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Abstract—Nonparametric estimation capabilities of fuzzy systems in stochastic 

environments are analyzed in this paper. By using ideas from sieve estimation, 

increasing sequences of fuzzy rule-based systems, capable of consistently 

estimating regression surfaces in different settings, are constructed. Results 

include least squares learning of a mapping perturbed by additive random noise in 

a static-regression context and least squares learning of a regression surface from 

data generated by a bounded stationary ergodic random process. 1L  estimation is 

also studied, and the consistency of fuzzy rule-based sieve estimators for the 1L -

optimal regression surface is shown, thus giving additional theoretical support to 

the robust filtering capabilities of fuzzy systems and their adequacy for modeling, 

prediction and control of systems affected by impulsive noise. 

 

Index terms—fuzzy systems, nonparametric sieve estimation, consistency, least 

squares learning, robust learning 
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I. INTRODUCTION AND MOTIVE  

 

In a series of recent papers (Kosko [16], Wang and Mendel [31], Nguyen et al. [24], 

Mao et al. [23], Zeng and Singh [39-40], Kreinovich et al. [18], Landajo et al. [22], 

among others), fuzzy rule-based systems have been shown to be universal 

approximators in a wide variety of function spaces with practical relevance.  

Mathematical content is thus given to one of the aspects of flexibility or model-freedom 

of fuzzy models. As is well known, fuzzy systems (FSs) possess at least one other 

additional source of flexibility: they can be constructed both from expert information 

supplied by the modeler and from statistical data by using adequate neural and/or 

statistical training devices. In many practical applications, both sources of knowledge 

are combined in order to efficiently construct an FS with optimal (or, at least, sufficient) 

performance. Since fuzzy modelers became aware of the advantages of automatic or 

semi-automatic model-building procedures, a vast array of literature has appeared on the 

subject. A number of statistical learning mechanisms –including, e.g., batch and on-line 

algorithms for rule-tuning, cross-validation-based techniques for model selection and 

evaluation of model performance− have been adapted, and often specifically designed, 

to enhance the performance of FSs (e.g., Takagi and Sugeno [29], Sugeno and Tanaka 

[28], Kosko [14-15], Wang [32], Jang [12], and many others, the list is far from 

complete). 

 

A survey of the above literature suggests that the fuzzy or neuro-fuzzy community 

has adopted an essentially pragmatic view as to the use of statistical ideas and methods, 

often applying them on an ad hoc basis, with practically no reference to any 

probabilistic framework underlying such methods and with a limited use of the 

statistical inference apparatus. A few exceptions are, e.g., works by Kosko [15, 17], 

Watanabe and Imaizumi [33], and Wang [32].  In all these cases, fuzzy systems are 

explicitly viewed as approximators to regression surfaces or to other deterministic 

characteristics of probability distributions, and formal probabilistic and statistical 

inference analyses are conducted in order to study the behavior of fuzzy systems in 

random settings. 

 

In spite of the relative meagerness of such kinds of analyses, there are important 

reasons for a formal study of the statistical behavior of fuzzy systems, or equivalently, 
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to analyze their performance in stochastic environments.  First, in practical applications, 

fuzzy rule-based models are required to satisfactorily perform tasks such as modeling, 

control and forecasting of systems affected by random noise. In such cases, noise must 

be filtered out in order for fuzzy models to perform successfully. Since, as noted by 

Wang ([32], Chapter 7), the presence of random noise is the rule rather than the 

exception, FSs should also possess good statistical properties in addition to their fuzzy 

logic support. Secondly, model freedom has been advocated as an important advantage 

of fuzzy systems that enables them to be used as flexible approximators for arbitrary 

mappings, or more generally, as nonparametric estimators for regression surfaces (see 

Kosko [16]). Thus, nonparametric learning results are a natural complement to the 

above-mentioned universal approximation theorems: while the latter are concerned with 

what FSs can do, the former would try to answer the question of how they can do it, i.e., 

how to learn from experience. Plainly stated, universal approximation theorems (which 

often are simply existence theorems) may become useless if not complemented with 

results showing the way to construct models from a limited amount of information 

obtained from the real system under study. Finally, statistical analyses of the 

performance of FSs in random contexts enable us to directly compare them to standard 

modeling paradigms such as linear state space models, as well as to neural networks, 

series estimators and other model-free methodologies. Empirical comparisons such as 

those in Kosko [15, Chapters 9-11] may thus find a good complement in analytical 

results. 

 

Due to the above-mentioned reasons, and regardless of the various epistemological 

positions on fuzzy sets and their semantics, a formal answer to the question of what 

fuzzy rule-based systems do in stochastic environments seems of considerable interest. 

In this paper, we purport to direct the attention of researchers to that point and to 

provide some additional insight on the subject. Since the matter is obviously very broad, 

we will restrict ourselves to formalizing only some of the ideas about the role of fuzzy 

systems as regression tools. For this, we will take advantage of a number of important 

results obtained in recent years in the closely related field of artificial neural networks 

(ANNs). At least in the last decade, the ANN community has become increasingly 

prone to use the toolkit of mathematical statistics to better understand many aspects of 

learning processes in neural models. The interface between neural networks and 

statistics has shown to be rather fruitful, giving birth to a rich resource of literature on 
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statistical properties regarding neural models and their learning mechanisms (see, e.g., 

White [34-36], Kuan and White [19], Geman et al. [9]). All these −and many other− 

contributions have provided a natural complement to the now well-known universal 

approximation properties of neural nets and have solidly established them as flexible 

regression tools. 

 

Analogous to the ANN case, in the context of fuzzy (or neuro-fuzzy) systems, the 

problem of learning from statistical data may also be seen in terms of nonparametric 

estimation. In principle, we can use the flexibility of FSs (i.e., their universal 

approximation capabilities) in order to approximate certain non-stochastic 

characteristics of the modeled system. Then, in order to solve the learning problem, 

adequate estimation mechanisms must be implemented and their convergence to the 

relevant characteristics of the real system must be assured. This is precisely the main 

goal of this paper. Our scheme should also be encompassing enough to include another 

relevant aspect of fuzzy modeling, i.e., the above-mentioned combination of statistical 

and expert information (Zadeh [38]). As we shall see, expert information plays an 

important role in our results, since in fact it directs (i.e., usefully constrains) the whole 

learning process, which in this way turns out to be simpler than the purely black-box 

learning of ANNs. The importance of this difference among the purely neural and the 

fuzzy (or neuro-fuzzy) paradigms has been greatly stressed in literature (see, e.g., 

Nguyen et al. [24], Kim and Mendel [13]).  

 

In this paper, we adapt some of the results from the statistical literature on neural 

networks in order to show that a mainstream class of fuzzy models equipped with a 

standard training mechanism provides a consistent nonparametric estimation device, 

capable of asymptotically learning arbitrary regression surfaces. The structure of the 

paper is as follows: Section II reviews the basic estimation setting and the ideas of sieve 

estimation, and explores its connection to neuro-fuzzy (and to general) rule-based 

modeling. Section III contains several nonparametric results that establish the 

consistency of our fuzzy rule-based sieve estimators for arbitrary regression surfaces, 

both under i.i.d. and (bounded) stationary ergodic data-generating processes, and for 

several learning criteria (least squares and minimum 1L  distance). Section IV contains 



 5

the conclusions and further research lines. Mathematical proofs are included in the 

Appendix. 

 

 

II. LEARNING IN FUZZY SYSTEMS AND MODEL-FREE STATISTICAL 

ESTIMATION 

 

Briefly, our problem may be summarized in the following terms: the researcher is 

interested in approximating a certain (non-stochastic) characteristic of a real system, 

namely an unknown regression surface *θ , which is a point in a certain function 

space Θ .  Since in most real world problems the probability laws associated with the 

modeled system are unknown, the researcher must try to learn the *θ  based on the 

partial information at his/her disposal. This may come from two sources: 1) contour 

information on the modeled system, and 2) statistical data, i.e., a finite (random or at 

least stochastic-like) sample of input-output pairs, obtained from observation or 

experimentation on the modeled system. At this point, the common (fuzzy) modeling 

practice proceeds as follows:  the modeler’s aim is to use the above information in order 

to construct an adequate (fuzzy) model, the performance of which must be optimal in 

terms of a properly chosen cost function.  As is well known, least squares fitting is the 

leading choice, but any other quantitative criterion that grants a well-defined 

optimization scheme may be acceptable. 

 

An important point in the above framework is that the modeler’s goal is not that of 

memorizing the sample information, but rather that of constructing fuzzy systems that 

behave optimally for the whole population. Such a requirement –which evidently 

amounts to the use of learning mechanisms with good generalization capabilities– is 

common to both neural and fuzzy models and, indeed to every statistical estimation 

scheme. The arguments provided by H. White [35], who presents a detailed discussion 

on the relevance of the statistical inference viewpoints to the neural networks paradigm, 

may be directly applied to the case of fuzzy systems when used to perform in stochastic 

environments. For the sake of brevity, we omit the details, which can be found in the 

mentioned (and related) papers. 
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A. Sieve Estimation 

The method of sieves, proposed by U. Grenander [11] and originally devised to 

bypass several drawbacks of standard maximum likehood estimation in infinite 

dimensional parametric spaces (see [11], and Geman and Wang [10]), has received 

increasing attention in recent years in statistical literature. It provides a general-purpose 

scheme that is useful for deriving well-behaved estimators in very general settings. In 

fact, many standard non-parametric estimation schemes −including neural networks 

(White [36]) and series estimators based on trigonometric functions, splines and 

wavelets (see, e.g., Elbadawi et al. [5], Andrews [1], Chen and Shen [2])− may be seen 

as particular classes of sieve extremum estimators. 

 

In sieve estimation, the object to be learned is a point *θ  lying in a set Θ  (generally 

an abstract space endowed with a certain metric). The method of sieves replaces an 

estimation process which requires optimization to be carried out on the entire parameter 

space Θ  by a sequence of well-defined estimation problems that have the same limit.  

In essence, a sieve { }mΘ  is an increasing sequence of parametric models whose 

complexity is indexed by m . This sequence is generally required to be dense in Θ , and 

thus sieve estimation always relies on the availability of appropriate classes of universal 

approximators in Θ . Another basic point is usually that of permitting m  to increase 

slowly enough with sample size n , in order to asymptotically avoid both overfitting and 

underfitting, and to obtain convergence to *θ . 

 

B. Fuzzy Rule-Based Sieves 

The ideas of sieve estimation may be adapted to many different estimation problems 

and to many classes of flexible regression schemes. We may construct sieves based on 

rule-based systems, by the simple expedient of taking a flexible class of rule-based 

models and increasing the permitted number of (fuzzy/crisp) rules as the sample size 

grows. This idea is intuitively reasonable, and is coherent with the current practice of 

model building in the field of rule-based systems: When a large amount of (statistical 

and/or expert) information is available, we are capable of constructing systems with a 

large number of finer rules. Otherwise, we can only take models with a reduced number 

of coarser rules (see Figure 1). Following these lines, a (fuzzy) rule-based sieve may be 

defined as an increasing sequence of (fuzzy) rule-based models, whose complexity (i.e.,  
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Figure 1: A fuzzy rule-based sequence based on sieve estimation ideas: as the sample size )(n  

increases, the number of rules )(m  becomes larger and permits the capture of finer details of the modeled 

system. 

 

 

m , the maximum number of rules permitted) is indexed by sample size n  (the amount 

of statistical information at the researcher’s disposal). 
 

We require effective learning, at least asymptotically, i.e., we must obtain a 

consistent sequence of fuzzy systems converging to *θ , a regression surface which 

summarizes certain relevant characteristics of the modeled system, and which lies in a 

certain function space Θ . In Landajo [20-21], we used the above ideas to obtain 

preliminary sieve estimation results valid for fuzzy and crisp rule-based systems as well 

as other closely related neural model-free estimators. Our approach may be seen as a 

further formalization of ideas by B. Kosko [16-15]. As the same author points out, 

fuzziness −not being strictly necessary− is an interesting feature since it provides 

estimators with richer mathematical and statistical properties. In this paper, we restrict 

ourselves to the analysis of the case of fuzzy rule-based systems. 

 

 

System

Samples
{(xi , yi)| i=1, 2...n}

Number of Rules (m) ↑

...

Contour Information

Sample Information (n) ↑ ⇒

x

y

x x x

y y y
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III. MAIN RESULTS 

 

A. Heuristics and Definitions 

Briefly stated, we are going to consider the estimation of a regression surface *θ  

(depending on the context, it may be a conditional mean or a conditional median). The 

statistical information comes from a training set, a finite random sample 

{ }ntyxzz ttt
n ...,,2,1|),( ==≡  generated according to an assumed stochastic data 

generating process (DGP) defined on a certain probability space ),,( 0PAΩ , where x  

and y  are observable quantities (respectively, inputs and outputs of the system) related 

by a regression-type expression ttt exy +θ= )(* , with e  being an unobservable additive 

random noise term. For fuzzy systems, the possibility must also be taken into account 

that useful additional information may come from non-statistical sources, and thus it is 

assumed that some a priori contour conditions are known. In particular, *θ  is assumed 

to be of the 1C  class (more formally, )(1* XC∈θ , the space of RX →  functions with 

continuous derivatives up to order 1), and a bound 0>B  is known a priori, such that 

BxD
Xx

≤θα

∈≤α
|)(|supmax *

1
, i.e., the derivatives of *θ  up to order 1 are bounded by B . The 

parameter space Θ  may thus be taken as 






 ≤θ∈θ≡Θ α

∈≤α
BxDXC

Xx
|)(|supmax|)(

1

1 , for 

given 0>B . 

 

For the above estimation problem, we are going to construct a fuzzy rule-based 

sieve { }mΘ  indexed by m  (the permitted number of fuzzy rules), with m  itself being 

driven by sample size n , and the same smoothness conditions which define Θ  will also 

be included in { }mΘ .  As will be seen below (Lemma A.2 in the Appendix), { }mΘ  is an 

increasing sequence of compact sets, dense in Θ  (the closure of Θ  with respect to the 

sup-norm).  In order to construct our sieve estimation scheme, we will restrict ourselves 

to a slightly modified version of the class of additive fuzzy systems with Gaussian basis 

functions.  In particular, we will take the following class: 
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Definition (Additive Fuzzy Models with Gaussian Membership Functions): For 

given INN ∈ , let us define: 

( )
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with INm ∈  and Nm,∆  restricted to being the following compact set:1 
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with )4,3,2,1( =kck being arbitrary positive constants.  

 

The above class is slightly larger than that used in Landajo et al. ([22], Theorem 1).  

Obviously, mA  corresponds to the set of fuzzy systems with at most m  rules (notice 

that we may always set an 0=ija , thus voiding the effect of the thj  rule of the system). 

The above definition – somewhat artificial at first glance – provides the useful property 

that 1+⊂ mm AA  for every INm ∈ , and also guarantees that for every INm ∈  the 

restriction of mA  to the compact set NRX ⊂  is a compact subset of )(XC , the space of 

continuous RX →  mappings endowed with the sup-norm. 

 

                                                
1 In Definition 1 above ][⋅vec  denotes any one to one mapping which transforms 

( )
mjNi

ijijijj a
...2,1;...,2,1

,,,
==

σµβ  into a vector in )31( NmR + . 
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In order to obtain our results, we will specialize a general-purpose result by A.R. 

Gallant [6], also used by Gallant and White [8] to obtain results for estimation in 

Sobolev spaces with perceptron networks. In essence, we will adapt Gallant’s generic 

framework to the function space and the class of fuzzy models that we are studying 

here, also taking advantage of −with the necessary changes− the same formal scheme 

used by Gallant and White [8].  (For the sake of brevity, we omit some of the details on 

the basic results and technical definitions which may be found in [6-8] and which are 

also used in this paper.) We have also tried to respect most of the notation from the 

source papers.) 

 

In what follows, we present results showing how consistent fuzzy rule-based 

sequences may be obtained for standard nonparametric regression problems under 

different DGPs and for several cost functions. We divide our results into three cases 

according to the learning mechanism (least squares and minimum 1L  distance, 

respectively) and the degree of dependence on the assumed DGP (i.i.d. or stationary 

ergodic process, respectively). A number of comments follow each result. 

 

 

B. Least Squares Learning (Cross-Sectional Data) 

Assumption 1.1 (Data-Generating Process): 

a) The underlying probability space ),,( 0PAΩ  is complete and the observations are 

generated by the following mechanism: 

ttt exy +θ= )(* , )...,2,1( =t  

with { }tx  and { }te  being independent sequences of random vectors taking values in 

RE ⊆  and NRX ⊂  ( X  being the closure of a (nonvoid) convex bounded set). 

b) The error process { }te  is a sequence of i.i.d. random variables with common 

distribution P , 0)( =teE  and ∞<σ= 2)( eteVar . 

c) nµ , the empirical distribution function of the inputs { }n
ttx 1= , converges weakly 

almost surely to µ  (abbreviated as ‘ µ⇒µn , 0.. Psa − ’), with µ  being a probability 

measure on ))(,( XBX , satisfying the requirement 0)( >µ O  for every (nonempty) 

open XO ⊂ . 
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Assumption 1.2 (Contour Knowledge): *θ  (the object to estimate) belongs to Θ , 

with 






 ≤θ∈θ≡Θ α

∈≤α
BxDXC

Xx
|)(|supmax|)(

1

1 , for some known 0>B .  We endow Θ  

with the sup-norm (i.e., |)(|sup x
Xx

θ=θ
∈

 for every Θ∈θ ). 

Assumption 1.3 (Identification): *θ  is the unique minimizer in Θ  of 

∫ ∫∫ ∫ µθ−θ+=µθ−=θ
E XR X

dxdePxxedxxdyGxys )()(])()([)()|(])([)( 2*2* , with )|( xG ⋅  

the distribution of y  conditional to x . 

Assumption 1.4 (Fuzzy Rule-Based Sieve): For ...,2,1=m , define Θ∩=Θ mm A , 

with mA  defined as above and Θ  the closure of Θ  with respect to ⋅ .  

 

Theorem 1: Under Assumptions 1.1-1.4, let )(
ˆ

nmθ  be a solution to the problem 

∑
=

−

Θ∈θ
θ−≡θ

n

t
ttn xyns

nm 1

21 ])([)(min
)(

 

If ∞→)(nm  as ∞→n  0.. Psa − , then for every )(⋅σ , continuous with respect 

to ⋅ , it holds that )()ˆ( *
)( θσ→θσ nm  as ∞→n , 0.. Psa − .  In particular, 

0ˆ *
)( →θ−θ nm  as ∞→n , 0.. Psa − .  

 

Comments on Theorem 1 

The above result indicates that under Assumptions 1.1 to 1.4 (which roughly 

correspond to a nonlinear regression problem with cross-sectional data), an off-line 

nonlinear least squares learning mechanism based on a combination of statistical data 

and contour information −together with the expedient of increasing the number (and 

fineness) of fuzzy rules as the amount of statistical information rises− delivers a 

sequence of fuzzy rule-based systems, which with probability 1 converges to *θ , the 

regression surface which passes through conditional expectations (i.e., 

)|()(*
ttt xyEx =θ ).  Theorem 1 is a close relative to Theorem 3.3 in Gallant and White 

[8]: As noted above, we take advantage of the same general-purpose result of Gallant 

[6], and essentially assume the same DGP as Gallant and White [8]. On the other hand, 

our sieve is rather different (instead of perceptron networks, we use sequences of fuzzy 

rule-based systems) and we have limited our estimation goal to functions, excluding 
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derivatives. As mentioned in Gallant and White [8], conditions on )(nm  permit both 

deterministic and random rules, such as various cross-validation-like and information 

criteria (see, e.g., Sugeno and Tanaka [28], Sin and White [27]) in order to determine 

the number of fuzzy rules for a given sample size.  

 

Remark 1: As to the chosen sieve, the exact bounds that define Nm,∆  are essentially 

arbitrary (we have set them mainly following considerations of simplicity). In fact, 

many others that are more intuitive or case-adequate for particular applications may be 

selected. Restrictions on the sija  permit some (but not all) of the fuzzy system’s rules to 

be inactive, and since Gaussian membership functions have non-compact support, they 

guarantee that all the fuzzy systems in mA  are well-defined, continuous functions 

throughout NR  (and thus on X ). 

 

Remark 2: As to the constraints imposed on Θ  and on the estimation process, these 

relatively mild conditions permit the restriction of the learning process to a compact 

parameter space, which mathematically is a very convenient feature. The compactness 

of Θ  greatly simplifies the application of the sieve estimation framework, avoiding the 

need to impose precise bounds on the allowed growth rates for model complexity in 

order to achieve consistency (see White [36], Chen and Shen [3]). For each m , we 

incorporate the expert information about *θ  by restricting the search to the set Θ∩mA , 

i.e., to fuzzy systems that satisfy the above contour conditions. (In Lemma A.2 in the 

Appendix, it is shown that the sieve }{ mΘ  is an increasing sequence of compact sets, 

dense in Θ ). Condition Bx
Xx

≤θ
∈

|)(|sup  is equivalent to Bjmj
≤β

=
||max

,...2,1
. Constraint 

BxD
Xx

≤θα

∈=α
|)(|supmax

1
 controls the roughness of the estimators and is somewhat more 

complex to implement at a theoretical level. It mainly relates to the value of ijji
σ

,
min , 

which evidently plays the role of a smoothing parameter, and also requires the control 

of the maximum of the differences || 'jj β−β  among the consequents of every two 

rules, as well as restrictions on the minimum of pairwise Euclidian distances among 

Niij ,...2,1)( =µ  and Niij ,...2,1' )( =µ  for every mjj ...,,2,1', = . (Another interesting point is that 

conditions on first-order derivatives may be replaced by weaker Lipschitz conditions.) 
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Remark 3 (The Role of Subjective Information): As to the connection of the above 

restrictions with expert knowledge in fuzzy modeling, in practice they roughly 

correspond to the way practitioners of fuzzy model building proceed:  first, an initial set 

of rules is provided by the modeler, which is then fine-tuned by using an adequate 

training scheme. As is well known, since many training algorithms converge (at best) to 

local optima of error surfaces, the initial values for the iteration process are relevant in 

the sense that they de facto drive the training algorithm to the closest local optimum. 

Hence, expert information is usually very helpful in order to drive optimization 

algorithms towards global optima (the least squares scheme in Theorem 1 requires a 

search for a global optimum). Finally, an a posteriori analysis of generated rules is 

usually carried on, and the modeler analyzes the rules generated by the automatic 

mechanism, discarding those fuzzy systems that do not accommodate his/her knowledge 

about the system. 

 

Also well known is the fact that contour information and statistical data are largely 

interchangeable resources. In parametric statistics, contour information plays a very 

relevant role (e.g., providing the researcher with a functional form with only a finite 

number of free parameters to be estimated). The role of such contour information is 

essentially to tightly constrain the learning process, thus permitting parametric 

estimators to be more statistically efficient than its model-free counterparts (typically, 

under correct model specification, parametric estimation requires lower amounts of 

statistical data). At the opposite extreme, we find nonparametric (or model-free) 

methods, which include kernel-based estimators (see e.g., Ullah [30]), series estimators 

(Elbadawi et al. [5], Andrews [1]), and neural networks (White [36], Chen and Shen 

[3]). As stressed by Geman et al. [9], for computational black boxes such as neural nets 

practical difficulties in obtaining a satisfactory approximation degree to many real 

world phenomena may become formidable, requiring unrealistically large amounts of 

statistical data, as well as exceedingly high numbers of neurons and computational 

effort. In this sense, purely nonparametric learning, driven only by data and without any 

help from expert knowledge, may often be a problematic goal. 

 

Fuzzy systems may be seen as a compromise between parametric estimators and 

purely computational black-box approaches. Being essentially model-free, they are not 
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computational black-box models since they are able to take advantage both of expert 

information provided by the researcher and statistical data. An important point is that 

such contour information permits effective learning with relatively low amounts of data 

as compared to purely black-box schemes. Of course, expert knowledge as it appears 

within the fuzzy modeling paradigm (i.e., under the form of approximate local rules) is 

rather different (both in nature and in the way such information is processed) from its 

closest counterparts in standard statistics, namely, the specification of parametric 

functional forms in classical estimation theory and the use of probability priors in 

Bayesian statistics. Finally, a closer look at the fuzzy systems also reveals a number of 

obvious commonalities with standard kernel regression tools such as the Nadaraya-

Watson estimator (e.g., coincidence in functional forms and ideas of smoothing), 

together with strong differences such as (1) the use of expert information, (2) the 

relative simplicity of fuzzy systems, since usually nm << , and (3) the semantics and 

rationale of fuzzy models, rather different from that of kernel-based smoothers. 

 

 

C. Least Squares Learning (Stationary Ergodic Data) 
We may now state a similar result for stationary dependent data. The following 

assumptions are imposed: 

 

Assumption 2.1 (DGP): 

a) The underlying probability space ),,( 0PAΩ  is complete, and the observations 

are generated by a stochastic process { },...2,1|:),( =→Ω= tZyxz ttt  defined on 

),,( 0PAΩ , with IIIXZ N ×≡×≡  and I , the closure of a bounded interval in R . 

b) }{ tz  is strictly stationary and ergodic, with common distribution H . 

c) µ , the marginal distribution of the tx ’s, satisfies the requirement that 0)( >µ O  

for every (nonempty) open subset O  of X . 

 

Assumption 2.2 (Identification):  *θ  is the unique minimizer in Θ  for 

[ ]∫ ∫ θ−=µθ−=θ
I X

xxyEEdxxdyGxys ]|])([[)()|()()( 22* .  
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Theorem 2: Under Assumptions 1.2, 1.4, 2.1 and 2.2, let )(
ˆ

nmθ  be a solution to the 

least squares problem )(min
)(

θ
Θ∈θ ns

nm

. If ∞→)(nm  as ∞→n  0.. Psa − , then for every 

)(⋅σ , continuous with respect to ⋅ , it holds that )()ˆ( *
)( θσ→θσ nm  (and so, 

0ˆ *
)( →θ−θ nm ) as ∞→n , 0.. Psa − .  

 

Remark: Assumption 2.1 characterizes a bounded stationary ergodic DGP.  Thus, 

fuzzy systems are also consistent estimators for regression surfaces for this particular 

class of dependent data, which mostly corresponds to time series contexts. No doubt, 

the DGP assumed in Theorem 2 is rather simplistic and restrictive in various senses: 

many time series violate the above requirements and, in many practical applications, 

several transformations (pre-filterings) have to be applied to data in order to induce the 

required properties. As well known in time series literature, these transformations may 

often result problematic, and thus an extension of Theorem 2 in order to accommodate 

DGPs that are more general seems of interest. 

 

 

D. Robust Learning ( 1L  Estimation with Cross-Sectional Data) 

Assumption 3.1 (DGP): 

a) The underlying probability space ),,( 0PAΩ  is complete, and the observations 

are generated by the following mechanism: 

ttt exy +θ= )(** , )...,2,1( =t  

with { }tx  and { }te  as in Assumption 1.1.a). 

b) The error process is i.i.d. with a common distribution F  which is continuous 

and strictly increasing at the origin, and satisfying 
2
1)0( =eF  (i.e., 0)( =teMe ) and 

∞<ρ= eteE |)(| . 

c) Identical to Assumption 1.1.c). 

Assumption 3.2 (Identification): **θ  is the unique minimizer in Θ  of 

∫ ∫∫ ∫ µθ−θ+=µθ−=θ
E XR X

dxdePxxedxxdyGxy )()()()()()|()()( ****l .  
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Under the above set of assumptions, the following results follow: 

 

Theorem 3: Under Assumptions 1.2, 1.4, 3.1 and 3.2, let )(
~

nmθ  be a solution to the 

problem 

∑
=

−

Θ∈θ
θ−≡θ

n

t
ttn xyn

nm 1

1 )()(min
)(

l  

 

If ∞→)(nm  as ∞→n  0.. Psa − , then for every )(⋅σ , continuous with respect to 

⋅ , it holds that )()~( **
)( θσ→θσ nm  (and so, 0~ **

)( →θ−θ nm ) as ∞→n , 0.. Psa − .    

 

Comments on Theorem 3 

Theorem 3 refers to 1L  or LAD (i.e., least absolute deviation) model-free 

estimation. The fuzzy system )(
~

nmθ  is a random approximant to **θ , the regression 

surface which passes through conditional medians (i.e., )()|( **
ttt xxyMe θ≡ ) and 

provides the 1L -optimal predictor of y  from x . It is well known that 1L  estimators 

have interesting robustness properties, which make them useful for modeling, control 

and prediction in systems affected by impulsive noise processes. Hence, Theorem 3 

provides a complement to pioneer results by B. Kosko [17] on robust filtering and 

prediction capabilities of fuzzy systems. 

 

 

IV. CONCLUDING REMARKS AND FURTHER RESEARCH 

 

The above results indicate that, when used in stochastic environments, fuzzy rule-

based systems may behave as a sophisticated class of nonparametric estimators, capable 

of consistently estimating arbitrary regression surfaces in a variety of contexts. This 

provides additional (theoretical) support for the use of fuzzy models as tools for 

modeling, prediction and control in such situations. Although this may not necessarily 

be a primary goal of the fuzzy modeler, it is obviously a useful feature that makes fuzzy 

systems competitive with other flexible modeling approaches. From a practical 

viewpoint, our results suggest that many current practices in empirical fuzzy modeling 
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may also be defended with statistical arguments. In this sense, the remarkable status of 

expert knowledge in fuzzy model building also emerges as crucial for statistical learning 

since it plays the role of guiding and constraining the learning process in a meaningful 

way. 

 

Our choice in this paper of additive FSs with Gaussian mf’s – a class frequently 

used both in theoretical analyses and in practical applications (e.g., Wang and Mendel 

[31], Wang [32]) – has been motivated mainly by considerations of concision. In fact, 

many other classes of fuzzy systems may be readily adopted in order to implement our 

sieve estimation scheme. With some minor changes in order to avoid pathologies, the 

same procedure works for any class of additive fuzzy systems whose basis functions are 

smooth (i.e., 1C ) and either compactly supported or rapidly decreasing at the infinity. 

Hence, the analysis in this paper may be seen mainly as an illustration of how the ideas 

and methods of sieve estimation may be used for the analysis of model-free learning 

processes in fuzzy systems under random conditions. Many other consistent (and surely 

more intuitive) sieve estimators may be constructed, and much more general estimation 

results may be obtained using the same ideas as in previous sections. 

 

Consistency is only a minimal asymptotic property (inconsistent estimators stop 

learning after a certain precision level is achieved, no matter what additional samples 

we incorporate into the learning process, and thus cannot converge to the desired goal).  

Many other properties may be investigated, such as relative statistical efficiency of 

sieve rule-based fuzzy systems as compared to other model-free estimators. Once more, 

the presence of expert knowledge may favor fuzzy systems with respect to neural nets 

and other computational black boxes less naturally adapted to incorporate non-statistical 

information. As noted above, the extension of the results of Theorem 2 to more general 

dynamic settings is of interest in its own right. 

 

In this paper we have considered estimation processes based on nonlinear 

optimization schemes.  In fuzzy systems literature many other procedures appear whose 

analysis is of obvious interest. In particular, in some cases basis functions are taken as 

fixed and linear (or orthogonal) least squares learning is applied, combined with a data-

driven method that determines the number of fuzzy rules (e.g., Sugeno and Tanaka 

[28]). Some insight on the behavior of such modeling strategies in random 
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environments may be obtained from series estimation literature, and results by Shen 

[26] and by Chen and Shen [3] for sieve estimation with (fixed-knot) B-spline bases 

appear (with necessary modifications) relevant to our analysis. On the other hand, a 

number of fuzzy model-building procedures are more self-organizing in nature 

(examples include AVQ-based algorithms proposed by Kosko [15, Chapter 8], rule-

based systems generated by nearest-neighbor clustering methods such as in Yager [37] 

and Wang [32, Chapter 6], as well as the table look-up scheme proposed by Wang [32, 

Chapter 5]). Applications, as well as some theoretical intuitions, suggest that many of 

these model-building strategies surely have useful statistical properties. By endowing all 

these methods with appropriate (generally data-driven) protocols in order to determine 

the number of fuzzy rules, nonparametric estimation results analogous to those in this 

paper will surely be obtained. Analytical proof for such intuitions remains an interesting 

open problem. 
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APPENDIX:  MATHEMATICAL PROOFS 

 

We start by proving two lemmas that establish results to be used in the proof of 

Theorem 1. The idea is that we must ensure that imposing the set of constraints which 

identify Θ  on our class of universal approximators does not affect their approximation 

capabilities. Formally, we need to show that Θ=







Θ∩U

m
mA )( , i.e., that the closure of 

UU
m

m
m

m A )( Θ∩=Θ  with respect to |||| ⋅  - the uniform metric we have endowed )(XC  

with, coincides with Θ . Notice that 









Θ∩⊃Θ∩









UU

m
m

m
m AA )( , but the converse 

does not necessarily hold (see Choquet [4], Chapter 1, Section II.6).  (Also, notice a 

slight abuse of notation in the above expression, since it really refers to the restrictions 

of the elements of U
m

mA  to the compact X ). 

 

The following lemma states that the functions of U
m

mA  are capable of 

approximating (uniformly on compact sets in NR ) arbitrary smooth mappings and their 

derivatives to the first order, with arbitrarily high accuracy. 

 

Lemma A.1: U
m

mA  is dense in )(1 NRE , for every INN ∈ .  

 

Proof of Lemma A.1: 

The result immediately follows from Theorem 1 in Landajo et al. [22] (see that 

paper for definitions): The class )(GA  of additive fuzzy systems with Gaussian mf’s is 

dense in )(1 NRE  for every INN ∈ . It can be immediately seen that U
m

m GAA )(⊃ , 

i.e., for each )(GAf ∈ , an INm ∈  exists such that mAf ∈ , and thus U
m

mA  is also 

dense in )(1 NRE .  

 

The following lemma provides the results we are after: 
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Lemma A.2: UU
m

m
m

m A )( Θ∩=Θ  is dense in Θ  with respect to |||| ⋅ , the uniform 

metric )(XC  is endowed with.  

 

Proof of Lemma A.2: 

Let us take arbitrary Θ∈θ  and 0>ε . We must show that an element U
m

mAf ∈  

exists such that its restriction to X  belongs to Θ  (i.e., BxfD
Xx

≤α

∈≤α
|)(|supmax

1
), and 

simultaneously satisfies ε<−θ |||| f .  To start, notice that for very Θ∈θ and 10 << k , 

we may define θ=θ k' . Obviously, Θ∈θ' , and kBBxD
Xx

≤=θα

∈≤α
'|)('|supmax

1
. In 

addition, BkxDxD
Xx

)1(|)(')(|supmax
1

−≤θ−θ αα

∈≤α
. We can easily guarantee that 

2
|)(')(|supmax

1

ε<θ−θ αα

∈≤α
xDxD

Xx
 (it suffices to select an appropriate value for k  in the 

definition of 'θ , i.e., any 
B

k
2

1 ε−> ). 

Now, by Lemma A.1, we may choose an U
m

mAf ∈ , such that 

∆<−θ αα

∈≤α
|)()('|supmax

1
xfDxD

Xx
, with 0',

2
min >







 −ε=∆ BB . Applying the triangle 

inequality, we obtain: 

 

BBBBBxDxDxfDxfD
XxXxXx

=+−≤+∆<θ+θ−≤ α

∈≤α

αα

∈≤α

α

∈≤α
'''|)('|supmax|)(')(|supmax|)(|supmax

111

 

Thus, the restriction of f  to X  belongs to Θ . 

 

By again applying the triangle inequality, we obtain: 

 

.
222

)()(')(')()()( ε=ε+ε<∆+ε<−θ+θ−θ≤−θ xfxxxxfx  

 

Hence, εθ <− |||| f .  Since θ  and ε  are arbitrary, we obtain the desired conclusion. 
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Proof of Theorem 1: 

We only need to check that Assumptions (a)-(d) of Theorem 3.1 in Gallant and 

White [8]) hold for our particular case. ),,( 0PAΩ  is complete, and we have endowed Θ  

with the sup-norm ⋅ . )(
ˆ

nmθ  is obtained by solving a minimization problem, and the 

existence of )(
ˆ

nmθ  follows since the least squares criterion function )(θns  is ⋅ -

continuous with respect to θ  and mΘ  is compact, for every n  and data set nz ). 

(a) Compactness of Θ : From Assumption 1.2 and the Mean Value Theorem applied 

on the interior of the convex compact set X , it follows that Θ  is a family of 

equicontinuous functions (with respect to ⋅ ). Since Θ  is also bounded, from the 

Arzelà-Ascoli Theorem (see Choquet [4], Chapter III, Theorem 23-5) it follows that Θ  

is a precompact subset of )(XC , and thus Θ  is compact. 

(b) Denseness of U
m

mΘ  in Θ  follows from Lemma A.2 above, and the inclusion 

1+Θ⊂Θ mm  is guaranteed by definition of the mA ’s. 

(c) Uniform convergence: This requires an adequately strong uniform law of large 

numbers (SULLN). The proof of this point is identical to that of Theorem 3.3 in Gallant 

and White [8], so that we simply sketch some of the details. First, we define 
2*2 ] )()([] )([),,( xxexyxef θ−θ+=θ−=θ . Θ  is compact, and ),,( θxef  is 

continuous on Θ×× EX  and appropriately dominated, for every Θ∈θ , by an 

integrable mapping ),( xed , i.e., =≤θ ),(|,,(| xedexf =θ+
∈

22 |)(|sup8||2 xe
Xx

 

22 8||2 Be +=  and ∫ ∫ ∞<+σ=µ
E X

e BdxdePxed 22 82)()(),( . By the SULLN of Gallant 

[7, Chapter 3, Theorem 1] applied to =θ=θ ∑
=

n

t
ttn xefs

1

1- ),,(n)(  

∑
=

− θ−θ+=
n

t
ttt xxen

1

2*1 ])()([ , we obtain the desired results: 

 

1) As n→∞, it holds that 0)()(sup * →θ−θ
Θ∈θ

ssn , 0.. Psa − , and 
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2) )(])()([)()(),,()( 2*2* dxxxdxdePxefs
X

e

E X

µθ−θ+σ=µθ=θ ∫∫ ∫  is continuous 

on Θ . 

 

(d) Identification:  Since from 2) above )(* θs  is continuous on the compact Θ , it 

achieves a minimum. From Assumption 1.3, Θ⊂Θ∈θ*  is the unique minimizer of 

)(* θs  on the whole space Θ , and hence condition (d) in Gallant’s Theorem trivially 

holds. Thus, *θ  is a well-defined goal to be learned. 

 

As a consequence of the above conditions, Theorem 3.1 of Gallant and White [8] 

applies, and for every continuous functional )(θσ , the convergence result stated in 

Theorem 1 follows. In addition, by letting *)( θ−θ=θσ , which is continuous with 

respect to θ , we obtain the second part of the result, and the sequence )(
ˆ

nmθ  is a 

strongly consistent estimator of *θ .  

 

 

Proof of Theorem 2: 

The proof is essentially identical to that of Theorem 1. We only need a SULLN 

adequate for the DGP considered. Theorem 2 in Pötscher and Prucha [25] serves in our 

case (in fact, for much more general situations). We need only check that conditions of 

that SULLN hold for our particular DGP: 

1) Θ  is a (nonempty) compact metric space. 

2) Strict stationarity and ergodicity hold by assumption, and thus asymptotic 

stationarity (in the sense of assumption 5B in the SULLN) is automatically satisfied 

since the process }{ tz  is identically distributed. 

3) Smoothness and Dominance:  We set 2] )([),( xyzq θ−=θ , which is continuous 

on Θ×× IX , and dominated for every Θ∈θ  by 22 2||2)( Byzd += . In addition, by 

the boundedness of I , it holds that ∞<= ∫ δ++δ )()(])([ 11 dzHzdzdE
Z

 for each 0>δ . 

 

As a consequence of 1)-3) above, the SULLN we are using gives: 
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1) As n→∞, it holds that 0)()(sup * →θ−θ
Θ∈θ

ssn , 0.. Psa − , and 

2) ∫ ∫∫ µθ−=θ≡θ
X IZ

dxxdyGxydzHzqs )()|(])([)(),()( 2*  is continuous on 

Θ . 

 

The rest of the proof follows as in Theorem 1, and we obtain the proposed 

consistency result.  

 

 

Proof of Theorem 3: 

Again, the proof is analogous to that of Theorem 1. Now we take 

)()()(),,( ** xxexyxef θ−θ+=θ−=θ .  From the triangle inequality, it follows that 

Bexexedexf
Xx

2|||)(|sup2||),(|,,(| +=θ+=≤θ
∈

. Thus, ),,( θxef  is continuous and 

appropriately dominated for every Θ∈θ , and by the same SULLN used for Theorem 1, 

we obtain the desired result: 

 

1) As n→∞, it holds that 0)()(sup ** →θ−θ
Θ∈θ

ll n , 0.. Psa − , and 

2) ∫ ∫ µ=θ
E X

dxdePgxef )()(),,()(**l  is continuous on Θ . 

 

The rest of the proof follows as in Theorem 1.   


