = ha(r) PR (4.20)
The other family depends on two parameters (i, s), and it is given by
1 1 ur
=——1\1- th h = |1-—— 4.21
Phualr) = = [ —preoth(ur )] rhs(r) = — 1= e B @)

The parameter p can always be taken to be positive, while s, which in this context
is known as Protogenov hair parameter, can take any real value. However, we will only
consider s > 0 to avoid singularities.

The s = 0 member of this family is the 't Hooft-Polyakov magnetic monopole [29, 30]
in the BPS limit [31] with mass parameter p and it is the only regular monopole in this
family. On the other hand, in the s — oo limit we get

" 1 1
S h =__ 4.22
Phpoolr) =2 = hyelr) = (422)
which is a py-dependent generalization of the Wu-Yang SU(2) monopole [41].
We are going to characterize the instantons over a KK monopole that all these

monopoles give rise to. Observe, first of all, that the norm of the Higgs field is given by

@] = (@402 = |rf], (4.23)
and that Kronheimer’s conditions are satisfied:
1 A2
lim r|®y| = —, lim d(r|®,|) = ——dr (4.24)
r—0 g r—0 g
for the colored monopole, and
1 th
o 87507 _'LLCO SdT7 57&0)
. g . g
lim r[.| = lim d(r[,.,]) = (4.25)
07 s = 07 0, s=0

for the (u, s) family.
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Except for the (i, s = 0) case, the vector fields A4 in eq. (4.19) are singular at 7 = 0
in the Gibbons-Hawking space (4.1). The fact that Kronheimer’s conditions are satisfied
ensures that these singularities can be removed by performing an appropriate gauge trans-
formation (in fact, the field strength F4 is regular). It is not too difficult to show that
this is the case when n = 1, for all the instantons constructed from the above monopoles.
However, for n > 1, the presence of a conical singularity in the GH space at r = 0 makes
the problem more complicated, and we have not found the gauge in which the vectors
become regular when defined over that space. Nevertheless, we stress that the physical
fields are not defined over the GH space, but over the physical manifold whose metric is
given by eq. (3.13). As explained in the previous section, in the full spacetime the conical
singularity at » = 0 is blown away by the conformal factor in front of the hyperKéahler
metric. This mechanism also resolves the original divergences of these vectors, rendering
the instanton fields regular.

The regularity conditions on the SU(2) gauge fields have relevant physical implications.
For example, in the (u, s) family, the parameter p is related to the charge of the instanton.
However, from the String Theory point of view, the charge cannot depend on an arbitrary
continuous parameter. As we explain in appendix B, the correct construction of this family
of solutions implies that the parameter p should actually be quantized [42], according to
eq. (B.32), which we write here for convenience

M:m, m:O,l,Q,... (426)

In the case of the A-family of instanton solutions built from the colored monopoles,
the charge is independent of any continuous parameter, as we show below. Moreover, as
we will see in the following section, the instantons of the A-family are the most interesting
ones from the point of view of o’ corrections.

The “charge” of these instantons is just their instanton number, which is given by

g9 - g9 A A
=—-——— [T [F/\F}: FoNF? 4.27
" 82 / g 1672 / (4.27)

where the integral is taken over the GH space.!! This integral takes a simple form once we
take into account that F4 A F4 is the Laplacian of some function V' (see appendix A):

FANFA = —dx(g) dV . (4.28)

Using that relation, for the cases that we consider V' = V(r), we can write

1 _
d*(4) dV = *(4)@&, (7‘[ 1‘1}’87‘/) y (429)
and integration yields
2 - 2 -
_ g E . 2 r=0 . _g R 2 r=0
n= 162 / 5 d¥ A df A dgsin 0r-0,V =TT 0,V - (4.30)

")\ ore precisely, it is defined over the 4-dimensional space conformal to the GH space, but the integral
is invariant under Weyl transformations.
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For our instantons the function V' is given by (see appendix A)

_ (I)A(I)A _ 7“2f<7")2

4 , 4.31
o] 2 (4.31)
and we obtain )
1 (m + 1) - 63 0
_ = g=—7 4.32
Lo} n’ Uy, " ( )

As we see, the instanton number is quantized although its value is not necessarily an
integer. This is related to the presence of the lens space S3/Z, and it shows that these
instantons, when n > 1, are somewhat exotic in a mathematical sense. Other solutions
with rational but discrete instanton number are known in the literature, see, for instance,
refs. [42, 43].

5 Explicit 4-dimensional black hole solutions and their charges

Having described all the basic building blocks necessary to construct a solution, we just
need to specify our choices for them.

We choose single-pole, spherically symmetric, harmonic functions Zy 4 — of the form
egs. (3.25) and the GH space of the charge-¢ KK monopole described in the last section
with harmonic function H given by eq. (3.26). In addition, we are going to include an
arbitrary number Ny and N, of instantons of the A and (yu,s) families, respectively,
which we have described in section 4.2. Introducing this input in egs. (3.10)—(3.12) and
using the relations eqgs. (B.33)—(B.35) for the contribution from the instantons Vi, Vs, we
obtain the o/-corrected functions

q+ o q+4q— 2
A I +0O(?), 5.1
T et ) O 5-1)
Z_:1+q7_+(’)(a’2), (5.2)
20=1+%° (5.3)

o @ ¢ al 1 P
{ 0 4 272—2 [1—puir coth (pir=+s;)]? }7 (5.4)

N _
4r(r+q) | (r+qo)*  (r+q)? Py (1+A7r) =1

H:1+g+(’)(a’2), (5.5)

where we recall that the charge ¢ is quantized according to eq. (4.11). Note, however,
that these functions are not univocally determined: we are free to add an arbitrary O(a/)
harmonic function to each of them, and the resulting field configuration is still a solution
of the equations of motion at first order in o. We use this freedom to impose that the 1/r
pole of the Z functions is not changed by the o' corrections and to ensure that Z — 1 at
infinity. For the functions above this amounts to the changes

N,
o g4 o = 2
ZL = Z —_— Zy—2Z9g— — |2— Ny — N, 1) . 5.6
+ ++27“q CIO’ 0 47‘(] A u,s"‘;(s,o“‘rquz) ( )
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There are two reasons why we must eliminate the poles from the o’ corrections:

1. The o corrections are associated to the curvatures of the gauge instantons and tor-
sionful spin connection, which are regular. Thus, they should be regular as well. The
poles are spurious and their presence is solely due to the fact that we are using a
singular gauge to write the different connections.

2. We want to associate the residues of the poles with the sources of the solution, and
these should not be modified by the o’ corrections.

From now on we focus the discussion on the gauge fields on the A-instantons, which
will shortly be proven as the most interesting family. Then, for simplicity reasons, we
will set N, s = 0. Taking into account all these points, the functions that determine the
solution read

o'qr % +7(q0 + - +q) + qq0 + 9q— + Qg
z o140 (90 + g- +q) + 990 + 99— + qog

+ 0%, (5.7)

T 2990 (r+a)(r+qo)(r+q-)
Z =1+ QT‘ +0(?), (5.8)
Ny
Zyo=1+ q70 —f—o/{ — F(r;q0) — F(r;9) +ZF(T;)\;2)} + 0(a'?), (5.9)
=1
H=1+ g +O?), (5.10)

where we have introduced the function

(r+q)(r+2k) + k2
Aq(r + q)(r + k)?

F(r;k) := (5.11)

Expressed in this way, it is obvious that we can eliminate all the o’ corrections to Zy
if we use Ny = 2 instantons of sizes \{? = qo, \y2 = ¢ (N, s = 0). We will come back to
this point later.

In the configuration at hand, gq is related to the number of solitonic (or Neveu-Schwarz,
NS) 5-branes (S5), g— is related to the winding number of a string wrapped along the u
direction (F1) and ¢ represents the momentum of a wave (W) along that direction. We
also have a KK monopole of charge n (¢ = nR/2) and a number N of gauge 5-branes,
sourced by the SU(2) instantons.

The easiest way to determine the number of stringy objects is by looking at the near-
horizon geometry © — 0. In that case, we introduce the coordinate p in (4.14) such that do?
becomes explicitly E*/Z,. The full 10-dimensional geometry is regular and corresponds to
the spacetime geometry AdS3 x S3/Z, x T*. The Z functions behave in that limit as

2nRqo z . 2nRq_ = 2nRqy

ZON _ ~Y
2 2 + 2
P P

(5.12)
This near-horizon geometry is the same as the one of the 5-dimensional black holes con-

sidered in refs. [2, 3] up to a Z,, quotient, and therefore we can apply the results there in
order to obtain the number of stringy objects from the coefficients of 1/p%. There is one
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difference though: here we only have 1/n-th of the sphere, and this means that the field
produced by one of these objects is n times larger than in the case in which we have the
full sphere. Taking into account this effect, we expect the result to be

gz €2g2 92£4
= 7N _ = ﬁN == s°S . 513
q0 R S5 q 2R F1, q+ QRR% w ( )

Indeed, one can check that the values of gy and g_ above agree with the ones computed

by using the relations'?

2 /
2 _ 9s 2077 & A A a b
92 NgsTss = = {/sngo *HH — /(F NFA+ R AR )} . (5.15)

Tr1 Npy = . / *xe 2H | (5.16)
167TG§\1,0) Sx 82 xT4

obtained by coupling the 10-dimensional Heterotic Superstring effective action to the world-

volume effective actions of Ngs solitonic 5-branes and Np; fundamental strings [2].

The interpretation of ¢4 is, however, less transparent. This is related to the fact that
the parameters qg, g— and g+ represent localized sources of solitonic 5-brane, string and
momentum charge respectively. But due to the effect of the o’ corrections, those do not
necessarily amount for the corresponding total charges measured at infinity. For instance,
when r — oo, the functions Z, ( take the form

1 ! 1
Z+:1+(q++OKQ+>+(9<2>, (5.17)
r 2qq9 r

1 o/ 2 1

where ny = 1/n is the instanton number, as given in eq. (4.32). Therefore, there are
additional O(«’) contributions to the S5 and W charges at infinity, while the F'1 charge
does not receive any contributions at O(d’).

Let us first consider the corrections/contributions to the S5 charge through the func-
tions Zy. Some of these are immediately identified as produced by gauge 5-branes, which
play the role of non-localized S5 sources. They are responsible for the appearance of the
instanton number in the above expressions and are well understood.

The rest of the o corrections in Z; are associated to the Q(_) connection. As we
already remarked some lines above, their net effect is the same as that of Ny = 2 gauge
5-branes but with a negative sign. This means that we can eliminate all the o’ corrections
in Zj simply by taking N, = 2. This choice is that of the symmetric 5-brane of ref. [44]
adapted to include a KK monopole of charge n.

The case of S5 charge is paradigmatic, because we can explicitly identify and compute
the different types of sources; the pole in Zy at » = 0 gives the number of solitonic 5-branes,

2Here the tensions read
1 oo 1
(27Ls)54sg2’ L= oral’

and the NSNS 7-form field strength H is defined as H = xe 2 H.

Tss = (5.14)
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while the remaining regular functions account for delocalized sources of non-Abelian nature
coming from «o/-corrections. Furthermore, these corrections can be completely cancelled by
an adequate choice of Yang-Mills fields eliminating any possible ambiguity in the identifi-
cation of the number of S5-branes that source the solution.

Now we turn back our attention to the W charge and the interpretation of ¢y. At this
stage and after the preceding discussion, the direct identification of ¢4 in terms of Ny
units of momentum charge carried by the string proposed in eq. (5.13) is rather natural;
the pole in Z, should correspond to a localized source of momentum, while the remaining
regular contribution to the function represents delocalized sources of momentum arising
from higher-order interactions. The additional contributions to Ny at infinity coming from
the o/ corrections have positive sign. We do not know how to cancel them by introducing
some delocalized gauge brane. The contribution of a SU(2) dyonic gauge field, like that of
ref. [22], would only add up to it. This is an o’ correction that we have to live with and
which has important physical consequences.

Performing a T-duality transformation along the u coordinate using the o/-corrected
rules [45] amounts to the following changes in the functions [1, 3]

1 !
Z_—>Z':1+<q++aq+),
r 2qqo

B o/q—) a'q—r* + (g0 + ¢+ + q) + a90 + 99+ + Qg+
2qqo0 2qqo0 (r+a)(r+aq)(r+aq+)

(5.19)

1
Z+—>Zg_:1+* (q
r
As we see, T-duality interchanges the total (asymptotic) string and momentum charges.'?
However, since the total momentum charge receives contributions from delocalized sources
while the total string charge does not, the microscopic T-duality rules interchanging Ny
and Ngj have to be modified as

!
/ aq4 /
¢ =(q +> — N :NW<1+ > 5.20
( 7 29q0 1 nNgs (5.20)
!
/ (e} q* / 2 >
— (¢ - =2= N Ny = Npy (1= . 5.21
o (q 2qqo) W= < nNgs (5.21)

We emphasize that the identification of the parameters of the solution in terms of fun-
damental String Theory objects and their relation with the asymptotic charges is affected
by the global aspects of the solution when o' corrections are present. Therefore, the use
of merely near-horizon geometries for this purpose, which, as we have discussed in the
Introduction, has been a common strategy in the literature, can introduce errors in the
determination of the sources. We shall come back to this issue in the discussion section.

To close this section, we note that when one or both of ¢, gy vanish, a qualitatively
different family of solutions, known as “small” black holes, is obtained. In order to avoid
difficulties in the limits ¢,qo0 — 0 in Z( given by eq. (5.9) it is convenient to work with
the symmetric solution with Ny = 2 gauge 5-branes that kills the o/ corrections. On the

130n the other hand, the near-horizon geometry and entropy are preserved at O(a’). Moreover, tem-
perature and entropy of the BTZ black hole in a simplified model remain invariant under the o/-corrected
T-duality transformation, [46].
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other hand, this limit is singular in the expression of Z; given in eq. (5.7), but the reason
is that the subtraction made in eq. (5.6) is not pertinent in this case. Hence, we should
use eq. (5.1). For example, in the gy — 0 limit, we get

Zo=1+4 q7+ - 570 Ofi;)?;r S O(a’?), (5.22)
Z_ =1+ qf +0(a'?), (5.23)
Zy=1, (5.24)
H=1+ g +O(’?). (5.25)

An analogous solution is obtained if instead we set ¢ = 0, go # 0, just by interchanging
‘H with Zy and g9 with ¢ in Z;. These solutions are characterized by the anomalous degree
of divergence of Z, at r — 0, which now is ~ 1/r2, instead of the usual ~ 1/r. If both ¢
and ¢o vanish, the divergence is ~ 1/73. As we discuss in the next section, this behavior
potentially could stretch the horizon of these small black holes to yield a non-vanishing
area. However, we will see in section 6.2 that these solutions are non-perturbative and
therefore the functions given in eqs. (5.22)—(5.25) cannot give a good description of the
small black holes near the horizon.

6 o' corrections to d = 4 black holes

From the solutions constructed in the previous section and the compactification given by
eq. (3.19), we obtain a family of 4-dimensional black holes with o’ corrections. Let us
determine the main properties of these solutions.

6.1 4-charge black holes

Let us first consider the case in which all charges are non-vanishing, gqogrq— # 0. We
write here the metric of these black holes for convenience,

ds®* = 2Vdt? — e Vdz?, where eV = \/Z0Z, Z_H. (6.1)
First, defining the mass M from the asymptotic behavior
26 M 1

e =14+"2"10 <2> : (6.2)
r T

and using eqgs. (5.3)—(5.5), we obtain

1 "(Ny —2
4Gy 4q

/
—i—q_+q+<1+ - >+q]. (6.3)
2qq0

This expression takes a more meaningful form in terms of the stringy objects that
form the black hole. The charges are characterized by the integer numbers Ng5, Nr1, Nw
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and n according to egs. (5.13) and (4.11). On the other hand, the 4-dimensional Newton’s
constant is obtained from the 10-dimensional one as

G g2t

G(4) _ — 6.4
N (2nR)(27R,)(27ls)*  8RR,’ (6.4)
where we used the value of the 10-dimensional Newton’s constant Gg\lfo) = 875842, Plug-
ging this into eq. (6.3), we get
R, Ny —2 R, Ny 2 R’R,
M=——= (N, —N, 1 —— - .
i (N ) e B (1) e 69

We see that every SU(2) instanton contributes to the mass as one S5-brane times
the instanton number.'* If we do not include SU(2) fields, the o' corrections induce a
negative mass term that looks as that of certain kind of anti S5-brane. Hence, in order to
avoid negative mass contributions the most natural choice corresponds to Ny = 2, and in
particular to the choice of two instantons that cancel all the o/ corrections in the function
sourced by the 5-branes Zy. Then, the S5-branes are symmetric.

An intriguing observation in the symmetric case is the following. As we see, the mass
is the sum of four terms, that actually correspond to the asymptotic charges as should
happen in a BPS state. Let us write it as M = Q1 + Q2 + Q2 + Q4. Then, if we consider
instead the quantity

167TG53)\/ Q1Q2Q3Q4 = ZW\/Nple(nNgg, + 2) , (66)

we are going to see that it coincides with the exact result for the entropy computed counting

string microstates. At the very least, this relation suggests that in the symmetric case we
do not expect to have further corrections to the mass, and hence the resulting eq. (6.5)
with Ny = 2 would be exact. Going further, this also supports the conjecture, based
on the form of the T-tensors that account for all the o corrections associated to the
supersymmetrization of the Chern-Simons terms, that the symmetric solution could be
actually exact at all orders in o/.'

On the other hand, the near-horizon geometry r — 0 is that of AdS, x S2 and it does

not receive any explicit o/ correction:

_ dr?
ds?y, = (qoasq—q) " Y2r2dt + (qogsq_q)"/? (7“2 + dQ§2)> , (6.7)
and the area of the horizon area is

A =47\/90419-q - (6.8)

Tn our previous works (refs. [1-3, 23, 47]) we have used, following ref. [40], a (wrong) normalization

that differs from the one used in this paper by a factor of 8 for the o’ corrections in the action, so in that
references every instanton contributes as 8 S5 branes. Here we have eliminated this factor, in agreement
with ref. [48]. We thank Prof. M.J. Duff for sharing this information with us.

5The reasons that support this conjecture are the exactly the same that support it in the 5-dimensional
case treated in ref. [3]. Unfortunately, the o’ corrections which are unrelated to the supersymmetrization
of the Chern-Simons terms are not well known and there is no much that can be said about them that
supports or contradicts the conjecture.

—90 —



However, due to the terms of hiher order in the curvature present in the Heterotic Super-
string effective action, the entropy is not simply given by A/ (4G§3) ). We will compute its
value in the next section by applying Wald’s formula [17, 18].

Bonus example: corrections to Reissner-Nordstrom black hole. The Reissner-
Nordstrom black hole corresponds to the zeroth-order in o solution with ¢, = g_ = qo = q.
This choice of charges gives constant scalars e? = e?>, k = ko and £ = {o at this order.
However, taking into account the constituents of the black hole, we can only take those
charges equal at given points in moduli space

N N‘/‘/ N
s =€ =4\, R./ls =k =) —, R/ls =20 =] —, 6.9
g Np / Npy / \/ n ( )

which fixes the asymptotic values of the scalars to their attractor values.
Applying the general result to this particular case is straightforward. Taking the

symmetric case, we find that the corrected metric function e=2Y and the scalars take
the form
2 2
U _ Q>2 o [r* +3rq + 3¢°) 2
=(1+-= — @ , 6.10
e (1+2 e oar T (6.10)
20 — (2 (6.11)
koo 71 + 37q + 3¢°]
k= koo + + 0(a'?), 6.12
ot R (?) (6.12)
loo T[r? + 3rq + 3¢°]
(=0 00 O(a'? 6.13
with

ls
qg= —+/nNgs. (6.14)

2
We also have to take into account that the 4-dimensional Newton constant given in

2
(4) gs TLN55
=8,/ 1S5 1
G 8\ Ny Ny (6.15)
(4)

Then, if we do not want G to change with ¢, we must set Ny Npp = N2 Ngsn for some

eq. (6.4) now has the value

positive dimensionless constant N so that
f2
GW =2, 6.16
Staying at weak coupling (so the loop corrections can be safely ignored) and away of
the self-dual radii at which new massless degrees of freedom arise, demands the follow-
ing hierarchy
Nw > Np1 > Ngs >n, = N>1. (6.17)

At this point in moduli space, the mass of the black hole will be given by

4
M = ?\/NwNpl <1+

s

1
oGO = Ngs + —— 6.18
27’1NS5) , Or N s niNgs + 2v/nNss ) ( )
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while the area of the horizon takes the value
A = 471¢® = nl?nNgs , (6.19)

and the leading contribution to the entropy will be

A
L = 2 \/nNsaNw N = 2m8niNss. (6.20)

4Gy
6.2 Small black holes

It has been known for some time that, in the String Theory context and at lowest order
in o/, four charges are needed in order to obtain a 4-dimensional extremal black hole with
a regular horizon. When one or more of the charges vanish, the horizon (still located at
r = 0) has zero area and becomes singular. Usually, the small black holes considered in
the literature only contain g_ and ¢4 charges (corresponding to strings and waves). There
is a curvature singularity at » = 0 and the scalars behave there as

1 1

2¢
e —>0, kNm, ewm

(6.21)
Although at zeroth-order in o’ the area and entropy vanish, the exact entropy of such
black holes computed by counting string microstates is finite (see e.g. ref. [9]). Hence, from
the Supergravity perspective, it was expected that the singularity at the would-be horizon
of these solutions could be fixed somehow. Since the string coupling vanishes at » = 0,
quantum corrections cannot be of help here, but o corrections can be relevant because the
curvature is very large (divergent) there.

Let us consider the o'-corrected solution in the case g = 0, allowing ¢ to be arbitrary,
so that the solution still contains 3 independent charges. This solution is determined by
the functions in egs. (5.22)—(5.25). Let us recall that we are choosing a symmetric KK
monopole in this case, so that Zy = 1. This solution is qualitatively different from the
4-charge black hole. For example, the limit gy — 0 in the mass formula eq. (6.3) would be
divergent, but we find instead

1

=0 lg- + a4+ +4d] - (6.22)

On the other hand, in the limit » — 0 the functions H and Z_ diverge with the usual
1/r behavior, but the o’ corrections produce another divergence in Z; that dominates in
this limit:
o'q4
2qr?

Z~— (6.23)

Thus, assuming that ¢, q_ < 0, the metric becomes again AdS; x S? and the area of the

A=A4Ar\/—d/qyq_/2. (6.24)

Interestingly, only two charges contribute to this area even if the solution contains

horizon is

three of them. It is immediate to check that the previous formula also holds if we set ¢ =0
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o'q4
2r3
if gog = 0 it seems that the higher curvature corrections pump the area of the horizon up

(because then Z, ~ — ) or if we set instead go # 0, ¢ = 0. Summarizing all the cases,
from zero to the value in eq. (6.24).

However, it is possible to see that this analysis is not rigorous enough. Our solution
generating technique, summarized in section 3, assumes that the solution admits a pertur-
bative expansion. In particular, to obtain the corrections to the function Z, as given in
eq. (3.10) we implicitly assume that the dominant contribution to 0, Z is given by 8nZJ(r0)
everywhere, allowing a perturbative construction. This is true in the 4-charge family of

)

solutions, but when gpg = 0 we immediately see from eq. (6.23) that anz(f is subdominant
in the near-horizon region. This is a contradiction which signals that our method to build
solutions is not valid in this case and that small black holes are non perturbative, so the
solution eqgs. (5.22)—(5.25) should not be trusted at this stage. They will be studied in
more detail in a forthcoming paper ref. [49].

Let us close this section by mentioning that o/ corrections also introduce very curious
properties in 4-charge solutions when two of the charges are negative. At zeroth order
in o/ such solutions represent naked singularities, but it was shown in ref. [50] that the
first-order corrections turn them into globally regular black holes whose horizon does not
contain any singularity. These solutions suffer from the same issue as the one mentioned
for small black holes, hence a thorough analysis of the higher-order corrections is necessary
to determine if these appealing regular black holes can be trusted.

7 Black hole entropy

In this section we will compute the Wald entropy of the black holes we have obtained, up to
terms of O(«’). Following refs. [17, 18], the Wald entropy formula for a D + 1-dimensional
theory is

S = —27r/ dP g/ ]h\Eﬁdeeabecd, (7.1)
by

where ¥ is a cross section of the horizon, h is the determinant of the metric induced on
¥, €qp is the binormal to ¥ with normalization e e® = —2, and Eﬁde is the equation of
motion one would obtain for the Riemann tensor R4 treating it as an independent field
of the theory,

g%bcd — 1 6S(D+1) 7
\/ ]g] 6Rabcd

where S(p1) is the action of the theory.

(7.2)

Then it seems that, in order to compute the entropy of the lower dimensional solu-
tions one needs to know the o’ corrections to the Lagrangians of the dimensionally reduced
theories. The determination of such correction terms starting from the 10-dimensional
theory would require a long and intricate calculation, but luckily it turns out to be un-
necessary since, as we will now show following the discussion in ref. [3], the entropy of
the 4- and 5-dimensional solutions can be re-expressed entirely in terms of integrals of
10-dimensional quantities.
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It is convenient to work in frames adapted to the dimensional reduction. To this end,
we start by rewriting the 10- and 5-dimensional line elements egs. (3.13) and (3.17) in the

following form:

_ _ dt \? i
dstig) = €777 | (k/koo) "> Pdsls) — (k/koo)? (du—z) ] —dy'dy',  (7.3)
+
dsty = R/(20) ds(yy — £2 (AT + x)* (7.4)

where the 4-dimensional line element ds%4), the dilaton ¢ and the Kaluza-Klein scalars k
and /¢ are given by (3.19), which we report here for convenience:

ds%4) =at? — e Wdz?,

1/2 1/6 51/6 51/6
26 _ 20m 20 b B gy Bz 2 (7.5)
Z_ ’ OOZS/4Z£/47 o Hl/g I

with e?> = g, and
e =\/20Z, Z_H. (7.6)

We are also going to need the metric function of the 5-dimensional black holes f, which is
given in eq. (3.18) and which we also quote here for convenience:

[P=202,2_. (7.7)

We define the following Vielbein bases in 4, 5 and 10 dimensions, respectively:

w0 =elVdt, vl =e"Ydr, v?P=e"Yrdo, v>=e Yrsinfde. (7.8)
VO3 = (R/(20))Y/2 003 VA =1(dU+cosfdg) , (7.9)
1
b [k \ 3 —doo k dt
WO ..... 4:e¢ j (koo> VO ,,,,, 4, ‘/1/526%E (d“_a_> : W6,...,9:dy6 ..... 9’
(7.10)

where (7,0, ¢) are spherical coordinates on E3.

As we can see, the Vielbein 1-form bases we have introduced in 4,5 and 10 dimensions
are related by multiplication by a common factor, and consequently the components of the
Riemann tensors in these frames are related by

(o k
R(lO)abcd =€ @ ¢w)(7)2/3R(5)abcd T (711)
o
for a,b,c¢,d =10,...,4 and
2/ 20 _ 4 k
R(S)abcd = 75 R(4)abcd +t.o.. = R(lO)abcd =—5€ @ ¢W)(7)2/3R(4)abcd T (712)
R R koo
for a,b,c,d =0,...,3, so that
05(10) (6 o0) 2 05(10)
= e (9=900) (K /[ )23 , 7.13
SR (5)abed (k/ ko) O R(10)abed (7.13)
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and

0Sao) _ 2¢ (@0 () /o )2/ 955 (10)

: 7.14
5R(4)abcd R 5R(10)abcd ( )

where the integrations are on the appropriate compact coordinates. The action is, of course,
the same in any dimension, and, therefore,

55w 950 55w 95 1)
OR(5)abed  OR(5)abed OR(1yabed  OR(a)abed '

In the solutions we are interested in, the horizon Y is located at r = 0, where the
timelike Killing vector becomes null. Then we have

l95)] = [H|hs)l, 192l = |l (7.16)

on %, and the components of the binormal €,, when expressed in the frames defined above
are the same in any dimension, ¢y; = 1.

All this allows us to write the Wald entropy for the 4 and 5-dimensional solutions in
10-dimensional language, the explicit expressions being

:—27T/ Bz 1/ is) ————€abCed 7.17
3 9(5) 5R(5 abed ( )

——27r/ fH)™ 1/2, (¢7¢W)(k/k00>2/3M
Z3XSIXT4 5R(10)abcd

S(a) = —27r/ d’x 1/ 4 ————€ab€ed (7.19)
Yo 4)abcd

2€ (6 05(10)
- —27?/ Bz e~ (=0%) (J [y /3 210
SoxSixsixTd R (/koc) dR(10)abed

€abed s (7.18)

and

€abCed - (7.20)

Observe that, taking into account the expression for ¢ in eq. (7.5), if X3 = ¥ x S,
then 8(5) = 8(4)

The action S(jg) is given in eq. (2.9). At leading order it depends on the Riemann
tensor only through the Einstein-Hilbert term, while at first order in o’ there are additional
contributions from terms depending on the curvature of the torsionful spin connection
(), denoted by R(_). Since we are only interested in the first order corrections and R
already appears at first order in the Lagrangian, it is enough to consider the leading order
dependence of R(_y on the Riemann tensor,

R(f)abcd = R(lO)abcd +... (721)
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Since at this order no derivatives of the Riemann tensor appear in the Lagrangian, one has

on X
1 (58 (10) 6_2(¢_¢°°) 0 < 2 b >
€ab€ed = R—}-—H——R YR\ | €avee
/19010 | 9R(10)abed vred 167rG§\1,0) OR(10)abed 2-3! () 7H) pred
_ e—2(0—0o0) [Uacﬁbd H®9  6H,y, ]e v
167TG§\1[0) 3! 5R(10)abcd o
672(¢7¢oo) |: bd b
= ——0 |1%7 H 0 ]eabécd
167G 8 s
672(‘]57(1)00) Oé/ o1 01
N

The term quadratic in R(_y does not contribute because R(_) vanishes on .16 The
relevant components of the Kalb-Ramond field strength H and of the torsionful spin con-
nection {_) can be obtained straightforwardly,

Horg = —63(Z20H) /20, log 2, (7.23)
1 _
Q501 = 5(20H) 20,108 (2-Z4), (7.24)
10, log(Z_Z,)0,log Z_

HOYQ )0 = HO50 0 = 2

5 XY (7.25)

The last missing piece is the determinant of the 10-dimensional metric, which reads

\/1900)] = 63(¢_¢°°)f_1§ 2 H sin O(k koo ) 23 . (7.26)

Putting everything together we get to

R o Oplog (Z_24)0, log Z_
Sy = 8G(10) / dOdpdVdzd*yr? sin 0/ 202+ Z_H (1 +3 20;1 .

(7.27)

Once we substitute the explicit form of the functions Zy + given in egs. (3.25) and

‘H given in eq. (3.26) and integrate on the compact coordinates and on ¥ we arrive at
the result

/
4 (4) v 40 4+49—-4 <1 + 4(] q) (728)
with the 4-dimensional Newton constant given by
¢(10)
oW _ N . 7.29
N 7 (27R)(27R,) (2ml)4 (7.29)
Finally, with the identifications egs. (5.13) and (4.11)
o a/292 0/92 nR
=—N, 5 N _=—=N =— .
q0 R S5 q+ = QRR% w q o°R F1, q 9 7 (730)

63ee [3, 51].
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and
GE\I,O) = 8715a/¢? (7.31)

the entropy can be finally rewritten as

8(4) = 2w\/ Np1NwnNgs <1 + L > . (732)

nN, S5

8 Discussion

The preceding result (7.32) coincides with the next to leading order approximation to

S(ay = 2m\/Np1Nw (nNgs + 2) (8.1)

in a nNgs > 1 expansion, which is the exact entropy formula computed previously in the
literature using the entropy function formalism in ref. [51] — see also [52] — once the global
effects of higher-curvature corrections on the charges are properly taken into account, as
we are going to explain below. Since the near-horizon solution preserves the symmetries of
AdSs3 x S3, at the horizon one has R(_y*p = 0. Therefore all corrections to the area law in
the Wald entropy arise from the variation of the Kalb-Ramond field strength with respect
to the Riemann tensor, which suggests that it might be possible to compute them explicitly.

Direct comparison of (8.1) with the expression displayed in the previous literature
seems to yield an apparent mismatch; previous studies based on near-horizon solutions
obtain a correction factor of value 44, instead of +2, inside the square root. The obvious
question is: why?

Before answering that question, let us notice that we can rewrite the expression eq. (8.1)
substituting the number of solitonic 5-branes Ngs by the total, asymptotic solitonic 5-brane
charge Qg5 = Ngj + 222

n

. In doing so, we get

S = 2m\/Np1 Nw (nQgs + 4 — Ny), (8.2)

where, we recall, Ny is the number of instantons in the solution. To get here we have used
the formula for the shift in the charges that we obtained at first order in o/. However,
this expression is actually exact, as explained in [53]. Then, equation (8.2) is also exact.
Since previous studies do not include non-trivial gauge fields, we see that setting Ny =0
we reproduce the aforementioned correction factor when the entropy is mostly expressed in
terms of asymptotic charges instead of fundamental constituents, except for the momentum
carried by the string. As we are going to argue, this is no coincidence.

In the entropy function formalism, the S5 charge is carried by an auxiliary Abelian
4-dimensional vector whose Bianchi identity is uncorrected, i.e. its field strength is a closed
2-form. This means that the charges carried by this auxiliary field is the same everywhere,
asymptotically and at the horizon. In most of the preceding literature this charge was
identified with Ng5, the number of S5-branes. On the other hand, it was observed in
ref. [52] that the charge carried by this auxiliary field is actually the asymptotic S5 charge,
Qgs, carried magnetically by the Kalb-Ramond field strength.
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This identification is in direct contradiction with the identification of total charges
and sources which we have explained in full detail in the preceding sections. As we have
argued repeatedly, the Ng5 Sb-branes are responsible of the local S5 charge measured at the
horizon, while the asymptotic charge results from adding to these the delocalized sources
introduced by the higher curvature corrections. Observe that, if the asymptotic charge were
Ngs, then the charge at the horizon would be given by (Ng5 + 2/n), with the shift caused
by the higher curvature corrections. It seems hard to justify how this would be possible,
specially taking into consideration that the curvature R, vanishes at the horizon.

Finally, we observe that, in order to reproduce the standard formula for the entropy we
have preserved the near-horizon momentum charge Nyy. This can be justified as follows.
While in ref. [51] the Chern-Simons terms that carry the delocalized S5 charge are carefully
taken into account, the term T(® is not included in the action. This term is responsible
for the appearance of delocalized momentum charge, as becomes manifest in the Einstein
equation of motion (2.11). It is for this reason that we should not take the shift of this
charge into account to perform this comparison.

For all these reasons we claim that the correct expression for the entropy expressed
in terms of the number of fundamental constituents of the solution is eq. (8.1). This
identification also matches the microscopic result eq. (1.1) (k = nQgs + 2 = nNgs).!”

Notice that if we set n = 1 the value of the entropy coincides with that of the three-
charge, five-dimensional black holes we described in ref. [3]. From our perspective this
seems completely natural, since after setting n = 1 the event horizon of the black hole we
get is identical to that of ref. [3], so both Wald entropies should match. Once again, this
result would be in contradiction with the standard expression found in the literature, where
the correction factor is +3 instead of +2. Yet again, in this case, we find the origin of the
discrepancy might be on the identification of the charges. Notice that in the 5-dimensional
black holes the hyperKéhler space is simply R*, and the contribution to the asymptotic S5
charge coming from fR(_)“b A R(_)ba is just —1. Hence, substituting Ngs — 1 = Qg5 in
eq. (8.1) we reproduce the standard correction factor found in the literature.'®

Therefore, in light of our results it seems that the appearance of a factor different from
+2 is caused by a misidentification of the number of fundamental objects of the heterotic
superstring and their relation with the asymptotic charges of the solution.
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A Instanton number density as a Laplacian

Consider an arbitrary Gibbons-Hawking space, with metric
do® = H ' (dn+X)* + Hdz"dz",  dH = L*g dx, (A.1)
and define on it an SU(2) field of the form
AY = —H oA (dn + x) + A1, (A.2)

where ®4 and A4 are, respectively, a function and a 1-form defined on E3. Then the
requirement of self-duality for the field strength

1
FA = dAY + ieABCAB A AC (A.3)
is equivalent to the Bogomol’nyi equation
FA=4xy P4, =  Dd* =P, (A.4)

and one has
FA =D (H 1Y) A(dn+x) — H'dy + FA
= —D (K ') A (dn+x) +x3D (H 24 . (A.5)
The instanton number density is, then.
FANFA = 2D(H'®A) A3 D(H14) A (dn + )
=y [215(7{—1@#‘) Ay DOA — 21 LPAD(H104) Ay DH
FOHLDAD %3 DO — H20ADAd 5y d}z} A (dn + x)
= —H D3 D (H'2404) A (dn+ x) = H 10,0, (H 10404 [v]d'x
= Vi (@404 /2) [v]d'z, (A.6)
where we made use of the fact that H is harmonic, d x3 dH = 0, and that D x5 DA =
DFA = 0.
B Regular instantons over Kaluza-Klein monopoles

Let us consider the monopoles introduced in section 4.2. We are going to see that, over the
KK monopole of unit charge (n = 1), all these monopoles give rise to regular instantons,
giving an explicit construction of the instanton bundles. These instantons over a KK
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monopole with unit charge were first described in ref. [43]. Moreover, for higher KK
monopole charge, n > 1, the corresponding instantons are also regular in the full spacetime
metric provided the black hole horizon has non-vanishing area. From now on we consider
the n = 1 case in detail for the sake of simplicity. The regularity condition for the n > 1
case is treated in section B.3.

WE are going to use the following convenient way of writing the gauge fields A4 in
eq. (4.19) in the case n =1
:L'A

AL = —h(r)rivis + —(d¥ + d¢ cos 0) <2]ilrf(7“) - h(r)r2> , (B.1)

r

where vé are the right-invariant Maurer-Cartan forms

v]l_-i = sin ¢pdf — sin 0 cos VdV¥ , .
v% = cos ¢df + sin 0 sin pd ¥ , dviy + §EABcvg Avs =0. (B.2)
v}g’{ = d¢ + cos 0dV ,

B.1 Near-origin limit

When r — 0, H ~ (R/2)/r, and after the change of variables r = 2”—;, we can rewrite the

metric as
do? = dp2 + deQ%g) ) (B.3)
where
9 1 2 2
dQ(?,) =1 [(d\I/ + dgcosh)” + dQ(z)} ) (B.4)

is the metric of the round S? of unit radius, so the space is locally E*.
On the other hand, at the origin r = p = 0, the gauge fields of the different instantons
take the values

1
E’UR7 3#07 1

PL%A“’S = }%AA = EUR (B.5)
0, s=0,

where A = AT, and vg = vAT4 and {T4} is the basis of the su(2) algebra

i
Ty = —§aA, (T4, TB] = +eapcTc . (B.6)

Hence, except in the case (u, s = 0), these vectors are singular at the origin, something
which can be made explicit if we write A(r = 0) in terms of the Vielbein basis. However,
A(r = 0) is pure gauge and the field strength F' is finite at the origin for s # 0. Furthermore,
Kronheimer’s conditions are met there. This indicates the existence, for s # 0, of another
gauge in which the gauge field is regular at the origin.

An arbitrary gauge transformation of the vector reads

A 1
A=vAav—!— ngV*l : (B.7)
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where V' € SU(2). If we choose V = U where
U=e TV T0-T (B.8)

is the generic SU(2) group element parametrized in terms of the Euler angles ¥, 6, ¢, and

we take into account the properties of the Maurer-Cartan forms'’

vgr = Uv Ut (B.10)
we get the following transformed gauge field:%°

gA = —(1+ gh(r)r*)or — g (;;rf(r) - h(?“)?“2> (d¥ + cos 0d)Ts . (B.12)

If we apply this transformation to the A and (i, s > 0)-cases, we get, respectively:

: M r(1+X2(r+ R/2))
Ay=——" (vITy +02Th) — 3 B.1
gAN 1+)\2T(UL | +viTh) (B2 - )1 + a2 LT3 (B.13)
A T r|{1+ uR/2coth(ur + s
Py (0L Ty + 03 T5) — L+ phj2coth{ur +5)] 5 gy

sinh(pr + s) R/2+r

Now, near the origin the vectors behave as A~ p?vr, and we conclude that the gauge
fields are regular at r = 0 for all values of A and s > 0. In the case s = 0 the vector is
already regular and we do not need to perform any gauge transformation. In that case, it

reads
A ur
A N = 1 — B.1
F2ms=0 < sinh ,ur) v (B.15)
A
x r wlr+ R/2(1 — cosh pur)]
—T4(d¥ + d 0 1-— . B.16
T A(dY + do cos )r+R/2{ sinh pr ( )

B.2 Asymptotic limit

In order to study the asymptotic limit, it is convenient to recall the global structure of the

solution and to use cartesian coordinates z', 22, 23. In these coordinates, the two 1-forms

xF) read?!

ld 2 2d 1
CI. %7 where 7 = \/(z1)2 1 (22)2 1 (23)2. (B.17)

9These properties follow from their definition in terms of U:

v =-U"'U, vg=-dUU". (B.9)

20The left-invariant MC forms read

v} = —sin Udf + sin @ cos Udg .
v} = cos Wdh + sin 0 sin Ude dvi — §€ABC'UE AvE =0. (B.11)
V3 = d¥ + cos0d¢

21For convenience, in this section y is defined locally as x = d¢ cos 6, without the factor of ¢ that appears
in (4.4).
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We use x(*) in the upper space z3 > 0 and x(~) in the lower one z3 < 0 so that x(*) are
regular in their respective regions. Moreover, we observe that

lim y*) =0, (B.18)

r—00

where the limit is again taken in the respective region. In this limit we also have H ~ 1,
and hence the space becomes the direct product E? x S'. The metric takes the form

R2

T4

Let us now explore the asymptotic behavior of the gauge fields.

do? d¥? 4 dz'dz’ . (B.19)

In the case of AA we obtain

. -1 1

lim Ay = lim —wvy = —-T3d¥. (B.20)
r—00 r—00 g g

The first equality is obtained by using the explicit dependence in 7 in eq. (B.13), while

in the second equality we use the implicit dependence contained in the angular 1-forms

inside the MC forms.??> The vector at infinity is pure gauge, so that there is an element

V € SU(2) such that
Ayoo = Loy, (B.21)
9

This element is
—i0/2 0
_ Uy _ | €
V=e"13 = ( 0 ei‘l’/2>’ (B.22)

which defines a map from the equator of the sphere to the subgroup U(1) € SU(2). Hence,
V' is an homomorphism from the circle in itself which belongs to the first homotopy class.

This case is very simple because the asymptotic value of the vector does not depend
on free parameters. The family (p, s) is more interesting in this sense. In the case s > 0,

we obtain from eq. (B.14)
- - 241 241
llm A= gm M(dqj +X)T3 = _(pR/2+1)

T5d¥ (B.23)

where we used that v3 = (d¥ + ) and eq. (B.18). Therefore, the vector at infinity is pure
gauge, and the corresponding gauge transformation reads

e~ (nR/2+1)¥/2 0 )

0 et(ui/2+1)V /2 (B24)

V = e(BR/2+1)UTs _ <
However, we must demand that V is a single-valued map V : S! ¢ S3 — U(1) c SU(2).
Since ¥ has period 47 we see that the following quantization condition must hold so that
V(U +47) = V(U):
uR

22For example, lim, o, df = 0, which is clear if we take into account that the norm of df vanishes:
|d0)> = =2 when r — oco. On the other hand, the norm of d¥ remains finite because it is a compact
dimension: |d¥|? — 4/R?.
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The case s = 0 can be reduced to the previous one after we apply the gauge transfor-
mation U1 in (B.8) to the asymptotic value of eq. (B.15). Since we demand that pu > 0,
we can write

M:f’ m:O,l,Q,... (B26)

B.3 Higher KK monopole charge with a horizon

When the charge of the KK monopole is bigger than one, the 4-dimensional manifold it
describes contains an conical singularity at the origin due to a deficit in the angle covered
by the coordinate W. This property also affects the instanton field; see, e.g., the appearance
of n in eq. (4.19). Because of this factor, we have not been able to mimic the steps of the
previous sections and find a gauge transformation rendering the fields zero at the origin,
which seem to remain singular at this location of this GH space.

That the instantons are singular can be seen from the fact that the angular coordinates
are ill-defined at » = 0, while in this basis some of the angular components of corresponding
vectors 1-form are non-vanishing. However this problem is immediately solved in the
black hole solutions that we consider if the event horizon has non-vanishing area. There,
the angular coordinates are perfectly valid at » = 0 and the gauge fields are already
regular in the original gauge (at this location the coordinate r is not well defined, but the
corresponding component of the 1-forms of all the instantons considered is zero).

Having said that, it is easy to check that the instantons of the A-family are globally
regular, since they vanish asymptotically. On the other hand, for the p, s-family we obtain
the following asymptotic behavior

74

: _ HR 7
Tlggo 9Aus = 5 (dV¥ + n cosfde) " Ta, (B.27)
with x = gcosfd¢. Written in this manner, we see that the gauge field contains a string
singularity at § = 0,7 that extends to infinity, while remaining regular elsewhere. The

local expression around these locations reduces to

. uR
lim gA, = :FT(d\II + ndg)T3, (B.28)
0—0,7
for the upper and lower plane respectively.
We now perform a local gauge transformation (B.7) in a small open set around these

two points with

+iunRep/4 0
+ nR$Ts/2 €
V(&) — FunReT3/2 ( 0 e:Fi;quﬁM) , (B.29)
and get
- R
lim g4, =F <M2d\11> Ty, (B.30)

which have no string singularity whatsoever. As shown in ref. [42], the local gauge trans-
formations eq. (B.29) can be extended through the sphere (except the poles) by replacing
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Ty — 24Ty /7. Then, in the intersections A and A are related by the gauge transfor-

mation
V&) = gFunRo(@d/m)Ta (B.31)

which is single valued in the coordinate ¢ if and only if unR/2 is an integer number. There-
fore, we get a generalization of the quantization condition eq. (B.26) for the n > 1 case,

P
M:R—”;, m=0,1,2,... (B.32)

B.4 Contribution to the solution

These instantons contribute to the solution through the function Z,. Using the general
result eq. (3.12), their contributions read

20/
AZ ’ — , B.33
O\ r(r+q)(A\%r +1)2 ( )
B 2

AZO‘ _ oy [1 — prcoth (ur + )] 7 (B.34)

©,s>0 T(T’ + Q)

1— th pr]?
AZO‘ _ gLz preothpr” (B.35)
11,5=0 r(r+q)

where ¢ = nR/2 and we set the gauge coupling constant in the Heterotic Superstring
to g =1.

Now the pole and asymptotic constant can be removed by adding an appropriate
harmonic function a + ¢/r. After this transformation, the contributions read

L(r+ ONE (N +2) +1
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