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Abstract

We initiate the classification of supersymmetric solutions of type II supergravity on RD2Z x 83 x My. We
find explicit local expressions for all backgrounds with either a single Killing spinor or two of equal norm,
up to PDE’s. We show that the only type I AdS4 x § 3 solution is the known A" = 4 AdS4 background
obtained from the near-horizon limit of intersecting D2-D6 branes. Various known branes and intersecting
brane systems are recovered, and we obtain a novel class of R!'2 x 52 x §3 solutions in IIA.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The advent of the AdS-CFT correspondence has led to significant interest in the construc-
tion of Anti-de Sitter string backgrounds in various dimensions and with various amounts of
supersymmetry. One of the most famous AdS4 backgrounds is the AdS4 x CP? solution. The
discovery of this solution far pre-dates the correspondence [1], however it was not realised how
it fit into the holographic paradigm until the works of [2] and [3]. A plethora of other such AdS4
classes and explicit examples have been found using (in some cases vastly) different methods
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and exhibiting different amounts of supersymmetry: consider the very incomplete list of [4—14]
for N =1, [15-21] for N/ = 2, [22] for ' = 3 and [23-26] for A = 4. Solutions with N > 4
where recently classified in [27], they are very restricted.

One of the more prominent methods of finding AdS,; backgrounds is to find bosonic solutions
with an AdS, factor to the supersymmetry constraints, which also satisfy the Bianchi identities.
As a consequence of various integrability theorems, such solutions automatically solve the equa-
tions of motions. The Killing spinor equations reduce to constraints on the internal manifold,
which can then be solved by means of G-structure and generalised geometrical techniques. The
literature usually approaches this problem by assuming an AdS, from the start. However we are
also interested in solutions of relevance to flux compactifications and the broader definition of
holography that includes non-conformal solutions. As such we shall consider assume Minkowski
factor, in this case Minks, so that our results are more broadly applicable.

Finding Minkowski solutions using G-structure techniques [28-31] or otherwise is by now
quite a mature program, see [32-35] for some recent examples. Usually the aim is to preserve
minimal or even no supersymmetry for phenomenological reason which makes the problem in
general quite hard. We shall take inspiration from [36] and assume the existence of an §3 factor
in the metric. This will necessarily mean that we are dealing with at least A" = 2 which is of less
phenomenological interest, however with these solutions classified it should then be possible to
systematically break some (or even all) of this symmetry by deforming the S3.

In this paper we classify all supersymmetric solutions of Type II supergravity on R x §3 x
My, under the assumption that the seven-dimensional internal Killing spinors have equal norms
and that the physical fields of the solution respect the /. SO (1, 2) x S O (4) isometry subgroup. Our
classification is quite detailed, going as far as to give explicit local expressions the metric, fluxes
and dilaton in terms of simple (Laplace-like) PDE’s. As we shall see, solutions in this class are
generically A/ = 2, from the Minkowski perspective, and support a SU (2) R-symmetry realised
geometrically as one factor of the SO (4) ~ SU(2)+ x SU(2)_ isometry group manifold of $3
— the remaining SU (2) factor is a “flavour” under which the Killing spinors are uncharged.!
This may sound strange as there is no 3d superconformal algebra with SU (2)g, but this only
matters for solutions where R12 is part of a Ad S, factor so that SO (2, 3) is realised. Ultimately
our results end up side stepping this issue as in general there is either an enhancement of the
R-symmetry to SO (4) via the emergence of an additional S>> factor, or an enhancement of
the Minkowski factor to dimensions where SU(2)r is a necessary part of the superconformal
algebra.

The classification recovers various well-known intersecting brane systems listed in [40] and
some of their U-duals and some of their S-duals. New classes we find include a pure NS R12 x
$3 x 82 x R vacuum, its U-dual in IIB, the cone over R1:2 x §3 x S3, and a novel class of
RI2 x §2 x §3 x %, solutions in massless and massive ITA.

One of our main results is that the only compact AdS4 x S3 x M3 solution of type II su-
pergravity is the known A = 4 solution of type IIA on a foliation of AdS; x S® x S? over an
interval which is the near-horizon limit of the D2-D6 brane system. The required SO (4)r is
realised with one SU (2) from each sphere, and not the S3 alone. Indeed this is to be expected as
if the 3-sphere does realise two SU (2) R-symmetries there would be two sets of A/ = 2 spinors
transforming in the (2, 1) and (1, 2) of SO (4) — there is no N = 4 super-conformal algebra in 3d

1 As such all classes we present are compatible with performing non-Abelian T-duality [45—47] on this SU (2) whilst
preserving SU (2) g [48].
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with Q-generators that transform in this fashion. So it seems likely that the only avenue left open
for holographic duals of N' =4 is to seek AdS4 x 52 x §2 solution like [23,24], but in massive
IIA.

Our other main result is the discovery of a new class of A/ = 4 solutions on R1? x §2 x
§3 x %, preserving an SO (4) R-symmetry but no AdS,. These generically have all possible ITA
fluxes turned on and can be divided into cases either in massless or massive IIA at which point
solutions are in one to one correspondence with a single PDE on 7. In particular the massless
solutions are governed by a 3d cylindrical Laplace equation with axial symmetry. These classes
look very promising both for finding compact Minks solutions, but also possibly solutions that
asymptote to AdS.

Let us now describe the outline of the paper: in order to solve the supersymmetry constraints,
we will make use of the reformulation of the Killing spinor equations in terms of so-called
pure spinor equations. Such pure spinor equations were first used for backgrounds of the form
Mio =R3 x Mg, where it was shown that they are related to integrability constraints of gen-
eralised almost complex structures on the internal space Mg [30]. For backgrounds of the form
Mo =RY2 x M, the pure spinor equations were constructed in [31] (see also [37]). Next, we
decompose M7 = S x My, leading to pure spinor equations on the internal M. We explain
this setup in detail in section 2. The resulting supersymmetry constraints vary significantly, de-
pending on whether the theory at hand is type IIA or type IIB. We will solve the supersymmetry
constraints as well as the Bianchi identities for IIB backgrounds in section 3 and for IIA back-
grounds in section 4. In section 5, we then show that there is a unique solution with a warped
AdS4 factor, obtained from the D2-D6 system. In addition to the case where the internal Killing
spinors have equivalent norm, in section 6 we examine all backgrounds in the case where one
of the Killing spinors vanishes, i.e., €2 = 0. In this case, there is no need to distinguish between
ITA and IIB; we demonstrate that all such backgrounds are pure NSNS and give the solutions.
In the appendix, we discuss conventions and identities used, a mild extension of the 3 47 pure
spinor equation construction (including the non-equivalent norm case), and a discussion on sim-
ilar backgrounds from an M-theory perspective.

2. Mink; with an S3 factor

We are interested in solutions to type II with at least a three-dimensional external Minkowski
component, with the fluxes respecting the three-dimensional Poincaré invariance:

ds? = *4ds*(R"?) + ds*(M7), F = f+e*Volz Ax7A(f) , 2.1)

where the RR flux f is a polyform on M7 and the warp factor A and the dilaton ® are functions
on M;.> Moreover, we take the NSNS 3-form H to be internal as well. The Killing spinors for
N =1 supersymmetric solutions decompose as

1 1
61=<_i>®{®)<1, Ez=(ii)®c®xz, (2.2)

where ¢ is a Majorana spinor of Spin(1,2) and x; are Majorana spinors of Spin(7) and
where the upper (lower) signs are taken in IIA (IIB). Following [31], we define two real seven-
dimensional bispinors ®4 in terms of xi »:

2 We work in the democratic formalism. Other conventions can be found in appendix A.
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O +id_ =8y @y, . 2.3)

where the subscript +/— refers to the even/odd forms in the decomposition of the polyform. The
conditions for unbroken A/ = 1 supersymmetry are equivalent to

dp(e**~04) =0, (2.4a)
dy (@47 P05) 4+ e %7 A(f) =0, (2.4b)
(@ A L))y =04 (240)

as long as the norms of spinors x> are equal,’ which leads to
' P=1x'P =t 2.5)

The assumption of equal norm is a global requirement for AdS4 (see footnote 7 in section 5),
and a local requirement for the existence of calibrated D-branes or O-planes (see section 6),
however this is not a requirement in general — rather we view this as a well-motivated simplifying
assumption.

Next, we require that the internal space can be decomposed locally as M7 = S x My, and in
order to ensure that compactification leads to an SO (4) global symmetry we insist that the fluxes
respect the SO (4) isometry. As a result, the metric and fluxes decompose further as

ds?(M7) = e*Cds*(S?) +ds*(My) , f =G+ Vol(S) A Gy,
H = Hz + Hye’¢ Vol(5?) . (2.6)

We decompose the 7d spinors in the same fashion in terms of a single* pseudoreal (i.e., ()¢ =
—&) Killing spinor £ on S3, and two pseudoreal spinors 712 on My:

A A
Xi=eTE@n +E @n) = @ . i=12 2.7

which is the most general parameterisation consistent with an S x My product and the Majorana
condition.” Note that we do not restrict the Spin(4) spinors 7; to be chiral and we normalise
n}L »M1,2 = 1. The Killing spinors on § 3 satisfy the Killing spinor equation

1
V€ = Eiuoaé , v=x=I1, (2.8)

which preserves two supercharges for each of v = £1. We will not make a choice of v so we can
establish whether any solutions are independent of this choice — the 3 of such a solution would
preserve 4 supercharges. As explained in Appendix C a spinor on S° defines a doublet

3 [31], [37] an additional constraint that was imposed in order to derive (2.4) was that the external component of
the NSNS 3-form flux is trivial; unlike in four dimensions, this is not enforced by Poincaré invariance. It turns out that
this second assumption is redundant though, as is shown in appendix D: if | x1 2= X2 |2 and spacetime does not admit a
cosmological constant, then supersymmetry enforces that the external NSNS flux vanishes.

4 As explained in Appendix C, there are two independent types of Killing spinors on s3, &4 and £_ — however they
cannot be mapped to each other using the SO (4) invariants of the fluxes or the Killing spinor equations. This is all that
appears when one decompose M7 = $3 x My, so if one were to include terms like &1 ® n4 and £ ® n— then reduced
the 7d spinor conditions to 4d ones you would find that n4 never mix. So setting one of 1+ to zero excludes no solutions
in our analysis.

5 One might imagine it was possible to construct a more general 7d spinor from two 4d spinors like £ @ n + £€ ® 7.
But if one then adds the Majorana conjugate to this the resulting spinor can be put in the form of (2.7) by redefining 7, 7.
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a_(§
§ —(€c> (2.9)

which is charged under one SU (2) factor of SO(4) = SU(2)4+ x SU(2)_, depending on the
sign of v — £% is a singlet under the action of the second SU(2). As such, a generic solution
with Minks x S will have an R-symmetry SU(2) and an additional global flavour symmetry
SU (2) . Such solutions preserve at least A = 2 supersymmetry from the 3d perspective, so 4
real supercharges — indeed, the 10d Killing spinors may be written as

! 1
El:(—i)®§a®@“®’ll+5“®n“), ez=(ii)®§“®(é“®n2+§“"®n2“),

where ¢¢ is a doublet of Killing spinors on R'-2, that allow the 10d spinors to be invariant
under SU (2)g transformations. However we only need to solve an N = 1 sub-sector, because
the part of the Killing spinor which couples to ¢! is mapped to the part coupling to ¢2 under the
action of SU (2) g — so if you solve one part, the other is guaranteed. If a solution ends up being
independent of v then there is a copy of (2.2) for each sign and supersymmetry is doubled to
N = 4 — there are two SU (2) R-symmetries, but they do not appear as a product so do not form
SO(4)g — as we shall see, this only happen in a small number of special cases.

Using the gamma matrix decomposition (A.2), the seven-dimensional bispinor (2.3) decom-
poses as

XN O =EQENL A @)+ EQEN) L A G @) (2.10)

Here, y is the four-dimensional chirality matrix and the + subscripts again refer to even and odd
form components. We see that the components are in fact matrices and that the seven-dimensional
bispinor is constructed as the trace of the product of the components.

The $3 component leads to the bispinor matrix

£1 Qe = %((1 —ie’CVol(5?)) + %(eCK,- — giezchi)(oi)ub) , (2.11)

where K; is a vielbein defining a trivial structure on 3 (see appendix A).
The M4 component leads to the bispinor matrix

0o bty _ [ Vi Vi ) cag vy Vit Vi
Ui ® 1z “‘(;(wi)* cplyx ) TMERIEZ 22 e 2l )
(2.12)

where

vl=dn' e’ yi=d'en™, yi=dpn' ey’ yi=d4pn'en™® @13)
Since the matrix entries are somewhat involved, we refer to appendix B for details. Plugging both
components (2.11), (2.12) into the seven-dimensional bispinors (2.10), it follows that

1 3C 3 1 e€ 2 2 1
®, =Reyy; —e " Vol(S7) A Iml//);7 + T(Kl A Rexﬁ};ﬁ + K> A Imlﬁ};, + K3 A Rew};i),

2C
- ET(Kl A Ky AmyL 4+ Ky A K3 ARey2 + Ky A K3 ATmy2), (2.14)
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c
e
d_ = Imlﬁl — Vol(S3) A Retp)lwr + 7(K1 A Imw;+ — Ky A Rew§+ + K3 A Imgﬁ%),

2C
+ ET(Kl A Ky ARey! — Ky A K3 AImy2 + Ko A K3 ARey?2).

At this point, the ITA and IIB supersymmetry equations diverge, and we shall relegate their
explicit form to the relevant sections.

With our set up, a solution to the supersymmetry equations is a solution to the equation
of motion if and only if it satisfies the Bianchi identities [4] [38] [39]. These are given by
dy F = dH =0 away from localised sources. By definition, a localised (magnetic) source man-
ifests itself in the Bianchi identity of some field strength F as d F = Q5" (x) and hence in such
cases F is discontinuous. Loosely speaking, a localised source corresponds physically to an
extended object (such as a brane) located at a submanifold of the ten-dimensional spacetime
S C Mjo which is pointlike in some of the local coordinates. The standard approach to obtaining
backgrounds, which we follow as well, is to first solve the supersymmetry equations by introduc-
ing local coordinates, and then afterwards determine the physically sensible range of these local
coordinates by examining the obtained geometry and fluxes. The presence of localised sources
is signified by discontinuities of not just the fluxes, but of the spacetime geometry as well, pre-
cisely at the location of the sources. Therefore, it is possible to obtain solutions with localised
sources even when making use of the Bianchi identities with no sources: one examines possible
discontinuities in the geometry and fluxes and determines whether or not such discontinuities
are associated with localised sources or not by comparing them with the divergent behaviour of
known extended objects.

Making use of the flux decomposition (2.1), (2.6), the Bianchi identities thus reduce to

dpy (473 %4 M(G 1)) = dpy (€ %4 M(G5)) =0,
dy,(Gy) =dp, (e¥°G£) =0, (2.15)
dH3=0.

This is after imposing Hp = 0, which turns out to be a requirement for every solution to the
supersymmetry equations that we obtain.

2.1. Summary of obtained backgrounds

As the rest of the paper is somewhat technical, let us summarise our results here. We find a
number of well-known backgrounds, as well as some new ones.
In type IIB with internal Killing spinors of equal norm, we find:

1. The intersecting D3—-D7 system with metric (3.27), fluxes (3.25) and scalar field constraints
(3.26).

2. The D5-brane with metric (3.37), fluxes (3.35) and scalar field constraints (3.36).

3. A generalization of the D5-brane generated by U-duality. The metric is given by (3.43), the
fluxes by (3.41), scalar field constraints by (3.42).

4. A new background on the cone over R x §3 x Ss3q, with Ssq a generically squashed three-

sphere admitting an SU (2) x U(1) isometry group. For the unsquashed limit, the metric is

given by (3.59), the fluxes by (3.57), the scalar field constraints by (3.58). In the generic

squashed case, the metric and dilaton are given by (3.75), the fluxes by (3.74). We note that

the more general squashed case can be obtained from the unsquashed case by a duality chain.
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In type ITA with internal Killing spinors of equal norm, we find:

1. The intersecting D4-D8 system with metric (4.14), fluxes (4.12) and scalars constraints
(4.11), (4.13).

2. The intersecting D2-D6 system with metric (4.24), fluxes (4.22) and scalar constraints
(4.21), (4.23).

3. A generalization of the D4-D8 system generated by U-duality. The metric is given by (4.30),
the fluxes by (4.29), and scalar constraints by (4.27).

4. A class of new backgrounds. The metric contains an R'2 x §3 x §? factor, with various
warpings, and is given by (4.42). The warp factors are constrained by various PDE, given
in (4.43). In general, all fluxes are turned on and are given by (4.44). This new class of
backgrounds contains a subset with a U(1) isometry. In this case, T-dualising along the
isometry direction leads to the new IIB backgrounds outlined above, with generic squashing.

In addition, we find two more backgrounds when setting €; = 0. These backgrounds are pure
NS, and as such, can be found in both type ITA and type IIB. We find:

1. The NS5-brane, with metric (6.18), flux (6.16) and the scalar constraints (6.17).

2. A pure NS background on R"? x R x §3 x §3, dual to the new (unsquashed) IIB background.
The metric is given by (6.22), the flux by (6.21). All scalars are determined up to constant
factors.

3. Mink; with an S3 factor in IIB
The type IIB supersymmetry equations are obtained by plugging the decomposed seven-

dimensional bispinors (2.14) into the seven-dimensional supersymmetry constraints (2.4). This
leads to the following constraints on the four-dimensional bispinors

d, (e** " ®Reyl) =0, (3.1a)
dpy (4T PY2) 4210 Py 2 =0, (3.1b)
dpy (M2 YT +2ive? T PyS =0, (3.1¢)
dp, (412~ PRey ) — 20e347C —“’Iml/f; L =0, (3.1d)
dp, (22 Imyr ) +2veZA+C_©Rew;7 =0, (3.1e)
dp, (62A+3c_¢lml/f;7) + AP gRey ! =0, (3.1)
while the fluxes are determined by
dp, (4 PImy 1) 4+ 34 54 M(G4) =0, (3.22)
dp, (e3413€ *¢Re¢;+) — AP oImy ! +ve?A3C o M(G) =0 (3.2b)

and must additionally satisfy the pairing equation

=0. (3.3)
4

(Imw; AMG-) —Rey} A A(G+)>
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In order to solve these, we will first examine the O-form conditions. These are given by

(¥3)0 = (myr))o = Ho(Rey;)o = 0. (3.4)
We solve the first two of these in Appendix B, which leads to a spinor ansatz depending on 6 real
functions with support on My

a, ai, bi, A1, A A3 (3.5)
subject to the constraint
al +bf+AT+A3+23=1. (3.6)

The third O-form constraint, which is unique to IIB, still needs to dealt with. After making use of
(B.12), it reduces to

o .«
Hy(ap cos 5 + by sin E) =0. 3.7

Here, as well as in ITA, the solutions depend drastically on the behaviour of «. We can distinguish
between three different cases: ¢« =0, o = %7{, and generic « € (0, ), o # %rr. Let us reiterate
that we introduced « in (B.5) by defining

—cos(a) +sin(a)A (3.8)
771— 2 ’7 2 7/77, .

where 7 is a locally defined non-chiral spinor, where the chiral components are normalised. Note
that the non-chirality is crucial: it ensures that n can be used to define the local trivial structure
(i.e., the vielbein) via (B.3). In the case that « = 0, the 4d internal Killing spinors n; = n are
such that the chiral components of 11 have equal norm. In the case that @« = 7 /2, we see that
n1 becomes chiral. It turns out that we can treat this case together with o 7 0, but find no such
solutions. Thus we separate our solutions into two branches.

Branch I: Here o = 0. The only non-trivial zero form is aj Hy = 0, which a priori can be
solved in two ways. However, we shall see in the next section that only Hy = 0 is consistent with
the higher form conditions. In order to solve (B.6) we parametrise

a; =sinf, by =cospBsind, A1 =yjcosfBcosd, A =yrcosfcosd, A3 = y3cosfcosd,
3.9)
with

y1 =sinfcos¢, yr=sinfsing, y3=cosh. (3.10)

Branch II: Here 0 < o < 7. Note that o = 7 is equivalent to « = 0, which is easiest to see
by sending n — 1 in (B.5). We choose to parametrise

aj; =cos Bsin(§ — %) , b1 =cosBcos(§ — %)
A =—cosBcosdy; , Ax=—sinfys
A3 = —sinBy;

where y; is defined in (3.10). This ensures (B.6) and all but the first equation of (3.7) are solved,
which becomes

HpcosBsind =0. (3.12)
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3.1. Branch I: solutions with a =0

In order to solve branch I, it is convenient to first examine a number of lower form conditions
that follow from (3.1). To do this it is useful to first rotate the canonical frame of (B.3) such that

v] — singwy + cosp(cosOvy + sinf(cosSw — sindvy))

vy — c0S88vy + sindw;

(3.13)
w; — cosBO(cosdw; — sindvy) — sinfvy
wy — cospwy — sing(cosOvy + sinf(cosdw — sindvy)) .

Making use of these, one finds that the supersymmetry equations imply

sin BHy =0, (3.14a)
d(e*4 €= cos Bcoss) — 2ve?ATC P cos Bry =0, (3.14b)
d(e*4 3¢ gin B(cos vy + sindw)) — A3 P Hycos Beosdvy Awr =0,  (3.14c)
cos B(e€ cos8dO + 2vsindv;) = cos B(e€ cosSsinfdp — 2vsindwy) =0 , (3.144)

d(e3A+2C—<I> 3A+C—-®

sin B(cosSw; — sindvy)) + 2ve (sin Bva A w1 + sinéd cos Bv; A wy)

+ 32 o5 Bcos 8(dO A wo + sinfdd A vy) =0, (3.14e)

which is not a compete list. The first thing to establish is how to solve (3.14a) —if we set sin 8 =0,
one needs to set cos§ = 0 to solve (3.14c¢), but since v = =£1, (3.14b) leads to a contradiction.
The next conditions we consider are (3.14d). For cos 8 # 0 we see that either sind = df =
dp =0,0r 0 <sind < % in which case (@, ¢) define local coordinates on a 2-sphere. We are
ignoring cos 8 = 0 because, as should be clear from, (3.9), this is a subcase of sind =d0 =d¢ =
0. Let us now prove that 0 < sin§ < % is not possible: Since Hy = 0 we can solve (3.14b)—(3.14c)

by introducing local coordinates x and p = ¢*4+2C~® cos B cos § such that

1 | cosé Jcos Bcos/? §
Vo =— /—ﬂe*AJr%dp, w1=ﬂ—eA7%(2vcot/3dx—secﬁe72A+¢pdp).

2\ pcos 2vp3/25ind
We can also rewrite (3.14¢) as

d(eSA+2C7<D 3A+C—®

sin B(cosSwy —sindvy))+2ve (sin Bva Awi—sind cos Bv; Awg) =0,

using (3.14d). The key point here is that v, w; only have legs in (p, x) while vy, wy sit
orthogonal to this with legs in (6, ¢) only. This means that the equation above, cannot be solved
as there is a Vol(S?) term whose coefficient is non-vanishing. Thus we can conclude in general
that sinéd = df = d¢ = 0. Plugging this back into (4.1), one finds that nothing depends on the
specific values these parameters take so we can set

Ho=0=¢=58=0, (3.15)

without loss of generality, leaving one undetermined function S.
We are now ready to write the supersymmetry conditions that follow when o = 0, however
we find it helpful to perform a second rotation of the canonical vielbein by considering
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v +iwy —> e‘iﬁw, vy —iw] = —iv, (3.16)

to ease presentation. The necessary and sufficient conditions for supersymmetry in the o = 0
branch are

Hy = d(e2A—<I> sinB) = d(eA“LC_%CD\/cos B) — veA_%\/cos Bvy

=d(A 3 ®sinBry) =0,

A(EAT2C=@ ) 4 9, BATC—D

= d(e3A+2C_cI> sin Bvy) + 20e34+C=® gin Bvi Avp =0,

d(e2A+2C—<I> 2A4+C—-9

v Aw) —2ve viAWAYV =0,

d(e2A+2C—<I> 2A4+C—9

sin Bw; A wy) — 2ve sin Bwi A wa A vy + At cosBH3 =0,
_ g AA-D _
H3+28 Awi Awy =d(e cosB)Awi Awr Avp =0,

d(e3A_‘I> cos Buy) — d(e3A_cD sin Bv; A wi A wp) + 242 cos fv; A Hy — 34y MGy)

=0,

d(@A3C P cos Buy Av) — A w4 AM(G) =0,

<(sinﬂ 4+ cosBwi Awy) Ava AA(G-) — (sin B + cos Bw; A wa) A A(G+)) =0.

4
(3.17)

We can simplify this system further, but not without making assumptions about . We now
proceed to study the systems that follow from different values of 8, we find that the physical
interpretation is quite different in each case.

3.1.1. Subcase: =0
Upon setting 8 = 0 in (3.17) one can show that the supersymmetry conditions reduce to

Hy=Hyo=de ) AwiAwr=de* A Aw Awy =0, (3.18a)
d(efAvl) AW = d(eAJrC*%(D) — veAf%q’vz = d(eAw) =0, (3.18b)
Ay MG =d(@A Py, A0 M(G) =d (@A A ), (3.18¢)
AMGO)Av AW Awy —A(GL) Awp Awy=0. (3.18d)

We can solve (3.18b) by using it to define a vielbein in terms of local coordinates ¥, x1, x and
p=eAtC—3® (3.19)
such that

v=erdy + V), vm=ve 1% w=eNdxy +idx),
V = filx1, x2)dx1 + fa(x1,x2)dx2 .

(3.20)
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From (3.18a) we see there is no NSNS flux, dy is an isometry and A = A(p, x1, x2), ® =
®(x1, x2). We now have enough information to calculate the fluxes. First we find

*G_ = —et (3x1 (e ®yw; + Ox, (e_d))wz) AV Avy —e3A? (3x1 for— 8x2f1) V1
*Gy = —e34 (axl (e4A7<D)w1 AV + 0y, (e4A7q>)w2 AV + v67%¢8pe4‘47¢v2 A vl)

— S @ - fi)wi Awy .
(3.21)

We can then use coordinate dependence of the physical fields and local expression for the vielbein
(3.20) to take the Hodge dual in (3.18c) arriving at

G_ = (05, f1 — Oy, f2)e P (d + V) + 0y, (e~ P)dxy — 3y, (e~ P)dx, (3.22)

Gy = —ve3A7%<D <8x2 (674A+¢)dx1 ANdp — Oy, (674A+<D)dx2 Adp

— 7?8, (e M) dx) Adxy —ve® (Bx, f1 — By, L)Y + V) A dp). (3.23)

Plugging this into (3.18d) we find (dy, f1 — 9y, f2) = 0 which mean that V is closed and so we
can locally fix

V=0, (3.24)

with a shift v — ¢ — n for dn = V, without loss of generality. Taking this into account the
ten-dimensional fluxes are

Fi = 85,(e"®)dx) — 0y, (e P)dxy,  Fs=dy Ad(e** %) A Vols (3.25)
—vp? (axZ (e ) dx; Adp — 0y, (e T ®)dxy Adp — e 8, (e TP dxy A dxz)

A Vol(S?).

The final thing we need to do is impose the Bianchi identities, which away from localised sources
rise to the PDEs

—d
e
(07 +02)e” =0, Fa,,(p-*a,,e*‘“‘”’) + @ + 1) (e M) =0. (3.26)

2

The local form of the metric is then

1 213 Hi > 52,24 2 2
ds _—\/f_Hds (R )+\/;<dp + pds*(S )> +V/IH (dxl +d"2) ’ (3.27)
Ho— =40 0

This corresponds to the intersecting D3—-D7 brane system, where the D3-branes are embedded in
the D7-branes [40].
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3.1.2. Subcase: B = %
Setting f = % in (3.17) leads to the following necessary and sufficient conditions for unbroken
supersymmetry

A=) =d (AT u)=Hy=Hy=G_=0, (3.28a)

d(@T2C %y 4 203y A vy =0, (3.28b)

d(@2 ¢ u i A ) — 20 AT P u i A ug Ava =0, (3.28¢)

A ay MG =d (@A P Awp A wn). (3.284d)
Here we have introduced the notation

u= (v, wy, wy), (3.29)

both to ease notation and to stress that the vielbeine u; obey a cyclic property. Exploiting this
property will be very helpful in solving this system and other systems we shall encounter which
mirror this behaviour, so we will be very explicit in our derivation here, but less so elsewhere.
The first thing to note is that the combination (3.28¢); + e*Aeijkuj A(3.28b) leads to

€ijk (d(ezf”c—%q’) - ue“—%‘bm) Auj Aug=0. (3.30)

This implies that the 1-form in large brackets is zero. This can be seen by writing it as X juj +
Xovy for some functions X ;, noting that the vielbeine u > 3 are independent, and then consider-
ing the resulting constraints for i = 1, 2, 3. Next by examining (3.28c); + e‘Auj A(3.28b); and
(3.28¢); — e_A/\(3.28b)j A uy for cyclic permutations of (i, j, k) = (1, 2, 3) one realises that

de up) Auj=0, i+#j, (3.31)

which implies that d (e~"u;) has no leg in u;, it is then not hard to see that since (3.28b) has no
€;jkuj A uy term it is in fact zero. So we can conclude without loss of generality that

d(efAu,-) = d(ez’HC*%‘b) - veZAféq’vz =0, (3.32)

which imply (3.28b)—(3.28c) without further constants. We can then solve these conditions by
using them to define the vielbeine in terms of local coordinates as

v = eAdx1 , W] = eAdxz , Wy = eAdxg , Uy = ve‘2A+%¢dp , p= e2A+C—%<I> .
(3.33)
We can now solve (3.28a), which in fact just tells us that
e® =4, (3.34)

up to rescaling g, and that ¢4 is a function of p only, making dy; all isometry directions param-
eterising either R3 or 73 locally.
The only non-trivial flux is the RR 3-form

F3 = —vp°3,(e ") Vol($?) (3.35)

and its Bianchi identity, d F3 = 0, imposes that
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M=o+, de=0. (3.36)
0

This is the warp factor of a D5-brane or O5-hole, depending on the sign of ¢, (see for example
[41]). Indeed the metric locally takes the form

ds? = *Ads? (R1D) 4724 <d,02 + pzds2(53)> (3.37)
As we will see, this is a subcase of the solution in the next section.

3.1.3. Subcase: generic B

For generic 0 < 8 < 7 we are free to divide by the trigonometric functions in (3.17). Using

sin B # 0 it is possible to show that supersymmetry requires

d(@**~®sinB) =d(e P cos f) =de? Avy =0, (3.38a)

d(eAv)) = d(€A+C= % fsin B) — ve?A~ T /sin fua = d(e Awesc f) =0,  (3.38b)
Hy+2dBAwi Awy=dB AvyAwy Awy =0, (3.38¢)
A x4y MG4) =d(@4 P cos Bur) + d(@4 P sin Buy Awi Awn) — AP cos BH3 A vy,
A3 MGL) = d (@43 P cos Byl A ), (3.384d)

AMG_) Avp A (sina +cosaw) Awy) —A(G1) A (sina + cosaw; Awp) =0,  (3.38¢)

by following the same line of reasoning as in the previous subsection. First we solve (3.38b) by
using it to define the vielbeine on M4 locally

vi =eldx;, w=esinB(dxs +idx3), va=ve Adp, p=eC, (3.39)
where we have used the first of (3.38a) to simplify these somewhat. Next (3.382) is solved when
e® =e*sinB, cotfp=ce*t, dc=0, (3.40)

with A = A(p), B = B(p). As aresult, 9, are isometries. We then use (3.39) to take the Hodge
dual of (3.38d), (3.38e) arriving at the fluxes

F3=—v0°3,(e *)VoI(S%), H =2¢*29,85sin* Bdp A dxa A dxs, (3.41)
Fs = Vol Adxi Ad(e* cot B) +ve A p® (5in(28)3, A — 3,8) dxa A dx3 A Vol(S?),
which solve (3.38e) without restriction. The Bianchi identities impose that

eM=ci+ 3. de=0, (342)
P

which is again the warp factor of a D5-brane or O5-hole. However, in this case the metric takes
the local form

ds® = *4ds*>(R"?) + €*4 sin B2ds*(T?) + 24 (dp2 + pzds2(53)> (3.43)

where T2 is spanned by (x, x3). This generalises the solution in the previous section by in-
troducing an additional warping factor for a 7> submanifold, thus breaking SO(1,5) Lorentz
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symmetry and leading to more general fluxes. In fact, this solution can be generated from the
D5-brane solution of the previous section via “G-structure rotation” [42] which is formally a
U-duality [43].

3.2. Branch II: a non-zero solutions

For the second branch with 0 < o < 7, we begin by studying the lower form conditions that
follow from (3.1). Here we find it useful to rotate the canonical frame of (B.3) as

v — —sinw; + cos ¢ (cosOv; — sinfwsy) + ivy, (3.44)

w — cospwi + sin¢g (cosfvy; — sinbwy) + i(cosOwy + sinbvy). (3.45)

We then find the following necessary, but not sufficient, conditions for supersymmetry

cosBsindHy =0, (3.46a)
e cosa sin BdO — 2v(cos Bcosdvy + sin Bsinaw;) =0, (3.46b)
€ cosa sin Bsinfd¢ — 2v(cos B cosdw; — sina sin fv;) =0, (3.46¢)
d(eZAJrzC*q) cosa sin 8) — 2ve2A+C7¢(cos B cosdwy — sin fvy), (3.46d)

d(62A+3c_¢(Sin(x sin Bw, + sin(a — 8) cos Bvo)) + A= sin S cosav; A wy =0,

(3.46¢)
d(e3A+2C_cI> (sin B sinavy — cos B sin(a — §)wy))
+20e34ATC % cos B(sindwa A vy + cos(ar — 8)v) A wi)
- e3A+2C*(D(d9 A (cos B sin(a — 8)vy + sin fwy)
+ sinfd¢ A (cos Bsin(a — §)w; — sin fv)) =0, (3.46f)

First we note that if either 6 or ¢ become constant or if cosa = 0 then (3.46b), (3.46¢) require
that sin 8 = cos § = 0 which makes (0, ¢) drop out of (3.11) entirely and the final line of (3.46f)
vanishes (setting sin6 = 0 leads to the same conclusion). In this case we can conclude that we
can set

H0=9=¢=(3—%)=0 (3.47)

without loss of generality, which we study in section 3.2.1.

If we assume sin8 and cos« don’t vanish, then (6, ¢) are local coordinates on a 2-sphere and
we can take p = 24120 o5 sin B as a local coordinate. We can then use (3.46b)—(3.46d) to
rewrite (3.46f) as

d (42~ (sin B sinavy — cos B sin(a — §)wy))

3A4+C—-9

+ 2ve cos B(sindwy A vy — cos(a — 8)vy A wp) =0, (3.48)

which we can then use to fix some of the free functions. First we note that if we solve (3.46a) with
sind = 0, then (3.48) fixes cos 8 = 0 — this is because sin 8 sinwv, — cos B sinow; is parallel to
dp in this limit and so cannot generate the Vol(Sz) factor that comes from v; Awq. Next, for Hy =
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0 and for generic values of («, B, §) we can use (3.46b)—(3.46e) to locally define the vielbein on
My by introducing another local coordinate such that dx = ¢>4+3¢=® (sina sin fw, + sina —
& cos Buvy), but then we must once more set the vy A w; term in (3.48) to zero which fixes either
cos B =0 or cos(e — §) = 0. Thus, for Hy = 0 and a priori generic (¢, ¢, «, 8, ), we end up with
just two cases. Firstly cos 8 = 0, which solves (3.46a) and makes the § dependence of (3.11) drop
out such that we can set without loss of generality

5=0, ﬂ:%. (3.49)
We shall examine this case in detail in section 3.2.2 where we find that it contains no solution.
Secondly cos( — §) = 0, such that we can set without loss of generality

S=a+ % , (3.50)
which we shall study in section 3.2.3, finding a new class of solution.

There is one final option one can consider for Hy = 0, by taking both cos« and sinf non-
vanishing — one can tune the values of («, 8, 8) such that (sin« sin fw, + sin(a — §) cos Bv2)
becomes parallel to dp and so can no longer be used to introduce a local coordinate. This re-
quires fixing

tanf = /M' (3.51)
sina

It will then be (3.48) that will be used to define the final vielbein direction, which will necessarily
be fibred over S2. We shall examine this possibility in section 3.2.4.

3.2.1. Subcase B =0
For g = 0 the supersymmetry conditions reduce to

d(@*~®) = d(e*A 3% cosavy) = Hy = Hy =0, (3.52a)
1
d(@A2C=® cosauj) 4+ 203 AP (u; A vy + 5 sinae;jkuj Aug) =0, (3.52b)
1

d(@ATC® (sinau; A vy + Skt A up)) — ve* AT cosaejpuj Aug Ay =0,
(3.52¢)

A wy M(Gy) =d (@ P cosavy Awp Awr), E4T3C oy AM(GL) = —d(@ T3 ®sina),
(3.52d)

(cosavy AA(G-) +sinav] A vy Awp A wzk(G+))|4 =0, (3.52e)

where as usual # = (v, w, wp). Note that this system reduces to that of section 3.1.2 when
sina = 0, and that (3.52b) imposes that cos« # 0, so we can take 0 < 2« < . By adding linear
combinations of wedge products of (3.52a), (3.52b) and the vielbein to (3.52b), it is then possible
to derive enough independent 2-form conditions to establish that

A+C cosa)—veAv2 =d(e_A secaui)Au; =0, i#j.

(3.53)

This is sufficient to establish that €24, ¢2€ and « are functions of a single local coordinate p,
which v is parallel to — specifically

d(e* Csina)Ava =daAvy =d(e
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p=eCcosa, vy=ve dp. (3.54)

The final condition in (3.53) implies that d(e~4 secau) oc uy A uz and cyclic permutations,

however plugging this into (3.52b) and (3.52b) we realise we can without loss of generality take
A e—A+C

~ v ~ . ~
=2t cosak;, Ki+oepKI ARY, o= dei=0, (3.55)
2 2 sina

where K' are necessarily SU (2) invariant forms which furnish a frame for a round § 3. We have
now without loss of generality determined the vielbein on My, which is a foliation of 3 over an
interval, and (3.52a)—(3.52c) are solved when

_ c1 sino cos o _
e T , %€ = 2AC% s1n2a A0 — ¢, dc;=0. (3.56)

P
The only non-trivial 10d flux can be extracted from (3.52d) and is given by

F3=2c}cov ( sina —p tanaapa)Vol(S3) +2c3cpv ( cos’a+p cotaapoe)Vol(S’S) . (3.57)
The pairing equation (3.52e) is equivalent to the Bianchi identity at this point; either one implies

da=0. (3.58)
The metric is of the form

ds® = e*ds?>(RV?) 4+ 724 [dp + — ds 283y 4 2 d (S*)} (3.59)
1’1

This solution has both an SO (4) R-symmetry and SO (4) flavour symmetry, and is S-dual to the
one that we find in section 6, as will be explained in that section.

3.2.2. Subcase = %
Here one can show that supersymmetry implies

d(e*A?C P cosar) — 20e?4C" Py, = d (e cotawr) =0, (3.602)
e€do — 2vtanaw; = € sinfd¢ + 2vtanav; =0, (3.60b)
d(e_A_C sinw) = d(eq) sinotano) A vy = d(e_A_C_H1> tana) Awy Av2 =0, (3.60c)
1
d(eAJ“C_% tanay/cosa) A wy + 2V COS(MAJrC_%HoUl Awp =0, (3.60d)
d(eA+20=® cos o cot? a) A VoI(S2) =0, (3.60e)
H; + gec cotawy A Vol(Sz) = d(e_2c tana) A vy A Vol(Sz) =0, (3.601)
A * MGy) — d(e?’A_(bwz) + d(e3A_<I> sincvi Avay Awy) =0, (3.60g)
AAC 3 MG ) + TP Hyws + d (43P cosavy Awp) =0, (3.60h)

=0. (3.601)

((sinawz — v AV AW AAG_) —cosavy Avy A A(G+))
4
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There is no solution to this set of constraints, as we will now show. First, we note that Hy =0 is
imposed by (3.60d). Let p = e2AT2C—=® o5, Due to (3.60a), we have wy ~dx, vo ~dp. Itis
then possible to rewrite (3.60d), (3.60e) as

d(ﬁtana)/\dx:O, d(pcotza)/\de/\dq):O. (3.61)

The first equation implies tana = p~'/2 £ (x), which is incompatible with the second equation —
thus this putative class contains no solutions.

3.2.3. Subcase §=a+ %, Hy=0

As explained below (3.46f), here we necessarily have g > 0 and 0 < < 5 —for this reason it
will turn out the case contains no solutions. As the proof is similar to that of the previous section
we shall be brief, this time only quoting sufficient supersymmetry conditions to prove this. In
addition to the rotation of (B.3) we find it useful to send v + iw; — e~ #(v; +iw}), then a set
necessary (but insufficient) conditions for supersymmetry are

d(e**~® cosacos B) =0, (3.62a)
d(e€ cotaw,) =0, (3.62b)
(v1 + iw)) tana + ¢ sinp (d6 + i sinfd), d(eA3C—® (sina sin fwa — cos Buy)) =0,
’ (3.62¢)
d(e*2C=? cosasin B) — 2ve?41C = (cos B sinawy + sin fvy) =0, (3.62d)
*A~® cosa cos BH3 + d(e**~® cosa sin Bvi Awp) =0, (3.62¢)
e?AH3C =2 (gina sin Bwy — cos Bva) A Hi
+d (@43 Py Awy A (sin Bua — cos Bsinawr)) = 0. (3.62f)

As elsewhere we can take (3.62¢)—(3.62d) as a local definition of the vielbein without loss of
generality — vy, wy are clearly the local vielbeine of a round S in terms of the local coordinates

. . _1 -
(0, ¢). For vy, wy we introduce local coordinates x and p = eAtC—2? [eosa sin 8 such that
e?A P3¢ (gina sin Bwy — cos Bvy) = dx. (3.63)

We can then use (3.62¢) to define Hz without loss of generality, which leaves (3.62a), (3.62b)
and (3.62f) to solve — this turns out to be impossible. To see this, one needs to consider the
combination 4(3.62f) + (f1(3.62a) ANdp + f2(3.62a)) A Vol(Sz). When one tunes

3 .5
COS2 ¢/ sIn2
fi = e ASCHT v#’ fr = e*A4C=® cos o sin B tan B, (3.64)
sin” ¢ cos B
this leads to
cota csca sin Btan Bdx A dp /\Vol(Sz) =0 (3.65)

which cannot be solved without violating the initial assumptions that lead to this case. We con-
clude that there exist no solutions.
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3.2.4. Subcase: special value of 8, Hy=0
The final case in IIB requires us to tune tan 8 to a specific value. After redefining § — § + «,
this value is

cos(a + 8) sind
tanf =,/ g (3.66)

In addition, we rotate the vielbein (with respect to (3.44)) as

cos B cos ) | sin o sin
v +iw; = —i peosta +9) +isinasing (v +iwy),

\/cosz B cos?(a + 8) + sin® a sin® B

. . . s
vyt iws > —i sinw sin 8 + i cos B sin (s + iwn) (3.67)

\/sinz a sin® B + cos? Bsin® §

In what follows we assume that the undefined functions of the spinor ansatz are bounded
as 0 <2a <7 and 0 < § + o < 7, as the upper and lower limits have been dealt with in the
preceding sections. It is then possible to show that the necessary and sufficient conditions for

supersymmetry for this case are

: . s in?2 §
d(eA=C sina) = d [ 24— sinasin@+9) ) _ (o [sn2@+8)) _ (3.68a)
cosé sin 28

2ve”CVtana cots(wy — ivy) — (d6 + i sinfd¢) =0, (3.68b)
i 8 iné
2vd( eC tanay | SSEINOTD) N Vors?) = [eA+C [SSXENO) | ay, o,
sin sin(a 4 §8)
(3.68¢)
1 2C cos®asiné - - 2
Hz+ —-d|e™ — T \/cos(oz—l—cS)smasmS AVol(§S9) =da Avy =0
4 sin” a sin(a + 8) cos §

(3.68d)

A x4 MGy) — dp, (63’4_‘1’ cosacos(@ +9) 6))
’ cosd
- s
—d <€3A_¢Wm Awi A wz) —0, (3.68¢)
3A+3C 3443C_ | COsdsina
MGo)+d bl
e *4 AM(G-) +dp, (e / p— +8))
iné 8
a0 g [SMOCS@ED) N
cosé sin(a + 8)
- 3 5
( \/Iz_ \/El Ao A ) AAG) G680
cosé cosd
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sino sin(a + §) siné cos(a + §)
—( —— —cosq, | ————— V] AW
cosd cosd sin(a + 6)
sino cos 8 A AWt A )/\A(G )
. T VAL AW AW
sin(o + 8) +

where Vol(S5?) is the volume form on the S? spanned by (6, ¢). We solve these conditions by
first using (3.68b)—(3.68c) to define the vielbein locally without loss of generality as

V . [cosasind V . [cosasing .
wy=—=e /——df, vy=—=e /| ————sinfd¢, (3.69)
2 sino cos 8 2 sino cos §
ind
wy = —Kec cota ,L(dw +cosfde), vy= veiAd,o , (3.70)
2 sin(a + §) cos

where we have taken 6, ¢ as local coordinates and introduced the additional coordinates ¥ and

Arc [cosasind 3
= [ . 71
p=e sin(a + §) ( )

We can invert this conditions then use (3.68a) to define A, C, ®, § in terms of «, p and some
integration constants c; as

:07
4

2 2 ) i02
_ C7COS™ o sIn” o« c38In” o .
e 4A _ 1 > _ - , €2C — C12 SlIl2 anA’
o ¢
20 _ _—4A( 2 c3p’ c3p°
e =e Cy + 5 s COt(O{ + (S) =55 . - (372)
(&5 sino? CiCy S cosa

The second equality in (3.68d) implies that « is itself a function of p only, so we realise that dy,
is an isometry of the solution and that My is foliation of a (SU (2) x U (1) preserving) squashed
3-sphere over an interval.

We now turn our attention to the fluxes. We have that (3.68d) simply defines the NSNS flux in
such a way that it is automatically closed, while the RR fluxes are defined through the 4d fluxes
that follow from (3.68¢). We could use the definitions of the functions in (3.72) and vielbein in
(3.69) to calculate the 10d fluxes immediately, however we already have enough information to
first fix «. The 3-form component of x4A(G _) is necessarily parallel to v; A wy A v2 from which
it follows that the 10d flux F is parallel to w;. As this vielbein is fibred over the S 2 we have that
dFy =0 iff (x4A(G_))3 = 0. For cos(« + 8) # 0 this imposes d(c2c3 sin® « + c3p?) = 0, which
implies that

2
c3p

22
i)

sina =cy4 — de; =0, (3.73)

and as a result, every function has been solved in terms of p and the four integration constants
c¢i. We are now ready to calculate the fluxes. The non-trivial ones take the form

1— 1
B=.c3 404;4 p>Vol(S?), F3= ZvclzCZ(l — cq)dyr A VOI(S?) + 2vcdercg Vol (S?)

(3.74)
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2

p s (d¢+cos9d¢))

Fs=BAF+cacdvoad| —"
2(c3p? — cieses)

2
+ L\;@d(,ﬁ(dw +cos0dg)) A Vol(5?) ,

where d B = H. Clearly the Bianchi identities of the fluxes are implied automatically and one
can show that this is true of (3.68f) also. So this case contains a single example, expressed in
terms of 4 integration constants. The 10d metric, warp factor and dilation then take the form

1 2
ds? =4 ds> R + e~ 2A[dp + 1o zds2(53)+4('07)(d1p+0059d¢)2
1”2
2
19 C]C4 Cc3 _ 1 c3
+4_ds2(52):|* A—(l—cp) e I e s wa
C4 ,0 c5 c5 C1C5C4
(3.75)

This solution preserves an SO (4) R-symmetry realised by one SU(2) factor of the round S°
and the SU(2) of the squashed sphere — the residual symmetries of the spheres make up an
SU(2) x U(1) flavour symmetry. Despite our assumption that o + § # % (which is when ¢3 =
0) when deriving (3.68a)—(3.68f) there is in fact no issue with taking this limit, which merely
collapses this solution to that of section 3.2.1. There is good reason for this, as one can actually
generate this solution from section 3.2.1 by first T-dualising on 9y then performing a formal
U-duality® on the Minkj followed by another T-duality on dy . Additionally, this solution is also
contained in section 4.2.2: it can be obtained by imposing that the coordinate x there (which
should be identified with i in this section) is an isometry and then T-dualising it.
This concludes our IIB classification, we shall now turn our attention towards IIA.

4. Mink3 with an S3 factor in IIA
The type IIA supersymmetry conditions obtained from plugging (2.14) into the seven-

dimensional supersymmetry constraints (2.4) lead to the following constraints on the four-
dimensional bispinors

dpy (e~ ®Imy 1) =0, (4.1a)
3(62A+2C P2y 4 2ipe2A+C- (Dlﬂwr—() (4.1b)
z(ezAJrzc q>¢ )+2we3A+C <1>1/,y_ —0, (4.1¢)
dp, (2412~ PRey 1) — 20e247C —“’Iml/f; L =0, (4.1d)
dp, (¥4 13€ _¢Rew)%+) — AP gimy ! =0, (4.1e)

6 T-dualities along the spatial components of Minksz, then a lift to M-theory followed by a boost along the M-theory
U(1) before reducing to IIA, and finally undoing the spatial T-dualities. This process needs to be supplemented by
rescaling the coordinates along the way, which is why we refer to this as a formal U-duality.
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dp, (A2 Imyr L) 20344 _CDRCI/I}%_ =0, (4.1f)
while the fluxes are defined through

d, (A7 PReyr)) + 3 x4 M(G_) =0, (4.2a)

dp, (e3473€ *q’lmw;_) + AP goRey ! + 1’43 w4 M(G4) =0, (4.2b)

and must additionally satisfy

=0 4.3)

<Re1//;+ AMGL) +Imy! A ,\(G_)>
4

As before, we will first examine the O-form constraints. These are given by two of the three
constraints that were found for type IIB:

(¥3)o = (myry)o =0. (4.4)
Again, the solutions branch off similar to type IIB, with an « = 0 and an « # 0 branch. We
parameterise Branch I as in (3.9) and Branch IT as in (3.11).

4.1. Branch I: solutions with a« =0

As was the case in [IB we first study the lower form conditions that follow from (3.1). After
once more rotating the canonical frame of (B.3) by (3.13) we extract the necessary, but not
sufficient, supersymmetry conditions

d(e*A3C= cos Bsin8) + A3 Hy cos fwy =0, (4.52)
A3 Hy sin B(cos Swy — sindv) A vy Awy +cosB(..) =0, (4.5b)
d(e*~® cos Bwy) = d(AT2C® cos B cos §) — 2ve TP cos Bu, =0, (4.5¢)
cos B(sin 8v; + %ec c0s 8d6) = cos B(sindwy — gec cos 8 sinfdg) =0 , (4.5d)
d(*412C =% sin B(cos Swy — sindv2)) + 2ve*ATC = (sin fw; A v2 — cos Bsindvy A wo)

— cos Bcos 842 (dh A wy + sinfdg A vy) =0, (4.5¢)

where cos B(...) represents further terms which vanish when cos 8 = 0. These are sufficient to
truncate the ansatz considerably. We note from (4.5a) that if siné = O then either Hy = 0 or
cos B = 0, however the latter also leads to Hyp = 0 because of (4.5b) — so siné = 0 implies
Hp = 0. We also observe that if sin§ = 0 then (4.5¢c) requires d8 = d¢ = 0, or naively cos6 =0
but this is a subcase of the former (see (3.9)), so sin§ = 0 also implies d6 = d¢ = 0. Our task
now is to show that, as in IIB, sind = 0 is a necessary condition: first we note that if we set
cosd = 0 then there is no solution as (4.5c) sets the vielbein to zero, thus we can restrict our
considerations to 0 < sind < % where (w1, v2) must span an S2. However, as was the case in

IIB, (4.5¢) can be rewritten as

d(eZA+2C7<I> 2A+C7<I>(

sin B(cosSwy —sindvy)) +2ve sin Bw Ava4cos Bsindvy Awy)=0,

(4.6)
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using (4.5d) which excludes this because w; A vy gives rise to a Vol($2) term that can not be
cancelled by the parts involving (v{, w;). Thus we can once more conclude that

Hy=8=0=¢=0. 4.7

Given this, we can write the necessary and sufficient solutions for supersymmetry in the ¢ = 0
limit in a relatively simple way. After rotating the canonical frame, this time as in (3.16), we find

Ho = d(e**~® cos Bvy) = d(e%AJrC*%\/cosﬂ) - ve%A*%\/cosﬂvz =0,

d(62A+2C—<I>w) + 2U82A+C—¢'w A vy

= d(e2A+2C_<I> sin fvy) + 2pe2AtC—%gin Bvi Avp =0,

d(e3A+2C—<I> 3A+2C—-9

v Aw) —2ve v1/\w/\v2=d(e3A_¢cos,8)/\v1/\v2=0,

d(e3A+2c_cI> sin Bw A wa) — 203420 P i Bwi Awa Avy+ sATC-® cosBH3 =0,

>4 Hy A vy +cos® Bd(e*A tan B) A vy Awy Awp =d(e”AT®

sin ) A vy Awj A wp
=wAH;=0,
d(@ P sin ) + d(€*4 P cos pwi Awa) — AP sin BHz — A x4 M(G_) =0,

d(@A3C® gin Buy) + d(3AT3CP cos Bwy A wa A v2)

— AP Gin BHy A vy — A0 4y M(GL) =0,

—0. (4.8)

(cos,Bvl Ay AAG4) + (cos B —sin Bw A wy) A vy A A(G_))
4

This is as far as we can go without making assumptions about 8, which we now proceed to do.

4.1.1. Subcase: =0
Setting 8 = 0 in (4.8) immediately leads to H3 = 0, the rest of the conditions are implied by

d(e%‘“'c_%) —veiA=Ty, = d(e**~Pv) =d(e *w) =0, (4.92)
d@ AviAv=dEe ) AwAv =0, (4.9b)
A g MG_) — d(@A4Pwy Awa) =0, (4.9¢)
SATC MGy) — d(e3A+3C*‘Dw1 AWy Avy) =0, (4.9d)

=0. (4.9¢)
4

The first thing we note is that given (4.9¢)—(4.9d), G+ must be a O-form and G_ a 1-form which
means (4.9¢) is solved automatically. Next, we solve (4.92a) by using it to define the vielbein

<v1 A AAGE)+V1 A A(G))

v=e M dn, w=eAdy Fidyn) . v=ve AP 2dp p=o3AHCE

(4.10)



N.T. Macpherson et al. / Nuclear Physics B 933 (2018) 185-233 207

where g is a function parametrising a potential coordinate transformation in x. From eq. (4.9¢),
we see that the combination e4~® only depends on x and that e, ¢® and ¢€ are functions of
x, p only, so that 9y, and 9y, are isometries. We thus choose to parametrise

A P=f0), g=—1, (4.11)

the latter of which is a convenient choice we make without loss of generality. For the fluxes, we
use the vy, v2, wi, wy vielbein on My to compute the Hodge duals from eq. (4.9¢) and (4.9d),
arriving at the ten-dimensional fluxes

Fo=0.f, Fi=vp’ (fap(f_le_4A)dx - Bx(f_le_‘m)dp) A VoI(S?) . (4.12)
The Bianchi identities reduce to d Fy = d F4 = 0 which leads to
o1 — 1 1 —
3f=0, 3*(f e 4A)+fﬁap(p3ap(f le44)) =0, (4.13)

the former of which can be immediately integrated as f = (¢ + Fox), dc = 0. The metric takes
the form

ds® = \/%dsz(RM) + ﬁ(dpz + p2ds2(s3)> +fHdx?, H=f"le * 4.14)

This solution corresponds to an intersecting D4-D8 brane system, where the localised D4-branes
are embedded in the D8-branes [40].

4.1.2. Subcase: p =7
The 8 = % limit of (4.8) leads to H3z o< vi A w1 A wy with the remaining conditions implied
by

d(e2A+2C—<I>ui) 4+ 20e2AFC= A1y =0, (4.15a)
d(@*2 Py Aug) — 206 P ey Aug Ava =0, (4.15b)
d@*™ ") =P Hy + e wy MG ) =0, (4-15¢)
d(eAHIC=0 ) _ BAFIC=C ) 4 BAHC AMG1) =0, (4.15d)
de M) AviAwr Awp=v Aw Awp AMGZ)| =0, (4.15¢)

4

where we introduce

u = (vi, wy, wa), (4.16)

to ease notation, and to make clear the cyclic property of these vielbein. The first thing we
note is that, given (4.15c), the second of (4.15¢) reads x4 H3 A v A w; A wy = 0, but since
H3 o< vy A wp A wy we must set

H;=0. 4.17)
Next one can show that both (4.152) and (4.15b) together imply the useful identities

d(eAui) Auj= [d(eA/2+C_¢/2) — veA/z_d)/zvz] ANujAuj=0, i#], 4.18)
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so we must have

d(e?u;) + %eijkuj A =d(@*TCP2) A 2722, —de; = 0. (4.19)
Consistency of the first of these with (4.15a) implies that ¢; = 0, and with this fixed (4.15b) also
follows from (4.19). We can use the standard trick of taking (4.19) to define a vielbein in terms
of local coordinates, namely

ui =e Adx;, vy =ve AP 2qp = AHC2, (4.20)

Having defined the vielbein, it is then a simple matter to solve the first of (4.15¢) by introducing
a free function

e A% = F(x1,x2, x3). 4.21)

All that remains is to calculate the fluxes, and impose their Bianchi identities. Using (4.20) to
take the Hodge duals of 4.15c and 4.15d we find the 10d fluxes

1 .
Py = - éijidy Fdx! A dxF, (4.22)
1 .
Fg= —v,o3 <§e,~jk8xi (f_le_4A)de Adx* A dp — fap(f_le_M)dxl Adxy A dX3>
A VoI(S3),
which clearly means the Bianchi identities, away from localised sources, follow from
- 1 -
S =00 BT e S 50,00, e ) =0, (4.23)

The metric takes the form

1 H
ds? = ﬁdsz(Rm) + - (d,o2 + p2ds2(S3)) +/FH(dx? +dx? +dxd)

H=f"le*.

The solution corresponds to an intersecting D2—-D6 brane system [44].

(4.24)

4.1.3. Subcase: generic
For 0 < B < 7 one is able to divide by sin 8, cos 8 freely when simplifying (4.8). Assuming
that cos 8 # 0 the result is

d(e**~®cos pvy) =d(e A sec w) =0, (4.253)
d(e%A"_C_%(DW)—Ue%A_%(DmUZZOv (4.25b)
de P secp) Avi Aw=d(E@*) Avi Avy=d(e A tan ) Av; =0, (4.25¢)
e** cos? BH3 + d(e** sinBeos f) Awy Awp =0, (4.25d)

d (3P sin Buy) + d(AT3C P cos Bwi A wa A v2)

— Ac-e sin BH3z A vy — 3AT3C * MG41) =0,
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d(e3A—CI> SiH,B) + d(e3A—<D COSﬁwl A wz) — e3A—® SinﬂHg, — €3A *4 )L(G—) =0 ,
(4.25¢)

=0, (4.25f)
4

where Hj is closed given (4.25a) and (4.25c). As usual we solve (4.25a) and (4.25b) by using
them to define a vielbein in terms of local coordinates

<cosﬂv1 Ay AAG4) + (cos B —sin Bwy A wa) A vy A A(G_)>

v = g(x)e_ZAJrq) sec Bdx, w=e" cos B(dY +idy),

vy = ve_%*H'%q)\/sec Bdp, p= E%A—Fc_%q)\/COS,B, (4.26)

where g(x1) is a function parametrising a potential diffeomorphism in x;. With local coordinates
introduced we can solve (4.25c¢) in terms of them as
A "Peosp=f(), A=A(p.x), np=ctPet, g=—f, 4.27)

so that dy, are necessarily isometry directions. We can then calculate the ten-dimensional fluxes
as before — first we note that

d,cf tan” B
C 9

Fo=0.f + (4.28)

should be constant. We shall restrict ourselves to the case d,c = 0. For generic § then the fluxes
may be expressed as

sin’ B

Cc

Fo=0cf, Fo=FyB, By=-—

dyi Adv, dc=0 (4.29)

Fi=ByAFr+ vp3(fap(f‘e4/‘)dx — 8x(fle4A)dp> A VoI(S?).

We note that the Bianchi identities follow when anything not coupled to B; is closed, and since
these terms reproduce (4.12) the Bianchi identities imply the PDEs of (4.13) once more. This is
because the class of solutions in this section can be generated via U-duality, from the intersecting
D4-D8 system in section 4.1.1. For completeness the metric takes the form

2
ds? = \/%dsz(Rm) + %dﬁ(ﬂ) + ﬁ (dp2 + ,02ds2(53)> +JfHdx?,
(4.30)

H— f—1€—4A
where T? is spanned by (Y1, ¥»).

4.2. Branch II: o non-zero

For the second branch with 0 < o < m, we begin by studying the lower form conditions that
follow from (4.1). As in IIB we find it useful to rotate the canonical frame of (B.3) as (3.44).
Necessary but insufficient conditions for supersymmetry are
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d(e*3C=® cos Beos(a — 8)) 4 €43~ Hy(cos B cos v + sin Bwa) = 0, (4.31a)
d(ezA_(D(cos Bcosdvy + sin Bwy)) =0, (4.31b)
d(e34 26 cosasin B) + 2ve3 4= P (cos B cos Swy — sin fv) =0, (4.31c)
e€ cosa sin 8 sinfd¢ — 2v(cos B cosdw;| — sina sin Bvy) =0, (4.31d)
e€ cosa sin Bd6 — 2v(cos B cosSv; + sina sin Bwy) =0, (4.31e)

d(@*A T2~ ® (sina sin Bvy — sin(a — 8) cos fws))
+2e*4TC=%y cos B(sinSwr A vy + cos(a — 8)vy A wy) =0, (4.315)

First from (4.31a) we observe that when cos(e¢ — §) = 0 (cos 8 = 0 is a subcase of this) we
necessary have Hy = 0. Next we observe that generically (4.31b)—(4.31e) can be used to locally
define the vielbein on M4, the only exception is when sin 8 = 0 (cosa = 0 is a subcase of this).

Setting sin 8 = 0 means that in order to solve (4.31d)—(4.31e) we must take § = % addition-
ally (6, ¢) drop out of the definition of the spinors so we can fix

ﬁ=9=¢=(3—%)=0 4.32)

without loss of generality. Interestingly one doesn’t need to set Hy = 0, however as we shall see
in section 4.2.1 this case actually contains no solutions.

If one assumes sin 8 # 0 we see that vy, wj must span S2 while vy, wy can be expressed
in terms of local coordinates in such a way that they have no legs in $2. This is a problem for
(4.31f) which generically has an Vol(§2) factor, due to the v; A w; term which sits orthogonal
to everything else. Thus the only resolution is to fix cos(« — §) = 0 which leads to Hy = 0 also.
This actually leads to a novel class of solutions that we shall derive in section 4.2.2.

4.2.1. Subcase: =0
Upon setting § = 0 we are led to the following conditions for supersymmetry

d(E@* P %sing) =de 4 Pcos*a) Avi Awp Awpr =0, (4.33a)
d(@*A 2% cosaup) +ve* AP (sinae jruj A ug 4 2ui Ava) =0, (4.33b)
d(@A 272 (¢ uj A ug 4 2sinau; A vg)) — 20T cos e jpu Aug Ava =0,
(4.330)
sinaH3 — cosaHovy A wp Awpy =0, (4.33d)

A x4 MG2) + d(e3A*¢) — e3A*q>H0 cotavy Aw; Awr =0, (4.33e)
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AAHC L2 (G ) + AP L (AP (o )

— A= o cscavy Avy Awp Awy =0,

=0, (4.330)

<cosav1 AW Awy AAMG_) — (sina — vy Avp Awp Awp) A A(G+)>
4

where here as elsewhere u = (vq, wi, wz). Using the same techniques as are spelled out in sec-
tion 3.1.2, it is possible to establish that

d(e?MC=1%) _ 34 1® cosquy = d(eup) Aujy =0, fori# (4.34)

Which we can use as in section 3.2.1 to define the vielbein in terms of the local coordinate
o= ¢24+C=3® and a set of left invariant 1-forms such that

~ ~ 1 ~ ~
V) =ve —3A+3 chp, U; —e 4 cosac;K;, dK;= EKj A K, (4.35)

under the assumption that o # 0. Plugging this back into (4.33b) fixes

4,20 . 4
e sin” o . cl
A = ——— sina=—, ¢ =c¢ (4.36)
P o

however plugging this back into (4.33a) leads to
doANKiAKyAK3=0 (4.37)
which cannot be solved.
4.2.2. Subcase: § =a + %
The final case we consider is when § = o + % and contains 8 = % as a subcase. In addition to

the rotating the canonical frame (B.3) by (3.44) we find it useful to send v +iw; — e Pu 4+
iw1), then the necessary and sufficient conditions for supersymmetry are

d(e*Csina)=Hy=0, (4.38a)
d(2C=® cosasin B) — 20 APk = d(€*4 k) =0 ., (4.38b)
e cosasin BdO + 2vsinav; = e cosasin Bsin@dp + 2vsinaw; =0, (4.38¢c)
H; = ! (d(eZC cot> o cos Bsin B) — 2eCv cosawz) A Vol(5?), (4.384d)

ef3A+<I>

d =0,

(4.38¢)

Csina B , COS & COS
)/\k1—€2A+C <l>cosozsmﬂd( 'B>/\k2

A

d( e 3 ATCHIP (63 amcosﬂ> Ak

A

-0,

1 1 -
—e2472% Jeosa sin Bd (

e 2A+C+® oot sin B
Nky
A
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34 xy MG+ a’(e‘m_cI> cosa cos fB) — d(e3A—<D cosa sin Bv; A wy)

— 4 P cosa cosfH3; =0,

€3A+3C *4 )\.(G+) +d(e3A+3C—(Dk3) _ d(€3A+3c_q>U] AW /\kl) +e3A+3C—<I>k2 A H3,
(4.38f)

<cosa sin B(14+cotBvy Awi) Ava Awa AAMG4) — (kp —ka A vy Awp) A A(G_)) ’4:0,

(4.38g2)
where we introduce
k1 = (sina cos Bwy + sin Bva), kp = (sina cos Bvy — sin fwy),
k3 = (cosavy — sina sin Bwy), k4 = (cosawy + sina sin fwy),
A =sin® B+ cos? Bsin® e, Vol(5%) =sin0do A dp, (4.39)
to ease presentation. We can use (4.38b)—(4.38c) to locally define the vielbein through
ky = vy/cosasin fe 244 2%dp,  ky = e 2A+® gy (4.40)
1
V= —— ve*%AJr%‘bp‘/cosa sin Bd6,
2sina
1 ;
w) = 3 ve_%A"’%q)p\/cosa sin B sinfd¢,
sina

where (0, ¢, x) and

3 1
p=e24TC2% Jeosasin B (4.41)
are local coordinates on My. The ten-dimensional metric then takes the form
ds® = (4.42)
—3A+® e—HA+2D g2

*ds*(Ry2) + —————p?ds*($) + ————
cosa sin B A

+

e3P cosarsin B [ 4sin adp?
A
We can now turn our attention to (4.38a) and (4.38¢) which lead to the PDEs

232,02
+ pds~(S§°) ).
4sin o P ( )>

3, Csina) = 3, (¢~ sina) =0, (4.43a)

e 34+ ® cosar cos B e A Csina
vpd, - o () =0, (4.43b)

0, <e—2A+C+<I> cota sinﬂ) +a, (e—%A+C+%<I> cos? m/sinﬂcosﬂ) —0. (4.43¢)

A A

and tell us that €24, ¢2€, %, a, B are functions of (p, x) only, which means these solutions
support an additional SU (2) isometry due to round S? spanned by (60, ¢). Actually this SU(2)
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is an additional part of an enhanced R-symmetry which together with the SU(2) of S3 gives
SO(4)g — there is also an SU (2) flavour symmetry. It is now a simple matter to calculate the
Hodge dual of the fluxes from (4.38f) and then the fluxes themselves given (4.38d) and our local
vielbein (4.40). At first G4 take a complicated form that we will not quote here, however, we
are yet to impose also (4.38g): doing so and making extensive use of (4.43a)—(4.43c) one can
express the ten-dimensional fluxes as:

1
H= 1 (d(ezc cot® o cos Bsin B)

2
— —(/oe_3A+‘I> cosa cos Bdp — ve 2ATCH® oot sin ,3dx)> A Vol(S?) ,

A
A
Fo=2—¢2%3, (e sina) ,
sina
—3A-to  ——
= ¢ . '(; oS (Foe%qu«/cosacosﬂ — ZUE%Asina,/sinﬂ) Vol(Sz) ,
sin” o
3A-0 e 3102 24
Fy=—Vols Ad(e’” " cosasinff) + ——|( d(e” " cot
4 . ( 2 «/cosasin,@sina< ( 2
5
2 _QA . .
- e.isma(ve%q),/ﬂdp — 24 sinacosﬂdx)) A Vol(53)
sin A coso
Fs=—Volz A (d(&34~® cosasin Bvy A wy) + €34~ P cosa cos BH3) (4.44)
—10A+2® 5
v
+ 8_72'0 (d(e3A_¢ cosacos B) Adp
4sin“ «
o—ATO

- —————d(e** ®cosacos B A dx> A Vol(S?) A Vol(S?)
cosasinf

where (4.38g2) can be expressed in terms of F as

tardo 2
vV 2 27 sIn COS & COS
p+/sin B, (pe** sina) + EFoe ZV acosh _

Imposing that Fy is constant together with (4.43a)—(4.43c) and (4.45) then implies d H = 0 and
the Bianchi identities of the remaining fluxes. This system is quite complicated, however taking

inspiration from section 4.1 of [36] (which re-derives [49]) we anticipate that the system can be
further simplified if we treat the cases Fp =0 and Fj # O separately.

(4.45)

Subcase Fop =0
If we set Fp = 0 then (4.45) and (4.44) impose that

pe*isina =L dL=0 (4.46)
This leaves (4.43a)—(4.43c¢) to solve. We first integrate (4.43a) as

A Csina=c, dc=0, (4.47)
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then use it to express (4.43b) as

e IAT? 1 e 34+ ® cosr cos B
ety [ ) v, —0. (4.48)
0

cosa sin A A

We note that this defines an integrability condition that we can solve by introducing an auxiliary
function i (p, x) such that

675A+<D —3A+9

Zoon, ©

cosa cos B
c———— = =
cosasinBA p

2 — _ouh. (4.49)

Plugging these definitions into (4.43c) and making use of (4.46)—(4.47) we arrive at

1
?92h + —0,(pd,h) =0. (4.50)
P

This is a 3d Laplacian expressed in axially symmetric cylindrical polar coordinates (up to rescal-
ing x). Solution in this class are in one to one correspondence with solution to this Laplace
equation. The physical data can be expressed in terms of /4 and the 2 constants (¢, L), as

3 2
LA = p2sinta, =954 = vep CA=1__ € p(dph) ,
cosasin B, hA L*3,h(1 — cpdyh)
t L4(1 — cpdph) 1
anox = -1,
TN Ep2@ ) + LA — cpdh)?
v /T —cpdyh,/L*,h(1 — cpd,h) — c3p(dxh)?
tan B = / - 4.51)

3 /posh

It is interesting that this class depends on axially symmetric Laplacian, indeed the same is true of
the class of AdSs x S? solutions in ITA [50] one obtains by dimensionally reducing the M-theory
class of Lin—Lunin—-Maldecena [51]. The M-theory class actually depend on a 3d Toda equation,
which is equivalent to the Laplacian only when one imposes an additional U (1) isometry, which
one then uses to reduce to ITA. As the class of this section is in massless IIA it can be lifted to
M-theory, so an obvious question poses itself: Is there a class in M-theory governed by a 3d Toda
from which the backgrounds in this section descend? It would be interesting to look into this and
what connection, if any, this class has to AdSs x S 2 or indeed any AdS class.

Subcase: Foy #0
We expect to be able to perform a similar simplification of the system of PDE’s for Fy # 0
case, however up to this point we have failed to do so in general. However there is a special case
which is far more simple, namely 8 = % Here (4.43a)—(4.43c) and (4.45) force
Q24 _ 0 ®_54 _ COSQ sin®

’ e 2 2 ’

= s dao=dc=0, (4.52)
g(x)# sina cp

all that remains is to ensure that d Fo = 0 which is ensured as long as

2Fpx cosa

4
¢

g=c—

(4.53)
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This solution has all the generic fluxes except the internal part of Fg turned on, it bears some
resemblance to D8-branes on some sort of cone, but the precise picture depends on what values
the free constant o takes.

We shall come back to study the solutions that follow from these massless and massive sys-
tems in [71].

5. The unique type II AdS4 x S° background

We have classified all Mink3 x S3 with internal Killing spinors of equal norm, up to certain
PDE determining various warp factors. As equal norms is a requirement’ for the existence of
AdSy it is reasonable to ask whether such solutions are contained within our classification. Any
AdS4 solution can be expressed as a Minks solution, one needs only parametrise AdS as the
Poincaré patch. This comes about quite naturally in terms of the Minks x M7 set up by imposing
that

d 2
ds? = 24ds?(R'?) + ds? (M7) = 2 (rzdsz(Rl*z) + %) +ds* (M) , (5.2)
r

with €24 and Mg independent of r. As we have local expressions on M7 = S3 x My, this makes
our task relatively easy. A quick scan through the various cases in section 3 and 4 indicates that
the only class that are potentially compatible with AdS,4 are in sections 4.1.2 and 4.2.2 — the
others manifestly cannot be put in the form (5.2). These are both in IIA, but closer inspection
leads one to realise that the class of section 4.2.2 cannot work as (4.38a) would break the putative
AdS isometry. This leaves only sections 4.1.2.

We will now show that there is a unique compact® AdS, solution, at least locally, for the class
of solutions of section 4.1.2. This background corresponds to a foliation of AdS4 x S x §2
over an interval and is the near-horizon of a D2-D6 brane intersection, and can also be obtained
by dimensionally reducing a certain Z; orbifold of AdS4 x S7. Starting from M-theory one
first parameterises S’ as a foliation of $3 x §3 over a closed interval, then performs both the
orbifolding and reduction to ITA on the Hopf fibre of one of the $3’s (see e.g. [52]) — there by
preserving 16 supercharges. For this purpose, we take the metric (4.24), expressed in the form

ds® = 4 ds?>(R"?) e 412 (d,o + ,Ozdsz(S3)> + e_2A(dx1 + dx2 + dx3)
2A 2 24

and assume an AdSy factor, which requires e“” = r~ e“*, with the rescaled warp factor A as well
as the dilaton & undetermined functions independent of the AdS4 radial coordinate r. Further-

7 Tt is established in Appendix D that the 7d spinors x1, x2 must obey the relation |x |2 + | )(2|2 =cteTA where c+

are constants. We can, without loss of generality solve these conditions in terms of unit norm spinors )(io and an angle ¢
as

A

A
7,/1+sm Xl’ X2 = 7\/ —sin¢ x2, cyr=1, c,:eZAsing“ (5.1)

To make a Mink3 solution AdSy requires us to fix the dependence of €24 on the AdS radius, but since ¢4 sin¢ is

constant, we must either set { = c— = 0 or fix ¢ such that it also depends on the AdS radius. The latter contradicts the
assumption of an SO (2, 3) isometry, so we conclude that Ad S, requires c— = 0; i.e. equal 7d spinor norms.

8 Strictly speaking section 3.1.1 contains AdSs x § 5 which can be expressed as a non-compact AdSy solution. We will
disregard such higher dimensional AdS solutions.
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more, the background is only SO (2, 3) invariant if the internal metric is independent of r, which
fixes p and the x; to scale as p ~ /% and x; ~ r. Keeping this in mind, we parametrise

x1=rq(u) sinf cos¢,
xp=rq(u) sinf sin¢,
x3=rq(n) cost,
p=r'"hu),
where ¢ (1) and 2 () are undetermined functions of some coordinate 1, and the (6, ¢) directions

parametrise a 2-sphere such that the R? spanned by x; is written in polar coordinates with radius
r q(u). Now we have to ensure that the metric is diagonal with respect to the r-direction, i.e. set

&r u =0, and that it shows the 1/r% behaviour for g,,, which amounts to imposing g,, = €24 /r2.

These two conditions lead to the following expressions for A and ® in terms of q(n), h(w) and
independent of (0, ¢):

44 _ _ q'(w)
e —q(u)<q(u) h(“)zh/(u)>’

Y ¢ OLEON
h(p) ' ()
These expressions imply, once inserted in the first eq. of (4.15¢e), the following ODE for the ¢
and & functions:

g0 [H G0 +hG B0 | = G K (0 "0

which can be solved in closed form as h = h (q (u)) and also implies the Bianchi identities of the
fluxes. As h is a function of g, rather than ., we can use diffeomorphism invariance to fix g such
that /& is simple, without loss of generality we choose

q(p) = 2TL3COS2 (%) :

where L and k are constants. This leads to
h(w) = —2L3 sin (%) .

The resulting metric is of the form

2L 2 (I jz
2 __ =~ Lad 2 2 2 2 (F 2,03 2 (F 2,a2
ds® = . cos<2>[ds (AdSy) + L (d,u + 4sin (z)ds (S7) 4 cos (2)ds (S ))]
5.3)
with fluxes
k 2 3
P = —EVol(S ), Fi= ZVol(Acls4) ) 5.4

This is the IIA reduction of AdSy x S7/Z; with length scale L and k D6-branes, as in eq. (2.8)
of [52].

The fact that (0, ¢) are isometry directions of this solution means that there is an additional
SU(2)g> symmetry due to the round S§? factor in the metric and fluxes. The spinors of this
solution are then charged under SU (2) s> and just one of the SU (2)’s of $3 (see the v dependence
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of (4.22)), SU(2), say. Since S? and S> appear as a product the spinors are actually charged
under SU(2)4 x SU(2)g> which realises an enhanced SO (4) R-symmetry as required by the
N = 4 super-conformal algebra in 3d — SU(2)_, under which the spinors are not charged, is a
flavour symmetry.

6. Type II with a single Killing spinor

In the previous two sections, we have worked out the supersymmetry conditions making use
of the pure spinor equations (2.4), which are valid only in case |y |2 = |x2|. Note that this
is a necessary condition for the existence of D-branes which do not break background super-
symmetry. The supersymmetry condition for a D ,-brane is given by I'Pe; = e. Since I'P) is
unitary, squaring this equation leads to the conclusion that left- and right-handside must have
equal norm.” We will examine the simplest non-equal norm case, namely the one where

& =0. 6.1)

We could either make use of the generalised geometrical reformulation of supersymmetry which
incorporates |x1|> — |x2|* # 0 as deduced in appendix D, or use the actual Killing spinor equa-
tions. Considering the simplicity of this case, we will use the latter.

Much of the work has however already been done: the conditions for seven-dimensional pure
NSNS solutions have been deduced in [29,56,57] up to some ansitze. We will merely show that
the ansitze made in [29,56,57] (no warp factor, no external NSNS flux) are in fact enforced by
supersymmetry, and then proceed to plug in the decomposition resulting from M7 = §3 x My.
This leads to a pair of explicit pure NS backgrounds: the NS5-brane and the U-dual to the 1IB
conical backgrounds of section 3.2.1. We will also analyse the seven-dimensional RR-sector,
which is new, but the conclusion is that all RR-fluxes vanish.

6.1. Seven-dimensional decomposition

Our starting point are the democratic supersymmetry equations, which read as follows for
e =0:

1
<a¢—iﬁ>e1=<vM—%HM>61=0, AFTyer =0. (6.2)

As can be seen, the NSNS and RR sectors decouple. We impose a similar 3 4+ 7 decomposition
as before: the metric and RR flux is given by (2.1), while the Killing spinor €; is given by (2.2)
and €; = 0. We generalize the NSNS 3-form flux by allowing a term 4 ¢34 Vol;.

Using the convention y,,,, = €10, plugging the above decompositions into (6.2) leads to the
following 7d equations:

1 1 1
(a,,,¢y'" - EHm,,py"“”’ + Eih) X = (v,(j) -3 H,,m,,y"P> x=0 (6.3a)
1
(ZeAh — ieAZ)mAy’") x =0 (6.3b)

9 The argument is slightly more complicated due to the fact that Spin(1, 9) spinors do not admit a non-trivial norm,
and hence one should decompose to Spin(9) first. See [53] for details. Also note that strictly speaking, the norms need
only be equivalent on the brane.
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Mx=rfvmx=0. (6.3¢)
From (6.3b) it follows that

mA=h=0. (6.4)

As can be seen, the NSNS and RR sector split and can thus be analysed independently.
The existence of a globally defined nowhere-vanishing Spin(7) Majorana spinor x reduces
the structure group of M7 to G. More concretely, the following bilinears can be defined:

Pmnp = —i)(%J/man , (*7¢)mnpq = XTanqu s (6.5)

where we have normalized x. The other bilinears, i.e., the 1-, 2-, 5- and 6-form vanish. As has
been deduced in [29,56,57], (6.3a) can be rewritten in terms of the G,-structure as

dorngp=de?®x7¢0)=d(e?®¢)—e P % H=0. (6.6)

We will analyse the solution to the NSNS sector by requiring a further splitting of M7 = 3 x Mj.
On the other hand, we will show that the RR-fluxes vanish for any M.

6.2. NSNS sector

Considering the case M7 = §3 x My, we further decompose the spinor as

X=&® (Sin(a/2)n + Cos(a/2))9n) + m.c., nTn =1, nT?n =0, 6.7)

with m.c. the Majorana conjugate. This leads to a further reduction of the structure group. Since
§3 is parallelisable, it has trivial structure group, leading to a Spin(4) structure group on My.
Generically, the structure group need not reduce on My.'" In the case where either 1, or 7_ is
nowhere vanishing, the structure group reduces to SU (2), in case both are nowhere-vanishing,
the structure group is trivial. As everywhere else, our analysis is purely local and we will work
with a local trivial structure, parametrising possible vanishing of either chiral spinor by the an-
gle a.

First, as in [58], we make use of an auxiliary SU (3)-structure (J,<2) to express the
G,-structure as

1
o=—-vyAJ—ImQ, *7(p=§JAJ+ReQ/\v2. (6.8)
Next, we decompose the SU (3)-structure in terms of the vielbeine as

1 i K
J=—(KiAnw+KoAwry+K3A01), Q=¢"(—

FiwnAC2 fiwy A (3 i
=3 3 iwy > iwy 2 iv]

(6.9)
Inserting this into (6.6), one finds
10 Note that on any M7 with a spin structure, an SU (2)-structure can be found [54] [55]. However, this is not necessarily

the structure group defined by the spinors we are making use of, and so even when splitting M7 = M3 x M4 with M3
parallelisable, M4 need not admit a globally well-defined SU (2)-structure; consider for example M7 = §3 % s4.
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d(@€72® cosava) = d(€*72%u;) + ve“ 2P Qui A vy +sinaejpuj Aug) =0, (6.10a)

_ ) 1 _
d(@*C7*® (sinau; Ava+ €t Aug)) — veiireC 2P cosau; Aug Ava =0, (6.10b)
2 J J J J

darviAw Awy =0, u= (@, w,w), (6.10¢)

e 2® *7 H = —af(e_2cI> CoOSaV] A w1 A wy) — vVol(S3) A d(e3c_2<I> sina). (6.10d)

When « # 7, by taking linear combinations, exterior derivatives and wedge products with the
vielbein of the equations in (6.6), one can derive

€ijk [d(ec_<I> cosa) — ve_cbvz] ANUjAug

+ CH2A gt a[d(e_3c+2¢ secatana) A va] Au; =0,

where, since u; form a basis of independent 1-forms, the terms in square parentheses must vanish.
This is sufficient to conclude that

da=0, C=C(p), P=d(p), p=e2. 6.11)
It is then not hard to establish that

dui ANuj=0, i#], (6.12)
in a similar fashion. This means we can locally parametrise

v2=vsecoee(bdp, du; =ci€jjpuj ANug, dcp=0. (6.13)
Plugging this back into (6.6) we find that

ci=e Sviana, (6.14)
so either dC =0orc=a =0.

Case 1: When o =0, u; are the vielbeine of T3 so we can simply take

u; =dx;. (6.15)
All that is left to do is calculate H and impose its Bianchi identity. We find

H =v3,(*®)p*Vol (%) . (6.16)

Closure of the flux then implies that ¢2® is harmonic, leading to
c
= g2 <1+—2> . g.ceR, (6.17)
0
which is consistent with the definition of p. Finally, we note that the metric is given by
ds®> =ds*(R") + *® (d,o2 + ,ozds2(S3)> ) (6.18)
This is an NS5-brane, dual to the D5-brane solution in section 3.1.2 [41].

Case 2: When 0 < o < %, u; span the vielbeine of another 53 5o we take

é -
Miz%Ki, dKi-l—ge,’jdej/\de, dc =0, (6.19)
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where consistency requires that

peC cosa + eév sina =0, (6.20)
and find
H =—2¢%3,(e"®) cos? aVol(5%) — 2¢3C 3, (e~®) cos o sina Vol (53) . (6.21)

By definition of p, the Bianchi identity is satisfied. After redefining r = exp (e~ cosap), it
follows that the metric is given by

ds? = ds*(R"?) +dr? + e*Cds*(8?) + cot? ae*Cds?(S3) . (6.22)

Note that in IIB, this solution can be obtained from the solution of section 3.2.1 by means of the
following S-duality transformation (up to redefining some constants):

®—> D, ds>—>e ®ds?, F3—> —H. (6.23)
6.3. RR-sector

The NSNS sector has been analysed by imposing a further decomposition Spin(7) —
Spin(3) x Spin(4) on the spinor. On the other hand, we will analyse the RR-sector in full gen-

erality.
Let us consider the RR-flux constraints equations (6.3c), repeated here for convenience:
AXx=xfymx=0. (6.24)
For type ITA, we have that
M=fo-hHh—-ifs—ifi. (6.25)
where we have defined f3 = %7 f4, f1 = *7 f¢. For type 1IB, one finds
AM=h—-f-ifa—ifo, (6.26)

with f> = %7 f5, fo = »7 f7, hence up to some field redefinitions, the supersymmetry constraints

are identical. The fluxes, a priori irreducible representations of SO (7), decompose into represen-

tations of G, as follows: 7— 7,21 — 7 + 14, 35 — 1 + 7 4 27. Concretely, we parametrise
fZ\mn = Pmnp fzp + f2|mn

g P (6.27)
S3imnp = F3Pmnp + Vimnpq f3 + f3|q[m§0np] )

where the 14 satisfies foju, = %lﬂmnpq f3? and the 27 corresponds to a symmetric traceless
2-tensor. Furthermore, we have introduced the notation 1 = x7¢ for convenience. Making use of
the G,-structure identities (A.5), (A.6), we find

fix = fumy™ x [1Ymx=fimX = iQmnp [{'7" X

fox =3ifamy™ x L2YmX=3if2mX = @mnp 3 V"X = 2f2imny" x  (6.28)

Lx=Tif3x =4fmy"x  HYmx=—1if3¥mxX +4L3mx + 60 f35mny" X .

Inserting the above into (6.24) and comparing representation by representation, it follows that all
RR fluxes vanish.
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Appendix A. Conventions & identities

We decompose ten-dimensional gamma matrices as

Tu=030ey,®, Tn=01Q1Qyn, (A1)

and seven-dimensional gamma matrices as
v =e0a®7 . v’ =1®v.. Br=02®Bs, BiBj=-I. (A2)
Al M,
We consider gamma matrices satisfying

. Loi=1).
Ymnpgrst = L€mnpgrst »  V(1—n) = (_l)zn(n D *7 V(n) - (A.3)

A nowhere-vanishing Spin(7) spinor defines a Gy-structure on M7 by means of the bilinear

Pmnp = _iXTanpX . (A4)

Defining Y = x7¢ = XTanpq X, the G-structure satisfies the following identities [59]:

1z/fmnrswpq "= _21/fmnpq +46mp8nq - 48mqanp s
Wmnrsﬁoprs = _4(Pmnp s (A.S5)
Qomrs(pnrs = 68;;[ ,

as well as
Ymn X = iﬁomanpX )

Ymnp X = L @mnp X — 1pmnpqu)( , (A.6)
Ymnpg X = _4i§0[mnpyq]x + Wmnqu .
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A2 §3

We consider Pauli-matrices playing the role of gamma-matrices. They satisfy
1
Oapy =i€apy , 0G-n =(—D2"""Vazop (A7)
with &, B, ¥ = 1, 2, 3 indices on $3. The non-vanishing spinor bilinears of S> are given by
1 1
£T0% = 5 (KT +iK3) £fo% = SKS (A.8)

The real 1-forms K;, i = 1,2, 3, define a trivial structure on S° (i.e., a vielbein, up to normali-
sation). Note that S3 is parallelisable and hence the trivial structure is globally well-defined. We
will always normalise the volume form as

Ki A Ky A K3 =—8Vol(S?) , (A.9)

regardless of which specific vielbein is used.
Appendix B. The bispinors of M4

We consider gamma matrices satisfying

1 A
Yabcd = €abcd »  V(4—n) = (=D 2n(n+D) *4 Y)Y » (B.1)

with P = yj234 the chirality matrix. Given a globally well-defined nowhere vanishing chiral
spinor 74, one can construct the bilinears

Jab =10 Yaps » @ab =105 Va4 (B.2)

which furnish an SU (2)-structure. Given two globally well-defined nowhere vanishing chiral
spinors of opposite chirality, the structure group reduces to a trivial structure [60]. Generically,
supersymmetry requires a nowhere vanishing spinor n, which can admit a chiral locus. This
ensures that, although the structure group of M4 cannot be globally reduced, it is possible to re-
duce the structure group of the generalised cotangent bundle TMa4 & T*M4 to SU(2) x SU(2),
completely analogously to the well-known situation of SU (3)-structures [30]. Since the super-
symmetry constraints are local, we will always work with the vielbeine determining the local
trivial structure. Using the conventions of [61] with n = (n4, n—), we set

v=v;+ivy = niyan+dx“, w=w+iwy = n‘jyamdx” . (B.3)

Although some care must be taken on the chiral locus, where the above 1-forms all vanish, it
turns out that no solutions exist on the chiral locus, as discussed in sections 3 and 4. We can
expand the locally defined 4d components of the Killing spinors 71 2 in terms of 7, satisfying

-

n'n=1, n'Pn=0 (B.4)

as

o . o\ A ~ A~
71 = COs (5> n + sin (5) yn, m=an+byn+cn+dyn° (B.5)

where a, b, ¢ and d are subject to

lal> + bl* +c>+1d>=1. (B.6)
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We can then calculate the 4d bispinors appearing in (3.1a)—(3.1f) and (4.1a)—(4.1f), where to do
so we find it useful to parametrise

a=ay+iay, b=by+iby, c=ci+ic;, d=d|+id>, (B.7)

for a;, b;, ¢c; and d; real. However we first note that in both ITA and IIB we must solve the O-form
constraints

(¥3)o=Amy})o=0, (B.8)
which reduce to
bzcos% +a2sin% =dzcos% —i—czsin% =d cos% +cq sin% =0. (B.9)

We can solve these in general by fixing

o Lo« o
ay = hjcos(=) by = — Ay sin(=) c1 =My cos(=),
2 2 2
(B.10)
= sc0s(Y)  di= —Azsin(Y)  dy= —Arsin(2)
€2 = —A3 > 1= 3 > 2= 1 )
which turns (B.6) into
al +bi+a+ a3+ =1 (B.11)

In terms of this parametrisation the 4d bispinors are given by

gﬁ_}_zal —iA—ibiviAvy— (A —id3)vi A(w) —iwy) + (ar +A)wg Awp

+bivi Avy Awp Awa,

vl = (a1 —ir)vr —ibiva — (o —iA3)(wy — i wo) + (G ay + AV Awy Awa

+bivy Awp Awy,

YT =—(a+ik3) — (a1 +ir)vi A (W —iwp) — i biva A (wy —i wy)
— i +il3)w Awy,

Y2 =—(o+ik)v — (a1 +ir)(wy —iwy) —ibivg Avy A (wy —iwp)
+ (A3 —idvi Awp Awy, (B.12)

1/f)%+:b1—(ia1+kl)v1sz—i(kz—ik3)v2A(w1—iw2)+ib1w1/\w2

+ (a1 —iA)DVI A2 Awp Awy,

w}%_z—blvl +Gar+A)Dvu+ A3 +Hid)vi AvyA(wp —iwy) —ibivy Awp Awy

— (a1 —il)vy Awp Awy,
Y2, =(r =23 Ava—bivg A (wi —iwy) —i(ar +iA)va A (wy —iwy)
— M4+ iA)v Ay Awp Awy,

W}%_ =@A3—id)v2 + b1 (w1 —iwp) +ilar +ir)vr Av2 A (wy —iwn)
+ A +ir)vy Awp Awy.
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Appendix C. The SU (2) doublets of 3
There exist two independent spinors on S3 that obey the Killing spinor relations

i
Vabs =+7Vabx, (C.1)

each of which preserves two supercharges. Additionally the global isometry group of S* can be
decomposed as SO(4) = SU(2)+ x SU(2)-, so $3 supports two sets of SU(2) Killing vectors
K ,i=1,2,3, that are dual to one forms that obey

1
dKF + Eeiij]jF AKE, (C.2)

i.e. the right-/left-invariant forms of SU(2). It is possible to use the spinors on S3 to construct
SU (2)+ doublets. Consider the following vector with spinor entries

These transform under the action of the spinorial Lie derivative as''

i
Lyt =40 el Lyxtg =0, ©5)

for o; the Pauli matrices, which means that £{ transforms as a doublet under local SU(2)+
transformations and a singlet under SU (2) .

Appendix D. Supersymmetry conditions for three-dimensional external spacetimes

In [31], supersymmetry conditions for 3+7 dimensional compactifications are given in terms
of bispinors. The repackaging of the supersymmetry conditions was done under the following
conditions:

e The external space is Minkowski.
e The spinors have equivalent length.
e The NSNS flux H does not have an external component.

In this section, we will look at relaxing the latter two conditions to obtain more general solu-
tions. Our starting point will be the ten-dimensional bispinor description of the supersymmetry
constraints, as described in [37]:

1 The spinorial Lie derivative along a Killing vector K is defined as
1
EKe:K“Vue-i-g(dK),wy’”e. (C4)
The easiest way to see that this leads to the claimed transformation property, is to parametrise the vielbein on $3 as
el = %d&, &2 = % sinfdg, = %(dl// + cosfd¢) and take the flat space gamma-matrices to be the Pauli matrices
;. Then (C.1) is solved by & = 29913993 S?_, £ = ¢33 £9 for é‘i constant 2d spinors. The SU (2)+ forms are

then precisely Ki+ = —iTr(o;dgg™ 1), K = —iTr(c;g " dg) for g = 2993039923993 The result is then not hard
to show.
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dy (e ®W)+KAF+ixF=0  (D.la)
dK =g H (D.1b)
Lkgo=0 (D.1¢)

1
<e+1 W eqn, TMN (idH (e ®W-epn) + Ee%ﬁ (e_2¢e+2) v F)) =0, (D.1d)

1
<e+] -Weeys, <a’H (e_(b‘-IJ . e+]) — Eeqde (e_zd)e“) v — F) FMN) =0, (D.le)
with
_ 1 _ - 1 _ _
V=€1Q6e, Ky= e (é1'mer +é'yer) , Ky = e (e1lyer —él'yer) .
(D.2)

The final two equations are known as the pairing equation; we refer to [37] for more details, and
will follow along the lines of section 4.2 of that reference in the following.
We consider the case where the Killing spinors are given by (2.2). Due to the properties of
Spin(1,2), we can define
1- 1-
E§Vu§ =Vu, ECV/AVC = (*3V) v » (D.3)

with the other bilinears vanishing. Since we are considering flat space, ¢ are covariantly constant,
hence dv = 0. Making use of the spinor decomposition, it follows that

_ 1 - 1
Be AW =vA DL — a3 A Dy, K=§€A(|X1|2+|X2|2)v, K=§€A(|X1|2—|X2|2)v,
(D.4)

where we have defined ®, +i®_ =8¢ 4y ® X; and K, K should be read as 1-forms in ten
dimensions. Using the flux decomposition

F=f+e&*Vols AxA(f), H=H;+ehVols . (D.5)
We will first solve (D.1c): since by construction, v, K are Killing vectors, we must have

11 + el = cpe?. (D.6)
Next let us consider (D.1b), which leads to

creh=0, |’ — |l =ce?. (D.7)
Next, let us consider (D.1a). We find that

diy (47002 ) = ey wy A()

diy (4705 ) =c_f .

In addition, the fact that c_ # 0 does not change the argument of [37], so the pairing equations
remain unchanged, leading to

(f, ®5)=0. (D.9)

(D.8)
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Appendix E. M-theory

The focus of this paper are backgrounds in type ITA and type IIB. In this appendix, we will
discuss M-theory backgrounds on R!2 x $* x Ms. Given equivalent internal spinor norms, our
(massive) ITA classification is complete (up to finding solutions to PDE). Therefore, a significant
number of backgrounds one would obtain from a similar analysis of M-theory are those which
one can obtain from uplifting our massless IIA backgrounds. Novel solutions from a complete
M-theory analysis would be backgrounds satisfying one of the two conditions: either M5 does
not admit an S! factor to be integrated out to perform the dimensional reduction to IIA, or the
internal component of the Killing spinor on Mg = S x Ms is such that after the reduction, the
resulting seven-dimensional internal components of the ITA spinors are not of equal norm.

Such a full M-theory classification is beyond the scope of this paper. Instead, we aim to make
contact with the literature of M-theory on R'2 x Mg, which is much studied (see for example
[62—67]). We will derive the decomposed supersymmetry conditions, and give several simple
classes of solutions.

For N = 1 solutions to the supersymmetry constraints on R'> x Mg, the Killing spinor €
decomposes as

€=6Q (X++x-) . (E.D

where £ is a Majorana spinor of Spin(l,2) and x4+ are chiral Majorana spinors of Spin(8).
Generically, x4+ can have zeroes, and the structure group of Mg is SO(8), although a
Spin(7)-structure can be defined on the auxiliary space Mg x S' [66]. In the case where one
of the two does not vanish, the structure group reduces to Spin(7) [65]. If both chiral spinors
have no zeroes, both of them define a Spin(7)-structure: the intersection of the two leads to a
reduction of the structure group to G,.'> The reduction of the structure group leads to the exis-
tence of globally defined invariant tensors. Instead, we will work locally, and consider patches
where either one or both are non-zero.

E.1. Spin(7) holonomy

Let us first examine the case with

€e=CQ Xt - (E.2)

Following the conventions of [65], the general solution to the M-theory supersymmetry con-
straints with these ansétze is that

ds? = e*2ds*R"?) + e 2ds?(Mg), G=Vols Ad(e*®) + F, (E.3)

where ds?(Mg) a metric of Spin(7) holonomy. The four-form F lies in the 27 of Spin(7), i.e.,
it satisfies

FP o Wper =0, (E.4)

with Wnpg = X Vimnpg x the invariant four-form defining the Spin(7)-structure. In addition, the
Bianchi identity and equation of motion for F' require that F is harmonic and satisfies

12 Note that this is only the case for two Spin(7)-structures defined in terms of opposite chirality spinors. Given two
same chirality globally well-defined nowhere vanishing spinors, the structure group instead reduces to Spin(6) >~ SU (4).
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—3A 1
dxgd(e™2) + 2 F AF =0 (E.5)

away from M2-brane sources.
Let us now impose Mg = S x Ms. The internal metric and Killing spinor decompose as

1
ds*(My) = Cds*($) +ds*(Ms) . x+ = (0) ®E®N+E @), (E.6)
and the gamma matrices decompose as
v =01©0®l, v =neleyn, BY=08005s, (E7)
with the charge conjugation matrix satisfying Bsx = —Bs,  an index on S and a an index on

Ms. The pseudoreal Spin(5) spinor 1 of unit norm gives rise to an SU (2)-structure on Ms, via
[68]

i 1 —iJ cf 1
nen =Z(1+V)/\e , n®n =Z(1+V)Aw~ (E8)

The (local) SU (2)-structure consists of a real one-form V, real two-form J and a complex two-
form w such that J A J = %a)/\w* andtyJ = wyvo=J Ao=wAw=0.

By making use of this decomposition, the Spin(7) four-form decomposes in terms of the
I x SU(2)-structure as

Cc

1

\Ilz—ij/\./-f-%V/\(Kl/\Rea)—}-KzAIma)+K3/\J) (E.9)
626 ~

—v—(dKi ARew+dKy ANmw +dK3 A T) = e’V A VOI(S3) . (E.10)

Using the decomposed W, we examine the supersymmetry conditions. First, we consider the flux
component F', which we decompose as

F = Vol(S?) A Fi +*sF; (E.11)

with Fy, F| one-forms on Ms. Inserting this and (E.9) into (E.4), it follows from (m, n) = (a, b)
that F, ~ F, F{'Vq =0 and from (m,n) = (a,a) that F{w.y = F{'w}, = F{'Jsp = 0. Hence
F| = F; =0, hence F = 0. The equation of motion for the flux (E.5) thus reduces to the follow-
ing constraint on the warp factors:

d(@C xsd(e32) =0. (E.12)

Next, the requirement that Mg is of Spin(7) holonomy is equivalent to the closure of W, which
is equivalent to

d@CV)y=d(@CT) + eV A T =d(ew) +20eCV Anw=d(J AJ)=0. (E.I3)
In general, this means that locally V = e3¢ dr, and we will write

ds?(Mg) = ¢*Cds*(S*) + e %Cdr? + ds? (E.14)
Let us give some simple classes of examples for which the above conditions are solved.
2W-C) j,

e In the case that C = C (1), the metric dsf is conformally Calabi—Yau. Let J = ¢
o =e>W=O) @, Then provided that we define W () to satisfy
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W +ve ¢ =0, (E.15)
we find that dJ = d& = 0.

e By taking C = —% log(47), we find that dJ = dw = 0, hence dsf is a Calabi—Yau metric.'”
Introducing p = 40/ 4 the metric reduces to

ds*(Mg) = dp* + p*¢*Cds*(S*) + ds? | (E.16)
and thus Mg = R* x Y», where Y, is a Calabi—Yau two-fold.
e Next, let us examine Sasaki—Einstein structures, as well as a class of generalizations. It can

be shown that any five-dimensional Sasaki—Einstein can be defined by means of a set of real
forms (V,wj), j =1,2,3 with V a one-form and w; two-forms. These satisfy [15]

dwy =d(ws +iw3) +3iV A (w2 +iw3) =0 (E.17)

A more general class of spaces are the so-called hypo manifolds [69], satisfying dw) = d (VA
w2) =d(V A w3) =0, which themselves are a subclass of balanced manifolds [70], satisfying

dwi Aw)=d(V Aw) =d(V Aw3) =0. (E.18)

By setting J = wy, eV = \7, Rew = wy, Imw = w3, it follows that any solution to the super-
symmetry constraints is a balanced metric. On the other hand, any solution to the supersymmetry
constraints which is hypo automatically is such that dsf is Calabi—Yau. This leads to the conclu-
sion that the spinors do not define a Sasaki—Einstein on M35, as the base space of a Sasaki—Einstein
manifold is not Ricci-flat. Another way to see this is to note that Sasaki—Einstein metrics can be
written as a fibration over a Kihler—Einstein base, but it is clear that since the supersymmetry
constraints are invariant under permutations of (J, Rew, Imw), dsf cannot be non-Calabi—Yau
Kaéhler.

E.2. Gy-structure

Next, let us examine the case where both internal chiral Killing spinors are (locally) non-
vanishing. Again following [65], the Killing spinor is given by

e=e20® (x+ +x-) (E.19)
leading to the solution

ds® =e* (dﬁ(Rl’z) + dsz(Mg)> , G=e(Vols A f + F). (E.20)

This time, the metric is not of special holonomy. Instead, it allows a G,-structure with non-trivial
torsion. The norms of x4 can be parametrised as

Ix+|>=1=%sin¢, (E.21)

with sin¢ a function of Mg such that the norms of x4+ are non-vanishing. The bilinears of x4
defining the G-structure are given by

13 We have redefined 7 to absorb the sign v.
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1 1
_ T.,08 _ T.,08)
Kn= cos? +Vm X=s  Pmnp = —cos§ X4 Yimrp X—- (E.22)

In terms of these, the constraints

d(e* costK) =0, (E.23a)

K Ad(e®® g x39) =0, (E.23b)

d(e12A cosC o Atk *xg @) =0, (E.23c)

cosld(p) Ao +4x3dl —2cosg*xg f =0, (E.23d)

d(@*sing) — &2 f =d (€% cos ¢ ) + €% xg F — %2 sint F =0, (E.23e)

are locally equivalent to the supersymmetry conditions.
Next, we split Mg = S° x Ms, leading to the following decomposition of the metric and flux:

ds*>(Mg) = e*Cds*(S?) + ds>(Ms), F =eCF; AVol(S) + Fy . (E.24)

The spinors decompose as

X+ =+/1+sin¢ <é)®($®m+§“®7ﬁ), x—=+/1—sin¢ <(1))®($®772+§C®77§)
(E.25)

and the gamma matrices again decompose as (E.7). The Spin(5) spinors can be expanded in a
common basis as

. b_
n'=n, n*=aon+an® + S0, laol* + lal* + |b|* =1 (E.26)

where b can be made real by rotating the 1-form w and 7 is unit norm. We assume w = w; +iw»
is locally non-vanishing.
As a result, a second locally non-vanishing 1-form can be defined as

1
u = Etw*w , (E27)

with w defined as in (E.8). We thus see that the local SU (2)-structure defined on M5 by 1 reduces
further to a trivial structure, with the local vielbein defined by (V, wy, wa, uy, us).

We now express the G-structure (E.22) in terms of the trivial structure of $3 x Ms. The first
bilinear we calculate is

C
K = % (ImagK | + ReapKs — ImaK3) — buy — ReaV, (E.28)

and the only way to make this compatible with (E.23a) is to set
apg=Ima=0 (E.29)
so that the spinors 71 2 are nowhere parallel. We are now free to parametrise

b=cosa, Rea=sina (E.30)

and rotate to a frame where
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K=V. (E.31)
Having done this the other bilinears take the form

2C

3¢ sinaVol(S3) — veT cosael A dkK;,

¢=—cosael Ae* AP —e

c
e . ; 1_. . j X
-5 Kinuine +§el]ksmae Ane),

LK *§ Q@ =Uj A (sinoze1 Ane2 et —eC cosa /\Vol(S3))

+ v;(sina Ui N e+ %e,-jkej A ek) NdK; — % cosae;jruy A PNV K;,
(E.32)
where we have defined
e=(wy, w2, —us), (E.33)
for ease of presentation. Remark that
@ A Lg xg ¢ = Tv Voly, (E.34)

where Vol is the volume form of the manifold spanned by the warped left-invariant forms of §3
and the vielbein, with orientation

i K i K é K3, uy, e, e, e
5 R Ry —Rs.un, e, e, .
Inserting these definitions for ¢ and (g xg ¢ into (E.232)—(E.23e) lead to the 5d conditions

—6A—3C
ul)/\e1 /\ez/\e3=0,

(E.352)

d(e® cost V) =d(e®*C cosaur) AV = d(—5———
COS° o0 COS“ ¢

d(e6A+2C 6A+C

cos ¢ cos aei) +ve cos&Quy A e + sin ae,-jkej A ek) =0, (E.35b)

) ] 4 4
<d(e6A+2C(smoeu1 Ae + Eeijke] A eh)) + vedAte cosae;jruy Ael A clav=0,

(E.35¢)
d(e‘zc cosaeijkej) A ek A ur AV =¢jjpuy Adug A el nek=0 , (E.35d)
—200s§doz/\e1 Ae* A e +2xs d{ —cos{ x5 f:d(e3Asing“) —e3Af:O,

(E.35e)
d(e6A+3C cos¢ sina) + £OAF3C (—*x5 Fy+sin¢F1) =0, (E.35%)
d(e6A cos¢ cosae! Ae* A 63) + % (xsF1 —sin¢ F4) =0, (E.35g)

where we have used that cos ¢ # 0 and one can show that cosa = 0 is inconsistent with super-
symmetry. In addition, the Bianchi identities and equations of motion for the flux reduce to
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d(e3Af) =d<e3A+3CF1> :d<e3AF4> -0

d (66A+3C x5 F4) . 86A+3Cf AF =0
(E.36)
d(eGA*s Fl) — AP AF =0

d (66A+3C x5 f) T ACE A F =0,

Note that the signs are such that supersymmetry together with the Bianchi identities imply the
first two equations of motions. All Hodge duals in the above are with respect to the unwarped
five-dimensional metric.
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