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1 Introduction and general idea of this paper

Dualities are a very powerful tool in Theoretical Physics, particularly in the areas of Quan-
tum Field Theory and String Theory. The possibility of calculating observables in the
non-perturbative regime of a given physical system 'A’ using the perturbative dynamics
and degrees of freedom of a system ’B’; opened the door to a different appreciation of
what Quantum Field Theory or String Theory actually are. Indeed, one of the conceptual
changes that the discovery of dualities have catalyzed, is that actually the system A is the
same as the system B, in spite of the possibly very different appearance of A and B.

Paradigmatic representations of this idea in the area of String Theory are the web
of String dualities [1, 2|, the Maldacena Conjecture [3], dualities involving topological
strings [4] and many other examples with different physical or mathematical relevance.
There are also numerous examples of dualities purely in Quantum Field Theory, the logic
and the conceptual advances they generated are of the same characteristics.

Of course, there are situations in which the two dual descriptions are proposed to be
equivalent only in some regime (for example at low energies) [5]. Also, there are examples
where a mix of dualities and new parameters are introduced. These typically correspond
to a deformation of the original system ’A’ into a new system 'B’ whose dynamics is
characterized by this new parameter; examples of this are [6-9].

But the general lore is that when applying a transformation to dual variables, both
systems are the same. For example, T-duality was shown to be an equivalent way of
rewriting the sigma model describing the string worldsheet dynamics (as vectorial or axial
gaugings of the sigma model) [10]. This has interesting consequences, like the phenomena
of ’supersymmetry without supersymmetry’ [11, 12]. In that case, the T-dual of AdS5 x S°
(along a U(1) that is fibered over CP?) is non-susy at the level of Supergravity, but SUSY
is recovered when considering the full type IIA String Theory.

The case of non-Abelian T-duality is particularly interesting for this logic. Indeed,
after it was introduced by de la Ossa and Quevedo [13], this generalization of T-duality
was subject of careful research. The main puzzling problems concerned the invertibility and
global aspects of the duality — see for example the papers [14-19]. Interestingly, Giveon
and Rocek [20, 21], suggested that non-Abelian T-duality is transforming the sigma-model
conformal field theory into a different conformal field theory. If this were the case, non-
Abelian T-duality should be just a transformation between different sigma models (hence
not strictly a duality). Both sigma models give place to different Supergravity backgrounds
satisfying the equations of motion, but more importantly different String Theories defined
on these backgrounds. The initial and the transformed sigma model would not be identical
when including string corrections.

While these puzzling issues with non-Abelian T-duality seemed to have fell off the
attention of researchers during various years, it was the work of Sfetsos and Thompson [22]
that brought them back to our interest. Indeed, the paper [22] provided an algorithmic
way to transform Ramond fields, working out interesting examples, like that of AdSs x S°,
AdSs x 8% x T?, etc. This opened the way to apply it to systems with a well understood
holographic dual. The problem of the 'duality-character’ of the non-abelian T-dual trans-



formation gets mapped to the study of the quantum field theory dual of the original and
the transformed backgrounds.

At least at the level of Supergravity the analysis seems to confirm the proposal of [20,
21]. Indeed, it was understood in a variety of papers — see for example [23]-[27], that the
dual field theory to the non-Abelian T-dual background is different from the field theory
dual to the seed-background. The holographic approach to the problem also allowed to
resolve some questions regarding global aspects, range of coordinates, etc. Many papers
have discussed applications of non-Abelian T-duality to holography [28-33]-[44-49], where
both physical and geometrical aspects of the duality were analyzed.

In this work we consider an observable that combines aspects of Supergravity and
String Theory. We study the mesonic-like excitations of a quenched (in the sense that
%—i ~ 0) quantum field theory. These excitations will be calculated as fluctuations of a
probe D-brane in a Supergravity background. The mass spectra of these excitations is a
‘clean’ observable to learn about the character of the Non-Abelian T-dual transformation.

We will consider the example of AdSs x S® and its mesonic excitations represented
by the fluctuations of a probe D7 brane — the work of Kruczenski, Mateos, Myers and
Winters [50]. We will non-Abelian T-dualize the system to obtain the dual to an N = 2
conformal field theory that is probed by a D6 brane. This probe brane will have induced
charge of D4 brane on its worldvolume due to the presence of a Neveu-Schwarz Bs field
and will also be affected by a non-trivial dilaton. We will calculate the spectra of masses
and interactions for a set of consistent fluctuations in the backgrounds before and after
the duality and compare these observables. We will also perform the comparison with the
Abelian T-dual background, again probed by a D6/D4 system with By and dilaton.

Summary of the results. We will show that for the D6 brane fluctuating in the non-
Abelian T-dual background there are three possible consistent fluctuations, types I, II and
III. The interesting differences between the spectrum of masses and interactions in the
'seed” and T-dualized backgrounds, happen for the type I excitations. These change under
duality. This points to the fact that at the Supergravity level the dual N' = 2 conformal
field theories associated with D7 branes probing AdSs x S° and D6 branes probing the
T-dual backgrounds are different four dimensional CFTs. It might be the case that string
corrections rectify these differences, but if this is the case the mechanism for which it
happens is unclear to us at present.

Plan of the paper. This is a paper with a high density of long calculations. The main
part of the paper contains various sections that summarize old and well established results
together with the new ones. To make the reading more fluid we have written a large number
of detailed appendices that the reader may consult.

The plan of the paper is the following. In section 2, we set conventions and summarize
the backgrounds, both the seed-solution and the ones generated by duality. In section 3,
we discuss the results of the important paper [50]. In sections 4 and 5 we calculate the
mesonic excitations fluctuating a D6 brane both in the non-Abelian and in the Abelian
T-dual backgrounds. Spectra of masses are obtained and compared with the analogous
ones in [50]. It is here that we observe the non-trivial effect of non-Abelian T-duality on



the spectrum of excitations. The interaction between the fluctuations studied in previous
sections are discussed in section 6. Interesting differences with those in [50], that add to
the point we are making above are discussed there. A summary of the results is given
in section 7 and a set of conclusions and possible future topics of research are given in
section 8. As we mentioned, various detailed appendices complement the presentation.

2 The supergravity solutions

In this section, we will summarize the different backgrounds in Type II Supergravity that
feature in our calculations. In section 4, these solutions will be probed by Dp-branes and
we will compute the spectrum and interactions of the fluctuations of these D-branes.

To set our conventions and explain the notation, let us start with our ’seed’ solution,
the Type IIB AdS5 x S° background,

R? L?
ds® = ﬁdazig + o3 (du2 + u?d¢® + dp? + p2dQ§>,
R L' u? (R + p?) (2.1)
Fs=dCy, Cy = ﬁdl’Lg — R dop A VOI(Q;J,) R
where we defined,
R? =u? 4 p%, dQ%=da® +sin®? adf? + sin? a sin? B dy>. (2.2)
The Ramond five form has a quantized charge,’
1 / Fs=N — L 4dmgsN, (2.3)
frnd — = 477 . .
QK%OTD:S 5 D3 o2 9siVD3

The reason to use this particular system of coordinates, introduced in [50], will be explained
in the following sections. We will now present the backgrounds generated by non-Abelian
T-duality and Abelian T-duality applied on eq. (2.1).

The non-Abelian T-dual background. We will now apply a non-Abelian T-duality
transformation on the solution in eq. (2.1). The resulting background was explicitly calcu-
lated (and aspects of the dual CF'T were studied) in various papers [22]-][26]. In appendix A,
we re-derive it using the general formulas developed in [51]. Here, we will just quote the
result for the NS and RR sectors of the supergravity background.

We perform a non-Abelian T-duality on one of the SU(2)’s inside the SO(4) of the
three-sphere. After the duality the coordinates on the sphere will be replaced by a set of
three coordinates that we label (r, x, ). The coordinates (x, &) describe a two sphere. The
range of the coordinate r is not determined by the duality procedure, but field theoretic

w2 (R2+p2)
—

!The integral [ d{ } = 1, is calculated moving to polar coordinates u = Rcosf, p = Rsin0,

with 0 € [0, 7/2]. We also use that 2x3,Tpp, = (27r)77pgsa'7;2p.



considerations in [26] allow to find it. The supergravity background reads, for the Neveu-
Schwarz sector,

R2 L2 40/2R2 40/2L2R2p2 7"2
2_ 2 2 2, 27,2 2 2, 2 2
ds* = ﬁd:nm—}—ﬁ(dp + du”+ u“do )+ 17, dr-+ 160’2R4r2—|—L4p4(dX + sin® x d§”),
16 o”r3R? 2 —20 L?p? 4 4 12,2 pd
Ba= 16 o/2r2R4 +L4P4VOI(S ) © T m(L Pl +16 o R,
(2.4)
For the Ramond-Ramond sector, we find,
L4 u2 (R2 _|_p2)
Fy=d 3 o2 RA do|, Fy= By N Fy,
v ) o6 (2.5)
2V o/ L
F=d [Lf‘ﬂR?*dxl,g ANdR|, Fy= 62‘?% dw1s AdR A dr A Vol(S?) .

As in the papers [23]- [26], the charge of D6 branes is quantized and this imposes a relation
for the size of the space L after the duality,
1 4

L
7\/& /F2 = Np¢ — o2 = 89sNpg- (2.6)

D =
Q@ ps6 oma.

The Page charge of D4 branes is vanishing, but as suggested in [36, 42] and explained
in [23, 25, 26], the r-coordinate is naturally divided in intervals of size 7. This generates,
in the r-interval [¢m, (¢ + 1)7], a Page charge for D4 branes Qps = ¢Npg.

In the following sections we consider the dynamics of a probe D6 brane that extends
along [x13, p, X, §]. Hence, it is useful to present the expressions for the RR potentials C5
and C7. These potentials are related to the RR forms Fg and Fg,

Fs =dC5, Fs=dC; — HANC5 . (27)

The expressions for Cy, (s, Cs and C7 are,

LA u? (R? + p? 90/3/2 [ 4
2V 5 40323 R3(8 /22 R* — Lp*) ,
Cs = " R’dzi3 NdR, C7= 3L4(16 R L4p4) dxi3 AN dR A Vol(S*) .

While these expressions are complicated, the combinations C7 — Bs A C5, appearing in
the Wess-Zumino part of the Lagrangian of the D6 brane is simpler,
405/3/2
3L4

C7 — By ANCs = — R3r® day 3 A dR A Vol(S?) . (2.9)
This completes our presentation of the non-Abelian T-dual background. Let us now present
the second background that will be relevant to our calculation, the (Abelian) T-dual of
AdSs x S°.



The Hopf-T-dual solution. In order to perform a Hopf-T-duality it is convenient to
write the metric of the three-sphere in terms of the left invariant one forms,
( —sin~y da + cosy sina dﬁ) ,

wp = (COS"}/ da 4 sin~y sin « dﬁ), Wy =

— &‘)—l
Nis

(2.10)

wy = —=(dy + cosa df3) dQ3 = (w%+w§+w§) .

(NN

S

We calculate the Hopf-T-duality of the background in eq. (2.1), along the direction ~. The
Neveu-Schwarz sector is,

R2 L2 4 0/2R2 L2p2
2 _ 2 2 2 27,2 2 2, 2 2
ds® = ﬁd:c173+ﬁ(dp + du® + u’de®) + 2,7 dve + iR (da” + sin” « d5*).
L2 2
By = d/ysina da A df, eiQ(D:F]p%Q,
(2.11)
and the Ramond-Ramond sector is,
Fom Py Fs =0, Fi= 7" (o — udp) A dé A Vol(S? 2.12
0=Fr=Fg=0, 4—2\/JR6<PU—UP>/\ ¢ A Vol(57), (2.12)
W
Fs = d[ 1 YR3dr13 NdR]| . (2.13)
There is here a quantized charge of D4 branes,
Qps = W Fy= Nps — a2 4mgsNpy. (2.14)

As discussed above, we will consider the dynamics of a D6 brane that extends along
(213, p,a, f]. The expressions for the RR potentials C3 and C5 will be used in the Wess-
Zumino part of the action for the probe brane. These potentials are related to the RR
forms Fy and Fg through the relations Fy = dC3, Fg = dC5 and read,

L*up®¢ 2 W 3
C3 N (udp — pdu) A Vol(S?), Cs = 72 YR’dz13 N dR . (2.15)

Moreover, the RR 7-form potential C7, is not trivial in this case. Indeed, we have Fy =
Fs = 0, but since Fg = dC7 — H A C5 — and in this case H A C5 # 0 — we must have a
C%7 such that dC7 = H A C5. After a straightforward integration we find,

0/3/2

L4

Cr = — R* y dxy 3 A dy A VoI(S?) . (2.16)
We leave these backgrounds at this point. These will be used below to calculate the action of
a probe D6-brane. Let us now summarize the results for the calculation of the fluctuations
of a probe D7 brane in the background of eq. (2.1), first discussed in the seminal paper [50].



3 Summary of results for AdSs x S°: the work of KMMW

In this section, we discuss the main results of the pioneering work of Kruczenski, Mateos,
Myers and Winters (KMMW) on N = 2 meson spectroscopy [50]. Our goal in this section,
is to provide a self-contained summary of these results. We will write here key-equations for
the mass spectra, while full details for their derivation will be relegated to the appendix B.

We work in the context of the original version of the AdS/CFT correspondence [3]. The
authors of [50] considered the addition of fundamental hypermultiplets (flavor degrees of
freedom or dynamical quarks) in the N = 4 SYM theory, thus breaking the supersymmetry
to N/ = 2. On the string theory side, the addition of fundamental N;-flavor degrees of
freedom (and its associated SU(Ny) global symmetry) corresponds to the introduction of
a stack of Ny D7 probe branes [52]. The D7 branes and the stack of N D3 branes that
generate the type IIB supergravity background are taken to be parallel along the Minkowski
directions. This configuration can be represented by the following array,

D3 0123 - ———— —
D7 0123 456 7—-—

(3.1)

The hypermultiplets in the field theory side arise from the lightest modes of the strings
that are stretched between the D3 and D7 branes (i.e. the 3 — 7 and 7 — 3 strings) and
thus their mass corresponds to the energy of those strings, given by my = l,/2ma’, where
lq is the separation of the two stacks of branes in the 89-directions.

The analysis that will be presented in this and the following sections is carried out
in the probe approximation, which means that we take the number of the flavor branes
to be much smaller than that of the color branes (i.e. Ny < N). In this limit, the flavor
branes do not backreact on the geometry generated by the color branes. Equivalently, the
dynamics of mesons is influenced by the dynamics of glueballs, but not vice-versa (the
meson dynamics is 'quenched’). For simplicity in our calculation, we consider Ny = 1
probe D7-branes.

It should be clarified, that in this particular theory we do not have mesons and glueballs
like in Yang-Mills or QCD, but it is more appropriate to think about these excitations as
bound states.

In order to study the spectroscopy of mesons (i.e. the quark-antiquark bound states)
one has to look at the fluctuations of the Born-Infeld (BI) fields on the D7-brane [53].
In the present case, the linearized equations of motion for the fluctuations can be solved
analytically and as a result one also finds analytical expressions for the masses of the scalar
and vector mesons. In what follows we present the summary of such mass spectra. We
use a notation that is appropriate to make comparisons with analogous original results
in the next sections, that we found doing analogous calculations with the Abelian and
non-Abelian T-dual backgrounds.

Let us start by considering a D7-brane that probes the geometry generated by the
D3 branes in eq. (2.1) according to the array (3.1). Notice that we parametrize the 6-
dimensional space, that is transverse to the directions of the D3 branes as,

dY? = dR? 4+ R%d0? = du® + u2d¢? + dp? + p?d2, (3.2)



where R is the holographic coordinate, dQ23 and d22 are the line elements for a unit three-
and five-spheres respectively. In this parametrization, p and €23 parametrize the directions
(4,5,6,7) while u and ¢ the transverse directions (8,9). Also, p corresponds to the distance
in the directions (4,5,6,7) and u is the distance in the directions (8,9). Thus p and u are
related to the usual holographic coordinate R, as R% = u? + p?. The D7 brane is taken in
such a way that,

u = ug = const , ¢ = ¢ = const, (3.3)

where up measures the distance of the D7 and D3 branes along their common transverse
directions. As a result, the induced metric of the D7 brane in our notation takes the form,
2 PPHuy

L2
ds® = d _
5 2 s + p%+ud

(dp2 + p2dQ§) . (3.4)

Notice that in this way, we can have the D7 brane “ending” at p = 0 without any tadpole
problem — see [52]. Also, the quarks acquire a mass proportional to ug, hence breaking
conformality in quenched fashion and giving a nontrivial dynamics to the system.

In order to study the meson spectrum of this system one has to look at the fluctuations
of the DBIWZ action for the D7 brane,

T
Lor— —Tp: / doe?\ [~ det (Plg] + F) + 127 / PCAFAF,  (35)

where F = By + 271a/F and F is the field strength of the worldvolume gauge field. Up
to quadratic order, it turns out that the fluctuations of the scalars (u,¢) do not couple
to those of the worldvolume gauge field and thus one can study them separately. We will
now describe the result for the masses of scalar and vector excitations. Full details of the
derivation are relegated to appendix B.

Fluctuations of the scalar fields. Expanding the Lagrangian in eq. (3.4) for fluctu-
ations of the form u = ug + du and ¢ = 0 + d¢, the dynamics of these excitations — to
second order — is given by a Lagrangian that schematically reads,

£y~ Yo EI (Guy? + ud(00)?). (3.6)

p* + ug

Studying the solutions to the corresponding differential equation, demanding their reg-
ularity, square integrability and a special conspiracy of constants to have a finite series
expansion (the full details of this logic and computation are discussed in appendix B),
we obtain the mass spectrum for the fluctuation, labelled by two positive integers (n,l).
This reads,?

2

Mf(n,l):%(n+l+1)(n+l+2), n=0,1,..., 1=1,2,.... (3.7)

2Notice that for the scalar and the type II mesons we take | > 1, i.e. we exclude the modes with [ = 0
in contrast with [50]. The reason we do this is because it turns out that the modes with [ = 0 are not
square integrable. For more details about the square integrability of the modes the reader is referred to the
subsection 4.1.2.



One also finds that the conformal dimension of the operator corresponding to these fluc-
tuations is A = [ 4+ 3. Details of this derivation are spelled out in appendix B. Let us now
succinctly discuss the case of vectorial fluctuations.

Fluctuations of the gauge fields. Following a similar logic to the one described above,
we consider the perturbation,

A, =0+ 0A, = Fpp =0+ 0Ly, . (38)

According to [50] there are three types of consistent fluctuations, each one of them is
described below.

Type I mesons: In this case the proposed fluctuation is,
514“ = 0’ 5AP = O, 5"4@ = €ka<p}t(p)yzl7i (53) , (39)

where yf’i (53) with [ > 1 are the vector spherical harmonics on S® The differential
equations and the physically acceptable solutions for this fluctuation are spelled out

in appendix B. From the solutions we can extract the mass spectra M = A{f, for
the type I fluctuations (mesons) which are [50] ,
2 4uf
My, = F(n+l+2)(n+l+3), n=0,1,..., 1=1,2,...,
12 (3.10)
2 0
Mj_=—2p(n+D)(n+1+2), n=01,..., l=12,....

Also, from the asymptotic behavior of the solutions at large values of p one finds that
the conformal dimensions of the corresponding operators at the UV are Ay =145
and A_ =1+1.

Type II mesons: Another consistent fluctuation is,
§A, = Cue™Torr(p) V' (S?) k-¢C=0, 64,=0, 64,=0. (3.11)

and the associated mass spectrum was found to be [50],

2
dup
A

Also, one finds that the conformal dimension of the associated operator is A = [ + 3.

My ==-"L(n+1+1)(n+1+2), n=0,1,..., 1=1,2,.... (3.12)

Type I1I mesons: The fluctuation we consider now is,
§A, =0, §A, = e““%m(p)yl(s?’) , 0A; = ei’“%m(p)a,-yl(sg’) . (3.13)

Things in this case are slightly more involved (details are explained in appendix B),
but following the same logic as above leads to the mass spectrum [50],

2
M}H:%ﬁ)(nﬂﬂ)(nHJrz), n=0,1,..., 1=1,2,... . (3.14)

Finally, from the behavior of the solution at the boundary we read the conformal
dimension of the associated operator to be A = [+ 3.



This completes the summary of the spectrum of masses (the reader unfamiliar with
this material should complement it with the explanations in appendix B). The paper [50]
initiated a line of work that when applied to different gauge-string duals gave numerous
results of interest in Physics. A summary of those results can be found in [54].

We will now study and describe in more detail the same results for the fluctuations of a
probe D6 brane both in the non-Abelian and Abelian T-dual backgrounds of egs. (2.4)—(2.5)
and (2.11)—(2.13). The comparison between these observable spectra teaches valuable
lessons about the character of these dualities.

4 Mesons in the T-dual backgrounds

In this section, we study the fluctuations of a D6 brane, that extends on the Minkowski
R'? and p-directions and wraps the two sphere Qs(x, &) of the Type IIA background in
egs. (2.4)—(2.5). This set-up can be summarized by the following array,

NATD | 213 u ¢ p r Qa(x,§)
D6 X - — X - X

(4.1)

We will identify these fluctuations with the bosonic part of meson superfields in the dual
N =2 CFT. The goal of this section is to find the spectra of masses for different kinds of
consistent fluctuations.

The embedding of the probe D6 brane is determined by giving the expression of
the transverse coordinates of the background (u,¢,r) as functions of the worldvolume
coordinates,

u = u(‘ruvp?XaE)a ¢ = ¢(37H7P7 X7£)7 r= T(xua p7X7€)7

and subject these functions to solve the equations of motion coming from the DBIWZ
Action,

1 1
Lps = —Tpe /d7ge—¢> —det (g + F) +TD6/ <C7—fAC5+203A}‘2_601Af3> . (4.2)

where F = By + 27a’F and F is the field strength of the worldvolume gauge field. The
existence of such solutions is discussed in appendix C and we show there, that one possible
solution is

r=20, u, ¢ = arbitrary constants .

However, such a solution is not useful for the study of the fluctuations of the D6 brane
since, as explained in appendix C, for 7 = 0 the brane action vanishes identically (both the
DBI and the WZ parts of the action vanish).

At this point, we recall a nice subtlety that appears in backgrounds obtained by non-
Abelian T-duality. This was first observed in [42] and elaborated upon in [23, 25]. Indeed,
backgrounds like that in eq. (2.4), present a shrinking two cycle ¥3[x, £] that vanishes at
the position p = 0. A Bohm-Aharonov-like experiment should not be able to detect a

~10 -



Euclidean string that wraps ¢-times the cycle 5. This implies the quantization of the
quantity,

1
bo = —— By = =1,2,... 4.3
0 47_‘_20//22 2 q, q ) ( )

We will impose that 0 < by < 1. Calculating explicitly with the By in eq. (2.4) specialized
at p = 0, we find that by = . This implies that the coordinate r naturally divides in
intervals of size 7. If we are in the interval gm < r < (¢ + 1), we should perform a large
gauge transformation,

sin ydx A d§ — qo/msin ydx A d€ qg=1,2,... (4.4)

Blo _ 16 o/3r3 R4
2716 o2r2RA + LAp?

bringing bg back to the interval 0 < by < 1. It is precisely these large gauge transformations
that allow us to find more interesting embeddings, with non-vanishing action.
In fact, in appendix C, we find constant embeddings of the form,

r=qm, g=1,2,... u, ¢ = arbitrary constants . (4.5)

Interestingly, the fact that these D6 branes ’sit’ at the points r = g7 suggest the 'physical
reality’ of the intervals. When discussing interactions between the fluctuations, we will
find that the couplings between mesons depend on the integer q.

In the following we are going to consider the fluctuations of the D6 brane around
the embedding in eq. (4.5). For that purpose we will consider fluctuations of the embed-
ding functions (7,u,¢) and the worldvolume gauge field Ay, following the perturbation
scheme below,

r=qm+or, u = ug + ou, =040, Ay =0+ 64, (4.6)

where the fluctuations depend on all the worldvolume coordinates. The constant ug must
be nontrivial. It is ug the scale that we introduce in our CFT dual to the non-Abelian
T-dual background. This scale allows the possibility of having the mesonic bound states.

To study the fluctuations in eq. (4.6), in appendix D we have developed general for-
mulas for a generic perturbation of the form (D.1). In this case the equations of motion for
the fluctuations in eq. (4.6), give a coupled system of second order differential equations
that is written in appendix F.

A priori, one might expect qualitative differences between these fluctuations and those
in the paper of KMMW. Indeed, not only the isometries of the backgrounds are different,
in KMMW the probe is a D7 brane, here we have a D6 with charge of D4 brane induced
on its worldvolume due to the large gauge transformation — see [23, 25]. Intuitively, we
might also expect that the dynamics of our fluctuations to be more of the type studied
in [55, 56] for Dp — D(p + 2) branes. Besides, we have also a By NS field and a nontrivial
dilaton in our system, that are vanishing in the KMMW case. Were all these intuitions
correct, the effects of the non-Abelian T-duality would be very noticeable in the spectra.
The rest of this section studies this question.
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We will make use of the perturbation scheme written in eq. (4.6) in the case in which
the fluctuations resemble the consistent ones classified by KMMW. We will consider fluctu-
ations of Types I, IT and III. All these will have fluctuations of the scalar directions (u, ¢).
These directions have been 'untouched’ by the process of non-Abelian T-duality and we
expect their dynamics to be unaffected too. Configurations of Type I will fluctuate the r-
coordinate and the gauge fields on the two-sphere. Type II configurations present a vector
meson, as the gauge fields on the Minkowski directions will be excited. Finally, type III
configurations will switch on a gauge field on the p and sphere directions. Below, we will
study the effect of each of these particular consistent fluctuation on the general equations
of motion written in appendix F. We will start with what we call Type I fluctuations in
our system.

4.1 Type I solutions
Let us start with the study of the mesons of type I. For this purpose we use the following

ansatz for the fluctuations,?

or = Fy(p) €7V x, &), du=Fu(p) e*" YV (x, &), ¢ = Fy)lp) e V(x,€)

o9V (x, ikx -
@“xfﬁig,&gz—m@nmsmxmﬂufw
(4.7)

The function Y is the scalar spherical harmonic on a two-sphere and thus it is solution of

§A, =0, 64,=0, 6A, = ¢1(p)

the eigenvalue problem,

VLY = —1(1+1) Y. (4.8)

Moreover, notice that the angular parts in the expressions for A, and dA¢ above corre-
spond to the vector harmonics defined in terms of the scalar harmonics of S? as /g y; =
Jij kv, where gij are the metric components of the unit two-sphere. Using this ansatz
we specialize egs. (F.1)—(F.5) for the consistent fluctuation in eq. (4.7) and rewrite the
equations of motion for each fluctuated field as,

Equations for éu and d¢

3 LAM? 411+ 1)
E!'+ZF + - Fiy =0,
@ T, W T W2 g 22 2 (u)
1" 3 LAM? 4l(l+1)
Fotfot ey~ — 2 |Fo=0 (4.9)

Equation for or

/" u% + 5:02 /

L'M? 4 ug+3p* 4l(l+1) .  8wl(I+1) ug+3p?
(r) p(u2+p?) (r)

(u%+p2)2 - 2 u% + p? 2 () 2 u3+p2

¢r =0.
(4.10)

3The I = 0 mode for the fluctuations §A,,5A¢, does not participate in the following analysis, since
YO(X, &) =1 and its derivative puts to zero the gauge field fluctuations along the directions x and &.
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Equations for 0A, and 0Ag,

ut + 5p? LAM? 411+ 1) 2 ug+3p°

2 2¢II+ 5 2~ 2 I— " 972 2
p(uf + p?) (u2 + p?) p T ug + p

o7 + Fuy=0. (4.11)

On the other hand, the equations for 04, u = t, 21,22, x3 and 0 A, are satisfied identically.

Let us move to find an explicit solution for these linear second order differential equations.

4.1.1 Solving the equations

We will start first with the solution of the decoupled equations (4.9). It is convenient to

re-write them in terms of the dimensionless coordinate z = u%,
3 M? 411+ 1)
2 _
Obw + 0 wmt \giae ~— 2 [fw =0,
) (4.12)
3 M 411+ 1)
2 _
Glo 0ot \grme ~— 2 [T =0,

. . - e .
where we have also defined the dimensionless constant M? = % The solutions are,
0

First solution 221(1 + 22)_a2F1( —a,—a+2l+1;2(1+1); —22) ,

(4.13)
Second solution z 2041 (1 + 22)_a2F1( —a,—a — 20— 1;=2l; —z2) .
Where we have defined,
—1+V1+ M2 _
o=tV T S0 o M? =4da(a+1). (4.14)

2

We are interested only in the first solution since it is the only one that is regular at z = 0.
The second solution diverges at z = 0 and cannot be considered to be a small fluctuation.
The mass spectrum comes out if, as discussed in appendix B, we require that,

—a+2l+1=—-n, n=0,1,2,... (4.15)
Then we find that,
4u
2 _ 2
M= — (n+20+1)(n+20+2) . (4.16)

Some comments are in order here. Notice that the differential equations and the mass
spectrum for the fluctuated modes (du, d¢), are exactly the same as the analogous ones in
the KMMW paper if we replace

lkvmw = 2lhere- (4.17)

In this case, the mass spectrum found above coincides with the analogous tower of states
in KMMW — see our eq. (3.7). Also, the equations (4.12) coincide with the analogous
egs. (B.13) in KMMW. As expected, the directions that did not participate in the non-
Abelian T-duality, do not show any change in its equations of motion and spectrum (in
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spite of having both backgrounds different isometries, different field content and using
different probes).

Let us now study the coupled system of differential equations (4.10) and (4.11). For
our convenience we define the operator Oy which acts on functions of p as,

ug + 5p? LAM? 4l +1
Ot =df + 2P, . - ( . s (4.18)
p(ug + p%) (ud + p2) p
Then the equations (4.10) and (4.11) can be written in matrix form as,
Foy) Firy
) =a My ; (4.19)
br g
where, we defined,
4 2 2 1 2nl(l+1
o= SMEST = t+0) (4.20)
pe ugtp = 0

To solve this problem, we diagonalize the matrix M) whose eigenvalues are,
A=, A=1l+1. (4.21)

The matrix that diagonalizes My is ,

(—27rl 27T(l + 1)>
P = (4.22)
1 1

and thus P~'"M )P = D = diag(A1, A2) . Let us now define the vector,

Y = <y1> — p! (F(”> . (4.23)
Y2 o1

Then the system of differential equations (4.10) and (4.11), can be written as,

2 2 4372 2 2]
5 L*M 4+ 1 41 3
82111 + 7%;_ p2 Opy1 + 5 — ( —; ) —27%24_ /)2 y =0,
p(uf + p?) (ud + p?) p p7up t+p (424)
- 4.24
P+ u + 5p* PN LAM? 4l +1) 4 +1) ud + 30 0
pY2 2 2\ 9PY2 2 . o2 2 2 2, 2 (27
p(uf + p?) (ud + p?) p p up + p* |
or, in terms of the coordinate z we have
1+ 522 e Al +1) 411+ 322]
92 —0 — - =0
Zy1+2(1—|—22) Zy1+ (1+22)2 2'2 22 1+Z2 Y1 9
- (4.25)
1+ 522 M? 41+1)  4(0+1) 14 322
92 — 0 — — =0.
V2t z(1+ 22) W2t (1+ z2)2 P2 2 1+22 |72
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Both equations (4.25) can be solved in terms of hypergeometric functions. The two solu-
tions for y; are,

First solution le(l + z2)7a712F1( —a+20—-1,—a+1;20+1; —22) ,

(4.26)
Second solution 2_21(1 + 22)7017121_7,1( —a—20+1,—a—1;-20+1; —22) ,
while those for yo are,
First solution z2l+2(1 + z2)7a712F1( —a—1,—a+ 20+ 3;20 + 3; —22) ,
(4.27)

Second solution z~2(+1) (1 + z2)7a712F1( —a+1,—a—20—3;-21—1; —22) .

From the expressions above we notice that in both cases the solutions that are regular at
z = 0 are the first ones, hence the only ones we will consider here. Let us now try to obtain
the mass spectrum for the mode y;. In that case we have to require

—a+20—1=-n, n=20,1,2,... (4.28)

Then for z > 1 the solution behaves as z~2!. This vanishes when z approaches the infinity
only if [ > 1. The mass spectrum is given by,
o Aug
M :F(n+2l—1)(n+2l), 1=1,2,3,... . (4.29)
In order to obtain the mass spectrum for the mode yo we impose,
—a+204+3=—n, n=20,1,2,... (4.30)

and the mass spectrum is then given by,

o _ duj
M?*=—2(n+20+3)(n+2l+4). (4.31)

= T

In summary, we have found that the diagonal modes (y1, y2) have an equation of motion
and a spectrum that is different from the analogous one for the modes <p§c in KMMW,
written in egs. (B.22), (B.24). In other words, we find that for type I fluctuations, the
strongly coupled meson dynamics, described by a probe D6 brane on the non-Abelian
T-dual background in eqgs. (2.4)—(2.5) differs from the analogous one in the seed system,
calculated with a D7 probe on AdS5 x S°. This is an interesting contribution of this paper.
The non-Abelian T-duality, at least at this stage of the analysis is not just a re-writing
of the same physical system. We shall now study the square integrability of the solutions
of Type L

4.1.2 Square integrability of the solutions

We study now the square integrability of the solutions in this section. We remind the
reader that, for a generic fluctuation f(z#, p, Q2), we impose,

[ v/ = et ga |ita", p. )

2
‘ < o (4.32)
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We choose to impose this condition, since we are solving a Sturm-Liouville like problem
in a curved space. Other possible criteria would be to impose that the modes have finite
action. Enforcing the condition in eq. (4.32) is more stringent than imposing the finiteness
of the action.

In the case at hand, using eq. (2.4), we find,

R6
g

(4.33)

2
B 4a/2L2R2p2T2 o
det ging = — sin” y.

1602 R4r2 + L4p*

We see that the only place where square integrability of the solutions can break down is
in the integral in the p-direction. Indeed, since v/—det ging ~ p> ~ 23 for large values
of p or z, we will need that the modes f decay at least as | ~ #. Let us first apply
this to the solutions for the scalar modes (u, ¢) found in eq. (4.32). Since @ =n + 2l +1
and the hypergeometric asymptotes to oy ~ 22", for large values of the coordinate z, the
fluctuations behave as,

21 1

i 2n

U~ O s X2 Y e (4.34)

This implies that the combination

1
Vdet glu|® ~ /det g|¢|* ~ g (4.35)

We then find that the wave functions are square integrable if [ = 1,2,3,4.... The mode
with [ = 0 is not square integrable, hence should not be considered part of the spectrum.?

We analyze in a similar fashion, the square integrability of the system (y1,y2). Let us
start with the simpler case of the mode y,. As we explained, in this case « = n + 2l + 3

and for large values of z we have,

1 1
ya(z) ~ 3176 — 4/det g|y2]2 ~ i (4.36)

rendering all the fluctuations of yo square integrable.

We move now on to the study of the fluctuations of y;. We should be more careful
here. When | > 1 we have that « =n+ 2l — 1 and y; ~ ﬁ Hence for [ = 2,3,4... the
fluctuation modes of y; are square integrable. For [ = 1 we have that 2l + 1 —a=1—«
and @« = n+1. The [ = 1 modes of y; decay as y; ~ Z%, making the fluctuation not square
integrable.

In summary, the scalar modes (u, ¢) are square integrable for [ > 0, the y2 modes for
[ > 1 and the y; modes for [ > 2.

4The square integrability condition can be thought of as a wave function renormalization. All excitations
can be square integrable, given a cutoff A in the theory. The coupling between a problematic field fyr with
an operator made out of square integrable fields O(¢r) is of the form V ~ fyrO(¢r). Scaling fxr — %
to normalize it, implies that when removing the cutoff the Hilbert space will split and there will be no
communication between the square integrable and problematic modes. Thanks to Maurizio Piai for a
discussion about this.
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4.2 Type II solutions

For the type II solutions we consider the ansatz below,

r=0,  du=Fu(p) ¥ V(x.€), 6= Fglp) e** V(x.€)

. 4.37
6A, = Cu drr(p) €% Y(x, &), k-¢C=0, 64,=0, 64,=0, 6A4;=0. (4.37)
0 © 4 X €

Using this ansatz in the equations of motion (F.1)—(F.5) we obtain a set of second order
differential equations for the radial functions F(), Fig) and ¢;r. It turns out that the
differential equations satisfied by Fi,) and F4) are given in eq. (4.9) — these directions
are inert under the duality. Hence we focus on the equation for ¢;; given below,

Equations for 0A,, p=1t,x1,72,x3

LAM? 41+ 1
. 5 — ( 5 ) érr=0. (4.38)
(ug + p?) P

3
7+ ;Cbln +

Moreover, the equations for ér,0A4,,0A, and dA¢ are satisfied identically. Notice that
the eq. (4.38), is the same as the differential equations (4.9) and thus it shares the same
solutions and the same spectrum. We now study the Type III fluctuations.

4.3 Type III solutions

In this case we adopt the following ansatz for the fluctuations,

or=0, du=Fu(p) ™ V(x.€),  00=Fylp) " V(x.€)
0A=0, 64,=0¢mr(p) ¥ V(x,€), A =brilp) e** OV (x,€),  (4.39)
0A¢ = brrr(p) €% 9V (x,€) -
Notice that here we use a different definition of the vector harmonics that appear in the
expressions for A, and dA¢, namely yf = V,;Y!. Plugging this ansatz in the equations
of motion (F.1)-(F.5) we obtain a set of second order differential equations for the radial

functions F{,), F(4) and (;SIH,QZ;H[. One can verify easily that F(,) and F4) satisfy the
equations (4.9). For the functions ¢ and b1 we find,

Equation for §A,, p=1t,x1,2, 73

Orir + iﬁﬁln - le(lpjl)dsnl =0. (4.40)
Equation for A,
AU+ 1)Prrr + m —4l(l+1)|érr=0. (4.41)
Equation for 0A, & dA¢
Vir — O + m (@5}11 - ¢IU) + m&zn : (4.42)
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4.3.1 Solving the equations

Here we solve the differential equations that we found after imposing the type III con-
straints to the equations of motion. This is a system of differential equations between
the radial functions ¢r;; and ¢gy7, namely eqs. (4.40), (4.41) and (4.42). Notice that the
equation (4.42) can be obtained from (4.40) and (4.41). This means that only two of these
equations are independent. For convenience we are going to find the solutions for ¢y and
ér11 by considering egs. (4.40) and (4.41). In order to solve this system we differentiate
the equation (4.40) and we eliminate o111 using the equation (4.41). If we do this then we
end up with the following differential equation for ¢y,

0. [iaz <23¢1H) M2

———— =4I+ 1) ¢ =0. (4.43)

Tlar

The two solutions of this equation are,

First solution 221 (1 + 22)_a2F1( —a,—a+ 20+ 1;2(l+ 1); —22) ,
(4.44)
Second solution Z 2011 (1 + 22)_a2F1( —a,—a — 20— 1;-2I; —z2) .

Notice that the second solution is always singular at z = 0 while the first one is always
regular only for [ > 1. In order to compute the mass spectrum we will consider the first
solution and we will concentrate on the modes with [ > 1. Now if we require,

—a+20+1=—n, n=20,1,2,... (4.45)

2=3 and the mass spectrum is given by

we see that for large z the solution behaves as z~
the formula,

42

2 *Up

ME= T

Obviously this solution is square integrable. Knowing the solutions for ¢;;; we can imme-

diately find the solutions for ¢777 from the formula (4.40).
This finishes the analysis of the fluctuations in the background obtained by non-Abelian

T-duality. We briefly study now the Abelian T-dual case.

(n+20+1)(n+20+2). (4.46)

5 Mesons in the Hopf-T-dual background

In this section we are going to study the dynamics of a D6 brane which extends along the
directions z1 3, p, o, B of the dual solution in egs. (2.11), (2.13). Such a configuration can
be described schematically with the following array,

Hopt-TD | z13 u ¢ p v Qo f)
D6 X - - X - X

(5.1)

The DBIWZ action which describes dynamics of the brane now has the following form,

1
Lps = —Tpg /d7ae_q>u—det (g—l—f)+TD6/(C7—]:/\C5+2.7:/\}"/\C3> . (5.2)
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Again,for simplicity we are going to consider constant embeddings,
v, u, ¢ = const . (5.3)

Before studying those embeddings we must first prove their existence.® The way to do it is
to study the equations of motion for the embedding functions v, u, ¢, allowing a dependence
on all the worldvolume coordinates. If we do this we will realize that the only possibility
for a constant embedding is,

v=0, u, ¢ = arbitrary constants . (5.4)

In order to compute the meson spectrum in this case we must examine the fluctuations
of the D6 brane around the embedding (5.4). For that purpose we will consider fluctu-
ations of the embedding functions v, u, ¢ and the worldvolume gauge field following the
perturbation scheme

v =0+ 07, u = ug + ou, d=0+0¢, Ay =0+ 04y, (5.5)

where the fluctuations depend on all the worldvolume coordinates and the constant wug
must be nontrivial. As a result, the equations of motion for the fluctuations give a coupled
system of second order differential equations. The coupled system of the equations of
motion can be obtained from the equations (F.1)—(F.5) of the NATD case after replacing,

=, X — a, E—= 0. (5.6)

Using this correspondence one can map the equations for the NATD case to the respective
equations in the Abelian T-dual case.

The correspondence in eq. (5.6) tells us that the equations of motion for the fluctuations
of the Hopf-T-dual case are the same to the equations of motion for the fluctuations in the
NATD case. This remarkable relation is illustrated at the level of the quadratic Lagrangians
for the fluctuations. Indeed, one can prove that the quadratic Lagrangians in the Hopf-
T-dual and the NATD cases differ only by an overall factor of ¢gm (more details about the
quadratic Lagrangians in these two cases can be found in the appendices E.1 and E.2). Due
to the existence of such a map, we do not have to solve the equations of motion since all
of them have already been solved in the previous section. We find the same mass spectra.

6 Interaction of the fluctuations

Rather surprisingly, the meson spectrum analysis for both the non-Abelian T-dual back-
ground in section 4 and the Abelian T dual one in section 5 cases turned out to be identical.
In order to probe the differences between the two distinct rotations® of the archetypical
AdSs x S° background, we move one step forward in the analysis of the effective meson the-
ory and consider the interactions between modes. Following closely [50], we will expand the

SFor more details the reader is referred to the appendix C.2.
SWe use the word ’rotation’ a bit freely here. We just refer to the different transformations Abelian and
non-Abelian, as 'rotations’.
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D6-brane action to higher order in the scalar fields. We then obtain a (341)-dimensional
theory through a KK reduction on the D6-brane worldvolume theory, over the internal S?
and along the radial direction p.

We will restrict our analysis to the interactions of those scalars that are decoupled from
the rest, namely u and ¢, and we will consider cubic and quartic terms in the expansion of
the Lagrangian. As will prove in the following, the analysis of the interaction terms between
the decoupled scalar mesons in the two effective theories will be enough to distinguish
between the Abelian and non-Abelian cases, a distinction that at the level of the spectrum
(quadratic expansion of the Lagrangian) was not possible.

We expand the brane Lagrangian in the Abelian and the non-Abelian case up to fourth
order and, to perform the integration of the radial p and angular coordinates, the following
field decomposition is used,

Su = ZF VY (SH) Un(zt),  d¢ = ZFﬁ ) YP(S2) @g(2t) (6.1)

where the sum over o & [ runs over all values of the quantum numbers [, m & n, denot-
ing the transformation properties under rotations (I/,m) and Energy level n. The radial
functions in eq. (6.1) satisfy their respective equations of motion, namely egs. (4.9).

Integrating the Lagrangian over p and S? will produce dimensionless constants that
will depend on the different quantum numbers (I, m & n), which specify each KK mode.
Due to the orthogonality properties of the angular functions, after substituting eq. (6.1)
into the Lagrangian, the corresponding integral of each quadratic term will be proportional
to 0147, O my and 0y, . A simplification is possible for the quadratic terms, which contain
a product of two angular factors, but does not happen for the cubic (and quartic) terms,
which contain three (or more) angular functions.

After the integration, a proper normalization of the fields is required in order to bring
the quadratic Lagrangian to a canonical form. In this way, the resulting Lagrangian, can
be interpreted as a (3+1)-dimensional effective field theory for the mesons (a sort of ’chiral
Lagrangian’ for this particular system). Noticing that the required field redefinition is
different for each set of quantum numbers, with some loss of generality (but not losing
qualitative aspects of the dynamics) we present the expressions of the field redefinition for
the set of quantum numbers [ =2, m =n =0,

24\/ 385 24\/ 385 T

Unla) = S22 UG & Bx(a) = ST ®(a) > NATD (6.2)
Ua(ah) = 24“/§ Uat) & ®a(ah) = 247”/§ B@") =  ATD (6.3)

6 \/7 7 \/7
The Uy and ®y have the same dimensions as du and ¢, namely [L]~! and [L]~2. Sub-
stituting these new fields into the Lagrangian we have the following expression for the
quadratic part (non-Abelian T-dual — NATD — and Abelian T-dual — ATD)”

Lo = _% (0,U0"U + 0,29"®) — %MQ (U? + @%) . (6.4)

"The mass parameters, for each set of quantum numbers, depend on n and ! through the expression (4.16).
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If we substitute these redefined fields in the cubic and quartic part of the Lagrangian it is
possible to read off the dimensionfull cubic and quartic coupling constants. From the cubic
expansion we have®

1 o 1 1 & 1 1
g 2 N —_— —_— g 3N — —
$(0¢) VaNuyg  /qgN my ¢ AVgN

while from the quartic terms,

my = NATD  (6.5)

11 1 1 1
gpt ~ qu, 92(9¢)2 ~ qiNmig & 9(9g)t ~ (])]\Vm;l = NATD (6.6)
where A = gsN is the 't Hooft coupling. Notice that the scaling with the number of colours
is the usual one in large-N phenomenology [57, 58], being meson-decays suppressed in this
regime. This approach gives us the coefficient for the interaction terms, their dependence
on the mass of the quarks m, and the quantised parameter ¢, that would have been very
hard to compute with field theory methods.

A few important comments are in order. First it is clear, both from egs. (6.5) and (6.6),
that the coupling constants of the non-Abelian T-dual background are dressed — with
powers of ¢ — with respect to those of the Abelian case (and the case of AdSs x S®). Let
us remind the reader that this parameter is related to the large gauge transformation in
the NATD background and to the massive embedding that we fluctuated to obtain the
spectrum. The different powers of ¢ in equations (6.5) and (6.6) are easily understood if

~1/2 that comes from the normalization of the scalar fields with the fact

one combines the ¢
that in the Lagrangian for the non-Abelian T-dual case, there is an overall factor of ¢.

Another point that deserves notice is that even when the two backgrounds came out of
non trivial dualities of the AdS5 x S® solution, comparing the expansions of the Lagrangian
at quadratic, cubic and quartic order of the (u, ) fluctuations, they satisfy the relation
Lynarp = qm Larp. A final comment is that four out of the five couplings that appear in
egs. (6.5) and (6.6) are also present in the AdSs x S analysis of [50]. The ¢® coupling is
not reported in the paper [50], but our analysis of that background shows that it is present.

Summarizing the analysis of the interactions of the decoupled scalar sector (u, @), in
the non-Abelian and Abelian backgrounds, we arrive to the conclusion that the couplings
calculated with the Abelian T-dual background are the same as those calculated with
AdSs x S°, while those calculated with the non-Abelian T-dual solution are dressed by
factors of q.

7 Analysis of the results

In this section, we will summarize the results obtained by probing the non-abelian T-dual
background, we will compare these results with the analogous ones obtained in AdSs x S°.
Let us start with the quadratic fluctuations and the spectra of masses.

8In the following expressions ¢ is a general scalar, either one of the U or ®. The letters in red-color
indicate the factor appears for the non-Abelian case only.
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We first deal with the scalar fluctuations (du,d¢). These obey the same equations of
motion when considered as a fluctuation of a D7 brane in AdSs x S® — see eq. (B.13) — or
when studied as fluctuations of a D6 brane in the Type IIA non-abelian T-dual background
— see eq. (4.12).

The mass spectrum is the same as we found in egs. (3.7) and eq. (4.16). Notice that
the [ = 0 mode is not square integrable, so it should be excluded from the spectrum.

The profile of the fields (du, d¢) vanish asymptotically in the same fashion before and
after the duality (it is the same solution!), hence they correspond to operators of dimensions
Ay = Ay = 21+ 3. The calculation of fluctuations at the quadratic order are supposed to
match, because the directions u, ¢ are ’inert /uncharged’ under the duality.

Let us now compare the Type II modes. The equation of motion for the vector mesons
in the Type IIB calculation — see eq. (B.26), coincide with the analogous one in the Type
ITA fluctuating D6 — see eq. (4.38). The mass spectrum for the vector mesons coincide
before and after the duality if we replace lxkyivw = 2lhere, as already indicated. Notice that
using the mapping of angular momentum quantum numbers mentioned above, the Type 11
modes are identical before and after non-Abelian T-duality.

Let us now compare the Type III modes. In the type IIB system the fluctuations
obey the equations (B.30)—(B.35), which after some assumptions appear in the Type ITA
calculation — see eqs. (4.43) and (4.40), (4.41). Hence, we will have the same solutions
and the same spectrum, after the identification (knvmw = 2lhere-

Finally, let us discuss the more interesting case of the Type I excitations. Aside
from the scalar fluctuations (du,d¢) common to all cases and invariant under duality as
we explained, we found after diagonalization, the modes (y1,y2). They correspond to a
fluctuation along the r-direction and the S?(x, &) that the D6 branes are wrapping. The
analogous Type IIB gp?ﬁ describe excitations on the three sphere that the D7 brane wraps.

The equations of motion for the D7 brane in Type IIB are egs. (B.22)—(B.23) and the
spectrum is given in eq. (B.24). The operators dual to (p?E have dimensions Ay =145 and
A_ =1+1. On the Type ITA side, we find the equations of motion (4.25). The solutions
show the mass spectrum in eq. (4.29) for y; and eq. (4.31) for y2. We copy them below to
ease the reading. In Type IIA we have,

2

4
Myizﬁ(”JF?l—l)(n*-?l), 1=2,3,4..., A, =2
2 (7.1)
4
In Type IIB, we have,
o _ Aup
M+:ﬁ(”+l+2)(n+l+3), 1=1,2,3,..., Ay =1+5,
M2=Bmn+1+2),  1=123..., A =I+1
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- ~
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1 =2 —— 4(n+2)(n+3) A =3 T == =2 — 4(n+3)(n+4) A=4
1.=1 — 4(n+1)(n+2) A=2 -1

0 — 0 ——

AdS, x S° NATD

Figure 1. Comparison of the spectra for the type I mesons.

We see that under the scaling (kniviw = 20here, and for the same excitation level ny, the
spectrum is not invariant.”

This discrepancy in the result for this observable before and after non-Abelian T-
duality shows that there is some non-trivial effect, at least at the level of detail that
Supergravity allows us to calculate.

These differences are associated with the two different dynamics in the dual conformal
field theories. Notice that the fields decay with different power law before and after the
duality. The dimensions of the associated operators in the dual conformal theories are
different.

The comparison between the spectra of the original example of [50] and the NATD
case can be summarised in the figures 1 and 2.

Regarding the interactions between fluctuations, we found that even in the ’inert’ sector

(u, @) thre are differences in the coefficients for cubic and quartic interactions calculated
in AdSs x S° and its non-Abelian T-dual.

8 Conclusions and future directions

Since the main results of this work have been summarized in section 7, here we just limit
to observe that at the level of Supergravity, we find that the fluctuations of a D6 brane
probing the non-Abelian T-dual background in eqs. (2.4)—(2.5) are different from those of
a D7 brane probing AdSs x S°. The same type of effect and differences we have obtained
in the Abelian T-dual background.

9Notice that for the y2, cp}' fluctuations, we can match the spectra if aside from the scaling of I, we also
change the excitation levels n, — n. + 1.
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- ——_ _
- ——
=1 -1 4(n+2)(n+3) A=4 = = =1 -1 4(n+3)(n+4) A=5
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AdS, x S° NATD

Figure 2. Comparison of the spectra for the scalar and type II, III mesons.

Inspired by these results, one may wonder if there exists some stringy mechanism that
changes this discrepancy into agreement, with exact matching between the fluctuations
and interactions.

Nevertheless, it may be the case that the sigma model with boundary (corresponding to
the supergravity background with the probe brane), are actually different two-dimensional
CF'Ts, not equivalent before and after the duality.

With a holographic perspective, we observe that the A/ = 2 field theory obtained by
adding a quenched flavor hypermultiplet to A" = 4 SYM is different from the field theory
dual to the non-Abelian T-dual background with a quenched flavor.

At this level of analysis, we cannot discard that a stringy effect (both 1/N and 1/X in
the field theory) will rectify these differences.

The physical situation we discussed in this paper, namely a probe D-brane embedded
in a background with various RR and NS Bs, ® fields active, is reminiscent (and may have
applications) in other systems. For example, holographic models of the Chiral Magnetic
Effect [59], or models of String phenomenology with magnetized D-branes.

In similar systems, for example in the study of probes in the Polchinski-Strassler sys-
tem, the effect of the background B; field is to introduce a change in the masses of the
mesons Am ~ B? [60]. Similar effects (a change in the mass spectrum proportional to
the deformation parameter) happen when studying mesons in field theories dual to TsT
deformations [61, 62] of a given background.

In our case, the non-Abelian T-duality does not introduce a parameter and should not
be thought of as a deformation. The differences in the observables studied here (masses
and interactions) are few and they occur for particular fluctuations. It is also interesting
to notice that even when our system consist of D4 and D6 branes, the presence of the NS
fields makes it behave more like a D3-D7 system in the formalism of [55, 56].
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Some interesting things are left open to be understood with further work. The kappa-
symmetry preservation of the embeddings used (that should show that NV = 2 SUSY is
preserved by the probe). The reasons for the non-trivial matchings under the lxyw =
2lhere change. The fact that the probe D6 brane localises at the positions r = ¢m in the non-
Abelian T-dual background, suggest that some observables should depend directly upon
the parameter ¢ and hence be quantised. Here, we found this behaviour for the interactions
terms mediating meson decay, but it would be interesting to find other such observables.

More generally, the “duality-character” of non-Abelian T-duality remains elusive. It
would be good to apply the ideas in this paper and analyze other brane probes and their
fluctuations. Not only restricted to mesons, but actually extending this analysis to other
observables in the field theory that rely on probe branes. For example, Baryon vertex,
Giant Gravitons, couplings defined by probe branes, etc. In a variety of papers dealing
with the interplay between non-Abelian duality and holography [23]-[44-49], it was seen
that for each observable in the seed field theory, there was some probe brane in the non-
Abelian T dual background that could play the role of such observable in the corresponding
field theory. We suggest that aside from identifying the putative probe, its fluctuations
should be studied following the formalism and ideas in this paper.

Finally, to probe the stringy character of non-Abelian T-duality, the best would be to
study the full string theory on the non-Abelian T-dualized backgrounds. We have in mind,
for example, taking the pp-wave limit and using the formalism initiated in [63]. Other
approaches where stringy characteristic of the system play a role in the dynamics, like
those represented by the papers [64—66] also point to the same conclusions we arrived to
in this work.

Acknowledgments

Discussions with different colleagues helped us to better understand the way of presenting
the material in this paper. We would like to thank specially Carlos Hoyos for reading very
carefully the preliminary draft and sending us various useful comments. We also gratefully
thank Adi Armoni, S. Prem Kumar, Yolanda Lozano, David Mateos, Horatiu Nastase,
Maurizio Piai, Alfonso Ramallo, Konstantinos Sfetsos, Daniel Thompson and Salomon
Zacarias. G.I. is supported by the FAPESP grants 2016/08972-0 and 2014/18634-9. He
also acknowledges support by UE-14-GT5LD2013- 618459. The work of D.Z. is partially
funded by FCT through the project CERN/FIS-NUC/0045/2015. C.N. is Wolfson Fellow
of the Royal Society.

A A nice way to calculate the non-Abelian T-dual of AdSs x S®

In this appendix we present a set of general formulas, developed in [51], that are useful to
obtain the non-abelian T-dual for a background containing a three sphere and dualizing
on one of the two SU(2)’s inside SO(4). Indeed, according to [51], if one starts with a type
IIB supergravity solution with metric that has the form,

ds? = ds®(My) 4 *Ads?(S?),
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and RR fields that preserve the SU(2) symmetry,

Fs =Gy A VO](SS) —e 34 *7 Go
F3 = G3 —mVol(S%), (A1)
F =G,

then it is very easy to read the fields of the dual type IIA supergravity solution which have

the following structure,'®
12,2 2A
d8% = ds*(My) + a2 Adr® + = ds*(S?),
a’“re+e (A.2)
R _ B o33 ) 0% op o Q212+ oAA
B:B+B, B:WvOI(S), e =€ e T
and
=R . 13/2,.3
Fo=m o372, ma T Vol(52) 4+ o' 2rdr A Gy — o/ 732Gy,

2= 022 g oin
~ o/3/2124A ) o/3/2,3 ) (A.3)

+ ' 2rdr A Gs + o/ 732634 %7 G

In the expressions above B and ® are the NS two-form and the dilaton of the ’seed’ solution.
Moreover, it is important to notice that in order to apply the formulas written above one
has to take into account that the three sphere of the original solution must be normalized
such that Rl([?,d) = % ggd). So in our case we have to adjust the line element of the original
background so that a three sphere satisfies this condition. This can be achieved by a global

rescaling. For the original seed-background in eq. (2.1), we have

L2 2
24 p _ _
(& —TRQ, B—O, @—0, (A4)
L4U2(R2+p2) .
Gi=G3=0, Go=—d do| .
1 3=0, G [ S I ¢

From this, using eqs. (A.2), (A.3) we get the expressions for the NS and RR sector of the
dual solution written in eqgs. (2.4)—(2.5).

B Details of the fluctuation analysis in KMMW

In this appendix, we present all intermediate steps leading to the derivation of the formulas
in section 3. Before that, it is useful to make a detour to summarize aspects of the
hypergeometric function.

10We have restored the dependence on o for the dual solution respect to the formulas given in [51].
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The Gaussian hypergeometric function. The Gaussian hypergeometric function,
2F(a,b;c; ), is the solution of the following second order ordinary differential equation,

z(l—z)y" + [C—(1+a+b)x]y'—aby:0 . (B.1)

An alternative definition of the hypergeometric function is through power series, namely,

2 (@)n (b)n ab ala+1)b(b+1) ,
2P (a,bi i) T;) n! (¢)n v LT cle+1) v (B-2)
where (a)y, is the Pochhammer symbol that is defined as,
a-(a+1)-(a+2)-...-(a+n—-1), for n=1,2,...
BN CRCER TR P ) - o
1 for n=
or
~ I'(a+n)
(a)n = W : (B.4)

From the definition in terms of power series we see that the hypergeometric function
is symmetric in the first two arguments, i.e.

oFi(a,b;c;x) = 9Fy(bya;c;x) . (B.5)
Another useful identity is the so called Fuler’s transformation,
oF1(a,b;c;2) = (1 — 2) % Fi(c—a,c— b;c;x) . (B.6)

Moreover, if one of the first two arguments is a negative integer we see that the infinite
power series becomes finite, i.e. a polynomial, due to the Pochhammer symbol. To see this
let us take a = —|a] < 0 and b > 0. Then,

(@), =0 for n=la|+1=—-a+1 (B.7)

and the hypergeometric series become a polynomial of degree |a| = —a. If it happens that
a < 0and b < 0 with |a| > [b| then (b),, goes to zero “faster” than (a), and thus the degree
of the polynomial now is |b| = —b. In other words, the hypergeometric o F}(a,b;c; —22)
with b > a has a series expansion with a finite number of terms if b = —n (for n a positive
integer). In this case the large z asymptotics of the function is 2 Fi(a, b; ¢; —22) ~ 22"

We impose these conditions and use the identities above when solving the equations
of motion for fluctuations of the probe D7 branes in AdSs x S® and for D6 branes in the
non-Abelian T-dual of AdS5 x S° described in section 2.

Let us now discuss the details of the dynamics for the fluctuations (at second order)
of probe D7 branes in AdSs x S°.
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Fluctuations of the scalar fields. We already mentioned that the directions transverse
to the D7 brane are u and ¢. Hence for the scalar fluctuations around the constant
embedding of the equation (3.3) we adopt the following perturbation scheme,

u = ug + du, p=0+0d¢ . (B.8)

Then the quadratic Lagrangian of the fluctuations takes the form,

ab
£~ ~Tory/= detg T — (9udu ddu -+ u 056 0,66 (B.9)
pT T Uy
where g here is the induced metric which corresponds to the constant embedding of the
equation (3.3) and the indices a,b run over the worldvolume directions of the D7 brane.
From this expression one can easily see that the linearized equations of motion for du and
d¢ have the same form, which is,

L 1 1
—— _Of+ =0,(p0,f) + V3 f =0, (B.10)
(pQ + ug)? p3 p( P ) p2 S3
where O = #*¥9,0,, p,v = 0,...,3 and Vég, is the Laplacian of the unit three-sphere
spanned by the directions «, (3, 7.
The above equation of motion can be solved using separation of variables,

f=e"o(p)V(S?), (B.11)

where Y!(S3) with [ > 0 are the scalar spherical harmonics on 3 which satisfy the following
eigenvalue problem,
Va3V = —1(1+2))" . (B.12)

If we plug this ansatz into the equation of motion then we end up with a second order
differential equation for the radial function ¢ which has the form,

3 M? 1(1+2)
2o+ =0 - =0 B.13
ZSO“‘Z 20+ (z2+1)2 52 1% ) ( )
and we have defined the dimensionless parameters
_ K2L* M2LA
=L =i =T (B.14)
ugQ ug ug

This equation can be solved analytically in terms of a hypergeometric function. A valid
solution must be real-valued, regular and small enough in amplitude in order to justify the
use of quadratic Lagrangian. Reality and regularity of the solution at the origin suggest
that we must chose the following solution,

p(z) =2 (2 +1) 2P (—a,—a+1+ 11+ 2—27), (B.15)

where

20 =—-1+VV1+M2>0. (B.16)
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We have already seen that a hypergeometric function in general can be thought as an
infinite series and as a consequence our solution might be divergent as z — oo. In such a
case the solution becomes problematic since it corresponds to a non-normalizable mode. To
avoid this happen we will cause the infinite series to terminate by imposing the following
condition,

—a+l+1=-n, n=0,1,2,.... (B.17)

Then after imposing this condition one easily verifies that at large values of z the solution
vanishes as z~/~2. This behavior suggests that the mode with [ = 0 should not be considered
in the spectrum because it is not square integrable. Moreover, this condition together with
the equation (B.16) tells us that the four-dimensional mass spectrum of the scalar mesons is,

Ms(n,l):% (n+l+1)(n+1+2), n=0,1,..., 1=1,2,.... (B.18)

Finally, the conformal dimension of the UV operator is A =1 + 3.

Fluctuations of the gauge fields. We already mentioned that the scalar fluctuations
do not couple with the fluctuations of the worldvolume gauge field. This means that in
order to study the spectrum of vector mesons we can simply turn off the fluctuations for u, ¢
and keep only those for A,. For this reason we adopt the following perturbation scheme,

Ay =0+0A, = Fup, =0+ 0F,; . (B.lg)

Then the linearized equation of motion for § A, takes the simple form,

2 2
aa(\/— det g 6F“b) - Wafgiﬂfajmk —0, (B.20)

where the indices a,b run over the worldvolume coordinates of the D7 brane and i, j, k
over the S® directions. Also, ¥ is a tensor density (i.e. it takes the values +1). Accord-

ing to [50] there are three type of mesons that one can consider here. Each of them is
described below.

Type I mesons:

The first type of mesons arises when the only non-vanishing fluctuations of the world-
volume gauge field are those along the three-sphere. This kind of fluctuations is de-
scribed in eq. (3.9).!' Using this ansatz one finds that gpic is given by the following
second order differential equation,

2
1 2 — 2 1+Z2
-0 (z(1+z2) azw?(z)>+M2<ﬁ(z)—(l+1) u<p§E(,z)q:4(z+1) (1+2%) 7 (2) =0,
(B.22)
"The vector harmonics yf’i transform in the (l%l, &71) of SO(4) and satisfy
ViVIYPE - RIYYE = —(1+ 1)’V
eVt = £+ )V, (B.21)

viy;,i -0 ,

where R; = 26; is the Ricci tensor of a unit S and V; is the covariant derivative on S°.
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where again we expressed everything in terms of the dimensionless quantities written
in the equation (B.14). The solutions that are regular at z = 0 are,
F(z) = e (1+ z2)717a2F1 (I4+2—a,—-1—a;l+2 —22) ,

w (B.23)
o7 (2) = Pl (1 + z2) o F (l —a, 11—l +2; —zQ) ,

where again the parameter « is defined in the equation (B.16). From the solutions
we can extract the mass spectra for the type I mesons which are,

42
2 0
Mz,+zﬁ(n+l+2)(n+l+3), n=0,1,..., 1=1,2,...,
e (B.24)
Po= R )(+l+2),  n=01.., 1=12...
Also, the asymptotic behavior of the solutions at large values of z is,
©F(2) ~ 2718 ©; (2) ~ P (B.25)

and the conformal dimensions of the corresponding operators at the UV are AL = [+5
and A_ =1[1+1.

Type II mesons:

Another consistent type of fluctuations is the one where the only non-vanishing fluctu-
ations of the worldvolume gauge field are those along the Minkowski directions. This
gives rise to the mesons of type IT and the corresponding ansatz is given in eq. (3.11).
In this case the equation of motion for the fluctuations of the worldvolume gauge
field reduces to,

M2 I(l+2)
(1—1—22)2 2?

50.(P0upn1() + pu(z)=0.  (B.20)

The solution of this differential equation which is regular at z = 0 is,
orr(z) = zl(l + 22)7(12F1 (l +1—a,—a;l +2; —22) , (B.27)

with « given in the equation (B.16). This solution results to the following mass

spectrum,

2
M?I:%(n—kl—kl)(n—i—l—l—Q), n=0,1,..., 1=1,2,.... (B.28)

Also, at z — oo the solution behaves as,
prr(z) ~ 2717 (B.29)

and conformal dimension of the associated UV is A = [ 4+ 3. Notice that due to this
behavior, the [ = 0 mode is not square integrable and thus we exclude it from the

spectrum.
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Type III mesons:

The last category of mesons, which is called type III, corresponds to the perturbation
scheme of the equation (3.13). In the case of the type III mesons the equation of
motion for b = y field simplifies to,

W+ 2)pri(p) = /1)3;) (p3<p111(p)) : (B.30)

The solution for I = 0 is @777 ~ 1/p® which is not regular at p = 0 and thus we are
not going to consider it.

The equations that arise when we set b = p and b = j are,

~ M2L4 2
b=p: U1 +2)0,@r11(p) = U1+ 2)p111(p) — MS)QSOIII(/)) 7
P2 +u
s oo 0 (B.31)
o p(p* +ug)” () 2. _
b=j: 0 — i <5p<P1H - <P1H) +pM=prr =0

We see that we obtain three differential equations for the radial functions ¢;77(p) and
&r11(p). One can easily confirm that these equations are not independent. Indeed,
it is easy to recover the equation (B.30) from the formulas in the equation (B.31).
If we now eliminate ¢;;; using the first formula in the equation (B.31) and the
equation (B.30) then we end up with a second order differential equation for ¢rss

which has the following form,'?

0. (iaz (ZSSDIII(Z)>> +

where we expressed everything in terms of the dimensionless parameters (B.14). The

MQQ
L l(+2)

7(1 o) err(z) =0, (B.32)

solution of this differential equation that is regular at z = 0 is,
orrr(z) = zl_l(l + 22)_a2F1( —a+l+1,—a;l+2; —22) . (B.33)

From this we obtain the mass spectrum,

2
M?H:%(n—l—l—l—l)(n—l—l—l—@, n=0,1,..., 1=1,2,... . (B.34)

Finally the behavior of the solution at the boundary is,
erri(z) ~ 2173 (B.35)
and the conformal dimension of the associated UV operator is A = [ + 3.

All these fluctuations above move in a curved space as indicated for example in
eq. (B.9). We impose, aside from regularity, a square integrability condition on these
fluctuations. In other words we need that [;° dz v/det g [f(2)|* to be finite. For the case of
AdSs x S° we have y/det g = p°.

12The term that is proportional to M? is different from the corresponding term of the equation (3.42)
in [50] by an overall sign.
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C The probe embeddings

In this appendix we present in a schematic way the finding of the embeddings of the D6
branes that we used in the main text.

C.1 D6 constant embedding in the NATD background

It turns out that the finding of the embedding of a D-brane is a complicated task since
in general one has to solve a non-linear system of partial differential equations in order to
determine the embedding functions of the brane. Thus here we are going to give the basic
arguments which advocate that a constant embedding of the form (4.5) is a good choice
for our study.

As a first step we consider that the embedding functions of the D6 brane depend on
all the worldvolume coordinates and thus we take,

7’:7“(1’“7/77 X7§)7 ’U,:U(lﬁ‘u,p,x,f), ¢:¢(xuvp7 X7£) . (Cl)

Then the dynamics of our D6 brane is described by the DBIWZ action given in the equa-
tion (4.2). In principle the DBIWZ action is a functional of the embedding functions.
Thus, knowing the precise form of the DBIWZ action one can compute the equations of
motion for the embedding functions r,u and ¢.

In order to construct the DBI part of the action we need to find the induced metric
on the D6 brane which in our case takes the following form,

R2 LQ

40/2L2R2p2r2
dsts = ﬁnwdw“dw” + 7

162 R4r2 + L4p*
40/2R2
22

dp? +

(dx? +sin® x d¢?)

. (C.2)
<8Mu Onu + u2aM¢) 8N¢)) +

TR

oyr 81\77"] daeMdz™N |

where the indices y, v run only over the Minkowski directions and M, N on the worldvolume
coordinates of the D6 brane. Also we consider the dilaton of the background given in the
equation (2.4) and the NS two-form that appears in the equation (4.4). Notice that this
expression for the NS two-form is after a large gauge transformation. Here we use this form
as it is more generic and we can always go to the case before the large gauge transformation
simply by setting ¢ = 0.

For the WZ part of the action one needs to evaluate the pullback of the combination'?
C7 — By A C’é‘g' which in this case takes the form,

20/3/2

P\C; — Bé‘g' ANCs| = §L4 R%? (3qm — 2r) (u Opu + p) dxy 3 Adp A Vol(§%). (C.3)

For the sake of simplicity, instead of presenting the general expressions for the D6 brane

Lagrangian and the equations of motion that come out of it, we will give the expressions
of these quantities only after imposing the following form of the embedding functions,

r = rg = const, u = ug = const, ¢ = ¢g = const . (C.4)

¥Notice that C5 A By? A By9 — 201 A BL9 A BLY9 A BLY9 =0 since BYY A BLY = 0.
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In that case the DBI and the WZ parts of the action are,

. psin x 2 2
Legpst. emb Wi \/L4q27r2p4 + 16027 (ro — qm)” (ug + p?)~,
2a/3/2

L8t emb _ 574 r (3q7r — 27“0) (u% + /32)/0 sin x ,

(C.5)

while each of the equations of motion takes the following form,

FEquation of motion for r:

L?(gm—2ro) (u§+p?) — 2\/L4q2ﬂ2p4+16a’2r% (ro—qw)2 (u%—f—pQ)z

To(Qﬂ'—To) (u%+p2) > > =0.
\/L4q2772p4 + 160272 (rg — qm)” (ud + p?)
(C.6)
Equation of motion for wu:
2
uorg (rg - qTr) (u% + ,02) _0 (c.7)
\/L4q27r2p4 + 160213 (ro — q7r)2(u(2) + p2)2
Equation of motion for ¢:
Vanishes identically. (C.8)

The relevant expressions for the same quantities that correspond to the NS two-form
given in the equation (2.4) can be obtained by setting ¢ = 0. In that case we immediately
see that the only solution to the equations of motion is if we take rg = 0 while keeping
ug and ¢g arbitrary constants. Such a solution is not interesting since for rog = 0 both the
DBI and the WZ actions are zero. The way out to this problem is to consider a large
gauge transformation of the NS two-form. Then we see that we can solve the equations of
motion for rg = ¢gm and ug, ¢g being arbitrary constants. Obviously this type of embedding
does not make the DBI and the W Z actions to vanish.

C.2 D6 constant embedding in the Hopf-T-dual background

Let us now give a schematic description of the process we followed in order to verify the
existence of a constant embedding of the form (5.4).

Again, we start by considering that the embedding functions of the D6 brane depend
on all the worldvolume coordinates and thus we take,

Vzv(xﬂ’p7a’ﬁ)7 u:u(‘/yl”"p’a’ﬁ)’ Qsng(xﬂ’p?a’ﬁ)‘ (C'g)

Then the dynamics of our D6 brane is described by the DBIWZ action given in the equa-
tion (5.2). In order to verify that the D6 brane admits a constant embedding of the
form (5.3), we have to compute the equations of motion of the embedding functions ~, u
and ¢ and see if (5.3) is a solution.
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In order to construct the DBI part of the action we need to find the induced metric
on the D6 brane which in our case takes the following form,

2 2 2

R L7p
2
dSD6 = ﬁnw,d:c“dfv + ﬁd + 4R2

2 4 /2R2
(aMu Onu+u0nd OnG) + =

(da + sin® o d3?)

(C.10)

—5 5 Oy 8N'y] daMdaN

where the indices p,v run only over the Minkowski directions and M, N over the D6
worldvolume directions. Also we consider the dilaton and the NS two-form given in the
equation (2.11).

For the WZ part of the action one needs to evaluate the pullback of the combination
C7—C5 N By + %Bg A Bo A C'5 which in this case takes the form,

1 4 13/2
P|C; —Cs5 NBy+ 532 ABaANC3| =— O;_/ (uﬁpu + p) 2R2dl’1 3N VOI(SQ) Adp
0/3/2
— 7 0 R dxy3 AVOI(S®) Adp . (C.11)

For the sake of simplicity, instead of presenting the general expressions for the D6 brane
Lagrangian and the equations of motion that come out of it, we will give the expressions
of these quantities only after imposing the following form of the embedding functions,

v = 7o = const, u = ug = const, ¢ = ¢o = const . (C.12)
In that case the DBI and the WZ parts of the action are,

ﬁconst emb __ 8@222 \/L4,04 4 160&’2’)’3 (ug 4 p2)2 ,
e (C.13)
Econst emb _ i o (Uo +p )P Sand

while each of the equations of motion takes the following form,

Equation of motion for :

L2(ud + p?) + 2/ L4pt + 160743 (a3 + %)

0 (ug +p?) - =0. (C.14)
\/L4p4 + ].60/2’)/3 (U% + p2)
FEquation of motion for u:
20,2 1 2
+
1026 (46 + ) - =0. (C.15)
\/L4p4 + 160243 (ug + p?)

Equation of motion for ¢:

Vanishes identically. (C.16)

From the equations of motion we immediately see that the only solution to the equa-
tions of motion is if we take vy = 0 while keeping wg and ¢g arbitrary constants. For such
a solution we observe that WZ action is trivial while the DBI in non-vanishing.
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D Useful formulas

Here we consider perturbations a) of the induced metric on the probe brane, b) of the

worldvolume gauge field and c¢) of the dilaton. The perturbations have the general form,'*
9ab = Gab T+ 6gab ) 6gab <1,

Fab = ﬁab + 6 Fu s OFu < 1, (D.l)
O =d+ 00, P <.

where g, , F are the components of the unperturbed metric and worldvolume gauge field
respectively, while @ is the unperturbed dilaton. Under this scheme the perturbed DBI
Lagrangian reads

Lopr = —e~®\/=det(g + F) = e *77 \/— det |(g+ F) + (99 + 67)]

= —e 9% /_det(g + F)/det(1 + X) (D-2)
= Lppr ¢ 0% \/m )
where Lppy is the unperturbed DBI Lagrangian and we have defined the matrix
X=(g+F) g +6F). (D.3)

One can decompose the first factor in the definition of X into a symmetric part G (open
string metric) and an antisymmetric part J as,

G+F)'=6"+7T. (D.4)

Taking also into account the expansion

Vdet(1+X) =1+ %TrX - iTr(XQ) - é(TrX)Q +0(X?), (D.5)

we can write the perturbed DBI Lagrangian in the following form,
_ P —0d } ab o 1 ab . 1 acbd ac 7bd
Lppr = Lppr € 1+ 29 dGab 57 0Fab 1 GG+ T“T" ) 09bc0Gad
1
- Z (gacgbd + j(lebd) 5—Fbcdfad - gacjbdégcbéfda (DG)
1 1 1
+ ggabQCdégabégcd + gjabdeéfabéfcd - ZgabJCd(sgabéfcd + .. :|

where also one has to expand e9®

1
e =160+ 55<1>2 +... (D.7)

“Here F,p is defined as:
Fap = Bap + 271'0/Fab .
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Now in order to keep track of the order of the perturbation we find it convenient to
express the fluctuations of the metric, the worldvolume gauge field and the dilaton as

Sgas = 39y + 0953 + ...,

§Fay = 0F Y +0FD + ..., (D.8)
60 = 0o + 503 4

where the index in the parenthesis denotes the order of the perturbation. Then one can
split the Lagrangian of the fluctuations in the following way

Lopr = Lk + Lok + L0k + -+ (D.9)

where again the index in the parenthesis denotes the order of the perturbation. More
explicitly each order takes the following form

Zeroth order
O = Lppr . (D.10)

First order

_ 1
ik = —Lopr (500 - gab(sg(l) +5TMFy) (D.11)
Second order
_ 1 2 1 1 1
L8 = Zom [2 (620)" — 60 — 500 <2gabag§},) - ZJ“béfCE;)) + 5639
jabéfc(j (gacgbd + j(lebd) 5917(; 59((1(1 (gacgbd + jaCjbd) 5‘/—_‘1)(:)5‘7:;52)

gaCde(; 9o 5]_-51) += gabgcdégab 6ng 4= jabjcd(s}-éi)é‘]:al gabjcd5 [ ]:(é)

(D.12)

Obviously the zeroth order part of the DBI Lagrangian does not contribute to the

equations of motion of the fluctuations. Similarly one has to prove that also the first order

part of the DBI Lagrangian together with the first order part of the WZ term are either

constant or can be written as total derivatives so in the end they do not contribute to the

equations of motion. In the following we will omit the zeroth and the first order terms and
we will focus only to the second order terms.

E Quadratic Lagrangians of the fluctuations

In this appendix we calculate the quadratic Lagrangians for the fluctuations of the probe
D6 branes in the NATD and the Hopf-T-dual backgrounds. For this purpose we use the
tools developed in the appendix D. In the end, we will show that the two Lagrangians are
the same up to an overall factor of gm.
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E.1 Fluctuations in the NATD background

Let us start with the study of the fluctuations of the D6 probe brane in the NATD back-
ground. First we give the entries of the open string metric G~ and the antisymmetric
matrix J. Starting with the open string metric we find,

L? u2+p?
g = 7ug+p2 77/“’ , M,V = 07 RN 3 s grr = 0L2 )

e s (1)
GXx = 4% r” Ggé¢ = 4 _Uore

1202 sinZx LZpZ

where n* is the inverse of the four-dimensional Minkowski metric. For the antisymmetric
matrix we find that the only non-vanishing elements are,

1

_ E.2
qo/ T sin (E.2)

jxfzfjﬁxzf

Let us now consider the fluctuation of the dilaton. Adopting the scheme in eq. (4.6)
we compute,

ou

B 16a"%qm (ud + p2)25r N ug (2L p* + A)

A (ug +p?)A

: [64&13 (3 + )’
2

=1
o8 L2p?A

2(,2 22A—2L44 ALA0/2 40,2 2
L 8% (ug +p )N( )2 Gilla itop (w5 +6%) 5 o (E.3)
ud (A% + 10L*p* A — 8L8p®) — p? (A + 2L4p4)A5 2,
— u e
2(ud + p2)2A2

where for convenience we have defined the function A to be,
A = L*p* + 160 ¢*r? (ug + p2)2 . (E4)

Let us do the same with the metric. We will compute the line element for each order

in the expansion,

Zeroth order

U%—f—p2 L2 5 4L20/2q27r2,02(u3+p2)

ds%o) = da? 5 + mdﬂ + A (dx? +sin? x d€?).  (E.5)
0

First order

2 2L2 L4 4(,,2 4 2
ds%l) = % ou dazig — 27%2 Su dp* + 8L*a/*qmp* 'O(Zozp)ér
qmug (A — 2L4p4)

A3 su| (dx*+ sin® xd¢?).
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Second order
40" (ug+p?) 2

L
sty =——qap — Onor oo daMde s [Orr6u O 0 + uf 00166 O 56 | da d™
oTp

N AL% 0" p? 2 o ud(3A% —18L4p* A + 16L%p%) — Ap* (A — 2L*p*)
A3 "

ou?
u% + ,02

— AL*qmugp? (BA — 4L4p4)(5r du— Lp? (u%—i—pz) (3A—4L4p4)5r2] (dx2-|-sin2 Xd§2)
3
da:13 +L2M5 2 d4p?, (E.7)
(u2 +p )
where the indices M, N run over x1 3, p, X, €.

Similarly we compute the fluctuation of the NS two-form Bs,

L4 / 4 6 13 2 2 2
Bgz—%sinx dx/\dﬁ—l—aAz[(u%—l—ﬁ) (2L4p4—|—A>5r
1 L4 13 4 2
+ 4L*qmugp? <ug + p2) 54 siny dy A d€ — % {(ug + p2> <A—4L4p4> or?

+ 4qmug (ug + ,02) (A — 4L4p4> or ou

—2¢%7 (8ugL4 o <5ug — p2> A> 5u2} sin y dx A d€
+... (E.8)
Now we have all the ingredients to compute the DBI Lagrangian up to second order in

the fluctuations using the formulas (D.10), (D.11) and (D.12). It turns out that the zeroth
and first order terms take the following simple form,

3
PN 7 sin y, b — TP 5p , E.9
DBI = T X DBI = xé (E.9)
while the second order term is given by the following expression,
B2gr LAqmp?sin x
£® = T Gn D, 61 8,07 — " (9,00 ,6u + u20,,66 9,60
DBI © 16\/&(U2+p2)2 ( o 0~u )
a3/2q7r(ug + ,02)2 sin y 2 1 2
_ - [5 +2, 57~) +(00r)" + = (01) ]
2 2
_ gmpsiny 2 2 uUjp 2 2 2
T2 00)” + (0r0)” + (06600 + 2 0,60)" + 150,50
2 40/3/2q7r2 u2+p2 2 /32 [Aqm3 03 sin
+ X(ag&z))?} - L4( o) g g I X 5 F 6

8(u +p)

0/3/2q7r3,0 sin xy nt [ OFu,0F,p + 0F,0F,, + 5F §5Fy4
sin?
a’3/2q7r3p(u3 + p2) sin y
74

4
SF2 4+ —5—0F% + 5—5—0F%| E.10
[ px blnX §+p sz x{} ( )

where the indices p, v, k, A run over the Minkowski directions x1 3.
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For the WZ term one has to perturb also the RR potentials C5 and C7 which are given
in the equation (2.8). In this case, before perturbing the RR potentials we notice that the
combination C7 — Bé’g A C5 simplifies to,

20/3/2y2 R3

Cr— By AC5 = 3T

(3¢gm — 2r) sinx dzy 3 AdR A dx A dE . (E.11)

Now in the expansion of Lywy one has also to consider the fluctuation of the worldvol-
ume field strength that is inside F. So for the zeroth and first order we find the simple
expressions below,

L(O) B 2a/3/2q3ﬂ_3p(u(2)+p2)

e 3L o (E.12)
. 2032 B rdug 4032273 p(u2 + p?
[’%V)z =371 sin x 0, {(ug + p2)(5u] — L4( 0 )5Fx£=
while for the second order term we get,
20/3/2 2 + 2 13/2,.3,.3
[’%%])Z - _ (64 qﬂzguo p ) sinx 57,2 + o 3;;[471' SiIlX 8p|:(3u% +p2)5u2i|
4a’3/2q27r3u0(u3+p2)
- o [6Fpx Db — 8¢ D, 0u + 6Fy¢ 9,0l (E.13)
- 8a/3/2gm2p

7 [(u% + p?)ér + qmug 5u] 6Fy¢ .

Notice that the second term in the first line of the formula above is a total derivative and
thus we can drop it. Moreover, the last two lines can be simplified if we integrate by parts
the three terms of the second line and combine them with the terms of the third line. After

doing that we obtain,

Ae/3/2 273 2 52
—(”q”ﬁ@op)@%@w—ﬁkmw+ﬁﬁ@m] (B.14)
B 80/3/2q772p _8a/3/2q7r2(u% +p2)

[(Ug + p?)dr + qrug 574 OFy¢ = péréFxg + tot. der.

LA A

After dropping the total derivative terms, we can rewrite the second order WZ term as,

80/3/2q7r2(u(2) + ,02)

203 2qmp(u + p?
2 P P .
‘C%V)Z:_ ( 0 )smx or? — 7d

T P5roF,e | (E.15)

Obviously the zeroth order terms of the DBI and WZ parts do not contribute to the
equations of motion for the fluctuations. Looking at the first order terms we notice that
they can be written as total derivatives and thus we do not consider them in the calculation
for the equations of motion. Finally, the total second order Lagrangian for the fluctuations
is given by the sum of [,1(32])31 and ng)z
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E.2 Fluctuations in the Hopf-T-dual background

We continue with the study of the fluctuations of the D6 probe brane in the Hopf-T-dual
background. First we give the entries of the open string metric G~' and the antisymmetric
matrix J. Starting with the open string metric we find,

2, 2
_ L _ugtp
g;u/ T +p 77W> w V= 0 37 gpp - OLQ ) B 16
X 4u0+p ¢t 4 ud+p? ( . )
GXX = L2p2 > G = sinZa L2p2

where n*” is the inverse of the four-dimensional Minkowski metric. For the antisymmetric
matrix J we conclude that all of its entries are zero. This is because the pullback of the
NS two-form on the D6-brane worldvolume is trivial.

Let us now consider the fluctuation of the dilaton. Adopting the scheme in eq. (5.4)

2,/ (ud + p? 2_ 2
e S T R S S R T

_|_
Lp up Pt 2(ud 4 p2)’

we compute,

Let us do the same with the metric. We will compute the line element for each order

in the expansion,

Zeroth order

2 2 2 2 2
+p L Lp .
ds2 = 0P g2 2 g2y 2P (da? 4 sin?a dB?). E.18
S(O) L2 1‘1’3 ug+p2 P 4(U(2)+p2)( « mn- « /B ) ( )
First order
ZUO 2L%ug 2 L?p?ug 2, .2 2
ds?, = du dx? —— du dp” — ou(da® + sin” a d5”). E.19
(1) 1,3 — (u%+p2)2 Q(U%—i- 2)2 ( ) ( )

Second order

40" (ug+p?) My N, L

L?p*(3u§ — p*)
A(uf + p?)?

dsé) - 2 [BMéu ONOu + uf Onréd 8N5¢] daM daN
2072 | o2 2 ou? 9 3u0 o
u(da + sin adﬁ) dx13+L75 dp?,
(u +p )
(E.20)

where the indices M, N run over the worldvolume directions of the D6 brane 1 3, p, «, 3.
Similarly we compute the fluctuation of the NS two-form Bs,

By = /0y sina daANdB + ... (E.21)

Now we have all the ingredients to compute the DBI Lagrangian up to second order in
the fluctuations using the formulas (D.10), (D.11) and (D.12). It turns out that the zeroth
and first order terms take the following simple form,

P

8V

51(30])31 =— sina, 'C]()l])sl =0, (E.22)

40 —



while the second order term is given by the following expression,

a/3/2

4 3 3
£ =~ L psina 8,8y 0,6y — — LS00 ; " (auéu 0,6u + u2,66 81,&;5)

16V (ud + p? 2

B a3/2(u% +p2)2sina [5 L 0?

i 1 (9,07)" + (0207)°

v (020)°

2.2
(950u)” + =2 (9,00)" + uf (909)*

Zimﬁo‘{ (8,00)2 + (9adu)® +

2

sin” o
40/3 27 (u2 + p? 2 o312 LAT2 P sin o
£40 ) 0Fa3 0y — 5 5 n“”n’i)‘éFwéFy)\
p 8(u + p?)

2
/3/27-(-2pslna 77 |: 5FHP6FVP + 5Fua5Fya + 5 ——0F, B(SF,,/31|
n (6%

_|_

sm (07

(95 5¢)2]

0/3/27r2p(u3 + p2) sin «
2
— I [5Fpa +

. 5F s+ Lazﬂ ] (E.23)

sin? p?sin® a

where the indices p, v, k, A run over the Minkowski directions xy 3.

For the WZ term one has to perturb also the RR potentials C3, C5 and Cy which are
given in the equations (2.15) and (2.16) respectively. Moreover, one has also to consider
the fluctuation of the worldvolume field strength that is inside F. A simple computation
tells us that the zeroth and the first order terms of the WZ action vanish, i.e.

LW, = L4, =0, (E.24)

while for the second order term we get,

40732 (2 + p o/3/2
2 p pe) .
ﬁszv)z =— £40 ) sina 072 — 77 (uo +p ) sin o 0y 0,07y
80/3/27'('(u2 4 p2)p
- T N 67 8F a5 . (E.25)

Notice that we can integrate by parts the second term in the expression above and com-
bine it with the first one. After dropping the total derivative term that comes from the
integration by parts we get,

20/3/2p(u(2) + p?)
IA

8a/3 2w (ud + p?)

o P 5y 6F s . (E.26)

2
=~

sina 672 —

Obviously the zeroth order term of the DBI part does not contribute to the equations of
motion for the fluctuations. Finally, the total second order Lagrangian for the fluctuations
is given by the sum of ,61(321)31 and E%)Z

Notice that the total action of the NATD case is almost identical to the total action
here under the map in equation (5.6). The only difference between the two actions is an
overall factor of gm. This will also imply that the equations of motion of the fluctuations
here will be mapped to the equations of motion of the NATD case using the relation (5.6).
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F General equations for the fluctuations
In this section we study the general equations for a fluctuation of the form of eq. (4.6).

Equation for or
L*p? Oor + p*(ud + p2)20§6r + p(ug + p*) (ug + 5p%) 9,61 — 4(ud + p*) (ug + 3p*) o7

_(ug + %) (ug + 30°)

A(u2 2\ 22 Sr—8
+ 4(ug + p*) " Vir Sin x

SFye=0. (F.1)

Equation for du

L*p?0ou + p? (u% + p2)28[2,5u + 3p(u8 + p2)28p5u + 4(ug + p2)2V§25u =0. (F.2)
Equation for ¢

The equation for d¢ is exactly the same as the one for du.

Equation for §Ac, C =t,x1,22,T3,p
L*p?06Ac — LA p*0c (77‘“’8M5A,,) —p? (ug + p2)28p(5Fcp — Sp(ug + p2)26Fcp
+4(ud + p?) V%040 — 4(ud + p?) 20000 Ay — 4(ud + p?) cot x DedA,

(F.3)
(ug + p?) _

50 000 A = 0.
Equation for 6A,

2 2 2 2
_pluitr Szr(f;o +3p )6557« + LA 0 Ay — L4920y (" 9,0 A, )+ p? (ud + p2) 20,0 Fpy

+

+ 7p(ud + p?) (ug + 5p%)0Fpy — (Sm’;)aga e =0. (F.4)

Equation for 0 A¢
g+ p?) (w5 + 3p7)

2
Oyor —wLA L — '0 D6 Ae + wL4—L — Xag(nﬂ”auaAu)

sin x sin?
(ug + ) (ug + 5p%)
_ 7T51n X( 0 +p ) ap(SFpg —Tp Sin2 " 5Fp§ (F5)
(ug + p2) 2 cot y
4 Wa §Fye + 4m (ug + p?) o X(SFg—O

For simplicity we have defined the operators [J and V?gg as,

Ofir =n"0,0,f1, Viafo=

where f1 = fi(z*) and fo = fa(x, ).
In the main part of the paper we solve this coupled system of differential equations for

10) (smx 8Xf2) - 85f2 , (F.6)

sin x

three different consistent fluctuations.
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