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1 Introduction

It is notoriously difficult to describe from first principles dense baryonic matter in QCD at
small temperatures and large densities. Perturbation theory can be used only at extremely
high densities [1, 2]. Lattice calculations on the other hand are restricted to values of
the baryon chemical potential smaller than the temperature [3]. One then has to rely
on phenomenological models, but those are usually fitted to describe the physics in very
different regimes, so it is far from clear that they can give an accurate description (see e.g.
section 7.3 of [4] for a review). A common difficulty is that models are usually adapted to
describe either quark or hadronic matter, but there should be a transition (which could be
smooth) between the two as the density is changed.



It would be very interesting to have a theory that can be described in all density
regimes from first principles. A natural proposal is to study gauge/gravity models [5-7].
A strongly coupled field theory in the large- N, limit has a holographic dual description in
terms of a classical higher dimensional geometry, which is a black hole if the temperature is
nonzero [8]. Flavor degrees of freedom are introduced by adding D-branes in the geometry
(we will refer to them as “flavor branes”) [9]. If the number of flavors is much smaller than
the number of colors Ny < N, the branes can be treated as probes. Flavor currents are
dual to gauge fields living in the worldvolume of the branes, in such a way that a state
with finite density is realized by having non-zero electric flux on the brane.

The worldvolume electric flux has to be sourced by some charges, which we can think
of as open strings attached to the brane. In the models that are usually considered, the
two string endpoints carry opposite charges, so in order to have a non-zero density one of
the endpoints should end on the brane and the other somewhere else. A possibility is that
the strings extend from the flavor brane to the horizon. One can think of this situation as
having quarks in a plasma. A finite density of them will pull the brane embedding, in such
a way that the finite density state can be described by a brane embedding that reaches the
horizon from where the electric field is sourced [10].

The second possibility is that the strings extend from the flavor branes to a different
kind of brane, dual to a “baryon vertex”, which wraps the internal directions in the ge-
ometry and is point-like in the field theory directions [11, 12]. The tension of the strings
produces a force such that typically at the equilibrium configuration the brane dual to the
baryon vertex lies on the flavor brane and can be described as a solitonic configuration
on the flavor brane worldvolume [13-15]. This corresponds to baryonic matter in the dual
field theory.

Although holographic models can accommodate both quark and baryonic matter in this
fashion, there is a clear asymmetry between the two. In order to describe baryonic matter
one needs to study multi-soliton solutions [16-19] or use a phenomenological approach if one
is interested in homogeneous states [20-29], with the drawback that the physical properties
of the state depends on the assumptions one needs to make. Furthermore, stable soliton
solutions have sizes that are typically of the order of the string scale [14], thus casting
doubts on the validity of the brane action used to find those solutions. Therefore, our
understanding of baryonic matter in holographic models is on much more shaky ground
than that of quark matter.

The difference between quark and baryonic matter in holographic models can be traced
back to the large-N. limit. Baryonic operators are constructed with N, fundamental fields,
thus they are very heavy objects and this is reflected in the holographic dual description,
where they are described by branes or solitonic configurations in the flavor branes. Mesonic
operators on the other hand can be constructed with a small number of fields and have a
holographic dual description in terms of open strings ending on the flavor branes, or small
fluctuations of the fields living in their worldvolume. This hierarchy between baryons and
mesons is an artifact of the large- N, limit and is not observed in real QCD (see e.g. [30]).
It is thus desirable to study different models where this distinction is erased.



The holographic picture gives us a clue about how to do this. Mesons are open strings
attached to the flavor branes. They have zero baryon number because the endpoints of
each string have opposite charge. This suggests that one could describe states with nonzero
baryon number with open strings if both endpoints had the same charge, but this would
be possible only if there are unoriented strings. Therefore, in order to describe baryons
on equal footing as mesons (we will refer to them as “light baryons”) it is necessary to
introduce orientifold planes in the geometry. Orientifold theories were introduced in the
context of large- N, equivalences between supersymmetric theories and QCD [31, 32],! but
similar proposals existed long time ago as alternative large- N, limits of QCD [34]. In this
paper we will consider a particular model proposed in [35], which is an orientifold of the
well-known D3/D7 model.

We will introduce a chemical potential in the phase with hadronic bound states and
show that there is a critical value above which the baryon density becomes non-zero. This
provides the first example of homogeneous baryonic matter in a holographic model that
does not rely on additional assumptions on the gravity side besides the usual weak coupling
and small curvature approximations. Note that in this model chiral symmetry is explicitly
broken by terms in the superpotential, so it is not expected to give a realistic description
of baryonic matter in QCD at low densities where chiral dynamics are important.

In the new phase light baryon operators acquire an expectation value. Thus in this
phase baryon symmetry is spontaneously broken and the holographic model describes a
baryon superfluid state. To our knowledge this is the first realization of a baryon superfluid
phase in a string theory model. Baryon superfluid matter may exist in nuclei and the
interior of neutron stars, as originally shown by Migdal [36]. At asymptotically large
densities, the color flavor locking (CFL) phase exhibits baryon superfluidity [37].2 In both
cases weak attractive interactions between charged fermions (nucleons or quarks) induce the
formation of a superfluid following the standard Bardeen-Cooper-Schrieffer (BCS) theory.
However, at intermediate density regimes, interactions for both baryons and quarks become
stronger and there can be a crossover to a state where fermions bound in molecules and
form a Bose-Einstein condensate (BEC). This behavior is very general and it appears in
many systems, including nuclear matter and cold atoms, regardless of the microscopic
origin of the interactions (see e.g. [39] for a review). The baryon superfluid described by
the holographic model resembles such BEC states.

The outline of the paper is as follows. In section 2 we review the field theory model
with light baryon operators and its holographic dual. In section 3 we derive the effective
action for the fields dual to light baryonic and mesonic operators from the flavor brane ac-
tion. In section 4 we study the phase diagram at zero temperature and non-zero chemical
potential, and show that the zero charge density phase becomes thermodynamically disfa-
vored above a critical value of the chemical potential. In section 5 we construct a superfluid
baryon phase in a simple case with a single scalar operator condensing. We present our
conclusions and discuss future directions in section 6. We have collected several technical
details in the appendices.

LOther types of large-N, equivalences have been proposed as well, see e.g. [33].
2CFL phases in a model with flavor branes were introduced in [38], however those still preserve a U(1)
baryon symmetry.



2 A holographic model with light baryons

The model was originally introduced in [35], based on the usual D3/D7 intersection [9].
Let us review first the usual case. The theory is based on the following arrangement of D3
and D7 branes, where bullets denote the directions along which the branes are extended
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On the field theory side there are 2N, D3 branes (the “color branes”) whose low-energy
description is U(2N,.) N = 4 super Yang-Mills (SYM).? In A = 2 language it contains a
vector multiplet and a hypermultiplet in the adjoint representation. In A/ = 1 language
there is a vector multiplet V' and three chiral multiplets in the adjoint representation.
We can split the space transverse to the D3 branes into three planes 45, 67 and 89, in
such a way that the expectation value of the scalar component of each chiral multiplet is
associated to the position of D3 branes on each plane. We thus label the corresponding
chiral multiplets as X5, Xg7 and Xgg. In this notation Xy5 is charged under rotations on
the 45 plane while the other chiral multiplets are neutral.

In the model there are also 2Ny D7 branes (the “flavor branes”) that introduce the
same number of hypermultiplets in the fundamental representation. Flavor hypermultiplets
contain two chiral multiplets @ and @ in conjugate representations. From the point of view
of the theory living in the (3 4 1)-dimensional intersection of D3 and D7 branes there is
a global U(2Ny) symmetry, a U(1)g symmetry acting as rotations on the 45 plane and a
SO(4) ~ SU(2), x SU(2)g acting as rotations on the 6789 space. The R-symmetry group
is SU(?)R X U(l)R

The holographic dual to the theory on the D3 branes when N, — oo is type 1IB string
theory in an AdSs x S° geometry with RR 5-form flux Fs = F5 + *Fy, F5 = dCy

2 r?
T R?

The AdS radius R is related to the 't Hooft coupling of the N/ = 4 SYM theory as
R*/(a/)? = Aym, where £5 = v/ is the string length.
If the number of flavors is much smaller than the number of colors Ny < N, the D7

2 4
ds dz? 4 + R—Zer + R%d02, Cy = R—4da:0 Adxt A dz® A da. (2.1)
2o r

branes do not affect the physics of the D3 branes to leading order in the large- N, expansion
and can be treated as probes. The flavored degrees of freedom on the field theory side are
captured by the dynamics of probe D7 branes embedded in the AdSs x S° geometry. These
are extended along the AdSs directions and wrap a S% C S°. We will use the following
conventions for indices for the fields on the branes

e a, b, ...: denote the worldvolume directions of the D7 brane,

e 1, U, ...: denote the spacetime directions along which lies the D7 brane,

3We introduce factors of 2 for later convenience when we introduce orbifold and orientifold projections.



® ¢, 7, ...: denote the spacetime directions that are transverse to the D7 brane,

e A, B, ...: denote the directions of the D7 brane that wrap S,
e and M, N, ...: denote the directions of the D7 brane along the spacetime directions
0,1, 2,3 and p.

So for the worldvolume directions of the D7 brane we have a = (M, A).

The bosonic fields on the D7 brane are a U(2Ny) gauge field, A,, and scalars in the
adjoint representation of flavor that are associated to the directions transverse to the D7
brane, X!, i = 4,5. Supersymmetric embeddings have a very simple form in a particular
set of coordinates. Following [40], we will write the metric as

7“2 2

2
ds 2

R
dai s + o) ((dy4)2 +(dY?)* +dp® + P2dQ§)7 (2.2)
where 72 = (Y4)2 + (Y5)2 + p?. Identifying 2™ = {2° 2!, 22 23, p} and the coordinates
of the S with the worldvolume coordinates of the D7, the solutions to the equations for
the embedding (up to rigid rotations in the (Y#,Y?®) plane) are simply X* = Y* = L,
X® =Y® = 0. The induced metric on the flavor brane can then be written as

RQ

Pt R
- p2+L2

2
ds 2

da  + (dp2 + p2dQ§). (2.3)

To obtain light baryon operators this model is deformed by the introduction of an
orbifold acting as a reflection in the directions along the D7 branes that are transverse
to the D3 branes and an orientifold O7 plane parallel to the D7 branes. The new brane

configuration is:
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For the orbifold we have Zy C SU(2), and thus N = 2 supersymmetry (SUSY) is preserved.
The effect of the orbifold and the orientifold can be seen as imposing a condition over the
physical states of the theory. One can define an orbifold/orientifold action in the original
theory that consists of a reflection, on the 6789 directions for the orbifold and the 45
directions for the orientifold, plus transformations acting on the Chan-Paton factors of
the open strings ending on the branes. These transformations can be different for the D3
and D7 branes and for the orientifold they also involve a change in the orientation of the
strings. In both cases the orbifold /orientifold action squares to the identity. Physical states
are invariant under both the orbifold and orientifold action and this projects out a set of
states of the original theory. The orbifold action we are considering has no fixed point,
so there is no additional twisted sector. Since the orbifold and orientifold actions act on
Chan-Paton factors, they can change the gauge group and the representation of the fields
on the branes.



The combined effect of the orbifold and the orientifold is to reduce by half the rank of
the color and flavor groups, to U(N,) and U(Ny) respectively, and to turn the " = 2 adjoint
hypermultiplet (constructed with the chiral multiplets Xg7, Xg9) into a hypermultiplet in
a two-index antisymmetric representation of U(N.) (details can be found in [35]). In
N = 1 notation, the antisymmetric chiral multiplets Alag)s AleAl can be combined with the
(anti)fundamental chiral multiplets Q,, Q% to construct BPS gauge invariant operators
with non-zero baryonic charge

B=QAQ, B=QAQ. (2.4)

Since ), A are bosonic operators, the light baryon operators above have to be in the
antisymmetric representation of the SU(Ny) flavor group. Note that when N. = 3 the
antisymmetric representation coincides with the anti-fundamental, so the color structure
of B and B is exactly the same as that of baryons in QCD.

On the gravity side the geometry is changed to AdSs x RP® and the N + probe D7
branes wrap a RP? € RP®. The theory on the D7 branes can be obtained by projecting
out the modes in the original setup that are not invariant under the combined orbifold and
orientifold action. The projection acts differently depending on the angular momentum £
of the fields along the S3 directions, since the orbifold action acts as a reflection in these di-
rections. We can distinguish between the gauge field components along the 2 directions,
A, the gauge field components along the S? directions, A4 and the scalar fields associated
to the directions transverse to the D7 branes X*, i = 4,5 (we will omit the index for the
rest of this section and refer to both as X). The orbifold and orientifold projections are de-
termined by the following matrices acting on the Chan-Paton factors of the D7 open strings

’y7ZiO'3®JINf, LU7:O'1®]le. (2.5)
Physical states must satisfy the following conditions (7" denotes transpose)
Al = (DAt Al = —wr(Af) e,
AZA = (_1)Z+1V7Af477_17 Ag = _w7(A€4)Tw7_1) (26)
X = (Dl Xtyrt, X = (X Twr
Note that the action of the orbifold projection depends on the angular momentum on the
S3. This can be implemented by a large gauge transformation on the S3, such that the
transformed fields are periodic in the RP? orbit of the Z, action that identifies the an-

tipodal points on the S3. We give the details in appendix A. The combined orbifold plus
orientifold projections produce the following structure

H
Agven , xeven Aodd ~
(2.7)
A(])\?d ~ Xodd ~ szen ~ ( B)
—B* ’

4Since they are related by the invariant antisymmetric symbol Alap] = €aprG -



Where H = HT is Hermitian and B = —B” is antisymmetric, both N ¢ X Ny matrices.
The first type are dual to operators in the adjoint representation of U(Ny) flavor, while the
second are dual to the baryon operators in the antisymmetric representation. Note that
they are charged under the U(1)p symmetry, since

[ e

The spectrum of BPS operators follows from the spectrum of the original theory specified
in [40]. The multiplets of BPS operators are classified by the representation of the SU(2)[,
group, which can be labelled by a half-integer j;. The representation under SU(2)zxU(1)g
is determined by a half-integer jr and an integer R. We will group all these using the nota-
tion (jgr,jr)r. In addition, there is a U(NNy) global flavor symmetry under which hadronic
operators can be in the adjoint (adj) or two-index antisymmetric (antis) representations.

The lowest BPS operators, corresponding to relevant and marginal operators, are dual to
the following modes (X5 is an adjoint chiral multiplet)

A ¢ mode U(Ny)rep (jr,jr)r  operator (candidates)
2 1 Ay adj (1,0), QQ

3 0 X adj (0,0), QX450

3 0 Ay adj (0,0), Ju~QD,Q
3.2 Ay antis (3.3), B~ QAQ

4 1 X antis (3,3), QAX45Q

4 1 Ay antis (3,3), QAD,Q

4 3 Ay adj (2,1), QD%Q

3 Effective action of fields dual to light baryons

In order to do the projections we introduce two stacks of Ny D7 branes, one at Y4 =L and
the other at Y* = —L. In terms of the scalar fields on the brane X* = Lo3® Iny, X% =0,
which is of the form (2.7). The induced metric and the coupling to the RR potential in
each stack is the same, so there is no difference between the flavor embeddings before and
after the projection at zero density. When the density is non-zero we expect that the
shape of the embedding will be affected. In order to avoid complications we will use the
approximation that the density is small enough to neglect this effect, so we will expand
around a background configuration with the induced metric (2.3).

The lowest BPS operators with flavor charges have a dual description in terms of the
fields on the brane, whose dynamics are determined by the non-Abelian D-brane action.
Although the general form of the action is not known, in the supersymmetric case Myers
used T-duality arguments to propose an action [41]. The bosonic fields living on the
D-brane worldvolume are the gauge field A,, whose field strength is Fy; and the scalar
fields X, all in the adjoint representation of U(2N 7). Let us define A = 27wa/, 0 the
coordinates in the D-brane worldvolume and the worldvolume scalar fields will be expanded
as X'(0) = x%(0) + A®* with 2! the position of the branes in the transverse directions. The



tension of the Dp-brane is
2w

T ="
7 gs(2mA)4

(3.1)
The D-brane action has a Born-Infeld and a Wess-Zumino term®

Spr = Sg1 + Swz,

Spr = —T7/d80 Tran,

ed’\/— det (P [Eab + Eai(Q1 — 5)ijEjb] + AFab) det Qz]] ’

P<eiixix S Cun eB> A e)‘F] . (3.2)

In these expressions enter the closed string fields

Swz =Tz / Tran,
D7

i

E,uzz = G,uz/ + B,uz/a Qij = 6ij + N\

[Xi, X’f] By, (3.3)

where G, is the string frame metric, By, is the NS two-form field and PJ- - -] denotes the
pullback

P[Eu) = E0,5" 02" + E,i0a0" Dy X' + E;yDo X ' Opzt + E;j Do X Dy X7,
Do X' = 0, X" 4 i[Ag, X']. (3.4)

C,, is a RR n-form and iy is the interior product with X*
(ixCr)propin1 = X (Crigiropin 1 - (3.5)

Also the second index in (Qil — 6) 7 s being raised using E% which is the inverse of Ej;,
that is EikEkj = (5ij. The determinants are over the spacetime indices, while the trace
is over the matrix indices. Note that the D-brane action is gauge-invariant, so the action
for fields satisfying the orbifold projection is the same as the original action. Thus, it is
enough to restrict the form of the fields to the structure given in (2.6) at the end of the
calculation. We will also use that the fields satisfying the orbifold projection are periodic
in the RP? orbit of the S®. This implies that we can do the integral over the RP? directions
by doing it over the S® and dividing by two to take into account the difference in volume.

3.1 Small amplitude expansion

In order to completely determine the action, it is necessary to give an ordering prescription
inside the trace. This has been shown to be a symmetrized trace up to quartic terms in
the fields, but it is unknown for higher order terms [42, 43|, although there are concrete
proposals for additional derivative contributions up to O((a/)*) [44, 45]. For this reason,
and to simplify the calculation, we will do an expansion for small amplitudes and keep only
the lowest terms. In the expansion we will introduce a small parameter € < 1:

P! = ', Ay = ApJ +eanr, Ax = eaq. (3.6)

®We choose the same normalizations as [41] so the BI and WZ terms have the same overall factor.



Where we have defined the matrix J as
J=0"®1n,. (3.7)

We are denoting by Ajs the £ = 0 mode of the gauge potential and a,s the remaining £ > 0
modes. We can identify Ajs as the gauge field dual to the current of the U(1) 5 symmetry.

At leading order in the small e expansion, the equations reduce to the (non-linear)
equations for the Ay gauge field. It follows from the gauge invariance of the D-brane
action that flat connections Farn = 203 Any = 0 satisfy the equations of motion to this
order. Note that charged fields on the brane can source the field strength of the Ap; gauge
field. However this will only happen at O(e?) in the equations of motion, since the charge
current itself will be charge neutral. Therefore it is enough to keep only the quadratic terms
in the field strength Fj;n in the action for the class of solutions we will study. Also up to
O(€?) the action has only quadratic products of flavor matrices and thus the symmetrized
trace is equivalent to the usual trace.

The action to next-to-leading order can then be split as®

Spr ~ —T% / d*zdQsdpp® Tron, [EF + Lyin + Ly + L’Ss], (3.8)
where
)\2
Lp= Z}—MN]:MNy
2
Liin = %m GuGMN (LA (i[aM, J|Dno* +Dyrdtilan, J]) +>\2DM¢4DN¢4>

. o .
£ 2GMN G Dy DN + 5GMNGPQfMPf]VQ + GMNGABfMAfNB] :
(3.9)
2

Lo = EZ det G[L2 ([, ¢)5])2 GuaGs5 + GuuG™L?i[a,, Jilap, J]:|7
2

Lgs = % detG[GMGAB (L)\(i[aA, J|Dp¢* + Dad'ilap, J]) + >\2DA¢4DB¢4)

1 P €2 A
# N GG DA D" + GG fupvc | - O o foe.

Indices are raised with the induced metric, and we have defined the covariant derivatives
(for any X = ¢%,apr,a4) and the field strengths as

DyX =0y X +i[J, X]Arr,  far = A(Daap — Dyag), Aa =0. (3.10)

SWe are dropping a lower order contribution that depends on the embedding but is independent of the
fields, so it does not affect to the discussion.



3.2 Integration over S3

Next, we expand in scalar ()g) and vector ()y) spherical harmonics as follows

= \/§7TVMyg(93)v

N
=D o (@)Y (Q),

>0 a=1

am = ZZWM ) V5" (),

>1 a=1

aA—ZZW )V A () +ZZU 2)VaV5"(Q3).

(>1 a=1 (>1 a=1

(3.11)

The number of modes for each ¢ is N = (¢ + 1)? for scalar modes and N{, = 2£(¢ + 1) for
vector modes.

The harmonics are eigenvectors of the S® Laplacian with eigenvalues (we follow the
conventions of [40])

VeaVs = =Ll +2)V5, Vadia—RIV 5= —(L+1)°D) 4. (3.12)
In addition, the vector spherical harmonics satisfy
VaViA =0, ePOVRYVIE =40+ 1)V5. (3.13)

Note that N‘Z, is an even number, half of the harmonics correspond to the y{;; and the
other half to the y{};. The harmonics form an orthonormal basis

/ dQ3 Y5 Y5t = s 5, / Q3 G5B Ve VEY = 6% 5. (3.14)

We introduce these expansions in (3.8), integrate by parts and use (3.12) and (3.13) to
get rid of derivatives along the S3 directions and use (3.14) to do the integrals. The orbifold
plus orientifold projections constrain the fields to have the form in (2.7). After integrating,
the fields that are neutral under the U(1)p symmetry are completely decoupled from the
rest at the order we are computing the action and we can turn them off. We will reduce the
action to a trace over Ny x [Ny matrices using the results in appendix B. The action becomes:

N& N& /2
Spr ~ —T7/d4$dpp3 Try, [Lr+ ZZ (Ef,a—#—ﬁfa—f—ﬁéa Cfrﬁx)—l-z Z Z Ef;ao‘ ,
£>1 a=1 £>2 a=1 a==%
odd even

(3.15)

~10 -



where, omitting the £ and spherical harmonic indices,

2)\2
Lp= 5 —VMNYy N,
e L[R2 o . AL? R 0+2)
L, = )\25,03 T—ZGMN(DMU Y Dyo! + Vrj(ojﬂa‘r’ + ( p (e)To |,
2 2
L=+ 2N P GMN (DD 1 L
2 R2 A2 p? ’
&2
L, =X (GMNGPR — GMAGPN) (Darup) Davvg
r AL% R?
L+2) R v}vaN + )\22GMNU]TWUN] :
2 2 4
+_ 26 3|7 iy o+, AL7 1 o+ At +
== D D —— f+1
‘Cn 2:0 R2p ( M1 ) N+ 22 p2(77 ) +( + ) R,O4(77 )77

A
FU+1) == PR [8 () n* + h.c.]

2
o€ 2iL R? MN [t B i
»lex = 2,0 )\ -2 G ( DNU UM(DNO' ) )
r? 1 2iL

where the covariant derivative and field strength now are
DyX =0y X +2iVyX, Vun = VN — InVu. (3.17)

The charged fields are antisymmetric Ny x Ny matrices X T = _X, while Vj; < 1 Ny

4 Spontaneous breaking of baryon symmetry

In the absence of light baryons, two different kind of phases with a non-zero density of
baryon charge have been studied in holographic models with flavor branes. In one type,
the baryon charge is sourced by strings extending between the flavor brane and the horizon.
In the dual field theory this corresponds to a state where the charge is carried by quarks
rather than baryons. In the other type of phase, there is a baryon vertex that sources the
charge. The baryon vertex has equivalent descriptions as a brane wrapping the internal
directions or a solitonic configuration on the brane with flux along the internal directions.
This corresponds to a state with heavy baryons in the dual field theory.

In a theory of light baryons there is a third kind of state with non-zero charge density
that can appear naturally. The light baryon operator, that is charged under baryon sym-
metry, can acquire a non-zero expectation value. In the gravity side, this corresponds to

11 -



having a solution of finite energy density where the fields dual to the light baryon opera-
tors are turned on. Since they are charged under the U(1)p symmetry on the brane, these
solutions will also support a non-zero flux.

In principle we expect that for a zero chemical potential the ground state has zero
charge density. As the chemical potential is increased there can be a phase transition to
the phase with spontaneously broken symmetry. A necessary condition is that there are
solutions for the fields on the brane that satisfy the right boundary conditions, they have
to be regular at the tip of the brane and normalizable close to the boundary. If such
solutions exist, then one has to compare the free energy of each phase to determine which
one is thermodynamically favored. In the following we will show that at large enough
values of the chemical potential a phase with spontaneous symmetry breaking exists and
is thermodynamically preferred over the zero charge phase.

4.1 Small amplitude solutions of charged fields

We work in the small amplitude expansion that we introduced in the previous section. To
leading order, we just introduce a chemical potential p as a constant value for the U(1)p
gauge field

Vi = udSy. (4.1)

To the next order we have to solve the linear equations for the charged fields. For conve-
nience we define
vo = 2ipdy, of =2i=5%, (4.2)

,12:4<2—§§). (4.3)

From (3.15) and (3.16) we get the following set of equations for each ¢ and spherical

and

harmonic
[ ] 0'5
R4
0 =10, (p*0,0°) — L(£ +2)po” + ﬂ2p3r705. (4.4)
® 7
rt + A ™Y
0="0p | pyz0on™ ) = (£+1) PR FUAD)Ip | g |77 (4.5)
[ ] ’UZ'
R4
0= 9,(p*0,v;) — £(£ +2)pv; + ﬂ2p3ﬁvi. (4.6)
[ ] ’170
3 N N 41?2 SR,
0= 0,(p° (v, — Opt0)) + (€ +2)p(Vg — T) + 2P r—4(vo —0%). (4.7)
[ ] ’l)p
rd 5 _4L?, o,
0 = @(5 + 2)RTp2('Up — 8p7) — 4/1 ('Up — 8p'U[)) — v(ﬁpa — 'Up). (48)
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7,4 2
0= [ ya(ty = 0m)| + dpli0 = 7) = L6 = 1), (49)
[ ] 0'4
R4
0= 0,(p*(0,6" — 0,)) — (L +2)p(6* — 7) + 4p®p 74(54 — ). (4.10)

Note that there is a residual gauge symmetry that leaves the equations invariant
5tg = 01 = 66 =, v, = 9. (4.11)

We can then fix the gauge to 99 = 0. If we add (4.7)+(4.10), we get a decoupled equation
for % which is the same as the equation for o (4.4)

23R 4

0=19, <p30p54> U+ 2)pat + i2p (4.12)

On the other hand, we can check that the equations are not all independent, since
Dp(p® (4.8)) —L(€ 4 2)(4.9) +4p> (4.7) +4AL§(4.10) = 0. We will discard (4.9). From (4.7)
we get

1 1. /3 AL? 4R 54
= m |:p6p (,0 ’Up) A2 -5 P 7‘4 . (413)
Substituting in (4.8), we get
1 5 oRY  4L? RY
0=0, [p(?p (pgvp>] — (0 +2)v, + ,u2p2r—4vp - Vap <p2r4) &t (4.14)

Except for 7 and v, the equations of motion are the same as for the fluctuations in [40],
with the substitution of the mass by the chemical potential M? — i%2. The relation is

0,6 = ¢, 't = o7, vi— b, v, = bur, T dur. (4.15)
For v, and 7 the difference are the inhomogeneous terms proportional to &*. The analysis
in [40] showed that there are solutions that are both regular and normalizable for discrete
values of the mass. Since the equations we have derived are almost identical, we expect that
in our case for a set of discrete values of the chemical potential regular and normalizable
solutions to exist. We only need to determine the effect of the additional terms in the
equation for v,. Let us denote by v,gh) the solution to the homogeneous equation, which is
the same as in [40], and write

v, = vV (4.16)

The expansion of the solutions close to the boundary and at the tip of the brane are

1
(h) N (1)) -1
v ~/ v ~ p
p +3° Up 0 )
e o (4.17)
p—00 p£+2, p—0

~13 -



Then (4.14) becomes

5 008 AL2 RY\ &4
_ 92 14 _ 20 -
0=V + <p 422 P /()h) 9,V N dp <p T4> vﬁ(,h)' (4.18)
Let us define
K = 05(7);()]1))2, (4.19)

so the coefficient of 0,V is 0,K/K. Then, the solution for the first derivative is
4121 L RY &4
0,V = K/ dp K9; < o > ( 7 (4.20)

The limit of the integral is fixed by regularity of the solution at p = 0. Close to the

boundary
WV Pt (4.21)

Therefore,
Up pi L. (4.22)

Since this turns on a non-normalizable contribution, we would have to add to v, a non-
normalizable homogeneous solution such that the leading terms are canceled out. However,
for the values of fi for which there is a normalizable and regular &%, the non-normalizable
homogeneous solution of v, is not regular. Then, we have to set 7t =0.

With this condition the equations are the same as in [40], so we can borrow their results
for the meson spectrum with the proper identification between the mass and the chemical
potential. The critical values of the chemical potential for which regular and normalizable
solutions exist are

[ ] 0'5 9
4
~2:ﬁ(nJreJr1)(n+£+2), n=0,1,2,..., £>1odd. (4.23)
° 1
(~+2 4L2 _
at) R4(n+€—f—2)(n+€—l—3), n=0,1,2,..., £>2even,
(4.24)
412
()2 = ST+ +L+1), n=0,1,2,..., £>2even.
.UZ'
4 2
~2:ﬁ(n+€+1)(n+€+2), n=0,1,2,..., £>1odd. (4.25)
® Uy, T
o _AL?
T m+l+1)(n+£+2), n=0,1,2,..., £>1odd. (4.26)

The lowest value is for n = 0 and £ = 1 (0, v;, v,, 7) or £ =2 (7). This gives the critical
chemical potential

2 2 4 2 2 2
, L2 6L R(L AGL) (4.27)

Me= et R -2\ R TRR
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Note that R*/\2 = AN where Ay is the ’t Hooft coupling in the dual field theory. On the

- (27r)27
other hand, L/R? is the mass scale of mesons, the mass gap is méap = 8L?/R* [40]. Then,
A 6(27)2
2 YM 2
= 1 . 4.28

This implies that j. is of the order of the quark mass mg ~ v AymMgap.

4.2 Backreaction on the gauge field

We have found that when p = pi., there are regular and normalizable solutions for of_; (4
modes), 17,_, (6 modes), vy—1,; (4 modes) and v,—, ,, 7e=1 (4 modes). These are members of
the lowest supermultiplet in the antisymmetric representation (jr = 1/2). If any (possibly
all) of them are non-zero, there will be expectation values for charged operators in the
dual field theory. The solution will then be dual to a superfluid state with spontaneously
broken baryon symmetry. If vo—; ; # 0 the condensate will have a p-wave component and
rotational invariance will be broken as well. In contrast to the usual D3/D7 model here
scalar condensation can happen at the same time as vector condensation.

Let us compute the equation of motion for the gauge field. Taking a variation of the
small amplitude action (3.15), (3.16) with respect to the gauge potential we find

2
on (V=GVNIT) = A (4.29)
s
We can split the current as
) N NE /2
IM = —Teny [SON (AT e M) £ TN ST e (430)
f £>1 a=1 £>2 a=1 a=%
odd even

where, omitting the ¢ and spherical harmonic indices,

R2
JM — z'p?’GMNT—2 |:(DNO'5)TO'5 - (05)TDN0'5:|,

Jé‘/l = ip3 (GMNGPQ — GMQGNP> [(DNUQ)T’UP — ’U}’DN’UQ},
) (4.31)
Jy = ipGMN%E(E +2) [(DNT — ’UN)TT — i (DNT — UN):| ,
2
r

M+ _ . ~MN
)T =ipG 2

[(DNni)Tni _ (ni)T,DNni}

Since the charged fields are antisymmetric in flavor indices, they will not source the non-
Abelian components of the gauge field if Ny = 2. For Ny > 2 they can be ignored at this
level of the small amplitude analysis, as we have the freedom to select any configuration of
the charged fields, and in particular pick one that only sources the Abelian gauge field. A
full analysis taking into account the non-Abelian components is beyond the scope of this
paper and we will postpone it for future work.
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Taking into account that the solutions for homogeneous fields are time-independent
and homogeneous, and that the dependence on p is the same for a field and its hermi-
tian conjugate (only an overall constant coefficient changes), one can show that J? = 0.

Therefore, the field strength is time-independent and homogeneous as well
2

3, v _ €
5p(p " Vpu) =537 (4.32)
where
R4
Jo = —4up’ (0%,
0 3 R* T T
Jy = —4pup <r4(fljvi vj + vpvp> , (4.33)
JY = —4upl(l 4 2)
Jp~ = —4pp(n®)n*.
and
Ji =0,
J'zl} = '5,03(57’3 (Uj;apvj — apU;[Up> y
. g (4.34)
Ji=ipsie(e+2) (rho; —olr),
1t _
Jy~ =0.
Using the equation of motion for 7:
1 1
Ly (), 35
€(£+2) p p\ P Up ( )
the spatial components of the current becomes a total derivative
Ji+ JL =160, [ <fupv] — v;vp)} (4.36)

This leads to the equation

Vo= 2 zz e [ie*(ufos = ofo) ). (437)

>1 a=1
odd

The normalizable solution would be

Vi= 772 ZZ Ter [_162 /poo <Uj)”" - vjvp)} ) (4.38)

>1 a=1
odd

Note that this contribution vanishes for Ny = 2, or in some other cases, for instance if v;
and v, are proportional to the same flavor matrix.
For the time component, the regular solutions are

oV =L [0 (4.39)
PO Tom2p3 Jy T '
and the normalizable solution is
1 dp1 P1
Vo = 27262 /p / J. (4.40)
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4.3 Free energy

According to the usual AdS/CFT dictionary, the free energy density is equal to minus the
on-shell action density (in Lorentzian signature)

N NE /2
F=—Lpr~ T7/dp,03 Ty, [Lr+Y Y (ﬁﬁ%ﬁﬁ%ﬁ“ £fn‘ix>+z SN i,
£>1 a=1 (>2 a=1 a==%
odd even
(4.41)
where each of the terms (3.16) has to be evaluated on the solutions to the equations of

1

motion. Integrating by parts the terms with derivatives acting on the (ai)T,vM,TT and
()
the charged fields reduces to a boundary term, which for each ¢ and spherical harmonic

and using the equations of motion for the fields o%, vy, 7 and n*, the action for

component has the form

2 4
£charged ~ pll{go )‘2%p3 [( )Tapa + 61] Taﬂvj +4r (E + 2) RZ 2 1-(897- - UP)

(4.42)

rt o\ T o
+ZR42 Tapn +(£+ )R4p3(77 )Tn]

However, the solutions we are considering are normalizable, so they vanish as p — oo in
such a way that the contribution to the on-shell action vanishes as well Lcharged = 0.
Then, the free energy density is determined by the action for the gauge field

o o0
F o~ %nwﬂ /0 dpp? VNV = — N2 N2 Ty /0 dpp3[(a,,v0)2 — (apvi)ﬂ. (4.43)
The ground state of the system is the one of lowest free energy. If the charge is zero,
then 0,Vy = 0 and the free energy density vanishes. From the expression above we see
that when the charged fields are non-zero the free energy becomes negative generically, in
particular if V; = 0. Therefore, states with non-zero charge density are thermodynamically
favored and as soon as the chemical potential reaches the critical value, a condensate will
form and the U(1)p symmetry will be spontaneously broken. However, at this order in
the expansion the amplitude of the charged fields can have arbitrary values (as long as the
expansion does not break down), so we cannot determine the endpoint of the condensation.

5 Ground state in a simple case

If the amplitude of the fields becomes large one can run into the problem of not having
a full definition of the non-Abelian brane action. This could be avoided when the action
has an expansion in A such that one can consistently keep the lower order terms. The
usual flat spacetime expansion of [41] in the gauge field A, and scalars ®¢ does not work in
this case because of the additional terms that appear when there are two stacks of probe
branes separated by a distance 2L. We can nevertheless attempt an expansion in A by
taking L ~ A

L=21L, L~R. (5.1)

A
R?
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Physically, this choice corresponds to making the mass of the quarks of order one in the
strong coupling expansion mg ~ O(AYy).

Even with the expansion above, the phase diagram of the model with light baryons that
we are studying is potentially quite complicated, since there are many charged operators
that can condense as soon as the chemical potential reaches the critical value. However, in
order to show the existence of a charged ground state, it would be enough to introduce a
consistent ansatz such that only a few fields on the brane are turned on. Thus, we will make
a series of simplifications that will allow us to reduce to a simple system corresponding to a
particular section of the phase diagram where only one type of scalar operator condenses.

5.1 Effective action and equations

We saw that for small amplitudes ®* = 0, so we will take this condition to be part of the
ansatz. This simplifies the matrix @

QY = Q% =1, Q% = LGss (z‘[J, @5]), Oy = LG (i[<I>5, J}). (5.2)
Such that
2
detQ =1+ L? (i[J, <1>5]) G14Gss. (5.3)

The main complication of the action is the non-quadratic coupling between charged fields.
In order to gain some understanding of the charged phase we will further simplify our
action by setting the charged vector fields to zero, so we are left with ®° and the U(1)p
gauge field. In this case

P[Em- (Q—l - 5)”@4 ~0. (5.4)

The Born-Infeld action is

1
Spr = _2T7/d4xd§23dp Tron, Lpr, (5:5)

2
Lol = p3\/ 1o, + L2G14Gss <z’[J, @5]) \/ det [5ab]12Nf 4 A\2G 535Gl Da®5 Do®5 + NG Fy,| .

We will impose that the solutions are static and homogeneous in the field theory directions,
so the only dependence of the fields is along the S directions and the radial coordinate,
and we will turn on only the time component of the U(1)p gauge field.

We will also restrict to the simpler case of Ny = 2, for which the charged fields are SU(2)
singlets, so we can neglect the non-Abelian part of the flavor gauge field. We will also turn
off the even modes that are not charged under the baryon symmetry after the projection
(but charged under the SU(2) flavor symmetry). The two sectors could be coupled only
by quartic terms, so there are always solutions where the U(1)p neutral fields are turned
off. However, the coupling between the two sectors may trigger an instability such that
the U(1) p neutral fields become nonzero, we will not consider this possibility here.

For Ny =2 (02 is the antisymmetric Pauli matrix)
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Note that

2
(il7.9%) " = 4]¢°* 1. (5.7)
Expanding to O(\?)
Spr ~ —2T% / d*zdQsdp Lpr,
A2 —
Lpr = p 1+2L2G44G55|¢5!2+2)\2G55G00«4(2)\¢5|2+?G55 (Gpp|3p¢5|2+GABaA¢53B¢5)
A2 2
2 xpp 200
+ 567G (apAo) ] : (5.8)
Expanding in spherical harmonics
N
¢ =YD otV (), Ao = V2mVE(Qs), (5.9)
£>1 a=1

odd

and integrating over the S directions (we omit the £ and spherical harmonic indices in the
second line)

Ng
Spr ~ —2T7/d4a:dp PP+ Ly + ZZE?,“ ,
£>1 a=1
odd
.10)
2L2R* R* A2 0(0+2) (5
3 2 2 2| 12 2 2
o= —2) — ,
L p (p2+L2)2|0| (p2+L2)2V0‘0’ + B (’ap‘ﬂ + 2 o >
2
Ly = -7\ (9,0
The equations of motion are
3 00+ 2) 4R L?
/] / 2
O0=0 —i—;a— e U+(p2+L2)2 0=z )%
3 o Rt (5.11)
_ 2
0= V(/), + ;V(I) - m|0” VO-

We can eliminate the dependence on A, L and R from the equations through the following
change of variables

L AL AL
p=2Lx, Vo= 3 + it 0= 7T2\/§R45' (5.12)
Then, to leading order in the A expansion, the equations become
3 L6+ 2 2
025//+75/7 ( + )S+ (&%) s,
x x2 (22 +1)? (5.13)
3 El§ '

0=a/ +2q - 1P
ao‘i‘xao ($2+1)2

These resemble the typical equations of charged holographic superconductors in the probe
approximation. A difference is that the effective background geometry has no horizon, but
ends smoothly at = 0.
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Figure 1. Scalar (left) and gauge field (right) solutions as functions of the radial coordinate for
three different values of ag). The boundary is at ©w = 0 and the tip of the brane at v = 1.

5.2 Solutions

The equations (5.13) are non-linear and have no known analytical solutions. We resort
to numerics to find a solution for the lowest angular momentum ¢ = 1. First, we change

coordinates to constraint the calculation to a finite interval. We define
1

s(z) =zy(z), v=——1, (5.14)
U
so that the boundary is at « = 0 and the tip of the brane at u = 1. Normalizable solutions
have the following expansions at the boundary

y= Zyﬁf)un Qo = afé)) + Zag)u”, (5.15)

n>4 n>2

with undetermined coefficients yg), ag) and ag).

Regular solutions at the tip of the brane have an expansion

y= y}?) + Zyg)(u )" o= agg) + Z ag”)(u —1)". (5.16)
n>2 n>4

The undetermined coefficients are yg)) and ag).

The coefficient ag) determines the value of the chemical potential and we will take its
value as an input for our calculation. To find the solution we shoot from the boundary
(u = 0) and from the tip (u = 1) of the brane and match the two solutions at v = 1/2.
There are four matching conditions from taking the values of y and g and of their first
derivatives to be the same at the midpoint. These four conditions fix the value of the
coeflicients yg), ag), y}?) and ag). In figure 1 we plot some of the numerical solutions we
find with this method.

The coefficient yg) is proportional to the the expectation value of the charged operator
<Q/_1X 5Q>, while ag) is proportional to the baryon charge density <J]%>. The expectation
values of dual operators can be computed by following the usual AdS/CFT prescription.
The variation of the on-shell action gives a total derivative term

2
0Spr = lim —2T / d*zp? [AQ (90760 + 0,000T) — 222X20, VoV | (5.17)
p—00
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We can identify the leading terms in the expansions of do and §V as variations of sources for
the dual fields, dJ and du, and the subleading terms will determine the expectation values

1
0o = —

Psr L oas
R | 707+ Rl

L? 25v,(2)
, Vo =0+ ?R Wy (5.18)

Then, the identification of the on-shell gravity action with the generating functional of the
dual field theory leads to the following expressions for the expectation value of the dual
operators

0Spr .. A2 pt _ 0Spr7

AP 0\ _ o 2712 3
57 plggo T7RLapa, (JB) 5 plgrolozm T:N°p°0, V0. (5.19)

(QAX5Q) =

The relation between the coefficients of the numerical calculation and physical observables
in the field theory is

L ML _ 37 A3L3 4 22 N\3 L3 9
p=x 47}34“%)’ <QAX5Q>:T\/§ R Tyl <J%>:*TT7O‘SB)' (5.20)

To this order in A, the critical value of the chemical potential (4.27) corresponds to

ag) = 12. We plot the numerical values in figure 2. For values of the chemical poten-

tial below the critical value, the condensate and the charge density are zero. At the critical
chemical potential there is a second order phase transition of mean field type to the spon-
taneously broken phase and the condensate and the charge density increase monotonically
as the value of the chemical potential increases. We do not observe any special feature at
ag) = 24, which would correspond to the critical value for n = 1 in (4.23), but it is possible
that a second solution, not connected to the one we are computing, exists after this point.

5.3 Free energy and thermodynamics

The free energy density is equal to minus the on-shell action density (in Lorentzian signa-
ture). Although the on-shell action is divergent, the divergence can be removed by adding
a suitable counterterm proportional to the volume of the brane or by subtracting with
respect to a reference state, that we can take to be the zero charge density state. In this
case, the finite free energy density is’

i~ Ng
F= 2T7/ dp Ly +> D L. (5.21)
0

£>1 a=1
odd

Integrating by parts the action for o and using the equations of motion, one finds that the
only non-vanishing contribution is proportional to the action of the gauge field

00 2
F = —212)2Ty / dpp3<5pVo) . (5.22)
0

“In general more counterterms are required to regularize the on-shell action, but in the case at hand
where all the solutions are normalizable we can neglect this issue.
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Figure 2. Scalar condensate (left) and charge density (right) as functions of the chemical potential.
The last graph is a zoom of the first graph near the critical value of the chemical potential. The rela-
tions between the dimensionless quantities in the figures and the physical ones are given by (5.20).

Changing variables to the dimensionless coordinates and numerical functions, the free en-
ergy density becomes
24474 o0 24474
AL 2 WAL p
F=——"7-+-T dez? (0p00)” = ————T% . 5.23
8RS 7/0 (9r00) sps (5.23)
We have plotted the dimensionless value f in figure 3. As we can see, the behavior is con-
sistent with having a second order phase transition from the zero charge phase to the spon-
taneously broken phase as the value of the chemical potential surpasses the critical value.

The free energy density is equal to minus the pressure p = —F, and the charge density
is the derivative with respect to the chemical potential n = g—z. The thermodynamic

energy density is the Legendre transformation of the free energy density with respect to
the chemical potential, thus

€= pn—p. (5.24)
From these expressions one finds that the speed of sound is

62 _ 8p _ n
s — .
Oe Mg—z

(5.25)

The speed of sound measures the stiffness of the equation of state, or in other words, how
difficult it is to compress to smaller volumes the matter in nonzero charge phase. We can
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Figure 3. Free energy as a function of the chemical potential. The relation between the dimen-
sionless quantities in the figure and physical ones is given by (5.20), (5.23).
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Figure 4. Speed of sound as a function of the chemical potential. The relation between the
dimensionless quantities in the figure and physical ones is given by (5.20), (5.26).

identify the thermodynamic charge density with n = <J%> in (5.20). Then, in terms of the
coefficients computed through the numerical solutions:
)\2 (2) )\2

2 ap _ 2
e~ = ¢ (5.26)
4RA (Bag)/é)ag)> 4R

The speed of sound is parametrically small, so the spontaneously broken phase is very
soft. At the transition the speed of sound goes to zero. We have plotted the coefficient ¢2
in figure 4.

6 Summary and outlook

Light baryon operators exist in the large-N, limit if the N, = 3 anti-fundamental repre-
sentation is identified with the two-index antisymmetric representation. In [35] a string
theory construction was proposed as a holographic dual of a concrete large- N, theory with
light baryons. The model consists of the near-horizon geometry of N. D3 branes on a Z»
orbifold together with an orientifold O7 plane and Ny probe (flavor) D7 branes. A set of

~ 93 -



modes of the fields on the D7 branes are dual to the light baryon operators. Using the
string theory model, we have shown that above a critical baryon chemical potential of the
order of the quark mass, there will be a transition from the vacuum to a novel phase with
spontaneously broken baryon symmetry, a baryon superfluid. The new phase would be re-
alized by having a non-trivial profile of the modes on the D7 branes dual to the light baryon
operators. By restricting to a subsector where a single scalar operator condenses and the
quark mass is mg ~ O ()\%,M), we were able to find a solution for the dual fields on the
brane and compute the thermodynamic properties of the superfluid phase. An analogous
superfluid phase exists for isospin charge in the usual models with flavor branes [46].

There are many possible extensions of this work. An open question is what is the
true ground state of the theory above the critical chemical potential or when the distance
between the D3 and D7 branes is not of the order of string length. We have studied only
the formation of a homogeneous condensate of a single scalar operator, but there are many
others that can condense at the same value of the chemical potential, even some vector op-
erators. The state that minimizes the free energy could be a combination of s- and p-wave
components and there could be some degeneracy. It could also happen that the homoge-
neous state becomes unstable and some spatial symmetries break in the ground state, as
has been found in some instances in the Sakai-Sugimoto model [47-49]. As the value of the
chemical potential is increased, more operators would be susceptible to form a condensate.

A natural next step is to consider nonzero temperature. Even for small temperatures
compared to the quark mass, the phase diagram will be affected because the superfluid
baryon phase described here will compete with a phase where quarks do not form bound
states, corresponding to D7 branes falling into the horizon. The baryon charge can be at the
horizon, in which case it is associated with deconfined quarks in the field theory dual, or it
could also be carried by the modes dual to the light baryons, giving a superfluid component.
There can also be a competition with phases with an isospin superfluid component due to
the formation of a meson condensate, as the ones found in [50-52].

Further physical quantities that can be of interest are correlation functions in the
charged phase and in particular transport coefficients and the dispersion relation of col-
lective modes. It may also be possible to derive an effective action for the superfluid or a
hydrodynamic description of the mixed phase with no bound states of quarks.

A short and non-exhaustive list of interesting generalizations of this work would be:

e To go beyond the limit of small number of flavors, i.e. to take Ny/N. ~ O(1). This
requires considering the backreaction of the flavor branes on the geometry, which
is a difficult task, but that can be made tractable by “smearing”, so the individual
branes are replaced by a continuous distribution [53]. This approach has already
been succesfully applied to finite density configurations in [54-58].

e To look for other stringy constructions with light baryon operators, in particular in ge-
ometries which are dual to theories with confinement, such as Klebanov-Strassler [59].

e On a different note it could be possible to construct topological superfluids along the
lines of the holographic topological insulators studied in [60, 61].

We hope to be able to develop these possible directions and others in the future.
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A Explicit form of the orbifold projection
A S2 is a hypersurface in R* determined by the equation

i a4 a4t =1. (A.1)
The toroidal/Hopf parametrization is

T1 = cos x cos b,

To = cos x sinf,

: (A.2)
x3 = sin y cos @,
T4 = sin x sin .
With x € [0,7/2], 6, ¢ € [0,27]. We can group the z; in complex coordinates
w = 1 + 1Ty = COS Xew, z = x5 + ix4 = sin ye'?, (A.3)

so that the equation for S3 is equivalent to the condition det U = 1 for the SU(2) matrix

U:(ZZ) (A.4)

The det U = 1 condition is invariant under SU(2);, x SU(2)g transformations
U— grUgg. (A.5)
Note that the U(1), rotation gy, = e?®2" ghifts
0—0+ar, ¢ —>¢+ar, (A.6)
while the U(1) g rotation gp = 'R shifts
0 —0+ar, ¢— ¢v—ag. (A.7)

The Zy C SU(2) 1, subgroup that we use to do the orbifold consists of the identity and the
U(1)r, transformation with oy, = 7.

Before the orbifold, the fields on the brane are periodic in the (6, ) directions if we
are not considering non-trivial fiber bundles. However, these are not the right boundary

— 95—



conditions for the fields that survive the projections. Let us do a large gauge transformation
(periodic up to an element of the center of SU(2Ny)) on the torus (6, ¢)
27 oxl-

7(9 + 2, 90) = ’7(97 90)6 Ny )

. n
2Tl 5t

V(0,0 +2m) = (0, p)e .
Where ng,n, =0,1,...,2Ny — 1. The fields will be

(A.8)

Ay — A} =vAuy Y,
P — Y =Py, (A.9)
Ay — Al = YAy —iyday L

We can expand the A, ® and A4 that are sandwiched between the s in spherical har-
monics as usual. The orbifold projection can be formulated as the periodicity condition
(for X = Apr, Aa, @)

X0 +m,p+m)=X"(6,9). (A.10)

The form of the projection (2.6) imposes the following condition:
V(0 + 70+ m) =70, )y (A.11)
A set of possible transformations labelled by n = 0,1,..., N are

7y O+ (N =)

_ In;
Yoot (0, 0) = e (N i 0rer0—p) | (A12)
e f Ny
Note that
ﬁﬂf\’f

.1 o
—Wn,iﬁe%,i = n_ _ 1£1)q )
2N 2 Ny
Ny—n

_inlg _ | 2N L,
Vn,+90Un, £ (Nf—n 1¥1

, (A.13)
2Ny T 2 >1Nf

If we impose that these matrices have the structure of the projected fields compatible with
the orientifold projection in (2.8), we are restricted to two possibilities

2 el

e2ln ez 1y

YNg A+ = ! _i0 y V0,— = 4 ) . (A14)
e 31N, e 31N,

B Projected form of covariant derivatives and commutators

Let us compute the covariant derivative of block diagonal fields X;. In the following we
will denote 2Ny x 2Ny fields with hats, X, and the Ny x Ny without hats, X4. Then,

Dy Xq=0uXg+i[Ay, X4 =

(DMXd (B.1)

—(DMXd)*> .
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Where

Dy Xy = 0 Xq+i[An, Xa). (B.2)
The covariant derivative of block off-diagonal fields X, is
S c DX,
Dy X, =0mX, Ap, Xo| = : B.3
M v Xo + i[Anr, Xo] (—(DMXO)* ) (B.3)
Where
DyX,=0uX,+1 (AMXO + XOATW) . (B.4)

Note that X! = — X, implies (D X,)" = —Dpr Xo.
We will also need the commutator between two fields. For the block diagonal fields

ewe
( ’ di([xg,xi])*) (B.5)

This preserves the same block diagonal structure. For the block off-diagonal fields

i[Xg, X3 =

i[x2(xdy - x3(x2y]

ilX;, X3 = | (B.6)
i (x2) Xt - (x1) X2
This also has the same block diagonal structure. Using X! = —X,,, we can write it as
o z’[Xl(X2)T - XQ(Xl)T}
XL X2 = o o (B.7)

i (xhixz - (x2)ix}]

Since the structure of 2Ny X 2Ny matrices is preserved by the covariant derivative and
the commutator, all the terms in the action can be written as the product of two block
diagonal or two block off-diagonal matrices. The product of two block diagonal matrices is

A X1X2
XaXg=| " : (B.8)
(X)) (X"
where we have used that X; = Xy4.
The product of two block off-diagonal is
A oA Xl( X2)T
Xx2 = oo , B.9
e ( (x0)1 X2 ()
where we have used that X! = —X,,.
In each case the trace becomes
Teow, (X5X3) = Tow, [X0X3 + (XHT(X3)7T] = 2Tow, (X3 X3), -
B.10

Tryw, (X;Xg) = Try, [X;(Xg)T + (X;)Txg} — Try, [X; (x2)t 4 h.c.],

where in both cases we have used the cyclic property of the trace and for the block diagonal
fields Tr X1 = Tr X,.
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