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ABSTRACT. The paper deals with finite element approximations of elliptic
Dirichlet boundary control problems posed on two-dimensional polygonal do-
mains. Error estimates are derived for the approximation of the control and
the state variables. Special features of unconstrained and control constrained
problems as well as general quasi-uniform meshes and superconvergent meshes
are carefully elaborated. Compared to existing results, the convergence rates
for the control variable are not only improved but also fully explain the ob-
served orders of convergence in the literature. Moreover, for the first time,
results in nonconvex domains are provided.

1. Introduction. In this paper we will study the finite element approximation of
the control problem

min J(u) = %HSU - yQH%ﬁ(Q) + %Huniz(r)

(P){ subject to (Su,u) € HY/?(Q) x L*(T),
u€Uy={ueL?I): a<u(x)<b foraa. zel},
where Swu is the very weak solution y of the state equation

—Ay=0inQ, y=wuwonTl, (1)
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the domain Q C R? is bounded and polygonal, I is its boundary, ¢ < b and v > 0
are real constants, and yq is a function whose precise regularity will be stated when
necessary. We assume that 0 € [a, b] and comment on the opposite case in Remark
5.4. Abusing notation, we will allow the case a = —oo and b = 400 to denote the
absence of one or both of the control constraints.

First order optimality conditions read as (see [1, Lemma 3.1])

Lemma 1.1. Suppose yo € L*(Q2). Then problem (P) has a unique solution i €
L*(T) with related state § € H'?(Q) and adjoint state ¢ € H}(Q). The following
optimality system is satisfied:

(Vi — On@,u — )2y > 0 Vu € Uga, (2a)
—Ag=01inQ, g=1a onT, in the very weak sense, (2b)
—Ap=yg—yq inQ, =0 onT, in the weak sense. (2¢)

The variational inequality (2a) is equivalent to

1
u(x) = Proj, y <l/8n<p(x)) for a.e. x €T, (3)

where Projy, ; denotes the pointwise projection on the interval [a, b].

The aim of this paper is to investigate a finite element solution of the system (2a)—
(2¢), in particular to derive discretization error estimates. The precise description
of the regularity of the solution of the first order optimality system is an important
ingredient of such estimates. They were proven in our previous paper [1]; we recall
these results in Section 2. There were two interesting observations which we may
illustrate in the following example.

Example 1.2. Consider the L-shaped domain. The 270° angle leads in general
to a singularity of type r2/3 in the solution of the adjoint equation; the regularity
can be characterized by ¢ € H*(Q) with s < % Hence, the control has a r~1/3-
singularity in the unconstrained case, w € H*(T') for all s < §. In the constrained
case, however, the control is in general constant in the vicinity of the singular corner
since the normal derivative of the adjoint state has a pole there, we get u € H*(T")
for all s < % This regularity is determined by the largest convex angle and by the
kinks due to the constraints.

Unfortunately, this is not the whole truth. In exceptional cases, e.g. when the
data enjoy certain symmetry, the leading singularity of type 2/3 may not appear in
the adjoint state. Instead, the solution may have a r*/3-singularity whose normal

derivative has a r!/3-singularity which is not flattened by the projection Proj [a,b]-

5.

The control is less regular. In this case u € H*(T') for all s < ; see [1, Example

3.6].

Hence, dealing with these exceptional cases is not fun but necessary. If in the
unconstrained case a stress intensity factor vanishes , i.e., the leading singularity
does not occur, then the convergence result is still true, one may only see a better
convergence in numerical tests. See Figure 6, right hand side. However, in the
constrained case, the situation is the opposite. The exceptional case leads to the
worst-case estimate. To deal with the “worst-case” and the “generic-case” in an
unified way, we introduce in (7) some numbers related to the singular exponents.

We distinguish two cases for the investigation of the discretization errors. After
proving a general result in Section 3 we study the unconstrained case in Section 4



DIRICHLET CONTROL IN POLYGONAL DOMAINS 3

S

1 5 _|superconvergence

uasi-unifor

1.0 1

0.5 1

|
|
|
|
|
T
us 21
2

FicURE 1. Convergence rates depending on the maximal interior
angle in the unconstrained case

and the constrained case in Section 5. We focus on quasi-uniform meshes and distin-
guish general meshes and certain superconvergent meshes. In order not to overload
the present paper, we postpone the study of graded meshes to a forthcoming paper.
The numerical tests in Section 6 confirm the theoretical results.

The study of error estimates for Dirichlet control problems posed on polygonal
domains can be traced back to [8], where a control constrained problem governed
by a semilinear elliptic equation posed in a convex polygonal domain is studied.
An order of convergence of h® is proved for all s < min(1,7/(2w;)), where w; is
the largest interior angle, in both the control and the state variable. Later, in [18],
it is proven that for unconstrained linear problems posed on convex domains, the
state variable exhibits a better convergence property. The corresponding proof is
based on a duality argument and estimates for the controls in weaker norms than
L?(T"). However, to the best of our knowledge, the argumentation is restricted to
unconstrained problems. For the error of the controls in L?(T), the order shown in
[8] is not improved.

Nevertheless, the regularity of the control and the existing numerical experi-
ments, see [18, 17], suggested that for the control variable the order should be
greater: h® for all s < min(1, 7/wy —1/2) if one uses standard quasi-uniform meshes,
and for all s < min(3/2,7/w; —1/2) if one uses certain quasi-uniform meshes which
allow for superconvergence effects, see Definition 4.5. Our main results, Theorems
4.1 and 5.3, fully explain the observed orders of convergence in the literature for
the control variable, improve existing results for the state variable in constrained
linear-quadratic problems posed in convex domains, and provide the first available
results in nonconvex domains.

Let us summarize our results in detail. To be brief we introduce the maximal
order O =1 for general meshes and O = 3/2 for superconvergent meshes, A = m/w;
and A = min{)\; : \; > 1}. Note that we neglect terms with arbitrary small
positive e, and that A is defined slightly differently in (8). In the unconstrained
case we prove in Theorem 4.1 convergence order min{O, \ — %}, see Figure 1 for
a plot of the convergence order against the maximal angle of the domain. In the
constrained case, we get the same result for convex domains, see Theorems 5.1 and
the left part of Figure 2. For nonconvex domains we can prove order % which is
sharp when the maximal convex angle of the domain is close to w, see Theorem
5.5. A better result is obtained under the structural assumption 5.2 on the discrete
control. In the worst case we get the order min{O, 2\ — %, A— %} and in the generic
case min{O, 2\, A — %}, see Theorem 5.3 where a more involved definition of A is
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used. Figure 2 shows the order on the right hand side. To illustrate the dependence
of the order on the nonconvex angle, the figure assumes that convex angles are small
enough, such that these corners do not influence the convergence order.

2. Notation and regularity results. Let us denote by M the number of sides of
I' and {z; };Vil its vertexes, ordered counterclockwise. For convenience denote also
zo = xp and xp41 = x1. We will denote by I'; the side of I' connecting z; and
xj+1, and by w; € (0,27) the angle interior to Q at x;, i.e., the angle defined by T';
and T'j_1, measured counterclockwise. Notice that I'y = I'y;. We will use (r;,6;)
as local polar coordinates at z;, with r; = |z — z;| and 6, the angle defined by T';
and the segment [x;,z]. In order to describe the regularity of the functions near
the corners, we will introduce for every j =1,..., M a positive number R; and an
infinitely differentiable cut-off function &; : R? — [0, 1] such that the sets

N;j={reR?*:0<r; <2R;,0<0; <w,},

satisfy N; C Q for all j and N; N N; = 0 if i # j and & = 1 in the set {z € R? :
r; < R;j}, & =0 in the set {zx € R? : r; > 2R;}.

For every j = 1,...,M we will call \; the in general leading singular expo-
nent associated with the operator corresponding to the corner x;. For the Laplace
operator it is well known that A\; = m/w;. Since in general the regularity of the
solution of a boundary value problem depends on the smallest singular exponent,
it is customary to denote

2

)\:mln{)\j:]:1,...7M}andpD:m. (4)

Our main estimates are for data yo € W1HP"(Q) for some p* > 2. To get these
estimates it is key to use the sharp regularity results of the optimal control, state
and adjoint state provided in [1]. For both the control and the state it is enough
to know the Hilbert Sobolev-Slobodetskii space they belong to, but for the adjoint
state we will need to know with some more detail the development in terms of
powers of the singular exponents. To write this development, we must proceed in
two steps in order to be able to define the effectively leading singularity in each
corner.

Our first result concerns the regularity of the adjoint state and is a consequence of
[1, Theorem 3.2 and Theorem 5.1]; see also [14]. Form € Z,t e Rand 1 < p < 400
we define

tp

2
o —{je{l,...7M} suchthat0<m)\j<2+t—andm)\j¢Z}. (5)
p
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Lemma 2.1. Suppose yo € L>®(Q). Let ¢ € HE() be the optimal adjoint state,
solution of (2c). Then, there exist a unique function @, € W2P(Q) and unique
real numbers (Cj’m)jeu]]’[')'fp7 for all p < +00 for constrained problems and p < pp for
unconstrained problems, such that

3
_ _ mA\; .
o=¢t+ Z Z cjm&r; " sin(mA;0;). (6)

m=1jely,

Note that pp = +00 in convex domains such that we obtain for constrained as
well as for unconstrained problems the same regularity of the optimal adjoint state.
However, in nonconvex domains, the control and hence the state, as part of the
right hand side of the adjoint equation, may be unbounded in the unconstrained
case, which leads to the restriction p < pp for the regularity of @,. Moreover, it
may happen that the effectively leading singularity corresponding to a corner z; is
not the first one. This means that the associated coefficient ¢;; in the asymptotic
representation (6) is equal to zero. However, this will be of interest only for con-
strained problems in case of nonconvex corners z;, i.e., A; < 1. To be able to cover
this, we define the numbers

o >‘j ifAj>1OI‘Cj117£0
A] o { 2)\] if )‘j <1 and Cj1 = 0 (7)

for each corner. In addition, we introduce
A=min{A;:A; >1, j=1,...,M}. (8)

In convex domains, A = A will determine the regularity of both the optimal con-
trol and state. This holds for unconstrained as well as for constrained problems.
However, in nonconvex domains, different cases may appear. If we have no con-
trol constraints then the regularity of the optimal control and state will again be
determined by A. If the problem is constrained then in the vicinity of any cor-
ner x;, where the coeflicient of the corresponding first singularity c;1 is unequal
to zero, the optimal control is flattened there due to the projection formula and
consequently smooth. This is the usual case. If ¢;; = 0 then the optimal control in
the neighborhood of such a corner is at least as regular as the normal derivative of
the corresponding second singular function. In the control constrained case, A will
determine the regularity of the optimal control, at least in a worst case sense. The
regularity of the optimal state may depend on A as well since singular terms may
occur within its asymptotic representation independent of the adjoint state.

For unconstrained problems the following regularity result holds, see [1, Corollary
5.3, Corollary 4.2, Theorem 3.4].

Lemma 2.2 (unconstrained case). Suppose —a = b = 0o and yo € H'(Q)NL?*(Q)
for all t < min{1, A\ — 1}. Then

1
ue H*T), ye€H2(Q) Vs<min{3 A\— 1} (9)

Remark 2.3. In general Lipschitz domains, there is not a satisfactory definition
of H*(T") for s > 1. But for polygonal domains and s < 3/2, there is no problem in
naming H*(T') = trp H*T1/2(Q), the space of traces of H*T1/2(Q).

Notice that for 1/2 < s < 3/2, trp H**Y/2(Q) = {u € I H*(I;) : u € C(T)};
of. [14, Th. 1.5.2.8].
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For constrained problems, we can improve this result, see [1, Corollary 4.2, The-
orem 3.4].

Lemma 2.4 (control constrained case). Suppose —co < a < b < 00, yg €
HY(Q)NL2(Q) for all t < min{1,\ —1}. Assume that the optimal control has a
finite number of kink points. Then

u € H*(T) Vs < min{3, A — 1}, (10)
1
ye H2(Q) Vs <min{3, A — 3, A+ 1}. (11)
We also have the following result from [1, Proof of Theorem 3.4].

Lemma 2.5. Suppose —0o < a < b < 00 and yq € L*(Q). If \j <1 and ¢; # 0,
then one of the control constraints is active near the corner x;, i.e., there exists
p; > 0 such that for x € T' with |x — x| < p; either u =a or t =b.

Finally, we can write the representation of the adjoint state for regular enough
data. For m e Z,t € Rand 1 < p < +o0o we will also need

2
Ly, = {je{l,...,M} such that 0 < mA; <2+t—5and mA; GZ}. (12)

The following result is a consequence of [1, Corollary 4.4]; see also [14].

Lemma 2.6. Suppose that Q is conver or —oo < a < b < 400, and that yg €
WLP™(Q) with p* > 2. Then, for p > 2 such that

3p—2 .
&7 forallje{l,...,M
Ajp { }
and 5
< p* _—
p_p’p<pD’p<2—min{)\,2}

there exist a unique function @, € W3P(Q) and unique real numbers (¢jm)p, and
(djm)Ly,, such that

_ _ > mA; .
O =@+ Z Z cjm&Gry " sin(mA;0;)

m=1 jej];’jp

+ Z Z dj,mfjr? (log(r;) sin(26;) + 6; cos(26;)) .

m=1,3 jEL}",

Notice that the coefficients c;,, that appear in both expansions in Lemmata
2.1 and 2.6 coincide, due to the uniqueness of the expansion. In the expansion of
Lemma 2.6 new terms appear that belong to W?2?(Q) for all p < 400 but not to
W3P(Q) for p > 2 satisfying the conditions in Lemma 2.6.

3. A general discretization error estimate. In this section we will present a
general discretization error estimate in Theorem 3.2. The terms in this general
estimate have to be estimated in particular cases. This work will be done in later
sections.

For the discretization, consider a family of regular triangulations {73} depending
on a mesh parameter h in the sense of Ciarlet [10]. Notice, that a triangulation &,
of the boundary is naturally induced by T,. We assume that the space Y}, is the
space of conforming piecewise linear finite elements. The space Uy, is the space of
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piecewise linear functions generated by the trace of elements of Y}, on the boundary
I'. We denote the subspace of Y}, with vanishing boundary values by Yj 5. In the
following, we assume that the mesh parameter h fulfills h < hy with some hy < 1
small enough and we denote ¢ a generic constant that may depend on the data of
the problem but is independent of h.

We also introduce the discrete solution operator Sy, : L?(T') — Y},. For u € L?(T")
the function Spu € Y}, is defined as the unique solution of

(VShu, VZh)LQ(Q) =0 Vzh S Yb,h and (Shu — U, Uh)Lz(p) =0 Vvh S Uh. (13)

We emphasize that on the boundary Spu coincides with the L2-projection of u
on Up. Thus we get Spup, = up on I' for up € Up. Notice as well that (13) is
not a conforming discretization of the very weak formulation of the state equation.
However, according to [2, 7], its applicability is guaranteed.

In our discretized optimal control problem we aim to minimize the objective
function

. 1 v
Gm{mmhwngwwwwm§@+2mwém
subject to up € U :={u, € Uy : a <wup(z) <b forall zeTl}.

The first order optimality conditions of this problem were derived in [8] and are
stated in the next lemma.

Lemma 3.1. Problem (Py,) has a unique solution uy, € UM, with related discrete
state yp, = Spup € Yy, and adjoint state ¢y, € Yo . The following discrete optimality
system is satisfied

(vap, — 8Z<ﬁh, up — Un) 2y > 0 for all uy, € de, (14a)
(Vﬂh, th)LQ(Q) =0 for all z, € Yo and gh‘r = Up, (14b)
(Vén,Van) ) = (Un — ya, 2n) L2() for all z, € Yo p, (14c)

where the discrete normal derivative O"@y, € Uy, is defined as the unique solution of

(00 n, zn)r2ry = —(Un — ya. 2n) r2@) + (V@n, Van) r2q) for all z, € Yy, (15)

An important tool in the numerical analysis is the construction of a discrete
control uj € U, ;Ld which interpolates @ in a certain sense, see Lemma 4.2 and Lemma
5.6, and satisfies

(U’U — On @, u;; — ﬂ)]ﬂ(p) =0. (16)

If the optimal control @ € H*(I") with s < 1 then we use a quasi-interpolant
introduced by Casas and Raymond in [8]: Denote the boundary nodes of the mesh
by xf., 1 < j < N(h), and let ej, 1 < j < N(h), be the nodal basis of Uj,. We set

d(x) = vie) - 0,5(),
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and define a control uj = Zj\/:(?) uy, se; by its coefficients
J+1
1 [T -
A / d(z)u(z)ej(x) do(z) if I; #0,
J 1%71
up, ;= i (17)
1 oo .

According to [8, Lemma 7.5] the function u} belongs to U”,. Moreover, it is con-
structed such that u} = @ on the active set, and it fulfills (16).

If w € H*(T') with s > 1, we use a modification of the standard Lagrange inter-
polant I, of 4, again denoted by uj € U, gd, which is defined by its coefficients as
follows

a if min, j-1 _j+1 ﬂ(%) =a,
[x[‘ sTP ]
up =14b if max; j-1 _j+1;u(x) = b, (18)
5 [N

ﬂ(x%) otherwise,

cf. ]9, Section 2]. Of course, if we consider control problems without control con-
straints, that is —a = b = oo, the interpolant uj is just the Lagrange interpolant.
In case of control bounds a,b € R, in order to get a unique definition of uj,, we need
to assume that on each element only one control bound is active. However, due to
the Holder continuity of @, which we have for @ € H*(I') with s > 1, there exists
a mesh size hg > 0 such that for all A < hg the above definition of the interpolant
is unique. Obviously, this interpolant belongs to U,. Moreover, it satisfies (16) by
construction. Indeed, whenever vu(z) — 0,9(x) # 0, we have u} (z) — a(x) = 0.

As already announced, we conclude this section by stating a general error esti-
mate for the control and state errors which will serve as a basis for the subsequent
error analysis.

Theorem 3.2. For the solution of the continuous and the discrete optimal control
problem we have

o — dnll2ry + 17 — Inll 2

., _ _ (V@, VSrbn) L2
< el la—ujllze@) + 117 — Shallz2) + sup | @l (19)
Yn€Un l¥nllz2 )

Proof. First, let us define the intermediate error ej, := uj — %,. Then, we obtain
@ = tnllrz@y + 19 = Onllz@) < 1@ —upllzz@y + llenllz @
+ 17 — Shupllr2) + [Snenllr2@).  (20)
To deal with the third term, we take into account the continuity of Sj:
19 = Shupliz2) < 17 — SniillL2) + 158 (@ — up)llL2(0)
< |17 = Sl 20y + cllt — upll2(r), (21)

cf. [2, Lemma 2.3 and Corollary 3.3]. Accordingly, we only need estimates for the
second and fourth term in (20). We begin with estimating the second one, but as
we will see this also yields an estimate for the fourth term. There holds

V”ehH%Z(F) = I/(uz —u, eh)L2(F) + l/(ﬂ — Up, eh)Lz(p). (22)
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Next, we consider the second term of (22) in detail. By adding the continuous and
discrete variational inequalities (2a) and (14a) with v = 4, € Uaq and up, = uj, €
Ué‘d, respectively, we deduce

(v(an — ) + On@ — O, en)r2(ry + (v — 0@, uj, — W) r2(ry > 0.
Rearranging terms and using (16) leads to
V(= Un, en)r2r) < (0n® — 01 @n, en) L2(r).-

Integration by parts (cf. [11, Lemma 3.4]) using e, = Spep on T, (15), (2¢) and (13)
yield

V(@ — U, en)r2ry < (AP + (Yo — ya), Snen)r2q) + (V(S — @n), VShen) r2(q)
= (Un — ¥, Snen)r2() + (VP, VShen) L2(q)

= (Snuj, — , Snen) 2 (@) — |1Snenl2(q) + (V@, VShen) L2 (o)
(23)

By collecting the estimates (22) and (23) we obtain

vlenlZzr) + 1Snenlliz ()

< v(up =, en) 2y + (Swup — U, Swen) 2y + (V@, VSren) 12 (o)
< vluy —a@llpeyllenllz @y + 1Snun — 3llLz)llShenllLz o)
(Ve, VSpn) 2
+ su | L >||\eh||L2(F). (24)

Yr€Up ||'(/]hHL2(I‘)

From the Young inequality we can deduce

lenllzzry + 1ShenllL2(a)

. . (V@, VShn) L2
< llup = all g2y + ISnu, = Gll 2 + sup | @l (25)
€U lUnll L2y

Finally, the assertion is a consequence from (20), (21) and (25). O

4. Problems without control constraints. In the rest of the paper, we will
always assume that {7,} is a quasi-uniform family of meshes. However, if the
underlying mesh has a certain structure then it is possible to improve the error
estimates. These special quasi-uniform meshes are called superconvergent meshes
or O(h?)-irregular meshes; for the precise definition we refer to Definition 4.5. The
main result of this section is the following one.

Theorem 4.1. Suppose that either A < 1 and yo € L*(Q), or yo € W2 (Q) for
some p* > 2. Then it holds
1@ = unllL2y + 117 = GnllL2) < ch’|loghl”
Vs € R such that s <X\ — % and s <1, (26)
3

where 1 is equal to one for \ — % € (1, 5] and equal to zero otherwise. If, further,
{Tn} is O(h?)-irregular according to Definition /.5, then

o = anll2@y + 19 = nll2@) < ch® Vs <min{3, X -5} (27)



10 T. APEL, M. MATEOS, J. PFEFFERER AND A. ROSCH

For the proof, we are going to estimate the three terms that appear in the general
estimate of Theorem 3.2. Whereas the first two terms in (19) can be estimated by
standard techniques, the third one needs special care. Analogously to the derivation
of (23), this term can formally be rewritten as

|(V@, VSuthn) 2 (o | — s |(V(® — Ra®), VShtn) 2 (0|

$n €U lnll 21y $nel, 1¥n L2
|(0n® — OLRLB, 1) 12(r)|
sup
Pneln lnl L2 (r)

where 0" R, @ is defined as in (15) just by replacing ¢, with 7 and @, with the
Ritz-projection R,p of @ on Yj . Thus, we are interested in the error between
the normal derivative of the adjoint state and the corresponding discrete normal
derivative of its Ritz-projection. In order to estimate the above term, we will
pursue two different strategies. The first one relies on local and global W1o°-
discretization error estimates. In case of general quasi-uniform meshes, this will
result in a convergence order of O(h*|logh|") for all s € R such that s < A — 1 and
s < 1, where r is equal to one for A — % e (1, %] and equal to zero otherwise. The
second strategy will rely on special superconvergent meshes as introduced in [5].
The idea to use such meshes in the context of Dirichlet boundary control problems
originally stems from [12]. In contrast to the setting in that reference, we are not
concerned with smoothly bounded domains but with polygonal domains. For that
reason we need to extend the corresponding estimates to that case, that is, we have
to deal with less regular functions due to the appearance of corner singularities. This
will yield an approximation rate of O(h®) with s < min{%, A— %}, which results
in an improvement in comparison with meshes not satisfying the superconvergence
property, for domains with interior angles less than 27 /3.

Lemma 4.2. Suppose yo € HY(Q)NL?(Q) for allt < min{1,\ — 1}. Then we have

lla — UZHL?(F) + ||y — ShﬂHLz(Q) <ch® Vs< min{%,/\ — % .
Proof. We know from Lemma 2.2 that the control satisfies & € H*(T") for all s <
min{2, A — 1}. If s < 1, we choose uj}, as defined in (17), and the estimate for the
control follows from [8, Eq. (7.10)] by setting s = 1—% withp € (1,00). If1 < s < 3,

1
we have @ € H*(I') < C”*~2(T") due to the Sobolev embedding theorem. Thus, the
modified Lagrange interpolant v}, from (18) is well-defined. Actually, in the present

case, u}, is just the Lagrange interpolant. As a consequence, the error estimate for
the control is given by a standard estimate for the Lagrange interpolant.

i
Again from Lemma 2.2, the optimal state satisfies 7 € H*"2(Q), for all s <

1
min{2,\ — 1}. Thus, |7 — Syl g1 (o) < ch®"2 for all s < min{2, A — 3} if A > 1.
By the Aubin—Nitsche method we obtain

1. 1
ly — Sntll 20y < chf~atmin{lsta}  yg o min{%7 A — %}, (28)

cf. for instance [6]. Since s + % can be chosen greater than %, we have the desired

result in case that A > 1. For A < 1 we do not have § € H'(Q) such that standard
techniques for estimating finite element errors fail. However, in this case we can
directly refer to Remark 5.4 of [2]. O
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Lemma 4.3. Suppose that either X < 1 and yo € L*(Q), or yo € WHP (Q) for
some p* > 2. Then there is the estimate

|(V@, VShtn)r2 (o)

sup < ch®|logh|” Vs €R such that s <X— 1 and s <1,
W€, [¥nll2(r)
where r is equal to one for A — % € (1, %] and equal to zero otherwise.

Proof. As above, we denote by Ry, the operator that maps a function of H{ ()
to its Ritz-projection in Yj 5. In addition, we introduce the extension operator S
which extends a function belonging to Uy to one in Y}, by zero. Using the norm
equivalence in finite dimensional spaces on a reference domain we easily infer for

any ¢, € Up, and ¢ € [1, 0]
I1Shtnllac) + IV SutnllLagay < b9 vnl Lar).- (29)

Since Spy, is discrete harmonic, we obtain together with the orthogonality prop-
erties of the Ritz-projection the identity

(V& VSuthn) 12y = (V(@ — Ra@), VSntn) 12 = (V(@ — Rin®), VSutn) 12
(30)

where we employed that (S), — S’h)wh belongs to Yp 5.

Now, we distinguish the three cases w; < 7/2, w; < 7 and w; < 27 for i =
... M.

In the first one, we know from Lemma 2.6 that the optimal adjoint state belongs
to W34(Q) (for some g > 2), which is continuously embedded in W?°(Q). Con-
sequently, a global W1>°-discretization error estimate from, e.g., [23, 13], and (29)
yield

(V(@ = Rnp), VSuhn)r2(0) < [IV(® — Ru@)l| L @)V Suthnllr () < Ch||1/1h||L1((r)»)
31
which represents, together with (30) and the embedding L?(T") < L!(T"), the desired
result for w; <7/2,i=1,...,M.

Next, we consider the case w; < w for ¢ = 1,..., M. For simplicity, we assume
that the domain has only one corner with an interior angle greater or equal to /2.
However, the proof extends to the general case in a natural way. In the following,
that corner is located at the origin. Furthermore, we denote its interior angle
by w1, the distance to that corner by r1, and the corresponding leading singular
exponent by A\; = 7/w;. According to Lemma 2.6, the optimal adjoint state admits
the splitting

1

P = Pr + Ps, (32)
where @, belongs to W4(Q) with some ¢ > 2. Combining (30) and (32) yields the
identity

(V(@ = Rn@), VSuthn) r2() = (V(@s — Ra@s), VSuthn) 12(0)

+ (V(@r — Rror), Vghlbh)LZ(Qy (33)
For the latter term, we can argue as in (31) to show first order convergence, i.e.,
(V(@r — Ru@e), VSuthn) r2(q) < chllvnllpiry < chllvnllrer)- (34)

In order to estimate the singular term, we decompose the neighborhood of the
critical corner in subdomains 2; which are defined by

Qri={z:|z|<d;} and Qy:={z:dj1 <|z|<dy} forJ=1I-1,...,1.
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We set the radii d; equal to 277 and choose the index I in such a way that d; =
21 = ¢;h with a constant ¢;. Below, this constant is chosen large enough such
that on the one hand local W>°-finite element error estimates from [13, Corollary
1] are applicable on the strips 2, see (37), and on the other hand the validity of
the weighted error estimate (40) is guaranteed. Moreover, we set

I
Qo := N\Qp with Qp = U Q,
J=1
and
L= UQUQ
with the obvious modifications for J = 0 and J = I. Using this kind of covering,
we obtain

I
(V(Ps — Rups),VSnbn) L2 (0) = Z(V(% — Rn@s), VSun) L2(a )
J=0
I ~
< IV(@s = Rug)ll o=@ IV Shtonll i) (35)
J=0

Arguing as in (29), we get
IVShtnllLi@,) < cllvnllr oo, ar)- (36)

Having chosen the constant c; large enough, local W>-error estimates from [13,
Corollary 1] yield

IV (&s — Rn@s)ll L)
<c (||V(¢s — In@s)ll L= () + d7°11@s — Rh%llm(ﬂ&)) , (37)

where Ij,¢ denotes the Lagrange interpolant of @. Notice, according to [13, Remark
2], this inequality is only valid for any J = 0,...,I—2 if the domain €2 is nonconvex,
i.e.,, wy > m. Now, let o := r1+dj, which possesses the properties o ~ d; for z € Qf]
and mingeq o ~ h. By combining (35)—(37), we infer

(V(@s — Rns), VSutn) 12(0)
I
<ey (||V(</5s — In@s) | oo,y + d3 2| @s — Rh@sHm(Q{,)) %21 00,1y
J=0
<c (||01/2V(¢’s—fh@s)HLOO(Q)HZ_lHU_l/Q(%—Rh@s)HL?(Q)) ||0_1/2¢hHL1(F)-
(38)

The second derivatives of the singular part @, behave like 7*~2 for A\ # 2 and like
logr if A = 2, cf. Lemma 2.6. Thus, by using standard interpolation error estimates
(on the strips ), we get for A; > 1, hence for wy < m,

|02V (B — In@s)| oo () < ch™in{bA=1/2}, (39)

From [22, Corollary 3.62] (setting 7 = 1 and v = 2 — X there) we know that for ¢;
large enough there holds

o725y = Ruo) 2oy < chm N2 log B2 (40)



DIRICHLET CONTROL IN POLYGONAL DOMAINS 13

Notice that in that reference problems with Neumann boundary conditions are
considered. However, the proof for the present problem is just a word by word
repetition. Next, the Cauchy-Schwarz inequality and basic integration yield

o™ 2ynlpa ey < lloe ™| 2@y lvnll L2y < cllog hl*2(lnllz2(r).- (41)

By collecting the results from (38)—(41), we obtain

(V(@s — Ru@s), VSuthn) r2(ay < ch™™ A=Y 2 log h| (|4 | 2y, (42)
which yields together with (34), (33) and (30) the assertion in the second case.
Finally, we consider the case w; < 27 for ¢ = 1,..., M. Similar to the foregoing

considerations, we assume that only the angle w; is greater or equal to w and hence
1/2 < A < 1. According to (30), the Cauchy-Schwarz inequality, (29), and a
standard finite element error estimate, we obtain

(V@ VSnhn) 120y = (V(@ — Ru®), VSuthn) 20
<|IV(@ — Ru®)ll 20 VShtbnl 20y
< ch®|[Yn L2y

for all s < Ay —1/2. This ends the proof. O

Remark 4.4. Related results to those of Lemma 4.3, which are established by
using similar techniques, can be found in [3, 15, 19, 22].

According to the previous lemma, the critical term in the general estimate (19)
converges with an order close to one provided that the interior angles are less 2m/3.
However, it is possible to improve the convergence rate if we assume a certain
structure of the underlying mesh. The following definition for superconvergent
meshes can be found in [5]. Those have been used in [12] in the context of Dirichlet
boundary control problems in the case of smoothly bounded domains.

Definition 4.5. The triangulation 7y, is called to be O(h27)-irregular if the follow-
ing conditions hold:

1. The set of interior edges £ of the triangulation 7, is decomposed into two
disjoint sets & and & which fulfill the following properties:
e For each e € &1, let T and T” denote the two elements of the triangulation
Tr that share this edge e. Then the lengths of any two opposite edges of
the quadrilateral T U T" differ only by O(h?).
o Sees, (IT1+]T')) = O(h27).
2. The set of the boundary vertexes P is decomposed into two disjoint sets Py
and Py which satisfy the following properties:
e For each vertex x € Py, let e and ¢’ be the two boundary edges sharing
this vertex as an endpoint. Denote by T and T” the elements having e
and ¢/, respectively, as edges and let ¢ and ¢’ be the corresponding unit
tangents. Furthermore, take e and €’ as one pair of corresponding edges,
and make a clockwise traversal of 9T and 9T" to define two additional
corresponding edge pairs. Then [t —¢'| = O(h) and the lengths of any two
corresponding edges only differ by O(h?).
e |Py| = ¢ with a constant ¢ independent of h.

Next, let us recall a result from [12, Lemma 5.2], which leads us to Lemma 4.7.
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Lemma 4.6. Let 0, be any polygonal domain with boundary I'y,. Suppose that the
triangulation Tn of Qu is O(h*?) irreqular and let f € W34(Qy,) for some q > 2.
Then for any ¢n € Y}, there holds

V(= Inf) - Von| < cllflwaaon) (hHmin{Lg}H¢h|\H1(m) + h3/2H¢hHL2(Fh)) ,

Qp,
where I f € Yy, denotes the piecewise linear Lagrange interpolant.
Lemma 4.7. Suppose that either X < 1 and yo € L*(Q), or yo € WHP (Q) for

some p* > 2. Suppose further that {Tp,} is a family of O(h?)-irregular meshes.
Then it holds

|(V@, VSuthn)2(e |
pr€Un ”'Ll)h”LQ(l")

1
< ch® VsERsuchthats<)\—§ and s <

N W

Proof. First we observe that
|(V@, VShtbn) 2| = | (V(® — In®), VShtn) L2 (0 |

since S}, represents the discrete harmonic extension operator and ¢ has zero bound-
ary conditions. If at least one interior angle w; is greater or equal to 27/3, we have
A < 3/2 and therefore A — 1/2 < 1. Consequently, there is no advantage in taking
a superconvergent mesh and we can apply the result for quasi-uniform meshes. If
w; < w/2fori=1,..., M, and hence A > 2, we can directly apply the results of
Lemma 4.6 since ¢ € W34(Q2) for some ¢ > 2 according to Lemma 2.6. For these
reasons, we focus in the following only on the case 3/2 < A < 2. We are in this case
if the largest interior angle, denoted by w; in the following, fulfills 7/2 < wy < 27/3.
For simplicity, we assume as in the proof of Lemma 4.3 that the remaining angles
are less than /2. However, the proof again extends to the general case in a natural
way. According to Lemma 2.6 we have that
@ = Ps + &r,

where @, belongs to W34(Q) with some ¢ > 2. For the regular part we can again
employ Lemma 4.6 to obtain the order 3/2. The singular part behaves at worst like
r? or like 72|log ry|, respectively, if A = 2. As before, we would like to use Lemma
4.6 to get the corresponding estimate. For that purpose, we decompose the domain
into two disjoint subsets €2, 1 and €, 2. The set €, ; consists of the elements of the
triangulation which have contact to the corner z1, while Qp, o := Q\€Q}, ;. Since the
triangulation of Q is O(h?) irregular, the triangulation of Qo is O(h?) irregular
too. Applying Lemma 4.6 yields for any g > 2

0 V(@b - Ih@s) -VSpihn| < C||¢S||W3*‘1(Qh,2) (hQHShwhHHl(th)
h,2

132 (ISnnl 200,00 + 020000 ) - (43)

Since the number of elements in €, 1 is bounded independently of h and 0€, 1 NQ =
00y, 2N KL, we have that [0Q, 2 N Q| ~ h. Using this fact, the Holder inequality, and
a discrete Sobolev inequality, we obtain

ISk tnl 200 2n0) < b2 Sptbnl| Lo () < ch/? [log h|'/? |Shbnllmr)-  (44)

Define S), as the zero extension operator as in the proof of Lemma 4.3. Since Sy,
denotes the discrete harmonic extension of vy, we infer

IV (Sh = Sh)vnllz2 ) < IIVShtnl L2
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Using this in combination with the Poincaré inequality yields

I1Spnll ) < 11(Sh — Sh)¥nlla) + 1Sa¥nllzz@) + IV Snll 22
< c|V(Sh = Su)¥nllzz0) + I1Sn¥nllzz0) + IV SutnllL2(q)
< ISkl L2y + cl V Skl L2
< ch™ 2|yl L2y, (45)

where we used (29) in the last step.
Next, we observe that the third derivatives of ¢4 behave like 7’1\_3 such that we
can conclude for some arbitrary € > 0 (depending on ¢)

I@sllwaa@nz) < el lrag,.,) < eh27¢ (46)

since mingeq, , 71(x) ~ h. Collecting (43)—(46) yields

V(@s — In®s) - VSutn| < ch Y27 b 12 (1),

Qp 2

which represents the desired result for the subdomain € 5. Finally, for the sub-
domain €y, 1, we conclude by inserting a standard interpolation error estimate and
the a priori estimate for the operator S}, as before that

V(@s - Ih@s) ' VSh'(/Jh
Qp 1

< IV(@s = In@s) | 2 ) IV Shnll L2 (@ 1)

< B2 Bs| a2 () 10l 22 ()

After observing that the second derivatives of @g behave like ri\_Q or log 7y, respec-
tively, if A = 2, and that max,cq, , 71(x) ~ h, we get the desired result for the
subdomain €2y, ;. O

Proof of Theorem 4.1. The result is obtained from the general error estimate in
Theorem 3.2 using the estimates in Lemmata 4.2, 4.3 and 4.7. O

Remark 4.8. It is also possible to achieve estimate (27) without the assumption
of having a O(h?)-irregular mesh using elements of higher order, e.g. Lagrange
quadratic elements. In this case, the third term of the general error estimate can
be treated as in the proof of Lemma 4.3, where one sees that the order comes from
Ritz projections which are of higher order in case of quadratic elements.

5. The control constrained case. This section is devoted to the numerical analy-
sis of control constrained Dirichlet control problems. As we will see, the convergence
rates in convex domains coincide with those for the unconstrained problems. More
precisely, we will prove the following theorem.

Theorem 5.1. Suppose that either A < 1 and yo € L*(Q), or yo € WP (Q) for
some p* > 2. Moreover, assume that the optimal control has a finite number of kink
points. Then it holds

@ — wnllpzry + 119 — Gnllr2(e) < ch®|loghl”
Vs € R such thats<)\—% and s <1,
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where 1 is equal to one for \ — % € (1, %] and equal to zero otherwise. If, further,

{T} is O(h?)-irregular according to Definition /.5, then
a — anllL2ry + 15 — Unllrz) < ch® Vs < min{%,)\ — %}

The proof of this theorem is postponed to Section 5.1. As already observed, this
is exactly the result which we have proven in the unconstrained case. However, if the
underlying domain is nonconvex, the approximation rates in the control constrained
case can be improved. In this regard, one of our results relies on a structural
assumption on the discrete optimal control which we formulate next. Through this
section we will shortly write

H:{j:)\j<1andcj,17é0}.

Assumption 5.2. There exists some hg > 0 such that for every j € H, there exists
p; > 0 independent of h such that uy(x) = u(x) for all h < hg if | — x;| < p;.

Let us comment on Assumption 5.2. In Lemma 2.5 it was established that in the
neighbourhood of a nonconvex corner, the optimal control will normally be constant
and either equal to the lower or the upper bound. Assumption 5.2 says that this
property is inherited by the discrete optimal control.

One of our main results in the constrained case is now given as follows.

Theorem 5.3. Suppose yo € WYP (Q) for some p* > 2. Moreover, let either
A > 1 or Assumption 5.2 be satisfied, and assume that the optimal control has a
finite number of kink points. Then there is the estimate

[ = tn|[2(r) + 1§ = Unllr2(e) < ch®|log h|"
Vs € R such that s <A — 1 and s <1, (47)

3

where v is equal to one for A — % € (1,3

{Tn} is O(h?) irregular, then
|@—n 2@y + 17— Gnllz2(0) < ch® Vs € R such that s < min{3,A — %,2)}. (48)

| and equal to zero otherwise. If further

Remark 5.4. We only consider the case a < 0 < b. This is because it is known that
for those corners such that A; > 1 we have that 0,¢(z;) = 0. In the case a < 0 < b,
the projection formula (3) implies that in a neighbourhood of z;, the optimal control
will satisfy 4(x) = —0,@(x), and hence its regularity will be determined by that
of the adjoint state. If 0 & [a,b], then the same projection formula implies that
in a neighborhood of x;, u(x) will be equal to some of the control bounds. If we
suppose, as in Assumption 5.2 that this property is inherited by the solutions of the
discrete approximations, we have that the conclusions of Theorem 5.3 remain valid.

The proof of Theorem 5.3 is postponed to Section 5.1. Since A > 1 and A > 1/2,
we always have a convergence rate greater than 1/2. This is a real improvement
compared the unconstrained case since in the latter it may happen that the con-
vergence rates tend to zero as the largest interior angle tend to 2w. However, one
may ask for a justification of Assumption 5.2. In Lemma 5.10 we will see that there
exist constants p; ; and pq 2 greater than zero for all j € H, and a constant iy > 0
such that

tn(zh) = @(zn)  for all nodes @y ; with |z, — ;] € [p1.;h]log h|Y2, pai]. (49)

Thus, we could relax Assumption 5.2 to an h-dependent neighborhood of those
corners x; with j € H. Moreover, due to (49), it is even possible to show the
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following improved result in nonconvex domains without any structural assumption
on the discrete optimal control, i.e., we can always expect a convergence rate close
to 1/2 in nonconvex domains.

Theorem 5.5. Suppose yq € Wl’p*(Q) for some p* > 2, and assume that the
optimal control has a finite number of kink points. Then it holds

@ — an|l 20y + 115 — Gnllr2) < ch'/?|log h|M*. (50)
The proof of Theorem 5.5 is given in Section 5.2.

5.1. Proof of Theorems 5.1 and 5.3. The results of Theorem 5.1, and Theorem
5.3 for A > 1 directly follow from the general error estimate given in Theorem 3.2,
the estimates for the adjoint state provided in Section 4 in Lemmata 4.3 and 4.7
and the error estimates for the control and the state established below in Lemma

=

5.6.

Lemma 5.6. Suppose yo € HY(Q)NL?(Q) for all t < min{1,\ — 1} and assume
that the optimal control has a finite number of kink points. Then

@ —uf |2y < ch® Vs <min{3, A — 1},

|7 — Shill2(q) < ch® Vs < min{3, A — 1,21},

Proof. The proof starts exactly following the lines of the proof of Lemma 4.2, using
the regularity stated in Lemma 2.4. In this way, if s < 1 we again obtain the
desired estimate for uj, as defined in (17), from [8, Eq. (7.10)]. If s € [1,3), u},
is given by (18). Since control constraints are now present, we have to derive error
estimates for the modified Lagrange interpolant. To this end, let us consider two
adjacent boundary elements E;_; and E; belonging to £, which are determined
by the line segments (z1 ', 27) and (21, 25""), respectively. Since we assume a
finite number of kink points of @ due to the projection formula (3), we have to
deal with the following situations (at least for h small enough): First, no kink is
contained in F;_; U £}, second, there is exactly one kink of % in E;_; U F; due
to the projection formula. In the first case, we have that u} coincides with the
Lagrange interpolant on E;_; U E; such that the desired estimate on these elements
is obtained by standard discretization error estimates for the Lagrange interpolant
employing the regularity results from Lemma 2.4, i.e.,

||a_u}kl||L2(Ej—1UEj) < Chs|’a|HS(Ej_1UEj) (51)
with s < min{3/2, A —1/2}. In the second case, we can assume without loss of
generality that uj ; ; = b = a(zl ), uj ;= b # a(zf) and ujy ;. = a(zlth) e

(a,b). Thus, u is equal to b = a(zl ') on E;_;. Using the regularity of the optimal

control @ € H*(TI') «— C%*~1/2(T") with s < min{3/2, A — 1/2} from Lemma 2.4, we
now estimate the interpolation error on each of the elements £;_; and E;. For the
error on I;_; we obtain by means of the Holder continuity of «

_ * N | j—1 j |s— s
la—uillzas, ) = la—alat ez, o < et —ap7V2E1 V2 ~ ch®. (52)

Next, recall that the nodal basis function associated with m% is denoted by e;. Then
we deduce for the error on I

— — — j—1 — +1
1@ = uj | 2(iy) = [I(ej + €j41)T — a(zp ey — alat ™ ejpn L2 sy

= ||(@ —a(ep ))e; + (@ —alat™))ejall 2,
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< Il = alat ey + 18 - awd )z,
<ol = aft P B 4 fod - a2 )
~ ch?®, (53)

where we again used the Holder continuity of 4. Since we assume a finite number
of kink points, the desired interpolation error estimate for uj on I' in case that
s € [1,2) is just a combination of (51)—(53).

Since the optimal control @ belongs at least to H'/2(I'), the optimal state 7 is
a weak solution such that we can rely on standard techniques for the derivation of
the second estimate of the assertion. More precisely, by employing the regularity
of y € H'(Q) with ¢ < min{1,A — 1,A\} and @ € H"(I') with r < min{3,A — 1}
from Lemma 2.4, an application of a duality argument, cf. for instance [6], yields

) 1 .
Hg_ Shﬂ”LZ(Q) < cht+m1n{1,r+2,/\} < Cht+mm{1’)‘} < Chs,

where s < min{%,A — %72/\}. For the last two steps notice that A > 1 and A >
1/2. O

Since A > A, a straightforward application of Theorem 3.2, and Lemmata 5.6,
4.3 and 4.7 leads to an order of convergence identical to the one we have for un-
constrained problems. Notice that Lemmata 4.3 and 4.7 can be used since bounds
on the control do not play any role there. Thus, Theorem 5.1 and Theorem 5.3 for
A > 1 are proved.

For the results of Theorem 5.3, in case that A < 1 and Assumption 5.2 is valid,
we use the above error estimates for the control and the state, and we show in
Lemmata 5.8 and 5.9 below how to improve the result for the adjoint state. Then
an adaptation of the general error estimate, see Theorem 5.7, which we are going
to prove next, can finally be used to combine these results. Let us define

Ti={zel: |z—a <p;ifjecH}.
Moreover, let R
Vi i={up €Up: up =0o0nT}.
Under the structural Assumption 5.2 it is clear that e, = uj — up € V4, so we have
the following modification of the general error estimate (19).

Theorem 5.7. Suppose Assumption 5.2 holds. Then
1@ = |20y + 11§ = Unllr2(e)

o, _ _ (V@, VShtn) 2
<c|la—uillar) + 115 — Sniillz2e) + sup | @)
YnEV l¥n L2 ()

Proof. Since ej, = uj, — up, € V3, due to Assumption 5.2, the result can be obtained
in the same way as in the proof of Theorem 3.2 just by replacing

|(V@, VShtn) 2 (o)

(V@, VShen)r2(q) < sup llenll 22
Yn€U 19n L2
in (24) by
_ (V@, VSun) 20
(V(P, VSheh)Lz(Q) < sup ’ LA )’ ”ehHL?(F)-

YhE€EVR ”wh”LQ(F)
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Next, we are concerned with discretization error estimates for the critical term
in the general estimate of Theorem 5.7. First, we deal with estimates for general
quasi-uniform meshes. Afterwards we show improved estimates if we assume O(h?)-
irregular meshes.

Lemma 5.8. Let yo € WP (Q) for some p* > 2. Then there is the estimate

|(V@, VShthn)r2(o|
YrEVR Hwh”LZ(F)

1
< ch’|logh|" Vs € R such that s < A — 3 and s <1,

where 1 is equal to one for A —1/2 € (1,3/2] and equal to zero otherwise.

Proof. 'To be able to localize the effects in the neighborhood of all corners z; with j €
H, we introduce a cut-off function 7; which is equal to one in a fixed neighborhood
of these corners and decays smoothly. In addition, we set 79 = 1 — n;. Then we
infer for the quantity of interest

|(V@, VShthn)2(e |
YrEVh [¥nllL2(r)

|(V(10®), VShbn) 120 | - (V(m®), VSuthn) 20|
Yn€Vi 9 ll2r) Y€V, [¥nllz2(r) '

< (54)

For the first term on the right hand side of this inequality, we directly apply Lemma
4.3 to conclude

[(V(10%), VShtbn) L2 (o |

< ch®|logh|" (55)
YR €Vy Hwh”LQ(F)

Vs € R such that s <A — 1 and s <1, (56)

where r is equal to one for A —1/2 € (1,3/2] and equal to zero otherwise, having in
mind the regularity results of Lemma 2.6 for the adjoint state and noting that the
singular terms coming from the corners x; with j € H do not have any influence due
to the cut-off function 7. To deal with the second term in (54), let Sj, denote the
extension operator which extends a piecewise linear function v, on the boundary
by zero to a function in Yj,. Thus, Sy, is equal to zero in Q := {z € Q: |z —x;] <
p;/2if j € H} for any ¢, € Vj,. Moreover, let Rj, be the operator that maps a
function in H{ () to its Ritz-projection in Y ;. Due the properties of the discrete
harmonic extension S;, and the Ritz-projection Ry, we obtain

(Vme), VSun) L2 = (V(me — Ru(m®)), VSuibn)r2(a)
= (V(m® — Ru(m®)), VShtn) r2(q)
= (V(m@ — Ru(m®)), VShibn) 120 ) - (57)

By applying the Hélder inequality, local W1:*°-discretization error estimates for the
Ritz-projection from [13, Corollary 1], and (29), we obtain

(V(me — Ru(me)), Vghﬂ’h)m(m@) (58)
<V(m@ = Ba(m@) oo niy I VSl 11 on gty

< ¢ (IV0n = Lm@) e qenry + 1@ = Bulmdllzacey ) Il ey,
(59)
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where V' := {z € Q: |z —x;| < p;/4 if j € H}. Regarding the regularity results
for the optimal adjoint state from Lemma 2.6 and by using standard interpolation
error estimates and a standard finite element error estimate, we deduce

IV = In(m@)ll L nary + Im@ — Ru(m@)|2) < c(h+h%)  (60)

which is valid for all s € R such that s < 2\ and s < 2. Combining (54)—(60) ends
the proof. O

Lemma 5.9. Let yo € WY (Q) for some p* > 2 and suppose further that {Tp} is
a family of O(h?)-irreqular meshes. Then it holds

|(V@, VShthn)L2(o |
Yrh€Vh Hwh”LQ(F)
for all s € R such that s < min{A — %,2A} and s < 3.

< ch®

Proof. As before, we introduce the circular sectors

Q:={zecQ: |z—x;] <p;/2if j € H},

QO ={zecQ: |z -z < p;j/aif j € H}.
For technical reasons we also need the circular sector

Q" ={reQ: |z -1 <p;/8if j € H}.
Let the operators Sj, and Ry, be defined as in the proof of Lemma 5.8. Moreover,
let 771 be a smooth cut-off function which is equal to one in Q" with suppn; C '
In addition, we choose 71 such that supp In; C €' which is possible without any

restriction for A small enough. We set 19 := 1 — ;. Analogously to the foregoing
proof, we infer

(V@, VSun) 2y = (V(m®), VSutn) 120y + (V(109), VShibn) 12 (o)

= (V(m® = Ru(m@)), VSutn) 2 ongy + (V0@ — In(n0®)), VSuthn) 2(0)-
(61)
Observe that 7p¢ is equal to zero in a fixed neighborhood of all corners x; with
j € H. Consequently, Lemma 4.6, applied as in the proof of Lemma 4.7, yields for
the latter term in (61)

(V0@ — In(mo®)), VSun)r2q) < ch’®||¥nl L2

with s € R such that s < A — % and s < % By applying the Holder inequality, local
Whee_discretization error estimates for the Ritz-projection from [13, Corollary 1],
and (29), we obtain for the first term in (61)

(V(m@ = Ra(m@)), VSuthn) 12(0n0)
< |[V(me - Rh(m@))HLw(Q\Q)HVSh%||L1(Q\Q)
<c (||V(771<,Zj — In(m @)l o ey + lm e — Rh(m@)HLZ(Q\Q/)) nllzrr)
< cllm@ — Rrn(m @)l p2onan lnllLr ),

where we used that 1;@ and I, (171@) are equal to zero in Q\€Y'. Usual error estimates
for the Ritz-projection and a standard embedding yield

(V(m@ — Ru(m®)), VSutn) p2nay < P 1¥nllzz ),
which is valid for all s € R such that s < 2\ and s < 2. This ends the proof. O
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Finally, an application of Theorem 5.7, and Lemmata 5.6, 5.8 and 5.9, yield the
results of Theorem 5.3 where A < 1 and Assumption 5.2 is satisfied.

5.2. Proof of Theorem 5.5. In this subsection we show the results of Theorem
5.5. That is, we show a convergence rate close to 1/2 for the optimal controls and
states in the constrained case if the domain is nonconvex and even if the structural
Assumption 5.2 does not hold. For that purpose, let us recall that {x;} denotes the
corners of I', {z%} is the set of boundary nodes of the mesh and {e;} is the basis of
U}, such that ei(xlli) = §;,. Thus, every function u, € Uy, can be written as

N(h)

up, = E upie;  With up; = up (k).
i=1

By testing the discrete variational inequality appropriately, we deduce

a if /(Vﬁh —d"gp)e; > 0,
r

Up,i =
b if /(Vﬁh - aﬁ@h)el < 0.
I

Lemma 5.10. For each interior angle w; > w, where c;1 from (6) is unequal to
zero, there are two constants p1 ; and po ; greater than zero such that

_ i)_ a ifc;1 >0
b ifein<0

for all nodes x} with |zt — ;| € [p1,;h|log h|Y/2, pa.;].

Proof. In the following we focus only on one nonconvex corner x;. Without loss of
generality let c¢; 1 be greater than zero. Hence the normal derivative of ¢ is negative,
and the lower bound of the control is active, and v — 9,% > 0 in the vicinity of
this corner. We need to show that there are two constants p; ; and po ; such that

/(Vﬂh — 82@1)6;1@ >0
I

for all nodes z, ; with |z, ; —x;| € [p1,;h]log h|}/?

3.4], we know that

, p2,j]. According to [20, Theorem

cj1 = (¥ —va, 1) r2(0)
where the function (j,is of the form
- —X;
Cj,l =T 1/2§j7"j ! 51n()\j0j) + 25,15

where ¢; denotes the cut-off function introduced at the beginning of Section 2 and
the function z;; denotes a function which solves

—Azj1 = [A,fj]ﬂ'_l/Zr;Aj sin(A\;0;) in Q, z;; =0onT,

and [a,b] = ab— ba denotes the commutator. According to Theorem 5.1, we deduce
the existence of a constant hg > 0 such that for all h < hg there holds

¢in = (Un —Ya,G1)r2) = (T — Ya, )2 ) + W — U, ¢i1) 12 ()
> (U —va,G1) ez — cllgn — JllL2) >0 (62)
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due to the assumption c; 1 = (¥ — ya, (j,1)12(q) > 0. Using this result, we will show
that the singular part of the function ¢ which solves

_A@:gh—ydinQa @ZOODF7
behaves like the singular part of ¢. Indeed, ¢ admits the splitting
Y =¢r + @5 (63)

according to Lemma 2.1. The regular part ¢, belongs to W?24(Q), at least for some
q > 2, since g, — yq belongs to L4(2) due to the convergence result of Theorem 5.1.
The singular part ¢4 can be written as

- - Ao

@s = ¢j1&;r;7 sin(A;0;),

where the constant ¢, is greater than zero according to (62). Assuming that
|z} — x| is already small enough such that £ = 1 on suppe;, we get by basic
calculations

/(Vﬁh — Olhgn)e; = / vupe; + /(8,@ — Opn)es
I I I

_/ansbrei_/an@sei
I I
~ h — Aji—1
> —/cei+/(8ncp—6naph)ei+/cj}1rji e; (64)
r r r

where we used that ||t ||y < max{|al,|b|} and that 0, is uniformly bounded
in L>°(T) due to the embedding W24(Q) < W(Q) for ¢ > 2. As before, let us
denote by Sy, the operator which extends any function of Uy to one in Y}, by zero.
Also observe that ¢y, is the Ritz-projection Rp@ of ¢. Then integration by parts,
the definition of 9"y, in (15) and (63) yield

[ (0up = 0lontei = [ V(o - ag)- Vnes
r Q
= / V(¢r — Rupr) - VSpei +/ V(@s — Rups) - VShei
Q Q
< 96~ Rado)lao IV Sneilliaie) + [ V(@ = Rug) - Tnes
Q
S / ce; +/ v(@s - Rhgbs) . vgh€i7 (65)
r Q
where we employed a standard discretization error estimate for the Ritz-projection,
(29) and an inverse inequality in the last step. Now we proceed as in the proof of
Lemma 4.3 between (38) and (42). Let o and the subdomains €2; be defined as in
that proof and let the index J be chosen such that supp Spe; C Q5. Assume that
|zt —x;| > erh with a constant ¢; large enough such that local W *°-error estimates
for the Ritz-projection are applicable. Then those estimates of [13, Corollary 1] and
(29) yield
/V(¢s — Rp@s) - VShe; < |[V(@s — Ruds)| = ()l VSheill 11 o
Q

<c (||V(¢s — In@s)ll L= () + d7°11@s — Rmﬁslle(Q’J)) lellzr (ry
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N2 (2N e B}
< cdy (d,] IV(@s — In@s)| L= ()

+o (@ — Rh@s)”ﬂ(ng)) /Fei- (66)

The second derivatives of the singular part behave like rj-‘j_z. Thus, by means of

standard interpolation error estimates and the results of [22, Corollary 3.62], we
infer

2-; - - g~ -
dy V(s — Ih‘PS)HL“’(Qf,) + o A (@s — Rh‘PS)llL?(Q’J)
<c (h + logh|1/2> < ch|log h|V/2. (67)

Combining (64)—-(67), we obtain
/(Vﬂh — Opn)e; > /(Cj,lr?j_l — ¢ — ch|log h|'/2d} ~%)e;
r r
> (Cde?jil —c¢—ch|log h|1/2d3'772) / e;-
r

Finally, we observe that |z, ; — ;| ~ dj. Thus, we are able to choose constants p1 ;
and ps ; such that

Cj o
JTJdJ)\J L_e>0

if |‘T1F — Q?j‘ S ﬁQJ‘ and

%dﬁf—l — ch|log h|Y2dY % > 0

if |vh — 2| > p1.jh|log h|'/2. This proves the assertion. O

Remark 5.11. By using the Cauchy-Schwarz inequality, estimates for the Ritz-
projection from [4, Theorem 5.1], (29) and an inverse inequality, we infer

/ V(@s — Ru@s) - VSnhei < |V(Bs — Buds)ll L2 IV Sneill L2y < eh.
Q

However, this is not enough to show that the discrete optimal control admits one
of the control bounds in the direct vicinity of the corner z;, since then

=1 .
/cj’lrj] e; > ch?i .
r

Now, we redefine the sets T’ and Q by
Ti={zel: |z -1 < po; if j € H}
and
QZ: {LL’EQZ |(,C—5L'j| <p~2’j lfJEH},
and we set again
Vi = {up € Uy, : uhzOonf}.

Moreover, let I'“ := I‘\f‘ We have the following modification for the general error
estimate
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Theorem 5.12. For the solution of the continuous and the discrete optimal control
problem we have

1@ = anllpzre)+19 — Onllr2@) < C(llu = Unll g2y + 14— upllL2 e

— — v@v VSh'l/)h 2
+9 — Snillrz0) + sup ! 2| . (68)
rhEVh lnll 21y

Note that the first term on the left hand side of (68) is a norm with respect to
re.

Proof. We proceed as in the proof of Theorem 3.2. In contrast, we will test the
optimality conditions with different functions. For that purpose, let us introduce
u € Uyq and uy, € U:d by

5 u a.e inl - up a.e. in T
U= ) and ap =19 | ] .
uy a.e. in I'

Note that @ and uj, are constant, even coincide, on I and that @, is equal to @ at
least for all xy, ; with |z, ; —2;|€[p1 ;| log h|}/?, pa ;] for j € H according to Lemma
5.10. Next, we define the intermediate error ej, := 4y — up, which is equal to zero
in I". Then, we obtain
@ = tnllL2rey + 15 = Tnllez@) < 10— upllzre) + llenll Lz
+ 11§ = Shtinl[r2(0) + |ShenllL2)-  (69)
To deal with the third term, we take into account the continuity of Sp:
¥ — Shtn| 2y < |17 — Swit| L2y + [[Sh(@ — n) || L2(0)

< ||g = ShalLz2() + cll@ — Gnl L2 )

< |y — Snall L2y + c(||la — ﬂh”m(f) + @ = upllp2rey).  (70)
Accordingly, we only need estimates for the second and fourth terms in (20). We

begin estimating the second one, but as we will see this also yields an estimate for
the fourth term. There holds

V||€h||%2(r) = l/(u;‘Z — ﬂ,eh)Lz(pc) + V(’ﬁ — Up, eh)LZ(F). (71)

Next, we consider the second term of (71) in detail. By adding the continuous and
discrete variational inequality with u = @ and uj, = uy, respectively, we deduce

(v(tin — ) + OnP — Oy Pn, en) L2(r) + (VL — On@, uj, — W) r2(ry > 0.
Rearranging terms and using (16) leads to
V(i — tn,en)r2ry < (0n® — O @n, en) L2 (r)-
Integration by parts (cf. [21, Theorem 3.1.1]), (15), (2¢) and (13) yield
V(U — Un, en)r2ry < (A@ + (Jn — ya), Swen)r2) + (V(@ — @n), VShen) L2 ()
= (Jn — U, Snen)r2() + (V@, VShen) r2(q)

= (Snin — T, Snen) 2 (@) — |1Snenlz(q) + (V@ VShen) L2 (o)
(72)
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By collecting the estimates (71) and (72) we obtain

vlenllZzry + [1Shenlliz (o
<v(uj, — U, en)r2rey + (Sntn — ¥, Swen)r2() + (V@, VSren) 12 (o)
<vllup, — all2reyllenll L2y + 1Sntn — Ul 22 () |Shenll L2 (o)
Vp,VS
+ sup [(V@, VSuton) 2 ()|
PneVh lnll L2y

llenllzz2ry-

From the Young inequality we can deduce

lenllz2r) + |ShenlL2(a)

* — ~ _ (VQEa VShwh)L2 Q
< c | |lup — a@ll2qrey + 1Shan — gllz2() + sup | @l ).
PreVi lUnll L2y

(73)
Finally, the assertion is a consequence from (69), (70) and (73). O

Finally, by observing that
6= tnll 25y < ch'/[logh|'/*

according to Lemma 5.10 and the uniform boundedness of @ in L>°(T"), we deduce
the desired result of Theorem 5.5 by combining Theorem 5.12 and Lemmata 5.6
and 5.8.

6. Numerical experiments. The experiments have been performed with Mat-
lab R2015a on an Intel® Core(™) i7 CPU 870 @2.93 GHz with 16GB RAM on
Windows 7 64 bits. All the scripts and functions have been programmed by us.

To build an example with exactly known solution @, we just define ¢ € Hg ()
and compute @ = Projy, ; (£9,9), § € H*(Q) such that —Aj =0inQ, y=uon T
and yo = ¥+ A@. In general, it is not possible to compute § exactly, so we will use
its finite element approximation on the current mesh to compute an approximation
of Y-

Since the aim of the experiment is to measure the order of convergence of the
L?(T') error in the control variable, we have solved the problems in two quasi-uniform
families of J nested meshes obtained by diadic refinement from a rough initial mesh.
One of them is built such that it does not have the superconvergence property (see
Figure 3), while the other is obtained using regular refinement, which results in
a O(h?)-irregular family which has the superconvergence property (see Figure 4).
The finest mesh has between 1 million and 3.15 million nodes, depending on the
geometry of the domain. Notice that these fine meshes induce boundary meshes that
only have between 4 thousand and 7 thousand nodes only. To solve the optimization
problem, we have used a semismooth Newton method; see [16] for the details.

In the examples where the optimal control is continuous, we measure the error
at the mesh at level j =1,...,J as

€j = Hahj - Ihjﬂ”LZ(F)

where 4y, is the solution of (Pp;) and I, : C(I') — Uy, is the nodal Lagrange
interpolation operator. If the exact solution is singular at the point xg = (0,0), we
use standard quasi-interpolation.
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FIGURE 4. Family of quasi-uniform O(h?)-irregular meshes

Since we are using a dyadic refinement strategy, we have that hj;1 = h;/2 and
we can measure the Experimental Order of Convergence at level j =2,...,J as

EOC; =logyej_1 —logye;.

It is to be expected that FOC]; converges to the Theoretical Order of Convergence
(TOCQC) as j — o0, so for every problem we report on EOC := FOC; and compare
with the corresponding TOC.

Let (p,6) denote the usual polar coordinates in R? and define ) as the interior of
the convex hull of the set of points {(0, 0), (1, 0), (cos(wy ), sin(wy) } if 7/3 < wy < /2
and Q = {(z1,22) € (-1,1) x (=1,1): 0< 6 <wp} for /2 < wy < 27. We will
consider the following cases

1. @ = r*sin(A\)(sin(wy)(z1 — 1) + (1 — cos(wy))ws) if wy < 7/2,

2. p=1r>sin(\0)(1 — z1)(1 — z2) if 7/2 < wy < 37/4,

3. @ = r*sin(A)(1 — 22)(1 — x2) if 37/4 < wy < 57/4,

4. ¢ = r*sin(A0)(1 — 22)(1 — 22) if 5m/4 < wy < 2,
where we have tested the value A = A\ for 7/3 < w; < 2w, and the worst-case
A =2\ for 7 < wy < 2w. Straightforward calculations show that Ag € H!(Q) N
WP (Q) for all t < A — 1 and some p* > 2. Also 9,¢ € H(T) for all s < A — 1/2.
Hence, for an unconstrained problem @ € H*(T") for all s < A\ — 1/2, which implies
that y € H'(Q) for all t < \; and therefore yo = §+ Ap € HY(Q) for all t < A\; — 1.
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If the problem is constrained, then @ € L*(T") and therefore 5 € W™ (Q) for all
2 < p* < pp and yq € WHP (Q) for some p* > 2.

Notice that for the case 57/4 < w1 < 37/2 we have that wg = 27 —wq € (7/2,7)
and for the case 7r/4 < wy < 27 we have wy = 57/2 — wy € (7/2,7), so when
we choose A = A1 in the definition of ¢ and solve a constrained problem, the
leading singular exponent to be taken into account should be, respectively, A\g or
A7. Nevertheless, the exact adjoint state has been chosen in such a way that in the
first case cg,,, = 0 and in the second case c7 ,, = 0 for m = 1,2, 3, so for this example
we need not take this into account. For instance, for w = 117/8, wg = 57/8 > /2,
and hence A = 1.6. So the observed order the convergence for a superconvergent
mesh predicted by Theorem 5.3 is (almost) 1.1. Nevertheless, the observed order of
convergence is 1.5. There is not an unexplained superconvergence phenomenon. It
is simply that in this very example, ¢; 6 = 0, so a careful rewriting of the proofs for
this precise case, would show order almost 3/2.

We fix v = 1. For constrained problems, we will consider a = —1/A; and
b = 1. We choose a such that the asymptotic behavior of the error shows up
for the mesh sizes used. If |a| were too big, the problem would behave like an
unconstrained one for our meshes; on the other hand, were |a| too small, we would
be approximating an optimal control very similar to a constant and the experimental
orders of convergence would be too high for our meshes.

Graphs with the experimental results can be found in figures 5 and 6. In all
the graphs, the horizontal axis represents the biggest angle of the domain, while
the vertical axis shows the order of convergence. Theoretical results have been
plotted with lines (green solid for superconvergent meshes and blue dashed for non-
superconvergent meshes). Experimental results have been plotted with dots (green
circles for superconvergent meshes and blue asterisks for non-superconvergence).
As at the end of Section 1, we will denote @ = 1 in general and O = 3/2 for
superconvergent meshes, and neglect the arbitrary small €.

In Figure 5 we have the results for general unconstrained problems. The theo-
retical order of convergence is min{O, A — 1/2}, cf. Theorem 4.1.

In Figure 6 we have the results for constrained problems The order of convergence
will be min{O, A —1/2,2A} cf. Theorem 5.3. For convex domains, we have A = A,
so the results are like the ones for unconstrained problems. In the left picture,
we have the data of the experiment in the generic case, where, for the nonconvex
domains studied, A = min{\; : A; > 1} = 2. In the right picture, we have the
data for the worst-case experiment with a skew-symmetric solution. In this case,
A =2\

It is remarkable that experimental results are quite in agreement with theoretical
estimates.
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